MIXED TATE MOTIVES OVER Z

FRANCIS BROWN

ABSTRACT. We prove that the category of mixed Tate motives over Z is spanned by
the motivic fundamental group of P! minus three points. We prove a conjecture by
M. Hoffman which states that every multiple zeta value is a Q-linear combination
of ¢(n1,...,n,) where n; € {2,3}.

1. INTRODUCTION

Let M7 (Z) denote the category of mixed Tate motives unramified over Z. It is a
Tannakian category with Galois group Gar. Let MT'(Z) denote the full Tannakian
subcategory generated by the motivic fundamental group of P'\{0, 1,00}, and denote
its Galois group by Gaqr/. The following conjecture is well-known:

Conjecture 1. The map Gypr — Gaqr is an isomorphism.
Some consequences of this conjecture are explained in [1], §25.5 — 7. In particular,
it implies a conjecture due to Deligne and Thara on the outer action of Gal(Q/Q) on

the pro-¢ fundamental group of P*\{0, 1,00}. Another consequence is that the periods

of MT(Z) are Q[5-]-linear combinations of multiple zeta values
1

(11) C(nl,...,nr): Z W where nzzl y TLTZ2
0<ki<.<kp 1 =777

On the other hand, M. Hoffman proposed a conjectural basis for the Q-vector space
spanned by multiple zeta values in [7]. The algebraic part of this conjecture is
Conjecture 2. Every multiple zeta value (1.1) is a Q-linear combination of
(1.2) {¢(n1,...,n,) : where nq,...,n, € {2,3}}.

In this paper we prove conjectures 1 and 2 using motivic multiple zeta values. These
are elements in a certain graded comodule HM7+ over the affine ring of functions on
the prounipotent part of Grq7, and are graded versions of the motivic iterated integrals
defined in [6]. We denote each motivic multiple zeta value by a symbol
(1.3) ¢™(ni,...,n.) wheren; >1, n,>2,
and its period is the multiple zeta value (1.1). Note that in our setting ¢(™(2) is not
zero, by contrast with [6]. Our main result is the following:

Theorem 1.1. The set of elements
(14) {Cm(nla s an’l“) ) where n; € {27 3}} )
are a basis of the Q-vector space of motivic multiple zeta values.
Since the dimension of the basis (1.4) coincides with the known dimension for HM7+

in each degree, this implies conjecture 1. Conjecture 2 follows from theorem 1.1 by
applying the period map. Both conjectures together imply the following

Corollary 1.2. The periods of every mized Tate motive over Z are Q[ﬁ]-lmear com-
binations of ((ni,...,n,), where ny,...,n, € {2,3}.
1
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1.1. Outline. The structure of the de Rham realization of Gz is well-known: there
is a split exact sequence

1— 6 —6mr — G, — 1,

where Gy is a prounipotent group whose Lie algebra is free, generated by one element
Oony1 in degree —2n — 1, for all n > 1. Let AM7 be the graded affine ring of Gy over
Q. Tt is a cofree commutative graded Hopf algebra cogenerated by one element fo,41
in degree 2n + 1, for all n > 1. Consider the free comodule over AM7 defined by

HMTE = AMT &4 Q[f2]

where fo is in degree 2, has trivial coaction, and is an artefact to keep track of even
Tate twists (since multiple zeta values are real numbers, we need not consider odd Tate
twists). In keeping with the usual terminology for multiple zeta values, we refer to the
grading on HM7+ as the weight, which is one half the motivic weight. The motivic
multiple zeta values (1.3) can be viewed as elements of H*7+ defined by functions on a
certain subscheme of the motivic torsor of paths of P\ {0, 1, 00} from 0 to 1, and depend
on some choices. They have a canonical period given by a coefficient in Drinfeld’s
associator, and the element (™ (2), which is non-zero in our setting, corresponds to fs.

Let H C HM7+ denote the subspace spanned by the motivic multiple zetas. By
Thara, the action of Gy on the motivic torsor of paths is determined by its action on
the trivial de Rham path from 0 to 1. The dual coaction

(1.5) A:H— AMT 2o H

can be determined by a formula due to Goncharov [6].

Let H?3 C H be the vector subspace spanned by the elements (1.4). We define an
increasing filtration F, on H?3, called the level, by the number of arguments n; in
¢™(n1,...,ny,) which are equal to 3. We show that H?3 and the F,H?*3 are stable
under the action of Gy, and that Gy acts trivially on the grl’(H?3). As a consequence,
the action of Gy; on Fg?‘(z’?’/Fg,QHQ"3 factors through the abelianization gg,b of Gy. By
construction, grf’ 'H?\}3 is spanned by elements (1.4) indexed by the words in the letters
2 and 3, with / letters 3, and m letters 2, where 3¢ 4+ 2m = N. Let (grf'H2>3)~ be the
vector space generated by the same words. The commutative Lie algebra Lie gg,b is
generated by one element in every degree —2i — 1 (i > 1). We compute their actions:

(1.6) Ony: gri My — @ i1 My 5y
1<2i+1<N

by constructing maps

~ 2,3\~ 2,3 ~
(1.7) ONe: (gffHN ) — @ (gff—l HyZ9i-1)"
1<2i+1<N

such that the following diagram commutes:

~

2,3\~ 2,3
(gerN ) I @1<2i+1§N(gr5—1 HN ;1)
!

Fq42,3 o 2,3
gry Hy ’ ®1<2i+1§N 8ry_ 1 AN 91 -

Using the explicit formula for the coaction (1.5), we write the maps Oy ¢ as matrices
M whose entries are linear combinations of certain rational numbers ¢, € Q, where
w is a word in {2, 3} which has a single 3. The numbers ¢,, are defined as follows. We
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prove that for all a,b € N, there exist numbers a?"b € Q such that

n—1
(1.8) C™(2,..-,2,3,2,...,2) =al™2n+ 1)+ > af" ("2 + 1)¢™(2,...,2) .

where n = a + b+ 1. For any word w of the form 21¢}32{%}  the number ¢, is the
coefficient o of (™(2n + 1) in (1.8). At this point we use a crucial arithmetic result
due to Don Zagier [12], who proved an explicit formula for ¢(2,...,2,3,2,...,2) in
terms of ((2i+ 1) and powers of 7 of the same shape as (1.8). Since the transcendence
conjectures for multiple zeta values are not known, this does not immediately imply a
formula for the coefficients a?’b. However, in §4 we show how to lift Zagier’s theorem
from real numbers to motivic multiple zeta values, which yields a precise formula for
the coefficients a?"b, and in particular, ¢,,. From this, we deduce that the ¢, satisfy
certain 2-adic properties. By exploiting these properties, we show that the matrices
My ¢, which are rather complicated, are in fact upper-triangular to leading 2-adic
order. From this, we show that the maps (1.6) are invertible for ¢ > 1, and theorem
1.1 follows by an induction on the level. The proof also shows that the level filtration
is dual to the filtration induced by the descending central series of Gy,.

P. Deligne has obtained analogous results in the case P'\{0, un, 00}, where uy is
the set of N*® roots of unity, and N = 2,3,4,6 or 8 [4]. His argument uses the depth
filtration and proves that it is dual to the filtration induced by the descending central
series of Gy;. Note that in the case N =1 this is false, starting from weight 12.

The notes [3] might serve as an introduction to this paper.

2. MoTivic MULTIPLE ZETA VALUES

2.1. Preliminaries. With the notations of [5], §5.13, let oII; denote the de Rham
realization of the motivic torsor of paths on P'\{0, 1,00} from 0 to 1 (with tangent
vectors 1, —1 respectively). It is the functor which to any Q-algebra R associates the
set oII1(R) of group-like series in the algebra R({(ep,e1)) of non-commutative formal
power series in two generators. Its ring of affine functions over Q is isomorphic to

(2.1) O(oIly) = Q(e% e"y |

which is a commutative, graded algebra equipped with the shuffle product. To every
word w in the letters e”, e! corresponds the function which maps a series S € oII;(R)
to the coefficient of w (viewed as a word in eg,e;) in S.

Let dch € oII;(R) denote the de Rham image of the straight line from 0 to 1 ([5],
§5.16). It is a group-like formal power series in eg and e;. The coefficients of words
beginning with e; and ending in eg are the multiple zeta values, and dch is also known
as the Drinfeld associator. The coefficients of ey and e; vanish, and from this, all the

other coefficients are uniquely determined. Evaluation at dch is a homomorphism
(22) dch : O(QH]_) — R

which maps a word w in €°,e! to the coefficient of w in dch.

Since O(pII;) is the de Rham realization of an (ind-) mixed Tate motive over Z,
the group Gz acts upon ¢Il; ([5], §5.12). The group Gaqr in the introduction is
the quotient of Gaqr by the kernel of this action. Let Gy» denote the corresponding
quotient of G;;. We shall denote the graded ring of affine functions on Gy» over Q by

A=0(Gy) .
The action Gyr X oII; — oIl of the prounipotent part of Go7 gives rise to a coaction
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Now let A denote the group of automorphisms of the de Rham fundamental groupoid
of P\{0,1,00} with base points 0,1 and which respects ey € Lie (¢Ilp) and e; €
Lie (1II1). The action of Gapr on (Il factors through the action of A on ¢IIy. The
latter was computed by Y. Thara as follows (see [5], §5.15). Let ¢1; denote the identity
element in gII;. There is an isomorphism of schemes

(24) a — a.011 t A = 0H1 .

Via this identification, the action of A on ¢II; can be computed explicitly. The mor-
phism (2.4) induces a linear morphism from the Lie algebra of A to the Lie algebra of
oll1. It transforms the Lie bracket of Lie(A4) into Ihara’s bracket. The dual coaction

(2.5) O(oIy) 2, O(A) ®q O(Il1) = O(pII1) ®@q O(oI11)

was computed by Goncharov in [6], Theorem 1.2, except that the two right-hand factors
are interchanged. The formula involves O(,II;) for all a,b € {0,1} but can easily be
rewritten in terms of O(pIl;) only (this is the content of Properties 10, I1, I3 below).
It follows that the coaction (2.3) is obtained by composing A of (2.5) with the map

(2.6) O(ll;)) — A
¢ = g ¢(g'011) )
applied to the left-hand factor of O(pIl1) ®g O(pIl1). Note that since G, acts trivially

on ¢ly, the map (2.6) necessarily loses information about the weight grading.

2.2. Definition of motivic MZVs. Let I C O(pIl;) be the kernel of the map dch
(2.2). Tt describes the Q-linear relations between multiple zeta values. Let JM7 C I
be the largest graded ideal contained in I which is stable under the coaction (2.3).

Definition 2.1. Define the graded coalgebra of motivic multiple zeta values to be

(2.7) H = O(oIly)/JMT .

A word w in the letters 0 and 1 defines an element in (2.1). Denote its image in H by
(2.8) I™0;w;1) e H ,

which we shall call a motivic iterated integral. For ng > 0 and nq,...,n, > 1, let
(2.9) Gy (n1,...,n) = 1™(0;0,...,0,1,0,...,0,...,1,0,...,0;1) .

In the case when ng = 0, we shall simply write this (™(nq,...,n,) and call it a motivic

multiple zeta value. As usual, we denote the grading on H by a subscript.

The coaction (2.3) induces a coaction A : H — A ®q H. By the discussion at the
end of §2.1, it can be computed from (2.5), i.e., the following diagram commutes:

(’)(Ol'h) — A ®Q O(Onl)
(2.10) | !
H — Ao ™H .

Furthermore, the map dch (2.2) factors through H. The resulting homomorphism from
‘H to R shall be called the period map, which we denote by

(2.11) per: H —R.



MIXED TATE MOTIVES OVER Z 5

Remark 2.2. The ideal JM7 could be called the ideal of motivic relations. A homoge-
neous linear combination R C O(pIl1) of words is a relation between motivic multiple
zetas if

1). R holds numerically (i.e., per(R) = 0),

2). R’ holds numerically for all transforms R’ of R under the coaction (2.3).
This argument is used in §4 to lift certain relations from multiple zetas to their motivic
versions, and can be made into a kind of numerical algorithm (see [3]).

2.3. The role of (™(2). It is also convenient to consider the dual point of view. Let
Y = Spec’H. It is the Zariski closure of the Gaqr-orbit of dch, i.e.,

Y = Gur.deh .

Thus Y is a subscheme of the extension of scalars oII; ®g R, but is in fact defined over
Q since dch is Betti-rational. Let 7 denote the action of G,, on ¢II;. The map 7()\)
multiplies elements of degree d by A%. Let us choose a rational point v € Y(Q) which
is even, i.e., 7(—1)y = v (see [5], §5.20). Since Gy is the quotient of Gy through which
it acts on ), we obtain an isomorphism

(2.12) Gu x A' =Y
(g,t) — gr(Vi)y

The parameter ¢ is retrieved by taking the coefficient of ege; in the series g 7(v/t).y.
Thus (2.12) gives rise to an isomorphism of graded algebra comodules

(2.13) He Ao QL™ (2)] .

which depends on v, where A((™(2)) = 1® (™(2) (lemma 3.2). Most of our construc-
tions will not in fact depend on this choice of «, but we may fix it once and for all.
Since the leading term of dch is g11, we have lim;_,o 7(t)dch = 11, which shows that

Gu.ol1 CY.
Thus the map H — A is induced by (2.6), and sends (™(2) to zero.
Definition 2.3. Let us denote the graded ring of affine functions on G;; over Q by
AMT = 0(Gu) ,

and define HM7+ = AM7 ®q Q[f2], where the elements f§ are in degree 2k. Thus
HM7+ is a graded algebra comodule over AM7 | and its grading shall be called the
weight hereafter. We shall also denote the coaction by

(2.14) A HMT s AMT @ HMT+

It is uniquely determined by the property Afo =1 ® fs.
In conclusion, the inclusion A — A7 which is dual to the quotient map Gy — Gy,
induces an injective morphism of graded algebra comodules

(2.15) H — HMT+

which sends (™(2) to fa, by (2.13). The map (2.15) implicitly depends on the choice
of . Abusively, we sometimes identify motivic multiple zeta values with their images
under (2.15), i.e., as elements in H™M7+.
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2.4. Main properties. In order to write down the formula for the coaction on the
motivic iterated integrals, we must slightly extend the notation (2.8). For all sequences
ag, .. .,an4+1 € {0,1}, we define elements

(2.16) I™(ag;ai, ..., an;ang1) € Hy

which are given by (2.8) if ap = 0 and a,+1 = 1, and are uniquely extended to all sets
of indices a; € {0,1} as follows. For any a,b € {0,1} write

Inp = Z I(a;ai,...,an;b)eq, ... €q,
n>0,a,€{0,1}
and demand that I,, =1if a =5, and I, = Il:;.
We summarize the properties satisfied by (2.16) for later reference:
10: If n > 1, I™(ap;a1,...,an;ant1) =0 if ag = apy1 or a1 = ... = a, .

I1: I™(ap;a1) =1 for all ag, a1 € {0,1} and (™(2) = fo.

12: Shuffle product (special case). We have for k > 0,n1,...,n. > 1,

) = (-DF 3 (”1 i 1) . (” i 1><m(n1+¢1, iy

i i
it =k 1 T

I3: Reflection formulae. For all a4, ..., a, € {0,1},
I™(0;a1,...,an;1) = (=1)"I™(1;an,...,a1;0) = I™(0;1 —an,...,1 —as;1)

The motivic multiple zeta values of [6] are, up to a possible sign, the images of (2.16)
under the map 7 : H — A which sends (™(2) to zero. We have shown ((2.5), (2.10)):

Theorem 2.4. The coaction for the motivic multiple zeta values
(2.17) A:H—-A®qH

is given by the same formula as [6], Theorem 1.2, with the factors interchanged. In
particular, if ag,...,ant1 € {0,1}, then AT™(ag;a1,...,an; ant1) equals

k
(2.18) Z W(Hfm(aip§“ip+1,--7az‘p+rl§aip+1))®Im(a0;aiu--,aik§an+1)
p=0

i0<i1 <. <ig41
i9=0,ij 41 =n+1

where the first sum is also over all values of k for 0 < k < n.

Lastly, the period map per : H — R can be computed as follows:

An+1

per([m(ao;al,...,an;an+1)) :/ Way « - Wa,, s
a

0

where wy = %,wl = %, and the right-hand side is a shuffle-regularized iterated
integral (e.g., [5] §5.16). Note that the sign of w; varies in the literature. Here, the
signs are chosen such that the period of the motivic multiple zeta values are

(2.19) per(¢™(n1,...,ny)) =C(n1,...,n,) whenn, >2.
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2.5. Structure of HM7+. The structure of M7 (Z) is determined by the data:

- if n >3 isodd,
Extj 7z (Q(0),Q(n)) = { E)Q otherwise

and the fact that the Ext®’s vanish. Thus M7 (Z) is equivalent to the category of
representations of a group scheme Gaqr over Q, which is a semi-direct product

Gmr =2 Gy X Gy

where Gy is a prounipotent group whose Lie algebra Lie Gy, is isomorphic to the free Lie
algebra with one generator oo; 1 in every degree —2i — 1, for i > 1. Let AM7 be the
graded ring of functions on Gy, where the grading is with respect to the action of G,,.
Since the degrees of the 02,41 tend to minus infinity, no information is lost in passing
to the graded version (Lie Gy)9" of Lie Gy (Proposition 2.2 (i7) of [5]). By the above,
AMT is non-canonically isomorphic to the graded dual of the universal envelopping
algebra of (Lie Gyy)9" over Q. We shall denote this by

U =Q(fs, f5,...) .

Its underlying vector space has a basis consisting of non-commutative words in symbols
f2ix1 in degree 27 + 1, and the multiplication is given by the shuffle product m. The
coproduct is given by the following deconcatenation formula:

(2.20) AU — U el
A(fiy oo fi) = D fir Ji ® fingr - fin s
k=0

when n > 0. Let us consider the following universal comodule

(2.21) U=Q(f3, f5-..) @ Q[f2]

where fo is of degree 2, commutes with all generators fo,+1 of odd degree, and the
coaction A : U — U’ @g U satisfies A(f2) = 1® fo. The degree will also be referred to
as the weight. By the above discussion, there exists a non-canonical isomorphism

(2.22) ¢ HMT+ =Y

of algebra comodules which sends fy to fo. These notations are useful for explicit
computations, for which it can be convenient to vary the choice of map ¢ (see [3]).

Lemma 2.5. Let di, = dimUy, where Uy, is the graded piece of U of weight k. Then
1
(2.23) > dpth = ———— .

1—2—¢3
k>0
In particular, dy = 1,d; = 0,dy =1 and dy, = dp—2 + dg—3 for k> 3.

Proof. The Poincaré series of Q(f3, f5,...) is given by 1—t3—1t5—... = 1_1;t_2t3. If we

multiply by the Poincaré series = for Q[f2], we obtain (2.23). O

Definition 2.6. It will be convenient to define an element fs, € Us,, for n > 2, by

fon =bnf3',
where b, € Q* is the constant in Euler’s relation {(2n) = b,{(2)".

Let us denote the Lie coalgebra of indecomposable elements of U’ by

!
2.24 L=-—20
220 L,



8 FRANCIS BROWN

and for any N > 1, let 7y : ULy — Ly denote the quotient map followed by projection
onto the graded part of weight N. For any r > 1, consider the map

(225) D2T+1 U — L27«+1 ®QZ/{

defined by composing A’ = A — 1 ® id with 79,11 ® id. Let

(2.26) Din= P Dai1-
1<2i+1<N

Lemma 2.7. (ker Doy) NUN =Q fn -

Proof. Every element £ € Uy can be uniquely written in the form

€= Y fanvetefy

1<2r+1<N

where ¢ € Q, v, € Uny_2,—1, and the multiplication on the right-hand side is the
concatenation product. The graded dual of L is isomorphic to the free Lie algebra
with generators fy,. | in degrees —2r —1 dual to the fa,11. Each element f5).,; defines
a map fy,.,, : L — Q which sends fyr41 to 1. By definition,

(f2v7‘+1 ®id) o Dar1§ = vy,

for all 1 < 2r+1 < N. It follows immediately that if £ is in the kernel of Doy then
it is of the form £ = c¢fy. Since Doy fy = 0, the result follows. O

3. COGENERATORS OF THE COALGEBRA

3.1. Infinitesimal coaction. In order to simplify the formula (2.18), let

Ao
3.1 L= —""F"T"-
(8:1) TooAso

denote the Lie coalgebra of A =H/{™(2)H, and let 7 : Hso — £ denote the quotient
map. Since L inherits a weight grading from H, let £ denote the elements of £ of
homogeneous weight N, and let py : £ — Ly be the projection map.

Definition 3.1. By analogy with (2.25) and (2.26), define for every » > 1 a map
Dory1 : H— Loy1 @ H
to be (r ® id) o A’, where A’ = A — 1 ® id, followed by po,4+1 ® id. Let

(32) Den = @ Doy .
3<2rH1<N

It follows from this definition that the maps D,,, where n = 2r + 1, are derivations:
(33) Dn(§1§2) = (1 X gl)Dn(gg) =+ (1 (024 52)Dn(§1) for all 51,52 eH.

By (2.18), the action of D,, on I™(agp;a1,...,an;an+1) is given by:

N—n
E : meo . mo . .
(34) ﬂ-(I (Cl,p, Ap+1, - - Aptn; ap+n+1)) &1 (0,07 at, .., Ap, Qp4n+1,--,AN; CLN+1) .
p=0
We call the sequence of consecutive elements (ap; Gp41, - - -, Gptn} Gptnt1) o0 the left a
subsequence of length n of the original sequence, and (ag; a1, . ., ap, Gpfnii, -, ON; GN+1)

will be called the quotient sequence, by analogy with the Connes-Kreimer coproduct.
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3.2. Zeta elements and kernel of D_y.

Lemma 3.2. Let n > 1. The zeta element (™(2n + 1) € H is non-zero and satisfies
A"2n+1)=10¢"2n+1) +7(("2n+1))®1.

Furthermore, Euler’s relation ((2n) = b,((2)™, where b, € Q, holds for the (™ ’s:

(3.5) ¢™(20) = baC™(2)"

Proof. Consider ¢(™(N) = I™(0;10V~1;1). By relation I0, its strict subsequences of
length at least one are killed by I™, and so A(™(N) =1® (™(N) +#(¢™(N)) ® 1 by
(3.4). From the structure of U, it follows that an isomorphism ¢ (2.22) maps (™(2n+1)
to ap fant1, for some a,, € Q, and (™ (2n) to By, f4 for some (3, € Q. Taking the period
map yields ay, # 0, and B, = {(2n)((2)™" = by,. O

We can therefore normalize our choice of isomorphism (2.22) so that
HCHMT Ly
maps ("™(2n + 1) to fant1. By definition 2.6, we can therefore write:
(3.6) O(C™(N))=fy forall N>2.
In particular, (™(2) and (™(2n + 1), for n > 1, are algebraically independent in .
Theorem 3.3. Let N > 2. The kernel of Dy is one-dimensional in weight N :
ker Dey NHy =Q¢™(N) .
Proof. This follows from lemma 2.7, via such an isomorphism ¢. O

Note that the map £ — L of Lie coalgebras induced by the inclusion 4 C AM7T =y’
is also injective, by standard results on Hopf algebras.

3.3. Some relations between motivic multiple zeta values. Using theorem 3.3
we lift relations between multiple zeta values to their motivic versions. Hereafter let
2{7} denote a sequence of n consecutive 2’s, and let ¢™(2{%}) = 1 € H. For any word
w in the alphabet {2, 3}, define the weight of w to be 2 deg, w + 3 deg; w.

Lemma 3.4. The element (™(21"}) is a rational multiple of (™(2)".

Proof. For reasons of parity, every strict subsequence of (0;1010...10; 1) of odd length
begins and ends in the same symbol, and corresponds to a zero motivic iterated integral
by I0. Therefore Dy, 1¢™(21™}) = 0 for all » > 1. By proposition 3.3 it is a multiple
of ¢™(2n), that is ¢™(2)". The multiple is equal to ¢(2{™})/¢(2)" > 0. O

The coefficient in the lemma can be determined by the well-known formula

{ } 7T2n

3.7 oln}hy — '

(37) o ) (2n+ 1)!

We need the following trivial observation, valid for n > 1:
n—1

(3.8) ¢ttty = —2 Z ¢m(2litgaln—1-i}y
i=0

which follows immediately from relation 12.



10 FRANCIS BROWN

Lemma 3.5. Leta,b>0and 1 <r <a+b. Then
Dapir (M(211320) = m(¢ ) @ (M (21T
where & , is given by (sum over all indices o, B > 0 satisfying a+ 3+ 1=1):
o= ¢mlers2tth) = % T eme32t) 1 (1(b = r) ~ I(a = 7)) (T (21 |
a<a a<a
520 B<b
The symbol I denotes the indicator function.
Proof. The element ¢™(w), where w = 2{2332{%} is represented by the sequence
I"™(0;10...10010...10;1) .

By parity, every subsequence of length 2r + 1 which does not straddle the subsequence
00 begins and ends in the same symbol. Its motivic iterated integral vanishes by I0,
so it does not contribute to Da,41. The remaining subsequences are of the form

I™(0;10...1010010...10;1) = ¢™(2{*} 3217} |
—— —
a 3
where a < a, § < b, and a + 0 + 1 = r, which gives rise to the first sum, or
I™(1;01...0100101...01;0) = —¢™(2{Pr32{ad) |
—— ——
o B
which gives the second sum, by I3. In this case § < b. Finally, we can also have

I™(1;01...010;0) = —¢™ 2V | or I™(0;010...10;1) = ¢ (2t |

T T

which gives rise to the last two terms. The quotient sequences are the same in all
cases, and equal to I™(0;10...10;1). This proves the formula. O

The following trivial observation follows from lemma 3.2:
(3.9) Dy 11C™(N) =m(¢™(2r + 1)) @ dn 2741 N>2r>1,
where §; ; denotes the Kronecker delta.
Corollary 3.6. Let w be a word in {2,3}* of weight 2n + 1 which has many 2’s and
a single 3. Then there exist unique numbers a; € Q such that

(3.10) Mw) = o M2+ 1) ¢ (2
i=1

Proof. By induction on the weight of w. Suppose the result is true for 1 < n < N. Then
for a word w = 21233210} of weight 2V + 1, the elements &ap of the previous lemma,
for 1 <7 < N, are of the form (3.10). In particular, there exists some rational number
- such that & , = a, (™ (2r + 1) modulo products. It follows that for 1 <r < N,

Daps1 (" (w) = apm(C™(2r + 1) @ ¢V

and so the left and right-hand sides of (3.10) have the same image under D.on41 by
(3.3) and (3.9). By theorem 3.3 they differ by a rational multiple of (™(2N +1). O

The previous corollary leads us to the following definition.
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Definition 3.7. Let w be a word in {2,3}* of weight 2n + 1, with a single 3. Define
the coefficient ¢, € Q of (™(w) to be the coefficient of (™(2n + 1) in equation (3.10).
By (3.8), we can define the coefficient ¢1o» of ¢*(2{"}) in the same way. It satisfies

(311) C1on = -2 Z Coigon—i—1 .

Thus for any w € {2,3}* of weight 2n + 1 which contains a single 3, we have:
(3.12) m(("(w)) = cwm(C"(2n +1)) .

Later on, we shall work not only with the actual coefficients ¢,, € Q, whose prop-
erties are described in the following section, but also with formal versions C,, of these
coefficients (later to be specialized to ¢,,) purely to simplify calculations.

Lemma 3.8. For all n > 1, the coefficient cion is equal to 2(—1)". We have
mglnh) = 22 YiC™(2i + 1)¢m (2l |

Proof. Granting the motivic stuffle product formula [9, 10] for our version of motivic
multiple zeta values in which (™(2) is non zero, we have:

n—1 n—2
Cm(3)<m(2{n_l}) _ Zcm@{i}:ﬁ{n—l—i}) + Zcm@{i}52{n—2—i})

i=0 i=0
n—2 n—3
BRI = ST sl 4§ em 2t ra(n iy
i=0 i=0
CEn—1)C"2) = (M@ —1,2)+ (2,20 — 1)+ (M 2n+1) .
Taking the alternating sum of each row gives the equation:
n—1
ng 2{ }32{n 1— z} Z Cm 2z+1)cm(2{n z})
=0

This implies the lemma, by (3.8). Alternatwely, we can use the general method for
lifting relations from real multiple zeta values to their motivic versions given in [3].
For this, it only suffices to consider the above relations modulo products and modulo
¢™(2) to obtain the coefficients of (™(2n + 1), which leads to the same result. O

4. ARITHMETIC OF THE COEFFICIENTS Cy

The key arithmetic input is an evaluation of certain multiple zeta values which is due
to Don Zagier. Using the operators Do we shall lift this result to motivic multiple
zetas. First, let us define for any a,b,r € N,

2r 2r
AT, = d BN, =(1-2"% )
a.b <2a—|—2> and By, = ( )<2b+1>

Note that A7, , (respectively By ;) only depends on 7, a (resp. 7,b).

Theorem 4.1. (Don Zagier [12]). Let a,b > 0. Then

a+b+1
¢ttty =2 N (~1)7(An, - By, C2r + 1) ¢2lett iy
r=1
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4.1. Motivic version. To prove that the arithmetic formula lifts to the level of mo-
tivic multiple zeta values requires showing that it is compatible with the coaction (2.17).
This is equivalent to the following compatibility condition between the coefficients.

Lemma 4.2. For any a,b >0, and 1 <r <a+b+ 1 we have
ZAZ,B—ZAT,aJr]I(bzr)—]I(aZr) = A,

a<a a<a
B<b B<b
T T _ T
> Bis—> Bha = Bl
a<a a<a

B<b B<b

where all sums are over sets of indices a, 8 > 0 satisfying a + 5+ 1=r.

Proof. Exercise, using Ag';ﬁ"’l = Agffzil and Bg;ﬁﬂ _ Bg-(i;ﬁ—irl_ 0

We now show that Zagier’s theorem lifts to motivic multiple zetas.

Theorem 4.3. Let a,b > 0. Then

a+b+1
41) et =2 Y (—1)7(4;, - By,) (M(2r+ 1) ¢m it

r=1

In particular, if w = 2193321} then the coefficient ¢, is given by
(4.2) Cop = 2 (—1)7HOH (ALY — potbal)
Proof. The proof is by induction on the weight. Suppose that (4.1) holds for all
a+b < N and let a,b > 0 such that a + b = N. Then by lemma 3.5,

Doy (™ (214320) = (&5 ) @ (M (21T
for 1 <r < N. The second formula in lemma 3.5 and (3.12) implies that
m(&ap) = ( Z Coag2s — Z Cao320 + C121(b = 1) — c12-1(a 2 T))W(Cm(% +1)),
PR PR
where 1 < r < N and the sum is over «, 3 > 0 satisfying a + 8 4+ 1 = r. By induction
hypothesis, and the fact that ¢;or = 2(—1)", the term in brackets is

2-1)[ > (s = Bug) = O (Apa = Bpa) +1b 2 1) ~T(a=1)] ,
a<a a<a
5<b B<b
where all a« + 3+ 1 = r. By lemma 4.2, this collapses to
2(—1)"(Aq, — Biy) -

Putting the previous expressions together, we have shown that

Doyy1 (M(2191320) = 2(=1)7(A7 , — By ) w(¢™(2r + 1) @ (m (2T
It follows by (3.3) and (3.9) that the difference

a+b+1
0 = ¢l —2 N (—1)7(4], - By) (M (2r + 1) ¢n 2t
r=1

satisfies Dy,110© =0 for all r < a + b. By theorem 3.3, there is an o € QQ such that
O=a¢"(2a+2b+3).

Taking the period map implies an analogous relation for the ordinary multiple zeta val-
ues. By theorem 4.1, the constant « is 2(—1)*+0+1 (AsTbT! - Batbtly 'which completes
the induction step, and hence the proof of the theorem. (Il
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4.2. 2-adic properties of c,. The coefficients c¢,, satisfy some arithmetic properties
which are crucial for the sequel, and follow immediately from theorem 4.3.

Let p be a prime number. Recall that for any rational number z € Q*, its p-adic
valuation v,(x) is the integer n such that 2 = p™ ¢, where a, b are relatively prime to p.
We set v,(0) = co. For any word w € {2,3}*, let w denote the same word but written
in reverse order.

Corollary 4.4. Let w be any word of the form 2%32° of weight 2a 4+ 2b+3 = 2n + 1.
It is obvious from formula (4.2) that c,, € Z[3]. Furthermore, the c, satisfy:

(1) cw —cz €27,
(2) v2(csgare) < wa(cw) <0 .

Proof. Property (1) follows from the symmetry BZngH = Bgzbﬂ. Indeed,
Cgagob — Cgb3ga = :l:2(AZ:‘gb+l - Ag;‘gb+1) S 27 .

Let n = a+ b+ 1 be fixed. Clearly, va(cgagor) = v2(2 x 2727 x (zfil)), and so

va(Cgagor) =1 —2n 4 vg((zgil)) .

Writing (2511) = %(27;;1), we obtain

va(Cpagar) = 2 — 2n +va(n) + v2 (¥ 1))

2n—1

which is < 0, and furthermore, 1}2(( b

)) is minimal when b = 0. This proves (2). O

5. THE LEVEL FILTRATION AND Oy¢ OPERATORS
Definition 5.1. Let H?? C H denote the Q-subspace spanned by
(5.1) (™(w) where we{2,3}°.
It inherits the weight grading from H. The weight of (™ (w) is 2deg, w + 3 degg w.
Definition 5.2. Consider the unique map
(5.2) p:4{2,3}* — {0,1}*
such that p(2) = 10 and p(3) = 100, which respects the concatenation product. The
motivic iterated integral which corresponds to (™ (w) is I™(0; p(w); 1).
Lemma 5.3. The coaction (2.17) gives a map

A:H?? — Awg H*Y .

Proof. This follows from (2.18) together with the fact that I™ vanishes on sequences
which begin and end in the same symbol (I0). Thus, for w € {2,3}*, every quotient
sequence of (0; p(w); 1) which occurs non-trivially on the right-hand side of the coaction
is again of the form (0;w’; 1), where w’ is a word in 10 and 100. O

5.1. The level filtration.

Definition 5.4. Let w € {2,3}* be a word in the letters 2 and 3. We define the level
of w to be deg; w, the number of occurrences of the letter ‘3’ in w. Denote the induced
increasing filtration on H??3 by F,, i.e., F;H>? is the Q-vector space spanned by

{(™(w) : w € {2,3}* such that deggw < ¢} .
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The empty word has level 0. The level counts the number of occurrences of the
sequence ‘00’ in p(w). Alternatively, it is given by the weight minus twice the depth
(number of 1’s) in p(w). Thus the level filtration takes even (resp. odd) values in even
(resp. odd) weights. The level filtration is motivic in the following sense:

A(F/H»®) C A®g E;H*?

since any sequence of 0’s and 1’s contains at least as many ‘00’s than any of its quotient
sequences. It follows that the maps Do, 11 : H?2 — Lo,41 ®q ‘H?3, where L is the Lie
coalgebra of A = H/faH, also preserve the level filtration. In fact, more is true:

Lemma 5.5. For allr > 1, D2T+1(FEH2’3) C Lor4+1 ®g Fo_1H?3.

Proof. Let w € {2,3}* of level £, so p(w) contains exactly ¢ sequences 00. If a subse-
quence of odd length of (0; p(w); 1) begins and ends in the same symbol it is killed by
I™ by I0 and does not contribute to Do,11. Otherwise, it must necessarily contain at
least one 00, and so the associated quotient sequence is of strictly smaller level. (|

Thus for all ,¢ > 1, we obtain a map
(5.3) grf Doyy1 : gry H?® — Lo 41 ®qg gry_ H>® .

Note that lemma 5.5 implies that Gy, respects the level filtration F' and acts trivially
on the associated graded. It follows that (5.3) factors through the one-dimensional
subspace [(Lie Gy )52, 1]V of Lari1.

5.2. The maps Oy . In order to simplify notations, let us define (2,41 € Loy41 by
Corp1 =7(C™(2r+1)), wherer>1.
Lemma 5.6. Let r,¢ > 1. Then the map (5.3) satisfies
gry Doy (gry H>?) € Q (o1 ©q griH>® .

Proof. Let w € {2,3}* of level ¢, and let I™(0; p(w); 1) be the corresponding motivic
iterated integral. From the definition of D, 11, we have

(5.4) gr) Dari1 (CM(w)) = Y w(I™ (7)) ® (™ (w,)

where the sum is over all subsequences vy of (0; p(w); 1) of length 2r + 1, and w, is the
corresponding quotient sequence. If v contains more than one subsequence 00 then w,
is of level < £ —1 and so does not contribute. If v begins and ends in the same symbol,
then I™(~) is zero. One checks that I™(+) can be of four remaining types:

(1) I™(0;10...10010...10;1) = ¢™(2{o}3218})

(2) I™(1;01...01001...01;0) = —¢™(2{~}3218})

(3) I™(0;01...10;1) = ¢ (2t}

(4) I™(1;01...10;0) = —¢f(21})
By corollary 3.6 and (3.8), in every case we have 7(I™(7y)) € Q(2r+1 C Lor41. The
coefficient of (o417 in w(I™ (7)) is either coag9s or Lcyar. O

Sending (2,41 to 1 gives a canonical identification of 1-dimensional vector spaces:

(5.5) Qlrt1 — Q.
Definition 5.7. For all N,¢ > 1, let Oy ¢ be the linear map

. Fq.23 F 2,23 _ o F 4,23
One:gry Hy — @ gt 1 HN 904 ( = gré—1H<N—1)
1<2r+1<N
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defined by first applying

F
@ gry Doyqq P2
1<2r+1<N ¢'"N

and then sending all (3,41 to 1 via (5.5). Note that since FQH?J’?’ = Hg’?’ the case
2r +1 = N only plays a role when ¢ = 1.

Our goal is to show that the maps Oy ¢ are injective for £ > 1.

5.3. Matrix representation for Oy ..

Definition 5.8. Let ¢ > 1, and let By ¢ denote the set of words w € {2,3}* of weight
N and level ¢, in reverse lexicographic order for the ordering 3 < 2. Note that as all
words in By ¢ have the same length, this is the same as the lexicographic order for the
ordering 2 < 3. Let Bl , denote the set of words w € {2,3}* of all weights < N —3
(including the empty word if £ = 1) and level £ — 1, also in reverse lexicographic order.

If we write N = 2m + 3¢, and if ¢ > 1, then clearly

m 4/ m +0—-1
|BN.,Z|—< , )— Z ( 01 )—|va,é|-
o<m’'<m

Define a set of words

(5.6) S ={w:we{2,3}* oflevel 1} U{12*: k € N} .
Let £ > 1, and let w € By . By (5.4) and the proof of lemma 5.6,
(5.7) OneCMw) = > fu™w),

w'€BY ,

where f%, is a Z-linear combination of numbers ¢, € Q, for w” € S.

Definition 5.9. For £ > 1, let My, be the matrix (f3 )weBy ,weBy ,, Where w
corresponds to the rows, and w’ the columns.

Note that we have not yet proved that the elements (™(w) for w € By, or By,
are linearly independent. The transpose of the matrix My ¢ represents the map O ¢
nonetheless (the reason for writing it this way round is purely typographical).

5.4. Formal coefficients. It is convenient to consider a formal version of the map
(5.7) in which the coefficients f, are replaced by symbols. Each matrix element f,
of My is a linear combination of ¢,,, where w € S. Therefore, let Z5) denote the
free Z-module generated by symbols C,, where w € S, and formally define a map

8]{,1 : geri}?’ — 79 @y grf,lHi’?\Fl

from the formula (5.4) by replacing the coefficient +c¢,, of w(I™(v)) with its formal
representative +C',. Likewise, let M j{,’e be the matrix with coefficients in Z(%) which
is the formal version of My ¢. There is a linear map

(5.8) p:ZB% — Q
Co =~ cCu-

Then by definition Oy, = (u ® id) o 8}</,e and My ¢ is obtained from the matrix M}:,)e
by applying p to all of its entries.
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223 232 23 322 32 3
2233 | C3—Ch2 (a3 —C30—C1o2 Ca23 —C322
2323 C3—C12 Cas
2332 C3o Ca3—Cs2
3223 C12 C32—Ca3+C122 | C3—Ch2 Ca3z —C122 C322
3232 Ci2 C32 Coazz
3322 Ci2 C32—Ca3+Cra2 Csa2

5.5. Example. In weight 10 and level 2, the matrix M{c&2 is as follows. The words in
the first row (resp. column) are the elements of Bj, , (resp. Big2) in order.
All blank entries are zero. Let us check the entry for

¢™(3,3,2,2) = I™(0; 100100101 0 ; 1)
ap ai

aip aii

Number the elements of the right-hand sequence ag,...,a1; for reference, as shown.
The non-vanishing terms in gri’Ds correspond to the subsequences commencing at
aop, a1, as, a4, as. They all give rise to the same quotient sequence, and we get:

w(I™(0;100;1)) ® I™(0;1001010; 1) + 7(I™(1;001;0)) ® I™(0;1001010; 1)+
w(I™(0;100;1)) ® I™(0;1001010; 1) + 7(I™(1;001;0)) ® I™(0;1001010; 1)+
w(I™(0;010;1)) ® I™(0;1001010; 1)
which gives (C3 —C3+C3— C3+C12) (™(3,2,2) = C12(™(3,2,2). The non-zero terms
in grl’ D5 correspond to subsequences commencing at as, a4, as. They give
m(1™(0;10010;1)) ® I™(0;10010; 1) + w(I™(1;00101;0)) ® I™(0;10010;1)
+7(I™(0;01010; 1)) ® I™(0;10010;1)

which is (C32 — C23 + C122) (™(3,2). Finally, the only non-zero term in gri” D7 corre-
sponds to the subsequence commencing at ag, giving

7(I™(0;1001010; 1)) @ I™(0; 100; 1)
which is C22 ¢(™(3). The matrix Mg 2 is obtained by replacing each Cy, by c,.

6. CALCULATION OF On ¢
Let I C Z( be the submodule spanned by elements of the form:
(6.1) Cw—Cg forwe{2,3)  oflevel 1, and Cip for ke N,

where w denotes the reversal of the word w. We show that modulo I the maps (’“)]fv_ ’
act by deconcatenation.

Theorem 6.1. Let w be a word in {2,3}* of weight N, level £. Then
oL, C"w)= Y Cy¢™(u) (mod )

w=uv
degg v=1

where the sum is over all deconcatenations w = uv, where u,v € {2,3}*, and where v
is of level 1, i.e., contains exactly one letter ‘3’

Proof. A subsequence of length 2r + 1 of the element I™(0; p(w); 1) which corresponds
to ("™(w) can be of the following types (compare the proof of lemma 5.6):
(1) The subsequence is an alternating sequence of 1’s and 0’s, and does not contain
any consecutive 0’s. For reasons of parity, its first and last elements are equal.
Thus by I0, this case does not contribute.
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(2) The subsequence contains one set of consecutive 0’s and is of the form (0; w'; 1),
where the inital 0 and final 1 are directly above the two arrows below:

---019010---1010%0--- .

The word w’ consists of the r + 1 symbols strictly in between the arrows.
This subsequence corresponds to I™(0;010...10;1) which is ¢[*(2{"}). The
contribution is therefore Cio- € I. With similar notations, the case

. --0%0101 .- -010(T)10 e

corresponds to I™(1;01...010;0) and contributes —C1ar € I, by relation I3.
(3) The subsequence is of one of two forms:

9%010 ---100- - - 10(11/19
and contains exactly one set of consecutive 0’s. The subsequence from a to a’
is of the form I™(0;1010...10010...10;1) and contributes a ¢™(2{*}32{}).
The subsequence from b to b’ is of the form I™(1;010...10010...101;0). Us-
ing relation I3, this contributes a (—1)2"+1¢™(2{A}32{e}) Thus the total
contribution of these two subsequences is

Cgaggﬁ - 02ﬁ32a (S I .

(4) The subsequence has at least two sets of consecutive 0’s. This case does not
contribute, since if the subsequence has level > 2, the quotient sequence has
level < ¢ — 2 which maps to zero in grl” /H>3.

Thus every non-trivial subsequence is either of the form (2), or pairs up with its
immediate neighbour to the right to give a contribution of type (3). The only remaining
possibility is the final subsequence of 2r + 1 elements, which has no immediate right
neighbour. This gives rise to a single contribution of the form

CyC™(u)
where w = uv and v has weight 2r 4+ 1. If v has level strictly greater than 1 then by
the same reasoning as (4) it does not contribute. This proves the theorem. g

Corollary 6.2. The matrices M]{, o modulo I are upper-triangular. Every entry which
lies on the diagonal is of the form Czor—1, where r > 1, and every entry lying above it
in the same column is of the form Coagon, where a +b+1=r.

Proof. Let £ > 1 and consider the map
(62) B;V,f—l — BN,Z
u — w32t

where 7 > 1 is the unique integer such that the weight of u 32{"~1} is equal to N. This
map is a bijection and preserves the ordering of both va, +—1 and By . It follows from
theorem 6.1 that the diagonal entries of ij\c/,e modulo I are of the form Csy-—1. Now
let u € BEV) ¢—1- All non-zero entries of M ]{, , modulo I in the column indexed by wu lie
in the rows indexed by u2{#}321%} where a +b = r — 1. Since

w2t 3210} < 4 32ir—11

it is upper-triangular, and the entry in row u21%}32{%} and column u is Coagos. O
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7. PROOF OF THE MAIN THEOREM

7.1. p-adic lemma. We need the following elementary lemma.
Lemma 7.1. Let p be a prime, and let v, denote the p-adic valuation. Let A = (a;;)
be a square n X n matriz with rational coefficients such that
(7.1) (i) wvpla)>1  foralli>j
(@) vp(az;) = min{up(aij)} <0 forall j .
Then A is invertible.

Proof. We show that the determinant of A is non-zero. The determinant is an alter-
nating sum of products of elements of A, one taken from each row and column. Any
such monomial m # 0 has k terms on or above the diagonal, in columns ji, ..., ji, and
n — k terms strictly below the diagonal. By () and (i) its p-adic valuation is

k
vp(m) > (n—k) + > vp(ag,;,)
r=1

If m is not the monomial mg in which all terms lie on the diagonal, then k < n, and

vp(m) > va(%') = vp(mo) -

It follows that vy (det(A)) = vp(mo) = Y i vp(aii) <0 < oo, so det(A) # 0. O

Remark 7.2. Another way to prove this lemma is simply to scale each column of the
matrix A by a suitable power of p so that (i) remains true, and so that the diagonal
elements have valuation exactly equal to 0. The new matrix has p-integral coefficients
by (ii), is upper-triangular mod p, and is invertible on the diagonal.

Theorem 7.3. For all N,{ > 1, the matrices My ¢ are invertible.
Proof. We show that My ¢ satisfies the conditions (7.1) for p = 2. The entries of
Mp ¢ are deduced from those of M ]{, , by applying the map p of (5.8). It follows from

corollary 4.4 (1) and lemma 3.8 that the generators (6.1) of I map to even integers
under p i.e.,

u(I) C 27 .
By corollary 6.2, this implies that My ¢ satisfies (¢). Property (i¢) follows from corollary
4.4 (2), since the diagonal entries of MJ{,)E mod I are C3gr, k € N, O

7.2. Proof of the main theorem.
Theorem 7.4. The elements {¢™(w) : w € {2,3}*} are linearly independent.

Proof. By induction on the level. The elements of level zero are of the form ¢™(2{"})
for n > 0, which by lemma 3.4 are linearly independent. Now suppose that

{(™(w) :w e {2,3}*, woflevel =/}

are independent. Since the weight is a grading on the motivic multiple zeta values, we
can assume that any non-trivial linear relation between (™ (w), for w € {2,3}* of level
¢+ 1 is of homogeneous weight V. By theorem 7.3, the map Oy ¢+1 is injective and
therefore gives a non-trivial relation of strictly smaller level, a contradiction. Thus
{(™(w) : w € {2,3}* of level £ 4 1} are linearly independent, which completes the
induction step. The fact that the operator D<py strictly decreases the level (lemma
5.5), and that its level-graded pieces Oy ¢ are injective implies that there can be no
non-trivial relations between elements (™ (w) of different levels. O
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It follows that
(7.2) dim H%? = #{w € {2,3}* of weight N} = dy ,
where dy is the dimension of Uy (2.23). The inclusions
H23 CH C HMT+

are therefore all equalities, since their dimensions in graded weight N are equal. The
equality H?3 = H implies the following corollary:

Corollary 7.5. FEvery motivic multiple zeta value (™ (a1, ..., an) is a Q-linear combi-
nation of (™(w), for w € {2,3}*.

This implies conjecture 2. The equality H = HM7+ implies conjecture 1.

8. A POLYNOMIAL BASIS FOR MOTIVIC MZV’s

Let X be a finite set which is equipped with a total ordering. Recall that a Lyndon
word in X is an element w of X * such that w is smaller than every strict right factor
in the lexicographic ordering: w < v if w = uv (concatenation), where u,v # (.

Let X320 = {2,3} with the ordering 3 < 2.

Theorem 8.1. The set of elements
{¢™(w) : where w is a Lyndon word in X3}
form a polynomial basis for H (and hence HM7+).
By applying the period map, we obtain the following corollary.
Corollary 8.2. Every multiple zeta value is a polynomial with coefficients in Q in
{¢(w) : where w is a Lyndon word in X3 2} .

Remark 8.3. The theorem and its corollary are also true if one takes the alphabet
{2, 3} with the ordering 2 < 3. Other bases are possible: for example, by applying I3.

8.1. Preliminary remarks. Let X = {3,5,7,...} be the set of odd integers > 1 with
the usual ordering. Define the weight of a word w € X * to be the sum of all its letters,
and the level to be its length. The weight of w € X;Q is the sum of its letters, and
its level is the number of 3’s. Let Lyny ,(X) (resp. Lyny ,(X32)) denote the set of
Lyndon words on X (resp. X32) of weight N and level ¢. Consider the map
(8.1) ¢: X — Xzo

p(2n+1) = 321 forn>1.
It induces a map ¢ : X* — X ;2, which preserves the weight and level.
Lemma 8.4. It induces a bijection ¢ : Lyny o(X) — Lyny ,(X32) for all N > 3, > 1.
Proof. This is a standard property of Lyndon words and follows from the definition. [

Finally, let Lie(X) denote the free Lie algebra over Q generated by the elements of
X. It shall be viewed as a subalgebra of the free associative algebra generated by X.
There is a well-known map:

w o o= Ay
such that the elements \,,, as w ranges over the set of all Lyndon words in X, form a

basis for Lie(X). To define A, one uses the fact that a Lyndon word w of length > 2
has a standard factorization w = uv where u and v are Lyndon, and v is the strict
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right Lyndon factor of w of maximal length. Inductively define: A\, = w if w is a single
letter, and Ay, = [Ay, A\y] if w = wo is the standard factorization of w.
The main property of this map (see e.g., [4], (2.2.1)) is that

(8.3) Aw = w + terms which are strictly greater than w .

8.2. Proof of theorem 8.1. Throughout, let NV > 3,¢ > 1. Consider the map
(8.4) p: LY”N,Z(X) I gr{H?\}g
w o = M(e(w))

which to every Lyndon word in X associates a motivic multiple zeta value. By lemma
8.4, its argument is a Lyndon word in X3 o.

For all r > 1, let 02,41 : ger?\}B
of the map Oy ¢ of definition 5.7, and agr 41 its formal version (the corresponding piece
of the map 81{, ; defined in §5.4) . Let w € X3',. By theorem 6.1, we have

(8.5) 03,41C™(w) = Cp(™(u)  (mod 1)

if w = wv where v is of level 1 and weight 2 + 1, and 8{;“(‘“(11)) = 0 (mod I)
otherwise. Consider the unique morphism of monoids 9 : X* — {35,095, ...}* which
sends the letter 2n + 1 to Jo,41. There is a corresponding formal version where we
replace Oap,+1 by 82fn+1. By composing this map with (8.2), we obtain a map

2,3 . .
— gr}” /HN" 5, denote the corresponding piece

(8.6) o:Lyny (X) — Lie(03,0s,...) ,
which sends every Lyndon word in X to a derivation on grf H?3. Consider the pairing
(8.7) Lyny ¢(X) X Lyny (X) — Q

(w,w) = o © plu)
and let Py ¢ denote the square matrix whose rows and columns are indexed by Lyny ,(X),

ordered lexicographically, with entries oy, o p(w’). To compute Py g, let w,w’ € X*
and write w’ = (2i1 + 3) ... (2i¢ + 3), where i, > 0. From (8.5), one checks that

' 0 if w>w'
(8.8) L™ (p(w')) =< Cyoir ... Cagiy if w=w' (mod I)
0 or Coayz90; - .- Chagagn,  if w < w’
where ay, b;, are some non-negative integers satisfying ap + by = i for 1 < k < 0. It

follows from (8.3), (8.8), and corollary 4.4 that lemma 7.1 applies to Py ¢, and therefore
it is invertible. The image of the map (8.4) is spanned by the elements

Ay ={¢™(w) 1w € Lyny ,(X32)} C grf MY

Recall that £ is the Lie coalgebra of A = H/¢™(2)H and 7 : Hs¢ — L is the quotient
map. Since the elements o, € Lie(0s,0s,...) kill products, the invertibility of Px ¢
implies that the image of the Lyndon elements m(Ap,¢) are a basis of grf Ly, for £ > 1
and N > 3. Since 2 is a Lyndon word in X329, and (™(2) is transcendental over A,
this proves that the elements (™(w), for w a Lyndon word in X3 o, are algebraically
independent, and completes the proof. To prove remark 8.3, repeat this argument
with X replaced by {3,5,7,...} in reverse order, with the set {2,3} in the order 2 < 3
instead of X3 2, and replacing the map ¢ with the one which sends 2n + 1 to oln—1}3

Example 8.5. In weight 20, level 2, Lyny,o(X) = {3.17,5.15,7.13,9.11}, where a
dot denotes the concatenation product of letters in X. Thus o(a.b) = [0a,d]. The
elements Agg o are of the form Cm(32{a}32{b}) where a +b =7 and 0 < a < 3. The
formal version of the transpose matrix Psg 2, taken modulo I, is given by:
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[03,017] | [05,015] [07,013] | [D9,011]

332222222 | C3C597 0 0 0

323222222 | C5Chaps | CaaClioo 0 0

322322222 | CyChrags | CiaCosos | CiinaCis 0

322232222 | CyCysapr | CyaCarags | CaaCangs | Cags Cme

9. REMARKS

It might be interesting to try to use the matrices My ¢ to compute the multiplication
law on the basis (1.2).

The geometric meaning of theorem 4.3 is not clear. The term (1 —272")((2r + 1)
which comes from B%? can be interpreted as an alternating sum and suggests that
the formula should be viewed as an identity between motivic iterated integrals on
P'\{0,41,00}. It would be interesting to find a direct motivic proof of theorem 4.3
along these lines. Apart from the final step of §7.2, the only other place where we use
the structure of the category M7 (Z) is in theorem 4.3. A proof of theorem 4.3 using
standard relations would give a purely combinatorial proof that dim Hy > dy.

The argument in this paper could be dualized to take place in Thara’s algebra, using
his pre-Lie operator ([5], (5.13.5)) instead of Goncharov’s formula (2.18). This sheds
some light on the appearance of the deconcatenation coproduct in theorem 6.1.

Finally, we should point out that the existence of a different explicit basis for mul-
tiple zeta values was apparently announced many years ago by J. Ecalle.
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