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ABSTRACT. We construct compactifications of Riemannian locally sym-
metric spaces arising as quotients by Anosov representations. These
compactifications are modeled on generalized Satake compactifications
and, in certain cases, on maximal Satake compactifications. We deduce
that these Riemannian locally symmetric spaces are topologically tame,
i.e. homeomorphic to the interior of a compact manifold with bound-
ary. We also construct domains of discontinuity (not necessarily with a
compact quotient) in a much more general setting.

1. INTRODUCTION

Any discrete subgroup A of a semisimple (or reductive) Lie group G acts
properly discontinuously by isometries on the Riemannian symmetric space
X = G/K of G. The quotient space M = A\X is a Riemannian locally
symmetric orbifold, which is noncompact except if A is a uniform lattice in G.
When M has finite volume (i.e. A is a lattice), compactifications of M have
been well studied: see [BJ06] for an overview of various compactifications with
their properties and uses. When M has infinite volume, compactifications
of M have been mainly studied in the case that G has real rank one, i.e. that
X is a negatively curved manifold. In this case, compactifications of M have
been constructed for geometrically finite representations (see [Ji05, Prop. 3.5],
based on [AX04, Th.6.5]). Recently there has been a growing interest in
Zariski-dense subgroups of semisimple Lie groups, also of higher rank, which
are not lattices, i.e. for which M has infinite volume. However, when G has
higher real rank and A has infinite covolume, compactifications of M are not
well studied, and very little is known.

In this paper we construct compactifications of M when A is the image of
an Anosov representation. When G has real rank one, the images of Anosov
representations are exactly the convex cocompact subgroups; when G has
higher real rank, images of Anosov representations provide a meaningful
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generalization of convex cocompact subgroups [Lab06, GW12, KLPa, KLPb,
KLPc|.

Theorem 1.1. Let X = G/K be a Riemannian symmetric space, where G is
a noncompact real semisimple Lie group and K a maximal compact subgroup
of G. Let T be a word hyperbolic group and P a proper parabolic subgroup of G.
For any P-Anosov representation p € Hom([', G), the Riemannian locally
symmetric space p(I')\X admits a compactification which is an orbifold with
corners, locally modeled on a generalized Satake compactification of X .

We introduce generalized Satake compactifications in Appendix A (Def-
inition A.6). They provide a natural extension of the class of Satake com-
pactifications, which satisfies the functorial property that the closure of a
totally geodesic subsymmetric space ¥ C X in a generalized Satake com-
pactification of X is a generalized Satake compactification of Y. This is not
true for Satake compactifications. In Theorem 1.1 the generalized Satake
compactification dominates (i.e. admits a continuous G-equivariant map to)
the maximal Satake compactification of X.

For specific Anosov representations, we can improve Theorem 1.1 and con-
struct a compactification modeled on the maximal Satake compactification
of X.

Theorem 1.2. Let X = G/K be a Riemannian symmetric space where G is
a noncompact real semisimple Lie group. Then there exists a maximal proper
parabolic subgroup P of G such that for any word hyperbolic group I' and any
P-Anosov representation p : I' = G, the Riemannian locally symmetric space
p(DO\X admits a compactification which is an orbifold with corners, locally
modeled on the maximal Satake compactification of X.

For more precise statements, we refer to Theorem 5.6 in the case that G
is simple and Theorem 5.8 in the general case.

Remarks 1.3. (1) If P’ is a parabolic subgroup of G contained in P,
then any P’-Anosov representation p : I' — G is P-Anosov. In
particular, Theorem 1.2 applies to any P’-Anosov representation
with P" C P (for instance to any Ppin-Anosov representation where
Ppin is @ minimal parabolic subgroup of G).

(2) For Anosov representations p : I' — O(b) (resp. O(bc)) into the
orthogonal of a nondegenerate real (resp. complex) symmetric bilin-
ear form b (resp. bc), we actually construct compactifications of the
Riemannian locally symmetric spaces that are modeled on a mini-
mal Satake compactification: see Theorems 4.1 and 5.9 for precise
statements.

(3) In the preprint [KL|, Kapovich and Leeb construct, by a different
method, compactifications modeled on the maximal Satake compact-
ification for Riemannian locally symmetric spaces arising from any
Anosov representation. They also prove a converse statement: if a
subgroup A of G is uniformly 7,,,4-regular (a uniform version of the
notion of Py-divergence to be found below in Section 3.1) and if the
locally symmetric space A\ X admits a compactification modeled on
the maximal Satake compactification of X, then the group A is word
hyperbolic and the inclusion of A in G is Py-Anosov.
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The compactifications of M = A\ X that we construct in Theorems 1.1 and
1.2 and their refinements (Theorems 4.1, 5.6, 5.8, and 5.9) are all obtained
by considering a Satake or generalized Satake compactification X of X, and
removing from it a bad set N, determined by the dynamical properties of
sequences of elements of A, such that the action of A on X \ A is properly
discontinuous. The idea of describing N in terms of dynamics of sequences
is inspired by [Fra05].

In Theorem 5.4 we define a bad set A/ in a compactification X and obtain
a properly discontinuous action on X ~\ N for any discrete subgroup A of G.
This yields a manifold with corners containing A\ X as a dense subset.

For Anosov representations, the compactification X and the bad set N can
be chosen in such a way that the quotient A\ (X~ ) is compact, providing a
genuine compactification of M = A\ X. Let us emphasize that the topology
on X \ N is induced by the inclusion into X. This is in contrast to the
situation of Satake compactifications of Riemannian locally symmetric spaces
of finite volume, where one takes the union of X with a subset of X\ X, but
changes the topology on the union. A combination of these two strategies
might provide an approach to compactify Riemannian locally symmetric
spaces of infinite volume that do not arise from Anosov representations, but
from more general discrete subgroups.

We apply our construction of compactifications to prove topogical tame-
ness.

Theorem 1.4. Let X = G/K be a Riemannian symmetric space, where
G is a noncompact real semisimple Lie group and K a maximal compact
subgroup of G. Let ' be a torsion-free word hyperbolic group and P a proper
parabolic subgroup of G. For any P-Anosov representation p € Hom(T', G),
the Riemannian locally symmetric space p(T)\G/K is topologically tame, i.e.
homeomorphic to the interior of a compact manifold with boundary.

Organization of the paper. In Section 2 we introduce some notation and
recall some basic facts on semisimple Lie groups and their parabolic subgroups.
In Section 3 we recall the notions of limit set and Anosov representation, and
establish some useful properties. In Section 4 we prove Theorem 4.1, which
gives compactifications modeled on minimal Satake compactifications for
orthogonal groups. From this, in Section 5, we deduce Theorems 1.1 and 1.2
in full generality as well as Theorem 1.4; compactifications for complex
orthogonal groups (Theorem 5.9) are also discussed. In Appendix A we give
a description of Satake compactifications and a few properties of generalized
Satake compactifications.

Acknowledgements. We are grateful to Lizhen Ji for his interest in this
work and for motivating discussions about it. We thank Misha Kapovich and
Bernhard Leeb for pointing out a mistake in a previous version of the paper.

2. BACKGROUND ON LIE GROUPS AND THEIR PARABOLIC SUBGROUPS

In this section we recall some basic facts on the structure of real reductive
Lie groups and their parabolic subgroups.
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Let G be a real reductive Lie group with Lie algebra g. In the whole
paper, we assume G to be noncompact, equal to a finite union of connected
components (for the real topology) of G(R) for some algebraic group G.

2.1. Restricted roots. Let K be a maximal compact subgroup of G, with
Lie algebra £, and let a be a maximal abelian subspace of the orthogonal
complement of ¢ in g for the Killing form . The real rank of G is by definition
the dimension of a. Let 3 be the set of restricted roots of a in g, i.e. the set
of nonzero linear forms a € a* for which
go:={z€g]ad(a)(2) ={x,a)z Vac€a}
is nonzero. (We denote by (-, -) : a* x a — R the natural pairing.) Let A C ¥
be a system of simple restricted roots, i.e. any element of ¥ is expressed
uniquely as a linear combination of elements of A with coefficients all of the
same sign. Let
it ={YVea|(a,Y)>0 VacA}

be the closed positive Weyl chamber of a associated with A. The restricted
Weyl group of a in g is the group W = Ng(a)/Zk(a), where Ng(a) (resp.
Zk(a)) is the normalizer (resp. centralizer) of a in K. There is a unique
element wy € W such that wy - (—a™) = at; the involution of a defined by

Y — —wq - Y is called the opposition involution. The corresponding dual
linear map preserves A; we shall denote it by

(2.1) at — a*
a— o= —wg-a.
2.2. Cartan decomposition. Recall that G admits the Cartan decomposi-
tion G = K exp(at)K: any g € G may be written
(2:2) g = kgagly

for some kg, ¢, € K and a unique a, in exp(a’) (see [Hel01, Ch.IX, Th. 1.1]).
Setting ;(g) = logay defines a proper, continuous, surjective map

p: G—a’
called the Cartan projection, inducing a homeomorphism K\G/K ~a*. The

pair (kg,{4) is not unique, but is determined uniquely up to the action of the
centralizer of u(g) in K.

2.3. Parabolic subgroups, flag varieties and transversality. Let X1 C
Y. be the set of positive restricted roots with respect to A, i.e. restricted
roots that are nonnegative linear combinations of elements of A. For any
nonempty subset # C A, we denote by Py the normalizer in G of the Lie

algebra ug = P e+ span(A~0) Ja- Explicitly,
Lie(Pp) =ps=00® P sa® P o0
aext aeXtNspan(A~0)

In particular, Py = G and Pa is a minimal parabolic subgroup of G.! Any
parabolic subgroup of G is conjugate to Py for some 6 C A.

IThis is the same convention as in [GGKWa, GGKWb], but the opposite convention
to [GW12].
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The standard opposite parabolic subgroup to Fy is the normalizer P, of
u, = @anJr\span(A\@) g—o- Note that P, is conjugate to Pp«. We shall
consider the flag varieties

Fy ={P C G| P is conjugate to Py} ~ G/ Py,
Fo» = {P C G | P is conjugate to P, } ~ G/P, ~ G /Pp-.

Definition 2.1. A pair (P,Q) € Fy x Fy« of parabolic subgroups of G is
called transverse if PN @ is a reductive Lie group, or equivalently if (P, Q)
is conjugate to (Py, P, ) under the diagonal action of G.

2.4. Example: general linear groups. Let G = GLr(V), where V is a
real vector space of dimension n. We may fix a basis (e1,...,e,) of V and
take K to be O(n) and a to be the space of diagonal matrices in that basis:

a={diag(A1,..., A\n) | A1,..., Ay € R}

Let (e1,...,&,) be the standard basis of a*, i.e. (g;,diag(A1,...,\p)) = N
for all i. The root system is
Y={e—¢gj|i#j, 1<i,j<n}
A system of simple roots is
A:{az\lgzgn—l},
where «; := ¢; — ¢;41. The opposition involution switches a; and ay,—;.

The parabolic subgroup P(,,) will be denoted Pj; it is the stabilizer in
GLR(V) of the subspace Re; @ --- @ Re; of V. The flag variety Fi,,, =
GLRr(V)/P; identifies with the Grassmannian Gr;(V) ~ Gr,—;(V*). In
particular, Fy,,) identifies with the projective space P(V) and Flan-1}
with the projective dual space P(V*). The notion of transversality on
Gr; (V) x Grp—;(V) from Definition 2.1 is the natural one: a pair (W;, W,,_;)
is transverse if and only if W; & W,,_; = V.

2.5. Example: indefinite orthogonal groups. Let b be a nondegenerate
bilinear symmetric form of signature (p, ¢) on a real vector space V. Suppose
that (p,q) # (1,1) and that p > g > 0 (the case ¢ > p > 0 is similar). Let G
be the orthogonal group O(b). There is a basis (e1, ..., ep1q) of V such that
for any z = > P 2ie; and y = S0 yiey,
q P
b(x,y) =D (Tiprg—it1 T Tprg-iv1¥i) + D Titi.

i=1 i=q+1
We may take K = O(p + ¢) N G, which is isomorphic to O(p) x O(q), and
a = {diag(M ..o Ay 0,0y 0, =Agevs—A1) | Atenty Ag € RY.
Let (e1,...,&q) be the standard basis of a*, i.e.
(ei,diag( A1, ..., A, 0,00, =X, ..., = A1) = A

for all 4. The restricted root system is
Y={teite|1<i<j<qtU{Fe |1 <i<q}ifp>q (type By),
Y={teite|1<i<j<p}ifp=q (type Dp).
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A system of simple restricted roots is A = {a1,...,aq} where a; = ; — €41
for1<i<qg—1and
€ ifp>gq
2.3 = a i ’
( ) Qg { Eq—1 + Eq 1fp =q.

The opposition involution fixes the simple root a; = €1 — €5. The parabolic
subgroup Py,,} = Pfs,3+ will be denoted Pi(b); it is the stabilizer in O(b)
of the line Re;. The opposite parabolic subgroup P{_al} is the stabilizer of
Reptq. The flag variety Fy,,3 = O(b)/P1(b) identifies with the space of
b-isotropic lines in V' (a closed subset of P(V)) and will be denoted Fi(b).
A pair (¢, ¢) of elements of JF(b) is transverse if and only if ¢+ + ¢ = V.

Suppose p > g. For 1 < < g, the parabolic subgroup Py} will be denoted
P;(b); it is the stabilizer in O(b) of Re; & --- @ Re;. It is conjugate to its
opposite, P{_a e which is the stabilizer of Repqq—it1 ® - ® Reptq. The flag
variety F;(b) = O(b)/P;(b) is the space of b-isotropic i-dimensional subspaces
of V. A pair (W, W’) in F;(b) is transverse in the sense of Definition 2.1 if
and only if Who + W/ =V,

Suppose p = ¢q. For 1 < i < p—1 we denote again by P;(b) the stabilizer in
O(b) of the b-isotropic i-dimensional subspace Re; @ -- @ Re;. Fori < p—1,
Pi(b) is Ppo,y and Pp_1(b) is Plq,_,.q,}- For any i < p, P;(b) is conjugate
to its opposite. The corresponding homogenous space F;(b) is the space of
b-isotropic i-planes of V. Transversality is as above. The parabolic subgroups
Py, 1y and P, ) can be viewed as stabilizers of isotropic p-planes; they are
always conjugate under an element of O(b). The opposition involution fixes
ap—1 and a, if p is even and exchanges them if p is odd.

3. DIVERGENCE AND ANOSOV REPRESENTATIONS

In this section we recall the notion of limit set in a broad setting, as well
as the definition of Anosov representations, and establish some properties
of Anosov representations that will be used later in the paper. We continue
with the notation of Section 2.

3.1. Py-divergence and limit sets. Let § C A be a nonempty subset of
the simple restricted roots of the noncompact real reductive Lie group G. As
in [GGKWa, §5|, we define a map =Zy : G — Fy as follows: for any g € G,
we choose kg, {; € K such that g = kg exp(u(g))¢y, and set

(3.1) Zo(9) =ky- Py € Fgp=G/Py.

This does not depend on the choice of kg4, £, as soon as (c, u(g)) > 0 for all
a € 6 (see [Hel01, Ch.IX, Cor.1.2]). We adopt the following terminology.
Definition 3.1. A sequence (g,) € GN is Py-divergent if for any o € 0,

lim_(a, pu(gn)) = +oo.

n—-+4oo

Definition 3.2. Let A be a discrete subgroup of G. Let § C A be a nonempty
subset such that A admits a Py-divergent sequence. The limit set EZJ\:G of A
in Fy is the set of all limits in Fy of sequences (Zg(7n))nen Where (7,,) € AN
is Pp-divergent.
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By [Ben97, §3.2|, if A is Zariski-dense in G, then A contains #-prozimal
elements, i.e. elements with a unique attracting fixed point in Fy, and [,f@
is the closure of the set of attracting fixed points of these elements.

Definition 3.3. Let I' be a discrete group. A representation p : I' = G
is Py-divergent if all sequences of pairwise distinct elements in p(T") are Py-
divergent; equivalently, for any a € 6, limy_,o(a, pu(p(7))) = 400, i.e. for
any M > 0 the set {y € T'| (o, u(p(7))) < M} is finite.

If p: T' = G is Py-divergent, then it has finite kernel and discrete image.

Remarks 3.4. (1) A particular case of Definition 3.3 was used in [GW12,
§7.2]. The definition is equivalent to the notion of weakly To4-
regular subgroup of [KLPb, Def.5.6] where 7,,,q is the facet at N
Nacap Ker(a) of at.

(2) The equality (o, u(g)) = {(a*, u(g=1)) for all @ € A and g € G implies
that a representation p : I' — G is Py-divergent if and only if it is
Pyg«-divergent.

(3) If g = kgexp(u(g))ly with kg, €y € K, then Eg(g~") = £, - Py, and
Z9(g~') does not depend on the choices as soon as (a, u(g)) > 0 for
all & € 0*. Therefore, if a sequence (7, )nen of AN is Py.-divergent
and if the sequence (Zg(7;,,!))nen converges, then its limit belongs
to the limit set £f".

3.2. Anosov representations. We now suppose that I' is word hyperbolic
and denote by O its boundary at infinity. The following definition of
Anosov representations is not the original one from [Lab06, GW12|, but an
equivalent one taken from [GGKWal.

Definition 3.5. Let I' be a word hyperbolic group. A representation p :
I' - G is Py-Anosov if it is Py-divergent and there exist continuous, p-
equivariant maps £t : OsI' = Fy and £~ : 9" — Fy+ that are transverse
and dynamics-preserving,.

By dynamics-preserving we mean that if 5 is the attracting fixed point of
some element v € T' in 5[, then £1(n) (resp. £ (n)) is an attracting fixed
point of p(7) in Fy (resp. Fy«). By transverse we mean that pairs of distinct
points in d,I" are sent to transverse pairs in Fy x Fp» (Definition 2.1).

The maps £ and £ are unique, entirely determined by p. The set of
Py-Anosov representations is open in Hom(I', G) [Lab06, GW12].

Remarks 3.6. (1) By Remark 3.4.(2) (see also [GW12, Lem. 3.18]), the
representation p : I' = G is Py-Anosov if and only if it is Py_g«-Anosov.

(2) When 0 = 6*, the two flags varieties Fy and Fy« coincide and the two
boundary maps £+ and £~ of a Py-Anosov representation are equal.

Ezxample 3.7. Let G = GLr (V) and 6 = {«a;} = {¢; — €i4+1}. The boundary
maps of a P;-Anosov representation p : I' = G are a pair of continuous maps
&= §+ : Ol — GI‘Z(V) and &, =& : 0l — Grn_Z(V)

such that &(n) @ &,—i(n') =V for all n # 1’ in 05T, and such that for any
v € I' with attracting fixed point 7 in 05", the element p(7) has attracting
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fixed points &;(n) in Gr;(V) and &,—i(n) in Gr,—;(V). Here Py-divergence
means

lim (g; — g1, u(p(7))) = +oo.

Y—0o0

Ezample 3.8. Let G = O(b) be the orthogonal group of a symmetric bilinear
form of signature (p,q) on a real vector space V, where p,q € N* and
(p,q) # (1,1). Let 8 = {a;} = 6* where 1 < i < min(p,q); if p = g,
we assume ¢ # p and 0 = {ap_1,0p} when i = p — 1 (see (2.3)). By
Remark 3.6.(2), for a P;(b)-Anosov representation p : I' — G there is just one
continuous p-equivariant boundary map & : 0" — F;(b). It is dynamics-
preserving and satisfies £(n)** @ &(n') = V for all n # 7/ in OxI'. Here
Py-divergence means

lim (o, p(p(7))) = +oo.

y—00

If p=gqgand i =p—1, then the limit lim, o (ap, u(p(7y))) = 400 is also
part of Py-divergence.

For general G and 6, we shall use the following description of the limit set.

Lemma 3.9. [GGKWa, Th.5.2| If a representation p: I' — G is Pyp-Anosov
with boundary map &1 : 01" — Fp, then ﬁ;?r) = £ (0s]).

3.3. #-compatibility. We shall use the following terminology from [GGKWal|.

Definition 3.10. Let V be a finite-dimensional real vector space and 6§ C A
a nonempty subset of the simple restricted roots of G. An irreducible repre-
sentation 7 : G — GLR (V') with highest weight x, is 8-compatible if

{a e Al (xr,a) >0} =0.
The following proposition was proved in [GGKWa] for i = 1.

Proposition 3.11. Let (1,V) be an irreducible, 0-compatible linear repre-
sentation of G over R. Let VX7 be the weight space corresponding to the
highest weight, let i =: dimg(VX7) < n =: dimr(V), and let V., be the
sum of all the other weight spaces of T.

(1) For any discrete group T' and any representation p: T' — G,

p:T'— G is Py-divergent <= 7o p:I' = GLr(V) is P;-divergent.
(2) For any word hyperbolic group T' and any representation p : T' — G,
p:T'— G is Py-Anosov <= 1op:T' = GLr(V) is P;-Anosov.

In this case, the boundary maps £ : 0sI' = G /Py and £~ : 91" — G/ P,
of p and the boundary maps & : sl = Gry(V) and & : Ol = Gry—i(V)
of Top are related as follows: for anyn € T, if (€7 (), (n)) = (9Py, 9P, )
where g € G, then (&(n), &n—i(n)) = (T(9)VX7, 7(9)Vay,)-

Proof. Identical to the proof of [GGKWa, Prop.4.6 & 4.8|: one just needs
to replace [GGKWa, Lem. 4.10.(3)] with the fact (following from [GGKWa,
Lem. 4.10.(1)&(2)|) that for any g € G,

(i, paLp(v)(T(9))) = gleigm, nG(9))- O

The following result is an easy consequence of Proposition 3.11 with ¢ = 1;
we shall use it to reduce to the group O(b) in the proof of Theorem 1.1.
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Proposition 3.12 (|GGKWa, Lem. 4.10, Prop.6.7 & Rem.6.9]). Let 6 C A
be a nonempty subset of the simple restricted roots of the reductive group G.
Then there exist a nondegenerate symmetric bilinear form b on a real vector
space V' and a homomorphism 7 : G — O(b) with the following properties:

(1) For any discrete group T' and any representation p: I' — G,

p: T —= G is Py-divergent <= 1o p: ' — O(b) is P1(b)-divergent.
(2) For any word hyperbolic group T' and any representation p: I’ — G,
p: T —= G is Pyp-Anosov <= 1op:T'— O(b) is Py(b)-Anosov.

There are infinitely many such triples (p, ¢, 7), see [GGKWal.

Lemma 3.13. Let b be a nondegenerate symmetric bilinear form of signature
(p,q) on a real vector space V, where p,q € N* and (p,q) # (1,1). Let
1 <i<min(p,q), withi <p ifp=gq. Let v : O(b) — GLr (V) be the natural
inclusion.
(1) For any discrete group I' and any representation p : IT' — O(b),
p:T'— O(b) is Pi(b)-divergent <= 7o p:I' = GLr(V) is P;-divergent.
(2) For any word hyperbolic group I' and any representation p : I' — O(b),
p:T'— O() is Pi(b)-Anosov <= T1op:I' = GLr(V) is P;-Anosov.

Proof. The action of O(b) on the exterior product A*V is irreducible and
a;-compatible, and the highest weight space has dimension 1. By Proposi-
tion 3.11, the representation p is P;(b)-divergent (resp. P;(b)-Anosov) if and
only if A"p: T = GLr(A'V) is Pi-divergent (resp. P;-Anosov). The same
proposition, applied to the linear representation GLgr(V) — GLr(A'V),
implies that ¢ o p is Pj-divergent (resp. P;-Anosov) if and only if /\Z p: T —
GLR(A'V) is Pi-divergent (resp. Pi-Anosov). The lemma follows. O

3.4. The adjoint representation. For a noncompact semisimple Lie group G,
recall that the Killing form k of the Lie algebra g is a nondegenerate indefinite
symmetric bilinear form on g. Let Ad : G — O(k) C GLgr(g) be the adjoint
representation. The highest restricted weight yg € X% of Ad is called the
highest restricted root. In the case that G is simple, we prove the following.

Proposition 3.14. Let G be a real simple Lie group.
(1) There exists a simple restricted root ag € A such that Ad : G —
GLRr(g) is {ag, af}-compatible (Definition 3.10), i.e.

{a € Al (xa, @) >0} ={ag, ag}
where xg € X7 is the highest restricted root. Moreover, ag = ag, unless the
restricted root system X is of type A,.
Let d be the real dimension of the root space g, .
(2) For any discrete group I' and any representation p : I' — G,

p: T = G is Prygy-divergent <= Adop: T'— O(k) is Py(k)-divergent.
(3) For any word hyperbolic group T' and any representation p : T' — G,
p:T = G is Py y-Anosov <= Adop: T — O(k) is Py(k)-Anosov.

In this case the boundary map & : Oxo ' — G/P{aa,ag} of p and the boundary
map &g : Oocl' — Fa(k) of Ad o p are related as follows: for any n € OxT, if

En) = 9 Plag.ae) where g € G, then &(n) = Ad(g) - gy
Table 1 gives the simple root ay and the highest weight x for the various
restricted root systems, see [Hel0O1, Ch. X, Th. 3.28].
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Type | ag XG

Ay aq €l —ényl=Q1+ -+ an

B, | as €1+ e =0a1+2a2 + -+ 205
Ch o1 261 =200 4 - + 2091 + Oy

BCn (03] 281 :2a1+---—|—2an

Dyp | s | e1+ea=a1 4200+ +2ap 2+ an-1+ay
FEg Qy a1 + 200 + 2a3 + 3oy + 205 + ag
E~ Qg 201 4+ 2a9 + 3ag + 4ay + 3as + 204 + a7
Eyg a7 | 2aq + 3o + 4ag + 6ay + das + dag + 3ar + 2ag
Fy o1 201 + 3o + das + 204
Go | 1 31 + 20

TABLE 1. The simple root ag and the highest root yg ac-
cording to the Dynkin diagram of the restricted root system

Proof. The set {a € A | (xg, @) > 0} is the set of simple roots connected
to the added node in the extended Dynkin diagram. The result is thus a
consequence of the classification of those diagrams, see e.g. [Bou68, Ch. VI,
§4, no.3]. Since Ad is selfdual, x5 = x¢ and (o, xg) # 0 if and only if
(o*, xa) # 0. This proves (1).

Let I' be a discrete (resp. word hyperbolic) group and p : I' - G a
representation. Proposition 3.11 implies that p is P, -divergent (resp.
P(q;y-Anosov) if and only if Adop : T' — GLRr(g) is Ps-divergent (resp.
Pj-Anosov). On the other hand, Lemma 3.13 implies that Adop: I' — O(k)
is Py(r)-divergent (resp. P;(k)-Anosov) if and only if Adop: I' — GLgr(g)
is Py-divergent (resp. Pz-Anosov). This proves (2) and (3). O

4. COMPACTIFYING RIEMANNIAN LOCALLY SYMMETRIC SPACES: THE
CASE OF ORTHOGONAL GROUPS

In this section we construct a compactification for Riemannian locally
symmetric spaces arising from P (b)-Anosov representations into O(b).

For a nondegenerate symmetric bilinear form b of signature (p,q) on a
real vector space V, the Riemannian symmetric space X3 of O(b) admits a
realization as an open subset in the Grassmannian Gry(V'), namely as the set
of W € Gry(V) such that the restriction of b to W x W is negative definite.
Its closure

(4.1) X, = {W € Gry(V) | blz,z) <0 Yz e W}

in Gry(V) is a compactification of X;. This compactification is isomorphic
to a minimal Satake compactification of X if p > ¢ (see Section A.3), and
a generalized Satake compactification if p = ¢ (see Section A.4). The main
result that we prove in this section is the following.

Theorem 4.1. Let b be a nondegenerate symmetric bilinear form of signature
(p,q) on a real vector space V, where p,q € N* and (p,q) # (1,1),(2,2). Let
T be a word hyperbolic group and p : T' — O(b) a Py(b)-Anosov representation
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with boundary map § : Do’ — Fi1(b). Let

Ny= | (WeXy|ém cw).

NEDs

Then the action of T via p on Q = Xy, \ N, is properly discontinuous and
cocompact. The set  contains the Riemannian symmetric space X and
p(D\Q is a compactification of p(I')\ Xp.

Properness will be proved in Section 4.2 and cocompactness in Section 4.3.

4.1. Nonpositive quadratic spaces. We establish the following elemen-
tary lemma, used later in the proof of Theorem 4.1. We denote by

Ker(b) ={y € V | b(z,y) =0 Yz €V}
the kernel of a symmetric bilinear form b on a real vector space V.

Lemma 4.2. Let b be a nondegenerate symmetric bilinear form of signature
(p,q) on a real vector space V. Let W € Grq(V) satisfy b(xz,xz) < 0 for all
zeW.

(1) If y € W satisfies b(y,y) = 0, then y € Ker(blwxw). Conversely, if
y € V satisfies b(y,y) =0 and b(x,y) =0 for allx € W, then y € W.

(2) For any b-isotropic subspace L of V,

LOW # {0} <= W+ LY £V, and
LCW < W C L.

Proof of Lemma 4.2. (1) If y € W satisfies b(y,y) = 0, then b(z,y) = 0 for
all x € W, otherwise we would have b(z +ty, x +ty) = b(x, x) + 2tb(x,y) > 0
for certain values of t € R.

Conversely, let y € V satisfy b(y,y) = 0 and b(z,y) = 0 for all x € W.
Let ¢ = Ry C V. The projection Z of W to £ /¢ is a nonpositive subspace
in a vector space equipped with a nondegenerate symmetric bilinear form
of signature (p — 1,q — 1). Such a subspace Z has trivial intersection with
any (p — 1)-dimensional positive subspace, hence dimg(Z) < ¢ — 1. Since
dimg (W) = ¢, we deduce £ C W and y € W.

(2) Suppose LNW = {0} and let y be non zero in LNW. Then W C y*
by (1). As L is isotropic, L' C y'*, and one gets W + Lt C y'* and
W+ Lt £V,

Conversely, suppose W+L1 % V. Let H C V be a hyperplane containing
W and L+ and y € V such that y* = H. By duality y € L and y is isotropic.
By (1) we have y € W, hence y € WN L and W N L # {0}. The equivalence
LCW < W C L* follows from (1) as well. O

4.2. Proper discontinuity. Properness in Theorem 4.1 is an immediate
consequence of Lemma 3.9 and of the following proposition with ¢ = 1. We
refer to Definitions 3.2 and 3.3 for the notions of limit set and divergent
representation, and to Section 2.5 and Example 3.8 for the assumptions on .

Proposition 4.3. Let b be a nondegenerate symmetric bilinear form of sig-
nature (p,q) on a real vector space V', where p,q € N* and (p,q) # (1,1).
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Let 1 < i < min(p,q); if p = q, assume that i < p. Let T be a discrete group
and p: T'— O(b) a P;(b)-divergent representation. Let

wi= | {(WeX|LnW #{0}},
Fi(b)

LeL, )

where £;:(il£l)7) C Fi(b) is the limit set of p(T'). Then Xy~ W}, contains Xy and

the action of T' on Xp Wz s properly discontinuous.
In fact we prove the following very general statement.

Proposition 4.4. Let b be a nondegenerate symmetric bilinear form of sig-
nature (p,q) on a real vector space V, where p,q € N* and p # q. Let T be a
discrete group and p : T'— O(b) any representation with discrete image and
finite kernel. Let

Wo=) U {(WeX|Lnw#{0}},

i€ly permi®

where I, C {1,...,min(p, q)} is the set of integers i such that (a;, p(p(T)))

is unbounded, and E;&S?) C Fi(b) is the limit set of p(T'). Then Xy ~ W,

contains Xy and the action of T' on X, ~ W, is properly discontinuous.

Remarks 4.5. (1) Proposition 4.4 provides a bordification of A\ X} locally
modeled on X}, for any discrete subgroup A of O(b). From this we
deduce a bordification of A\G/K as a manifold with corners for any
discrete subgroup A of any semisimple Lie group G (Theorem 5.4).

(2) In [KL], bordifications are constructed, by a different method, for dis-
crete subgroups I' of a simple group G that are uniformly T,,0q4-reqular
for some facet T,0q of ™. If we write Tyoq = a' N acawg Ker(a)
for some nonempty 6 C A, then these are the discrete subgroups I'
of G for which there exist ¢, C' > 0 such that for any o € 6 and any
yel,

(a, p(7)) = ellp(NI = C,
where || - || is a fixed norm on a. In other words, I" is Py-divergent
with a linear rate of divergence.

Recall that two points z and 2’ of X are said to be dynamically related
if there exist a sequence (z,)nen in XN converging to = and a sequence
(Yn)nen € TN going to infinity (i.e. leaving every finite subset of I') such
that the sequence (v, - Tn)neNn converges to x’. Propositions 4.3 and 4.4
are immediate consequences of the following classical dynamical criterion for
properness (see e.g. [Fra05| for a proof) and of the following lemma.

Criterion 4.6. A group I' acts properly discontinuously on a Hausdorff
topological space X if and only if no pairs of points of X are dynamically
related.

Lemma 4.7. In the setting of Proposition 4.3, consider an arbitrary sequence
(Wn)nen € (Xp W};)N converging to some W € Xy \ W, and an arbitrary
P;(b)-divergent sequence (p(7n))nen € I'N such that (W) = p(vn) - Wa)neN
converges to some W' € Gry(V). Then W' e Wj.
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Proof of Lemma 4.7. We write p(vn) = knantn, € Kexp(@)K. Up to ex-
tracting, we can assume that the sequences (ky)nen and (€,)neN converge
to some ks, loo € K, respectively. By Definition 3.2 of the limit set (see
Section 2.5 and Remark 3.4.(3)),

Ti=keo - (Re1 @ - @Re;) and L =L (Reprgir1 @ @ Repiy)

belong to the limit set £ The assumption WNL™ = {0} and Lemma 4.2

p(I)
imply that W is not contained in (L™)* = ¢} (Rej41 @ - ® Repyq). This
means that there exist woo € W and cq,...,¢p14 € R such that

p+q

oo * Woo = E cje;,
=1

and (ci,...,¢;) # 0. There is a sequence (wp)nen € VN converging to wee
such that w, € W, for all n. The sequence (¢, - wy, )peN converges to oo - Weo-
We write ¢, - w,, = ]J’Jrg ¢jnej, thus lim, ¢, = ¢; for any j € {1,...,p+q}.

For n € N, let r, be the inverse of the FEuclidean norm of the vector
(e<€j’10g“"> ¢jn)j=1,. i € R\ Set dj,, ==, elesrlogan) ¢jn, for j € {1,...,4}
and n € N. Up to extracting a subsequence, the sequence of i-tuples
(din,- -, din)nen converges to some (dy,...,d;) of norm 1 in R*. Consider
Jo € {1,...,i} such that ¢j, # 0, the sequence

. d;
(TTL €<5J()710g a’ﬂ>) eN — (M)
n Cjo,n / nEN

converges to dj,/cj, and is thus bounded. This implies that for every j > i
the sequence (ry, eleslogan) Cjn)neN converges to zero since

Tn e<aj710g a’n> C:

i = Tn €<Ej0710g a'n> Cj,n 6_<5j0 _EjalOg an)

<r, €<sj0,logan> Cin e—(azi,logan)7

which converges to 0 by P;-divergence of (p(7n))neN-
We claim that the sequence (v,)pen defined by

U = Tn p(Yn) - Wy, € W;L, for all n € N,
converges t0 Voo = koo - (d1€1 + -+ + d;e;) € LT. Indeed,
p+q
k;l “Up, = Tnnln - Wy = Z TnCjmn Qn - €
j=1
p+q

—E rnc]neeﬂ’log“” ej — E dje;.
n—o0

By the convergence of (W )neN to W', vy belongs to W’ as well. Hence W’
has nontrivial intersection with LT and belongs to W; O

Proof of Proposition 4.4. Apply Criterion 4.6 and Lemma 4.7, using the fact
that if p : I' — G is discrete with finite kernel, then for any sequence
(Yn)nen € TN going to infinity, up to passing to a subsequence, there exists
i such that (p(vn))neN is Pq,}-divergent (by properness of the map p). [0
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4.3. Compactness. We now restrict to a special class of divergent repre-
sentations, namely Anosov representations (Definition 3.5). Compactness of
p(I)\Q in Theorem 4.1 is a consequence of the following general result.

Lemma 4.8. Let b be a nondegenerate symmetric bilinear form of signature
(p,q) on a real vector space V, where p,q € N* and (p,q) # (1,1). Let
1 <4 <min(p,q); if p = q, assume that i < p — 1. For any word hyperbolic
group T' and any P;(b)-Anosov representation p : T' — O(b) with boundary
map & : Ol — Fi(b), let

Vo= U {(WeXl&mcwh.
NEJo

Then the action of T' on Xj NV, is cocompact.

Lemma 4.8 itself is a direct consequence of Lemma 3.13.(2), of the fact
that Xj, C Gry(V) is closed, and of the following statement.

Lemma 4.9. Let V' be a real vector space of dimensionn, let1 < i< qg<n-—1
be two integers, and let p: I' — GLR (V') be a P;-Anosov representation with
boundary maps & : Osol' = Griy(V) and &,—; : O’ — Gry,—i(V). Let

B,= |J {WeGr(V)|&n cwl.
NEJso '

Then the action of T' on Grg(V) N\ B, is cocompact.

The rest of this section is devoted to proving Lemma 4.9. Let us first
introduce some notation. In a metric space (X, dx) the distance from a point
to a set will be denoted by distx and the Hausdorff distances by Hdistyx. For
lines L, L' € P(V) with respective direction vectors v and v, we set

dpvy (L, L") := |sin £(v,0)|.
For W, W' € Gry(V), we set
e, (vy (W, W') = Hdistpy (P(W), P(W')).
For L € P(V), we set
Kp:={W eGr,(V)|LCcW}.

Note that KCg.;, = g - Ky, for all g € GLr(V). The following identity is easily
established:

(4.2) distay, (v) (W, Kr) = distp(v) (L, P(W)).
The following result is a consequence of estimates established in [GGKWa).

Proposition 4.10. Let V' be a real vector space of dimension n, let p: ' —
GLRr (V) be a Pi-Anosov representation with boundary map & : Oscl' —
P(V), and let 1 < q <n—1. Then for any n € OsI' and any ¢ > 1, there
ezist v € I' and an open subset U of Gry(V') containing K¢, (,)y such that

distar, vy (0(7) - W, p(7) - K1) > ediste, (1) (W, Kr)
for allW € U and L € P(V) with K, C U.
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Proof of Proposition 4.10. Let (e1,...,e,) be a basis of V so that G =
GLR(V) admits a Cartan decomposition G = K exp(a@")K as in Example 2.4.
Fix n € 0oI" and let (7,,)nen be a quasigeodesic ray in I' converging to n. For
any n € N we write p(y,) = knanl, € Kexp(@)K. Let zo = Re; € P(V).
By [GGKWa, Th.1.3.(1)=-(4) & Th.5.1.(1)],
&1(n) = lim ky, - xo.
n—oo

By [GGKWa, §5.4.1] (see the proof of Prop.5.11 of [GGKWa|, establishing
(5.8) in Lem. 5.12), there exist 6 > 0 and N € N such that for all n > N,

lim sup dp (v (aco, (a;lk‘glkzwrman) . .’E[)) <1-4.
m—00

Since ay, - £9 = T and since the metric dp(y) is invariant under (e K, we
deduce that

dp(vy (£," o, plym) ™" - €1(n)) <16
for all n > N. We set

L{n = {W S Grq(V) | diStP(V) (&;1 . CC(],P(W)) <1-— 5} .

By (4.2), for any L € P(V) we have
5

(4.3) K cu, <— dP(V)(ﬁy_Ll . $0,L) <1l-— 5

Therefore, ICy,,)-1.6,(y) C Un for all n > N. To conclude the proof, it is
enough to establish the following.

Claim 4.11. For any c > 1, there exists n. € N such that for alln > n., all
W e U, and all L € P(V) with K, C Uy,

(4.4) dist,, vy (W, Kr) > edistar, (1) (p(7n) - W, p(n) - KL).-

Indeed, Proposition 4.10 follows from Claim 4.11 by setting v = v, and
U = p(n) - Up, for n > max(N,n.).

We now prove Claim 4.11. It is a consequence of the following two elemen-
tary estimates:

(a) There exist e, M > 0 such that for any L' € P(V) and W’ € Gry(V), if
dP(V) (.%'(), L/) <1l- 5/2, then

diStP(V) (LI, P(W’) N Ep(v) (0,1 — 6)) < Mdistp(v) (L/, P(W’))
(b) For any € > 0 and ¢ > 0, there exists n. such that a"‘ﬁp(v)(xo,l—e) is

c’-contracting for all n > n, .

Indeed, fix ¢ > 1. Forn > N, consider W € U,, and L € P(V') with Ky C U,,.
Set W' = £, - W and L' = 4, - L. By (4.3), we have dp(y)(zo, L) < 1—4/2.
By (a) and (b), if n > n, ./pr, then

distp v (an - L' an - P(W'))
<distp(yy(an - L', an - (P(W') N Bpyy(z0,1 —¢€)))
< = distp(v) (L', (P(W) N Bp(y) (a0, 1 = )))
<c distp (L', (P(W')).
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On the other hand, by (4.2) and the fact that the metric dg, (v is invariant
under K,

{ diStGrq(V)(I/V, ]CL) = distp(v) (L/, P(W/)),
diStGrq(V)(P(’Yn) W, p() - Kr) = diStP(V)(an LS ay - P(W')).

This concludes the proof of Claim 4.11.

For the sake of completeness, we now give a proof of (a) and (b) above:
(b) is a consequence of the fact that (¢; — 9,loga,) — 400 (since p is
Py-divergent by Definition 3.5 of a Pj-Anosov representation). For (a) we
argue by contradiction: suppose that there are sequences (e, )men € (Rs0)N,
(M) men € (R=0)N, (L2))men € P(V)N, and (W},)men € Gry(V)N such
that (€,)men converges to 0, such that (M, )mnen diverges to +o0o, and such
that for any m we have dp (o, Ly,) <1 —0/2 and
(4.5)

distp ) (Ly,, P(W,,) N Bp (20,1 — €m)) > My, distpyy(Ly,, P(W},)).

For any m, the left-hand side of (4.5) is < 1, hence distp (v (L;,, P(W},)) < 1/M,.
Let Dy, C W, be a line such that dp(y)(Ly,, D) = distpyy (L, P(W},)).
Then dp(v)(20, Dm) < dp(v)(20, Ly,) + dpvy (L, Dm) < 1—6/2+ 1/Mp,
and so D,, belongs to Ep(v) (zo,1 — €p,) for large enough m, contradicting
(4.5). O

Lemma 4.9 is a consequence of Proposition 4.10 and of the following dy-
namical compactness criterion from [KLPal, inspired by Sullivan’s dynamical
characterization of convex cocompactness [Sul85]. We recall the proof for
the reader’s convenience.

Lemma 4.12 (|[KLPa, Prop.2.5]). Let A be a group acting by homeomor-
phisms on a compact metric space (Z,dz) and on a compact set D. Let E
be a closed A-invariant subset of Z fibering equivariantly over D, with fibers
denoted by Eq, d € D. Suppose that for any d € D there exist an element
v €A, an open set U C Z containing Eq, and a constant ¢ > 1 such that

(4.6) distz (v z,v- Eg) > cdistz(z, Eg)

for all z € U and d' € D with Ey C U. Then the action of A on Z \ E is
cocompact.

Proof of Lemma 4.12. Suppose by contradiction that the action is not co-
compact, and let (e,)n,en be a sequence converging to 0. For any n € N*,
the set C,, = {z € Z | distz(z, E) > €,} is compact, hence there exists a A-
orbit contained in Z \ (C,, U E); by approaching the supremum of dist(-, F')
on this orbit, we find an element z,, € Z such that 0 < distz(z,, F) < €, and

distz (v - 2zn, E) < (1 4+ €,) distz(zn, E) Vy € A.

Up to extracting, we may assume that (2, )nen+ converges to some zo, € F,
belonging to a fiber E4, d € D. Let (v, U, ¢) be such that (4.6) holds for all
2z € U and d € D with Ey c U. For any n € N*, consider d,, € D such
that distz(y - zn,7 - Eg,) is minimal, equal to distz(y - 2y, E); the sequence
(dn)nen+ converges to d since (z,)neN+ converges to zoo. For large enough n
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we have E; C U, and so
distz (v - zp, E) = distz(y - zn, v Eqg,)

> cdistz(zn, Eq,) > cdistz(zn, E)
c

distz(7y - zn, E).

€n

This is impossible since ¢/(1 + €,) > 1 for large enough n. O

Proof of Lemma 4.9. If i = 1, then Lemma 4.9 is an immediate consequence
of Proposition 4.10 and Lemma 4.12 with (Z, E, D) = (Grg(V), B,, 0.I).
Suppose now that i is arbitrary and let 7; : GLr (V) — GLr(A" V) be the
homomorphism coming from the action of GLr (V') on the i-th exterior power
of V. By Proposition 3.11, the representation p is P;-Anosov if and only if
riop: ' = GLr(A'V) is Pi-Anosov. The map

Grq(V) — Gr(q) (/\1V>
W AW
is 7;-equivariant and injective. Moreover, for E' € Gr;(V) and W € Gry(V)

we have E C W if and only if A'E ¢ A'W. Therefore Lemma 4.9 for p
follows from Lemma 4.9 for 7; o p with ¢ = 1. (]

Proof of Theorem 4.1. By Proposition 4.3, the action of T on Q = X, \ N,
is properly discontinuous since N, = W, for a P;(b)-Anosov representation.
As N, =V, cocompactness of the action follows from Lemma 4.8. O

5. COMPACTIFYING RIEMANNIAN LOCALLY SYMMETRIC SPACES:
THE GENERAL CASE

We now use the compactification of Riemannian locally symmetric spaces of
indefinite orthogonal groups constructed in Theorem 4.1, Proposition 4.3, and
Lemma 4.8 to prove Theorem 1.1 in Section 5.2, Theorem 1.4 in Section 5.4,
and a more precise version of Theorem 1.2 in Section 5.5. The case of complex
orthogonal groups is investigated in Section 5.6.

5.1. The subalgebra compactification. Let G be a real semisimple Lie
group. It acts on its Lie algebra g via the adjoint action, preserving the
Killing form k (see Section 3.4). As in Section 4, the Riemannian symmetric
space X,; of the orthogonal group O(x) admits a realization as an open subset
in the Grassmannian Grgime(V'), namely as the set of W € Grgime(V') such
that the restriction of kK to W x W is negative definite. Its closure

X ={W € Graime(9) | 6(z,2) <0 Ve W}

is a compactification of X,.

The element vy := € belongs to X, C Graime(g) and its stabilizer in G is K.
Thus the orbit Ad(G) - vy in X, identifies with the Riemannian symmetric
space X = G/K. The closure X** of X ~ Ad(G) -ty in X, is called the
subalgebra compactification of X.

Proposition 5.1 ([JL04, Th.1.1]). The subalgebra compactification of X is
isomorphic to the mazimal Satake compactification of X.
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We now describe representatives of the finitely many orbits G-orbits in xehe,
For 6 C A the Lie algebra py of Py has nilpotent radical uy (see Section 2.3)
and a Levi component is

h=0® P  ga

aceXNspan(Ax0)

and £y := €Ny is a maximal compact subalgebra of ly. Set tg = €9 B uy. (For
6 = (0, one has indeed vy = £.)

Lemma 5.2 ([JL04]). The subalgebra compactification X*** is the disjoint
union Jy- o Ad(G) - vg.

The kernel of the restriction of k to ty is precisely uy:

Lemma 5.3. For every 8 C A, one has Ker(k|y,xt,) = ug. Consequently a
nilpotent element Y belongs to tg if and only if it belongs to uy.

Proof. Since tg C pg, one has ug = Ker(k|p,xp,) C Ker(k|eyxe,). Further-
more, since the Killing form x is negative definite in restriction to &, the
intersection Ker(k|y,xr,) N & is trivial, hence Ker(k|,xc,) = Up.

A nilpotent element Y satisfies £(Y,Y) = 0, hence Y € Ker(klc,xc,) by
Lemma 4.2. (]

5.2. Proof of Theorem 1.1. Let p : I' — G be a Py-Anosov representation.
By Proposition 3.12, there exists a homomorphism 7 : G — O(b) such that
Top: T — O() is Pi(b)-Anosov. Let Q = X, \ N, be the set given by
Theorem 4.1, on which I' acts properly discontinuously and cocompactly via
7o p. Let xg be a point of X whose stabilizer in G is K, and let Y be the
7(G)-orbit of z¢: it identifies with 7(G)/7(K). The closure Y of YV in Xj, is
a generalized Satake compactification, see Lemma A.7. The group I' acts
properly discontinuously and cocompactly via 7o p on Q2 NY. The quotient
M = (1op)(T)\(2NY) thus gives a compactification of (70p)(D)\7(G)/7(K).

By compactness of X, the action of ' on Q x X** via (Tt x Ad) o p

is properly discontinuous and cocompact. The Ad(G)-orbit of ty in X

identifies with X = G/K and is dense. Let Z be the (7 x Ad)(G)-orbit of
(z0,tp). By Lemma A.8, the closure Z of Z in X, x X*** is a generalized
Satake compactification of Z. By construction, it dominates the maximal
Satake compactification X** of X. Lemma A.9 says that it is a manifold
with corners. The group I' acts properly discontinuously and cocompactly
on (2 x X***)NZ via (7 x Ad) o p. The quotient

((r x Ad) 0 p)(D\((2 x X**) N2)

N
gives a compactification of ((7 x Ad) o p)(I')\Z ~ p(I")\ X with the required
properties. This completes the proof of Theorem 1.1.

S

5.3. Domains of discontinuity in X' b for discrete subgroups.

Theorem 5.4. Let X = G/K be a Riemannian symmetric space where G is
a noncompact real semisimple Lie group. For any discrete subgroup A of G
there is a closed A-invariant subset N of X X such that A acts properly
discontinuously on X** ~ N. In particular A\(X*"* ~ N) is a manifold with
corners containing A\X as a dense subset.
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Proof of Theorem 5.4. Let Ad : G — O(k) be the adjoint action; it has finite
kernel. Let A be a discrete subgroup of G and 2 = X,; \ Waq C X, the set
given by Proposition 4.4 for I' = A and p = Ad, on which A acts properly
discontinuously via Ad. The Ad(G)-orbit of vy identifies with X = G/K.
The closure X**® of X in X, is the subalgebra compactification. The group
A acts properly discontinuously via Ad on Q N X***. The quotient M =
Ad(A)\ (2N X**") thus is locally modeled on X*" and contains Ad(A)\X. O

5.4. Topological tameness. Theorem 1.4 is now a direct consequence of
the construction of our compactification in Theorem 1.1 and of the following
proposition, which is proved in [GGKWbh].

Proposition 5.5 ([GGKWhb, Prop.6.1]). Let X be a real semi-algebraic set
and I' a torsion-free discrete group acting on X by real algebraic homeomor-
phisms. Suppose I' acts properly discontinuously and cocompactly on some
open subset Q) of X. Let U be a I'-invariant real semi-algebraic subset of X
contained in ) (e.g. an orbit of a real algebraic group containing I' and acting
algebraically on X ). Then the closure U of U in X is real semi-algebraic and
T\(UNQ) is compact and has a triangulation such that T\(OUN) is a finite
union of simplices. If U is a manifold, then T'\U is topologically tame.

5.5. Compactifications modeled on the maximal Satake compactifi-
cation. We now prove the following theorem, which, together with Proposi-
tion 5.1, implies Theorem 1.2 in the case that G is simple.

Theorem 5.6. Let G be a real simple Lie group. Let ag € A be the simple
restricted root given by Proposition 3.14 (see Table 1) and d = dimg gy,
where xg € X7 is the highest restricted root. Let T' be a word hyperbolic
group and p: T' = G a Pyo,y-Anosov representation. Let §q: Ol — Fy(k)
be the boundary map of Ad o p (see Proposition 3.14) and

No= |J AW eX™ | ln) c W}
NE€DJso

Then Q := X N, contains X = G/K and the action of T’ on Q is properly
discontinuous and cocompact.

Proof. By Proposition 4.3, the action of I via Ad o p on X, \ Wado,p is
properly discontinuous. Thus the action of T' on X < (Wadop N XSba) is
properly discontinuous.

Let us prove that N, = Wadop N X*% and that N, does not intersect X.
The inclusion N, € Wadop N X*% is obvious. Let now W € Wadop N xsba,
i.e. there is n € OxI' such that W N ¢&y(n) # {0}. By Proposition 3.14
€a(n) € Ad(G) - gy,. Lemma 5.7 implies that W ¢ X, hence N, N X = 0,
and that {(n) C W, i.e. W € N,. Since Vadop N Xhe — N,, Lemma 4.8
implies that the action of I' on §2 is cocompact. O

Lemma 5.7. Let W € X and L € Ad(G) - gy, C Gra(g). If LOW # {0},
then W ¢ X and L C Ker(k|lwxw) C W.

Proof of Lemma 5.7. Since the elements of L are nilpotent, the hypothesis
implies that Ker(k|wxw) # {0}, hence W ¢ X.
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By Lemma 5.2 there exist 6 C A and h € G such that W = Ad(h) - vy
and there exists A’ € G such that L = Ad(h') - gy,,. Lemma 5.3 implies that
the intersection of Ker(k|wxw) = Ad(h) - up and L is nontrivial. We need
to prove that L C Ad(h) - ug.

The element ¢ = h~'h/ admits a Bruhat decomposition g = pwyp/, i.e. p
and p’ are in the minimal parabolic subgroup Pa and @ belongs to Ng(a)
(see e.g. [Kna02, Th.7.40]). Let w be the class of w in W = Nk (a)/Zk(a).
Thus

L = Ad(W)Ad(g) - gy = Ad(H)AA(P)AA(T) - gy
(since Ad(P') - gye = Oye) and L = Ad(hp) - gu.ye- Also Ad(h) -up =
Ad(hp) -up. Hence the Lie algebra uy has a nontrivial intersection with gy.y., .
Since the root space decomposition is direct, this is possible if and only if
Guwxe C ug. This implies that L C Ad(h) -ug C W. O

Theorem 5.8. Let G be a real semisimple Lie group and let ® C A be the
set consiting of the simple restricted roots ag: given by Proposition 3.1/ (see
Table 1) for all the simple factors G’ of G. Let 8 C A be nonempty with
®NO # (). For any word hyperbolic group T' and any Py-Anosov representation
p: ' = G, the Riemannian locally symmetric space p(I')\G/K admits a
compactification modeled on the maximal Satake compactification of G/K.

Proof of Theorem 5.8. There is a simple factor G’ of G such that the projec-
tion p’ of p to G’ is Py4,,3-Anosov. The maximal Satake compactification X

of X = G/K is the product X' x X" of the maximal Satake compactification
of G'/K' and of the maximal Satake compactification of the Riemannian
symmetric space associated with the other factors of G (see Section A.1).
By Theorem 5.6 there is an open set € C X’ containing the Riemannian
symmetric space of G’ such that the action of T" via p on @ is properly dis-
continuous and cocompact. It follows that the action of T' via p on ' x X"
is properly discontinuous and cocompact. O

5.6. Complex orthogonal groups. Let O(b€) be the orthogonal group of
a nondegenerate complex symmetric bilinear form b€ on a complex vector
space V of dimension n.

The parabolic subgroup Py (bC) is defined as the stabilizer of the line Ce;
where b€ (e1,e1) = 0; it is conjugate to its opposite. The homogeneous space
F1(b€) = O(b€) /Py (bC) is the set of bC-isotropic complex lines in V.

The Riemannian symmetric space X,c of O(bC) can be realized as a
subset in the Grassmanian Gr2(V) of n-dimensional real subspaces of V,
with compactification
(5.1)

Xyc = {W e Gr®(V) | ¥C(W x W) C R, and b€ (w,w) < 0Yw € W}.

In fact O(b€) C O(b) where b = Re(b®) and there is an inclusion X,c C
Xp. The compactification Xyc is precisely the closure of X;c in Xp. It
is isomorphic to a minimal Satake compactification if n is odd and to a
generalized Satake compactification if n is even.

Theorem 5.9. Let b€ be a nondegenerate complex symmetric bilinear form
on a complex vector space V of dimension n > 3, let I' be a word hyper-
bolic group, and let p: T' — O(bC) be a Pl(bc)-Anosov representation with
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boundary map € : OsT' — F1(bC). Let
N, = U {W e Xye | &(n) c WH.

NEJo

Then the action of T' on Q = Xyc \ N, is properly discontinuous and cocom-
pact. The set Q contains the Riemannian symmetric space Xyc and p(I')\Q
is a smooth compactification of p(T')\X,c.

Proof of Theorem 5.9. Denote by 7 the natural injection of O(b€) into O(b)
where b = Re(bC). The representation 7 o p is Pa(b)-Anosov (see Proposi-
tion 3.12 and Lemma 3.13).

By Proposition 4.3 the action of I' on X}, \ Wy, is properly discontinuous
and thus the action of T' via p on Xy \ (Wrop N Xyc) is as well properly
discontinuous. Lemma 5.10 implies that Wro, N Xpe = N,,.

By Lemma 4.8 the action of I on Xb\VTop is cocompact and thus the action
of T via p on Xye N\ (VropNXje) is as well cocompact. Since Vro,NXpe = N,
the theorem follows. O

Lemma 5.10. IfW € X,c then Ker(bC |y xw) is a C-vector subspace of C™.
If L € Fi(b°), then LNW # {0} & LC W.

Proof of Lemma 5.10. The kernel Ker(bC |y ») is a real vector space, we
need to prove that it is stable by multiplication by v/—1. Let z € Ker(b€|w xw ),
then vC(z,2) = 0 and bC(x,2) = 0 for all z € W. Set y = v/—1z and
b = Re(b®). One has b(y,y) = 0 and b(x,y) = 0 for all z € W. By
Lemma 4.2, y € W and y belongs to Ker(bC |y sw).

If LW # {0} then LNKer(b |y «w) # {0} and L C Ker(b€|wxw) C W
since L has complex dimension 1. O

APPENDIX A. SATAKE COMPACTIFICATIONS

A.1. Satake compactifications. In this section we briefly review the con-
struction of the Satake compactification of a Riemannian symmetric space
X = G/K, which was originally defined in [Sat60]. We denote by #,, the
space of Hermitian (n x n) matrices over C.

Let 7 : G — PSL(n, C) be an irreducible projective representation with
finite kernel. We may assume that 7(K) C PSU(n). By definition, the Satake
compactification X, of X associated with 7 is the closure in P(#,,) of the
image of X under the embedding X — P(H,,) given by ¢K — R(7(9)7(9)*),
where M* is the transpose-conjugate of a matrix M.

The structure of the Satake compactification X, as a G-space only depends
on the support

0, ={a e A| (xr,a) >0}
of the highest weight x, of the irreducible representation 7. Satake compact-
ifications have the following properties:

(1) The compactification X, has finitely many G-orbits, including a
unique open G-orbit, namely X = G/K, and a unique closed orbit,
which identifies with G/ Py, .

(2) If 6, C 6, then there exists a continuous (hence proper) surjective
G-equivariant map 7, . : X; — X,
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(3) Every Satake compactification of a product is a product of Satake
compactifications.

By (2), the Satake compactification X, for 6, = A surjects onto any Satake
compactification X,/ of X; it is called the mazimal Satake compactification
of X. On the other hand, Satake compactifications of the form X, for
§0. = 1 are called minimal Satake compactifications. The maximal Satake
compactification of X is a manifold with corners [BJ06, Prop.1.19.27|. The
set 6, will be called the support of the Satake compactification X.

A.2. Orbits description. The finitely many orbits of a Satake compacti-
fication are described by the some combinatorial data associated with the
irreducible representation 7. As our convention for parabolic groups is oppo-
site to [BJO6], the terminology and description of the orbits and the stabilizers
has to be adapted from the classical case.

For any subset 8§ C A the parabolic algebra pg is the direct sum

Po =ugbagdmy

where ag = (N,eca g Ker(a), myp = 3¢(a) @ a’ @ @aGstpan(A\a) go, and
a’ = an(ag)*t*. The corresponding Lie groups are denoted by Uy, Ag and
My. The map Uy x Ag x My — Py | (u,a,m) — uam is a diffeomorphism
and we will simply write in the sequel Py = UgAgMjy.

A subset 8 C A will be said 7-admissible if the graph with vertex sets
(AN O)U{x,} and edges between every pairs with a non zero scalar products
is connected. (One usually says that A ~\ 6 is T-connected.)

For such a subset let 0V = {a € A | 38 € (ANO)U{x+}, (a, B) # 0} be the
set of the elements of A being non-orthogonal to an element in (A~ 0)U{x,}.
The set #* = 0N 6" is called the T-nucleus of §. (The usual terminology says
that A \ 0" is the 7-saturation of A.) Note that My; is the almost product
of My and Mpyv and that these two last groups commute.

The Satake compactification X, admits the following description:

(a) it is the disjoint union of the G-orbits of points zy over the T-admissible
sets 0 C A,;

(b) the stabilizer of zg is the product Uyt Agt Mgy (K N Mp); in particular
is contained in Pps;

(c) the orbit G - zy fibers over the flag manifold G/Py; = Fp: and the
fibers are isomorphic to My/(K N My), i.e. to the Riemannian symmetric
space associated with the reductive group Mp;

(d) the orbit G - xy is the copy of the Riemannian symmetric space G/ K;

(e) the unique closed orbit is G - xa.

In order to describe the topology on X, it is enough to understand the
closure of the Weyl chamber. Let (H,)n,en be a sequence in @', then the
sequence (exp(Hy,) - xg)nen converges in X, if and only if there exists a
T-admissible set § C A such that

(i) For each v € A6 the sequence ((cv, Hj))nen converges to some t, € R
and

(ii) for every T-admissible set 8 C 6 there exists a € 6 ~ 6’ such that
limy, o0 (e, Hy) = +00.
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Furthermore, if H is the unique element of a’ such that (a, H) = t,, for all
a € AN 6, then lim,, o exp(Hy,) - zg = exp(H) - zp.

A.3. A minimal Satake compactification of X;. Recall that for real
symmetric bilinear forms b, a compactification X of the Riemannian sym-
metric space X, of O(b) was constructed in Section 4. Similarly, for complex
symmetric bilinear forms b¢, a compactification X,c of the Riemannian
symmetric space X,c of O(b€) was constructed in Section 5.6.

Proposition A.1. Let b be a nondegenerate symmetric bilinear form of
signature (p,q) on a real vector space V. If p > q, then X is a minimal
Satake compactification of Xp.

When p = ¢q, X} is not a Satake compactification, see Example A.4.

Proof. The natural representation 7 : O(b) — GLr(/A?V) identifies X} with
a subset of P(A?V), and X, with the closure of this set in P(A? V). Since
A?V is an irreducible representation of O(b), the result of [Kor09] applies
to show that X is a Satake compactification of X} and that its support is
{a € A| (xr,a) # 0} if x, is the highest weight of 7. This support is thus
{agy} and the compactification is a minimal Satake compactification. O

Proposition A.2. Let b€ be a nondegenerate symmetric complex bilinear
form on a complex vector space V' of dimension n. If n is odd, then Xyc is
a minimal Satake compactification of Xyc.

Proof. Write n = 2m + 1. There is a basis (e1,...,e,) of V such that

bC(2,y) = Y0 | Xiyn—it1 for every o = S0 zie; and y = S0 yie; of V.

One can take K = U(n) and a the diagonal matrices in that basis. Namely
a={diag(A1, ..., Am, 0, = Ay ooy = A1) | A1, ..o, A € R}

For i = 1,...,m, set (g;,diag(A1,..., A, 0, = A, ..., —A1)) = Ai. The re-
stricted root system is

Y={teite[1<i<j<m}U{zxe|1<i<m}.

A system of simple restricted roots is A = {ay, ...,y } where a; = &; — ;41
for 1 <i<m—1and a, = &,. We will show that X;c satisfies the above
axiomatic description of Satake compactification whose support is {a;, }. The
admissible sets are g = 0, 01 = {a1}, ..., 0, = A. One checks that 0y = A,

Hg:@and 07 ={ai,...,am}, Gf:{ai} for 1 <i < m.

We first consider the orbits description of X;c. By Lemma 5.10, for any
W € X,.c, the set Ker(bC|y«w) is a C-vector subspace of V. Applying
Witt’s theorem, one shows that the sets

U; = {W S Xbc ’ dimc Ker(bC]WXW) = i},

i =0,...,m, are the O(b®)-orbits in X,c. For 0 < i < m, the real vector
space

Wy, = Spang (e1, V—1le1,...,e;, V—1ej eir1 — eni, V—1(eiy1 + €n—s),
cosem — ema2, V—1(em + emi2), V—1€mi1)
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belongs to U; and its stabilizer in O(bC) is precisely the group U ot Agr Mgy (KN
Mp,) described above and contained in the parabolic subgroup Py

For an element H in a one has
exp(H) - Wy, = Spang (e; — e_2<€1’H>en, v—1(e1 + 6_2<EI’H>en),
e — e_2<€m’H>em+2, vV—=1(em + e_2<€m’H>em+2), vV—lemt1).

From this for a sequence (Hy)ren in (@)Y, the sequence (exp(Hy)- W, )keN
converges if and only if there exists 0 < ¢ < m for which ((¢;, Hx))ren goes
to infinity for j < ¢ and has a limit in R for j > 4. This is equivalent to
({aj, Hy))ken goes to infinity for j < ¢ and has a limit in R for j > 4. It
follows that the closure of the Weyl chamber satisfies the above description.

O

Remark A.3. For even n, the same analysis can be used to show that X,c is
not a Satake compactification.

A.4. Generalized Satake compactifications. The classical notion of Sa-
take compactification does not behave well with respect to totally geodesic
subspaces: If X, is a Satake compactification of X and if Y C X is a totally
geodesic subsymmetric space, then the closure of Y in Xy is not always a
Satake compactification of Y.

Ezample A.4. Consider a real vector space V' equipped with a symmetric
bilinear form b’ of signature (p,p + 1) and let V' C V' be a subspace such
that b = V/|y xy is of signature (p,p). Then the closure of X, inside Xj, is
not a Satake compactification. Indeed this closure is X which contains two
closed O(b)p-orbits, contradicting the above description of Section A.2.

In order to obtain a class of compactifications which have this functoriality
properties we will have to consider a small generalization of Satake com-
pactifications, which we call generalized Satake compactifications. The only
difference is that we allow the representation 7 to be a sum of irreducible
representations.

Remark A.5. Compare with [Sat60, §5.3|, where Satake considers reducible
representations, but then takes the closure in P(#,,) x - - - x P(H,, ) instead
of P(HZE—1 m)

Definition A.6. Let G be a semisimple Lie group and 7 : G — SL(n, C)
a faithful projective representation with 7(K) C PSU(n). The generalized
Satake compactification of X = G /K associated with 7 is the closure of the
image of X under the map X — P(#,,) given by gK — R(7(g)7(g9)%).

Lemma A.7. Let X = L/K be a Riemannian symmetric space, X a gen-
eralized Satake compactification of X, andY = H/(K N H) — X a totally
geodesic subsymmetric space of X. Then the closure of Y in X is a generalized
Satake compactification of Y.

Proof of Lemma A.7. Let 7 : L — SL(n,C) be a representation with finite
kernel such that X = X, and let ¢ : H — L be the Lie group homomorphism
associated with the embedding ¥ < X. Then the closure of Y is the
generalized Satake compactification associated with 7o¢ : H — SL(n,C). O
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From this we deduce the following.

Lemma A.8. Let X = G/K be a Riemannian symmetric space, 11 : G —
SL(n1,C) a representation with 71(K) C U(ny) and 12 : G — SL(n2,C) a
representation with finite kernel and with 7o(K) C U(ng). Let X;, i = 1,2
be the closure of 7;(G)/7i(K) in P(Hy,) so that Xo is a generalized Satake
compactification. Let

77/) X — Xl X XQ
9- K — (R(11(9)1 (9)), R(72(9)72(9)))-
Then the closure of 1 (X) is a generalized Satake compactification.

Proof of Lemma A.8. Apply Lemma A.7 with L = SL(n;, C) x SL(ne, C)
and H = (11, 72)(G). O

We say that a compactification X; dominates a compactification X if
there is a continuous G-equivariant map X; — Xs, such a map is necessarly
surjective and proper.

Lemma A.9. Let X be a generalized Satake compactification dominating the
maximal Satake compactification, then X is a manifold with corners.

Proof of Lemma A.9. Let ¢ : X — mec be the continuous G-equivariant
map. It is easily seen that the closure F' of F' the exp(a)-orbit of the base

point zp in G/K C X is a manifold with corners. Let F' C F be the closure
of exp(@™)-zo. Let z be any point of X. Using the Cartan decomposition of G

one can assume that = € F . Furthermore, using the Iwasawa decomposition,
one deduces that the map f: Uy x F — X is surjective in a neighborhood of

(e,x) into a neighborhood of z. Since the corresponding map Uy~ x ¢(F) —
X" is a local diffeomorphism we deduce that f is also injective. As Uy xF

is a manifold with corners, the lemma follows. U
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