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ABSTRACT. Let G be a real reductive Lie group and H a closed reduc-
tive subgroup of G. We investigate the deformation of standard compact
quotients of G/H, that is, of quotients of G/H by discrete groups I' that
are uniform lattices in some closed reductive subgroup L of G acting
properly and cocompactly on G/H. For L of real rank 1, we prove that
after a small deformation in G, such a group I' keeps acting properly
discontinuously and cocompactly on G/H. More generally, we prove
that the properness of the action of any convex cocompact subgroup
of L on G/H is preserved under small deformations, and we extend this
result to reductive homogeneous spaces G/H over any local field. As
an application, we obtain compact quotients of SO(2n,2)/U(n,1) by
Zariski-dense discrete subgroups of SO(2n,2) acting properly discontin-
uously.

1. INTRODUCTION

Let G be a real reductive linear Lie group and H a closed reductive sub-
group of G. We are interested in the compact quotients of G/H by discrete
subgroups I' of G. We ask that the action of I' on G/H be properly dis-
continuous in order for the quotient I'\G/H to be Hausdorff. This imposes
strong restrictions on I' when H is noncompact. For instance, if rankg(G) =
rankg (H ), then all discrete subgroups of G acting properly discontinuously
on G/H are finite: this is the Calabi-Markus phenomenon [Kol]. Usu-
ally the action of I' on G/H is also required to be free, so that I'\G/H be
a manifold, but this is not very restrictive: if I' acts properly discontinu-
ously and cocompactly on G/H, then it is finitely generated, hence virtually
torsion-free by Selberg’s lemma [Sel|; thus I'\G/H has a finite cover that is a
manifold. Manifolds of the form I'\G/H are sometimes called Clifford-Klein
forms of G/H.

In this paper we investigate the deformation of compact Clifford—Klein
forms I'\G/H (which we simply call compact quotients) in the important
case when I' is standard, that is, when I' is a uniform lattice in some closed
reductive subgroup L of G acting properly and cocompactly on G/H. Most
of our results hold for reductive homogeneous spaces over any local field, but
in this introduction we first consider the real case.

1.1. Deformation of compact quotients in the real case. Let G be

a real reductive linear Lie group and H a closed reductive subgroup of G.

In all known examples, if G/H admits a compact quotient, then there is

a closed reductive subgroup L of G that acts properly and cocompactly

on G/H. For instance, L = U(n, 1) acts properly and transitively on the
1
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(2n + 1)-dimensional anti-de Sitter space G/H = SO(2n,2)/SO(2n,1) (see
Section 6). Any torsion-free uniform lattice I" of such a group L acts properly
discontinuously, freely, and cocompactly on G/H; we will say that the corre-
sponding compact quotient I'\G/H is standard. Note that L always admits
torsion-free uniform lattices by |Bol|. Kobayashi and Yoshino conjectured
that any reductive homogeneous space G/H admitting compact quotients
admits standard ones ([KY], Conj. 3.3.10); this conjecture remains open.

Of course, nonstandard compact quotients may also exist: this is the case
for instance for G/H = (G x Go)/Ag, where Gy is locally isomorphic to
SO(n, 1) or SU(n,1) and Ag, is the diagonal of Gy x Go (see [Ghy], |Gol],
[Ko3], [Sal]). But in general we know only standard examples.

In order to construct nonstandard compact quotients of G/ H, it is natural,
given a reductive subgroup L of G acting properly and cocompactly on G/H,
to slightly deform torsion-free uniform lattices I' of L in G and to see whether
their action on G/H remains properly discontinuous, free, and cocompact.
When L has real rank > 2 and I' is irreducible, this is always the case: indeed,
it then follows from Margulis’s superrigidity theorem (|Mar|, Cor. IX.5.9)
that T' is locally rigid in G, i.e. that all small deformations of I' in G are
obtained by conjugation. In this paper we prove that the action of I' remains
properly discontinuous, free, and cocompact when L has real rank 1 as well.

Theorem 1.1. Let G be a real reductive linear Lie group, H and L two
closed reductive subgroups of G. Assume that rankg(L) = 1 and that L acts
properly and cocompactly on G/H. For any torsion-free uniform lattice T’
of L, there is a neighborhood U C Hom(I',G) of the natural inclusion such
that if ¢ € U, then ¢ is injective, o(I') is discrete in G, and (') acts
properly discontinuously and cocompactly on G/H.

We denote by Hom(T', G) the set of group homomorphisms from I" to G,
endowed with the compact-open topology. In the real case, the fact that
©(I") remains discrete in G for ¢ € Hom(I', G) close to the natural inclusion
is a general result of Guichard ([Gui|, Th. 2).

The study of small deformations of properly discontinuous actions on real
homogeneous spaces was initiated by Kobayashi [Ko3]. Theorem 1.1 impro-
ves |[Ko3|, Th. 2.4, which focused on homomorphisms of the form v +— (),
where ¢ : I' = Zg(L) is a homomorphism with values in the centralizer of L
in G.

By |[KY], Cor. 3.3.7, here are some triples (G, H,L) that Theorem 1.1
applies to:

(1) (SO(2n,2),S0(2n,1),U(n,1)) forn > 1,
(2) (SO(2n,2),U(n,1),S0(2n,1)) forn > 1,
(3) (U(2n,2),Sp(n,1),U(2n,1)) for n > 1,
(4) (SO(8,8),S0(8,7),Spin(8, 1)),
(5) (SO(8,C),SO(7,C),Spin(7,1)),
(6) (SO*(8),U(1,3),Spin(6, 1)),
(7) (SO*(8),Spin(6,1),U(1,3)),
(8) (SO*(8),S0*(6) x SO*(2), Spin(6,1)),
(9) (SO(4,4),Spin(4,3),50(4,1)),

(10) (SO(4,3),Gary,S0(4,1))
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As mentioned above, we wish to deform standard compact quotients of
G/H into nonstandard ones, which are in some sense more generic. The best
that we may hope for is to obtain Zariski-dense discrete subgroups of G acting
properly discontinuously, freely, and cocompactly on G/H. Of course, even
when L has real rank 1, nontrivial deformations in G of uniform lattices I
of L do not always exist. For instance, if L is semisimple, noncompact, with
no quasisimple factor locally isomorphic to SO(n, 1) or SU(n,1), then the
first cohomology group H'(T', g) vanishes by [Rag|, Th. 1, and so I is locally
rigid in G by [Wei]. (Here g denotes the Lie algebra of G.)

For (G,H,L) = (SO(2n,2),50(2n,1),U(n,1)) with n > 2, uniform lat-
tices I' of L are not locally rigid in G, but a small deformation of I' will
never provide a Zariski-dense subgroup of G. Indeed, by [Rag| and [Wei|
there is a neighborhood of the natural inclusion in Hom(I',G) whose ele-
ments are all homomorphisms of the form v +— 71 (), up to conjugation,
where ¢ : I' — SO(2n,2) is a homomorphism with values in the center
of U(n,1).

On the other hand, for (G, H,L) = (SO(2n,2),U(n,1),S0(2n,1)) with
n > 1, there do exist small Zariski-dense deformations in G of certain uniform
lattices of L (see Section 6): such deformations can be obtained by a bending
construction due to Johnson and Millson [JM]. Theorem 1.1 therefore implies
the following.

Corollary 1.2. For any n > 1, there are Zariski-dense discrete subgroups
of SO(2n,2) acting properly discontinuously, freely, and cocompactly on
SO(2n,2)/U(n,1).

Note that by [KY], Prop. 3.2.7, the homogeneous space SO(2n,2)/U(n, 1)
is a pseudo-Riemannian symmetric space of signature (2n,n? — 1).

The existence of compact quotients of reductive homogeneous spaces G/H
by Zariski-dense discrete subgroups of G was known so far only when H is
compact or when G/H = (Gy x Gp)/Ag, for certain groups Go.

1.2. Deformation of properly discontinuous actions over a general
local field. We prove that the properness of the action is preserved under
small deformations not only for real groups, but more generally for algebraic
groups over any local field k. By alocal field we mean R, C, a finite extension
of Qp, or the field Fy((¢)) of formal Laurent series over a finite field F,,.
Moreover we relax the assumption that I' is a torsion-free uniform lattice
of L, in the following way.

Theorem 1.3. Let k be a local field, G the set of k-points of a reductive
algebraic k-group G, and H (resp. L) the set of k-points of a closed reductive
subgroup H (resp. L) of G. Assume that ranky (L) = 1 and that L acts
properly on G/H. If k =R or C, let ' be a torsion-free convex cocompact
subgroup of L; if k is non-Archimedean, let T' be any torsion-free finitely
generated discrete subgroup of L. There is a neighborhood U C Hom(T', G) of
the natural inclusion such that if ¢ € U, then ¢ is injective, ¢(I') is discrete
in G, and o(T") acts properly discontinuously on G/H .

Recall that for k = R or C, a discrete subgroup of L is called convex
cocompact if it acts cocompactly on the convex hull of its limit set in the
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symmetric space of L, this convex hull being nonempty. Convex cocompact
groups include uniform lattices, but also discrete groups of infinite covol-
ume such as Schottky groups. For non-Archimedean k, every torsion-free
finitely generated discrete subgroup of L satisfies an analogue of the con-
vex cocompactness property in the Bruhat-Tits tree of L (see the proof of
Proposition 4.1).

For k = R or C, Theorem 1.1 follows from Theorem 1.3 and from a co-
homological argument due to Kobayashi (see Section 5.4). This argument,
which does not transpose to the non-Archimedean case, implies that the
action of I" on G/H remains cocompact whenever it remains properly dis-
continuous and the deformation is injective.

Note that in characteristic zero, every finitely generated subgroup of L is
virtually torsion-free by Selberg’s lemma ([Sel|, Lem. 8), hence the “torsion-
free” assumption in Theorem 1.3 may easily be removed in this case.

1.3. Translation in terms of a Cartan projection. Let k be a local field
and G the set of k-points of a connected reductive algebraic k-group. Fix
a Cartan projection pu : G — ET of G, where ET is a closed convex cone
in a real finite-dimensional vector space E (see Section 2). For any closed
subgroup H of G, the properness criterion of Benoist (|Ben|, Cor. 5.2) and
Kobayashi ([Ko2|, Th. 1.1) translates the properness of the action on G/H
of a subgroup I' of G in terms of p. Using this criterion (see Section 5.4),
Theorem 1.3 is a consequence of the following result, where we fix a norm ||-||
on k.

Theorem 1.4. Let k be a local field, G the set of k-points of a connected
reductive algebraic k-group G, and L the set of k-points of a closed reductive
subgroup L of G of k-rank 1. If k =R or C, let I be a torsion-free convex
cocompact subgroup of L; if k is non-Archimedean, let I' be any torsion-
free finitely generated discrete subgroup of L. For any € > 0, there is a
neighborhood U, C Hom(I', G) of the natural inclusion such that

[1(e(1) = (| < ellu()]
for all p € U and all v € T.

1.4. Ideas of proofs. The core of the paper is the proof of Theorem 1.4.
We start by recalling, in Section 2, that certain linear forms ¢ on E are
connected to representations (V, p) of G by relations of the form

£(u(g)) =log|lp(9)ll

for all g € G, where || - ||, is the operator norm on End(V') with respect
to some fixed norm on V. We are thus led to bound ratios of the form
(el /e, for v € '\ {1}, where ¢ € Hom(I', G) is close to the
natural inclusion of I' in G.

In order to bound these ratios we look at the dynamics of G acting on
the projective space P(V'), notably the dynamics of elements g € G that
are prorimal in P(V). By definition, such elements admit an attracting
fixed point and a repelling projective hyperplane in P(V'). In Section 3 we
consider products z1kozo ... k,z, of proximal elements z; having a common
attracting fixed point xar and a common repelling hyperplane X, with
isometries k; such that k; -xg remains bounded away from X . We describe
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the contraction properties of z1kazy ... kpz, on P(V) \ X, in terms of the
contraction properties of the z;.

In Section 4 we see how such dynamical considerations apply to the ele-
ments vy € I" and their images () under a small deformation ¢ € Hom(T', G).
We use Guichard’s idea |Gui| of writing every element 7y € I' as a product
Y0 - - - T Of elements of a fixed finite subset F' of I, where the norms ||u(7;)||
and [|p(vivie1) — p(vi) — p(vit1)|| are controlled for all i.

In Section 5 we combine the results of Sections 3 and 4 by carefully
choosing the finite subset F' of I' in order to get a sharp control of the ra-
tios [|o(2(1)lly /16(7) ., or equivalently of £(su(p(x))— () for v € T~ {1},
From this we deduce Theorem 1.4.

At the end of Section 5 we explain how Theorems 1.1 and 1.3 follow from
Theorem 1.4. Finally, in Section 6 we establish Corollary 1.2 by relating
Theorem 1.1 to Johnson and Millson’s bending construction.

Acknowledgements. I warmly thank Yves Benoist and Olivier Guichard
for fruitful discussion.

2. CARTAN PROJECTIONS, MAXIMAL PARABOLIC SUBGROUPS, AND
REPRESENTATIONS

Throughout the paper, k denotes a local field, i.e. R, C, a finite extension
of Qp, or the field Fy((¢)) of formal Laurent series over a finite field F,. If
k = R or C, we denote by | - | the usual absolute value on k. If k is non-
Archimedean, we denote by O the ring of integers of k, by ¢ the cardinal
of its residue field, by 7 a uniformizer, by w the (additive) valuation on k
such that w(m) = 1, and by | - | = ¢~“0) the corresponding (multiplicative)
absolute value. If G is an algebraic group, we denote by G the set of its
k-points and by g its Lie algebra.

In this section, we recall a few well-known facts on connected reductive
algebraic k-groups and their Cartan projections.

2.1. Weyl chambers. Fix a connected reductive algebraic k-group G. The
derived group D(G) is semisimple, the identity component Z(G)° of the
center of G is a torus, which is trivial if G is semisimple, and G is the
almost product of D(G) and Z(G)°. Recall that the k-split tori of G are
all conjugate over k. Fix such a torus A and let N (resp. Z) denote its
normalizer (resp. centralizer) in G. The groups X (A) of k-characters and
Y (A) of k-cocharacters of A are free Z-modules whose rank is by definition
the k-rank of G, and there is a perfect pairing

(,): X(A)xY(A) —Z

given by (x,v) = x o¢ € Hom(G,,,G,,) ~ Z. This pairing extends to a
nondegenerate bilinear form (-,-) : (X(A) ®z R) x (Y(A) ®z R) — R.

Note that A is the almost product of (AND(G))° and (ANZ(G))®, hence
X (A)®zR is the direct sum of X ((AND(G))°)®@zR and X ((ANZ(G))°)@zR.
The set & = (A, G) of restricted roots of A in G, i.e. the set of nontriv-
ial weights of A in the adjoint representation of G, is a root system of
X(AND(G))°) ®z R. For o € ®, let & be the corresponding coroot: by
definition, (o, &) = 2 and s, : © — = — (x, &) « is the unique reflection of
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X(A) ®z R such that sq(a) = —a and s,(®) = ®. The group W = N/Z is
finite and identifies with the Weyl group of ®, generated by the reflections s,

Similarly, £ = Y (A)®zR is the direct sum of Ep = Y ((AND(G))°)®zR
and Fz =Y ((ANZ(G))°) @z R. The group W = N/Z acts trivially on Ey
and identifies with the Weyl group of the root system ® = {&@, a € ®}
of Ep, generated by the reflections ss : y — y — (o, y) &&. We refer to [BoT]
and [Sel|, Chap. V, for proofs and more detail.

If k is non-Archimedean, set A° = A; if k = R or C, set

A°={a€ A, x(a)€]0,+o0o[ VxeX(A)}.
Choose a basis A of ® and let

AT = {a€ A% J|a(a)>1 VaeA
(resp. Et = {y€eE, (ay) >0 VaecA})

denote the corresponding closed positive Weyl chamber in A° (resp. in F).
The set ET is a closed convex cone in the real vector space E. If k = R
or C, then E identifies with log AT C a.

2.2. Cartan decompositions and Cartan projections. If k = R or C,
there is a maximal compact subgroup K of GG such that the Cartan decompo-
sition G = KATK holds: for any g € G, there are elements kg, ¢, € K and
a unique ay € AT such that g = kgayl, ([Hel|, Chap. 9, Th. 1.1). Setting
p(g) = logay defines a map p : G — ET ~ log AT, which is continuous,
proper, and surjective. It is called the Cartan projection with respect to the
Cartan decomposition G = KA'TK.

If k is non-Archimedean, let Res : X(Z) — X (A) denote the restriction
homomorphism, where X (Z) is the group of k-characters of Z. There is a
unique group homomorphism v : Z — E such that

(Res(x), v(2)) = —w(x(2))

for all x € X(Z) and z € Z. Let Z+ C Z denote the inverse image of E™
under v. There is a maximal compact subgroup K of G such that the
Cartan decomposition G = KZ K holds: for any g € G, there are elements
kg, ly € K and z, € ZT such that g = kgzgly, and v(z,) is uniquely defined.
Setting p1(g) = v(z4) defines a map p : G — EY, which is continuous and
proper, and whose image p(G) is the intersection of ET with a lattice of E. Tt
is called the Cartan projection with respect to the Cartan decomposition G =
KZ"K. For proofs and more detail we refer to the original articles [BT1]
and [BT2]; the reader may also find [Rou| a useful reference.

Note that for non-Archimedean k, the decomposition G = KATK does
not hold in general. To unify notation, for k = R or C as well, we will denote
by Z* the set of elements z € Z such that |y(z)| > 1 for all y € X(Z)
satisfying |x(a)] > 1 for all a € AT.

2.3. A geometric interpretation. Ifk = R or C, let X = G/K denote the
Riemannian symmetric space of G. If k is non-Archimedean, let X denote
the Bruhat—Tits building of G: it is a metric space on which G acts properly
by isometries with a compact fundamental domain (see [BT1] or [Roul);
when ranky (G) = 1, it is a bipartite simplicial tree (see [Se2|, §II.1, for G =
SLa(k)). In both cases (Archimedean or not), the group K is the stabilizer
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of some point xzy € X, and there is a W-invariant Euclidean norm || - || on E
such that ||u(z)]| = d(zo, 2 - xo) for all z € Z, where d is the metric on X.
Since G acts on X by isometries and K fixes zg,

(2.1) l1(9) |l = d(zo, g - o)
for all g € G. In particular,
(2.2) lCag)Il < Nl + g

for all g,¢' € G. In fact, the following stronger inequalities hold (see for
instance [Kal|, Lem. 2.3): for all g,¢’ € G,

1(99") — (gl < Nu(9)ll;
(23) { lu(gg)) — ()]l < e

The following observation will be useful in Section 5.1.

Remark 2.1. If ¢/ : G — E'" is another Cartan projection, then there exist
a linear isomorphism i : ' — F mapping E'" to E1 and a constant C' > 0
such that

lion'(g) — gl < C
for all g € G.

Indeed, let 4/ : G — E'" be the Cartan projection associated with a Cartan
decomposition G = K’A'TK' or G = K'Z'TK’, where K’ is a maximal com-
pact subgroup of G and A’ a maximal k-split torus of G with centralizer Z’.
By [BoT|, Th. 4.21, we have A’ = gyAgy ' for some go € G. The map
X(A’) — X(A) sending x to x(go - gy ') identifies the set ®' of restricted
roots of A’ in G with ®; the inverse image of A is the basis A’ of ®' defin-
ing A’". The map Y (A’) — Y(A) sending v to 9o '1go induces a linear
isomorphism i between E' = Y(A’) @z R and F = Y (A) ®z R, such that
i(E'") = ET. By construction,

iop (K (gozgg )l') =01 (gozg ") = n(z)
for all ', ¢' € K" and z € Z. By (2.3), this implies
i 0 1'(g) = u(g)ll < llulgo)ll + lllgg DIl + 2 max (k)]
for all g € G.

2.4. Maximal parabolic subgroups. For a € ®, let U, denote the cor-
responding unipotent subgroup of G, with Lie algebra u, = go @ g2, Wwhere

gio ={X €9, Ad(a)(X)=a(a)'X Vaec A}

for ¢ = 1,2. For any subset 6 of A, let Py denote the corresponding standard
parabolic subgroup of G, with Lie algebra

m=so(@Dw)e( @ wi)

BeDT BEN(ANO)ND

where @ C @ is the set of positive roots and N(A \ ) the set of linear
combinations of elements of A ~\ 6 with nonnegative integer coefficients.
Every parabolic k-subgroup P of G is conjugate over k to a unique standard
one. In particular, the maximal proper parabolic k-subgroups of G are the
conjugates of the groups P, = Py}, where a € A.
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Fix a € A. Since P, is its own normalizer in G, the flag variety G/P,,
parametrizes the set of parabolic k-subgroups that are conjugate to P,. It is
a projective variety, defined over k. Let N denote the unipotent subgroup
of G generated by the groups U_g for § € (o + NA) N ®, with Lie algebra

n, = @ u_g.

Be(a+NA)ND

The variety G/P,, is the disjoint union of its subvarieties N, wP,, where
w € W, the “big cell” N, P,, is the only one with codimension zero. We refer
to [BoT] for proofs and more detail.

2.5. Representations of G. For a € A, let w, € X(A) denote the cor-
responding fundamental weight: by definition, (wa, &) = 1 and (we, 5) = 0
for all 8 € A~ «a. By |Tit], Th. 7.2, there is an irreducible k-representation
(pas Vo) of G whose highest weight x, is a positive multiple of w, and
whose highest weight space x} is a line. The point x} € P(V,,) is the unique
fixed point of P, in P(V,). The map from G/P, to P(V,) sending gP,
to pa(g)(zl) is a closed immersion. We denote the set of restricted weights
of (pa, Va) by Ay and, for every A € A, the weight space of A by (Vy)a.

If k = R (resp. if k = C), then the weight spaces are orthogonal with

respect to some K-invariant Euclidean (resp. Hermitian) norm || - ||o on V.
The corresponding operator norm || - || on End(V},) satisfies
(2.4) 1pa(g)|la = eXer(9)

for all g € G. If k is non-Archimedean, then there is a K-invariant ultra-
metric norm || - ||o on Vg such that

D0
AEAQ

for all (vy) € [[yep,(Va)r and such that the restriction of pa(z) to (Va)a
is a dilation of factor ¢*(3)) for all z € Z and all A € A, (|Qui], Th. 6.1).

= max ||vyla
o AEAa

The corresponding operator norm || - || on End(V},) satisfies
(2.5) 1pa(g)lla = Xt
for all g € G.

2.6. The example of GL,. Let G = GL,, for some integer n > 2. It
is the almost product of its derived group D(G) = SL,, and of its center
Z(G), which is the group of invertible scalar matrices. The full group A of
invertible diagonal matrices is a maximal k-split torus of G, which is its own
centralizer, i.e. Z = A. The corresponding root system ® is the set of linear
forms €; —¢j, 1 <1 # j <n, where

i (diag(al, . ,an)) = a;.

The roots g;—¢;41, for 1 <1i < n—1, form a basis A of ®. If k is Archimedean
(resp. non-Archimedean), the corresponding positive Weyl chamber is

AT = {diag(al,...,an) €A, a;€]0,40[ Vi and a; > ... > an}
(resp. AT = {diag(a1,...,an) € A4, 1| > ... > |an|}).
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Set K = O(n) (resp. K = U(n), resp. K = GL,(0)) if k = R (resp. if k = C,
resp. if k is non-Archimedean). The Cartan decomposition G = KATK
holds. If k = R (resp. if k = C) it follows from the polar decomposition
in GL,(R) (resp. in GL,(C)) and from the reduction of symmetric (resp.
Hermitian) matrices. If k is non-Archimedean, it follows from the structure
theorem for finitely generated modules over a principal ideal domain. The
real vector space £ = R", the subspaces

ED:{(yla"'vyn)eEv y1++yn:0}

and Ez =R - (1,...,1), and the closed convex cone

E+:{(y17'~'ayn)€E> ylzzyn}

do not depend on k. Let y : G — E7T denote the Cartan projection with
respect to the Cartan decomposition G = KATK. If k = R or C, then
u(g) = (%log ti)1<i<n where t; is the i*" eigenvalue of ‘gg. If k is non-
Archimedean and if m is any integer such that 7#™¢g € M, (O), then u(g) =
(W(tm,i) — m)i1<i<n Where t,,; is the it" invariant factor of 7™g.

Fix a simple root @ = €;, — €j,+1 € A. The parabolic group P,, is defined
by the vanishing of the (7, j)-matrix entries for 1 < j < iy < ¢ < n. The
flag variety G/P,, is the Grassmannian G(ig,n) of ip-dimensional subspaces
of the affine space A". The Lie algebra n is defined by the vanishing of
the (i, 7)-matrix entries for 1 < i < ip and for i9g + 1 < 4,57 < n. The
decomposition of G/P, as a disjoint union of subvarieties N wP,, where
w € W, is the decomposition of the Grassmannian G(ig,n) into Schubert
cells. The representation (pg, V) is the natural representation of GL,, in
the wedge product AA™. Its highest weight is the fundamental weight

Woa =€1+ ...+ &4

associated with . The embedding of the Grassmannian G(ig,n) into the
projective space P(V,) = P(A"™A"™) is the Pliicker embedding.

3. DYNAMICS IN PROJECTIVE SPACES

In this section we look at the dynamics of certain endomorphisms of
k-vector spaces V in the corresponding projective spaces P(V), where k
is a local field. In Section 3.1 we start by recalling the notion of proximal-
ity. We then consider products of the form z1kozs ... kyz,, where the z; are
proximal elements with a common attracting fixed point z§ € P(V) and a
common repelling hyperplane X C P(V), and the k; are isometries with
k; - xar bounded away from X;. We estimate the norm of such a product
in terms of the norms of the z;. In Section 3.2 we consider a connected
reductive algebraic k-group G and apply the result of Section 3.1 to the
representations (Vg, po) introduced in Section 2.5. From (2.4) and (2.5) we

get an upper bound for |(xa, (g1 ---gn) — 1(g1) — ... — u(gn))| for elements
g1, - .-, 9n € G satisfying certain contractivity and transversality conditions.

3.1. Proximality in projective spaces and norm estimates. Let k
be a local field and V' a finite-dimensional vector space over k. If k is
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non-Archimedean, we fix a basis (v1,...,v,) of V and endow V with the
norm || - ||,, defined by

> tju|| = sup |t

1<j<n v dsgse

if k =R or C, we endow V with any norm || -||,,. We keep the notation || - ||,
for the corresponding operator norm on End(V'). We endow the projective
space P(V') with the metric d defined by

d(z1,22) = inf {|[v] — ¥4, v] € z; and [|Jvj||, =1 Vi =1,2}.

Recall that an element g € End (V') ~\ {0} is called prozimal if it has a unique
eigenvalue of maximal absolute value and if this eigenvalue has multiplicity 1.
(The eigenvalues of g belong to a finite extension k, of k and we consider
the unique extension to k, of the absolute value | -| on k.) If g is proximal,
then its maximal eigenvalue belongs to k; we denote by $;_ € P(V) the cor-
responding eigenline and by X~ the image in P(V') of the unique g-invariant
complementary subspace of x; in V. Note that g acts on P(V') by contract-
ing P(V) \ X, towards z,. For € > 0, we will say that g is e-prozimal if it
satisfies the two following additional conditions:

(1) d(z}, X, ) > 2,

(2) for any x € P(V), if d(z, X;) > ¢, then d(g - x,:z:;') <e.
We will need the following lemma.

Lemma 3.1. Let X, be a projective hyperplane of P(V), let g € P(V)\ X,
and let € > 0 such that d(z, X ) > 2e. There exists re > 0 with the follow-
ing property: for any isometries ks, ..., ky, € End(V) with d(k;-z§, X ) > 2,

and any e-prozximal endomorphisms z1,. .., z, € End(V') such that
ozl =uf,
.« X =X;,
+

e the restriction of z; to the line xj is a dilation of factor ||z, ,

we have

n n
eV Tzl < llzikeze - kazally < Tzl
i=1 i=1

Proof. The right-hand inequality follows from the submultiplicativity of the
operator norm || - ||, and from the fact that k; is an isometry of V' for all 1.
Let us prove the left-hand inequality. Let vy € V \ {0} satisfy 2§ = kvg and
let Vp be the hyperplane of V such that X = P(Vp). Set

be = {zeP(V), dlz,zg) <e}
and B. = {zeP(V), dz,X,) > ¢}

Note that the map sending v € V to the element ¢ € k such that v € tvg+ Vj
is continuous and that the set of unitary vectors v € V with kv € B, is
compact, hence there exists r. > 0 such that any v € V . {0} with kv € B,
belongs to tvg + Vp for some t € k with

(3.1) e Z vl < [t < e ll.
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For 1 < j < n, set
hj = ijj+1Zj+1 e kpzy € End(V)
We claim that h; - B, C b, and

n
(3.2) I - wolly, = =07 T flzill,

i=j
for all j. This follows from an easy descending induction on j. Indeed, for
all # we have k; -b. C Be since k; is an isometry of V' and d(k; -xar, Xi) > 2,
and z;- B. C b, since z; is e-proximal with 2} = zg and X, =Xy . By (3.1),
we have kj1hj1-vo € tjvg + Vo for some t; € k with

_Te _Te
[ti| > e % [[kjy1hje-voll, = e 2 [[hjp1 - volly -

Using the inductive assumption, we obtain

n
.1
t5l > eI I Ylaill,
i=j+1
By hypothesis, z; preserves Vp and induces on the line :U(T a dilation of
factor ||z;||,,, hence h; -vg = zjkjr1hjt1-v € t;vo + Vp for some t;- € k with

n
—(n—j—21%
5= llzjlly 18] = e T =il -
i=J

Inequality (3.2) follows, using (3.1) again. O

3.2. Cartan projection along the fundamental weights. Lemma 3.1
implies the following result.

Proposition 3.2. Let k be a local field and G the set of k-points of a con-
nected reductive algebraic k-group G. Let G = KATK or G = KZTK be a
Cartan decomposition and p : G — E™T the corresponding Cartan projection.
Fiz o € A and let C, be a compact subset of N, . There exist ro, Rq > 0
such that if gi,...,g9n € G satisfy (o, u(9:)) > Ra and g; = kg,2g,4g, for

some kg, Ly, € K and zg, € ZT with Ly, kg, ., € CoPy for all i, then

‘<xa,u(gl ceGn) = gu(gi)>’ < nr.

We keep the notation of Section 2. In particular, given a simple root
a € A, we denote by N (resp. by P,) the unipotent (resp. parabolic)
subgroup of G introduced in Section 2.4, and by X, the highest weight of
the representation (Vj, po) introduced in Section 2.5. We endow V,, with a
norm | - |4 as in Section 2.5, and P(V,,) with a metric d as in Section 3.1.
Proposition 3.2 follows from Lemma 3.1, from (2.4) and (2.5), and from the
following lemma.

Lemma 3.3. Let z € P(V,) be the highest weight line (Va,)y., and let X, be
the image in P(V,,) of the sum of the weight spaces (Vi) for A € Aq ~{xa}-
(1) Given e > 0 with d(z}, X ) > 2¢, there exists Ry > 0 such that for
any z € Z1 with {a,(2)) > Ra, the element po(z) is e-prozimal

. . —+ o + — . —
in P(Vy) with T, = Ta and X=X,
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(2) We have po(N;)(zt)N X, =0.

Proof. (1) It is sufficient to see that every restricted weight of (pa, Vi)
except X belongs to xo —a —NA. Consider the subgroup W, of W
generated by the reflections sg :  — o — (z, B) B for € A~ {a}.
It fixes x, since xo is a multiple of w, and <wa,5> = 0 for all
B € AN {a}. It is the Weyl group of the root subsystem of ®
generated by A N\ {a}, hence the “longest” element w of W, ex-
changes N(A \ {a}) and —N(A ~\ {a}). Thus for every weight
A € Xa — N(A N {a}) we have w - A € xo + NA, which implies
that A = xq.-

(2) For n € N7, the identity element 1 € G belongs to the closure of the
conjugacy class {znz~!, z € Z}, hence x} belongs to the closure of
the orbit ps(Zn)(zf) in P(V,). But X, is closed in P(V,), stable
under Z, and does not contain . (]

Proof of Proposition 3.2. The point x} € P(V,,) is fixed by P,. Moreover,
pa(N;) ()N X, =0 by Lemma 3.3, hence there exists € > 0 such that

d(pa(CaPu)(zl), Xy ) > 2e.

Let 7. > 0 be given by Lemma 3.1 with respect to this £ and to (V, X, zg) =
(Va, X, ,xt), and let r, = r./logq, where ¢ = e if k is Archimedean and
q is the cardinal of the residue field of O otherwise. Let R, > 0 be given
by Lemma 3.3. We claim that r, and R,, satisfy the conclusions of Proposi-
tion 3.2. Indeed, let g1, ..., gn € G satisfy (o, 11(g:i)) > Rq and g; = kg, 24,4,
for some ky,,¢;, € K and z, € Z* with ly,ky,, , € CoPs for all i. By

Lemma 3.3, the element p,(z,,) is e-proximal in P(V,) with o7 =}

Pa (ZJ,)
= X_, . Moreover, the restriction of py(z4,) to the line z} is a

dilation of factor llpa(2g;)|la- By Lemma 3.1,

n n
7 ILleaCa)lle < loa(or-—-gn)lec < TThoeGol
i=1 =1

Using (2.4) and (2.5), we get

<xa,zn:u(gi)>—nm < Xarp(g1---9n)) < <XmZ/~‘(9i)>' O
=1 X

4. TRANSVERSE PRODUCTS

In this section we explain how, under the assumptions of Theorem 1.4,
Proposition 3.2 applies to the elements v € " and their images ¢(7) under a
small deformation ¢ € Hom(I',G). We use Guichard’s idea [Gui| of writing
every element v € I' as a “transverse product” 7p . .., of elements of a fixed
finite subset F' of I'. The terminology “transverse product” is explained in
Section 4.2.
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4.1. Transversality in L. Let k be alocal field and L a connected reductive
algebraic k-group of k-rank 1. Fix a Cartan decomposition L = K LAZK I3
or L = KLZZFKL, where K, is a maximal compact subgroup of L and Ay,
a maximal k-split torus of L, with centralizer Zy, in L. Let up : L — Ef
denote the corresponding Cartan projection, where Ey, = Y (Ap)®zR. Since
L has k-rank 1, the vector space Ey, is a line, and any isomorphism from E7,
to R gives a Cartan projection u]% : L — R.

If L has semisimple k-rank 1, then uﬂf takes only nonnegative or only
nonpositive values. We denote by «ay the indivisible positive restricted root
of Ay, in L, by Py, = P,, the proper parabolic subgroup of L associated
with ar, and by Ny = U_,, the unipotent subgroup associated with —ar.

If L has semisimple k-rank 0, then Ay, is central in L, hence Zj, = L.
In this case ;LEE is a group homomorphism from L to R, thus taking both
positive and negative values. We set Py, = Zy, = L and Ny = {1}.

For the reader’s convenience, we give a proof of the following result, which
is due to Guichard in the real semisimple case (|Gui|, Lem. 7 & 9). We
consider the more general situation of a reductive algebraic group over a

local field.

Proposition 4.1 (Guichard). Let k be a local field, L the set of k-points of
a connected reductive algebraic k-group L of k-rank 1, and ,uﬂ]—% L —-Ra
Cartan projection. Ifk =R or C, let I' be a convex cocompact subgroup of L;
if k is non-Archimedean, let I' be any finitely generated discrete subgroup
of L. There exist D > 0 and a compact subset Cr, of N, such that for
R >2D, any v € I' may be written as v =Yg ...Vn for some Yo, ..., Yn €
satisfying the following conditions:

(1) 1R ()| < R+ D and R — D < |uf(vi)| < R+ D for all1 <i<n,

(2) if v = kyzyly; for some ky,l,, € Kp and z,, € Z, then

by ke €CLPp foralll <i<mn-—1,
(3) t¥(v1), .-y ix(yn) all have the same sign as p(v) if n > 2.

To prove Proposition 4.1 we use the following lemma, which translates
Condition (2) in terms of uf.

Lemma 4.2. Under the assumptions of Proposition 4.1, there exists Dy > 0
with the following property: given any D > Dy, there is a compact subset Cy,
of Ny such that for k € Ky, if

|ur (z1k22)| > |uf (21)] + | (22)| — D
for some z1, 29 € ZZ with |MH§(21)\, |uH§(ZQ)\ > D, then k € CpPy,.

Note that Lemma 4.2 is meaningful only when L has semisimple k-rank 1.
In this case, Proposition 3.2 implies some kind of converse to Lemma 4.2:
for any compact subset Cp of N; , there exists D > 0 such that for all
ke K NCrLPr and all 21,20 € ZT,

| (z1kz2)| > |WE(21)] + W (22)| = D.
Proof of Lemma 4.2. We may assume that L has semisimple k-rank 1. Then

L/ Py, is the disjoint union of N - Py, and {w- Pr}, where w denotes the non-
trivial element of the (restricted) Weyl group of L. It is therefore sufficient
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to prove the existence of a neighborhood U of w - Py, in L/Py, such that for
all k € Ky with k- P, € Y and all 21,29 € er with |5 (21)], [pB(22)| > D,

L (z1k22)| < |ui(21)] + |pg(22)] = D

Let Xy, denote either the Riemannian symmetric space or the Bruhat-Tits
tree of L, depending on whether k is Archimedean or not. Let xy be
the point of X whose stabilizer is K. By (2.1), we may assume that
1% (g9)| = d(zo,g - 7o) for all g € L, where d is the metric on Xj. The
space X7, is Gromov-hyperbolic and we may identify L/ P, with the boundary
at infinity X1, of X, i.e. with the set of equivalence classes [R] of geodesic
rays R : [0, +o0o[— X, for the equivalence relation “to stay at bounded dis-
tance”. The point Pr, € L/ Py, (resp. w-Pf, € L/Pr,) corresponds to the equiv-
alence class [R™1] (resp. [R™]) of the geodesic ray R™ : [0, +oo[— X, (resp.
R~ : [0,400[— X) whose image is the convex hull of Z; -z (resp.
(w- Z}§) - ). By the “shadow lemma” (see [Bou|, Lem. 1.6.2, for instance),
there is a constant Dy > 0 such that the open sets

U, = {[R] € 9X1, R(0) = o and d(R(1), R"(1)) < Do},

for t € [0,4o00[, form a basis of neighborhoods of [R™] in 0X,. Fix D > D.
Forallk € K and z1, 20 € Z; withty := |uf(21)| > D and to := |5 (22)| > D,
we have

\u%(zlkzg)] = d(xg, z1kz2 - x0)

I
e

(zl_ -0, kzg - x0)
= d(R~ t1 ),k - R+(t2))
< d(R™(t1),R™ (D)) +d(R™ (D), k-R*(D))
+d(l<:-R+( ), k- RT(t2))
—D+d(R™(D),k-R"(D)) +ts— D
W (21)] + | (22)] = 2D + d(R™(D), k- R*(D)).

Therefore, if [k-RT] € Up then |uf(z1kze)| < |15 (21)] + [ (22)] — D. This
completes the proof of Lemma 4.2. O

Proof of Proposition 4.1. As in the proof of Lemma 4.2, let X} denote either
the Riemannian symmetric space or the Bruhat—Tits tree of L, depending on
whether k is Archimedean or not. Let g be the point of X whose stabilizer
is K. By (2.1), we may assume that |5 (g)| = d(xo,g - 7o) for all g € L,
where d is the metric on Xj. We note that there exists a closed I'-invariant
convex subset X} # () of X7, on which I" acts cocompactly: indeed, if k = R
or C this is the convex cocompactness assumption; if k is non-Archimedean
it follows from [Bas|, Prop. 7.9. Fix a compact fundamental domain D of X}
for the action of I" and a point z(, in the interior of D. Let dp be the diameter
of D and Dy the constant given by Lemma 4.2. Let

D = max (Do, 6dp + 6 d(zo,z()) > Do

and let Cr, be the corresponding compact subset of N, given by Lemma 4.2.
We claim that D and Cj, satisfy the conclusions of Proposition 4.1. Indeed,
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let R > 2D. Fix v € T and let I be the geodesic segment of X} with
endpoints x) and vy~ ! - x). Let n € N such that

nR < d(zh,y ' -z}) < (n+1)R.
For all 1 <i < mn, let z, € I satisfy d(z},z() = iR. We have a} € \; - D for
some A; € I'. Let vg =4\, € ' and ~; = AL o eTlfori>1 (where

n—i+1
Ao =1), s0 that v =79...7,. Forall 1 <i<mn,

[r (i)l — d(@fy s, @ _i1)| = [d(An—i - 20, i1 - 0) — d(@h_s, @1 1)|
< d(A—i - 0y Ap—i - () + d(An—i - Ty, Ty ;)

+d(@h, i1, An—i1 - 20) + d(An—it1 - 20, Adn—i+1 - Zo)
< 2dp + 2d(zo, xp)-
Since d(x;,_;,x),_;,,) = R, we have H,uﬂf(%ﬂ - R‘ < 2dp +2d(zo, z() < D.
Similarly,
|1uE (o) — d(ap, ™" - )| < 2dp + 2d(wo, ),

hence |uX(y0)] < R+ 2dp + 2d(zo, 7)) < R+ D. For 1 <i < n — 1, the
same reasoning shows that

ur (vivie1)] > d(@Tn—io1, Tniz1) — 2dp — 2d(20, ()

2R —2 dD — Qd(l'o, 5176)

> |pL ()l + [pL(vie1)| = 6dp — 6d(zo, zp)

> | ()| + [eE (i) = D

Choose Cartan decompositions v; = ky,2+,£,, for all i, where k., (., € K|,

and z,, € Zz'. By Lemma 4.2, we have £, k-, , € CLPp forall 1 <i<n-—1.
We claim that p%(71),..., 1% (v,) € R all have the same sign. Indeed, we

may assume that L has semisimple k-rank 0, in which case

pf L — R is a group homomorphism. If u%(v;) and pf(yi41) had dif-

ferent signs for some 1 < i <n — 1, then (4.1) would imply that

D

2 b

(4.1)

min (|3 (%)), |0 (i1)]) <
which would contradict the fact that
WE )l [ (vie1)| = R—2dp — 2d(zo, x()
D

> D —2dp —2d(zo, 7)) > 5

Thus p5(y1), ..., W () all have the same sign. If n > 2, then

WE) — i) < uE (o))

< R+2dp + 2d(zo, z)

< n(R—2dD—2d(x0,x6))

< D )] = EE o),
i=1

hence the sign of p5 (71 ...7,) is the same as that of y5 (), and so is that
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4.2. Interpretation in the boundary at infinity of X;. We now briefly
explain the terminology “transverse product”; this paragraph is not needed
in the rest of the paper. As before, let X denote either the Riemannian
symmetric space or the Bruhat—Tits tree of L, depending on whether k is
Archimedean or not. Let zg be the point of X; whose stabilizer is K.
By (2.1), we may assume that |5 (g)| = d(zo,g - o) for all g € L, where d
is the metric on Xj. We endow the boundary at infinity X of X with a
K -invariant metric d. For any g € L we write g = kg24¢, with kg, 0, € K|,
and z4 € ZZ”.

Assume that L has semisimple k-rank 1. Then 0Xp naturally identifies
with L/Pr, = N; - Pp U{w - P}, where w is the nontrivial element of the
Weyl group of L. Condition (2) of Proposition 4.1 expresses that for all
1 <4 < n—1 the distance between k., ,, - P, € 0X, and E;il -wPr, € 0Xp, is
bounded away from 0. We now make the following observation (for a more
precise statement in the non-Archimedean case, see [Ka2|, Lem. 3.2).

Lemma 4.3. For any € > 0, there is a constant R. > 0 such that all
hyperbolic elements g € L with d(xg,g - x¢) > Re satisfy

doo(ky - P, ) <e and doo(l,' - wPp, () <k,
where resp. () 15 the attracting (resp. repelling) fized point of g in 0X7y,.
h Cg+ g h I fized f 0X

Recall that an element g € L is said to be hyperbolic if it has both an
attracting fixed point and a repelling fixed point in Xy ; equivalently, ¢
preserves a geodesic line 4, in X7, and acts on it by a nontrivial translation.

Proof. For t > 0, let z; € X, be the point in the convex hull of ZZ - 2 such
that d(zo,z¢) = t, let

Hy ={x € Xp, d(x,z;) < d(x,z0)},

and let H; be the closure of H; in the compactification X; = X7 U0Xr. We
note that Hy C H; for all ¢ > ¢ > 0 and that (,., H¢ = {Pr}, hence for
any € > 0 there is a constant R, > 0 such that if ¢ > R, then d((, Pr) < ¢
for all ¢ € H;NOXT.

Let g € L be a hyperbolic element. We first assume that g has a Cartan
decomposition of the form g = 2,0, with z, € ZZF and {4, € Kr. Then
g - xo = x¢, where t = d(xg,g - o). We claim that C; € H;. Indeed, if y is
the orthogonal projection of xy to Ay, then

d(y, ) = d(y,g-20) = d(g™" -y, x0) > d(y, o)
and

d(g-y,xe) = d(g-y,9 - x0) = d(y,x0) < d(g -y, o),
hence y € Ay \ H; and g -y € H; N Ay This implies that H; N A, is a
geodesic ray with endpoint Cng at infinity, hence C;r € H;. Therefore, for any
e>0,if t =d(zg,g9-x0) > Re, then doo( ;, Pr) < e. In the general case, we
write g = kgzgly with kg, lq € K, and z4 € er. Since d, is Kp-invariant,

doo(kg . PL,C;) - doo(PL7C;;)7
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where ¢’ = k;lgkg = z4(lgky) € ZZKL. As we have just seen, this distance
is < e whenever d(zg,¢" - z0) = d(x0,9 - o) > R.. To obtain the second
inequality, we write the Cartan decomposition

g =) (n 2 ) (n R,

where n € Ky is any element in the normalizer but not in the centralizer

of Ar,. Since n_lzg_ln € ZZF, for any € > 0 we have

doo(ly ' Pp, Gy ) = oo, - wP, () <&

whenever d(zo,g97 ! - z0) = d(x0,9 - 70) > Re. O

Let I' be a discrete subgroup of L as in Proposition 4.1, and assume that
it is torsion-free. Then all nontrivial elements of I are hyperbolic. With
the notation of Proposition 4.1, let ¢ = do(Cr, - Pp,wPr)/3 > 0, and let
R. be the corresponding constant given by Lemma 4.3. For R > R. + 2D,
Conditions (1) and (2) imply that

(4.2) doo (G, ) 2 €

for all 1 <14 <n — 1. In other words, “the attracting direction of +; in X7y, is
transverse to the repelling direction of ;41"

If L has semisimple k-rank 0, then X7, is a line and Conditions (1) and (3)
imply that all elements ;, 1 < ¢ < n, have a common attracting point and
a common repelling point in 0Xp; in particular, (4.2) is still satisfied for
e =dx(¢,¢") >0, where 90X, = {(,('}.

4.3. Transversality in G. Let k be a local field, G a connected reductive
algebraic k-group, and L a closed connected reductive subgroup of G of
k-rank 1. Fix a Cartan decomposition L = KLAZKL or L = KLZEFKL,
where K7 is a maximal compact subgroup of L and Ay, a maximal k-split
torus of L, with centralizer Zg, in L. We can find a maximal k-split torus A
of G containing Ay,, together with a maximal compact subgroup K of G
containing K7y, such that G = KAK or G = KZK: this was proved by
Mostow [Mos| and Karpelevich [Kar| in the Archimedean case, and follows
from the work of Landvogt [Lan] in the non-Archimedean case. An appropri-
ate choice of a basis A of the restricted root system ® of A in G then defines
subsets A" of A and Z* of Z, as in Section 2.2, such that AT N A™ is non-
compact and G = KATK or G = KZ1TK. The following lemma provides a
link between Propositions 3.2 and 4.1. We use the notation of Sections 2.4
and 4.1.

Lemma 4.4. If the restriction of a € A to Ay, is nontrivial, then Pp, C P,
and N, C Ny P,.



18 FANNY KASSEL

Proof. Fix a € A whose restriction to Ay, is nontrivial, and let a € AZ NA*T
be such that |a(a)| > 1. Note that g =n_ @ p, and py = pg B n,

n, = @ u_g,

ocs Where

Be(a+NA)ND
Po = 39D GB ug,
pedt
and Nge = @ u_g
BEN(AN{a})N®

are all direct sums of eigenspaces of Ad(a), with eigenvalues of absolute
value < 1 on n; and > 1 on py. Since py, is a sum of eigenspaces of Ad(a) for
eigenvalues of absolute value > 1, we have p;, C p,. Given that Py, and P,
are connected, this implies that P, C F,. Since ny is a sum of eigenspaces
of Ad(a) for eigenvalues of absolute value < 1, we have n;, C ny @ n,.. Note
that [ny,n_ .| C ny, hence NJ is normalized by the group N, . generated by

o) ttac

the groups U_g for f € N(A \ {a}) N ®. This implies that
N; € NyN,. C N, P,. O

5. CARTAN PROJECTION AND DEFORMATION

The goal of this section is to prove Theorem 1.4, from which we deduce
Theorems 1.1 and 1.3. Using Propositions 3.2 and 4.1, we establish the
following result.

Proposition 5.1. Let k be a local field, G the set of k-points of a connected
reductive algebraic k-group G, and L the set of k-points of a closed reductive
subgroup L of G of k-rank 1. Fiz a Cartan projection p : G — ET and a
norm ||| on E. Ifk =R or C, let T" be a convex cocompact subgroup of L; if
k is non-Archimedean, let I be any finitely generated discrete subgroup of L.
Then for any € > 0, there exist a finite subset F; of I' and a neighborhood
U. C Hom(T', G) of the natural inclusion such that any v € I' may be written
asy =9..-Yn for some yo, ...,V € Fz with

(i) n<elpH)I
(1) (7)) — p(w)ll <1 for all o € Us and 0 < i < n,
(7it) for all ¢ € Ue,

[not) = 3 o < el
1=0

Let us briefly explain how Proposition 5.1 implies Theorem 1.4. Let € > 0
and let F; and U be given by Proposition 5.1. For any 1 > 0, the set

Uey = {9 €U, 1(p(9)) — (@)l <n Vg e F}

is a neighborhood of the natural inclusion in Hom(I',G). Conditions (7),
(i), (i77) and the triangular inequality imply that

(e () — pN < Bellp(V)|| +n
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for all ¢ € U, and v € I". Since I' is discrete in G and p is a proper map,
the set I'N K of elements v € T" such that u(y) = 0 is a finite subgroup of T’
and

ro=inf {[lp(y)], v € T and p(y) # 0} > 0.
Let n = er. For all ¢ € U, and all v € I' with u(y) # 0,

(5.1) (e (7)) = N < dellp() -

If T is torsion-free, then I' N K = {1} and (5.1) holds for all v € I". This
implies Theorem 1.4.

Before we give the proof of Proposition 5.1 (in Section 5.3), let us first
introduce some notation and make preliminary remarks.

5.1. Norms on F and its subspaces. By (2.3), in order to prove Propo-
sition 5.1 we may assume that L is connected. Fix a Cartan decomposition
L = KLA}:KL or L = KLZ;KL, with corresponding Cartan projection
ur L — Ef As in Section 4.3, we can find a Cartan decomposition
G=KA"K or G=KZ*"K such that K, C K and Af, C A, with A N AT
noncompact. By Remark 2.1, we may assume that 4 : G — ET is the Cartan
projection associated with this Cartan decomposition of G. We now use the
notation of Section 2. Since all norms on E are equivalent, we may assume
that || - || is the W-invariant Euclidean norm introduced in Section 2.3.

We naturally see Ep, as a line in E. If L has semisimple k-rank 1, then
Ezr is a half-line in ET; we set L™ = L. If L has semisimple k-rank 0, then
EZ = FE is a line in E; we choose a half-line ETF in EZF N E' and set
Lt ={g €L, ur(g) € Ef"}. By composing p;, with some isomorphism
from Ep, to R, we get a Cartan projection ,uﬂf : L — R such that

17 (9) = u(g)l >0

for all g € L*. We note that for all ¢ € L~ LT we have g~' € L*. Moreover,
the opposition involution ¢ : u(G) — u(G), which maps u(g) to u(g—t) for
all g € G, is an isometry with respect to || - [|; indeed, ¢(u(g)) = w - (—u(g))
where w is the “longest” element of the Weyl group W. Therefore we only
need to prove Proposition 5.1 for elements v € I" that belong to L.

For any subspace E’ of E we define a seminorm | - | on E by

yler = llpre (W),
where prg, : E — E’ is the orthogonal projection onto E'. We will use the
three seminorms | - |, , | [g,, and |- [g,, @5, where Ez is the subspace
of F introduced in Section 2.1 and Ex, the subspace defined as follows. For
every a € A there is a constant t, > 0 such that

(5.2) (o, 1(9)) = ta pr(9)
forall g € L. Welet A, = {a € A, t, > 0} denote the set of simple roots
of A in G whose restriction to Ay, is nontrivial and define

EAL = {y S ED7 <67y> =0 Vﬁ S AN AL}

Note that E'f, C Ea, ®FEz. We also observe that Fa, and Ez are orthogonal
with respect to the Euclidean norm || - ||. Indeed, || - || is W-invariant, the
group W is generated by the reflections s4, and for all @« € ® we have
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sa(@) = —a and sa(y) = y for all y € Ez, hence Ez is orthogonal to
Ep = @, ca Ra. Therefore

(53) ‘y|2EAL@EZ = |y’2EAL + |y‘2EZ

forall y € E.

For a € A, let xo denote the highest weight of the representation (Pas V)
of G introduced in Section 2.5. Recall that (x.,&) # 0 and (xa, 5) = 0 for
all € AN {a}.

Remark 5.2. The set {(xa,), @ € Ar} is a basis of the dual of Ex, .
Indeed, since dim Ea, = #Ap, it is sufficient to see that the elements (x4, -),

for a € Ay, are linearly independent as linear forms on Ea,. By definition
of Ea,, it is sufficient to see that

(5.4) span{xqa, a € Ar} Nspan(A ~ Ar) = {0}.
Let (-,-) be any W-invariant scalar product on X(A) ®z R. For all § € A
and r € X(A) @z R,
2 2(.%', 6)
sg(x) =ax—{(z,B)B=a—
5(x) (z,5) 5.9)

hence (xa, ) = @ (Xa, ) = 0 for all & # B in A, which implies (5.4).
By Remark 5.2, the function y = > A, [{(Xa,¥)| is a norm on Ea,.
Since all norms on Ea, are equivalent, there is a constant ¢ > 1 such that

(5.5) Y e 9] < Mles, < e Y [(Xar 9

a€Ap, acAp

B,

for all y € E.

5.2. Norm of the projection onto Ex,. The main step in the proof of
Proposition 5.1 consists of the following proposition, which gives an upper

bound for the seminorm |- |g, .

Proposition 5.3. Under the assumptions of Proposition 5.1, for any § > 0
there exist a finite subset F§ of I' and a neighborhood Uy C Hom(T', G) of the
natural inclusion such that any v € I' N LT may be written as v =Yy ...Vn
for some o, ..., € F; with

(1) n <6330 It

(2) Doy )l = 11 225 n(va)ll

(3) (i) — (i)l <1 for all p € Us and 0 < i < n,
(4) for all ¢ € Uj,

plonom) = 3o nletn)| <6 (3 luewl)-
=1 =1

To prove Proposition 5.3, we use Propositions 3.2 and 4.1, together with
Lemma 4.4.

En;

Proof. Let D > 0 be the constant and Cy, the compact subset of N, given
by Proposition 4.1. By Lemma 4.4, for any o € Ay, the set Cy, is contained
in Int(Cy) P, for some compact subset C, of N, where Int(C,) denotes the
interior of C,. After replacing C, by some larger compact subset of N, we
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may assume that it is preserved under conjugation by KNZ. Let ro, Ry > 0
be the constants given by Proposition 3 2 with respect to C,. Fix 6 > 0 and
choose R > 2D large enough so that =5 < d and to(R—D)—1 > R, for
all @ € A, where t, is defined by (5. 2) Let F§ be the set of elements y € I’
such that |uX(v)| < R+ D, and F} the subset of elements v € F} such that
l1¥(7)] > R — D. Note that F} et F{ are finite since x5 is a proper map
and T is discrete in L. For every v € Fj we choose a Cartan decomposition
v = kyzyly, where k,, ¢, € Ky, and 2z, € ZZ. Let Us be the set of elements
¢ € Hom(T', G) satisfying the following two conditions:

o [[u(e(y) = p(MI < 1 and [a, u(p(7)) = u())] < 1 for all v € Fy
and all « € Ap,

e for every v € Fy' we can write p(7) = Ky (1) 2p(1)lip(y) for some kg,
gw(v) € K and Zo(y) € Z* so that fcp(’y)kcp(v’) € Co P, for all v, ’)/’ S Fé/
with £,k € Cp P, and all o € Ay,

We note that U is a neighborhood of the natural inclusion in Hom(T', G).
Indeed, if k = R or C, this follows from the fact that if g = kyayl, = kya,ty,
with kg, £y, ki), £, € K and ag € A%, then k) € ky(KNZ) and £, € (KNZ){,
([Hel], Chap 9, Cor. 1.2). If k is non-Archimedean, it follows from the fact
that K is a neighborhood of 1 in &, which implies that if g = ky24¢,, where
kg, ly € K and z, € Z", then any ¢’ € G sufficiently close to g belongs to
gK and K¢ and admits the Cartan decompositions ¢’ = kgzg(ﬁggflg’ ) and
g = (99 kg)zgly.

We claim that F§ and Uj satisfy the conclusions of Proposition 5.3. Indeed,
let v € I'NLT. By Proposition 4.1, we may write v = ~g...7, for some
Yo € F3 and v1,...,7, € Fy such that

o lyky,, €CPforalll1<i<n-—1,

o ()., 1B (yn) are all > 0 if n > 2.

This last condition implies that p(7y1),. .., u(yn) all belong to the same half-
line in ET, hence Condition (2) is satisfied. Moreover, since v1,...,v, € FY,

we have

i.e. Condition (1) is satisfied. To prove Condltlon (4), we may assume that
n > 2. Let ¢ € Us. According to (5.5), in order to prove Condition (4) it is
sufficient to bound

‘<Xa,ﬂ(90(% M) — anﬂ(so(%))>'
=1

for all @« € Ap. Since n > 2, we have ,uﬂf(*yi) >0foralll <i<n,ie.
7; € L. By definition of ¢} and t, we obtain

(o, plp(n)) = (e, pli)) =1
> tapr(v) — 1
> to(R—D)—1 > R,
for all & € Ar. Moreover, by definition of Us we can write p(v;) = ko, 2
iy € K and zy(y,y € Z s0 that £y, Ky

o)l

) € Co P, for

(i)

for some ki (), (i Yit1
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all 1 <i < n—1. Proposition 3.2 thus implies that

'<xa,u(90(71-.-%))—Zn:u(so(%)»‘ < nrg
i=1

r

< =D |-
R_D £ ()l
By (5.5), this implies Condition (4) whenever

Z RciaD <9,

aEA]

which holds for R large enough. O

5.3. Proof of Proposition 5.1. Proposition 5.1 follows from Proposition 5.3
and from the following general observation.

Lemma 5.4. Let (E,| -||) be a Euclidean space and E' a subspace of E.
For any y € E, let ly|gr = || prg/ (y)||, where pry : E — E’ is the orthogonal
projection onto E'. For any € > 0, there exists 6 > 0 such that for any
v,y € E satisfying

oy €F,

o Iy —y'ler < 26 Iyl

o llyll <@+l
we have |ly —y'[| < 5 [1'll-
Proof. By the Cauchy—Schwarz inequality, |y — ¢/|pr < 2§ ||y/|| implies
(y,y) > (1 — 28)||y||?>, where (-,-) denotes the scalar product associated

with ||-||. Therefore, we only need to observe that for v} € E with ||y}]| = 1,
the diameter of the set

{meb, 1-20 < (yy) < ul < 1+6}
tends to 0 with 0, independently of . O

Proof of Proposition 5.1. Fix € €]0,1]. Let ¢ €]0, g] satisfy the conclusions

of Lemma 5.4, let F§ and U5 be given by Proposition 5.3, and let

Cs = max [|u(g)|| + 1.
gGF(S

We claim that we may take

I 6C,
F=FuFs Ugel, ugll < —

and
U. = {e ey, [ln(p(9) — n(g)ll <1 Vg e F}.

Indeed, let us prove that any v € I' may be written as v = 7g...7y, for
some 7o, . .., Vn € Fr satisfying Conditions (i), (i7), (iii) of Proposition 5.1.
We first note that we may restrict to elements 7 such that ||u(y)| > 6—5‘5.
Furthermore, as we already noticed in Section 5.1, since g=! € LT for all

g € L~ L™ and since the opposition involution is an isometry, we may restrict
to elements 7 that belong to L*. Let v € T' N L™t such that ||u(y)]| > 6—5‘5.
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By Proposition 5.3, we may write 7y = 7 . .., for some 7o, ...,y € F§ such
that
(1) n <6350 (),

1)
(2) Doy eyl = 11220 (vl

(3) Nlu(p(vi)) — (i)l <1 for all p € Us and 0 <4 < n,
(4) for all ¢ € U,

plen o)) = Yoo, <6 (S luGoll).
=1 L =1

We note that

prp, (1(99') = pre, (1(9)) + pre, (u(g'))
for all g,¢' € G, hence

n

oy m)) = > ule()

i=1

=0.
Ez

By (5.3), Condition (4) remains true after replacing |- |y, by | |5, 08,
Now Conditions (1), (2), (3), and (4), together with (2.2) and the triangular
inequality, imply that for all ¢ € U,

() = D ()
=1

En, ©Ez

< futeGi ) = Youtei|, A+ Do) = u)l
i=1 LYTE =
< 2 (P lutwl) = 26| uw)
=1 1=1
and

(o)l < D ()l
=1

IN

S )+ lule(r) — u(a)l
=1 =1

< (1+5)(i\!u(%)\l> - (1+5)Hiu(%)

Therefore, for ¢ € Uy, Lemma 5.4 applies to

n

(E'y,y) = <EAL ©Ez, (oM7), Zu(%)),
=1
yielding

(5.6) |totn -3 = 3 )

=1

< % H ZZH;M(%)
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for all ¢ € Us. Moreover, Conditions (1), (2), (3), together with the trian-
gular inequality, imply that

[(S2 ) = (0| < 5 (X htl) < = | St
i=1 1 Pt v

hence

)

[netn .20 = 3t

=1

IN
=~ M

H Zn: (i)
=1

for all ¢ € Us. Since

(o)) = mleyr )| < (eIl < lleo)ll+1 < G,
the triangular inequality yields

Juteton = St < § | o

+ .
In particular, taking ¢ to be the natural inclusion of I' in G, we obtain

6n) |6 <
=1

< 7= UM+ C5) < 2(lnMIl + C5),

FNT

hence

|stee) = > et < S Iu()ll+3¢4 < ellu)l
1=0

for all ¢ € Uz, where we use the fact that ||u(y)|| > %. Finally, Conditions
(1) and (2), together with (5.7), imply that

n < 26 (|u)| +C5) < ellpM)l,

where we use the fact that ||u(y)| > 6% and 0 < £ < 1. This completes the

proof of the claim, hence of Proposition 5.1. (]

5.4. Properness and deformation. Let us now briefly explain how to
deduce Theorems 1.1 and 1.3 from Theorem 1.4.

Theorem 1.3 follows from Theorem 1.4 and from the properness criterion
of Benoist (|Ben|, Cor. 5.2) and Kobayashi ([Ko2|, Th. 1.1). Under the
assumptions of Theorem 1.3, this criterion states that a closed subgroup I
of G acts properly on G/H if and only if the set u(T') N (u(H)+C) is bounded
for any compact subset C of E. This condition means that the set u(T") “goes
away from p(H) at infinity”.

Proof of Theorem 1.3. We may assume that G, H, and L are all connected.
Let G = KATK or G = KZVK be a Cartan decomposition of G, and let
i : G — ET be the corresponding Cartan projection. Endow E with a
W-invariant norm || - || as in Section 2.3. We claim that (L) is at finite
Hausdorff distance from a union Uj, of two half-lines in E*. Indeed, let
L = KLAZ'KL or L = KLZZKL be a Cartan decomposition of L, with
corresponding Cartan projection uy : L — Ef As in Section 4.3, we can
find a Cartan decomposition G = K’A'"" K’ or G = K'Z'T K’ of G such that
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K; C K" and A, C A’ If i/ : G — E'" denotes the corresponding Cartan
projection, then Fy, is naturally seen as a line in £’ and

Wig)=E"n(W' 1(9)

for all g € L, where W' is the Weyl group of the restricted root system
of A’ in G; therefore /(L) is contained in the union of two half-lines in E'".
By Remark 2.1, (L) is at finite Hausdorff distance from a union Uj, of
two half-lines in ET. Similarly, u(H) is at finite Hausdorff distance from a
finite union Uy of subspaces of E intersected with E+. By the properness
criterion, Uy, N Uy = {0}, hence there are constants €, C' > 0 such that

d(p(g), u(H)) > 2¢||u(g)|| — C

for all g € L. By Theorem 1.4, there is a neighborhood Y. C Hom(T", G) of
the natural inclusion such that

(o)) = NI < e llpt)]l
forall p e, and y €. Fix p € U.. For all v € T',

d(pu(e(7)), p(H)) = d(u(y), p(H)) = [[p(e(y)) = p()]]
> ellpMl - C.

Therefore, using the fact that I' is discrete in G and p is a proper map, we
obtain that u(p(I')) N (u(H) + C) is finite for any compact subset C of E.
By the properness criterion, this implies that ¢(I") acts properly on G/H.
It also implies that ¢(I") is discrete in G and that the kernel of ¢ is finite.
Since I is torsion-free, ¢ is injective. O

Proof of Theorem 1.1. We may assume that G, H, and L are connected.
By results of Chevalley (|[Che|, Chap. 2, Th. 14 & 15), G is the identity
component (for the real topology) of the set of R-points of some connected
reductive algebraic R-group G and H (resp. L) is the identity component of
the set of R-points of some closed connected reductive subgroup H (resp. L)
of G. By Theorem 1.3, there is a neighborhood &4 C Hom(T',G) of the
natural inclusion such that if ¢ € U, then ¢ is injective, ¢(I') is discrete
in G, and ¢(I") acts properly discontinuously on G/H. Since ¢ is injective,
©(T") has the same cohomological dimension as I'. We conclude by using
the following fact, due to Kobayashi (|[Kol|, Cor. 5.5): when a torsion-free
discrete subgroup of G acts properly discontinuously on G/H, it acts cocom-
pactly on G/H if and only if its cohomological dimension is d(G) — d(H),
where d(G) (resp. d(H)) denotes the dimension of the Riemannian symmet-
ric space of G (resp. of H). (We define Riemannian symmetric spaces as in
Section 2.3.) O

6. APPLICATION TO THE COMPACT QUOTIENTS OF SO(2n,2)/U(n,1)

Fix an integer n > 1. Note that U(n, 1) naturally embeds into SO(2n, 2)
by identifying the Hermitian form |21|> + ... + |2,]? — |2n41]* on C*""! with
the quadratic form 2§ + ... + 23, — 23, | — 23, , on R*"*2 As Kulkarni
[Kul| pointed out, the group U(n, 1), seen as a subgroup of SO(2n,2), acts
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transitively on the anti-de Sitter space
Ads*Ht = {(z1,... ,w2n42) € R¥*H2 22 4 423, — 23,1 — T30 = ~1}
SO(2n,2)/SO(2n, 1).

The stabilizer of (0,...,0,1) is the compact subgroup U(n), hence AdS?"*!
identifies with U(n, 1)/U(n) and the action of U(n, 1) on SO(2n,2)/SO(2n, 1)
is proper. By duality, the action of SO(2n,1) on SO(2n,2)/U(n, 1) is proper
and transitive. In particular, any torsion-free uniform lattice I' of SO(2n, 1)
provides a standard compact quotient I'\SO(2n,2)/U(n, 1) of SO(2n,2)/U(n, 1).
Corollary 1.2 follows from Theorem 1.1 and from the existence of small
Zariski-dense deformations of certain uniform lattices of SO(m,1) into
SO(m,2). For m = 2, such deformations can be obtained by making the
following observation: the identity component SO(2,2)° of SO(2,2) (for the
real topology) admits a two-fold covering by SLa(R) x SLo(R) (induced by
the action of SLa(R) x SL2(R) on Ma(R) ~ R* by left and right multiplica-
tion, which preserves the determinant) and the preimage of SO(1,2)° is the
diagonal of SLy(R) x SLa(R). Therefore it is sufficient to prove that for any
uniform lattice I'g of SL2(R) and any neighborhood ¢ C Hom(T'g, SLa(R))
of the natural inclusion, there is an element ¢ € U such that the group
LY ={(v,¢(v)), v € Lo} is Zariski-dense in SLy(R) x SLy(IR). This is a con-
sequence of the following remark, which easily follows from the simplicity of
PSLy(R) and from Goursat’s lemma, applied to the Zariski closure of I'f.

1

Remark 6.1. Any subgroup of PSLy(R) x PSLy(R) whose projection to
each factor of PSLo(R) x PSLs(R) is surjective is either conjugate to the
diagonal of PSLy(R) x PSLa(RR) or equal to PSLa(R) x PSLa(R).

For m > 3, small Zariski-dense deformations of certain uniform lattices
of SO(m, 1) into SO(m, 2) can be obtained by a bending construction due to
Johnson and Millson. This construction was originally introduced in [JM] for
deformations into SO(m+1, 1) or PGL,,,11(R). For the reader’s convenience,
we shall describe it for deformations into SO(m, 2), and check Zariski density
in this case.

From now on we use Gothic letters to denote the Lie algebras of real Lie
groups (e.g. g for G).

6.1. Uniform arithmetic lattices of SO(m,1). Fix m > 3. The uniform
lattices of SO(m, 1) considered by Johnson and Millson are obtained in the
following classical way. Fix a square-free integer r > 2 and identify SO(m, 1)
with the special orthogonal group of the quadratic form

:):%—i—...—l—mil—\/;xznﬂ

on R™L Let O, denote the ring of integers of the quadratic field Q(y/7).
The group I' = SO(m,1) N My,4+1(O,) is a uniform lattice in SO(m, 1)
(see [Bol] for instance). For any ideal I of O,, the congruence subgroup
I'N(14+M;+1(1)) has finite index in I, hence is a uniform lattice in SO(m, 1).
By |[MR], after replacing I by such a congruence subgroup, we may assume
that it is torsion-free. Then M = I'\H™ is a m-dimensional compact hyper-
bolic manifold whose fundamental group identifies with I'. By [JM], Lem. 7.1
& Th. 7.2, after possibly replacing I' again by some congruence subgroup, we
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may assume that N = T'o\H™~! is a connected, orientable, totally geodesic
hypersurface of M, where

I'y=INSO(m—1,1)
and where
H™ ! ~ {(z2,..., 2ms1) €R™, T3+ . Aas,—rad, = —1and Ty > 0}
is embedded in
H™ ~ {(z1,...,2m41) € R™ ad+. 422 —/rad, . = —land 41 > 0}

in the natural way. We now embed SO(m, 1) into SO(m,2). Since the cen-
tralizer of I'g in SO(m, 2) contains a subgroup isomorphic to SO(1,1) ~ R*,
the idea of the bending construction is to deform I' “along this centralizer”,
as we shall now explain.

6.2. Deformations in the separating case. Assume that N separates M
into two components M; and Ms, and let I'; (resp. I'y) denote the funda-
mental group of Mj (resp. of My). By van Kampen’s theorem, I' is the
amalgamated product I'y *p, I's. Fix an element Y € so(m,2) \ so(m,1)
that belongs to the Lie algebra of the centralizer of I'g in SO(m, 2). Follow-
ing Johnson and Millson, we consider the deformations of I in SO(m, 2) that
are given, for t € R, by

(v) = vy for v € I'y,
)= eV yve ™ for v € I'y.

Note that ¢; : T' — SO(m, 2) is well-defined since e!¥ centralizes T'. We
now check Zariski density.

Lemma 6.2. Fort # 0 small enough, ¢i(I") is Zariski-dense in SO(m, 2).
We need the following remark.

Remark 6.3. For m > 3, the only Lie subalgebra of so(m,2) that strictly
contains so(m, 1) is so(m, 2).

Indeed, so(m,2) decomposes uniquely into a direct sum so(m,1) @ R™*!
of irreducible SO(m, 1)-modules, where SO(m,1) acts on so(m,1) (resp.
on R™*1) by the adjoint (resp. natural) action.

Proof of Lemma 6.2. Since SO(m,2) is Zariski-connected, it is sufficient to
prove that for ¢ # 0 small enough, the Zariski closure o¢(T) of ¢4(I') in
SO(m,2) has Lie algebra so(m,2).

By [JM], Lem. 5.9, the groups I'; and I'y are Zariski-dense in SO(m, 1). By
[JM], Cor. 5.3, and [Se2|, § 1.5.2, Cor. 1, they naturally embed into I". There-
fore (") contains both SO(m, 1) and ¥ SO(m, 1)e~*', and the Lie algebra
of ¢(T) contains both so(m, 1) and the Lie algebra of €Y' SO(m, 1)e~*". By
Remark 6.3, in order to prove that ¢;(I") is Zariski-dense in SO(m,2), it is
sufficient to prove that the Lie algebra of €' SO(m, 1)e™® is not so(m, 1).

But if the Lie algebra of e®¥'SO(m,1)e™*Y were so(m, 1), then we would
have e/Y'SO(m, 1)°e?Y = SO(m,1)°; in other words, ¥ would belong to
the normalizer Ngo(m,2)(SO(m,1)°) of the identity component SO(m,1)°
of SO(m,1). Recall that the exponential map induces a diffeomorphism
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between a neighborhood U of 0 in so(m,2) and a neighborhood V of 1
in SO(m,2), and this diffeomorphism itself induces a one-to-one correspon-
dence between U Mg, 2) (50(m, 1)) and VN Ngo(m,2)(SO(m, 1)°). Therefore,
if we had e?¥ € Nso(m,2)(SO(m, 1)°) for some ¢ # 0 small enough, then we
would have

Y € Ngo(m,2)(s0(m, 1)) = {X € s0(m,2), ad(X)(so(m,1)) = so(m,1)}.

But Remark 6.3 implies that ng,(, 2)(s0(m, 1)) is equal to so(m,1), since
it contains so(m,1) and is different from so(m,2). Thus we would have
Y € so(m, 1), which would contradict our choice of Y. O

6.3. Deformations in the nonseparating case. We now assume that
S = M ~ N is connected. Let j; : T'g — m1(S) and jo : Iy — 71(S) denote
the inclusions in 71 () of the fundamental groups of the two sides of N. The
group I' is a HNN extension of 71(5), i.e. it is generated by m1(S) and by
some element v € I' such that

vit(v) vt = ja(y)

for all v € I'y. Fix an element Y € so(m,2) \ so(m, 1) that belongs to the
Lie algebra of the centralizer of j;(Ig) in SO(m,2). Following Johnson and
Millson, we consider the deformations of I' in SO(m,2) that are given, for
t € R, by

{ pi(v) = v foryem(S),
oi(v) = vet¥.

Note that ¢; : T' — SO(m, 2) is well-defined since e?¥ centralizes j1(Io).
Lemma 6.4. Fort # 0 small enough, ¢(I') is Zariski-dense in SO(m, 2).

Proof. Let ¢(I") denote the Zariski closure of ¢;(I") in SO(m,2). By [JM],
Lem. 5.9, the group 71 (.S) is Zariski-dense in SO(m, 1), hence ¢;(T") contains

both SO(m, 1) and ve!¥. But v € SO(m, 1), hence e’ € ¢;(T). Therefore

¢¢(T) contains both SO(m, 1) and e¥'SO(m, 1)e~"", and we may conclude
as in the proof of Lemma 6.2. (]
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