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Abstract. Let k be a totally real number field. For every odd n ≥ 3, we
construct an element in the category MT(k) of mixed Tate motives over k

out of the quotient of a product of hyperbolic spaces by an arithmetic group.
By a volume calculation, we prove that its period is a rational multiple of
πn[k:Q]ζ∗

k
(1−n), where ζ∗

k
(1−n) denotes the special value of the Dedekind zeta

function of k. We deduce that the group Ext1MT(k)(Q(0), Q(n)) is generated

by the cohomology of a quadric relative to hyperplanes, and that ζ∗
k
(1 − n) is

a determinant of volumes of geodesic hyperbolic simplices defined over k.

1. Introduction

1.1. Background. This paper was motivated by a desire to reconcile two impor-
tant and complementary results due to Zagier and Goncharov. Firstly, in 1986,
Zagier obtained a formula for the value ζK(2), where K is any number field, as a
linear combination of products of values of the dilogarithm function at algebraic
points [37]. The idea is to compute the volume of an arithmetic hyperbolic man-
ifold in two different ways. Suppose that K is quadratic imaginary, and let Γ be
a torsion-free subgroup of finite index of the Bianchi group PSL2(OK), where OK

is the ring of integers of K. Then Γ acts on hyperbolic 3-space H3, and a classical
theorem due to Humbert states that

vol(H3/Γ) =
|d|3/2 r

4π2
ζK(2) ,

where d is the discriminant of K, and r is the index of Γ in PSL2(OK). On the other
hand, such a hyperbolic 3-manifold can be triangulated using geodesic simplices,
whose volume, by a calculation originally due to Milnor, can be expressed in terms
of the Bloch-Wigner dilogarithm function

D(z) = Im (Li2(z) + log |z| log(1 − z)) , where Li2(z) =
∑

k≥1

zk

k2
.

The volume of H3/Γ is therefore a rational linear combination of D(z) with algebraic
arguments. Equating the two volume calculations yields Zagier’s formula for ζK(2),
which in turn motivated his conjectures relating polylogarithms to special values of
zeta and L-functions [15]. He also obtained a formula for ζK(2) for any number field
by considering groups acting on products of hyperbolic 3-space in [37]. However,
this geometric argument is insufficient to prove the final form of Zagier’s conjecture
for two reasons: one is that the dilogarithms are evaluated over some finite extension
of K, rather than K itself, and secondly there is no way to prove that the sums of
products of dilogarithms are a determinant, as the conjecture demands.

Zagier’s results were subsequently reinterpreted in terms of algebraic K-theory
by many authors. See, for example, [6, 15, 22, 23, 33] and the references therein.
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Essentially, the set of simplices in a triangulation of H3/Γ gives a well-defined
element in the Bloch group B(Q) via their gluing equations, and in turn defines an
element in the K-theory group K3(Q) ⊗ Q. The dilogarithm can be interpreted as
the Borel regulator map.

Secondly, in [17], Goncharov generalized these constructions for any discrete
torsion-free group Γ of finite covolume acting on hyperbolic n-space Hn, for n =
2m− 1 odd. For any such manifold M = Hn/Γ, he constructed an element

ξM ∈ K2m−1(Q) ⊗ Q ,

such that the volume of M is given by the regulator map on ξM . In fact, he gave two
such constructions, but it is the motivic version which is of interest here. The main
idea is that a finite geodesic simplex in hyperbolic space (with algebraic vertices)
defines a mixed Tate motive in the sense of [13]. By triangulating the manifold M ,
and combining the motives of each simplex, one obtains a total motive for M , which
is non-trivial if n is odd. He then proves that the motive of M is an extension of
Q(0) by Q(m), and identifies the group of such extensions with K2m−1(Q)⊗Q (see
below). The proof of this fact is analytic: it uses the fact that (solid) angles around
faces in a triangulation sum to multiples of 2π, and uses the full faithfullness of the
Hodge realization for mixed Tate motives over Q ([13], §2.13).

In this paper, we give a common generalization of both Zagier and Goncharov’s
results. First we list the arithmetic groups which act on products of hyperbolic
spaces Hn1 × . . . × HnN , and give their covolumes, up to a rational multiple, in
terms of zeta functions using well-known Tamagawa number arguments [24]. Next,
we show that any such complete ‘product-hyperbolic’ manifold M of finite volume
admits a triangulation using products of geodesic simplices, and use this to con-
struct a well-defined mixed Tate motive mot(M). In the case when N = 1, and M
is non-compact, our construction differs from Goncharov’s. We then prove that

(1.1) mot(M) ∈ Ext1
MT(Q)

(Q(0), Q(n1)) ⊗Q . . . ⊗Q Ext1
MT(Q)

(Q(0), Q(nN ))

using a geometric argument. Thus the construction is completely motivic. Now let
k be a totally real number field, and n an odd integer ≥ 3. The Dedekind zeta
motive is obtained in the case where Γ is a torsion-free subgroup of the restriction
of scalars Rk/QSO(2n − 1, 1), and its period is directly related to ζk(n). Using
Borel’s calculation of the rank of algebraic K-groups, we show that mot(M) is a
determinant of Ext1MT(k)(Q(0), Q(n)) ∼= K2n−1(k) ⊗ Q. As a corollary, we obtain
generators for K2n−1(k)⊗Q in terms of hyperbolic geometry and deduce that ζk(n)
is a determinant of volumes of hyperbolic simplices.

1.2. Explicit categories of mixed Tate motives and zeta values. Let k be a
number field, and let MT(k) be the abelian tensor category of mixed Tate motives
over k [13]. Its simple objects are the Tate motives Q(n), for n ∈ Z, and its
structure is determined by its relation to algebraic K-theory:

(1.2) Ext1MT(k)(Q(0), Q(n)) ∼=
{

0 if n ≤ 0 ,
K2n−1(k) ⊗ Q if n ≥ 1 ,

and the fact that all higher extension groups vanish. One has K1(k) = k×, and a
theorem due to Borel [7], states that for n > 1,

(1.3) dimQ(K2n−1(k) ⊗ Q) =

{
n+ = r1 + r2, if n is odd ;
n− = r2, if n is even ,
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where r1 is the number of real places of k, and r2 is the number of complex places
of k. The Hodge realisation functor on MT(k) gives rise to a regulator map

(1.4) rH : Ext1MT(k)(Q(0), Q(n)) −→ Rn± (n > 1) .

Its covolume should be related to the values of the Dedekind zeta function ζk(s)
via the Beilinson and Bloch-Kato conjectures.

It is an important open problem to construct MT(k) explicitly out of simple
geometric building blocks. Concretely, one writes down a category C ⊆ MT(k)
constructed from certain diagrams of varieties with Tate cohomology, and one wants
to show that C = MT(k). To do this, firstly one must show that the groups
Ext1MT(k)(Q(0), Q(n)) are spanned by elements of C (generation), and secondly, one
must show that C is closed under extensions (freeness). Via such a construction
one hopes to compute the periods of MT(k), and these include the numbers ζk(n)
for n ≥ 2, in particular. Natural candidates for C come from smooth hypersurfaces
with Tate cohomology (or their blow-ups along linear subspaces), as follows.

Hyperplanes. The approach of [5] uses arrangements of hyperplanes in projective
space. Consider a set of 2n+2 hyperplanes L0, . . . , Ln, M0, . . . , Mn ⊂ Pn in general
position, and write L = ∪n

i=0Li, M = ∪n
i=0Mi. Let k be a number field. If L, M

are defined over k, the pair (L, M) defines a mixed Tate motive:

(1.5) Hn
(
Pn\M, L\(L ∩ M)

)
∈ MT(k) .

Let Ch(k) ⊂ MT(k) denote the full subcategory spanned by the elements (1.5)
and closed under tensor products and subquotients. The first part of the problem
described above is to show that the natural map

(1.6) Ext1Ch(k)(Q(0), Q(n)) −→ Ext1MT(k)(Q(0), Q(n))

is surjective. Stefan Müller-Stach informed us that this follows from the work of
Gerdes [16] (conjecture 4.7, remark 4.11) along with the proof of the rank conjec-
ture for algebraic K-theory [36]. A variant of the above construction would be to
consider blow-ups of degenerate configurations of hyperplanes. The motivic funda-
mental group of the punctured line minus roots of unity [13] is a special case of this
latter construction in the particular case when k is abelian.

Quadrics and hyperplanes [17]. Let Q denote a smooth quadric in P2n−1, and
let L1, . . . , L2n denote 2n hyperplanes in general position with respect to Q. Let
L = ∪2n

i=1Li. If Q and L are defined over Q, this defines a quadric motive:

(1.7) H2n−1
(
P2n−1\Q, L\(Q ∩ L)

)
∈ MT(Q) .

As above, let Cq(Q) ⊂ MT(Q) denote the full subcategory spanned by the elements
(1.7), and let Cq(k) ⊂ MT(k) be the subcategory which is invariant under Gal(k/k).
The generation part of the problem is now to show that

(1.8) Ext1Cq(k)(Q(0), Q(n)) −→ Ext1MT(k)(Q(0), Q(n))

is surjective. In this paper, we shall prove this when k is totally real.

A much more precise statement should follow from Beilinson and Deligne’s re-
formulation [4] of Zagier’s conjecture [15]. For every z ∈ k\{0, 1}, and n ≥ 1, one
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can construct a polylogarithm motive Pn(z) ∈ MT(k) as a subquotient of a (de-
generate) hyperplane motive (1.5). If Kz denotes the Kummer motive which is the
extension of Q(0) by Q(1) given by z, then Pn(z) is part of an exact sequence

0 −→
(
Symn−1Kz

)
(1) −→ Pn(z) −→ Q(0) −→ 0

and satisfies Pn(z)/W−4Pn(z) ∼= K1−z. The objects Pn(z) span a strict subcategory

Cp(k) ⊂ MT(k) and the classical polylogarithm Lin(z) =
∑

k≥1
zk

kn is a period of
Pn(z). A version of Zagier’s conjecture would state that

(1.9) φp : Ext1Cp(k)(Q(0), Q(n)) −→ Ext1MT(k)(Q(0), Q(n)) .

is surjective, i.e., (1.2) should be generated by polylogarithm motives. This is
known only for n ≤ 3 [18] but is supported by extensive numerical evidence [15].

1.2.1. Zeta values. The surjectivity of (1.6), (1.8), or (1.9) would imply a statement
about values of zeta functions, as follows. Let ζk(s) denote the Dedekind zeta
function of k, and let ζ∗k(1−n) denote the leading coefficient in the Taylor expansion
of ζk(s) at s = 1 − n, for n ≥ 2. The image of the Borel regulator

(1.10) rB : K2n−1(k) ⊗ Q −→ Rn± (n > 1) ,

is a Q-lattice Λn(k) whose covolume is well-defined up to multiplication by an
element in Q×. Using the isomorphism of rational K-theory with the stable coho-
mology of the linear group, Borel proved by an analytic argument in [8] that

(1.11) ζ∗k (1 − n) = α covol(Λn(k)) for some α ∈ Q× .

If one combines this result with the isomorphism (1.2), then the surjectivity of one
of the maps φ• above yields a conjectural formula for ζ∗k (1 − n) modulo rationals.
In the case of the map φh, this would express ζ∗k (1−n) as a determinant of Aomoto
polylogarithms [5], and in the case of the map φp, this would express ζ∗k(1 − n) as
a determinant of classical polylogarithms [15].

1.3. Main Results. Let k be a totally real number field. If n is even, the group
(1.2) vanishes. For every odd n ≥ 3, we construct a canonical Dedekind zeta motive

(1.12) motn(k) ∈ MT(k) ,

using arithmetic subgroups of SO(2n − 1, 1) (see below). The motive motn(k) is a
subquotient of a sum of products of quadric motives (1.7).

Theorem 1.1. The element motn(k) satisfies

motn(k) ∈ det Ext1MT(k)(Q(0), Q(n)) ,

and its image under the regulator (1.4) is a non-zero rational multiple of ζ∗k (1−n).

Theorem 1.1 is a motivic analogue of Borel’s theorem (1.11) in the totally real
case. However, the proof of theorem 1.1 is entirely different, as it uses rH rather
than rB , and works completely inside the category MT(k). This opens up the
possibility of studying other realisations of motn(k).

Theorem 1.2. If k is totally real, the map φq of (1.8) is surjective.
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Thus every element in Ext1MT(k)(Q(0), Q(n)), for k a totally real number field, is
a subquotient of a direct sum of quadric motives. Theorems 1.1 and 1.2 also hold
for certain quadratic extensions of k. A similar construction when n = 2 holds in
fact for any number field.

The element motn(k) is defined in the following way. Let Hm denote hyperbolic
space of dimension m, and let Ok denote the ring of integers of k. Then any torsion-
free subgroup Γ of finite index of SO(2n − 1, 1)(Ok) acts properly discontinuously
on r = [k : Q] copies of H2n−1. The quotient is a product-hyperbolic manifold

M = H2n−1 × . . . × H2n−1/Γ .

Then, using a trick due to Zagier, one can show that M can be triangulated using
products of hyperbolic geodesic simplices defined over k. By an idea due to Gon-
charov, a hyperbolic geodesic simplex in the Klein model for H2n−1 is a Euclidean
simplex L inside a smooth quadric Q, and so defines a quadric motive (1.7). The
total motive mot(M) is defined to be a certain subquotient of the direct sum of
tensor products of quadric motives corresponding to all the simplices in the trian-
gulation of M , and is well-defined. Technically, this subquotient is extracted using
framed equivalence classes (§5.1). The gluing relations between simplices imply that
motn(k) ∈

⊗
[k:Q] Ext1MT(k)(Q(0), Q(n)), generalizing a result due to Goncharov for

ordinary hyperbolic manifolds. Theorem 1.1 is then proved using the fact that

vol(M) = απnrζ∗k(1 − n) ,

for some α ∈ Q×, which follows from a Tamagawa number argument. This in turn
implies theorem 1.2, using the fact that the rank of Ext1MT(k)(Q(0), Q(n)) is exactly
r, which follows from (1.3). There are two corollaries.

Corollary 1.3. Let M ∈ Ext1MT(k)(Q(0), Q(n)). The periods of M under πnrH are
Q-linear combinations of volumes of hyperbolic (2n − 1)-simplices defined over k.

Corollary 1.4. The special value ζ∗k (1− n) is a rational multiple times a determi-
nant of (π−n-times) volumes of hyperbolic (2n − 1)-simplices defined over k.

This result is in the spirit of, but weaker than, Zagier’s conjecture. The proof
that the zeta value is a determinant uses the rank calculation (1.3) in an essential
way, and does not seem to follow directly from the geometry of the triangulation.
A similar argument to the above also works for n = 2, and holds for all number
fields L. It is not hard to show that quadric motives in P3 are dilogarithm motives
P2(z), thereby giving another proof of Zagier’s conjecture on zeta values for n = 2.

1.4. Plan. In §2 we introduce notations and define product-hyperbolic manifolds.
In §3, we list the non-exceptional arithmetic product-hyperbolic manifolds, and
state their covolumes up to a rational multiple. In §4, we explain how to decompose
a product-hyperbolic manifold M into a finite union of products of hyperbolic

geodesic simplices ∆(i)
1 × . . .×∆(i)

N , 1 ≤ i ≤ R, where each simplex ∆(i)
j has at most

one vertex at infinity. In §5, we recall properties of framed mixed Tate motives and
study the framed mixed Tate motive defined by such a geodesic simplex and its
periods, with examples in §5.3. The total (framed) motive mot(M) is defined by

(1.13) mot(M) =
R∑

i=1

mot(∆(i)
1 ) ⊗ . . . ⊗ mot(∆(i)

N ) .
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and is well-defined and non-zero if M is modelled on products of hyperbolic spaces
with odd-dimensional components only. In §5.2.5, we prove (1.1) from a geometric
argument which uses only the fact that M has no boundary. Theorem 5.16 covers
the case when M is defined arithmetically. In §6, these results are combined to
prove the main theorems. Analogous results in the exceptional case n = 2 are given
in §6.3, and some open questions are discussed in §6.4. Finally, in §7 we compute
an explicit example of the motive of an Artin L-value at 3 over the field Q(

√
5),

which is based on a remarkable computation due to Bugaenko.

This work was written during my thesis at the University of Bordeaux, in 2004-
2005. Many thanks to C. Soulé for his comments on a (very) early version of this
paper, and also to H. Gangl and M. Belolipepsky for helpful discussions.

2. Product-hyperbolic manifolds.

2.1. Euclidean and hyperbolic spaces. We use the following notations. For
n ≥ 1, Euclidean space En is Rn equipped with the scalar product

(x, y) = x1y1 + . . . + xnyn .

Let n ≥ 2, and let Rn,1 denote Rn+1 equipped with the inner product

(x, y) = −x0y0 + x1y1 + . . . + xnyn .

Hyperbolic space Hn is defined to be the half-hyperboloid:

Hn = {x ∈ Rn,1 : (x, x) = −1, x0 > 0} .

Let SO(n, 1)(R) denote the group of matrices preserving this scalar product. It has
two components. Let SO+(n, 1)(R) denote the connected component of the identity,
which is the group of orientation-preserving symmetries of Hn. The invariant metric
on Hn is given by ds2 = −dx2

0 + dx2
1 + . . . + dx2

n.
We will consider complete manifolds M which are locally modelled on products

of the above, i.e., Riemannian products of the form

(2.1) Xn =
∏

1≤i≤N

Hni ×
∏

N+1≤i≤N ′

Eni ,

where n = (n1, . . . , nN ′). A complete, orientable manifold modelled on Xn of finite
volume is of the form M = Xn/Γ, where Γ is a discrete torsion-free subgroup of the
group of motions of Xn. In this case, we say that M is a flat-hyperbolic manifold.
If it is modelled only on products of hyperbolic spaces (N ′ = N), it will be called
product-hyperbolic. It follows from Margulis’ theorem on the arithmeticity of lattices
of rank > 1 [21] that any irreducible discrete group of finite covolume Γ acting on
Xn is arithmetic, or else Xn = Hn and Hn/Γ is an ordinary hyperbolic manifold.

2.2. Models of hyperbolic spaces. We also need to consider the following mod-
els for hyperbolic space ([1], I,§2) and the absolute, which we denote by ∂Hn.

2.2.1. The Klein (projective) model. The map (x0, . . . , xn) .→ (y1, . . . , yn), where
yi = xi/x0, gives an isomorphism of the hyperboloid model with the Klein model:

(2.2) Kn = {(y1, . . . , yn) ∈ Rn : r2 =
n∑

i=1

y2
i < 1}
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equipped with the metric ds2 = (1− r2)−2[(1− r2)
∑n

i=1 dy2
i +(
∑n

i=1 yidyi)2]. The
action of SO+(n, 1) on Kn is by projective transformations, and extends continu-
ously to the boundary ∂Kn, which is the unit sphere in Rn. Geodesics in this model
are Euclidean lines, and in particular, Euclidean hyperplanes are totally geodesic,
but note that hyperbolic and Euclidean angles do not agree.

2.2.2. The Poincaré upper-half space model. Let

(2.3) Un = {(z1, . . . , zn−1, t) : (z1, . . . , zn−1) ∈ Rn−1, t > 0} ,

equipped with the metric t−2(
∑n−1

i=1 dz2
i +dt2). The absolute ∂Hn is identified with

the Euclidean plane ∂Un = Rn−1×{0} ⊂ Rn−1×R≥0 at height t = 0, compactified
by adding the single point at infinity ∞. Geodesics in this model are vertical line
segments (which go to ∞) or segments of circles which meet the absolute at right
angles. In this model, hyperbolic angles coincide with Euclidean angles.

3. Volumes of product-hyperbolic manifolds and L-functions

3.1. Arithmetic groups acting on product-hyperbolic space. There are four
basic types of arithmetic groups which act on products of hyperbolic spaces.

Type (I) : Let k/Q be a totally real number field of degree r, and let O denote
an order in k. Let 1 ≤ t ≤ r. Consider a non-degenerate quadratic form

(3.1) q(x0, . . . , xn) =
n∑

i,j=0

aijxixj where aij ∈ k , aij = aji ,

and suppose that σq =
∑n

i,j=0
σaij xixj has signature (n, 1) for t infinite places

σ ∈ {σ1, . . . , σt} of k, and is positive definite for the remaining r − t infinite places
of k. Let SO+(q,O) be the group of linear transformations with coefficients in O
preserving q, which map each connected component of {x ∈ Rn+1 : σiq(x) < 0} to
itself for 1 ≤ i ≤ t. Let Γ be a torsion-free subgroup of SO+(q,O) of finite index.
It acts properly discontinuously on

∏t
i=1 Hn via the map

Γ ↪→
t∏

i=1

SO+(n, 1)(R)

A .→ ( σ1A, . . . , σtA) .

Type (II) : Suppose that n = 2m− 1 is odd. Let k/Q be a totally real number
field of degree r, and let 1 ≤ t ≤ r. Consider a quaternion algebra D over k such
that Dσ = D ⊗k,σ R is isomorphic to M2×2(R) for all embeddings σ of k. Let

(3.2) Q(x, y) =
m∑

i,j=1

xiaijyj where aij ∈ D, aij = −aji ,

be a non-degenerate skew-Hermitian form on Dm, where x .→ x denotes the con-
jugation map on D, which is an anti-homomorphism. For each embedding σ of k,
the signature of σQ, where σQ(x, y) =

∑m
i,j=1 xi

σaijyj, is defined as follows. Let

Dσ ∼= M2×2(R) = R ⊕ iR ⊕ jR ⊕ kR, where i2 = j2 = 1 and ij = −ji = k. The
endomorphism of Dσ given by right multiplication by i is of order two and has
eigenvalues ±1. Let

Dσ,± = {x ∈ D : xi = ±x} .
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It follows that Dm
σ = Dm

σ,+ ⊕ Dm
σ,−, and because one has Dm

σ,− = Dm
σ,+j, the di-

mension of Dm
σ,+ is 2m. Writing x = x+ + x−, where x+i = x+ and x−i = −x−,

one verifies that σQ(x+, y+) = σQ(x+i, y+) = −i σQ(x+, y+), and σQ(x+, y+) =
σQ(x+, y+i) = σQ(x+, y+)i. It follows that

σQ(x+, y+) = fσ(x+, y+)(j − k) , where fσ(x+, y+) ∈ k .

Since σQ is skew-hermitian, fσ is a non-degenerate symmetric bilinear form on
Dm
σ,+. The signature of σQ is defined to be the signature of fσ. Let φσ denote the

map which to Q associates the bilinear form fσ. The form fσ uniquely determines
σQ, for instance, via the formula −j σQ(x−, y+) = σQ(x−j, y+) = fσ(x−j, y+)(j− k).

Suppose, therefore, that σQ has signature (2m − 1, 1) for t embeddings σ ∈
{σ1, . . . , σt} of k, and is positive definite for the remaining r− t embeddings. Let O
be an order in D, and let U+(Q,O) denote the group of O-valued points of the uni-
tary group which preserves the connected components of {x ∈ Dm

σi,+ : fσi(x, x) < 0}
for 1 ≤ i ≤ t. If Γ is a torsion-free subgroup of U+(Q,O), then it acts properly
discontinuously on

∏t
i=1 Hn via the map (φσ1 , . . . , φσt) : Γ ↪→

∏t
i=1 SO+(n, 1)(R).

Type (III) : Let L/Q denote a number field of degree n with r1 real places and
r2 ≥ 1 complex places, and let 0 ≤ t ≤ r1. Let B denote a quaternion algebra over
L which is unramified at t real places, and ramified at the other r1 − t real places
of L. Then

∏
v|∞(B ⊗L Lv)∗ = (H∗)r1−t × GL2(R)t × GL2(C)r2 , where H denotes

Hamilton’s quaternions. Let O denote an order in B and let Γ be a torsion-free
subgroup of finite index of the group of elements in B of reduced norm 1. Then Γ
defines a discrete subgroup of PSL2(R)t × PSL2(C)r2 and acts properly discontinu-
ously on (H2)t × (H3)r2 [12].

Type (IV) : There are further exceptional cases for H7 which are related to
Cayley’s octonions. These will not be considered here.

Remark 3.1. When n is odd, every arithmetic group of type (I) can also be ex-
pressed as an arithmetic group of type (II). So in (I) we can assume n is even.

Our main results only use the trivial case q = −x2
0 + x2

1 + . . . + x2
n. Then we

obtain the standard orthogonal group SO(n, 1), and Γ is any torsion-free subgroup
of finite index of Rk/QSO+(n, 1)(Z) = SO+(n, 1)(Ok). In the case n = 2, the main
example is given by B = M2(L), where L is a number field as in (III). Then Γ is
a torsion-free subgroup of finite index of the Bianchi group PSL2(OL).

3.2. Covolumes of arithmetic product-hyperbolic manifolds. For k a num-
ber field, let ζk(s) denote the Dedekind zeta function of k, and let dk denote the
absolute value of the discriminant of k. If χ is the non-trivial character of a qua-
dratic extension L/k, let L(χ, s) = ζL(s)/ζk(s) denote its Artin L-function, and let
dL/k = dL/d2

k. For any α, α′ ∈ R, we write α ∼Q× α′ if α = βα′ for some β ∈ Q×.

Theorem 3.2. The covolumes of arithmetic groups of types (I) − (III) acting on
products of hyperbolic spaces are as follows.

(1) Let n = 2m, let k be a totally real field of degree r, and let Γ be of type (I)
acting on

∏t
i=1 Hn, where 1 ≤ t ≤ r. Let M = (

∏t
i=1 Hn)/Γ. Then

vol(M) ∼Q× |dk|n(n+1)/4 π−m2r+m(r−t) ζk(2) . . . ζk(2m) ,
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(2) Let n = 2m − 1 be odd and let k denote a totally real field of degree r.
Let Γ be of type (II) acting on

∏t
i=1 Hn for some 1 ≤ t ≤ r, defined

in terms of a skew-Hermitian form Q over a quaternion algebra D. Let
d ∈ k×/k×2 denote the reduced norm of the discriminant of Q, and let χ
denote the non-trivial character of the quadratic extension L = k(

√
d) of k.

Let L(χ, m) = ζL(m)ζk(m)−1. If M = (
∏t

i=1 Hn)/Γ, then

vol(M) ∼Q×

{
|dL/k|1/2 |dk|n(n+1)/4π−m2r+mtζk(2) . . . ζk(2m − 2)L(χ, m), if [L : K] = 2 ,

|dk|n(n+1)/4π−m2r+mtζk(2) . . . ζk(2m − 2) ζk(m), if L = K ,

In the special case where Γ is of type (I), the same formula holds, where d
is the discriminant of the quadratic form q of (3.1).

(3) Let L be a number field with r1 real places and r2 ≥ 1 complex places. Let Γ
denote an arithmetic group of type (III) acting on X =

∏t
i=1 H2 ×

∏r2

j=1 H3

where 1 ≤ t ≤ r1. If M = X/Γ, then

vol(M) ∼Q× |dL|3/2πt−2r1−2r2ζL(2) .

In order to reduce the length of the paper, we have omitted the proof. More
generally, let G be a connected semisimple algebraic group defined over a number
field k, such that for at least one infinite place v of k, G(kv) is not compact. Let
K denote a maximal compact subgroup of G, and let Xv = K(kv)\G(kv) be the
corresponding symmetric space for each infinite place v of k. Set X =

∏
v|∞ Xv,

and let Γ denote a torsion-free subgroup of finite index of the group of Ok-valued
points of G, which acts properly discontinuously on X . In [24] it was shown that

vol(X/Γ) ∼Q× |dk|dim G/2∆G

(∏

v|∞

vol(Kv)−1
) ∏

v<∞

q dim G
v

#G(Fv)
,

for the standard invariant volume forms on X and Kv (which are canonical up to a
sign). Here, Fv denotes the residue field of k at a finite place v, and qv = #Fv. In
the cases we are interested in, Kv is an orthogonal group, whose volume is easily
computed and yields a power of π. The infinite product on the right converges
([25], appendix II), and the point counts of G over finite fields are well-known [24].
More precisely, in case (I) of §3.1, G is of type Bn and we have

#G(Fv) = qm2

m∏

k=1

(q2k − 1) .

In case (II), G is of type Dm and we have

#G(Fv) =

{
qm(m−1)
v (qm

v − 1)
∏m−1

k=1 (q2k
v − 1) if d ∈ F2

v ,

qm(m−1)
v (qm

v + 1)
∏m−1

k=1 (q2k
v − 1) if d /∈ F2

v .

Finally, in case (III), G is of type A1 and #G(Fv) = q(q2 − 1). This yields the
product of L-values in the volume formula. Finally, the invariant ∆G is in Q×

when G is an inner form of SO(n + 1) (cases (I), (III) and case (II) when d ∈ k2)

or d1/2
L/kQ× if it is a non-trivial outer form (case (III) when d /∈ k2).
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3.3. Summary of volume computations. One can show by a non-compact ver-
sion of the Gauss-Bonnet formula [19], or by using Poincaré’s formula for the vol-
umes of even-dimensional simplices and a geodesic triangulation (e.g. [28] §11.3),
that if M is a product-hyperbolic manifold of finite volume modelled on products
of even-dimensional spaces, i.e., M =

∏
i∈I H2ni/Γ, then we have:

(3.3) vol(M) ∼Q× π
P

i∈I ni .

This implies the following theorem due to Siegel and Klingen.

Corollary 3.3. If k is a totally real field, ζk(1− 2m) ∈ Q× for all integers m ≥ 1.

Proof. Let n = 2m, and let Γ ≤ SO+(n, 1)(Ok) be a torsion-free subgroup of finite
index, where k is totally real of degree r. Applying (3.3) to M = (Hn)r/Γ gives
vol(M) ∈ πmrQ×. Theorem 3.2 with t = r implies that

vol(M) ∼Q× |dk|n(n+1)/4π−rm2

ζk(2) . . . ζk(2m) .

The functional equation for ζk(s) gives ζk(1 − 2m) ∼Q× d (2m−1)/2
k π−2mrζk(2m),

and hence ζk(−1) ζk(−3) . . . ζk(1 − 2m) ∈ Q×, for all m ≥ 1. !

Corollary 3.4. If an arithmetic product-hyperbolic manifold is modelled on even-
dimensional spaces, its volume is a rational multiple of a power of π. In the case
where n = 2m− 1 is odd, or n = 2, the formulae of theorem 3.2 simplify to

πmt
√
|dk|
( ζk(m)

πm[k:Q]

)
, πmt

√
|dL/kdk|

(L(χ, m)

πm[k:Q]

)
, πt+2r2

√
|dL|
( ζL(2)

π2[L:Q]

)
.

By the corresponding functional equations, these are, respectively

(3.4) πmt ζ∗k (1 − m) , πmtL∗(χ, 1 − m) , πt+2r2 ζ∗L(−1) mod Q× .

4. Triangulation of Product-hyperbolic manifolds.

In order to define the motive of a product-hyperbolic manifold, we must decom-
pose it into compact and cuspidal parts, and triangulating each part with products
of simplices using an inclusion-exclusion argument due to Zagier.

4.1. Decomposition of product-hyperbolic manifolds into cusp sectors.
The cusps of a product-hyperbolic manifold are best described using the upper-half
space model Un ∼= {(z, t) ∈ Rn−1×R>0} (§2). For all r > 0, let Bn(r) ⊂ Hn denote
the closed horoball near the point at infinity:

Bn(r) = {(z, t) ∈ Rn−1 × R>0 : t ≥ r}.

Its boundary, the horosphere, is isometric to a Euclidean plane En−1 at height r.
Now let Xn =

∏
i∈I Hni . For any subset ∅ 2= S ⊂ I, and any set of parameters

r = {ri > 0}i∈S indexed by S, we define the corresponding product-horoball to be

BS(r) =
∏

i∈S

Bni(ri) ×
∏

i∈I\S

Hni ⊂ Xn.

Its horosphere is
∏

i∈S ∂Bni(ri) ×
∏

i∈I\S Hni which is diffeomorphic to the space∏
i∈S Eni−1 ×

∏
i∈I\S Hni . The cusps of a product-hyperbolic manifold are diffeo-

morphic to a product F × R
|S|
>0 where F is a compact flat-hyperbolic manifold.
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Theorem 4.1. Any complete product-hyperbolic manifold M of finite volume has
a decomposition into finitely many disjoint pieces

M =
p⋃

"=0

M(")

where M(0) is compact, and each M(") for + ≥ 1 is isometric to a cusp, i.e., M(")
∼=

F"×Rk!
>0, where k" ≥ 1 and F" is a compact flat-hyperbolic manifold with boundary.

The proof of the theorem is different in the case when M is arithmetic or non-
arithmetic. By Margulis’ theorem, an irreducible non-arithmetic lattice is necessar-
ily of rank one and acts on a single hyperbolic space. In this case, M is an ordinary
hyperbolic manifold of finite volume and the decomposition is well-known ([2], III,
§10 and appendix). In the case of arithmetically-defined groups, the decomposition
follows from [20], Proposition 4.6, or the main result of [30].

4.2. Geodesic simplices and rational points.

4.2.1. Rational points on product-hyperbolic manifolds. Let k be a subfield of R,
and let Hn

k (resp. En
k ) denote the set of points with k-rational coordinates in

the hyperboloid model for hyperbolic space (resp. Euclidean space). The former
coincides with the set of k-rational points in the upper-half model, but is strictly
contained in the set of k-points in the Klein model. Define ∂Hn

k to be the set of
k-rational points on the absolute kn−1 ×{0} ⊂ ∂Un = Rn ×{0} (§2.2.2), and write
H

n
k = Hn

k ∪ ∂Hn
k . The sets Hn

k and ∂Hn
k are preserved by SO+(n, 1)(k) and are

dense in Hn and ∂Hn respectively. Now consider products of hyperbolic spaces
Xn =

∏N
i=1 Hni . Let S = (k1, . . . , kN ) denote a tuple of fields, with ki ⊂ R. We

define the set of S-rational points on Xn to be Xn
S =

∏N
i=1 Hni

ki
. We say that a

product-hyperbolic manifold M = Xn/Γ is defined over S if Γ is conjugate to Γ′

which satisfies
Γ′ ≤

∏

1≤i≤N

SO+(ni, 1)(ki) .

Remark 4.2. In dimension n = 3, there is an exceptional isomorphism between
SO+(3, 1)(R) and PSL2(C). For any field L ⊂ C, we define the set of L-points H3

L
of H3 to be the orbit of a fixed rational point of H3 under PSL2(L). From now on, we
assume for simplicity that X has no hyperbolic components of dimension 3 and all
fields ki are real. The translation to the exceptional case n = 3 is straightforward.

Theorem 4.3. Let M be a complete product-hyperbolic manifold of finite volume.
Then M is defined over S = (k1, . . . , kr) where ki are (embedded) number fields.

Proof. For arithmetic groups this follows from the definition. For non-arithmetic
groups, it suffices to consider discrete subgroups of SO+(n, 1), by Margulis’ arith-
meticity theorem. By Weil’s rigidity theorem, Γ is conjugate to a subgroup Γ′ of
SO+(n, 1)(Q). Since Γ′ is finitely generated, its entries lie in a field k ⊂ R which is
finite over Q. !

We define the set of S-rational points of such an M defined over S to be

(4.1) MS = Xn
S/Γ′ .

The set of S-rational points MS is dense in M .
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Lemma 4.4. The fixed point z ∈ ∂Hn of any parabolic motion γ ∈ SO+(n, 1)(k)
is defined over k, i.e., z ∈ ∂Hn

k .

Proof. In the Klein model for hyperbolic space, the group SO+(n, 1)(k) acts by
projective transformations on the absolute ∂Hn = {z1, . . . , zn :

∑
i z2

i = 1}. It
follows that a point z ∈ ∂Hn which is stabilised by γ ∈ SO+(n, 1)(k) satisfies an
equation γz = z, which is algebraic in the coordinates of z, and has coefficients in
k. If γ is parabolic, then this equation has a unique solution on the absolute. By
uniqueness, z coincides with its conjugates under Gal(k/k), and hence z ∈ ∂Hn

k . !

4.2.2. The action of the symmetric group. Now let Σ = {σ1, . . . , σN} denote a
set of distinct real embeddings of a fixed field k as above. Set ki = σik, and
let S = (k1, . . . , kN ). For each pair of indices 1 ≤ i, j ≤ N , there is a bijection
σi σ

−1
j : H

n
kj

∼−→ H
n
ki

. Let SN denote the symmetric group on N letters {1, . . . , N}.
Definition 4.5. If the dimensions of all hyperbolic components ni are equal to n,
the symmetric group SN acts on X

n

S =
∏N

i=1 H
n
ki

as follows:

π(x1, . . . , xN ) = (σ1σ
−1
π(1)xπ(1), . . . , σNσ

−1
π(N)xπ(N)) , where π ∈ SN .

We define the equivariant points of X
n

S to be the fixed points under this action.

Definition 4.6. A product-hyperbolic manifold M =
∏N

i=1 Hni/Γ, with all ni

equal to n, is equivariant with respect to SN if Γ lies in the image of

e : SO(n, 1)(k) −→
∏

1≤i≤N

SO(n, 1)(σi(k))

A .→ (σ1(A), . . . , σN (A)) .

Note that the fixed point of a parabolic motion on an equivariant product-hyperbolic
manifold is necessarily equivariant.

4.2.3. Geodesic simplices and the action of SN . Let X be En or Hn, for n ≥ 2.
If x0, . . . , xn are n + 1 distinct points in X, let ∆(x0, . . . , xn) denote the geodesic
simplex whose vertices are x0, . . . , xn. This is defined to be the convex hull of the
points {x0, . . . , xn}. If the points x0, . . . , xn lie in a proper geodesic subspace, then
∆(x0, . . . , xn) will be degenerate. The boundary faces of ∆(x0, . . . , xn) are the
convex hulls of nonempty strict subsets of the points {x0, . . . , xn}. When X = Hn,
we can allow some or all of the vertices xi to lie on the boundary ∂Hn. One can
show that such a simplex ∆(x0, . . . , xn) always has finite, and in fact bounded,
volume. The simplex ∆(x0, . . . , xn) is said to be defined over a field k ⊂ R, if
x0, . . . , xn ∈ Xk. Suppose that we are given a map of fields σ : k ↪→ k′. It induces
an action on the set of geodesic simplices defined over k:

(4.2) σ∆(x0, . . . , xn) = ∆(σx0, . . . , σxn) ⊂ Xk′ .

In a product of spaces of type (2.1), we consider products of the form

(4.3) ∆ = ∆1 × . . . ×∆N ,

where ∆i are geodesic simplices in each component. We call this a geodesic product-
simplex. It is defined over the fields S = (k1, . . . , kN ) if ∆i is defined over ki for all
1 ≤ i ≤ N . In the equivariant case S = (σ1k, . . . , σNk), and all ni are equal, the
symmetric group SN acts on geodesic product simplices defined over S as follows:

(4.4) π(∆1 × . . . ×∆N ) = σ1σ
−1
π(1)∆π(1) × . . . × σ1σ

−1
π(N)∆π(N) for any π ∈ SN .
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4.2.4. Cones over Euclidean simplices. Let ∆(x1, . . . , xn) ⊂ En−1 be a Euclidean
geodesic simplex. Let us identify the horosphere in Un at height R > 0 with En−1×
{R} ⊂ Un. If ∞ denotes the point at infinity, let us write ∆∞ = ∆(x1, . . . , xn,∞)
for the geodesic hyperbolic simplex ∆× [R,∞) which is the cone over ∆.

4.3. Generalities on virtual triangulations. Let M denote a flat-hyperbolic
manifold. In order to decompose M into products of geodesic simplices, we must
consider geodesic polytopes in products of Euclidean and hyperbolic spaces, which
may have vertices at infinity. Let P denote an n-dimensional convex polytope in
Euclidean or hyperbolic space H

n
. A faceting F (P ) of P ([28], §11.1) is a finite

collection of closed, (n − 1)-dimensional convex polytopes Fi, called facets, which
are contained in the boundary ∂P of P such that:

(1) Each face of P is a union of facets.
(2) Any two facets are either disjoint or meet along their common boundaries.

The set of all codimension 1 faces of P , for example, defines a faceting of P . A
product-polytope in X

n
is a product of convex geodesic polytopes, and one defines

a faceting in a similar manner. For any product-polytope P , let P f denote the
polytope P with all infinite components removed. Now let R denote a finite set
of geodesic product-polytopes in X

n
, and suppose we are given a faceting for each

product-polytope in R. A set of gluing relations for R is a way to identify all facets
of all polytopes P ∈ R in pairs which are isometric. Let

T =
∐

P∈R

P f/ ∼

denote the topological space obtained by identifying glued facets. A product-tiling
of M is then an isometry

(4.5) f : T −→ M .

Since facets may be strictly contained in the faces of each geodesic simplex, the
tiling is not always a triangulation. See also [28], §11 for a much more detailed
treatment of tilings and triangulations in a general context.

We will also need to consider virtual tilings. To define a virtual tiling, consider
a continuous surjective map f : T −→ M, of finite degree which is not necessarily
étale. We assume that the restriction of f to the interior of each product polytope
P in T is an isometry. We define the local multiplicity of f on P to be +1 if f |P is
orientation-preserving, and −1 if f |P is orientation-reversing. The condition that
f be a virtual tiling is that the total multiplicity of f is almost everywhere equal
to 1. In the case when M is defined over the fields S = (k1, . . . , kN ), we will say
that the (virtual) product tiling is defined over S if the geodesic product simplices
which occur in T are defined over S.

4.4. Tiling of product-hyperbolic manifolds. One can construct a product-
tiling of any complete, orientable, finite-volume flat-hyperbolic manifold M , using
a variant of an argument due to Zagier [37].

Lemma 4.7. Let X1, . . . , Xn and Y1, . . . , Yn denote any sets, and let ε ∈ {0, 1}n.
We write ε = (ε1, . . . , εn), and let

Xi(ε) =

{
Xi ∩ Yi if εi = 0 ,

Xi\(Xi ∩ Yi) if εi = 1 ,
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and define Yi(ε) similarly. Any union of products (X1 × . . .×Xn)∪ (Y1 × . . .×Yn)
can be written

(X1∩Y1)×. . .×(Xn∩Yn)∪
⋃

0*=ε∈{0,1}n

X1(ε)×. . .×Xn(ε)∪
⋃

0*=ε∈{0,1}n

Y1(ε)×. . .×Yn(ε),

where all unions are disjoint.

We apply the lemma to a pair of geodesic product-simplices in flat-hyperbolic
space. Let ∆ =

∏
i∈I ∆i and ∆′ =

∏
i∈I ∆

′
i where ∆i,∆′

i are geodesic simplices in

Eni or H
ni

for each i ∈ I. By the lemma, ∆ ∪∆′ can be decomposed as a disjoint
union of products of ∆i∩∆′

i, ∆i\(∆i∩∆′
i), or ∆′

i\(∆i∩∆′
i), for i ∈ I. In each case,

the intersection of two geodesic simplices (or its complement) is a union of geodesic
polytopes. Every such polytope can be decomposed as a disjoint union of geodesic
simplices by subdividing and triangulating. It follows that we can triangulate any
overlapping union ∆ ∪∆′ with geodesic product-simplices.

Corollary 4.8. Any finite union of product-simplices can be obtained by gluing
finitely many geodesic product-simplices along pairs of common facets.

We can now prove the main result of this section, following [37].

Proposition 4.9. Every product-hyperbolic manifold M of finite volume admits a
finite tiling by products of geodesic simplices. If M is defined over a tuple of fields
S as in §4.2, then we can assume the product simplices have S-rational vertices.

Proof. By theorem 4.1, there is a finite decomposition M =
⋃
"M("), where M(0) is

compact and for + ≥ 1, M(") is a cone over F", a compact flat-hyperbolic manifold
with boundary. We first tile each M(") for + ≥ 1 by constructing a tiling of F" and
taking the cone at infinity over this tiling using §4.2.4. We then obtain a tiling of
M on taking the union of all the geodesic product-simplices involved in the tiling
of each piece M(") and excising the overlaps using corollary 4.8.

Let M = Xn/Γ and let π : Xn → M denote the covering map. Let F ⊂ Xn be
a fundamental set for M , with a decomposition F =

⋃
"F", where F0 is compact,

and each F" for + ≥ 1 is diffeomorphic to Rk!

>0 ×D", where D" is a compact domain
in flat-hyperbolic space

∏
i∈S Eni−1 ×

∏
j∈I\S Hnj (and hence k" = |S|). Cover D"

with geodesic product-simplices as follows. Since D" is compact, choose compact
polyhedra Ki ⊂ Eni−1, Kj ⊂ Hnj , where i ∈ S, j ∈ I\S, such that D" ⊂

∏
i∈S Ki×∏

j∈I\S Kj . We denote the restriction of the covering map D" → F" by π also.

Each set Ki can be triangulated by finitely many oriented geodesic simplices ∆(i)
ai

which are sufficiently small such that any product ∆a =
∏

i∈S ∆
(i)
ai ×
∏

j∈I\S ∆
(j)
aj ,

where a = (ai)i∈I , is mapped isometrically onto π(∆a). Let a 2= b be indices such
that the pair of simplices π(∆a), π(∆b) have non-empty overlap. It follows that
there is a γ ∈ Γ such that γ∆a ∩∆b 2= ∅. Applying the previous corollary to the
union γ∆a ∪∆b, we can replace ∆a ∪∆b with a union of product-simplices whose
interiors are disjoint after projection down to F". We can repeatedly excise the
overlap between simplices using the previous lemma and its corollary to obtain the
required tiling of D" with product-simplices. To show that this process terminates
after finitely many steps, let d(x) ∈ N denote the multiplicity of the tiling at each
point x ∈ D". Since F is a fundamental set, there is an integer N such that
d(x) ≤ N for all x ∈ D". Every time an excision is applied, the local multiplicities
d(x) for all x in some open subset of D" decrease by 1. Since D" is compact,
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this process terminates when d(x) = 1 almost everywhere. This gives the required
tiling of D". Each Euclidean component of D" can be identified with a suitable
horoball neighbourhood of infinity in Un. By the construction of §4.2.4, replace
every product of flat-hyperbolic geodesic simplices that occurs in the tiling of D":

∏

i∈S

∆(i) ×
∏

j∈I\S

∆(j) ∈
∏

i∈S

Eni−1 ×
∏

j∈I\S

Hnj ,

with its cone at infinity (§4.2.4):
∏

i∈S

∆(i)
∞ ×

∏

j∈I\S

∆(j) ∈
∏

i∈S

H
ni ×

∏

j∈I\S

Hnj .

This gives a covering of each end F", for + ≥ 1, with product-simplices which maps
via π to a tiling of M("). Finally, the compact part F0 of F can be covered by a
large compact set K0 which can be triangulated with geodesic product-simplices as
before. All together, we have a covering of F with finitely many geodesic product-
simplices which maps to a tiling in each cusp M("). By applying corollary 4.8 as
above, we can excise the overlaps between these simplices all over again. Since the
K0 ∩ Fi are compact, we obtain a tiling of M after finitely many steps.

For the last statement, suppose that M is defined over a tuple of fields S, as
in §4.2. Since the set of S-rational points is dense in M , and since by lemma 4.9,
the coordinates at infinity of the cusps of M are S-rational, we can ensure in the
previous argument that all product-simplices have vertices defined over S. !

Note that the geodesic simplices which occur have at most one vertex at infinity,
a fact which will be used later. It does not matter if degenerate simplices occur.

4.5. Equivariance. Now suppose that the product-hyperbolic manifold M is equi-
variant (§4.2.2). By proposition 4.9, there exists a product-tiling of M which is
defined over S, where S = (σ1k, . . . , σNk). Let T denote the set of hyperbolic
product-simplices in this tiling. The symmetry group SN acts on the product-
simplices, and preserves the subdivisions of a face into its facets Fi: if F is tiled
by facets Fi for 1 ≤ i ≤ m, then σF is tiled by facets σFi, for all σ ∈ SN . Note
that some of the simplices σFi may be oriented negatively, so the latter tiling is in
fact a virtual tiling of σF . Let σT denote the set of images of the elements of T
under σ ∈ SN . We can glue the simplices in σT back together according to the
same gluing pattern to form a virtual tiling of σM . Since M was assumed to be
equivariant, this gives a new tiling of M , which is also defined over S.

Lemma 4.10. Let M denote an equivariant product-hyperbolic manifold. If T is
a product-tiling of M defined over S, then σT is also a virtual product-tiling of M
defined over S, for all σ ∈ SN .

Note that, given a finite virtual tiling of M , one can obtain a genuine tiling by
subdividing and excising any overlaps using a variant of corollary 4.8.

5. The motive of a product-hyperbolic manifold

5.1. Framed Mixed Tate motives and their periods.
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5.1.1. Mixed Tate motives. Let k be a number field, and let MT(k) denote the
abelian tensor category of mixed Tate motives over k [13]. Its simple objects are
the pure Tate motives Q(n), where n ∈ Z, and its structure is determined by:

(5.1) Ext1MT(k)(Q(0), Q(n)) ∼=
{

0 if n ≤ 0 ,
K2n−1(k) ⊗ Q , if n ≥ 1 ,

and the fact that Ext2MT(k)(Q(0), Q(n)) = 0 for all n ∈ Z. Recall that K1(k) ∼= k×,
and Borel proved in [7] that for n > 1 ,

(5.2) dimQ(K2n−1(Q) ⊗ Q) =

{
r1 + r2, if n is odd ;
r2, if n is even ,

where r1 is the number of real places of k, and r2 is the number of complex places
of k. Although we do not explicitly require (5.2) to prove theorem 1.1, it is used
implicitly in the construction of MT(k).

Every mixed Tate motive M ∈ MT(k) has a canonical weight filtration, which
is increasing, finite, and indexed by even integers. For each n ∈ Z, its graded piece
of weight −2n is denoted by grW

−2nM = W−2nM/W−2n−1M , and is isomorphic to
a finite sum of copies of Q(n). Following [13], one sets

ωn(M) = Hom(Q(n), grW
−2nM) .

The de Rham realisation of M is defined to be the graded vector space MDR =
ω(M) ⊗Q k, where ω(M) = ⊕nωn(M). For every embedding σ : k ↪→ C into an
algebraic closure C of k, there is a Betti realisation Mσ, which is a finite dimensional
vector space over Q equipped with a weight filtration such as above [13], §2.11.
There is a comparison isomorphism which respects the weight filtrations

(5.3) compσ,DR : MDR ⊗k,σ C
∼−→ Mσ ⊗Q C ,

and is functorial with respect to σ. For each σ : k ↪→ C, the data

(5.4) Hσ = (MDR, Mσ, compσ,DR)

is called a mixed Hodge-Tate structure [13], §2.13. The Hodge realisation functor:

M .→ (MDR, Mσ, compσ,DR)σ:k↪→C

to the category of systems of mixed Hodge-Tate structures is fully faithful, although
we shall not require this fact. Note that ωn(M) ⊂ W−2nMDR can be retrieved from
the data (5.4) (loc. cit.).

5.1.2. Framed objects in MT(k). Let M ∈ MT(k), and let n ≥ 0.

Definition 5.1. An n-framing of M [5, 18] consists of non-zero morphisms:

v0 ∈ ω0(M) = Hom(Q(0), grW
0 M) ,

fn ∈ ωn(M)∨ = Hom(grW
−2nM, Q(n)) .

A morphism from (M, v0, fn) to (M, v′0, f
′
n) is a morphism φ : M → M ′ such that

φ(v0) = v′0 and f ′
n(φ) = fn. Morphisms generate an equivalence relation on the set

of n-framed objects. The equivalence class of (M, v0, fn) is written [M, v0, fn].

Let An(k) denote the set of equivalence classes of n-framed objects in MT(k).
One shows that An(k) is a Q-vector space with respect to the addition rule:

(5.5) [M, v0, fn] + [M ′, v′0, f
′
n] = [M ⊕ M ′, v0 ⊕ v′n, fn + f ′

n] ,
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and scalar multiplication α[M, v0, fn] = [M,αv0, fn] = [M, v0, αfn] for all α ∈ Q×.
The zero element is given by the equivalence class of Q(0) ⊕ Q(n) with trivial
framings, and A0(k) ∼= Q. Consider the graded Q-vector space:

(5.6) A(k) =
⊕

n≥0

An(k) .

It is equipped with a coproduct ∆ : A(k) → A(k) ⊗Q A(k), whose components

∆r,n−r : An(k) → Ar(k) ⊗Q An−r(k)

can be computed as follows. For M ∈ MT(k), let {ei}1≤i≤N be any basis of ωr(M),
and let {e∨i }1≤i≤N denote the dual basis in ωr(M)∨. Define

(5.7) ∆r,n−r[M, v0, fn] =
N∑

i=1

[M, v0, e
∨
i ] ⊗ [M, ei, fn](−r) ,

where [M, ei, fn](−r) is the Tate-twisted object M(−r) with corresponding fram-
ings. Let ∆n =

⊕
0≤r≤n∆r,n−r, and set ∆ =

⊕
n≥0∆n. One verifies that the

above constructions are well-defined and that A(k) can be made into a graded
commutative Hopf algebra. Define the reduced coproduct ∆̃ on A(k) by ∆̃(X) =
∆(X) − 1 ⊗ X − X ⊗ 1. Its kernel is the set of primitive elements in A(k).

Proposition 5.2. (see e.g., [17]) There is an isomorphism:

(5.8) Ext1MT(k)(Q(0), Q(n)) ∼= ker
(
∆̃n : An(k) −→

⊕

1≤r≤n−1

Ar(k) ⊗Q An−r(k)
)

.

This gives a strategy for defining elements in rational algebraic K-theory via
(5.1). The essential idea [4] is to construct a framed mixed Tate motive out of
simple algebraic varieties in such a way that the reduced coproduct vanishes.

5.1.3. Real periods. Let M ∈ MT(k), and σ : k ↪→ C. Consider the isomorphism:

Pσ : ω(M) ⊗Q C
∼−→ MDR ⊗k,σ C

compσ,DR−→ Mσ ⊗k,σ C ,

and let P ∗
σ = (P∨

σ )−1 be the inverse dual map from ω(M)∨ ⊗Q C to M∨
σ ⊗k,σ C.

Denote the natural pairing
(
Mσ ⊗k,σ C

)
⊗
(
Mσ ⊗k,σ C

)∨ → C by 〈·, ·〉.

Definition 5.3. Let M ∈ MT(k), with n-framings v0 ∈ ω(M), fn ∈ ω(M)∨. For
every σ : k ↪→ C its real period ([17], §4) is defined by

〈Im
(
(2iπ)−nPσ(v0 ⊗ 1)

)
, Re (P ∗

σ (fn ⊗ 1))〉 ∈ R .

This only depends on the equivalence class [M, v0, fn], yielding a map:

(5.9) Rσ : An(k) −→ R ,

which is called the real period. Note that its normalization varies in the literature.

To calculate the real period, choose a graded k-basis of MDR and a Q-basis of
Mσ which is compatible with the weight filtration. The matrix compσ,DR in these
bases can be computed from the integration pairing

MDR ⊗Q M∨
σ → C .

We can assume that compσ,DR on grW
−2nMDR ⊗k,σ C

∼→ grW
−2nMσ ⊗k,σ C is (2πi)n

times the identity. Then our k-basis of MDR is a Q-basis of ω(M) ([13], (2.11.3))
and our matrix represents Pσ. It is well-defined up to change of weight-filtered
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Q-basis of Mσ, i.e., multiplication by a triangular unipotent matrix with entries in
Q. By (5.8), we have Ext1MT(k)(Q(0), Q(n)) = ker ∆̃n ⊂ An(k), and hence a map:

(5.10) Rσ : Ext1MT(k)(Q(0), Q(n)) −→ R .

To compute this map, we can represent an element ξ ∈ Ext1MT(k)(Q(0), Q(n)) by
an extension 0 → Q(n) → M → Q(0) → 0. For every σ : k ↪→ C, the prescription
above yields a period matrix for M which is of the form

Pσ(M) =

(
(2πi)n 0
α 1

)
for some α ∈ C.

Therefore its real period, for the obvious framings, is Rσ(ξ) = Im ( α
(2πi)n ).

5.1.4. Regulators. Let k be a number field, and let Σ = {σ1, . . . , σN} denote any
set of distinct embeddings of k into C. Writing ki = σi(k), there is an isomorphism:

(5.11) ρ : An(k) ⊗Q . . . ⊗Q An(k)
∼−→ An(k1) ⊗Q . . . ⊗Q An(kN ) .

Let An(k)⊗N denote the left-hand side of (5.11). The symmetric group SN acts
upon it by permuting the factors. Let An(k)⊗Σ denote the right-hand side of (5.11),
with the induced SN -action. If ξi ∈ An(ki), for 1 ≤ i ≤ N , SN acts by:

π(ξ1 ⊗ . . . ⊗ ξN ) = σ1σ
−1
π(1)(ξπ(1)) ⊗ . . . ⊗ σNσ

−1
π(N)(ξπ(N)) for π ∈ SN .

For any subspace V ⊂ An(k) write
∧N V ⊂ V ⊗N for the subspace of elements

which are alternating with respect to the action of SN . Then by (5.8):

(5.12)

∧NExt1MT(k)(Q(0), Q(n)) ⊂
∧N

An(k) ⊂ An(k)⊗N

↓ ∼ ↓ ∼ ↓ ∼∧ΣExt1MT(k)(Q(0), Q(n)) ⊂
∧Σ

An(k) ⊂ An(k)⊗Σ

where a superscript Σ in the second line denotes the subspace of alternating ele-
ments with respect to the action of SN on An(k)⊗Σ. Our construction of Dedekind
zeta motives will naturally lie in the second line of (5.12).

Definition 5.4. Suppose that k has r1 distinct real embeddings σ1, . . . , σr1
and

2r2 distinct complex embeddings σr1+1, . . . , σr1+r2
, σr1+1, . . . , σr1+r2

. Let

Σn =

{
{σ1, . . . , σr1+r2

} , if n is odd ,
{σr1+1, . . . , σr1+r2

} , if n is even .

Let n > 1. By (5.1) and (5.2), dimQ

(
Ext1MT(k)(Q(0), Q(n))

)
= |Σn|. In this

situation
∧|Σn|Ext1MT(k)(Q(0), Q(n)) is a Q-vector space of dimension 1. Let

RΣn =
∏

σ∈Σn

Rσ : An(k) ⊗Q . . . ⊗Q An(k) −→ R ,

be the product of the real periods, and define the Hodge regulator map :

(5.13) RΣn : det Ext1MT(k)(Q(0), Q(n))−→R for n > 1 .

It factors through (5.12). Its image is a one-dimensional Q-lattice in R, whose
covolume is a well-defined element Rn(k) ∈ R×/Q× ∪ {0} .

The Hodge regulator rH : Ext1MT(k)(Q(0), Q(n)) → Rn± of (1.4) is the map
rH =

⊕
σ∈Σn

Rσ. Its image is a Q-lattice whose covolume is Rn(k) mod Q×.
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5.2. Construction of the motive of a product-hyperbolic manifold. We
begin by considering the motive of a single hyperbolic geodesic simplex; first in the
generic case following [17] §3.3, and then with one vertex at infinity.

5.2.1. The motive of a finite geodesic simplex. Let m ≥ 1 and let ∆ ⊂ Hm be a
hyperbolic geodesic simplex with no vertices at infinity. In the Klein model for
Hm, ∆ is a Euclidean simplex inside the unit sphere ∂Hm ⊂ Rm. This data can be
represented by a smooth quadric Q ⊂ Pm, and a set of hyperplanes {L0, . . . , Lm} ⊂
Pm, defined over R, such that for some affine open Am ⊂ Pm, Q(R) ∩ Am is the
unit sphere in Rm, and the boundary faces of ∆ are contained in

⋃
i Li(R) ∩ Am.

Let L =
⋃

i Li. If Q, L are defined over Q, this data defines a mixed Tate motive

(5.14) h(∆) = Hm(Pm\Q, L\(L∩ Q)) ,

which only depends on ∆. Note that L ∪ Q is a normal crossing divisor. To
determine the structure of h(∆), observe that for any smooth quadric Q ⊂ Pm,

Hm(Pm\Q) =

{
Q(−n) , if m = 2n − 1 ,
0 , if m is even .

Whenever m = 2n− 1 is odd, one verifies that grW
2nh(∆) ∼= Hm(Pm\Q), and hence

we obtain a class (see §5.2.3 below) which we denote by

(5.15) ωQ : Q(−n)
∼−→ grW

2nh(∆) .

Write LI =
⋂

i∈I Li for any subset I ⊂ {0, . . . , m}, and let QI = Q ∩ LI . Every
face F of ∆ is equal to ∆ ∩ LI for some such I. Since F is a geodesic simplex in
Hm−|I|, it defines a motive h(F ), corresponding to the quadric QI ⊂ LI relative to
the hyperplanes LI ∩ Lj , for j /∈ I. For each face F of odd dimension 2i − 1, the
inclusion F ↪→ ∆ induces a map iF : h(F ) → h(∆) and we set

(5.16) eF = iF ◦ ωQF : Q(−i) −→ grW
2i h(∆) .

Proposition 5.5. Let m = 2n − 1 ≥ 1. Then grW
0 h(∆) = Q(0) and

(5.17) grW
2(n−r)h(∆) =

⊕

|I|=2r

Q(r − n) for 0 ≤ r < n .

A basis is given by the classes eF (1) for all odd-dimensional faces F .

This result will follow from our proof of proposition 5.6 below.

5.2.2. The motive of a simplex with a vertex at infinity. Let ∆ be a hyperbolic
geodesic simplex with a single vertex x on the boundary ∂Hm. As above, ∆ defines
a set of hyperplanes L0, . . . , Lm and a smooth quadric Q in Pm, which do not cross
normally at x. Number the hyperplanes so that L1, . . . , Lm intersect at x, and L0

is the hyperplane which does not contain x. Let P̃m denote the blow-up of Pm at
x, let L̃−1 denote the exceptional divisor, and let Q̃, L̃i be the strict transforms of
Q, Li respectively. When Q, Li are defined over Q, we define a mixed Tate motive:

(5.18) h(∆) = Hm(P̃m\Q̃, L̃\(L̃ ∩ Q̃)) .

It has an identical structure to the motive of a finite simplex (5.14), except in
graded weight 2. This corresponds to the fact that the one-dimensional faces of ∆
which meet x have infinite length. We construct a basis of grW

• h(∆) in the case
m = 2n − 1 is odd as follows. As in the case of a finite simplex, there is a map

(5.19) ω eQ : Q(−n)
∼−→ grW

2nh(∆) ∼= H2n−1(P̃2n−1\Q̃) .
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x

Q

eL−1

eL1
eL2

eL0

Figure 1. A hyperbolic 3-simplex ∆ with one vertex at infinity
x in the Klein model. After blowing up x, the exceptional divisor
L̃−1 meets the faces of its inverse image ∆̃ in a Euclidean triangle.

Similarly, for each face F of odd dimension 2i − 1 ≥ 3, the inclusion of the face
F ↪→ ∆ defines a map i eF : h(F ) → h(∆) and gives rise to a map:

(5.20) e eF : i eF ◦ ω eQ∩ eF : Q(−i)
∼−→ grW

2i h(F ) −→ grW
2i h(∆) .

The same holds for one-dimensional faces which do not contain x. However, for
every one-dimensional face F containing x, we have grW

2 h(F ) = 0 since its strict
transform meets Q̃ in a single point, and H1(P1\{1 point}) = 0.

What happens instead is the following. Let G be a 2-dimensional face of ∆ which
meets x. Its strict transform corresponds to the complement of the blow-up of a
smooth quadric in the projective plane P̃2\Q̃G. There is a class

(5.21) η eQG
: Q(−1)

∼−→ H2(P̃2\Q̃G) ∼= grW
2 h(G) ,

which we shall define below. As previously, the inclusion of the face G ↪→ ∆ induces
a map i eG : h(G) → h(∆), and we define:

(5.22) α eG = i eG ◦ η eQG
: Q(−1) −→ grW

2 h(∆) .

Now consider the set of hyperplanes L1,. . . ,Lm which contain x. Their strict trans-
forms L̃1, . . . , L̃m intersect L̃−1 in an m − 1 simplex ∆∞. Let Fk(∆∞) denote the
set of faces of ∆∞ of dimension k. From (5.22) we deduce a map

α : Q(−1)F1(∆∞) −→ grW
2 h(∆)(5.23)

since every 1-dimensional face of ∆∞ corresponds to a 2-dimensional face of ∆
containing x. Choose an orientation on ∆∞ and set

(5.24) Vx = coker(QF2(∆∞) ∂−→ QF1(∆∞))

where ∂ is the boundary map. We shall show that (5.23) factors through

α : Vx ⊗Q Q(−1) −→ grW
2 h(∆) .

Note that Vx is of dimension m − 1 and isomorphic to the space

(5.25) Vx
∼= ker(QF0(∆∞) −→ Q) ,
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spanned by linear combinations of 1-dimensional faces of ∆ which meet x such that
the sum of coefficients is 0. This corresponds to the fact that there is a relation
between the internal angles of the Euclidean simplex at infinity ∆∞ (see §5.2.7).

Proposition 5.6. Let m = 2n − 1 ≥ 1 be odd. Then grW
0 h(∆) ∼= Q(0) and

grW
2(n−r)h(∆) =

⊕

|I|=2r

Q(r − n) for 0 ≤ r ≤ n − 2(5.26)

in weights ≥ 4. A basis is given by e eF (1) for all odd-dimensional faces F of ∆ of
dimension ≥ 3. In graded weight 2, we have

(5.27) grW
2 h(∆) ∼= Q(−1)m(m+1)/2−1 ,

which is spanned by the e eF (1) for the m(m − 1)/2 one-dimensional faces F of ∆
which do not contain x, and α eG(1) for all two-dimensional faces G of ∆ which
contain x, modulo boundaries of three-dimensional faces of ∆ which meet x.

Before proving proposition 5.6 it is useful to state the following lemma.

Lemma 5.7. Let Q ⊂ Pm be a smooth quadric, and x a point in Q. Let P̃m denote
the blow-up of Pm at x, and Q̃ the strict transform of Q. Then

(5.28) Hi(P̃m\Q̃) =






Q(−n) , if i = m is odd and equal to 2n − 1 ;
Q(−1) , if i = 2 ;
Q(0) , if i = 0 ;
0 , otherwise .

Proof. Recall that the cohomology of a smooth quadric Q of dimension + vanishes
in odd degrees, and satisfies H2i(Q) = Q(−i) for 1 ≤ i ≤ +, unless + = 2k is even,
in which case H2k(Q) = Q(−k) ⊕ Q(−k) in middle degree. When + > 1, the strict
transform Q̃ is just the blow-up of Q in the point x. From the Gysin sequence:

. . . −→ Hi−2(Q̃)(−1) −→ Hi(P̃m) −→ Hi(P̃m\Q̃) −→ Hi−1(Q̃)(−1) −→ . . . ,

and the formula for the cohomology of a blow-up of a smooth variety in a point,
we obtain the statement. !

Proof of proposition 5.6. The motive (5.18) is the hypercohomology of the com-
plex of sheaves

(5.29) QePm\ eQ →
⊕

|I|=1

QeLI\ eQI
→ . . . →

⊕

|I|=m

QeLI\ eQI

where I ⊂ {−1, 0, . . . , m}. It defines a spectral sequence with

(5.30) Ep,q
1 =

⊕

|I|=p

Hq(L̃I\Q̃I) for p ≥ 1 , and E0,q
1 = Hq(P̃m\Q̃) ,

which converges to Hp+q(P̃m\Q̃, L̃\(L̃∩Q̃)). If −1 ∈ I then L̃−1\Q̃−1 is isomorphic
to affine space, and so Hq(L̃I\Q̃I) = 0 for all q ≥ 1. If 0 ∈ I then L̃I\Q̃I

∼= LI\QI

is the complement of a smooth quadric in Pm−|I| and Hq(LI\QI) vanishes when
q > 0, unless |I| = 2r is even, and q = m− 2r. For all other I, Hq(L̃I\Q̃I) is given
by (5.28). The spectral sequence (5.30) degenerates at E2, and one deduces that

(5.31) grW
2(n−r)h(∆) =

⊕

−1/∈I,|I|=2r

H2(n−r)−1(L̃I\Q̃I) ∼=
⊕

−1/∈I,|I|=2r

Q(r − n) ,
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for 0 ≤ r ≤ n − 2, and where we write L̃∅\Q̃∅ for P̃m\Q̃. Now by (5.28)

Ep,2
1 =

⊕

I⊂{1,...,m}, |I|=p

Q(−1) ∼= Q(−1)(
m
p ) for 0 ≤ p ≤ m − 2 .

The complex 0 → E0,2
1 → E1,2

1 → . . . → Em−2,2
1 is precisely the simplicial complex

corresponding to ∆∞:

0 → QFm−1(∆∞) → . . . → QF2(∆∞) → QF1(∆∞)

tensored with Q(−1), which is exact except in the last position. By (5.24),

Em−2,2
2

∼= Vx ⊗Q Q(−1) ∼= Q(−1)m−1 ,

and Ep,2
2 = 0 for p < m − 2. Finally, we consider the one-dimensional edges. If

|I| = m − 1, then L̃I
∼= P1. It meets Q̃I in two points if 0 ∈ I, and in exactly one

point if 0 /∈ I. In the latter case H1(L̃I\Q̃I) = 0, so we have

Em−1,1
2 = Em−1,1

1 =
⊕

0∈I, |I|=m−1

H1(L̃I\Q̃I) = Q(−1)m(m−1)/2 .

The total contributions in graded weight 2 are therefore:

grW
2 h(∆) ∼= Em−2,2

2 ⊕ Em−1,1
2

∼= Q(−1)m(m+1)/2−1 .

Finally, Ep,0
1 =

⊕
|I|=m−p Q(0) and . . . → E0,p

1 → E0,p+1
1 → . . . is the simplicial

complex of the set of hyperplanes L̃, which has the homology of a sphere. Thus

(5.32) grW
0 h(∆) = Em,0

2 = coker
( ⊕

|I|=m−1

Q(0) →
⊕

|I|=m

Q(0)
) ∼= Q(0) .

!

5.2.3. Framings. In both cases (whether ∆ has a vertex at infinity or not), we have

grW
2nh(∆) ∼= H2n−1(P2n−1\Q) ∼= Q(−n) and grW

0 h(∆) ∼= Q(0) ,

by (5.31) and (5.32). In the first isomorphism, a generator is given by an element
±(1,−1) in H2n(Q)(−1) ∼= Q(−n)⊕Q(−n), and is well-defined up to a sign. In the
second isomorphism, a generator is given by the set of vertices of L (or the vertices
of the total transform polytope L̃ by (5.32)). In the Hodge realisation, we can write
these generators explicitly. Let x0, . . . , x2n−1 denote coordinates on P2n−1, and let
q =
∑

ij aijxixj be a quadratic form defining Q. Then

(5.33) ωQ = ±in
√

det q

∑2n−1
j=0 (−1)jxjdx0 ∧ . . . ∧ d̂xj ∧ . . . ∧ dx2n−1

qn(x)
,

defines a class [ωQ] which generates H2n−1
DR (P2n−1\Q). It does not depend on the

choice of coordinates. The framing on grW
0 h(∆)∨ is given by the relative homology

class of the real simplex ∆ (or its inverse image ∆̃ in the case when it has a vertex
at infinity), and defines a class [∆] ∈ grW

0 HB,2n−1(P2n−1, L) ∼= grW
0 H0

B(P2n−1, L)∨

in both cases. In practice, we shall consider many simplices ∆ and one fixed quadric
Q. Thus we fix a sign of ωQ at the outset, and all signs of [∆] are determined by
an orientation of ∆: its sign is normalised so that,

vol(∆) = i1−n

∫

∆
ωQ ∈ R

is positive if ∆ is positively oriented, and negative otherwise.
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Definition 5.8. Let ∆ be an oriented hyperbolic geodesic simplex in H2n−1, with
at most one vertex at infinity. Suppose it is defined over Q. Let h(∆) be defined
by (5.14) in the case where ∆ is finite, and by (5.18) in the case where ∆ has a
vertex at infinity. Writing (n) for the Tate twist, we set

(5.34) mot(∆) =
[
h(∆), [ωQ], [∆]

]
(n) ∈ An(Q) .

Note that it is convenient to write the framings in terms of the de Rham and Betti
classes, although they can be defined without reference to the Hodge realisation.

In the case of an oriented hyperbolic geodesic triangle ∆ in H2 defined over k
with one vertex at infinity, let η eQ∆

denote the class (5.21), (5.28) and set:

(5.35) mot(∆) =
[
h(∆), [η eQ∆

], [∆̃]
]
(1) ∈ A1(Q) ,

where ∆̃ is the total inverse image of ∆ in P̃2.

Remark 5.9. One can extend the definition of h(∆) to the case where any number
of vertices of ∆ lie on the absolute in much the same way. When the simplex ∆ is
degenerate, the resulting framed object is equivalent to zero.

5.2.4. Definition of the framed motive of a product-hyperbolic manifold. We first
require the following subdivison lemma. Let m be odd and ≥ 1.

Lemma 5.10. Let x0, . . . , xm be distinct points in H
m
Q in general position except

that some may lie on the absolute, and let ∆(x0, . . . , xm) denote the geodesic simplex
whose vertices are given by the xi. Given any finite point y ∈ Hm

Q
,

(5.36) mot(∆(x0, . . . , xm)) =
m∑

i=0

mot(∆(x0, . . . , xi−1, y, xi+1, . . . , xm)) .

Proof. Let J (resp. I) be the set of m-element subsets of {x0, . . . , xm} (resp.
{x0, . . . , xm, y}), and let Li for i ∈ I denote the hyperplane passing through m
points. Let Q denote a smooth quadric in Pm corresponding to the absolute of Hm.
Let P̃m denote the blow-up of Pm at all intersections of hyperplanes which do not
cross normally in increasing order of dimension so that the strict transforms L̃i of
Li, the strict transform Q̃ of Q, and the exceptional loci Lh for h in some indexing
set H , are normal crossing. The hypercohomology of the complex of sheaves

(5.37) QePm\ eQ →
⊕

i∈I∪H

QeLi\(eLi∩ eQ) →
⊕

i,j∈I∪H

QeLij\(eLij∩ eQ) → . . .

defines a mixed Tate motive. There are m + 1 similar complexes defined rela-
tive to the vertices {x0, . . . , xi−1, y, xi+1, . . . , xm} for each i, which map to (5.37).
Via these maps, there are unique framings on the motive of (5.37) which make it
equivalent to

∑m
i=0 mot(∆(x0, . . . , xi−1, y, xi+1, . . . , xm)). Likewise, the complex

(5.38) QePm\ eQ →
⊕

i∈J∪H

QeLi\(eLi∩ eQ) →
⊕

i,j∈J∪H

QeLij\(eLij∩ eQ) → . . .

also defines a mixed Tate motive, which can be given unique framings making it
equivalent to mot(∆(x0, . . . , xm)) (after blowing-down superfluous divisors). The
natural map from (5.38) to (5.37) is an equivalence of framed motives, and corre-
sponds to the fact that the relative homology class [∆(x0, . . . , xm))] is equal to the
sum of the relative homology classes

∑m
i=0[∆(x0, . . . , xi−1, y, xi+1, . . . , xm))]. !
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Definition 5.11. Let M be a finite-volume product-hyperbolic manifold modelled
on Xn = H2n1−1 × . . . × H2nN−1 and defined over the fields S = (k1, . . . , kN ).
By proposition 4.9, M admits a product-tiling with geodesic-product simplices

∆(i)
1 × . . . ×∆(i)

N , for 1 ≤ i ≤ R, where ∆(i)
j are oriented geodesic simplices in H

nj
,

defined over kj , with at most one vertex at infinity.
The (framed) motive of M is defined to be the element

(5.39) mot(M) =
R∑

i=1

mot(∆(i)
1 ) ⊗ . . . ⊗ mot(∆(i)

N ) ∈ An1
(Q) ⊗Q . . . ⊗Q AnN (Q) .

It follows from lemma 5.10 that mot(M) is well-defined, since one can construct
a common subdivision of any two distinct product-tilings of M .

5.2.5. Vanishing of the reduced coproduct. We prove that mot(M) is a product of
extensions of Q(0) by Q(ni) by showing that it lies in the kernel of the reduced
coproduct. Let ∆ be a geodesic hyperbolic simplex defined over Q with at most
one vertex at infinity. The main point is that the reduced coproduct of mot(∆)
only depends on the boundary of ∆. By definition (5.7)

(5.40) ∆n−r,rmot(∆) =
∑

i

[h(∆), [ωQ], e∨i ](n) ⊗ [h(∆), ei, [∆]](r)

where {ei} is a basis for grW
2r h(∆). By proposition 5.6, such a basis is provided by

the classes e eF , where F ranges over all faces of ∆ of dimension 2r − 1, or, in the
case when ∆ has a vertex at infinity and r = 1, by linear combinations of classes
α eG where G is a face of ∆ of dimension two. For any such face F , we have

(5.41) mot(F ) = [h(∆), ei, [∆]](r) ,

if ei is e eF or α eF . Thus we can write the reduced coproduct:

(5.42) ∆̃(mot(∆)) =
∑

F

cF ⊗ mot(F ) ,

where the sum is over the boundary faces of ∆. We say that cF is the coefficient
of the face F . It is a framed motive that we will compute in §5.2.7.

Theorem 5.12. Let M be a product-hyperbolic manifold defined over the number
fields (k1, . . . , kN ) as above. Then mot(M) ∈ An1

(Q)⊗Q . . .⊗Q Anr (Q) and defines
an element in Ext1MT(k1)(Q(0), Q(n1)) ⊗Q . . . ⊗Q Ext1MT(kN )(Q(0), Q(nN)) .

Proof. Let Xn =
∏N

i=1 H2ni−1, and M = Xn/Γ (notations from §2). By proposition

4.9, M admits a tiling with product simplices ∆(i)
1 × . . .×∆(i)

N for 1 ≤ i ≤ R defined
over (k1, . . . , kN ) with at most one vertex at infinity. It suffices to show that

(5.43) mot(M) ∈ ker
(
id1 ⊗ . . . ⊗ idj−1 ⊗∆r,nj−r ⊗ idj+1 ⊗ . . . ⊗ idN

)
,

for each 1 ≤ j ≤ N and all 1 ≤ r ≤ nj − 1. This would imply that

mot(M) ∈ ker ∆̃n1
⊗Q . . . ⊗Q ker ∆̃nN ,

and it follows by corollary 5.2 that

mot(M) ∈ Ext1
MT(Q)

(Q(0), Q(n1)) ⊗Q . . . ⊗Q Ext1
MT(Q)

(Q(0), Q(nN)) .

Since the tiling of M is defined over (k1, . . . , kN ), it is invariant under the natural
action of Gal(k1/k1)× . . .×Gal(kN/kN ) on the product-simplices. It follows from
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Galois descent for K-theory, or more precisely, [13], (2.16.2), that mot(M) lies in
the subspace Ext1MT(k1)(Q(0), Q(n1)) ⊗Q . . . ⊗Q Ext1MT(kN )(Q(0), Q(nN )).

To prove (5.43), let 1 ≤ r ≤ nj − 1 and let

V ⊂
j−1⊗

i=1

Ani(Q) ⊗Q

(
Ar(Q) ⊗Q Anj−r(Q)

)
⊗Q

N⊗

i=j+1

Ani(Q)

denote the Q-vector space spanned by all the terms

(5.44)
j−1⊗

i=1

mot(∆(k)
i ) ⊗ (cF ⊗ mot(F )) ⊗

N⊗

i=j+1

mot(∆(k)
i )

which can occur in id1 ⊗ . . . ⊗ idj−1 ⊗ ∆r,nj−r ⊗ idj+1 ⊗ . . . ⊗ idN

(
mot(M)

)
by

(5.42). Since the triangulation is finite, V is finite dimensional and only depends
on the set of faces of codimension ≥ 1. Let us set

v = id1 ⊗ . . . ⊗ idj−1 ⊗∆r,nj−r ⊗ idj+1 ⊗ . . . ⊗ idN (mot(M)) ∈ V .

We shall show that v is zero. For simplicitly, let us assume that M is compact

and that all simplices ∆(i)
j have no vertices at infinity. The tiling of M lifts to

a Γ-equivariant tiling of the whole of Xn. Let D =
⋃R

i=1∆
(i)
1 × . . . × ∆(i)

N ⊂ Xn

be a lift of the tiling of M . Now there exists an s > 0, such that for all r >> 0
sufficiently large, there are elements γ1, . . . , γNr such that

Br ⊂
⋃

1≤i≤Nr

γi(D) ⊂ Br+s

where Br ⊂ Br+s ⊂ Xn are balls of radius r and r + s, and the translates of D are
distinct and tile Br. Since γi is an isometry, mot(

⋃
i γi(M)) = Nr mot(M), and so

id1 ⊗ . . . ⊗ idj−1 ⊗∆r,nj−r ⊗ idj+1 ⊗ . . . ⊗ idN (mot(
⋃

i

γi(D))) = Nr v

where Nr is of order rdim Xn

, by volume considerations. On the other hand, by a
version of lemma 5.10 (which easily generalizes to hold for polytopes), and the fact
that the reduced coproduct of a simplex only depends on its boundary, contributions
from internal faces cancel and we can rewrite

id1 ⊗ . . . ⊗ idj−1 ⊗∆r,nj−r ⊗ idj+1 ⊗ . . . ⊗ idN (mot(
⋃

i

γi(D)))

as a sum of terms in V of the form (5.44) where all faces are contained in Br+s\Br.
By volume considerations, the number of such faces is of order r(dim Xn−1). Since
V is finite-dimensional, choose a norm ||.|| on V . The above argument shows that
||Nrv|| is of order r(dim Xn−1). Since Nr is of order rdim Xn

, and r is arbitrarily large,
we have ||v|| = 0 and hence v = 0 as required. The proof in the case when the
simplices have vertices at infinity is entirely similar. !

5.2.6. The symmetric group action. It remains to show, in the case when M is
equivariant, that its framed motive mot(M) is a determinant. Assume that all
hyperbolic components are of equal odd dimension 2n− 1, i.e., n1 = . . . = nN = n,
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and let k be a totally real number field with a set of embeddings Σ = {σ1, . . . , σN}
into R.1 Let ki = σi(k) and suppose that M is equivariant with respect to Σ.

Theorem 5.13. Let M be an equivariant product-hyperbolic manifold as above.
Then, in the notation of §5.1.4, the framed motive of M is a determinant:

mot(M) ∈
∧Σ

An(k) .

Proof. Let ∆(i)
1 × . . . ×∆(i)

N , for 1 ≤ i ≤ R be a product-tiling for M , where ∆(i)
j

is defined over kj , and has at most one vertex at infinity. Since the cusps of M
are equivariant the image of this tiling under the twisted action of the symmetric
group SN is another tiling for π(M) = M (lemma 4.10):

M =
R⋃

i=1

(σ1σ
−1
π(1)∆

(i)
π(1)) × . . . × (σNσ

−1
π(N)∆

(i)
N ) , for all π ∈ SN ,

It follows that mot(M) and mot(π(M)) are equivalent up to a sign, determined by
the action of π on the framings. First, π preserves the framing in grW

−2nmot(M)∨

corresponding to the fundamental class of M , because M is equivariant. Let Qi

denote the quadric in P2ni−1 which corresponds to ∂H2ni−1 , for 1 ≤ i ≤ N . The
framing in grW

0 mot(M) corresponds to the volume form on Xn, which is alternating:

π[ωQ1
∧ . . . ∧ ωQN ] = ε(π)[ωQ1

∧ . . . ∧ ωQN ] , for all π ∈ SN ,

since each ωQi is of odd degree. Here, ε is the sign of a permutation. Thus,

mot(M) = ε(π)π(mot(M)) for all π ∈ SN ,

and mot(M) ∈ An(σ1(k)) ⊗Q . . . ⊗Q An(σN (k)) is a determinant (§5.1.4). !

5.2.7. Quotient motives and spherical angles. Let m = 2n − 1, and let ∆ ⊂ H
m
Q

denote a geodesic simplex with one vertex at infinity (the case when ∆ is finite is
simpler and left to the reader). We wish to compute the coefficient motives cF of
any two or odd-dimensional face F of ∆. Using the notations of §5.2.2, the motive
h(∆) is the hypercohomology of the complex of sheaves (5.29):

(5.45) QePm\ eQ →
⊕

|I|=1

QeLI\ eQI
→ . . . →

⊕

|I|=m

QeLI\ eQI

where I ⊂ {−1, 0, . . . , m}. First let F be a face of ∆ of odd dimension 2r − 1. We
assume that F does not contain the vertex at infinity if F is one-dimensional. It
corresponds to a hyperplane LJ where J ⊂ {0, . . . , m}, so F = ∆∩LJ , and mot(F )
is the hypercohomology of the following subcomplex of sheaves:

(5.46) QeLJ\ eQ →
⊕

|I|=|J|+1,J⊂I

QeLI\ eQI
→ . . . →

⊕

|I|=m,J⊂I

QeLI\ eQI

where I ⊂ {−1, 0, . . . , m}. Consider the complex

(5.47) QePm\ eQ →
⊕

|I|=1, I⊂J

QeLI\ eQI
→ . . . → QeLJ\ eQJ

.

Its hypercohomology in degree m is Hm(P̃m\Q̃, L̃J\Q̃J), where LJ = ∪j∈JLj,

QJ = LJ ∩ Q, and L̃J , Q̃J are their strict transforms. There is a map from (5.45)

1In the exceptional case n = 2, if we identify SO+(3, 1) with PSL2(C) we can allow k be to be
any number field L and σi to be complex places of L.
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to (5.47). The divisor Q ∪ LJ is normal crossing, so we can blow down once again

to obtain an isomorphism of Hm(P̃m\Q̃, L̃J\Q̃J) with a motive we call

(5.48) h(∆F ) = Hm(Pm\Q, LJ\QJ) .

There are framings on h(∆F ) given by ωQ : Q(−n)
∼→ grW

2nHm(Pm\Q) ∼= grW
2nh(∆F ),

and a class TF : Q(−r)
∼→ grW

2rh(∆F )∨, which we define as follows. Since Q is
smooth, the residue map onto Q gives a morphism

(5.49) h(∆F ) −→ Hm−1(Q, Q ∩ LJ)(−1) ,

and gives an identification Q(−r) ∼= grW
2r h(∆F ) ∼= grW

2(r−1)H
m−1(Q, Q ∩ LJ) which

is dual to Hm−1(Q, Q ∩ LJ). An element in the Betti realization of this group is
given by the relative homology class of the spherical simplex SF ⊂ Q(R) cut out
by the hyperplanes (Lj ∩ Q)j∈J on the set of real points of the quadric Q (which
can be identified as the boundary ∂Hm in the Klein model), and TF is defined to
be the corresponding framing on grW

2rh(∆F ). It can be represented by a tubular
neighbourhood NF of SF . The sign is determined by the orientations, and one can
verify that TF is dual to the class induced by eF . Finally, the residue of ωQ along
Q is a certain rational multiple of the volume form on Q.

Lemma 5.14. Let ∆ be as above. For every strict odd-dimensional subface F of
∆, which is not a one-dimensional face which contains the vertex at infinity, the
coefficient cF of mot(F ) in (5.42) is equivalent to the framed mixed Tate motive

[h(∆F ), [ω eQ], TF ](n) .

Its period is computed by integrating ω eQ over the tubular neighbourhood NF . By
the residue formula and (5.33), this is 2πin times a certain rational multiple of the
the spherical volume of SF . In particular, it lies in inR.

By proposition 5.6, the coproduct (5.42) also contains contributions (5.27) from
the two-dimensional faces G of ∆ which contain the point at infinity. Such a face G
defines a framed submotive mot(G) as before. To obtain the coefficients, consider
two distinct such faces Gi and Gj . They intersect along a line Gi ∩ Gj which
contains the point at infinity, but nonetheless the complex (5.47) still defines a
framed motive h(∆Gi∩Gj). Inspection of the spectral sequence which computes the
hypercohomology of (5.47) shows that the framing TGi∩Gj corresponds via (5.49)
to the dual of ±(α eGi

−α eGj
). Thus the set of classes TGi∩Gj satisfy a single relation

and define a dual basis to α(Vx ⊗Q Q(−1)) by (5.25). The period, as before, is
proportional to the dihedral angle subtended by Gi and Gj . The relation between
the TGi∩Gj corresponds to the analytic fact that there is a single relation between
the angles of the even-dimensional Euclidean simplex at infinity ∆∞.

In all cases, the periods of the coefficient motives cF are πin times a rational
multiple of the spherical volumes of the lunes SF (see also [17] §4.7).

5.2.8. Volume and the main theorem. The volume of a hyperbolic simplex with at
most one vertex at infinity is determined by its real period. The proof is identical
to Goncharov’s proof of the same result for finite simplices [17].

Corollary 5.15. Let ∆ denote an oriented hyperbolic geodesic simplex in H
2n−1
Q

with at most one vertex at infinity. Then there is a number field k and σ : k → R
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such that mot(∆) ∈ MT(k) and

vol(∆) = (2π)nRσ(mot(∆)) .

Proof. Let Pσ be a period matrix for mot(∆). Its first column is given by integrating
the form ω eQ over a basis for the homology of h(∆). The previous discussion proves
that, in the basis given by the classes TF , all entries lie in inR except for the first,
which is given by in−1vol(∆). Thus, up to signs, Im ((2iπ)−nPσv0) is the column
vector ((2π)−nvol(∆), 0, . . . , 0), and it follows from the definition and the choice
of signs on the framings that Rσ[h(∆), ω eQ,∆] = 〈Im ((2iπ)−nPσ[ω eQ]), Re (P ∗

σ [∆])〉
which is exactly (2π)−nvol(∆) × 1. !

Putting the various elements together, we obtain the following theorem.

Theorem 5.16. Let M be a product-hyperbolic manifold modelled on H2n1−1 ×
. . . × H2nN−1, and defined over the fields (k1, . . . , kN ). Then the framed motive of
M is a well-defined element:

mot(M) ∈ Ext1MT(k1)(Q(0), Q(n1)) ⊗Q . . . ⊗Q Ext1MT(kN )(Q(0), Q(nN )) ,

such that the volume of M is given by the Hodge regulator:

vol(M) = (2π)n1+...+nN RΣ(mot(M)) .

If M is equivariant with respect to Σ = {σ1, . . . , σN}, and ni = n for all i, then

mot(M) ∈
∧ΣExt1MT(k)(Q(0), Q(n)) .

5.3. Examples.

5.3.1. A hyperbolic line element. First consider the simplest case of a hyperbolic
line segment L in H1 ∼= R. It corresponds to a pair of points {x0, x1} ∈ P1, and a
quadric Q ⊂ P1 which consists of a pair of points {q0, q1} ∈ P1. Then

(5.50) h(L) = H1(P1\{q0, q1}, {x0, x1}) ,

is a Kummer motive, i.e., grW
• h(L) ∼= Q(0) ⊕ Q(−1). The period defined by inte-

grating the form ωQ over the interval [x0, x1] is
∫ x1

x0

1

2

( dx

x − q0
− dx

x − q1

)
=

1

2
log
( (x1 − q0)(x0 − q1)

(x0 − q0)(x1 − q1)

)
=

1

2
log
(
[x1 x0

∣∣q0 q1]
)

.

The real period of h(L) is half the real part of the logarithm log
∣∣[x1 x0|q0, q1]

∣∣,
which, up to a sign, is the hyperbolic length of the oriented line segment {x0, x1}.

5.3.2. Hyperbolic triangles in the hyperbolic plane. Now consider a finite triangle T
in H2. It defines a set of 3 lines L0, L1, L2 and a smooth quadric Q in P2. Then

h(T ) = H2
(
P2\Q,

⋃

0≤i≤2

Li\(Li ∩ Q)
)

.

From (5.17), we have grW
2 h(T ) = Q(−1)3, and grW

0 h(T ) = Q(0). Each side of T
defines a motive (5.50) whose period is its hyperbolic length. It follows that h(T )
splits as a direct sum of Kummer motives, one corresponding to each side. The
periods of h(T ) are 2+0, 2+1, 2+2 where +i is the hyperbolic length of each side. Note
that the triple {+0, +1, +2} is a complete isometry invariant for T . Since grW

4 h(T ) =
0, there is no interesting framed motive to speak of in this case.
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Now consider what happens when one vertex x = L1 ∩ L2 of T is at infinity.
After blowing up the point x, we obtain a smooth quadric Q in P̃2 ∼= P1 × P1, and
a configuration of four lines L̃−1, L̃0, L̃1, L̃2 as shown below (left). Now,

h(T ) = H2(P̃2\Q̃,
⋃

−1≤i≤2

L̃i\(L̃i ∩ Q̃)) ,

and (5.27) gives grW
2 h(T ) ∼= Q(−1)2, grW

0 h(T ) = Q(0). It is therefore the direct
sum of two Kummer motives. One of them comes from the inclusion of the side L0

of finite length, whose period is its hyperbolic length. To compute the period of
the other, consider the following diagram. Note that the motive h(T ) is uniquely

Q̃

L̃2L̃1

L̃0

L̃−1 x

p

q r

s

0 t1 t2 1

+̃1 +̃2

R

determined by the five points x, p, q, r, s ∈ ∂H2 ∼= P1(R).

Lemma 5.17. The periods of h(T ) are given by the two quantities

(5.51) +x =
1

2
log
((x − q)2(p − r)(r − s)

(x − r)2(p − q)(q − s)

)
and +0 =

1

2
log
((p − r)(q − s)

(p − q)(r − s)

)
.

Proof. The periods of h(T ) define a Kummer variation on the configuration space of
5 distinct points in P1(R) modulo the action of PSL2(R). This is the moduli space
M0,5(R) of genus 0 curves with 5 marked points. By projective transformation, set
p = 0, q = t1, r = t2, s = 1, x = ∞. The space of logarithms on M0,5 is spanned
by log(t1), log(t2), log(1 − t1), log(1 − t2), log(t2 − t1). The periods of h(T ) are
additive with respect to subdivision (the dotted line above). A simple calculation
shows that the vector space of additive functions is spanned by the two functions:

2 +x = log
( t2(1 − t2)

t1(1 − t1)

)
and 2 +0 = log

( t2(1 − t1)

t1(1 − t2)

)
.

Rewriting t1, t2, 1 − t1, 1 − t2 as cross-ratios, we obtain formula (5.51). !

The quantity +x (resp. +0) is anti-invariant (resp. invariant) under the trans-
formation (p, q) ↔ (s, r). One checks that +0 is the hyperbolic length of the face

defined by L0, and +x is the difference of the regularised lengths +̃1 − +̃2 of the sides
L1, L2. Here +̃i is defined to be the length of the truncated line segment of side Li

up to a horoball neighbourhood of x (depicted by a horizontal dotted line at height

R in the figure above (right)). The quantity +̃1 − +̃2 is independent of R.
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5.3.3. A finite simplex in hyperbolic 3 space. Consider a finite hyperbolic geodesic
simplex ∆ in H3, which is given by four hyperplanes L0, . . . , L3 in general position
relative to a smooth quadric Q in P3. From (5.17), we have

grW
4 h(∆) ∼= Q(−2) , grW

2 h(∆) ∼= Q(−1)6 , grW
0 h(∆) ∼= Q(0) .

To compute the periods, choose an edge Lij . It defines a complex of sheaves

(5.52) QLij\Qij
→

⊕

k∈{0,1,2,3}\{i,j}

QLijk
,

whose hypercohomology is the Kummer submotive of the line element Lij , relative
to two points, whose real period is its hyperbolic length. Now consider the analogue
of (5.47) obtained from the set of faces containing the edge Lij :

(5.53) QP3\Q → QLi\Qi
⊕ QLj\Qj

→ QLij\Qij
.

It defines a Kummer motive H3(P3\Q, (Li ∪ Lj)\Q) which maps to

H3(P3\Q, (Li ∪ Lj)\Q) −→ H2(Q, (Li ∪ Lj) ∩ Q)(−1) ,

via the residue. The period of the latter is computed as follows. The two hyper-
planes Li, Lj cut out a spherical lune on the quadric Q(R) (see figure below).

E

Lij

θij

Li
Lj

Figure 2. Left: the complex (5.52) corresponds to the edge E.
Right: Li and Lj define a spherical lune on Q(R) whose real period
is twice the dihedral angle θij .

The period is easily computed in spherical coordinates. Suppose that Q is given
by the equation x2 + y2 + z2 = 1. Then ωQ = i(x2 + y2 + z2 − 1)−2dx dy dz is
just iρ2(1 − ρ2)−2dρ sin(φ)dφ dθ. Its residue at ρ = 1 is i4−1 sin(φ)dφ dθ, which is
1/4i times the volume form on the sphere. Thus the period obtained by integrating
over the spherical lune is 1

2iθij , half the dihedral angle between the hyperplanes
Li, Lj. If Xij is a tubular neighbourhood around Q of the lune whose boundary is
contained in Li∪Lj , the relative homology classes [Xij ] form a basis for grW

2 h(∆)∨.
In conclusion, we can write a (dual) period matrix for mot(∆) as follows:





1 0 · · · 0 0
2+01 2iπ · · · 0 0

...
. . .

...
2+23 0 · · · 2iπ 0

ivol(∆) 2πθ01 · · · 2πθ23 (2iπ)2




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where +ij is the hyperbolic length of the edge Lij , for 0 ≤ i < j ≤ 3, and θij is the
dihedral angle subtended at that edge. The reduced coproduct map (5.7) on the
level of period matrices can therefore be written as a Dehn invariant:

∆̃(mot(∆)) =
∑

0≤i<j≤3

(
1 0

2+ij 2iπ

)
⊗
(

1 0
i θij 2iπ

)
(−1) .

5.3.4. The case of a simplex in hyperbolic 3 space with a vertex at infinity. Now
consider the case when ∆ has a single vertex at infinity x = L123. After blowing-up
this point, we obtain a new hyperplane L̃−1 which is the exceptional locus, and set

h(∆) = H3(P̃\Q̃,
⋃

−1≤i≤3

L̃i\(Q̃ ∩ L̃i)) .

From (5.27), grW
4 h(∆) = Q(−2), grW

2 h(∆) = Q(−1)5 and grW
0 h(∆) = Q(0). The

graded weight 2 part is spanned by the Kummer submotives coming from each
of the three finite-length edges L01, L02, L03, whose periods are their hyperbolic
lengths, and a further 3 classes eeLij

= αLi − αLj , for 1 ≤ i < j ≤ 3, where

αLi ∈ H2(L̃i\Q̃i,
⋃

j *=i

L̃ij\Q̃ij) ,

is the class whose period is the quantity defined in (5.51), on the left. The remaining
periods are the dihedral angles θij subtended at the edge Lij in all cases, exactly
as in the case where ∆ is finite. There is a single relation between the classes eeLij

,

and correspondingly, the angles subtended at infinity θ13, θ12, θ23 sum to π.

6. Applications

Let M be a complete product-hyperbolic manifold of finite volume, which is
modelled on a product of odd-dimensional hyperbolic spaces. Then we can write
M = X/Γ, where X =

∏
1≤i≤N H2ni−1, and Γ is a discrete torsion-free subgroup of

the group of automorphisms of X. By theorem 4.3, Γ is defined over number fields
(k1, . . . , kN ). In §4 and §5, we constructed a framed motive

mot(M) ∈ An1
(k1) ⊗Q . . . ⊗Q AnN (kN ) .

Now let Γ′ denote another discrete torsion-free group acting on X, which is commen-
surable with Γ, i.e., Γ ∩ Γ′ is of finite index in both Γ and Γ′. Then if M ′ = X/Γ′,

(6.1) mot(M ′) = mot(M)
[Γ : Γ ∩ Γ′]

[Γ′ : Γ ∩ Γ′]
.

This is clear from the construction: a tiling for X/Γ∩Γ′ can be obtained by taking
[Γ : Γ ∩ Γ′], or [Γ′ : Γ ∩ Γ′], copies of a tiling for M , or M ′ respectively. In this
way, one can define the motive of a product-hyperbolic orbifold. Let Γ denote
any discrete subgroup of automorphisms of X which is not necessarily torsion-free.
After choosing a torsion-free subgroup Γ0 ≤ Γ of finite index, define

(6.2) mot(X/Γ) = [Γ : Γ0]
−1 mot(X/Γ0) .

If M is isometric to a product M1 ×M2, then mot(M) = mot(M1)⊗mot(M2). We
compute the motives for the cases when M is an arithmetic manifold of type (II),
(III) and omit the exceptional case (IV ).
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6.1. Dedekind Zeta motives for totally real number fields. Let k denote a
totally real number field of degree r, and let m = 2n − 1 ≥ 3 be an odd integer.
Let D be a quaternion algebra over k satisfying the conditions of (II), and let Q
be a skew-Hermitian form over D. Let d be the reduced norm of its discriminant
and set L = k(

√
d). Suppose that Q has signature (n, 1) for t places of k, where

t ≥ 1, and is positive definite for r − t places. As in §3, let

Γ ≤ U+(Q,O) and MΓ =
( t∏

i=1

Hn
)
/Γ ,

where Γ is any subgroup of finite index (not necessarily torsion-free). By remark
3.1, the corresponding cases Γ ≤ SO+(q,O) of type (I), n odd, are subsumed in
this construction. Let Σ = {σ1, . . . , σr} denote the set of real embeddings of k.

There are two cases to consider. If L = k, then the signature of σQ must be
the same for all embeddings σ ∈ Σ, and hence we must have t = r. Otherwise,
[L : k] = 2, and L has exactly 2t real embeddings, and r − t pairs of complex
conjugate embeddings. Let τ ∈ Gal(L/k) be a generator. Then the action of τ
gives an eigenspace decomposition:

(6.3) Ext1MT(L)

(
Q(0), Q(n)

)
= E+ ⊕ E− ,

where E+ ∼= Ext1MT(k)(Q(0), Q(n)). Let χ denote the non-trivial character of

Gal(L/k), and let L(χ, s) = ζL(s)ζk(s)−1 denote the corresponding Artin L-function.

Theorem 6.1. Let Γ, MΓ be as above. Let mot(MΓ) denote the framed motive
corresponding to MΓ as defined by (6.2). If k = L then

(6.4) mot(MΓ) ∈
∧Σ Ext1MT(k)(Q(0), Q(n)) ,

and there exists a non-zero rational number α such that (2π)−mrvol(MΓ) is

(6.5) RΣ(mot(MΓ)) = α ζ∗k(1 − m) .

Otherwise, in the case where [L : k] = 2,

(6.6) mot(MΓ) ∈
∧Σ E− =

∧Σ (τ − 1)Ext1MT(L)(Q(0), Q(n)) ,

and there exists a non-zero rational number α such that (2π)−mtvol(MΓ) is

(6.7) RΣ(mot(MΓ)) = αL∗(χ, 1 − m) .

Proof. In the first case when k = L, the manifold MΓ is defined over (k1, . . . , kr),
where ki = σik for 1 ≤ i ≤ r, and is equivariant by definition. Then (6.4) follows
from theorem 5.16, and (6.5) follows from corollary 3.4.

In the second case, when [L : k] = 2, the manifold MΓ is defined over (L1, . . . , Lr),
where Li = σik(

√
d), and is also equivariant with respect to Σ. Let τ be a genera-

tor of Gal(L/k). By construction, it maps a tiling of MΓ to another tiling of MΓ,
and therefore preserves the framing given by the relative homology classes of the
simplices defining motM . However τ clearly acts with sign −1 on the volume form
(5.33), and therefore the framing in grW

0 (mot(MΓ)) is anti-invariant under τ . We
deduce that τ(mot(MΓ)) = −mot(MΓ). Now (6.6) and (6.7) follow from theorem
5.16 and corollary 3.4 as before. !

Note that since vol(MΓ) is non-vanishing, theorem 6.1 implies, “independently”
of Borel’s theorem (5.2), that dimQ E+ ≥ r and dimQ E− ≥ t.



DEDEKIND ZETA MOTIVES FOR TOTALLY REAL FIELDS. 33

Definition 6.2. Many different discrete groups Γ give rise to the same framed mo-
tive, up to multiplication by a rational number. For number-theoretic applications,
we can take simple representatives for Γ as follows. Let d ∈ k, and set

q(x0, . . . , x2n) = −dx2
0 + x2

1 + . . . + x2
2n .

We define mot(k, d, n) = mot(MΓ), where Γ = SO+(q,Ok).

Corollary 6.3. As above, let k be a totally real number field, let n > 1 be odd, let
L = k(

√
d), where [L : k] = 2 and d ∈ k is positive for at least one embedding of k.

Let Σk denote the set of real embeddings of k. Then

Lk =
∧Σk Ext1MT(k)(Q(0), Q(n)) , L′

L =
∧Σk (1 − τ)Ext1MT(L)(Q(0), Q(n)) ,

are 1-dimensional Q-vector spaces, and mot(k, 1, n) ∈ Lk and mot(k, d, n) ∈ L′
L

are generators. Up to a rational factor, the Hodge regulator on each element is,
respectively, ζ∗k (1−n), L∗(χ, 1−n), where χ is a non-trivial character of Gal(L/k).

Proof. By (5.2), we have dimQ E+ = r, and dimQ E− = t. !

Corollary 6.4. The special value πnrζ∗k (1−n) is a determinant of sums of volumes
of hyperbolic simplices defined over k with at most one vertex at infinity.

This corollary uses Borel’s bound for the rank of algebraic K-groups and does
not follow directly from a decomposition of MΓ into simplices.

6.2. Quadric motives and generators for Ext1MT(k)(Q(0), Q(n)). Let k be a

totally real number field, and let L = k(
√

d) where d ∈ k× is positive for at least
one embedding of k. Let us fix a smooth quadric Qd in P2n−1 by:

Qd = {−dx2
1 + x2

2 + . . . + x2
2n = 0} .

Definition 6.5. Let L1, . . . , L2n denote a set of hyperplanes in general position
and defined over k. Define a finite quadric motive over k to be:

(6.8) m(Qd, L) = H2n−1(P2n−1\Qd,
⋃

1≤i≤2n

Li\(Li ∩ Qd)) ∈ MT(Q) ,

with its framing as defined in §5. In the case where Qd, L1, . . . , L2n do not cross
normally, we blow up the points xi = L1 ∩ . . . ∩ L̂i ∩ . . . ∩L2n which meet Qd. Let
P̃2n−1 denote the blow-up of P2n−1 in {xi : 1 ≤ i ≤ 2n|xi ∈ Qd}, and let L̃i, Q̃d

denote the strict transforms of Li, Qd. Define a quadric motive in this case to be:

(6.9) m(Qd, L) = H2n−1(P̃2n−1\Q̃d,
⋃

1≤i≤2n

L̃i\(L̃i ∩ Q̃d)) ∈ MT(Q) ,

with its framing as given in §5.

For each embedding σ of k into R for which σ(d) is positive, the points σ(xi)
define a hyperbolic geodesic simplex in the Klein model which has finite volume.

Theorem 6.6. Let d, k, n be as above. Every M ∈ Ext1MT(L)(Q(0), Q(n)), viewed
as an element of An(L), is equal to a linear combination of quadric motives:

(6.10) M =
R∑

i=1

m(Qd, Li) ,

and its real periods are (2π)−n times the corresponding sum of hyperbolic volumes.
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Proof. Let Σ be the set of places of k and assume that [L : k] = 1, i.e., d ∈ k×2.
Let V ⊂ An(Q) denote the Q-vector space spanned by all linear combinations of
quadric motives (6.9) in P2n−1. Let V = V ∩ An(k) and let

V0 ⊂ ker
(
∆̃n : An(k) −→

⊕

1≤r≤n−1

Ar(k) ⊗Q An−r(k)
)

denote the subspace of V on which the reduced coproduct vanishes. The right-
hand side of the previous line is isomorphic to E+ = Ext1MT(k)(Q(0), Q(n)), and we
identify V0 with its image in E+. We have construced an element

mot(k, 1, n) ∈
∧Σ V0 ⊂

∧Σ E+ ,

which is non-zero since its regulator does not vanish, by corollary 6.3. It follows that
dimQ V0 ≥ r, and by Borel’s theorem, dimQ E+ = r. Therefore V0 = E+, and every
element in Ext1MT(k)(Q(0), Q(n)) is a linear combination of quadric motives over k.

Now if L = k(
√

d) and [L : k] = 2, the same argument applied to mot(k, d, n) shows
that every element in E− is a linear combination of motives (6.9) with d /∈ k×2.
The theorem follows from the fact that Ext1MT(L)(Q(0), Q(n)) ∼= E+ ⊕ E−. !

The proof of theorem 5.16 only requires hyperbolic simplices with at most one
vertex at infinity. We can therefore assume that all quadric motives which occur
have at most one vertex xi lying on Qd. This proves theorem 1.2.

One can show using a theorem due to Sah [29] that it suffices to consider finite
simplices only, since a hyperbolic geodesic simplex with vertices at infinity is stably
scissors-congruent to a sum of finite ones.

6.3. The case n = 2 and Zagier’s conjecture. The case of hyperbolic 3-space
is different because of the exceptional isomorphism SO+(3, 1)(R) ∼= PSL2(C), and
as a result, the analogues of the previous theorems hold for all number fields, not
just totally real ones. We can also use ideal triangulations in this case [22].

Let us identify the boundary of hyperbolic 3-space with the complex projective
line: ∂H3 ∼= P1(C), with the action of PSL2(C) by Möbius transformations. An
ideal hyperbolic 3-simplex is given by 4 distinct points on ∂H3, and by projective
transformation, we can assume that 3 of them are at 0, 1 and ∞, and denote the
last point by z ∈ P1\{0, 1,∞}. If z lies in a number field L′ ⊂ C, then ∆(0, 1,∞, z)
defines a framed mixed Tate motive by (6.9) with graded pieces Q(0), Q(−1), Q(−2).
One can verify that it is defined over the field L′.

Now consider an arithmetic group Γ of type (III). So let L be a number field of
degree r with r1 real places and r2 complex places, where r2 ≥ 1, and let 0 ≤ t ≤ r1.
Let B denote a quaternion algebra over L which is unramified at t real places, and
ramified at r1−t real places. For any order O in B, let Γ denote a subgroup of finite
index of the elements of O of reduced norm 1. Let Σ denote the set of complex
places of L. By triangulating over a suitable splitting field using ideal hyperbolic
3-simplices (see [22]), we obtain a framed motive mot(MΓ) as before.

Theorem 6.7. The element mot(MΓ) ∈
∧Σ Ext1MT(L)(Q(0), Q(2)) satisfies

RΣ

(
mot(MΓ)

)
= α ζ∗L(−1) for some α ∈ Q× .

Borel’s theorem (5.2) implies that the rank of
∧Σ Ext1MT(L)(Q(0), Q(2)) is exactly

r2, and hence it is generated by the class mot(MΓ). More simply, one can take Γ
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to be precisely PSL2(OL), where OL is the ring of integers of L. Then Γ acts on
(H3)r2 and the quotient is a Bianchi orbifold. We denote its motive by mot(L, 2).

Corollary 6.8. The element mot(L, 2) is a generator of
∧Σ Ext1MT(L)(Q(0), Q(2)).

The analogue of theorem 6.6 is the following.

Corollary 6.9. Every element M ∈ Ext1MT(L)(Q(0), Q(2)) is framed equivalent to
a linear combination of motives of hyperbolic simplices ∆(0, 1,∞, z) where z ∈ L.

A closer analysis of the gluing equations between hyperbolic 3-simplices (or,
by looking at the coproduct on the corresponding framed motives, which can be
written explicitly), one verifies that every such element is a linear combination∑R

i=1 ni mot(∆(0, 1,∞, zi)) where ni ∈ Z, and the elements zi ∈ L\{0, 1} satisfy:

(6.11)
R∑

i=1

nizi ∧ (1 − zi) = 0 ∈
∧2L× .

Using the well-known fact (see below) that the volume of ∆(0, 1,∞, z) is given by
the Bloch-Wigner dilogarithm D(z) = Im (Li2(z) + log |z| log(1 − z)), the analogue
of theorem 6.4 is precisely Zagier’s conjecture for n = 2.

Corollary 6.10. There exist formal linear combinations ξj =
∑

ni,j [zi,j ] for 1 ≤
i ≤ r satisfying (6.11), and a non-zero rational number α such that:

ζ∗L(−1) = α det(D(σi(ξj))) .

Remark 6.11. This corollary is well-known by the work of Bloch, Suslin and many
others, by relating the Borel regulator on K3(L) ⊗ Q to the Bloch-Wigner dilog-
arithm D on the Bloch group of L. The relation with the zeta-value comes from
Borel’s theorem (1.11), which is a separate argument. Note that in the proof out-
lined above, Zagier’s conjecture and theorem 6.7 are proved by the same argument,
since quadric motives in dimension 3 are equivalent to dilogarithmic motives P2(z).

6.3.1. The volume of an ideal hyperbolic 3-simplex. The moduli space of ideal 3-
simplices is M0,4

∼= P1\{0, 1,∞}, parameterized by a single coordinate z. The
volume is a function of z we denote by v(z). By definition (6.9), each ideal 3-
simplex defines a mixed Tate motive with graded pieces Q(0), Q(−1) and Q(−2)
only. It therefore defines a unipotent variation of mixed Hodge structure on M0,4.
In particular, the function v(z) satisfies the following properties:

(1) It is a unipotent function on M0,4 of weight 2.
(2) It is single-valued and extends continuously to M0,4

∼= P1.
(3) It vanishes at the points 0, 1 and ∞.

The algebra of all single-valued unipotent functions on M0,4 was explicitly con-
structed in [9]. A basis for the vector-space of such functions is Lw(z), where w is a
word in the alphabet on two letters x0, x1. It follows that an arbitrary single-valued
unipotent function F of weight 2 is of the form:

F (z) = ax2
0
Lx2

0
(z) + ax0x1

Lx0x1
(z) + ax1x0

Lx1x0
(z) + ax2

1
Lx2

1
(z) aw ∈ R ,

where Lxn
0
(z) = 1

n logn |z|2, Lxn
1
(z) = 1

2 logn |1 − z|2, and, for example,

Lx0x1
(z) = 2i Im (Li2(z) + log |z| log(1 − z)) − 2 log |z| log |1 − z| .
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One also has the shuffle relation Lx0
(z)Lx1

(z) = Lx0x1
(z) + Lx1x0

(z), and many
other properties [9]. From property (3), we conclude that v(z) = a(Lx0x1

(z) −
Lx1x0

(z)). The constant a = (4i)−1 is easily determined from a special case, giving

v(z) = Im (Li2(z) + log |z| log(1 − z)) ,

which is none other than the Bloch-Wigner dilogarithm. The same result has been
proved many times over by a wide variety of methods.

6.3.2. Volumes of higher-dimensional hyperbolic simplices. A similar variational ar-
gument allows one to show that the volumes of hyperbolic simplices in H2n−1 are
expressible in terms of (logarithms and products of) multiple polylogarithms

Lin1,...,nr (x1, . . . , xr) =
∑

1≤k1<...<kr

xk1

1 . . . xkr
r

kn1

1 . . . knr
r

,

of weight n = n1 + . . .+nr. It is possible to construct single-valued versions of these
functions in the same way as for the multiple polylogarithms in one variable [9]. By
corollary 6.4, we deduce that the special value ζ∗k (1 − n), where k is a totally real
number field, is expressible in terms of powers of π and a determinant of values of
multiple polylogarithms evaluated in possibly an extension of k.

In the case n = 3, it is relatively easy to show that every multiple polylogarithm
of weight 3 can be expressed in terms of the trilogarithm Li3(z). From this fact,
one could presumably obtain a proof of Zagier’s conjecture for n = 3 for totally
real number fields. The case n = 4 is the first interesting case, since every multiple
polylogarithm of weight 4 can be expressed in terms of two functions:

Li4(z) and Li2,2(x, y)

since Li4(z) does not suffice on its own. The expectation is that if M is an arithmetic
product-hyperbolic manifold modelled on products of H7, then the vanishing of the
reduced coproduct for mot(M) (i.e., the gluing equations for the simplices) should
imply that the sum of the volume terms of the form Li2,2(x, y) over all simplices
in the triangulation should be expressible in terms of Li4(z). In short, M should
define a functional equation for combinations of Li2,2(x, y) in terms of Li4(z).

6.4. Some open questions.

(1) Since our proof of theorem 1.1 is motivic, it is natural to ask what happens
in other realisations, and in particular the p-adic case.

(2) We have only considered arithmetic product-hyperbolic manifolds, but there
exists an abundance of non-arithmetic manifolds Hn/Γ, which define ele-
ments in Ext1

MT(Q)
(Q(0), Q(n)). Does there exist a volume formula for non-

arithmetic hyperbolic manifolds M = Hn/Γ as a Dirichlet-type series? To
the author’s knowledge, there does not seem to exist a formula, conjectured
or otherwise, for the regulator on single elements of Ext1MT(k)(Q(0), Q(n))
in the case where k is a non-abelian Galois extension of Q.

(3) Does the construction of motn(k) generalise to other symmetric spaces?
The case of the special linear group would give a result for values of
Dedekind zeta functions for all number fields, not just the totally real ones.
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(4) Can one construct non-trivial iterated extensions in the category MT (k) by
considering manifolds with boundary? One can dream of proving the free-
ness conjecture (§1.2) by defining nested families of manifolds with bound-
ary which yield elements of An(k) which are coindependent by construction.
The simplest example would be a ζ(3, 5)-manifold whose boundary is re-
lated to the manifolds (3) for ζ(3) and ζ(5).

7. Example: A Coxeter motive for L(χ, 3)

The following example of a fundamental domain, for an arithmetic reflection
group acting on H5, is due to Bugaenko [11]. Only exceptionally few examples

can hope to have such a simple and explicit description. Let φ = 1+
√

5
2 , and let

k = Q(
√

5). Its ring of integers Ok is Z[φ]. Consider the quadratic form:

q(x0, . . . , x5) = −φx2
0 + x2

1 + . . . + x2
5 ,

and let Γ = SO+(Ok, q) be the group of Ok-valued matrices which preserve q and
which map each connected component of {x : q(x) < 0} to itself. Then Γ is a
discrete group of automorphisms of H5 of type (I) as defined in §2. Note, however,
that Γ has torsion. Consider the seven hyperplanes in P5:

L1 : x2 − x1 = 0 ,
L2 : x3 − x2 = 0 ,
L3 : x4 − x3 = 0 ,
L4 : x5 − x4 = 0 ,
L5 : x5 = 0 ,
L6 : (φ− 1)x0 + φx1 = 0 ,
L7 : (1 + φ)x0 + φ (x1 + x2 + x3 + x4 + x5) = 0 .

These hyperplanes bound a convex polytope P . If Q = {x ∈ P5 : q(x) = 0}
denotes the quadric defined by q, the set of real points of P5\Q (more precisely
{x ∈ P5(R) : q(x) < 0}) is a projective model for H5. One proves [11], that the
group generated by hyperbolic reflections in the Li, for 1 ≤ i ≤ 7 generates Γ, and
therefore that the interior of P is an open fundamental domain for Γ. The Coxeter
diagram for Γ is the following:

! ! ! ! ! ! !

6 1 2 3 4 5 7

The polytope P has the combinatorial structure of a prism, i.e., the product of a
5-simplex with an interval, and has no non-trivial symmetries.

Now consider the motive

h(Γ) = H3
(
P5\Q,

⋃7
i=1Li\(Li ∩ Q)

)
∈ MT(Q) .

It has canonical framings [P ] ∈ grW
6 H3(P5,

⋃7
i=1 Li) ∼= (grW

0 h(Γ))∨ given by the
class of the polytope P , and by the class of the volume form

ωQ =
√
φ

∑5
i=0(−1)ixidx0 . . . d̂xi . . . dx5

q(x0, . . . , xn)3
, and [ωQ] ∈ grW

6 H3(P5\Q) ∼= grW
6 h(Γ).

Let Γ′ denote a torsion-free subgroup of Γ of finite index. We can construct a
fundamental domain for Γ′ by gluing [Γ : Γ′] polytopes P together. By §4, we know
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that the framed equivalence class of the corresponding motive, which is an integral
multiple of [h(Γ), [P ], [ωQ]], has vanishing coproduct. It follows that:

mot(Γ) = [h(Γ), [P ], [ωQ]] ∈ Ext1
MT(Q)

(Q(0), Q(3)) .

The motive h(Γ) is clearly defined over k, and its framing is defined over L = k(
√
φ).

It is clear, therefore, that mot(Γ) ∈ Ext1MT(L)(Q(0), Q(3)), and furthermore, that it
is anti-invariant under the action of τ , the non-trivial generator of Gal(L/k). This
is because τ fixes Q, the Li and [P ], but sends [ωQ] to −[ωQ]. Thus

(7.1) mot(Γ) ∈ (1 − τ) Ext1MT(L)(Q(0), Q(3)) .

By (5.1) and (5.2), the right-hand side is a Q-vector space of dimension 1, and the
framed motive mot(Γ) is therefore a generator.

Next, by the volume computations given in §3, we deduce that

(7.2) vol(H5/Γ′) ∼Q×

√
|dL/kdk|

L(χ, 3)

π3
∼Q× π3L∗(χ,−2) ,

where χ is the non-trivial quadratic character of Gal(L/k). We conclude using the
fact that vol(H5/Γ) =

∫
[P ][ω] is the real period of mot(Γ).

Corollary 7.1. We have explicitly constructed mot(Γ) ∈ Ext1MT(L)

(
Q(0), Q(3)

)

such that τ(mot(Γ)) = −mot(Γ) and L∗(χ,−2) = Rτ mot(Γ), where Rτ is the real
period map (Hodge regulator).

Note that it is possible in principle to compute the exact volume of P , using the
methods of [27]. It is also known that the volume of a hyperbolic 5-simplex can be
written as a linear combination of values of (single-valued) trilogarithms (§6.3.2).

Remark 7.2. For the main result of the paper we need instead to take the group
of Ok-automorphisms of the quadratic form q(x) = −x2

0 + x2
1 + . . . + x2

5 whose
automorphism group now acts on the pair of hyperbolic spaces H5 × H5. Finding
an explicit fundamental domain in this case should be possible using the methods
of Epstein and Penner [14], but is complicated in practice.

The above example has a very simple fundamental domain precisely because it
is a reflection group. Reflection groups are known only to exist in hyperbolic spaces
Hn for bounded n and for number fields of bounded discriminant (when n ≥ 4).
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