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BIPARTITE QUAD-GRAPHS

v ′
v

Q

Λ bipartite quad-graph
(strongly regular, locally finite)

Γ graph of black diagonals

Γ∗ graph of blue diagonals

Dual graph 3 := Λ∗

Notation: v ,v ′∼ Q
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DISCRETE HOLOMORPHICITY

w−

w+

b− b+
Q
ϕQ

f : V (Λ)→ C discrete holomorphic at Q iff

(dCR)
f (b+)− f (b−)

b+ − b−
=

f (w+)− f (w−)

w+ − w−

∂Λf (Q) :=
e−i(ϕQ−π

2 )

2 sin(ϕQ)
· f (b+)− f (b−)

b+ − b−
+

ei(ϕQ−π
2 )

2 sin(ϕQ)
· f (w+)− f (w−)

w+ − w−

∂̄Λf (Q) :=
ei(ϕQ−π

2 )

2 sin(ϕQ)
· f (b+)− f (b−)

b+ − b−
+

e−i(ϕQ−π
2 )

2 sin(ϕQ)
· f (w+)− f (w−)

w+ − w−

Properties:
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+

e−i(ϕQ−π
2 )

2 sin(ϕQ)
· f (w+)− f (w−)

w+ − w−

Properties:
f is discrete holomorphic iff ∂̄Λf = 0.
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b+ − b−
+

e−i(ϕQ−π
2 )

2 sin(ϕQ)
· f (w+)− f (w−)

w+ − w−

Properties:
If f (v) = v , then ∂̄Λf (Q) = 0 and ∂Λf (Q) = 1.
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· f (b+)− f (b−)

b+ − b−
+

e−i(ϕQ−π
2 )

2 sin(ϕQ)
· f (w+)− f (w−)

w+ − w−

Properties:
If Q is a parallelogram and f (v) = v2, then ∂̄Λf (Q) = 0, ∂Λf (Q) = 2Q.
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DISCRETE HOLOMORPHICITY
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2 )

2 sin(ϕQ)
· f (b+)− f (b−)
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+

e−i(ϕQ−π
2 )

2 sin(ϕQ)
· f (w+)− f (w−)

w+ − w−

Properties:
If ∂̄Λf = 0 and f is purely real/imaginary, then f is essentially constant.
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MEDIAL GRAPH

v e Q

b−

b+

Λ bipartite quad-graph

X medial graph of Λ

edge e of X corresponds to
pair [Q, v ] ∈ V (3)× V (Λ)

F (X ) ∼= V (Λ)∪̇V (3)

e = ±b+ − b−
2

Notation: For 30 ⊆ 3

connected with vertex set
V (Λ0) ⊆ V (Λ), let X0 ⊆ X
subgraph inside faces of 30.
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DISCRETE DIFFERENTIAL FORMS

functions f : V (Λ)→ C and h : V (3)→ C can be extended to
functions g : F (X )→ C by 0 on yet undefined faces

discrete one-forms ω :
−→
E (X )

dz,dz̄ :
−→
E (X )→ C defined by

∫
e dz = e,

∫
e dz̄ = ē

discrete two-forms Ω : F (X )→ C

dz ∧ dz̄ : F (X )→ C defined by
∫∫

F dz ∧ dz̄ = −2iarea(F )

products gω and gΩ for e = [Q, v ] and face F of X :∫
e

gω = (g(Q) + g(v))

∫
e

ω,

∫∫
F

gΩ = g(F )

∫∫
F

Ω.

ω of type 3, if ω = pdz + qdz̄ for p,q : V (3)→ C
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DISCRETE DERIVATIVES

Q

PQ

∂Λf (Q) =
−1

4iarea(FQ)

∮
PQ

fdz̄,

∂̄Λf (Q) =
1

4iarea(FQ)

∮
PQ

fdz.

vs

v

v ′s

v ′s−1

Qs
Pv

∂3h(v) :=
−1

4iarea(Fv )

∮
Pv

hdz̄,

∂̄3h(v) :=
1

4iarea(Fv )

∮
Pv

hdz.

Properties:
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4iarea(Fv )

∮
Pv

hdz̄,

∂̄3h(v) :=
1

4iarea(Fv )

∮
Pv

hdz.

Properties:
If h(Q) = Q = (v ′s−1 + v ′s)/2, ∂̄3h(v) = 0 and ∂3h(v) = 1.
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∂̄3h(v) :=
1

4iarea(Fv )

∮
Pv

hdz.

Properties:
For f : V (Λ)→ C, ∂3∂̄Λf ≡ ∂̄3∂Λf . So ∂Λf discrete holomorphic if f is.

Felix Günther (TU Berlin) Discrete complex analysis June 2nd, 2014 6 / 22



DISCRETE DERIVATIVES
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∂3h(v) :=
−1

4iarea(Fv )

∮
Pv

hdz̄,

∂̄3h(v) :=
1

4iarea(Fv )

∮
Pv

hdz.

Properties:
30 simply-connected, h : V (30)→ C discrete holomorphic. Then,
there exists discrete primitive f : V (Λ)→ C with ∂̄Λf = 0, ∂Λf = h.
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DISCRETE SCALAR PRODUCT

Let g1,g2 : F (X )→ C. Their discrete scalar product is

〈g1,g2〉 := −1
i

∫∫
F (X)

g1g2dz ∧ dz̄,

whenever the right hand side converges absolutely.

If f : V (Λ)→ C or h : V (3)→ C is compactly supported,

〈∂Λf ,h〉+ 〈f , ∂̄3h〉 = 0 = 〈∂̄Λf ,h〉+ 〈f , ∂3h〉.

Proof:
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Proof:

−2i〈∂Λf ,h〉 − 2i〈f , ∂̄3h〉 =
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Q∈V (3)

h(Q)

∮
PQ

fdz̄ +
∑

v∈V (Λ)

f (v)

∮
Pv

hdz̄

=

∮
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f h̄dz̄ = 0.
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Proof:

2i〈∂̄Λf ,h〉+ 2i〈f , ∂3h〉 =
∑
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DISCRETE EXTERIOR DERIVATIVE

Let f : V (Λ)→ C and h : V (3)→ C. Define df and dh by:

df := ∂Λfdz + ∂̄Λfdz̄ and dh := ∂3hdz + ∂̄3hdz̄.

w+

w−

b− b+
Q

−→e
FQ

v
Qs

Fv

ω discrete one-form. Write ω = pdz + qdz̄ locally with functions p,q on
faces Qs ∼ v or vertices b±,w± ∼ Q. Define dω by:

dω|Fv := 2
(
∂3q − ∂̄3p

)
dz ∧ dz̄ and dω|FQ := 2

(
∂Λq − ∂̄Λp

)
dz ∧ dz̄.

Stokes’ theorem:
∫

e df = f (w+)+f (b+)
2 − f (w+)+f (b−)

2 and
∫∫

F dω =
∫
∂F ω.
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DISCRETE HOLOMORPHIC PRODUCT
Let f ,g : V (Λ)→ C and h : V (3)→ C . Then,

ddf = 2
(
∂3∂̄Λf − ∂̄3∂Λf

)
dz ∧ dz̄ = 0.

Thus, f discrete holomorphic iff df = pdz for some p : V (3)→ C.

fdg + gdf is closed.

fhdz is closed.
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DISCRETE WEDGE PRODUCT

Let ω = pdz + qdz̄ and ω′ = p′dz + q′dz̄ discrete one-forms of type 3,
p,p′,q,q′ : V (3)→ C. Discrete wedge product ω ∧ ω′ defined by

(ω ∧ ω′)|FQ = 2
(
p(Q)q′(Q)− q(Q)p′(Q)

)
dz ∧ dz̄ for Q ∈ V (3)

(ω ∧ ω′)|Fv = 0 for v ∈ V (Λ).

THEOREM (EXTERIOR DERIVATIVE IS DERIVATION FOR ∧)
Let f : V (Λ)→ C and ω discrete one-form of type 3. Then,

d(fω) = df ∧ ω + fdω.

d(fω)|Fv = 2
(
f (v) (∂3q) (v)− f (v)

(
∂̄3p

)
(v)
)

dz ∧ dz̄ = fdω|Fv ,

d(fω)|FQ = 2
(
q(Q) (∂Λf ) (Q)− p(Q)

(
∂̄Λf
)

(Q)
)

dz ∧ dz̄ = (df ∧ ω))|FQ .

Finally, (df ∧ ω)|Fv = 0 and fdω|FQ = 0, so d(fω) = df ∧ ω + fdω.
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DISCRETE HODGE STAR
Let g : F (X )→ C, let ω = pdz + qdz̄, ω′ discrete one-forms of type 3,
Ω discrete two-form. The discrete Hodge star is defined by

?g := −1
i
gdz ∧ dz̄;

?ω := −ipdz + iqdz̄;

?Ω := −i
Ω

dz ∧ dz̄
.

Discrete scalar product is

〈ω, ω′〉 :=

∫∫
F (X)

ω ∧ ?ω′,

δ := − ? d? formal adjoint of d : f : V (Λ)→ C, ω compactly supported,

0 =

∫∫
F (X)

d(f ? ω) =

∫∫
F (X)

df ∧ ?ω +

∫∫
F (X)

fd ? ω = 〈df , ω〉+ 〈f , ?d ? ω〉.
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DISCRETE LAPLACIAN

Discrete Laplacian on discrete differential forms

4 := −δd − dδ = ?d ? d + d ? d ? .

On functions f : V (Λ)→ C,

4f = 4∂3∂̄Λf = 4∂̄3∂Λf = 4f̄ .

f discrete harmonic at v ∈ V (Λ) iff 4f (v) = 0.

If f discrete holomorphic, f , Re(f ) and Im(f ) are discrete
harmonic.
4f (v) = 2c3 + 2c4 if Λ parallelogram-graph and f is the function
c0 + c1Re(v) + c2Im(v) + c3Re(v)2 + c4Im(v)2 + c5Re(v)Im(v).
f : V (Λ)→ C discrete holomorphic. Then Im(f ) uniquely
determined by Re(f ) up to two additive real constants.
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DISCRETE GREEN’S IDENTITIES
Let 30 ⊂ 3 finite, and let f ,g : V (Λ0)→ C.

1 〈f ,4g〉30 + 〈df ,dg〉30 =
∫
∂X0

f?dg.
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1 〈f ,4g〉30 + 〈df ,dg〉30 =
∫
∂X0

f?dg.

2 〈4f ,g〉30 − 〈f ,4g〉30 =
∫
∂X0

(f ? dḡ − g ? df ) .
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DISCRETE CAUCHY’S INTEGRAL FORMULAE

Q0 ∈ V (3), v0 ∈ V (Λ). KQ0 : V (Λ)→ C and Kv0 : V (3)→ C are called
discrete Cauchy kernels iff for all Q ∈ V (3), v ∈ V (Λ)

∂̄ΛKQ0(Q) = δQQ0

π

2area(FQ)
and ∂̄3Kv0(v) = δvv0

π

2area(Fv )
.

Discrete Cauchy formula: Let f : V (Λ)→ C discrete holomorphic.
Then for Cv0 contour on X surrounding v0:

f (v0) =
1

2πi

∮
Cv0

fKv0dz,
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1
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area(FQ)∂̄Λf (Q)Kv0(Q) = 0.

Felix Günther (TU Berlin) Discrete complex analysis June 2nd, 2014 14 / 22



DISCRETE CAUCHY’S INTEGRAL FORMULAE

Q0 ∈ V (3), v0 ∈ V (Λ). KQ0 : V (Λ)→ C and Kv0 : V (3)→ C are called
discrete Cauchy kernels iff for all Q ∈ V (3), v ∈ V (Λ)

∂̄ΛKQ0(Q) = δQQ0

π

2area(FQ)
and ∂̄3Kv0(v) = δvv0

π

2area(Fv )
.
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DISCRETE CAUCHY’S INTEGRAL FORMULA FOR ∂f
Let f : V (Λ)→ C discrete holomorphic, Q0 ∈ V (3).
Then, for any discrete contour CQ0 in X surrounding Q0 once in
counterclockwise order, that does not contain any edge inside Q0:

∂Λf (Q0) = − 1
2πi

∮
CQ0

f∂ΛKQ0dz.

Proof: Let D domain bounded by CQ0 . Since ∂̄ΛKQ0dz̄|CQ0
≡ 0,∫

CQ0

f∂ΛKQ0dz =

∫
CQ0

fdKQ0 =

∫∫
D

d(fdKQ0) =

∫∫
D

df ∧ dKQ0 .

df ∧ dKQ0 = 2∂Λf ∂̄ΛKQ0dz ∧ dz̄ = 0 except on FQ0 . Thus,

− 1
2πi

∮
CQ0

f∂ΛKQ0dz = − 1
πi

∫∫
FQ0

∂Λf ∂̄ΛKQ0dz ∧ dz̄ = ∂Λf (Q0).
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DISCRETE DIRICHLET ENERGY

Let 30 ⊂ 3 be finite. For f : V (Λ0)→ C, discrete Dirichlet energy is

E30(f ) := 〈df ,df 〉30 .

Let f0 : V (∂Λ0)→ R. Consider vector space of f : V (Λ0)→ C that
agree with f0 on the boundary.

Then, E30 is strictly convex non-negative quadratic functional in terms
of the interior values f (v). Furthermore,

−
∂E30(f )

∂f (v)
= 4area(Fv )4f (v).

⇒ Discrete Dirichlet boundary value problem uniquely solvable.
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−
∂E30(f )

∂f (v)
= 4area(Fv )4f (v).

⇒ Discrete Dirichlet boundary value problem uniquely solvable.

Felix Günther (TU Berlin) Discrete complex analysis June 2nd, 2014 16 / 22



DISCRETE DIRICHLET ENERGY

Let 30 ⊂ 3 be finite. For f : V (Λ0)→ C, discrete Dirichlet energy is

E30(f ) := 〈df ,df 〉30 .

Let f0 : V (∂Λ0)→ R. Consider vector space of f : V (Λ0)→ C that
agree with f0 on the boundary.

Then, E30 is strictly convex non-negative quadratic functional in terms
of the interior values f (v). Furthermore,

−
∂E30(f )

∂f (v)
= 4area(Fv )4f (v).

⇒ Discrete Dirichlet boundary value problem uniquely solvable.

Felix Günther (TU Berlin) Discrete complex analysis June 2nd, 2014 16 / 22



DISCRETE DIRICHLET ENERGY

Let 30 ⊂ 3 be finite. For f : V (Λ0)→ C, discrete Dirichlet energy is

E30(f ) := 〈df ,df 〉30 .

Let f0 : V (∂Λ0)→ R. Consider vector space of f : V (Λ0)→ C that
agree with f0 on the boundary.

Then, E30 is strictly convex non-negative quadratic functional in terms
of the interior values f (v). Furthermore,

−
∂E30(f )

∂f (v)
= 4area(Fv )4f (v).

⇒ Discrete Dirichlet boundary value problem uniquely solvable.

Felix Günther (TU Berlin) Discrete complex analysis June 2nd, 2014 16 / 22



LOCAL EXISTENCE OF DISCRETE CAUCHY’S KERNELS

Let 30 ⊂ 3 be a disk, BV number of (boundary) vertices of ∂Λ0.
Space of real discrete harmonic functions on V (Λ0) has dimension BV .

4 : CV (Λ0) → CV (Λ0\∂Λ0) is surjective.

∂3, ∂̄3 : CV (30) → CV (Λ0\∂Λ0) are surjective.

ker(∂̄3) ⊆ im(∂Λ) due to existence of discrete primitives.Thus,

∂Λ : CV (Λ0) → CV (30) is surjective.

Similar arguments apply for ∂̄Λ.
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ASYMPTOTICS FOR GENERAL QUAD-GRAPHS Λ

THEOREM

Assume that there exist constants α0,E1,E0 > 0, such that α ≥ α0 and
E1 ≥ e ≥ E0 for all angles α and side lengths e.
If f : V (Λ)→ C is discrete harmonic and f (v) = o(v−1/2), f is
essentially constant.

PROOF.
Idea: Compare the discrete Dirichlet energy of f with the function that
agrees with f on the boundary of a large disk and is zero in its
interior.
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ASYMPTOTICS FOR PARALLELOGRAM-GRAPHS Λ

THEOREM

Assume α ≥ α0 > 0 and e/e′ ≥ q0 > 0 for all angles α and two side
lengths e,e′ of a parallelogram. Let v0 ∈ V (Λ), Q0 ∈ V (3) fixed.

Then, there exist discrete Green’s functions G(·; v0) and discrete
Cauchy’s kernels K (·; v0) and K (·; Q0) such that

G(v ; v0) =
1

4π
log (|v − v0|/ |J(v , v0)|) + O

(
|v − v0|−2

)
,

G(v ; v0) =
γEuler + log(2)

2π
+

1
4π

log |(v − v0)J(v , v0)|+ O(4−2);

K (Q; v0) =
1

Q − v0
+
τ(Q, v0)

J(Q, v0)
+ O(|Q − v0|−2);

K (v ; Q0) =
1

v −Q0
+
τ(v ,Q0)

J(v ,Q0)
+ O

(
|v −Q0|−3

)
,

(∂ΛK (·; Q0))(Q) =
1

(Q −Q0)2 +
τ(Q,Q0)

J(Q,Q0)2 + O
(
|Q −Q0|−3

)
.
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DISCRETE RIEMANN SURFACES

THEOREM

Let Σ,Σ′ compact discrete Riemann surfaces of genera g,g′ and
f : V (Λ)→ V (Λ′) N-sheeted almost discrete holomorphic covering.

g = N(g′ − 1) + 1 + b/2,

where b =
∑

v∈V (Λ) bf (v) +
∑

Q∈V (3) bf (Q) total branching number.

Discrete meromorphic function f may have zeroes at V (Λ), and
poles or virtual double zeroes at V (3).

Discrete Abelian integral ω may have simple poles at V (Λ), and
zeroes or double poles at V (3).

THEOREM

Σ compact discrete Riemann surface of genus g, D admissible divisor.
Then, l(−D) = deg D − 2g + 2 + i(D).
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CAUCHY FORMULA FOR NON-MATHEMATICIANS

γ
0

c

f (0) =
1

2πi

∮
γ

f (z)

z
dz
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