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A previously found momentum-dependent regularization ambiguity in the third post-Newtonian
two point-mass Arnowitt-Deser-Misner Hamiltonian is shown to be uniquely determined by requiring
global Poincaré invariance. The phase-space generators realizing the Poincaré algebra are explicitly
constructed.

The equations of motion of a gravitationally interacting two point-mass system have been derived some years ago
up to the 5/2 post-Newtonian (2.5PN) approximation!, in harmonic coordinates [1-3]. Recently, it has been possible
to derive the third post-Newtonian (3PN) Hamiltonian of a two point-mass system [4] within the canonical formalism
of Arnowitt, Deser and Misner (ADM) [5]. It was found that, at the 3PN level, the use of Dirac-delta-function
sources to model the two-body system causes the appearance of badly divergent integrals which (contrary to what
happened at the 2.5PN [3,6] and 3.5PN [7] levels) cannot be unambiguously regularized [4,8,9]. The ambiguities in
the regularization of the 3PN divergent integrals are parametrized by two quantities: wgiatic and wyinetic -

Prompted by a recent remark [10], the purpose of this work is to show that requiring the (global) Poincaré invariance
of the 3PN ADM Hamiltonian dynamics uniquely determines one (and only one) of these regularization ambiguities:
namely the “kinetic ambiguity” parameter wiinetic. [The “static ambiguity” wsgtatic remains unconstrained because it
parametrizes a @(c~°%) Galileo-invariant additional contribution to the 3PN Hamiltonian.]

Note that general relativity admits (when considering isolated systems) the full Poincaré group as a global symmetry.
Therefore, whatever be the coordinate system used (as long as it respects asymptotic flatness) the general relativistic
dynamics of N-body systems should embody some representation of this global Poincaré symmetry. When solving
Einstein’s equation by a weak-field, “post-Minkowskian” expansion, /g g** —n*" = h* = G hfly) +G? hg) + -+, and
fixing the gauge by the “harmonicity condition”, d, h*” = 0, the whole scheme stays manifestly invariant under the
usual (linear) representation of the Poincaré group: #'* = A# 2 + ¢” (assuming that the regularization procedure
used to deal with the point-mass divergencies is manifestly Poincaré invariant). In such a case the N-body dynamics
will be invariant under the representation of the Poincaré group induced on the dynamical variables, say =z (t),
zi(t), a=1,...,N, by the action of the usual linear Poincaré transformations. This global Poincaré symmetry has
been explicitly checked at the 2PN level in Ref. [11] by proving that the 2PN (acceleration-dependent) two-body
Lagrangian in harmonic coordinates [12,2] changed only by a total time derivative under a generic, infinitesimal
Poincaré transformation. In this work we consider the 3PN two-body Hamiltonian derived by Ref. [4] within the
ADM canonical formalism. This formalism is not manifestly Poincaré invariant because it splits space and time, and
fixes the coordinates by the following gauge conditions: d;; 7l =0, 9; (gij — %gss (52']') = 0. This lack of manifest
Poincaré invariance is not problematic (though it introduces some technical complications). Indeed, we shall explicitly
show in this paper that the global Poincaré symmetry of the two-body dynamics can be realized in phase space, albeit
by a somewhat complicated, nonlinear action.

The basic principle that we shall follow to study Poincaré invariance of the 3PN two-body Hamiltonian H (x4, pa),
a = 1,2, with its associated Poisson bracket structure,

{A(Xaapa)aB(Xa,pa)}EZZ<6A 05 04 aB) ) (1)
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is the following: the presence of a Poincaré symmetry is equivalent to requiring the existence of “generators” P# J*|

'We recall that the “nPN approximation” refers to the terms of order (v/c)?" ~ (GM/(c2r))n in the equations of motion.



realized as functions P*(x4,Ppa), J*" (X4, Pa) on the two-body phase-space (x1,X2,p1,p2), whose Poisson brackets
(1) satisfy the usual Poincaré algebra (here we set ¢ = 1):

{P*,P"} =0, (2a)
{PH,J07} = =" P74 7 PP, (2b)
{JW JPY = PP JRT oght JVT TR g Y ek (2¢)

where 7, = diag (-1, +1,+1, +1).

The functions P*(X4,Pa), J"(Xa,Pa) generate (in phase space) the infinitesimal Poincaré transformations:
dawF = {F,a" P, + %w’“’ Juv}. Finite transformations are then (in principle) defined by exponentiating these
infinitesimal actions. The satisfaction of the algebra (2) ensures that one thereby generates a consistent Poincaré
symmetry. The time component PY (i.e. the total energy) is realized as the Hamiltonian H(xa,pa) (including the
rest-mass contribution). The other generators can be decomposed as: P? (three momentum), J¢ = L &* J,, (angular
momentum), and K® = J¥ (boost vector). One further decomposes the boost vector K* (which represents the con-
stant of motion associated to the center of mass theorem) as K (x4, pa;t) = G*(X4, Pa) —t P(X4, Pa) so that the total

time derivative dK'/dt = OK® /0t + {K’, H} = —P' + {G', H} = 0. Finally, the Poincaré algebra explicitly reads

{PHYy={J;,H} =0, (3a)
Ji, P} = €iji Pe s {Ji, Jj} = cijr Ik, (3b)
{Ji, G} = ¢€iju G (3¢c)
1
{Gi, Pj} = H(SZ] ; (36)
1
1Gi, G} = — 3 Gijk i (3f)

As the gauge fixing used in the ADM formalism manifestly respects the Euclidean group (which means that
H(x4,Ppa) is translationally and rotationally invariant), the generators P; and J; are simply realized as

i (Xa) Pa) me : (4a)
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and exactly satisfy Eqgs. (3a) and (3b). The condition (3c) will also be exactly satisfied if G is constructed as a
three-vector from x, and p,. Finally, the condition for full Poincaré invariance boils down to the existence of a vector
Gi(Xq,Pa) satisfying the three non-trivial relations (3d), (3e) and (3f), in which enters, besides P; and J; given in
Egs. (4a) and (4b), the full (3PN-accurate) Hamiltonian:

1
H(Xaapa) = Zmacz + HN(Xaapa) + 6_2

a
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Hipn(Xa, Pa) + a Hopn(Xa, Pa) + = Hazpn (X4, pPa) + O (C—S) . (5)

At the Newtonian order, i.e. when keeping the rest-mass term X,m,c? and the Newtonian-level Hamiltonian,

G ma
Hx(xa,pa) =3 5o ZZ =, (6)
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(rap = |Xq — Xp|), it is easily checked that the usual Newtonian center-of-mass vector

N (X4, Pa) Zma @, (7)



satisfies Eqs. (3d)—(3f). [Note that, in this approximation, the right-hand side of Eq. (3e) yields (3~ , mq) d;; from the
rest-mass contribution to H.]

To study the existence of G* beyond the Newtonian approximation, we need the explicit expressions of the 1PN,
2PN and 3PN contributions to the Hamiltonian (5) in an arbitrary reference frame. The 1PN contribution,
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has been known for a long time. The operation “—1—(1 — 2)” in Eq. (8) denotes the addition for each term in Eq. (8)
(including the ones which are symmetric under label exchange) of another term obtained by the label permutation
1 4— 2. The 2PN-accurate explicit expression of H (X4, pg), in the ADM formalism, was derived in Ref. [13] (Eq. (2.5)
there). [The corresponding explicit Lagrangian L{5M (x4,%,) is given in Ref. [1 ] ] These results corrected earher
results by Ohta et al. [15]. The final result reads:
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+ (1 +—2). (9)

Ref. [4] derived the 3PN-accurate ADM Hamiltonian restricted to the center-of-mass reference frame: p1 + pa = 0.
For the present work we have generalized Ref. [4] in deriving Hspy in an arbitrary reference frame. Our starting point
for doing this calculation is the 1rnproved form of the 3PN Hamiltonian, ngN, given in Appendlx A of Ref. [9] (Eqgs.
(A8)—(A10) there). Note first that Hspn defined there denotes the higher-order Hamiltonian ngN(xa,pa, Xq, Pa) de-
fined by eliminating the field variables h};T, hTT in the “Routh functional” R(x4, pa, h};T, hTT) introduced in Eq. (33)
of Ref. [4]. However, it was shown in Ref. [9] that one could reduce the higher-order Hamiltonian ﬁgpN(Xa, Pa; Xa; Pa)
to an ordinary Hamiltonian Hspn(x/, p’,), at the price of the following (3PN-level) shift of phase-space coordinates:

- oH
81')(1 ) pa_pa 6Xa

x = x4+ (10)
After performing the shift (10) with respect to the original ADM coordinates x4, p, (we henceforth drop the primes

for notational simplicity), the calculation of the 3PN (order-reduced) Hamiltonian consists in evaluating three very
complicated integrals:

5 re
HspNz—ﬁ ;(P3)4+/d3$(h1d+hz+h3)~ (11)

The integrands hy, ho, hs are given in Eqgs. (A9) of [9]. The order-reduced integrand ht*? is defined (as shown in [9])
by using the Newtonian equations of motion to eliminate x, and p, when computing the time derivative h;FT (which
enters the last two terms of hy). As explained in [9], this new form of the 3PN Hamiltonian is free of “contact term”
ambiguities, and the integrals it contains can all be uniquely defined by using the Riesz-type regularization procedure
explained in [4]. We have recomputed from scratch all the integrals by using the generalized Riesz formula given in
[4]. This Riesz-regularized 3PN Hamiltonian reads explicitly (in an arbitrary reference frame)

HESE (0 po) = — = () 1 Grums | (PD° ((p1-p2)? +4pip3)ps N (pip3—2(p1 P2)?)(p1-pP2)
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However, it was emphasized in Refs. [4,8,9] that the nature of the divergent integrals which had to be regularized
to compute Hap;, Eq. (12), was such that the result should be considered as being partly ambiguous. These regu-
larization ambiguities have been discussed in Refs. [4], [8], and, in more detail, in the Appendix A of [9]. We have
recomputed, in an arbitrary reference frame, the various regularized versions of all the momentum-dependent formal
“exact divergences” Aszy, Ass, ..., Asg defined in Appendix A of [9]. These contributions should formally vanish,
but their regularized values do not vanish and thereby exhibit the regularization ambiguities present at 3 PN. We
find (in confirmation of the result given in the Introduction section of Ref. [4]) that all the momentum-dependent
regularization ambiguities are equivalent to adding to Eq. (12) a term of the (specific?) form

- 1 G¥mym
H3P" (X4, Pa) = +35 Winetic % [pf — 3(m12-p1)* + P53 — 3(m1z-p2)’] (13)
12

where wiinetic 18 an arbitrary parameter. In addition to this “kinetic” regularization ambiguity, it was pointed out in
[8] and [9], that there is also a “static” (i.e. momentum-independent) regularization ambiguity of the form

(14)

static
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where wgtatic 18 a second arbitrary parameter. Finally, the 3PN (order-reduced) Hamiltonian is of the form

?Note in particular the absence of terms mixing p; and p..



Hapx (xa, Pa) = Hygk + Hip" + HEENS, (15)

and depends on two, up to now undetermined, real parameters wiinetic and wstatic-
The problem to solve is now the following: does there exist a (3PN-accurate) center-of-mass vector, of the generic
form,

G (Xa,Pa) = D (Ma(x6, Do) ¥, + Na(%5,P0) Pl , (16)

a

where M, and N, are scalars that reduce to m, and 0, respectively, in the Newtonian approximation, such that
Eqgs. (3d)—(3f) are fulfilled (within the 3PN accuracy) When the Hamiltonian is given by 1nsert1ng Egs. (6), (8), (9)
and (15) in Eq. (5)7 We have tackled this problem by the method of undetermined coefficients, i.e. by writing the
most general expressions for the successive PN approximations to the functions M, (xs, ps) and N (Xb, Pb),

1 1

1
Ma:ma+_2M(11PN+_4
C C

1
M(?PN 4 —
(o4

MEPN N, = e e, (1)
C C

as sums of scalar monomials of the form: ¢pynynonsnsmsT1s (P (P2)"2 (P1 - P2)"?(n12 - p1)™ (n12 - p2)"*, with
positive integers ng, ..., ns. Besides dimensional analysis (which constrains the possible values of ng, ..., ns at each
given PN order), and Euclidean covariance, including Parity symmetry, we only required time reversal symmetry
(which imposes that M, be even, and N, odd, under p, — —pg,). We did not impose any a priori constraints on the
mass dependence of the coefficients ¢, (m1, m2), nor did we use the 1 & 2 relabeling symmetry.

The 1PN approximation to G being well-known (see, e.g., [16]),

_lpi  1Gmum (18a)

2 mi 2 12 ’
NFN =0, (18b)

with MJPN obtained by a 1 <— 2 relabeling, we started looking for the most general GG at the 2PN level. At this
level, there are 20 unknown coefficients ¢y, and Eq. (3d) yields 40 equations to be satisfied. We found that there is a
unique solution® to these redundant equations, namely

M12PN 1 (P1g + lelmz _5 P_12 _Pp (P1-P2) n (n12 - p1)(n12 - p2)
8 my 4 ris my 2 mimse mims
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with MZPN and N2PN obtained by a 1 +— 2 relabeling.

We have a posteriori checked that this unique ADM-gauge, 2PN center-of-mass vector agrees (after taking into
account the shift x2PM = 7, — §*z,(z, 2) [13]) both with the harmonic-gauge 2PN G*(z,,2,) first derived in Ref.
[11], and with the Landau-Lifshitz-like [16], ADM-gauge calculation of G!(x,,%,) performed in Ref. [17]. We have
also checked that the remaining Poincaré-symmetry constraints, Eqgs. (3¢) and (3f), are also fulfilled. Concerning Eq.
(3e), it is easy to see, in general, that it is equivalent to the constraint

1
Z M (xb, Pb) H(Xb, Po) - (20)

At the 3PN level, the most general ansatz for M2PN | N3PNinvolves 78 unknown coefficients ¢, while Eq. (3d)
yields 138 equations to be satisfied. The quantity wyipetic parametrizing the momentum-dependent regularization
ambiguity (13) in the 3PN Hamiltonian enters the system of equations for the unknown ¢,’s. [Indeed, it was recently

FAll the algebraic manipulations reported in this paper were done with the aid of MATHEMATICA.



noticed that HXHEH is not separately boost-invariant [10].] By contrast, the other regularization ambiguity (14) drops
out of the problem (because H;%,a&lc is Galileo invariant). We found that there was a unique value of wiipetic for which
the system of equations to be satisfied was compatible, namely

41
Wkinetic = ﬂ . (21)

If wyinetic # 41/24, the 3PN Hamiltonian does not admit a global Poincaré invariance. If wyinetic = 41/24, there is a
unique solution to Eq. (3d), namely
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We have then checked that this unique solution does satisfy the remaining Poincaré-symmetry constraints, Eqs. (3e)
and (3f), or, equivalently, Egs. (20) and (3f). It is to be noted that the last two momentum-dependent terms in M3FN,
proportional to (ni2 - p1)?/mi — (n12 - p2)?/ma, are antisymmetric in the labels 1 +— 2 and therefore drop out in
the constraint (20), which reads M3tN + MZPN = Hopy. In fact, the corresponding monomials appear nowhere in
Hopyn, but must crucially be included in M(?PN.

The main conclusion of this work is therefore that the necessary existence of a global Poincaré symmetry in the two-
body problem uniquely fizes the regularization ambiguity parameter wiinetic to the value (21). The explicit realization
of this Poincaré invariance is then defined by the phase-space generator G'(x,, p,) defined by Egs. (16), (17), (18),
(19), and (22).

Within the ADM formalism it would be very difficult to implement a Poincaré-invariant regularization procedure.
(The situation is different in harmonic coordinates, where one can conceive a Poincaré-invariant regularization [18].)
It is very satisfying (and in keeping with the general lore about renormalization theory) that we were able to use a
non-Poincaré-invariant regularization, but then, a posteriori, correct for it in a unique way. There remains, however,
a last regularization ambiguity* Eq. (14), which has all the needed global symmetries and cannot be fixed in this
way.
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