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ABSTRACT. We describe recent links between two topics: geometric structures
on manifolds in the sense of Ehresmann and Thurston, and dynamics “at
infinity” for representations of discrete groups into Lie groups.

1. INTRODUCTION

The goal of this survey is to report on recent results relating geometric structures
on manifolds to dynamical aspects of representations of discrete groups into Lie
groups, thus linking geometric topology to group theory and dynamics.

1.1. Geometric structures. The first topic of this survey is geometric structures
on manifolds. Here is a concrete example as illustration (see Figure 1).

Example 1.1. Consider a two-dimensional torus 7.

(1) We can view T as the quotient of the Euclidean plane X = R? by I' = Z2,
which is a discrete subgroup of the isometry group G =0(2) x R? of X (acting by lin-
ear isometries and translations). Viewing 7' this way provides it with a Riemannian
metric and a notion of parallel lines, length, angles, etc. We say T is endowed with
a Buclidean (or flat) structure, or a (G, X)-structure with (G, X) = (O(2) x R? | R?).

(2) Here is a slightly more involved way to view T: we can see it as the quotient
of the affine plane X = R? by the group I" generated by the translation of vector ()
and the affine transformation with linear part ({ ) and translational part (). This
group I is now a discrete subgroup of the affine group G = GL(2,R) x R?. Viewing
T this way still provides it with a notion of parallel lines and even of geodesic, but
no longer with a notion of length or angle or speed of geodesic. We say T" is endowed
with an affine structure, or a (G, X)-structure with (G, X) = (GL(2,R) x R? R?).

(3) There are many ways to endow 7' with an affine structure. Here is a different
one: we can view T as the quotient of the open subset U = R? \. {0} of X = R? by
the discrete subgroup I' of G = GL(2, R) x R? generated by the homothety (3 192 ).
This still makes T “locally look like” X = R?, but now the image in T of an affine
geodesic of X pointing towards the origin is incomplete (it circles around in 7' with
shorter and shorter period and disappears in a finite amount of time).

As in Example 1.1, a key idea underlying a large part of modern geometry is
the existence of model geometries which various manifolds may locally carry. By
definition, a model geometry is a pair (G, X) where X is a manifold (model space)
and G a Lie group acting transitively on X (group of symmetries). In Example 1.1
we encountered (G,X) = (O(n) x R",R") and (G,X) = (GL(n,R) x R® R"),
corresponding respectively to Euclidean geometry and affine geometry. Another
important example is X = H" (the n-dimensional real hyperbolic space) and G =
PO(n,1) = O(n,1)/{£I} (its group of isometries), corresponding to hyperbolic
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FiGURE 1. Tilings of X = R? showing the three I-actions in Example 1.1

geometry. (For n = 2 we can see X as the upper half-plane and G, up to index two,
as PSL(2,R) acting by homographies.) We refer to Table 1 for more examples.
The idea that a manifold M locally carries the geometry (G, X) is formalized
by the notion of a (G, X)-structure on M: by definition, this is a maximal atlas of
coordinate charts on M with values in X such that the transition maps are given by
elements of G (see Figure 2). Note that this is quite similar to a manifold structure
on M, but we now require the charts to take values in X rather than R™, and the
transition maps to be given by elements of G rather than diffeomorphisms of R™.
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FIGURE 2. Charts defining a (G, X)-structure on M

Although general (G, X)-structures may display pathological behavior (see [59]), in
this survey we will restrict to the two “simple” types of (G, X)-structures appearing
in Example 1.1, to which we shall give names to facilitate the discussion:

e Type C (“complete”): (G, X)-structures that identify M with a quotient
of X by a discrete subgroup I' of G acting properly discontinuously;

e Type U (“incomplete but still uniformizable”): (G, X)-structures that
identify M with a quotient of some proper open subset U of X by a discrete
subgroup I' of G acting properly discontinuously.

Setting V = X or U as appropriate, we then have coverings M~V V- MY ~
M (where ~ denotes universal covers). The charts on M are obtained by taking
preimages in V C X of open subsets of M. Moreover, the basic theory of covering
groups gives a natural group homomorphism hol : m (M) — G with image T and
kernel 71 (V), called the holonomy.

In this survey, we use the phrase geometric structures for (G, X)-structures. We
shall not detail the rich historical aspects of geometric structures here; instead, we
refer to the excellent surveys [57, 58, 59]. We just mention that the notion of model
geometry has its origins in ideas of Lie and Klein, formulated in Klein’s 1872 Erlan-
gen program. Influenced by these ideas and those of Poincaré, Cartan and others,
Ehresmann [51] initiated a general study of geometric structures in 1935. Later,
geometric structures were greatly promoted by Thurston’s revolutionary work [107].

1.2. Classifying geometric structures. The fundamental problem in the theory
of geometric structures is their classification, namely:

Problem A. Given a manifold M,
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FIGURE 3. The limit set of a quasi-Fuchsian group in 9, H? ~ C U {0}

(1) Describe which model geometries (G, X) the manifold M may locally carry;
(2) For a fixed model (G, X), describe all possible (G, X)-structures on M.

We refer to [57] for a detailed survey of Problem A with a focus on dimensions
two and three, and to [83] for a special case.

Problem A.(1) asks how the global topology of M determines the geometries
that it may locally carry. This has been the object of deep results, among which:

e the classical uniformization theorem: a closed Riemann surface may carry a
Euclidean, a spherical, or a hyperbolic structure, depending on its genus;

e Thurston’s hyperbolization theorem: a large class of 3-dimensional manifolds,
defined in purely topological terms, may carry a hyperbolic structure;

e more generally, Thurston’s geometrization program (now Perelman’s theorem):
any closed orientable 3-dimensional manifold may be decomposed into pieces,
each admitting one of eight model geometries (see [16]).

Problem A.(2) asks to describe the deformation space of (G, X)-structures on M.
In the simple setting of Example 1.1, this space is already quite rich (see [96]). For
hyperbolic structures on a closed Riemann surface of genus > 2 (Example 2.1),
Problem A.(2) gives rise to the fundamental and wide-ranging Teichmiiller theory.

1.3. Representations of discrete groups. The second topic of this survey is rep-
resentations (i.e. group homomorphisms) of discrete groups (i.e. countable groups)
to Lie groups G, and their dynamics “at infinity”. We again start with an example.

Example 1.2. Let I' = 71 (S) where S is a closed oriented Riemann surface of genus
> 2. By the uniformization theorem, S carries a complete (“type C”) hyperbolic
structure, which yields a holonomy representation I' — PSL(2, R) as in Section 1.1.
Embedding PSL(2,R) into G = PSL(2,C), we obtain a representation p : I' — G,
called Fuchsian, and an associated action of I' on the hyperbolic space X = H? and
on its boundary at infinity 9. H? = C (the Riemann sphere). The limit set of p(T')
in C is the set of accumulation points of p(I")-orbits of X; it is a circle in the sphere
C. Deforming p slightly yields a new representation p’ : ' — G, called quasi-
Fuchsian, which is still faithful, with discrete image, and whose limit set in C is still
a topological circle (now “wiggly”, see Figure 3). The action of p/(I") is chaotic on
the limit set (e.g. all orbits are dense) and properly discontinuous on its complement.

Example 1.2 plays a central role in the theory of Kleinian groups and in Thurston’s
geometrization program; it was extensively studied by Ahlfors, Beardon, Bers, Mar-
den, Maskit, Minsky, Sullivan, Thurston, and many others.

In this survey we report on various generalizations of Example 1.2, for represen-
tations of discrete groups I' into semisimple Lie groups G which are faithful (or with
finite kernel) and whose images are discrete subgroups of G. While in Example 1.2
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the group G = PSL(2,C) has real rank one (meaning that its Riemannian sym-
metric space H? has no flat region beyond geodesics), we also wish to consider the
case that G has higher real rank, e.g. PGL(d,R) with d > 3. In general, semisimple
groups G tend to have very different behavior depending on whether their real rank
is one or higher; for instance, the lattices of G (i.e. the discrete subgroups of finite
covolume for the Haar measure) may display some forms of flexibility in real rank
one, but exhibit strong rigidity phenomena in higher real rank. Beyond lattices, the
landscape of discrete subgroups of G is somewhat understood in real rank one (at
least several important classes of discrete subgroups have been identified for their
good geometric, topological, and dynamical properties, see Section 3.1), but it re-
mains very mysterious in higher real rank. We shall explain some recent attempts
at understanding it better.

One interesting aspect is that, even when G has higher real rank, discrete sub-
groups of G of infinite covolume may be nonrigid and in fact admit large deformation
spaces. In particular, as part of higher Teichmiiller theory, there has recently been
an active and successful effort to find large deformation spaces of faithful and dis-
crete representations of surface groups 71 (S) into higher-rank semisimple G which
share some of the rich features of the Teichmiiller space of S (see Sections 4.3 and 5,
and [27, 110]). Such features also include dynamics “at infinity” as in Example 1.2,
which are encompassed by a notion of Anosov representation [85] (see Section 4).

1.4. Flag varieties and boundary maps. Let us be a bit more precise. Given
a representation p : I' — G, by dynamics ‘at infinity” we mean the dynamics of the
action of T via p on some flag varieties G /P (where P is a parabolic subgroup), seen
as “boundaries” of G or of its Riemannian symmetric space G/K. In Example 1.2
we considered a rank-one situation where G = PSL(2,C) and G/P = 9, ,H? = C.
A typical higher-rank situation that we have in mind is G = PGL(d,R) with d > 3
and G/P = Gr;(R?) (the Grassmannian of i-planes in R?) for some 1 <i < d — 1.

In the work of Mostow, Margulis, Furstenberg, and others, rigidity results have
often relied on the construction of I'-equivariant measurable maps from or to G/P.
More recently, in the context of higher Teichmiiller theory [26, 52, 85], it has proved
important to study continuous equivariant boundary maps which embed the bound-
ary OsI' of a Gromov hyperbolic group I' (i.e. the visual boundary of the Cayley
graph of T') into G/P. Such boundary maps ¢ : 9o I' = G/ P define a closed invari-
ant subset £(05.I") of G/P, the limit set, on which the dynamics of the action by
I' accurately reflects the intrinsic chaotic dynamics of T' on d,,I". These boundary
maps may be used to transfer the Anosov property of the intrinsic geodesic flow
of I' into some uniform contraction/expansion properties for a flow on a natural flat
bundle associated to p and G/P (see Section 4). They may also define some open
subsets U of G/P on which the action of T" is properly discontinuous, by removing
an “extended limit set” .2, ) D £(0I") (see Sections 3, 5, 6); this generalizes the
domains of discontinuity in the Riemann sphere of Example 1.2.

For finitely generated groups I' that are not Gromov hyperbolic, one can still
define a boundary J.I' in several natural settings, e.g. as the visual boundary
of some geodesic metric space on which I' acts geometrically, and the approach
considered in this survey can then be summarized by the following general problem.

Problem B. Given a discrete group I" with a boundary d,.I", and a Lie group G
with a boundary G/ P, identify large (e.g. open in Hom(T', G)) classes of faithful and
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discrete representations p : I' — G for which there exist continuous p-equivariant
boundary maps & : 9, I' = G/P. Describe the dynamics of I on G/P via p.

1.5. Goal of the paper. We survey recent results on (G, X)-structures (Prob-
lem A) and on representations of discrete groups (Problem B), making links between
the two topics. In one direction, we observe that various types of (G, X)-structures
have holonomy representations that are interesting for Problem B. In the other
direction, starting with representations that are interesting for Problem B (Anosov
representations), we survey recent constructions of associated (G, X)-structures.
These results tend to indicate some deep interactions between the geometry of
(G, X)-manifolds and the dynamics of their holonomy representations, which largely
remain to be explored. We hope that they will continue to stimulate the develop-
ment of rich theories in the future.

Organization of the paper. In Section 2 we briefly review the notion of a holo-
nomy representation. In Section 3 we describe three important families of (G, X)-
structures for which boundary maps into flag varieties naturally appear. In Sec-
tion 4 we define Anosov representations and give examples and characterizations.
In Section 5 we summarize recent constructions of geometric structures associated
to Anosov representations. In Section 6 we discuss a situation in which the links
between geometric structures and Anosov representations are particularly tight, in
the context of convex projective geometry. In Section 7 we examine an instance of
(G, X)-structures for a nonreductive Lie group G, corresponding to affine manifolds
and giving rise to affine Anosov representations. We conclude with a few remarks.
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to include here. I am very grateful to all my coauthors, in particular those in-
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(84,5,6,7), Olivier Guichard (§4, 5), Rafael Potrie (§4), and Anna Wienhard (§4,5).
I warmly thank J.-P. Burelle, J. Danciger, O. Guichard, and S. Maloni for reading
earlier versions of this text and making many valuable comments and suggestions,
and R. Canary and W. Goldman for kindly answering my questions.

2. HOLONOMY REPRESENTATIONS

Let G be a real Lie group acting transitively, faithfully, analytically on a mani-
fold X, as in Table 1. In Section 1.1 we defined holonomy representations for certain
types of (G, X)-structures. We now give a short review of the notion in general.

Type of geometry X G H
Real projective P™(R) PGL(n + 1,R) stab.in G of a line of R"*1
Affine R™ | Aff(R") = GL(n,R)xR" GL(n,R)
Euclidean R™ | Isom(R™) = O(n) x R" O(n)
Real hyperbolic H" Isom(H") = PO(n, 1) O(n)
Spherical Nig Isom(S™) = O(n + 1) O(n)
Complex projective | P*(C) PGL(n +1,C) stab.in G of a line of C"*1

TABLE 1. Some examples of model geometries (G, X), where X ~ G/H

Let M be a (G, X)-manifold, i.e. a manifold endowed with a (G, X)-structure.
Fix a basepoint m € M and a chart ¢ : Y — X with m € U. We can lift any loop
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on M starting at m to a path on X starting at ¢(m), using successive charts of M
which coincide on their intersections; the last chart in this analytic continuation
process coincides, on an open set, with g-¢ for some unique g € G; we set hol(y) := g
where v € 1 (M, m) is the homotopy class of the loop (see Figure 4). This defines a
representation hol : 71 (M) — G called the holonomy (see [57, 59] for details); it is
unique modulo conjugation by G. This coincides with the notion from Section 1.1;
in particular, if M ~ T'\V with V open in X and T" discrete in G, and if V is simply
connected, then hol : w1 (M) — T is just the natural identification of w1 (M) with I".

F1GURE 4. Construction of a holonomy representation

We shall define the deformation space Def (g x)(M) to be the quotient of the set
of marked (G, X)-structures on M (i.e. pairs (M’, f') where M’ is a (G, X )-manifold
and f: M — M’ a diffeomorphism) by the group of diffeomorphisms of M isoto-
pic to the identity (acting by precomposition). The holonomy defines a map from
Def ¢, x)(M) to the space Hom(I', G) /G of representations of I' to G modulo conju-
gation by GG. This map may be bijective in some cases, as in Example 2.1 below, but
in general it is not. However, when M is closed, the so-called Ehresmann—Thurston
principle [107] states that the map is continuous (for the natural topologies on both
sides), open, with discrete fibers; in particular, the set of holonomy representations
of (G, X)-structures on M is then stable under small deformations.

Example 2.1. Let (G,X) = (PO(2,1),H?) where PO(2,1) ~ PGL(2,R) is the
isometry group of the real hyperbolic plane H?. Let M = S be a closed oriented con-
nected surface of genus g > 2. All (G, X)-structures on .S are complete. Their ho-
lonomy representations are the Fuchsian (i.e. faithful and discrete) representations
from 71(S) to G. The deformation space Def(g x)(S) is the Teichmiiller space
Teich(S). The holonomy defines a homeomorphism between Teich(S) ~ R%~6 and
the space of Fuchsian representations from 71 (S) to G modulo conjugation by G.

3. EXAMPLES OF (G, X)-STRUCTURES AND THEIR HOLONOMY REPRESENTATIONS

In this section we introduce three important families of (G, X)-structures, which
have been much studied in the past few decades. We observe some structural stabil-
ity for their holonomy representations, and the existence of continuous equivariant
boundary maps together with expansion/contraction properties “at infinity”. These
phenomena will be captured by the notion of an Anosov representation in Section 4.

3.1. Convex cocompact locally symmetric structures in rank one. Let G be
a real semisimple Lie group of real rank one with Riemannian symmetric space X =
G/K (i.e. K is a maximal compact subgroup of G). E.g. (G, X) = (PO(n,1),H")
for n > 2. Convex cocompact groups are an important class of discrete subgroups I'
of G which generalize the uniform lattices. They are special cases of geometrically
finite groups, for which no cusps appear; see Bowditch [20, 21] for a general theory.

By definition, a discrete subgroup I' of G is convexr cocompact if it preserves
and acts with compact quotient on some nonempty convex subset C of X = G/K;
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equivalently, the complete (G, X)-manifold (or orbifold) I'\ X has a compact con-
vex subset (namely I'\C) containing all the topology. Such a group I' is always
finitely generated. A representation p : I' — G is called convexr cocompact if its
kernel is finite and its image is a convex cocompact subgroup of G.

For instance, in Example 1.2 the quasi-Fuchsian representations are exactly the
convex cocompact representations from 71(S) to G = PSL(2, C); modulo conjuga-
tion, they are parametrized by Teich(S) x Teich(S) [14]. Another classical example
of convex cocompact groups in rank-one G is Schottky groups, namely free groups
defined by the so-called ping pong dynamics of their generators in 0., X.

Here 0., X denotes the visual boundary of X, yielding the standard compacti-
fication X = X U 05X of X; for X = H” we can see X in projective space as in
Example 3.2.(1) below. The G-action on X extends continuously to X, and s X
identifies with G/P where P is a minimal parabolic subgroup of G.

For a convex cocompact representation p : I' = G, the existence of a cocompact
invariant convex set C implies (by the Svarc-Milnor lemma or “fundamental ob-
servation of geometric group theory”) that p is a quasi-isometric embedding. This
means that the points of any p(I')-orbit in X = G/K go to infinity at linear speed
for the word length function |- | : I' — N: for any xg € X there exist C,C’ > 0
such that dg/k (zo,p(7) - 20) > C'|y| — C’ for all v € I'. (This property does not
depend on the choice of finite generating subset of I' defining | - |.) A consequence
“at infinity” is that any p-orbital map I' — X extends to a p-equivariant embedding
€ : Ol = 0o X ~ G/P, where 05 is the boundary of the Gromov hyperbolic
group I'. The image of ¢ is the limit set A,y of p(I') in doxX. The dynamics on
0xX =~ G/P is decomposed as in Example 1.2: the action of p(T") is “chaotic” on
A,y (e.g. all orbits are dense if T' is nonelementary), and properly discontinuous,
with compact quotient, on the complement Q) = 0o X ~\ Ayr).

Further dynamical properties were studied by Sullivan: by [103], the action of
p(I') on 0o X ~ G/P is expanding at each point z € A,r), i.e. there exist v € T
and C > 1 such that p(vy) multiplies all distances by > C on a neighborhood of
z in 05X (for some fixed auxiliary metric on 0, X). This implies that the group
p(T) is structurally stable, i.e. there is a neighborhood of the natural inclusion in
Hom(p(T'),G) consisting entirely of faithful representations. In fact, p admits a
neighborhood consisting entirely of convex cocompact representations, by a variant
of the Ehresmann—Thurston principle. For G = SL(2,C), a structurally stable
subgroup of G is either locally rigid or convex cocompact, by [104].

3.2. Convex projective structures: divisible convex sets. Let G be the pro-
jective linear group PGL(d, R) and X the projective space P(R?), for d > 2. Recall
that a subset of X = P(R?) is said to be conver if it is contained and convex in
some affine chart, properly convex if its closure is convex, and strictly convez if it
is properly convex and its boundary in X does not contain any nontrivial segment.

Remark 3.1. Any properly convex open subset  of X = P(R?) admits a well-
behaved (complete, proper, Finsler) metric dq, the Hilbert metric, which is invariant
under the subgroup of G = PGL(d,R) preserving Q (see e.g. [13]). In particular,
any discrete subgroup of G preserving {2 acts properly discontinuously on €.

By definition, a convex projective structure on a manifold M is a (G, X)-structure
obtained by identifying M with T'\Q2 for some properly convex open subset € of X
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and some discrete subgroup I' of G. When M is closed, i.e. when I' acts with com-
pact quotient, we say that I' divides 2. Such divisible convex sets ) are the objects
of a rich theory, see [13]. The following classical examples are called symmetric.

Examples 3.2. (1) For d=n-+1> 3, let (-, )n,1 be a symmetric bilinear form of
signature (n,1) on RY, and Q = {[v] € P(RY) | (v,v),,,1 < 0} be the projective model
of the real hyperbolic space H". It is a strictly convex open subset of X = P(R%)
(an ellipsoid), and any uniform lattice I of PO(n,1) C G = PGL(d, R) divides .
(2) For d = n(n+1)/2, let us see R? as the space Sym(n,R) of symmetric n x n
real matrices, and let Q C P(R?) be the image of the set of positive definite ones.
The set (2 is a properly convex open subset of X = P(R9); it is strictly convex if and
only if n = 2. The group GL(n,R) acts on Sym(n,R) by g-s := gs’g, which induces
an action of PGL(n,R) on €. This action is transitive and the stabilizer of a point is
PO(n), hence Q identifies with the Riemannian symmetric space PGL(n,R)/PO(n).
In particular, any uniform lattice I" of PGL(n,R) divides Q. (A similar construction
works over the complex numbers, the quaternions, or the octonions: see [13].)

Many nonsymmetric strictly examples were also constructed since the 1960s by
various techniques; see [13, 35] for references. Remarkably, there exist irreducible
divisible convex sets 2 C P(R?) which are not symmetric and not strictly convex:
the first examples were built by Benoist [12] for 4 < d < 7. Ballas-Danciger—Lee [4]
generalized Benoist’s construction for d = 4 to show that large families of nonhy-
perbolic closed 3-manifolds admit convex projective structures. Choi-Lee-Marquis
[36] recently built nonstrictly convex examples of a different flavor for 5 < d < 7.

For strictly conver ), dynamics “at infinity” are relatively well understood: if I’
divides 2, then I" is Gromov hyperbolic [10] and, by cocompactness, any orbital map
I' = Q extends continuously to an equivariant homeomorphism from the boundary
0ol of T' to the boundary of Q in X. This is similar to Section 3.1, except that
now X itself is a flag variety G/P (see Table 1). The image of the boundary map
is again a limit set Ar on which the action of T" is “chaotic”, but Ar is now part
of a larger “extended limit set” .Z1, namely the union of all projective hyperplanes
tangent to Q at points of Ap. The space X ~ G/P is the disjoint union of %t
and €. The dynamics of I' on X are further understood by considering the geodesic
flow on Q C X, defined using the Hilbert metric of Remark 3.1; for Q = H” as in
Example 3.2.(1), this is the usual geodesic flow. Benoist [10] proved that the induced
flow on T\ is Anosov and topologically mixing; see [39] for further properties.

For nonstrictly convex €2, the situation is less understood. Groups I' dividing €2
are never Gromov hyperbolic [10]; for d = 4 they are relatively hyperbolic [12], but
in general they might not be (e.g. if € is symmetric), and it is not obvious what type
of boundary 0,,I" (defined independently of ) might be most useful in the context
of Problem B. The geodesic flow on T\ is not Anosov, but Bray [22] proved it is
still topologically mixing for d = 4. Much of the dynamics remains to be explored.

By Koszul [84], discrete subgroups of G dividing Q are structurally stable;
moreover, for a closed manifold M with fundamental group I' = 71 (M), the set
Hom$;™ (T, G) of holonomy representations of convex (G, X)-structures on M is
open in Hom(T', G). It is also closed in Hom(T', G) as soon as I' does not contain an
infinite normal abelian subgroup, by Choi-Goldman [33] (for d = 3) and Benoist [11]
(in general). For d = 3, when M is a closed surface of genus g > 2, Goldman [56]
showed that Hom§;™ (', G)/G is homeomorphic to R169716 via an explicit parame-
trization generalizing classical (Fenchel-Nielsen) coordinates on Teichmiiller space.
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3.3. AdS quasi-Fuchsian representations. We now discuss the Lorentzian coun-
terparts of Example 1.2, which have been studied by Witten [111] and others as
simple models for (2 4 1)-dimensional gravity. Let M = .S x (0,1) be as in Exam-
ple 1.2. Instead of taking (G, X) = (PO(3,1),H?), we now take G = PO(2,2) and

X = AdS® = {[v] € P(R*) | (v,v)22 < 0}.

In other words, we change the signature of the quadratic form defining X from
(3,1) (as in Example 3.2.(1)) to (2,2). This changes the natural G-invariant metric
from Riemannian to Lorentzian, and the topology of X from a ball to a solid torus.
The space X = AdS? is called the anti-de Sitter 3-space.

The manifold M = Sx (0, 1) does not admit (G, X)-structures of type C (see Sec-
tion 1.1), but it admits some of type U, called globally hyperbolic mazimal Cauchy-
compact (GHMC). In general, a Lorentzian manifold is called globally hyperbolic if
it satisfies the intuitive property that “when moving towards the future one does not
come back to the past”; more precisely, there is a spacelike hypersurface (Cauchy
hypersurface) meeting each inextendible causal curve exactly once. Here we also
require that the Cauchy surface be compact and that M be maximal (i.e. not iso-
metrically embeddable into a larger globally hyperbolic Lorentzian 3-manifold).

To describe the GHMC (G, X)-structures on M, it is convenient to consider a dif-
ferent model for AdS®, which leads to beautiful links with 2-dimensional hyperbolic
geometry. Namely, we view R* as the space M3 (R) of real 2 x 2 matrices, and the
quadratic form (-,-)3 2 as minus the determinant. This induces an identification of
X = AdS® with G = PSL(2, R) sending [v] € X to [\(u?vﬂ(%tx 2t )] € G, and
a corresponding group isomorphism from the identity component Gy = PO(2,2),
of G acting on X = AdS®, to G x G acting on G by right and left multipli-
cation: (g1,92) - g = g299; . It also induces an identification of the boundary
90X C P(R*) with the projectivization of the set of rank-one matrices, hence with
P}(R) x P1(R) (by taking the kernel and the image); the action of Gy on X
corresponds to the natural action of G x G on P(R) x P}(R).

FIGURE 5. The sets A, 2, C for an AdS quasi-Fuchsian representation

With these identifications, Mess [93] proved that all GHMC (G, X )-structures on
M = Sx(0,1) are obtained as follows. Let (pr,, pr) be a pair of Fuchsian representa-
tions from I' = 1 (M) ~ m1(S) to G = PSL(2,R). The group (pr, pr)(I") C GXG C
G preserves a topological circle A in 9X, namely the graph of the homeomorphism
of P}(R) conjugating the action of py, to that of pg. For any z € A, the orthogonal
2t of z for (-,-)22 is a projective hyperplane tangent to X at z. The complement
Q in P(R*) of the union of all 2+ for z € A is a convex open subset of P(R*) con-
tained in X (see Figure 5) which admits a I'-invariant Cauchy surface. The action
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of T on Q via (pr, pr) is properly discontinuous and the convex hull C of A in
(called the convez core) has compact quotient by I'. The quotient (pr, pr)(T')\€2 is
diffeomorphic to M = S x (0, 1), and this yields a GHMC (G, X)-structure on M.

Such (G, X)-structures, or their holonomy representations p = (pr,pr) : I' —
G x G C G, are often called AdS quasi-Fuchsian, by analogy with Example 1.2.
Their deformation space is parametrized by Teich(S) x Teich(S), via (pr, pr) [93].
Their geometry, especially the geometry of the convex core and the way it deter-
mines (pr, pr), is the object of active current research (see 7, 19]). Generalizations
have recently been worked out in several directions (see [6, 8, 18] and Section 6.2).

As in Section 3.1, the compactness of the convex core of an AdS quasi-Fuchsian
manifold implies that any orbital map I' — €2 extends “at infinity” to an equivariant
embedding £ : O’ — 90X with image A. Here 0X is still a flag variety G/ P, where
P is the stabilizer in G = PO(2,2) of an isotropic line of R* for (-, )2 2. Although
G has higher rank, the rank-one dynamics of Section 3.1 still appear through the
product structure of Go ~ G x G acting on X ~ P}(R) x P}(R) =~ 0, H? x 0,,H2.

4. ANOSOV REPRESENTATIONS

In this section we define and discuss Anosov representations. These are repre-
sentations of Gromov hyperbolic groups into Lie groups G with strong dynamical
properties, defined using continuous equivariant boundary maps. They were intro-
duced by Labourie [85] and further investigated by Guichard—Wienhard [69]. They
play an important role in higher Teichmiiller theory and in the study of Problem B.
As we shall see in Section 4.5, most representations that appeared in Section 3 were
in fact Anosov representations.

4.1. The definition. Let I" be a Gromov hyperbolic group with boundary 0,,I"
(e.g. I a surface group and J,,I" a circle, or I' a nonabelian free group and d..I" a
Cantor set). The notion of an Anosov representation of I" to a reductive Lie group G
depends on the choice of a parabolic subgroup P of G up to conjugacy, i.e. on the
choice of a flag variety G/P (see Section 1.4). Here, for simplicity, we restrict to
G = PGL(d,R). We choose an integer i € [1,d — 1] and denote by P; the stabilizer
in G of an i-plane of R, so that G/P; identifies with the Grassmannian Gr;(R?).

By definition, a representation p : I' = PGL(d, R) is P;-Anosov if there exist two
continuous p-equivariant maps &; : 9o’ — Gr;(R?) and &5_; : 90" — Grg_;(R?)
which are transverse (i.e. &(n) + &4—i(n') = R? for all  # 7’ in J,,I') and satisfy a
uniform contraction/expansion condition analogous to that defining Anosov flows.

Let us state this condition in the original case considered by Labourie [85], where

= m (M) for some closed negatively-curved manifold M. We denote by M the
universal cover of M, by T the unit tangent bundle, and by (¢¢):cr the geodesic
flow on either T (M) or T'(M). Let

Ef =T\(T'(M) x R%)
be the natural flat vector bundle over T (M) = I'\T" (M) associated to p, where T

acts on TH(M)xR? by v-(%,v) = (7-@, p(7)-v). The geodesic flow (¢ )ter on T (M)
lifts to a flow (1b¢)ser on EP, given by 1 - [(Z,v)] = [(¢¢-&, v)]. For each # € T(M),
the transversality of the boundary maps induces a decomposition R? = &;(z1) @
€4-i(Z7), where 2+ = limy_, 1o ¢y - & are the forward and backward endpoints of

the geodesic defined by Z, and this defines a decomposition of the vector bundle
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E? into the direct sum of two subbundles Ef = {[(Z,v)]|v € &(21)} and Ef]_, =
{l(z,v)]|v € €&—i(Z~)}. This decomposition is invariant under the flow (¢,). By
definition, the representation p is P;-Anosov if the following condition is satisfied.

Condition 4.1. The flow (1)iecr uniformly contracts EY with respect to Ef]_,, i.e.
there exist C,C" > 0 such that for any t > 0, any x € T*(M), and any nonzero
w; € EY(x) and wq—; € EY_,(x),

R P Y
Hd)t : wd—i”aptw B de—i”ac7

where (|| - ||o)zerr (v @5 any fized continuous family of norms on the fibers EP(x).

See [23] for an interpretation in terms of metric Anosov flows (or Smale flows).

Condition 4.1 implies in particular that the boundary maps &;, £4—; are dynamics-
preserving, in the sense that the image of the attracting fixed point in d,I" of any
infinite-order element v € T is an attracting fixed point in Gr;(R¢) or Gry_;(R?) of
(7). Thus &; and &;_; are unique, by density of such fixed points in JT.

We note that P;-Anosov is equivalent to P;_;-Anosov, as the integers i and d — i
play a similar role in the definition (up to reversing the flow, which switches contrac-
tion and expansion). In particular, we may restrict to P;-Anosov for 1 <14 < d/2.

Guichard-Wienhard [69] observed that an analogue of Condition 4.1 can actually

be defined for any Gromov hyperbolic group I'. The idea is to replace T1(1\7 ) by
9soI'? x R where 8,,I'® is the space of pairs of distinet points in the Gromov
boundary dI" of ', and the flow ; by translation by ¢ along the R factor. The work
of Gromov [62] (see also [31, 92, 95]) yields an appropriate extension of the I'-action
on 95T t0 9, I'®) xR, which is properly discontinuous and cocompact. This leads
to a notion of an Anosov representation for any Gromov hyperbolic group T" [69].

4.2. Important properties and examples. A fundamental observation moti-
vating the study of Anosov representations is the following: if G is a semisimple
Lie group of real rank one, then a representation p : I' — G is Anosov if and only
if it is convex cocompact in the sense of Section 3.1.

Moreover, many important properties of convex cocompact representations into
rank-one groups generalize to Anosov representations. For instance, Anosov repre-
sentations p : I' — G are quasi-isometric embeddings [69, 85]; in particular, they
have finite kernel and discrete image. Also by [69, 85], any Anosov subgroup (i.e. the
image of any Anosov representation p : I' — @) is structurally stable; moreover, p
admits a neighborhood in Hom(I', G) consisting entirely of Anosov representations.
This is due to the uniform hyperbolicity nature of the Anosov condition.

Kapovich, Leeb, and Porti, in a series of papers (see [73, 77, 67]), have developed
a detailed analogy between Anosov representations into higher-rank semisimple Lie
groups and convex cocompact representations into rank-one simple groups, from the
point of view of dynamics (e.g. extending the expansion property at the limit set of
Section 3.1 and other classical characterizations) and topology (e.g. compactifications).

Here are some classical examples of Anosov representations in higher real rank.

Examples 4.2. Let I' = 71 (S) where S is a closed orientable surface of genus > 2.

(1) (Labourie [85]) For d > 2, let 74 : PSL(2,R) - G = PGL(d,R) be the
irreducible representation (unique up to conjugation by G). For any Fuchsian
representation pg : I' — PSL(2,R), the composition 740 pg : I' = G is P;-Anosov
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for all 1 <7 < d— 1. Moreover, any representation in the connected component of
74 © po in Hom(T', G) is still P-Anosov for all 1 <7 < d — 1. These representations
were first studied by Hitchin [71] and are now known as Hitchin representations.

(2) (Burger—Tozzi-Labourie-Wienhard [25, 28]) If a representation of " into G =
PSp(2n,R) € PGL(2n,R) (resp. G = PO(2,q) C PGL(2 + ¢,R)) is mazximal, then
it is P,-Anosov (resp. P;-Anosov).

(3) (Barbot [5] for d = 3) Let d > 2. Any Fuchsian representation I' — SL(2, R),
composed with the standard embedding SL(2,R) < SL(d,R) (given by the direct
sum of the standard action on R? and the trivial action on R9~2), defines a P;-
Anosov representation I' - G = PSL(d, R).

In (2), we say that p: I' — G is mazimal if it maximizes a topological invariant,
the Toledo number T(p), defined for any simple G of Hermitian type. If X = G/K
is the Riemannian symmetric space of GG, then the imaginary part of the G-invariant
Hermitian form on X defines a real 2-form wx, and by definition T'(p) = i Js frwx

where f : S = X is any p-equivariant smooth map. For G = PSL(2,R), this
coincides with the Euler number of p. In general, T'(p) takes discrete values and
IT(p)| < rankg(G) |x(S)| where x(S5) is the Euler characteristic of S (see [27]).
While (1) and (3) provide Anosov representations in two of the three connected
components of Hom(I', PSL(3,R)) for I = 71 (), it is currently not known whether
Anosov representations appear in the third component.
See [9, 24, 30, 69, 75] for higher-rank Anosov generalizations of Schottky groups.

4.3. Higher Teichmiiller spaces of Anosov representations. Anosov repre-
sentations play an important role in higher Teichmdiller theory, a currently very
active theory whose goal is to find deformation spaces of faithful and discrete rep-
resentations of discrete groups I' into higher-rank semisimple Lie groups G which
share some of the remarkable properties of Teichmiiller space. Although various
groups I' may be considered, the foundational case is when T' = m(S) for some
closed connected surface S of genus > 2 (see [27, 110]); then one can use rich features
of Riemann surfaces, explicit topological considerations, and powerful techniques
based on Higgs bundles as in Hitchin’s pioneering work [71].

Strikingly similar properties to Teich(S) have been found for two types of higher
Teichmaiiller spaces: the space of Hitchin representations of I' into a real split simple
Lie group G such as PGL(d, R), modulo conjugation by G; and the space of mazimal
representations of I" into a simple Lie group G of Hermitian type such as PSp(2n, R)
or PO(2, ¢), modulo conjugation by G. Both these spaces are unions of connected
components of Hom(T', G)/G, consisting entirely of Anosov representations (see
Examples 4.2.(1)—(2)). Similarities of these spaces to Teich(S) include:

(1) the proper discontinuity of the action of the mapping class group Mod(S) [86];
(2) for Hitchin representations to PGL(d, R): the topology of R( =D Ix($)! [71];
(3) good systems of coordinates generalizing those on Teich(S) [17, 52, 56, 102, 112];
(4) ananalytic Mod(S)-invariant Riemannian metric (pressure metric) [23, 97];
(5) versions of the collar lemma for associated locally symmetric spaces [29, 89].
Other higher Teichmiiller spaces of Anosov representations of 71 (.5) are also being
explored [70]. We refer to Section 5 for geometric structures associated to such spaces.

4.4. Characterizations. Various characterizations of Anosov representations have
been developed in the past few years, by Labourie [85], Guichard—Wienhard [69],
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Kapovich-Leeb—Porti [73, 74, 75], Guéritaud—Guichard—Kassel-Wienhard [63], and
others. Here are some characterizations that do not involve any flow. They hold
for any reductive Lie group G, but for simplicity we state them for G = PGL(d, R).
For 1 <i<d and g € GL(d,R), we denote by ;(g) (resp. A;(g)) the logarithm of
the i-th singular value (resp. eigenvalue) of g.

Theorem 4.3. For a Gromov hyperbolic group ', a representation p : I’ — G =
PGL(d,R), and an integer 1 < i < d/2, the following are equivalent:

(1) p is P;-Anosov (or equivalently Ps_;-Anosov, see Section 4.1);
(2) there exist continuous, p-equivariant, transverse, dynamics-preserving bound-
ary maps & : 0ol — Gry(RY) and €4 : 0ol — Grg_;(RY), and
(i — piv1)(p(7)) = +00 as [y| = +o0;
(8) there exist continuous, p-equivariant, transverse, dynamics-preserving bound-
ary maps & : ool — Gry(RY) and €4 : 0ol — Grg_;(RY), and
(A = Xit1)(p()) = +00 as br(y) = +oo;
(4) there exist C,C’ > 0 such that (u; — piy1)(p(y)) = C|y| = C’ for all vy € T
(5) there exist C,C" > 0 such that (A; — Nit1)(p(7)) > Clr(y) = C’ for ally €T.

Here we denote by |- | : T' = N the word length with respect to some fixed finite
generating subset of I, and by /1 : I' — N the translation length in the Cayley
graph of T for that subset, i.e. r(y) = minger |8787!|. In a Gromov hyperbolic
group I the translation length ¢r(7) is known to differ only by at most a uniform
additive constant from the stable length |v|oc = lim,— 100 [7"/n, and so we may
replace ¢r () by || in Conditions (3) and (5).

The equivalence (1) < (2) is proved in [63] and [74], the equivalence (2) < (3) in
[63], the equivalence (1) < (4) in [75] and [15], and the equivalence (4) < (5) in [79].

Condition (4) is a refinement of the condition of being a quasi-isometric embed-
ding, which for G = PGL(d, R) is equivalent to the existence of C,C’ > 0 such that
V2w (e — per1)?(p(7)) = C'ly|—C' for ally € T'. We refer to [63] (CLI condition)
or [75] (Morse condition) for further refinements satisfied by Anosov representations.

By [75, 15], if T is any finitely generated group, then the existence of a repre-
sentation p : I' — PGL(d,R) satisfying Condition (4) implies that I' is Gromov
hyperbolic. The analogue for (5) is more subtle: e.g. the Baumslag—Solitar group
BS(1, 2), which is not Gromov hyperbolic, still admits a faithful representation into
PSL(2,R) satisfying Condition (5) for the stable length |- |, see [79].

Kapovich-Leeb—Porti’s original proof [75] of (1) < (4) uses the geometry of
higher-rank Riemannian symmetric spaces and asymptotic cones. Bochi-Potrie-
Sambarino’s alternative proof [15] is based on an interpretation of (1) and (4) in
terms of partially hyperbolic dynamics, and more specifically of dominated split-
tings for locally constant linear cocycles over certain subshifts. Pursuing this point
of view further, [79] shows that the equivalence (4) < (5) of Theorem 4.3 implies
the equivalence between nonuniform hyperbolicity (i.e. all invariant measures are
hyperbolic) and uniform hyperbolicity for a certain cocycle naturally associated
with p on the space of biinfinite geodesics of I'. In general in smooth dynamics,
nonuniform hyperbolicity does not imply uniform hyperbolicity.

4.5. Revisiting the examples of Section 3. The boundary maps and dynamics
“at infinity” that appeared in most examples of Section 3 are in fact explained by
the notion of an Anosov representation:
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e convex cocompact representations into rank-one simple Lie groups as in Sec-
tion 3.1 are all Anosov (see Section 4.2);

e if S is a closed orientable connected surface of genus > 2, then by Choi-
Goldman [33, 56] the holonomy representations of convex projective structures
on S as in Section 3.2 are exactly the Hitchin representations of 71 (.9) into
PSL(3,R); they are all Pi-Anosov (Example 4.2.(1));

o for general d > 3, Benoist’s work [10] shows that if " is a discrete subgroup
of PGL(d,R) dividing a strictly convex open subset 2 of P(R?), then T is
Gromov hyperbolic and the inclusion I' — PGL(d, R) is P;-Anosov;

e Mess’s theory [93] implies that a representation p : m1(S) — PO(2,2) C
PGL(4,R) is AdS quasi-Fuchsian if and only if it is P;-Anosov.

5. GEOMETRIC STRUCTURES FOR ANOSOV REPRESENTATIONS

We just saw in Section 4.5 that various (G, X)-structures described in Section 3
give rise (via the holonomy) to Anosov representations; these (G, X)-structures are
of type C or type U (terminology of Section 1.1). In this section, we study the con-
verse direction. Namely, given an Anosov representation p : I' — G, we wish to find:

e homogeneous spaces X = G/H on which T acts properly discontinuously via p;
this will yield (G, X )-manifolds (or orbifolds) M = p(T')\ X of type C;

e proper open subsets U (domains of discontinuity) of homogeneous spaces X =
G/H on which T" acts properly discontinuously via p; this will yield (G, X)-
manifolds (or orbifolds) M = p(I')\U of type U.

We discuss type U in Sections 5.1-5.2 and type C in Section 5.3. One motivation
is to give a geometric meaning to the higher Teichmiiller spaces of Section 4.3.

5.1. Cocompact domains of discontinuity. Domains of discontinuity with com-
pact quotient have been constructed in several settings in the past ten years.
Barbot [5] constructed such domains in the space X of flags of R?, for the Anosov
representations to G = PSL(3,R) of Example 4.2.(3) and their small deformations.
Guichard—Wienhard [69] developed a more general construction of cocompact do-
mains of discontinuity in flag varieties X for Anosov representations into semisimple
Lie groups G. Here is one of their main results. For p > ¢ > i > 1, we denote by F/?
the closed subspace of the Grassmannian Gr;(RP19) consisting of i-planes that are
totally isotropic for the standard symmetric bilinear form (-, -),, 4 of signature (p, g).

Theorem 5.1 (Guichard-Wienhard [69]). Let G = PO(p, q) with p > q and X =
FP4. For any Pi-Anosov representation p : I' = G C PGL(RP*9) with boundary
map &1 : Ol — FP4 C P(RPT9), the group p(T') acts properly discontinuously with
compact quotient on U, := X \ Z,, where

L= | (WeX=Fr1|&new}
NEDo
We have U, # 0 as soon as dim(0-I") < p — 1. The homotopy type of p(I')\U, is
constant as p varies continuously among Py-Anosov representations of T in G.

For g = 1, we recover the familiar picture of Section 3.1: the set .Z), is the limit
set A,y C OcHP, and U, is the domain of discontinuity Q,) = 0o HP A, ry.

Guichard-Wienhard [69] used Theorem 5.1 to describe domains of discontinuity
for various families of Anosov representations into other semisimple Lie groups G.
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Indeed, by [69] an Anosov representation p : I' = G can always be composed with
a representation of G into some PO(p, ¢) so as to become Pj-Anosov in PO(p, q).

Kapovich-Leeb—Porti [76] developed a more systematic approach to the construc-
tion of domains of discontinuity in flag varieties. They provided sufficient conditions
(expressed in terms of a notion of balanced ideal in the Weyl group for the Bruhat
order) on triples (G, P, @) consisting of a semisimple Lie group G and two parabolic
subgroups P and @, so that P-Anosov representations into G admit cocompact do-
mains of discontinuity in G/Q. These domains are obtained by removing an explicit
“extended limit set” .Z), as in Theorem 5.1. The approach of Kapovich-Leeb—Porti
is intrinsic: it does not rely on an embedding of G into some PO(p, q).

5.2. Geometric structures for Hitchin and maximal representations. Let
S be a closed orientable surface of genus > 2. Recall (Example 4.2) that Hitchin rep-
resentations from I' = m1(S5) to G = PSL(d,R) are P;-Anosov for all 1 <i <d—1;
maximal representations from I" to G = PO(2,¢q) C PGL(2 + ¢,R) are P;-Anosov.

For G = PSL(2,R) ~ PO(2,1), Hitchin representations and maximal represen-
tations of I' to G both coincide with the Fuchsian representations; they are the
holonomy representations of hyperbolic structures on S (Example 2.1). In the set-
ting of higher Teichmiiller theory (see Section 4.3), one could hope that Hitchin
or maximal representations of I to higher-rank G might also parametrize certain
geometric structures on a manifold related to S. We saw in Section 4.5 that this
is indeed the case for G = PSL(3,R): Hitchin representations of I" to PSL(3,R)
parametrize the convex projective structures on S [33, 56]. In an attempt to gen-
eralize this picture, we now outline constructions of domains of discontinuity for
Hitchin representations to PSL(d,R) with d > 3, and maximal representations to
PO(2,q) with ¢ > 1. By classical considerations of cohomological dimension, such
domains cannot be both cocompact and contractible; in Sections 5.2.2-5.2.3 below,
we will prefer to forgo compactness to favor the nice geometry of convex domains.

5.2.1. Hitchin representations for evend = 2n. Let (G, X) = (PSL(2n, R), P(R?")).
Hitchin representations to G do not preserve any properly convex open set 2 in X,
see [45, 113]. However, Guichard-Wienhard associated to them nonconvex (G, X)-
structures on a closed manifold: by [69], if p : ' = G is Hitchin with boundary map
€t 0ol — Grp, (R?™), then X \ Uy ea..r &n(n) is a cocompact domain of disconti-
nuity for p, and the homotopy type of the quotient does not depend on p. So far the
topology and geometry of the quotient are understood only for n = 2 (see [110]).

5.2.2. Hitchin representations for odd d = 2n + 1. Hitchin representations to G =
PSL(2n + 1,R) give rise to (G, X )-manifolds for at least two choices of X.

One choice is to take X to be the space of partial flags (V1 C Va,) of R?" ! with
V1 aline and V3, a hyperplane: Guichard-Wienhard [69] again constructed explicit
cocompact domains of discontinuity in X in this setting.

Another choice is X = P(R?"*1): Hitchin representations in odd dimension are
the holonomies of convex projective manifolds, which are noncompact for n > 1.

Theorem 5.2 ([45, 113]). For any Hitchin representation p : I' — PSL(2n+1,R),
there is a p(I')-invariant properly convex open subset Q of P(R?"*1) and a nonempty
closed convez subset C of Q0 which has compact quotient by p(T').

More precisely, if p has boundary maps &; : 95" — Gry (R?"*1) = P(R?"+!) and
€an 1 ool = Grapn (R*MH1), we may take Q = P(R** 1)\, cp_r €2n(n) and C to be
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the convex hull of &1 (0sT") in Q. The group p(T") acts properly discontinuously on {2
(Remark 3.1), and so p(I")\2 is a convex projective manifold, with a compact convex
core p(I')\C. In other words, p(T') is convex cocompact in P(R?"*1), see Section 6.

5.2.3. Maximal representations. Maximal representations to G = PO(2, ¢) give rise
to (G, X)-manifolds for at least two choices of X.

One choice is X = F3 (also known as the space of photons in the Einstein uni-
verse Ein?): Theorem 5.1 provides cocompact domains of discontinuity for p in X.
Collier-Tholozan—Toulisse [37] recently studied the geometry of the associated quo-
tient (G, X)-manifolds, and showed that they fiber over S with fiber O(q)/O(¢—2).

Another choice is X = P(R?%9): by [44], maximal representations p : I' — G
are the holonomy representations of convex projective manifolds p(I')\2, which are
noncompact for ¢ > 1 but still convex cocompact as in Section 5.2.2. In fact 2
can be taken inside H*4~! = {[v] € P(R*%9) | (v,v)q,, < 0} (see [44, 37]), which is
a pseudo-Riemannian analogue of the real hyperbolic space in signature (2,q — 1),
and p(I") is H*9~1-convex cocompact in the sense of Section 6.2 below.

5.3. Proper actions on full homogeneous spaces. In Sections 5.1-5.2, we
mainly considered compact spaces X = G/H (flag varieties); these spaces can-
not admit proper actions by infinite discrete groups, but we saw that sometimes
they can contain domains of discontinuity 4 C X, yielding (G, X)-manifolds of
type U (terminology of Section 1.1).

We now consider noncompact X = G/H. Then Anosov representations p : I' = G
may give proper actions of I on the whole of X = G/H, yielding (G, X)-manifolds
p(T\X of type C. When H is compact, this is not very interesting since all faithful
and discrete representations to G give proper actions on X. However, when H is
noncompact, it may be remarkably difficult in general to find such representations
giving proper actions on X, which led to a rich literature (see [83] and [78, Intro]).

One construction for proper actions on X was initiated by Guichard—Wienhard [69]
and developed further in [64]. Starting from an Anosov representation p : I' = G,
the idea is to embed G into some larger semisimple Lie group G’ so that X = G/H
identifies with a G-orbit in some flag variety 7' of G’, and then to find a cocompact
domain of discontinuity &« D X for p in F’ by using a variant of Theorem 5.1. The
action of p(I') on X is then properly discontinuous, and p(I')\ (A N X) provides a
compactification of p(I")\ X, which in many cases can be shown to be well-behaved.
Here is one application of this construction; see [64] for other examples.

Example 5.3 ([64]). Let G = PO(p,q) and H = O(p,q — 1) where p > ¢ > 1.
For any P,-Anosov representation p: I' = G C PGL(p + ¢, R), the group p(I") acts
properly discontinuously on X = HP4~! = {[v] € P(RP*Y) | (v,v),, < 0} ~ G/H,
and for torsion-free T the complete (G, X )-manifold p(I')\ X is topologically tame.

By topologically tame we mean homeomorphic to the interior of a compact mani-
fold with boundary. For other compactifications of quotients of homogeneous spaces
by Anosov representations, yielding topological tameness, see [68, 72, 76].

Another construction of complete (G, X )-manifolds for Anosov representations
into reductive Lie groups G was given in [63], based on a properness criterion of
Benoist [9] and Kobayashi [82]. For simplicity we discuss it for G = PGL(d,R).
As in Section 4.4, let p;(g) be the logarithm of the i-th singular value of a matrix
g € GL(d,R); this defines a map u = (p1,...,p04) : PGL(d,R) — RY/R(1,...,1) ~
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R?~1, The properness criterion of [9, 82] states that for two closed subgroups H, T
of G = PGL(d,R), the action of " on G/H is properly discontinuous if and only if
the set p(T") “drifts away at infinity from p(H)”, in the sense that for any R > 0 we
have dga-1(p(7y), u(H)) > R for all but finitely many v € T'. If T is the image of an
Anosov representation, then we can apply the implication (1) = (2) of Theorem 4.3
to see that the properness criterion is satisfied for many examples of H.

Example 5.4 ([63]). For ¢ = 1 (resp. n), the image of any P;-Anosov representation
to G = PSL(2n,R) acts properly discontinuously on X = G/H for H = SL(n,C)
(resp. SO(n+1,n —1)).

6. CONVEX COCOMPACT PROJECTIVE STRUCTURES

In Sections 3 and 4.5 we started from (G, X)-structures to produce Anosov rep-
resentations, and in Section 5 we started from Anosov representations to produce
(G, X)-structures. We now discuss a situation, in the setting of convex projective
geometry, in which the links between (G, X)-structures and Anosov representations
are particularly tight and go in both directions, yielding a better understanding of
both sides. In Section 6.4 we will also encounter generalizations of Anosov represen-
tations, for finitely generated groups that are not necessarily Gromov hyperbolic.

6.1. Convex cocompactness in higher real rank. The results presented here
are part of a quest to generalize the notion of rank-one convex cocompactness of
Section 3.1 to higher real rank.

The most natural generalization, in the setting of Riemannian symmetric spaces,
turns out to be rather restrictive: Kleiner-Leeb [80] and Quint [98] proved that if
G is a real simple Lie group of real rank > 2 and K a maximal compact subgroup
of GG, then any Zariski-dense discrete subgroup of G acting with compact quotient
on some nonempty convex subset of G/K is a uniform lattice in G.

Meanwhile, we have seen in Section 4.2 that Anosov representations into higher-
rank semisimple Lie groups G have strong dynamical properties which nicely gen-
eralize those of rank-one convex cocompact representations (see [77, 67]). However,
in general Anosov representations to G do not act with compact quotient on any
nonempty convex subset of G/K, and it is not clear that Anosov representations
should come with any geometric notion of convexity at all (see e.g. Section 5.2.1).

In this section, we shall see that Anosov representations in fact do come with
convex structures. We shall introduce several generalizations of convex cocompact-
ness to higher real rank (which we glimpsed in Sections 5.2.2-5.2.3) and relate them
to Anosov representations. This is joint work with J. Danciger and F. Guéritaud.

6.2. Convex cocompactness in pseudo-Riemannian hyperbolic spaces. We
start with a generalization of the hyperbolic quasi-Fuchsian manifolds of Exam-
ple 1.2 or the AdS quasi-Fuchsian manifolds of Section 3.3, where we replace the
real hyperbolic space H? or its Lorentzian analogue Ads? by their general pseudo-
Riemannian analogue in signature (p,q — 1) for p,q > 1, namely

X =1 = {[v] € PRP™) | (v,0)p,q < 0}

The symmetric bilinear form (-, -), , of signature (p, ¢) induces a pseudo-Riemannian
structure of signature (p,q¢ — 1) on X, with isometry group G = PO(p,q) and
constant negative sectional curvature (see [44, §2.1]). The following is not our
original definition from [44], but an equivalent one from [45, Th. 1.25].



18 F. KASSEL

Definition 6.1. A discrete subgroup I' of G = PO(p, q) is HP9~-convex cocompact
if it preserves a properly convex open subset Q of X = HP¢~! C P(RP*Y) and if
it acts with compact quotient on some closed convex subset C of 2 with nonempty
interior, whose ideal boundary 8;C := C~.C = CNJX does not contain any nontrivial
projective segment. A representation p : I' — G is HP9~!-convex cocompact if its
kernel is finite and its image is an HP9~!-convex cocompact subgroup of G.

Here C is the closure of C in P(RP*9) and 0X the boundary of X = HP¢~! in
P(RPT9). For ', Q,C as in Definition 6.1, the quotient I'\Q2 is a (G, X )-manifold (or
orbifold) (see Remark 3.1), which we shall call convex cocompact; the subset T'\C
is compact, convex, and contains all the topology, as in Sections 3.1 and 3.3.

There is a rich world of examples of convex cocompact (G, X )-manifolds, includ-
ing direct generalizations of the quasi-Fuchsian manifolds of Sections 3.1 and 3.3
(see [8, 44, 45]) but also more exotic examples where the fundamental group is not
necessarily realizable as a discrete subgroup of PO(p, 1) (see [44, 88]).

The following result provides links with Anosov representations.

Theorem 6.2 ([44, 45]). For p,q > 1, let T be an infinite discrete group and
p: T — G=PO(p,q) C PGL(p + q,R) a representation.

(1) If p is HP9~1-convex cocompact, then T' is Gromouv hyperbolic and p is P;-
Anosov.

(2) Conversely, if T' is Gromouv hyperbolic, if p is Pi-Anosov, and if p(T') pre-
serves a properly convex open subset of P(RPTY), then p is HP9~-convex
cocompact or HP~-convex cocompact.

(3) If ' is Gromov hyperbolic with connected boundary 0,I' and if p is P;-
Anosov, then p is HP 1~ _convex cocompact or HIP~!-convex cocompact.

In (2)-(3), “pis H¥P~-convex cocompact” is understood after identifying PO(p, q)
with PO(q, p) and P(RP-9)\HP-9~1 with H??~! under multiplication of (-, -), , by —1.
The case that ¢ = 2 and I'is a uniform lattice of PO(p, 1) is due to Barbot—M¢érigot [8].

The links between HP-?~!-convex cocompactness and Anosov representations in
Theorem 6.2 have several applications.

Applications to (G, X)-structures (see [44, 45]):

e HP%~!_convex cocompactness is stable under small deformations, because being
Anosov is; thus the set of holonomy representations of convex cocompact (G, X)-
structures on a given manifold M is open in Hom(m (M), G).

e Examples of convex cocompact (G, X)-manifolds can be obtained using classical
families of Anosov representations: e.g. Hitchin representations into PO(n+1,n) are
H" 17—l convex cocompact for odd n and H™™-convex cocompact for even n, and
Hitchin representations into PO(n + 1,n + 1) are H" "1 "-convex cocompact. Max-
imal representations into PO(2, ¢) are H?9~-convex cocompact, see Section 5.2.3.

Applications to Anosov representations:
e New examples of Anosov representations can be constructed from convex cocom-
pact (G, X)-manifolds: e.g. this approach is used in [44] to prove that any Gromov
hyperbolic right-angled Coxeter group in d generators admits P;-Anosov represen-
tations into PGL(d, R). This provides a large new class of hyperbolic groups admit-
ting Anosov representations; these groups can have arbitrary large cohomological
dimension and exotic boundaries (see [44, §1.7] for references). (Until now most
known examples of Anosov representations were for surface groups or free groups.)
e For ¢ = 2 and T a uniform lattice of PO(p, 1)o, Barbot [6] used convex cocompact
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(G, X)-structures to prove that the connected component 7 of Hom(I", PO(p, 2))
containing the natural inclusion I' — PO(p,1) — PO(p,2) consists entirely of
Anosov representations. This is interesting in the framework of Section 4.3.

6.3. Strong projective convex cocompactness. We now consider a broader no-
tion of convex cocompactness, not involving any quadratic form. Let d > 2.

Definition 6.3. A discrete subgroup I' of G = PGL(d, R) is strongly P(R?)-convex
cocompact if it preserves a strictly convex open subset 2 of X = P(R?%) with C!
boundary and if it acts with compact quotient on some nonempty closed convex
subset C of 0. A representation p : I' — G is strongly P(R?)-convex cocompact if its
kernel is finite and its image is a strongly P(R%)-convex cocompact subgroup of G.

The action of ' on 2 in Definition 6.3 is a special case of a class of geometrically
finite actions introduced by Crampon—Marquis [40]. We use the adverb “strongly”
to emphasize the strong regularity assumptions made on . In Definition 6.3 we
say that the quotient T\Q is a strongly conver cocompact projective manifold (or
orbifold); the subset I'\C is again compact, convex, and contains all the topology.

Strongly P(R%)-convex cocompact representations include HP+¢~!-convex cocom-
pact representations as in Section 6.2 (see [44]), and the natural inclusion of groups
dividing strictly convex open subsets of P(R?) as in Section 3.2. The following
result generalizes Theorem 6.2, and improves on earlier results of [10, 40].

Theorem 6.4 ([45]). Let T' be an infinite discrete group and p : ' — G =
PGL(d,R) a representation such that p(T') preserves a nonempty properly convex
open subset of X = P(R%). Then p is strongly P(R?)-convexr cocompact if and only
if T' is Gromov hyperbolic and p is Py-Anosov.

Another generalization of Theorem 6.2 was independently obtained by Zimmer
[113]: it is similar to Theorem 6.4, but involves a slightly different notion of convex
cocompactness and assumes p(I") to act irreducibly on P(R9).

Applications of Theorem 6.4 include:

e Examples of strongly convex cocompact projective manifolds using classical Anosov
representations (e.g. Hitchin representations into PSL(2n+1, R) as in Section 5.2.2).

e In certain cases, a better understanding of the set of Anosov representations of a

Gromov hyperbolic group I inside a given connected component of Hom(T', G): e.g.

for an irreducible hyperbolic right-angled Coxeter group T', it is proved in [46], using

Theorem 6.4 and Vinberg’s theory [109], that P;-Anosov representations form the

full interior of the space of faithful and discrete representations of I' as a reflection

group in G = PGL(d, R).

For a Gromov hyperbolic group I and a P;-Anosov representation p: I' = G =
PGL(d,R), the group p(T') does not always preserve a properly convex open subset
of X = P(R?): see Section 5.2.1. However, as observed in [113], p can always be
composed with the embedding ¢ : G — PGL(V) described in Example 3.2.(2), for
V = Sym(d,R) ~ R4+ then 1 o p(T") preserves a properly convex open subset
in P(V). The composition ¢ o p : I' = PGL(V) is still P;-Anosov by [69], and it is
strongly P(V')-convex cocompact by Theorem 6.4. More generally, using [69], any
Anosov representation to any semisimple Lie group can always be composed with
an embedding into some PGL(V) so as to become strongly P(V')-convex cocompact.
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6.4. Projective convex cocompactness in general. We now introduce an even
broader notion of convex cocompactness, where we remove the strong regularity as-
sumptions on (2 in Definition 6.3. This yields a large class of convex projective man-
ifolds, whose fundamental groups are not necessarily Gromov hyperbolic. Their ho-
lonomy representations are generalizations of Anosov representations, sharing some
of their desirable properties (Theorem 6.7). This shows that Anosov representations
are not the only way to successfully generalize rank-one convex cocompactness to
higher real rank.

Definition 6.5 ([45]). A discrete subgroup I' of G = PGL(d, R) is P(R?)-convex
cocompact if it preserves a properly convex open subset  of X = P(RY) and if it
acts with compact quotient on some “large enough” closed convex subset C of (2.
A representation p : I' — G is P(R?)-convex cocompact if its kernel is finite and its
image is a P(R9)-convex cocompact subgroup of G.

In Definition 6.5, by “C large enough” we mean that all accumulation points of
all I'-orbits of  are contained in the boundary of C in X = P(R?). If we did not
impose this (even if we asked C to have nonempty interior), then the notion of P(R%)-
convex cocompactness would not be stable under small deformations: see [45, 47].
In Definition 6.5 we call T\Q a convex cocompact projective manifold (or orbifold).

The class of P(R%)-convex cocompact representations includes all strongly P(R?)-
convex cocompact representations as in Section 6.3, hence all HP*9~!-convex cocom-
pact representations as in Section 6.2. In fact, the following holds.

Proposition 6.6 ([45]). Let T' be an infinite discrete group. A representation
p:T — G =PGL(d,R) is strongly P(R?)-convex cocompact (Definition 6.3) if and
only if it is P(RY)-convex cocompact (Definition 6.5) and T' is Gromouv hyperbolic.

This generalizes a result of Benoist [10] on divisible convex sets. Together with
Theorem 6.4, Proposition 6.6 shows that P(R?)-convex cocompact representations
are generalizations of Anosov representations, to a larger class of finitely generated
groups I which are not necessarily Gromov hyperbolic. These representations still
enjoy the following good properties.

Theorem 6.7 ([45]). Let T’ be an infinite discrete group and p : I' — G =
PGL(d,R) a P(R%)-convex cocompact representation. Then
(1) p is a quasi-isometric embedding;
(2) there is a neighborhood of p in Hom(T', G) consisting entirely of faithful and
discrete P(R?)-convex cocompact representations;
(3) p is P((R?)*)-convexr cocompact;
(4) p induces a P(RP)-convex cocompact representation for any D > d (by
lifting p to a representation to SL* (d,R) and composing it with the natural
inclusion SLE(d,R) — SL*(D,R)).

In order to prove (2), we show that the representations of Theorem 6.7 are exactly
the holonomy representations of compact convex projective manifolds with strictly
convex boundary [45]; we can then apply the deformation theory of [38].

Groups that are P(R?)-convex cocompact but not strongly P(R9)-convex cocom-
pact include all groups dividing a properly convex, but not strictly convex, open
subset of X = P(RY) as in Section 3.2, as well as their small deformations in
PGL(D,R) for D > d (Theorem 6.7.(2)—(4)). Such nontrivial deformations exist:
e.g. for d = 4 we can always bend along tori or Klein bottle subgroups [12]. There



GEOMETRIC STRUCTURES AND REPRESENTATIONS OF DISCRETE GROUPS 21

seems to be a rich world of examples beyond this, which is just starting to be un-
veiled, see [45, 46, 47]. It would be interesting to understand the precise nature
of the corresponding abstract groups I', and how the dynamics of P(R?)-convex
cocompact representations generalize that of Anosov representations.

7. COMPLETE AFFINE STRUCTURES

In Sections 3 to 6 we always considered semisimple, or more generally reductive,
Lie groups G. We now discuss links between (G, X)-structures and representations
of discrete groups into G in an important case where G is not reductive: namely G is
the group Aff(R?) = GL(d,R) x R? of invertible affine transformations of X = R9.
We shall see in Section 7.3 that for d = 3 the holonomy representations of cer-
tain complete (i.e. type C in Section 1.1) (G, X)-structures are characterized by a
uniform contraction condition, which is also an affine Anosov condition; we shall
briefly mention partial extensions to d > 3, which are currently being explored.

7.1. Brief overview: understanding complete affine manifolds. Let (G, X) =
(Aff(R?), R?). This section is centered around complete affine manifolds, i.e. (G, X)-
manifolds of the form M = p(I')\X where I' ~ 7 (M) is a discrete group and
p: ' = G a faithful representation through which I' acts properly discontinuously
and freely on X = R%. The study of such representations has a rich history through
the interpretation of their images as affine crystallographic groups, i.e. symmetry
groups of affine tilings of R?, possibly with noncompact tiles; see [1] for a detailed
survey. The compact and noncompact cases are quite different.

For a compact complete affine manifold M, Auslander [3] conjectured that 71 (M)
must always be virtually (i.e. up to finite index) polycyclic. This extends a classical
theorem of Bieberbach on affine Euclidean isometries. The conjecture is proved for
d <6 [2, 53], but remains widely open for d > 7, despite partial results (see [1]).

In contrast, in answer to a question of Milnor [90], there exist noncompact com-
plete affine manifolds M for which 71 (M) is not virtually polycyclic. The first ex-
amples were constructed by Margulis [90] for d = 3, with 71 (M) a nonabelian free
group. In these examples the holonomy representation takes values in O(2,1) x R?
(this is always the case when 71(M) is not virtually polycyclic [53]), hence M in-
herits a flat Lorentzian structure. Such manifolds are called Margulis spacetimes.
They have a rich geometry and have been much studied since the 1990s, most promi-
nently by Charette, Drumm, Goldman, Labourie, and Margulis. In particular, the
questions of the topological tameness of Margulis spacetimes and of the existence of
nice fundamental domains in X = R? (bounded by piecewise linear objects called
crooked planes) have received much attention: see e.g. [32, 34, 41, 42, 49, 50]. See
also [2, 60, 101] for higher-dimensional analogues M with 7 (M) a free group.

Following [41, 42] (see [100]), a convenient point of view for understanding Mar-
gulis spacetimes is to regard them as “infinitesimal analogues” of complete AdS ma-
nifolds. In order to describe this point of view, we first briefly discuss the AdS case.

7.2. Complete AdS manifolds. As in Section 3.3, let (G, X) = (PO(2,2), AdS?),
and view X as the group G = PSL(2,R) and the identity component Gy of G as
G x G acting on X ~ G by right and left multiplication. We consider (G, X)-
manifolds of the form M = p(I')\X where I ~ 71 (M) is an infinite discrete group
and p = (pr,pr) : I' = G x G C G a faithful representation through which I" acts
properly discontinuously and freely on X. Not all faithful and discrete p = (pr, pr)
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yield properly discontinuous actions on X: e.g. if pr, = pg, then p has a global fixed
point, precluding properness. However, the following properness criteria hold. We
denote by A(g) := inf,cy2 dg2 (2, g - ) > 0 the translation length of g € G in H?.

Theorem 7.1 ([78, 63]). Let G = PO(2,2) and G = PSL(2,R). Consider a dis-
crete group I' and a representation p = (pr,, pr) : I' = GxG C G with py, convex co-
compact. The following are equivalent, up to switching pr, and pg in both (2) and (3):
(1) the action of T on X = AdS® ~ G wia p is properly discontinuous;
(2) there exists C' < 1 such that M(pr(7y)) < CAX(pL(7y)) for all v € T;
(3) there is a (pr, pr)-equivariant Lipschitz map f : H? — H? with Lip(f) < 1;
(4) T is Gromov hyperbolic and p : T' — G C PGL(4,R) is Py-Anosov.

The equivalences (1) < (2) < (3), proved in [78], have been generalized in [65]
to G = PO(n,1) for any n > 2, allowing pr, to be geometrically finite instead
of convex cocompact. These equivalences state that p = (pr,pr) acts properly
discontinuously on X = AdS® ~ G if and only if, up to switching the two factors,
pr is faithful and discrete and pg is “uniformly contracting” with respect to pr.
The equivariant map f in (3) provides an explicit fibration in circles of p(I')\ X
over the hyperbolic surface pr (I')\H?, see [65]. We refer to [43, 48, 65, 66, 87, 99]
for many examples, to [106] for a classification in the compact AdS case, and to
[65, 78] for links with Thurston’s asymmetric metric on Teichmiiller space [108].

The equivalences (1) < (2) < (4), proved in [63], generalize to G = PO(n, 1),
PU(n, 1), or Sp(n,1); the Anosov condition is then expressed in PGL(2n + 2,K)
where K is R, C, or the quaternions. As an application [63], the set of holonomy
representations of complete (GXG, G)-structures on a compact manifold M is open
in the set of holonomy representations of all possible (G x G, G)-structures on M.
By [105], it is also closed, which gives evidence for an open conjecture stating that
all (GxG, G)-structures on M should be complete (i.e. obtained as quotients of G).

7.3. Complete affine manifolds. We now go back to (G, X) = (Aff(R%),R9),
looking for characterizations of holonomy representations of complete affine mani-
folds, i.e. representations into G yielding properly discontinuous actions on X.

We first note that any representation from a group I' to the nonreductive Lie
group G = GL(d,R) x R? is of the form p = (pr,u) where p;, : I' — GL(d,R)
(linear part) is a representation to GL(d,R) and u : I' — R? (translational part) a
pr-cocycle, meaning u(vy17v2) = u(v1) + pr(71) - u(vy2) for all v1,v2 € I

We focus on the case d = 3 and py, with values in O(2,1). Let us briefly indicate
how, following [41, 42], the Margulis spacetimes of Section 7.1 are “infinitesimal ver-
sions” of the complete AdS manifolds of Section 7.2. Let G = O(2,1)p ~ PSL(2,R)
be the group of isometries of H?. Its Lie algebra g ~ R3 is the set of “infinitesimal
isometries” of H2, i.e. Killing vector fields on H2. Here are some properness criteria.

Theorem 7.2 ([60, 41]). Let G = Aff(R3) and G = O(2,1)g ~ PSL(2,R). Consider
a discrete group I' and a representation p = (pr,u) : I' = Gx g C G with py, convex

cocompact. The following are equivalent, up to replacing u by —u in both (2) and (3):
(1) the action of T via p = (pr,u) on X = R3 ~ g is properly discontinuous;

(2) there exists ¢ < 0 such that 3 |,—o AN(e"Mpr (7)) < cX(pL(v)) for all v € T;
(3) there is a (pr,u)-equivariant vector field Y on H? with “lipschitz” constant < 0.

The equivalence (1) < (2) is a reinterpretation, based on [61], of a celebrated re-
sult of Goldman-Labourie-Margulis [60]. The equivalence (1) < (3) is proved in [41].
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These equivalences are “infinitesimal versions” of the equivalences (1) < (2) < (3)
of Theorem 7.1. Indeed, as explained in [41], we can see the py-cocycle u : ' — g as
an “infinitesimal deformation” of the holonomy representation py, of the hyperbolic
surface (or orbifold) S = pr,(I')\H?; Condition (2) states that closed geodesics on S
get uniformly shorter under this infinitesimal deformation. We can see a (pr,u)-
equivariant vector field Y on H? as an “infinitesimal deformation” of the developing
map of the hyperbolic surface S; Condition (3) states that any two points of H?
get uniformly closer compared to their initial distance. Thus Theorem 7.2 states
that p = (pr,u) acts properly discontinuously on X = R? ~ g if and only if the
infinitesimal deformation u, up to replacing it by —u, is “uniformly contracting”.

The vector field YV in (3) provides an explicit fibration in lines of the Margulis
spacetime p(I")\X over the hyperbolic surface S, and this can be used to define a
geometric transition from complete AdS manifolds to Margulis spacetimes, see [41].

In Theorem 7.1, the “uniform contraction” characterizing properness was in fact
an Anosov condition, encoding strong dynamics on a certain flag variety. It is nat-
ural to expect that something similar should hold in the setting of Theorem 7.2.
For this, a notion of affine Anosov representation into O(2,1) x R® was recently
introduced by Ghosh [54] and extended to O(n + 1,n) x R? C Aff(RY) = G for any
d =2n+1 > 3 by Ghosh—Treib [55]; the definition is somewhat analogous to Sec-
tion 4.1 but uses affine bundles and their sections. By [54, 55], given a P,,-Anosov
representation pz, : I' = O(n + 1,n) and a cocycle u : I' — R%, the action of I' on
X =R? via p = (pr, u) is properly discontinuous if and only if p is affine Anosov.

Theorem 7.2 was recently generalized in [43] as follows: for G = O(p, ¢) with
p,q > 1, consider a discrete group I, a faithful and discrete representation py, : I' —
G, and a pp-cocycle u : I' — g; then the action of I' on g via p = (pr,u) : I' — Aff(g)
is properly discontinuous as soon as u satisfies a uniform contraction property in
the pseudo-Riemannian hyperbolic space HP4~! of Section 6.2. This allowed for
the construction in [43] of the first examples of irreducible complete affine manifolds
M such that 71 (M) is neither virtually polycyclic nor virtually free: w1 (M) can in
fact be any right-angled Coxeter group. It would be interesting to understand the
links with a notion of affine Anosov representation in this setting.

8. CONCLUDING REMARKS

By investigating the links between the geometry of (G, X)-structures on mani-
folds and the dynamics of their holonomy representations, we have discussed only
a small part of a very active area of research.

We have described partial answers to Problem A for several types of model
geometries (G, X). However, Problem A is still widely open in many contexts. As
an illustration, let us mention two major open conjectures on closed affine manifolds
(in addition to the Auslander conjecture of Section 7.1): the Chern conjecture states
that if a closed d-manifold M admits an (Aff(R?), R?)-structure, then its Euler
characteristic must be zero; the Markus conjecture states that an (Aff(R?), R%)-
structure on M is complete if and only if its holonomy representation takes values
in SL(d,R) x R%. See [81] and references therein for recent progress on this.

We have seen that Anosov representations from Gromov hyperbolic groups to
semisimple Lie groups provide a large class of representations answering Problem B.
However, not much is known beyond them. One further class, generalizing Anosov
representations to finitely generated groups I' which are not necessarily Gromov



24 F. KASSEL

hyperbolic, is the class of P(R?)-convex cocompact representations into PGL(d, R)
of Section 6.4; it would be interesting to understand this class better in the frame-
work of Problem B, see Section 6.4 and [45, Appendix]|. As another generalization
of Anosov representations, it is natural to look for a class of representations of
relatively hyperbolic groups into higher-rank semisimple Lie groups which would
bear similarities to geometrically finite representations into rank-one groups, with
cusps allowed: see [73, §5] for a conjectural picture. Partial work in this direction
has been done in the convex projective setting, see [40].

To conclude, here are two open questions which we find particularly interesting.

Structural stability. Sullivan [104] proved that a structurally stable, nonrigid
subgroup of G = PSL(2,C) is always Gromov hyperbolic and convex cocompact
in G. It is natural to ask if this may be extended to subgroups of higher-rank
semisimple Lie groups G such as PGL(d,R) for d > 3, for instance with “convex
cocompact” replaced by “Anosov”. In Section 6.4 we saw that there exist nonrigid,
structurally stable subgroups of G = PGL(d, R) which are not Gromov hyperbolic,
namely groups that are P(R?)-convex cocompact but not strongly P(R?)-convex
cocompact (Definitions 6.3 and 6.5). However, does a Gromov hyperbolic, nonrigid,
structurally stable, discrete subgroup of G always satisfy some Anosov property?

Abstract groups admitting Anosov representations. Which linear hyper-
bolic groups admit Anosov representations to some semisimple Lie group? Classical
examples include surface groups, free groups, and more generally rank-one convex
cocompact groups, see Section 4.2. By [44], all Gromov hyperbolic right-angled
Coxeter groups (and all groups commensurable to them) admit Anosov representa-
tions, see Section 6.2. On the other hand, if a hyperbolic group admits an Anosov
representation, then its Gromov flow (see Section 4.1) must satisfy strong dynami-
cal properties, which may provide an obstruction: see the final remark of [23, §1].
It would be interesting to have further concrete examples of groups admitting or
not admitting Anosov representations.
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