An automorphic variant of a conjecture of Deligne
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ABSTRACT. In this paper we introduce an automorphic variant of the Deligne
conjecture for tensor product of two motives over a quadratic imaginary field.
On one hand, we define some motivic periods and rewrite the Deligne conjec-
ture in terms of these periods. On the other hand, we define the automorphic
analogue of these motivic periods and then give a purely automorphic variant
of the Deligne conjecture. At last, we introduce some known results of this
automorphic variant.

Introduction

The goal of this paper is to formulate an automorphic variant of a conjecture
of Deligne and then introduce some known results

In [Del79], P. Deligne has constructed complex invariants for motives over
Q and conjectured that special values of motivic L-functions are related to thess
invariants. Inspired by this conjecture, several results have been revealed in the
automorphic setting recently.

In this paper, we are interested in the Rankin-Selberg L-function for automor-
phic pairs, i.e. the tensor product L-function for GL,, x GL,s where n and n’ are
two positive integers. We may assume that n = n'.

The first case was treated in [Har97] where n’ = 1. In his article, M. Harris de-
fined some automorphic periods for certain cuspidal representations over quadratic
imaginary fields. He proved that the special values of such automorphic represen-
tation twisted by a Hecke character can be written in terms of these periods.

The next attempt is done in the year 2013 where n’ = n — 1 with a local
condition on the infinity type. The main formula is given in [GH15] and then
simplified in [Linl5a).

After more cases are studied in the author’s thesis, a concise formula on the
relations between special values of automorphic L-functions and automorphic pe-
riods is found out. We state it in Theorem 2.3 of this paper. It is natural to raise
the following question: is this formula compatible with the Deligne conjecture?

The answer is yes. There are already several discussions on motivic periods
and the Deligne conjecture in Harris’s papers. In [Har13b], he studied the Deligne
conjecture for tensor product of two conjugate self-dual motives over quadratic
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imaginary fields. He has constructed some motivic periods and reformulated the
Deligne conjecture in terms of these motivic periods.

In the author’s thesis, the conjugate self-dual condition is dropped. Moreover,
the formula is simplified by defining some new motivic periods. We see directly
that if we identify the new motivic periods with some automorphic periods, the
automorphic results we have obtained (c.f. equation 2.13) are exactly the same as
predicted by the Deligne conjecture (c.f. equation 1.25).

Hence, to show the compatibility, it remains to compare the two types of peri-
ods. We discuss this in the first half of Section 2.4 of this paper. More details can
be found in Section 9.2 of [Linl5b]. Some ideas are also explained in [GH15].

We remark that nothing is proved in this paper for the Deligne conjecture
itself. Relation 2.2, predicted by the Tate conjecture, is still conjectural and is very
difficult to prove. In an ongoing work of the author in collaboration with Harald
Grobner and Michael Harris, we are trying to prove this relation by assuming the
Ichino-Tkeda conjecture.

This paper contains two parts. We state the motivic results in the first part. We
first explain the Deligne conjecture in Section 1.1. We then construct the motivic
periods for motives over quadratic imaginary fields in Section 1.2. We reformulate
the Deligne conjecture for tensor product of two motives over quadratic imaginary
fields in Section 1.3 and simplify the formula in Section 1.4.

The second part is devoted to the automorphic results. We discuss the con-
jectural relations between motives and automorphic representations in Section 2.1.
We then introduce the theory of base change in Section 2.2 which is inevitable in
our method. We construct the automorphic periods in Section 2.3 and formulate
the automorphic variant of the Deligne conjecture in Section 2.4. We introduce
some known results for this automorphic variant at last.

The motivic part is complete and self-contained. But due to limitation of space,
some details and most proof are not provided in the automorphic part. We sincerely
apologize for that and refer the reader to the references and forthcoming papers of
the author.

Basic Notation

We fix an algebraic closure Q — C of Q.

We fix K < Q an embedding of a quadratic imaginary field into Q.

We denote by ¢ the complex conjugation on C. Via the fixed embedding Q < C,
it can be considered as an element in Gal(Q/Q).

For any number field L, let Ay be the adele ring of L. We denote by ¥ the
set of embeddings from L to Q.

Let E be a number field. Let A, B be two elements in F®yC. Wesay A ~g B
if either A=0, or B =0, or Be (E®gC)* and A/B € E* c (E®qg C)*. We say
A ~p.x B if either A=0, or B =0, or Be (E®gC)* and A/Be (E®q K)* <
(E®qC)~.

Finally, we identify £®gqC with C*# where e®z with e € E, z € C, is identified
with (0(€)2)peny-
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1. Motives and the Deligne conjecture

1.1. Motives over Q. We first summarize the basic notation and construction
for the Deligne conjecture in [Del79].

In this article, a motive simply means a pure motive for absolute Hodge cycles.
More precisely, a motive M# over Q with coefficients in a number field E is given
by its Betti realization Mﬁ, its de Rham realization MﬁR and its [-adic realizations
M l# for all prime numbers [ where M g and M g , are finite dimensional vector space
over F, Mz# is a finite dimensional vector space over F; := I ®g Q; endowed with:

o I Mg RC S MﬁR ® C as free F ®g C-module;
o I;: Mg RQ = Ml# as free £ ®g Q;-module.

From the isomorphisms above, we see that dimEMgﬁ = dimEMgR = dimg, Ml#
and this is called the rank of M#, denoted by rank(M). We have moreover:

(1) An E-linear involution (infinite Frobenius) Fy, on M and a Hodge de-

composition Mfg ®C= @ (M#)P1 as free E® C-module such that F,
P,q€EL

sends (M#)P4 to (M#)9P,

For w an integer, we say M# is pure of weight w if (M#)P4 = 0
for p+q # w.

We define the Hodge type of M# by the set T(M#) consisting of
pairs (p, q) such that (M#)P-¢ % 0. We remark that if (p, ) is an element
of T(M#), then (q,p) is also contained in T'(M#).

We define the Hodge numbers by h,, = dimpgc(M#)P4 for
p,q € Z. We say M# is regular if hpq <1 forall p,qeZ.

(2) An E-rational Hodge filtration on M p,: --- o (M#)! o (M#)it1 5 ...
which is compatible with the Hodge structure on Mg via I, i.e.,

Lo (@(M*)P) = (M#) & C.

p=i

(3) A Galois action of Gg on each Ml# such that the family {Ml#}l forms a
compatible system of [-adic representations p; : Gg — GL(MZ#). More
precisely, for each prime number p, let I, be the inertia subgroup of a
decomposition group at p and Fj, be the geometric Frobenius of this de-
composition group. For all [ # p, the polynomial det(1—F}, | (M l#)IP) has
coeflicients in E and is independent of the choice of I. We can then define
the local L-factor Ly (s, M#) := det(1 — p*F,|(M[*)»)~! € E(p~*) by
taking whatever [ # p.

For any fixed embedding o : E < C, we may consider L,(s, M#, o) as a
complex valued function. We define L(s, M#,0) = [ L,(s, M#, o). It converges
P

for Re(s) sufficiently large. It is conjectured that this L-function has analytic
continuation and functional equation on the whole complex plane.

We can also define L (s, M#), the infinite part of the L-function, as in Section
5.3 of [Del79]. We shall give the precise definition under certain hypothesis later.
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The Deligne conjecture studies the critical values of motivic L-functions. We
state first the definition for critical points and then give a simple criteria under
Hypothesis 1.1.

DEFINITION 1.1. We say an integer m is critical for M# if neither Ly, (s, M#)
nor Ly (1 — s, M) has a pole at s = m where M# is the dual of M#. We call m a
critical point of M# and L(m, M#) a critical value of the L-function for M#.

A necessary condition for the existence of critical points is that the infinite
Frobenius F,, acts as a scalar at (M#)P? for every integer p. This condition is
automatically satisfied when M7# has no (p,p) class. In fact, this is the only case
that we will meet throughout the text. There is no harm to assume from now on
that:

HypoTHESIS 1.1. The motive M# has no (p, p)-class, i.e., (M#)P? = {0} for
any integer p.

We denote the normalized Gamma function by I'c(s) := 2(27) *I'(s) where T’
means the normal Gamma function. If M7# satisfies Hypothesis 1.1, then L (s, M#)
is defined as
(1.1) Lo(s, M#) := I1 Le(s — p)lea,

(p,@)€T(M#),p<q

Since the poles of the Gamma function are the non positive integers, it is easy

to deduce that:

LEMMA 1.1. For an motive M# satisfying Hypothesis 1.1, an integer m is
critical if and only if for any (p,q) € T(M#) such that p < ¢, we have p < m < g+1.
In particular, the motive M# always has critical points.

The Deligne conjecture predicts a relation between critical values and the
Deligne period. We now define the Deligne period.

DEFINITION 1.2. Let M# be a motive satisfying Hypothesis 1.1. We denote
by (Mg)Jr (resp. (Mg)_) the subspace of Mg fixed by Fy, (resp. —Fy). We
set FH(M#) = F~(M#) := F“/2(M), a subspace of M#R. It is easy to see that
IZHFH(M#)®C) equals @ (M#)P.

p>q
The comparison isomorphism then induces an isomorphism:
(1.2) (ME)' ®@C > M} ©C = M, ®C — (Mj/F* (M*)) ®C.

The Deligne period ¢ (M) is defined to be the determinant of the above isomor-
phism with respect to any fixed E-bases of (M§)+ and MﬁR/F*'(M#). It is an
element in (F ®g C)* and is well defined up to multiplication by elements in E*.
Similarly, we may define ¢~ (M#).

At last, we consider L(m, M#) = L(m, M#,0)sex, € CEF as an element in
E®C.

CONJECTURE 1.1. The Deligne conjecture
We define d* := dimg((M#%)F). If m is critical for M# then

(1.3) L(m, M#) ~g (2m0)% ™S (M7)
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where € is the sign of (—1)™.
We remark that d* = d=! is simply rank(M)/2 under Hypothesis 1.1.

1.2. Motive over quadratic imaginary field. Recall that K is a quadratic
imaginary field with fixed embedding K — Q.

Let E be a number field. In this section, we shall consider a motive M over K
with coefficients in E. For each embedding K — C, the motive M has realizations
as in the previous section. We keep the notation M to indicate the realizations with
respect to the fixed embedding K < C. We use M° to indicate the realizations
respect to the complex conjugation of the fixed embedding. The infinite Frobenius
gives an E-linear isomorphism Fi, : Mp — M§.

We assume that M is regular and pure of weight w(M). We write n for the
rank of M. Since M is regular, we can write its Hodge type as {(p;,¢;) | 1 <i < n}
with p; > ps > -+ > p,. We have ¢; = w(M) — p; for all i. The Betti realization

n
Mg has a Hodge decomposition Mg ®g C = @ MP»% as E ®gp C-module.
i=1

The Hodge type of M€ then equals {(pS$, ¢f) | 1 < i < n} where ¢f = w(M) —p
and p§ = ¢nt1-; = W(M)—ppt1—;. We write in this way so that the Hodge numbers

n
p¢ are still in decreasing order. We know M§ ®qg C = @ (M°)Pi% and Fy, induces
i=1

E-linear isomorphisms: M?i% > (M¢)Pr+1—iuti-i,

The De Rham realization Mpg is still a finite dimensional E-linear space en-
dowed with an F-rational Hodge filtration Mpgp = MP» > MPr»-1 > ... o MPr,
The comparison isomorphism:

(1.4) IOOZMB@)Q(C;MDR@Q(C

induces compatibility isomorphisms on the Hodge decomposition of Mp and the
Hodge filtration on Mpg.

DEFINITION 1.3. For any fixed F-bases of M and Mpgr, we can extend them
to F ®g C bases of Mp ® C and Mpr ® C respectively. Such bases are called
E-rational, or simply rational if the number field E is clear. We define §(M)
to be the determinant of I, with respect to any E-rational bases and call it the
determinant period. It is an element in (EQC)* well defined up to multiplication
by elements in E* < (E® C)*.

This period is defined in (1.2.2) of [Har97] and in (1.2.4) of [Har13b]. It is
an analogue of Deligne’s period ¢ defined in (1.7.3) of [Del79] for motives over Q.

Let us now fix some bases. We take {e; | 1 <i < n} an E-base of Mp. Since
F,, is E-linear on Mp, we know {ef := Fiue; | 1 < i < n} forms an E-base of Mg.
Recall that I, is compatible with the Hodge structures. We have, for each
< i < n, an isomorphism:
1.5) Lo: @ MP9 = @ MP% =5 MP @ C.

Pj=Pi Jj<i

1
Therefore, for each i, the comparison isomorphism I, induces an isomorphism

(1.6) MP = MP ®g C/MP'~* ®q C.
Here we set MPo = {0}.
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Let w; be a non zero element in MP#% such that the image of w; by the above
isomorphism is in M?i(mod MPi-* ®g C). In other words, I, (w;) is equivalent to
an element in M?* modulo M?*-* ®g C.

Note that MP#% is a free E ® C-module of rank 1. It follows that the family
{wi}1<i<n forms an E ® C-base of Mp ® C. Therefore the family {7, (w;)}1<i<n
forms an F ® C-base of Mpr ®C. This base is not rational, i.e. is not contained in
Mpr. But by the above construction, it can pass to a rational base of Mpr ®q C
with a unipotent matrix by change of basis. Since the determinant of a unipotent
matrix is always one, we can use this base to calculate §(M).

We define w§ e (M°)Pi-% similarly. We will use {Io(w§) | 1 < i < n} as an
E ®qg C base of Mpr ® C to calculate motivic periods henceforth.

DEFINITION 1.4. We know (Mc)pfmﬂ—f?’qfwl—i is a rank one free £ ® C-module
and Fw; is a non-zero element in it. Hence for each 1 < i < n there exist a number
Qi(M) € (E®C)* such that Fpow; = Q;(M)ws,,_;. These numbers in (£ ® C)*
are called motivic periods and are well defined up to multiplication by elements
in E*.

Since FZ = Id, we have Fow¢,;_;, = Q;(M) 'w;. We deduce that:

LEMMA 1.2. For all 1 <i < n, Qz(MC) ~E Qn+1—i(M)_1~

Now that the bases are fixed, we can write down the coefficients of certain

n
vectors and then calculate the Deligne period. We write w, = Y, Ajze;, wf =
i=1

n
>, Afef with A;,, A, e EQC for all 1 <4,a,t < n.
i=1
We know (M)~ = det(Aiq)1<i,axn- This implies that A, w; = 6(M)~t AL, e;.
We denote by det(M) the determinant motive of M as in section 1.2 of [Har13b].

We know Ioo(/A\;_,w;) is an E-base of det(M)pr and A]_,e; is an E-base of
det(M)pg. It is easy to deduce by the definition of motivic periods that

n

(1.7) Fo(Nw) = [ QM) N\ wi

i=1 1<i<n i=1
Therefore, we can get the following lemma:

LEMMA 1.3. There are relations between motivic periods:

(1.8) S(M) ~ 5 6(det(M))
(1.9) Q1(det(M)) ~g HQi(M)

LEMMA 1.4. For all motive M as above, we have:

SO~ (] @ua(M).

1<igsn
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Proof. This follows directly from equation (1.15).

One can also prove this with help of Lemma 1.3. In fact, by Lemma 1.3, we
may assume that n = 1. We take w € Mpgr, w® € Mpp and e € Mp as before.
Then e = 6(M)w and e® = §(M)w® where e® = Fye.

By definition of motivic period, we have Fyw = Q1(M)w® and then w® =
Q1(M)'Fpw = QM) F,(8(M)7te) = Q1(M)~16(M)~tec. Tt follows that
0(M®) ~g Q1(M)d(M) as expected.

O

ExXAMPLE 1.1. Tate motive
Let Z(1) x be the extension of Z(1) from Q to K. It is a motive with coefficients
in K. As in section 3.1 of [Del79|, Z(1)k,g = Hi(Gm k) = K and Z(1)k,pr is

dz
the dual of H}, 5 (G, i) with generator —. Therefore the comparison isomorphism
z

d
Z(1)kp®C=K®C - Z(1)x.pr®C = K ®C sends K to § —K = (2mi)K. We
z
have 0(Z(1) k) ~x 2mi.
In general, let M be a motive over K with coefficients in E of rank r. We have

(1.10) S(M(n)) ~px (2m0)"6(M).

1.3. The Deligne period for tensor product of motives. We now con-
sider the Deligne period for tensor product of motives over K.

Let E and E’ be two number fields. Let M be a regular motive over K (with
respect to the fixed embedding) with coefficients in E pure of weight w(M). Let
M’ be a regular motive over K with coefficients in E’ pure of weight w(M’). We
write n for the rank of M and n’ for the rank of M’.

We denote by R(M ® M') the restriction from K to Q of the motive M ® M’.
It is a motive pure of weight w := w(M) +w(M’) with Betti realization Mp @M ®
Mg ® Mj and De Rham realization Mpr @ Mpp @ My ® M55.

We denote the Hodge type of M by {(p;,w(M) —p;) | 1 < i < n} with p; >

- > p,, and the Hodge type of M’ by {(r;,w(M’) —r;) | 1 < j < n} with r; >
T2 > > 1y As before, we define p§ = w(M) —ppy1-; and 7§ = w(M') =7y 41- 5.
They are indices for Hodge type of M¢ and M’ respectively.

We assume that R(M ® M’) satisfies Hypothesis 1.1, i.e., it has no (w/2,w/2)

w w
class. In other words, p, + r, # 3 and then pf + r{ # 3 forall 1 < a,t < n,

1<bu<sn.

REMARK 1.1. Recall that a necessary condition for a motive M# to have critical
points is that for any integer p, the infinity Frobenius F,, acts as a scalar on
(M#)PP, We observe that R(M ® M')PP = (M Q@ M')PP @ (M ® M'®)PP and Fy,
interchanges the two factors. Hence Fy, can not be a scalar on R(M ® M')P"P unless
the latter is zero. Therefore, if the motive R(M ® M’) has critical points then it
has no (p,p) class for any p. The converse is also true due to Lemma 1.1.

As in the above section, we take {¢; | 1 < i@ < n} an E-base of Mp and
define {€§ := Fye; | 1 < i < n} which is an E-base of M§. Similarly, we take
{fj 11 <j<n'} an E'-base of M} and define fj := Fiof; for 1 <j<n'.



8 JIE LIN

We also take w; € MPo<wM)=pi () e (Me)PiwM=Pi for 1 < i
previous section and 7; € M7"wM)=r5 n; € (M) M= for 1
similarly.

as in

<
< ’

n
J<mn

Recall that the motivic periods are defined by

(P) Fow; = Qiwy 1, Fopy = Q;N;/H—j
forl<i<nandl<j<n.

The aim of this section is to calculate the Deligne period for R(M ® M’) in
terms of these motivic periods.

REMARK 1.2. If we define a paring (Mg ® C) ® (Mp ® C) — C such that
<wj, w1, >=1land <w;,wpq_; >=0 for j # i then Q; =< w;, Fpow; >.

w
We write M# = R(M ® M’). We define two sets A := {(a,b) | po + 1 > 5}
w w
and T o= {(t,u) | 7§ + 75 > 5} = {(6:1) | pusrcs + s < S

REMARK 1.3. It is easy to see that
(1.11) (t,u) e T if and only if (n+1—¢,n" +1—u) ¢ A.

ProPoOSITION 1.1. Let M, M’ be as before. We assume that M ® M’ has no
(w/2,w/2)-class. We then have

cF(RIM@®M")) ~gg H Qni1—+(M)Qury1-u(M') |6(M & M)
(t,u)¢T
(1.12) ~pp | ][] QADNQUOM) |5(M @ M).
(t,u)eA

Proof. For simplification of notation, we identify w; € Mp ® C with I, (w;) €
Mpr ® C. Similarly, we identify w®, p;, pj with their image under Iy, in the
following.

We fixe bases for M7, and M ,/F*+(M#) now. For M3, we know

{ei®@fj+ef®fF11<i<n,1<j<n}

forms an EE’-base.
To fix a base for (M} ,/F*(M#))®C = M}, ,@C/F*(M#)®C, we first recall
that
Lo( @ (M#)" w—p#) = FF(M#*)®C.

p#>%
Moreover, we know that @p#>%(M#)p#’“’_p# equals
(P (M)pmw(M)—pa®(M/)rb,W(M’)—rb)@( P (MC)pivw(M)—pi@(M’C)TEM(M')—TE)'
a,be A t,ueT

Therefore, the family
(1.13) B = {wa ® pp, w; ® p1;, mod F+(M#) ®C| (a,b) ¢ A, (t,u) ¢ T}
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is an £ ® C base of MﬁR ® C/F*(M#)® C. This base is not rational but can
change to a rational base with a unipotent matrix for change of basis as we have
seen before. Therefore we can use this base to calculate the Deligne period.

Note that F,, is an endomorphism on Mg ® C and MgR ® C. For any ¢ €
ME ®C or M}y, ® C, we write (1 + Fip)d := ¢ + Fi ().

f (a,b) ¢ A then (n+1—a,n +1—0>) € T by (1.11). Along with (P),
we know that Fio(we @ ) = QaQiwe 1 _opiSiiq_p € FT(M#)® C. Similarly,
Fowi®us)e FH(M#)®C for all (t,u) ¢ T.

We have deduced that
(1.14)

B={(1+Fp)wa®pup,(1+ Fp)wf@ué mod FYH(M#*®C) | (a,b) ¢ A, (t,u) ¢ T)}.

We take A; ¢, Bjs, Af;, B, € E®C such that w, = D Ajges, wi = Y A€,
; i=1
ZB]be,uu—Z Cufs for 1<a,t<mnand 1<bu<n’
=1 j=1
We then have
(1 + Foo)wapp = (1 + FOO)ZAiaijei®fj = ZAiaij e ® fj +ef @ f5)
4,

and (1 + Fo)wiws = (1 + Fi) ZACBJCuq@f] ZACBC (e:®fi+ef® f5).

Up to multiplication by elements in (EFE’)*, the Deligne period then equals
the inverse of the determinant of the matrix
M(ltl = (Aiaija A;.tB](.u)
with 1 <i<n,1<j<n/, (a,b)¢ A, (t,u) ¢ T.

By the relation P, we have Fown11-t = Qny1—wwi. We get

n
c
D Ainti-1€ = Quit 1w = Qi1 Z Ajef

i=1 i=1

Therefore, for all 7, j, we obtain,
(1~15) Aft = (Q’rb+1—t)71Ai7”+1—t7B]C'u = (Q;z'+1—u)7lBj,n'+1—u-

We then deduce that A, B, = (Qnr1—t) " MQhys1—y) it 1-¢ B+ 1—u-
Thus the inverse of the Deligne period:

cH(R(M@M')~ ~p(u#) det(Maty) = H (Qna1—t) (@4 1_y) ") xdet(Maty)
(t,u)¢T

where Maty = (AieBjp, Ain+1—t,jn/+1—u) With 1 <3< n,1 <j <7/, (a,b) ¢ A

and (t,u) ¢ T.

Recall that (¢,u) ¢ T if and only if (n+1—¢,n'+1—u) € A. Therefore the index
(n+1—t,n"+1—u) above runs over the pairs in A. We see that Mats = (Ao Bjs)
with both (i,7) and (a,b) runs over all the pair in {1,2,--- ,n} x {1,2,--- ,n'}. Tt
is IlOtiIlg but (Aia)lsi,a<n ® (ij)lgj,bSn’-

Let us recall the definition of A;,. It is the coefficients with respect to the chosen
rational bases for the inverse of the comparison isomorphism Mg ®C — Mpr&C.
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Therefore (Aiq)1<iax<n @ (Bjb)1<j,b<n’ 1 the coefficient matrix of the inverse
of the comparison isomorphism

(1.16) MM)p®C— (M®M')pr®C.
Finally, we get det((Aia) ® (Bjp)) = 6(M ® M’)~! which terminates the proof.
O

1.4. Further simplification. We are going to simplify equation (1.12) in this
section.
Firstly, it is easy to see that

(1.17) (M QM) ~gg 6(M)™ 5(M')".

Secondly, it is already pointed out in Lemma 1.4.2 of [Har13b] that the set A
is a tableau, i.e., if (t,u) € A then for any ¢’ < t and v’ < u, the pair (¢',u’) is also
in A. It is natural to consier some new motivic periods

(1.18) Q) (M) 1= Q1 (M)Q2(M)---Q;(M) for 1< j<n

and Qo) (M) = 1. We define Q) (M’) similarly for 0 < k < n’. We should be able
to rewrite equation (1.12) in terms of these motivic periods.

In fact, these new motivic periods fit in the automorphic setting in the sense
that the automorphic analogue can be defined geometrically. We refer to equation
2.3 and equation 2.9 for more details.

We turn back to the simplification of equation (1.12). We need to find out the
power for each @);y. This is a purely combinatorial problem. When the motives
are associated to automorphic representations, the precise powers are worked out
in [Lin15b]. We state a general definition here.

DEFINITION 1.5. The sequence —r,s > —r,/_1 > -+ > —ry is split into n + 1

w w w
parts by the numbers p; — 3 > pg — 3 > > p, — 7 We denote the length of
each parts by sp(i, M; M’), 0 < i < n and call them the split indices for motivic
pair.

We can define sp(j, M'; M) for 0 < j < n’ symmetrically. It is easy to see that:

LEMMA 1.5. The split indices satisfy:
(1) X sp(i, M; M'") =n' = rank(M');
i=0
(2) sp(i, M; M'") = sp(n— i, M M'¢) for all 0 < i < n.

Recall that A = {(a,b) | po + 1 > g} For fixed ¢, we have
w
(1.19) #u| (t,u) e A} = #{u | —ry <p: — 5}

There is no difficulty to get:

LEMMA 1.6. For each 1 <t < n, the cardinal of the set {u | (t,u) € A} equals
sp(t, My M) + sp(t + 1, M; M) + -+ - sp(n, M; M'").
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Therefore, we have

n T sp(j,M; M) noj
H QM) = HQt(M J=t _ H[H Ql(M)]sp(] M;M')
(t,u)eA t=1 J=1 =1
- 1—[ QQ)(M)SP@M;M/) _ H Q(j)(M)Sp(j’M;M,).
j=1 j=0

Recall that we have defined Q)(M) = 1.
By the symmetry, we can deduce that

(1.20) H Q:(M Qu M’ HQ() spJMM HQ(k) M/)ep '(k,M';M)

(t,u)eA k=0

Recall by Lemma 1.5 that >} sp(j, M; M') =n' and > sp(k, M'; M) = n. We

Jj=0 k=0
know
(1.21)
6(M®M/)~EE’6(M)/ / NEE’H(S sngM)néM/ spkM J\l)
k=0
We finally get:
(1.22)
C+(R(M®M/)) ~EE H(Q(J) (M)(S(M))SP(J’MvM/) H(Q(k) (M/)(;(M))sp'(k:,M',M)

j=0
For the purpose of compatibility with automorphic setting which has different
normalization, we define

n(n—1) n'(n'—1)

(1.23) A(M) := (2mi) " = §(M) and A(M') := (2mi)— z  §(M").
We set

(1.24) QU (M) = Q) (M)A(M) and Q¥ (M') = Quey (M) A(M)

for0<j<nand 0<k<n.

We conclude that:

PROPOSITION 1.2. The Deligne period for R(M ® M’) satisfies the following
formula:

¢ (RMOM")) ~ppr (2m) =5 [T QU (a) G MM H Fysph, M),
=0 k=0

REMARK 1.4. When M is the motive associated to a conjugate self-dual auto-
morphic representation, the motivic period Q) is the same as the motivic period
Pcyy1-s in section 4 of [GH15]. We shall see this in Proposition 2.3.

We remark that for motives restricted from a quadratic imaginary field, the
two Deligne periods differ by an element in the coefficient field. Therefore, we may
ignore the sign in the original Deligne conjecture. We can now state the Deligne
conjecture for tensor product of two motives over K.
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CONJECTURE 1.2. Let M and M’ be two pure regular motives over K of rank
n and n’ respectively. We write w for the rank of M @ M’. We assume that M ® M’
has no (w/2,w/2)-class.
n+n' -2 . . .
Ifm+ — g € 7 is a critical point for M ® M’, then the Deligne conjecture

predicts that:
(1.25) Lim+ "2=2 RIM @ M')) ~ppr

(27m'>nn/m 12[ Q(]) (M)sp(j,]V[;M') ﬁ Q(k)(Ml)sp(k,]M/;]\/[).
j=0 E=0

2. The automorphic variant

2.1. Motives associated to automorphic representations. Let Il = II;®
I, be a cuspidal representation of GL, (Ax). We denote the infinity type of II by
(2%2")1<in-
We assume that 11 is regular which means that its infinity type satisfies a; # a;
for all 1 < i < j <n. We assume also II is algebraic which means that its infinity
n—1

for all 1 < i < n. By Lemma 4.9 of [Clo90]), we

know that there exists an integer wyy such that a; + b; = —wyy for all 4.

We denote by V' the representation space of ITy. For o € Aut(C), we define 1%,
another GL,, (A f)-representation, to be V ®c , C. Let Q(II) be the subfield of C
fixed by {0 € Aut(C) | II§ = II;}. We call it the rationality field of II.

For E a number field, G a group and V a G-representation over C, we say V
has an E-rational structure if there exists a E-vector space Vg endowed with
an action of G such that V = Vg ®g C as a representation of G. We call Vg an
E-rational structure of V. We have the following result (c.f. [Clo90] Theorem
3.13):

type satisfies a;,b; € Z +

THEOREM 2.1. For IT a regular algebraic cuspidal representation of GL, (Ak),
Q(II) is a number field. Moreover, II; has a Q(II)-rational structure. For all
o € Aut(C), I17 is the finite part of a cuspidal representation of G L, (Ax) which is
unique by the strong multiplicity one theorem, denoted by I1°.

It is conjectured that such a IT is attached to a motive with coefficients in a
finite extension of Q(II):

CONJECTURE 2.1. (Conjecture 4.5 and paragraph 4.3.3 of [Cl0o90])

Let II be a regular algebraic cuspidal representation of GL, (Ag) and Q(II) its
rationality field. There exists F a finite extension of Q(II) and M a regular motive
of rank n over K with coefficients in E such that
1-n
——117)

L(s,M,o) = L(s + 5

forall o : E — C.
Moreover, if the infinity type of II is (2%z~<(M=), ;. then the Hodge type

n—1 n—1
ofMiS{(—ai-i-T,w(H)—ai-l-?)|1<i<n}.

In particular, this motive is pure of weight wy + n — 1.
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This is a part of the Langlands program. In light of this, we want to associate
a motive, or more precisely, a geometric object to certain representations. Unfor-
tunately there is no hermitian symmetric domain associated to GL,, for n > 2. We
can not use theory of Shimura variety directly. We need to pass to unitary groups
via base change theory.

2.2. Base change and Langlands functoriality. Let G and G’ be two
connected quasi-split reductive algebraic groups over Q. Put G the complex dual
group of G. The Galois group Gg = Gal(Q/Q) acts on G. We define the L-group
of G by LG := G x Go and we define G’ similarly. A group homomorphism
between two L-groups “G — LG’ is called an L-morphism if it is continuous, its
restriction to G is analytic and it is compatible with the projections of G and
LG’ to Gg. If there exists an L-morphism “G — LG’, the Langlands principal
of functoriality predicts a correspondence between automorphic representations
of G(Ag) and automorphic representations of G'(Ag) (c.f. section 26 of [Art03]).
More precisely, we wish to associate an L-packet of automorphic representations of
G(Ag) to that of G'(Ag).

Locally, we can specify this correspondence for unramified representations. Let
p be a finite place of @ such that G is unramified at p. We fix I', a maximal
compact hyperspecial subgroup of G, := G(Q,,). By definition, for 7, an admissible
representation of G, we say m, is unramified (with respect to I'y) if it is irreducible
and dimﬂg” > 0. One can show that w,fp
irreducible.

We set H, := H(G)p,T',) the Hecke algebra consisting of compactly supported
continuous functions from G, to C which are I';, invariants at both side. We know

is actually one dimensional since 7, is

H, acts on 7, and preserves mp? (cf. [Minl1]). Since m,” is one-dimensional,
every element in H,, acts as a multiplication by a scalar on it. In other words, =,
thus determines a character of H,. This gives a map from the set of unramified
representations of G, to the set of characters of H, which is in fact a bijection (c.f.
section 2.6 of [Minl1]).

We can moreover describe the structure of H,, in a simpler way. Let T}, be a
maximal torus of G, contained in a Borel subgroup of G),. We denote by X, (T},)
the set of cocharacters of T}, defined over Q,. The Satake transform identifies the
Hecke algebra H, with the polynomial ring C[X(T,)]"» where W, is the Weyl
group of G, (c.f. section 1.2.4 of [Har10]).

Let G’ be a connected quasi-split reductive group which is also unramified at p.
We can define T',, H), := H(G},,I",) and T} similarly. An L-morphism Lg - Lg

o~ ~

induces a morphism T}, — T} and hence a map TI’, — T,. The latter gives a
morphism from C[X4(7})] » to C[X4(T,)]"» and thus a morphism from H}, to
H,. Its dual hence gives a map from the set of unramified representations of G,
to that of G;. This is the local Langlands principal of functoriality for unramified
representations.

In this article, we are interested in a particular case of the Langlands functo-
riality: the cyclic base change. Let F' be a cyclic extension of Q, for example, a
quadratic imaginary field. Let G be a connected quasi-split reductive group over
Q. Put G' = Resp)gGr. We know G equals GIFU. The diagonal embedding is
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then a natural L-morphism “G — “G’. The corresponding functoriality is called
the (global) base change.

More precisely, let p be a finite place of Q. The above L-morphism gives a
map from the set of unramified representations of G(Q,) to that of G'(Q,) where
the latter is isomorphic to G(F},) = X) G(F,). By the tensor product theorem, all

vlp
the unramified representation of G(F),) can be written uniquely as tensor product
of unramified representations of G(F,) where v runs over the places of F' above p.
We fix v a place of F' above p and we then get a map from the set of unramified
representation of G(Q,) to that of G(F,). For an unramified representation of
G(Qy), we call the image its (local) base change with respect to F,/Q,.

Let m be an admissible irreducible representation of G(Ag). We say II, a
representation of G(Ar), is a (weak) base change of 7 if for all v, a finite place
of QQ, such that 7 is unramified at v and all w, a place of F' over v, II,, is the base
change of m,. In this case, we say Il descends to m by base change. Moreover, if
p is unramified for both 7 and II, it is easy to see that II, and 7, have the same
L-factor.

REMARK 2.1. The group Aut(F) acts on G(Ap). This induces an action of
Aut(F) on automorphic representations of G(Ar). We denote this action by II?
for o € Aut(F') and II an automorphic representation of G(Ar). It is easy to see
that if II is a base change of m, then II? is one as well. So if we have the strong
multiplicity one theorem for G(Ap), we can conclude that every representation in
the image of base change is Aut(F)-stable.

ExXaMPLE 2.1. Base change for GL;

Now let us give an example of base change. Let F//L be a cyclic extension of
numbers fields. Let o be a generator of Gal(F/L). The automorphic representations
of GL; over a number field are nothing but Hecke characters. Let n be a Hecke
character of L. The base change of n to GL;(Ar) in this case is just 70 Ny ,./a, -

On the other hand, as discussed above, if x is a Hecke character of Ap, then a
necessary condition for it to descend is IT = II? for all o € Gal(F/L). We shall see
that this is also sufficient.

THEOREM 2.2. Let F/L be a cyclic extension of number fields and x be a
Hecke character of F. If x = x7 for all o € Gal(F/L), then there exists 7, a Hecke
character of L, such that x = 7o Ny, /,. Moreover, if x is unramified at some
place v of L, we can choose 1 to be unramified at places of K dividing by v.

ProOF. We define at first 79 : Ny, /a, (Ar)* — C as follows: for any w €
Ny,ja, (Ap)™, take z € Af such that w = Ny, /s, (2) and we define ng(w) = x(2).
This does not depend on the choice of z. In fact, if 2/ € A} such that
Nyp/a, (') also equals w = Ny, 4, (2), then by Hilbert’s theorem 90 which says

HY(Gal(F/L),A}) = 1, there exists t € A% such that 2/ = @z for some o €
X7 (1)
x(t)
can verify that 79 is a continuous character.

By Hasse norm theorem, Ny, a, (Ar)* N L* = Ny, /a, (F)* (this is a direct
corollary of Hilbert’s theorem 90 on L*\A} that H'(Gal(F/L), L*\AY) = {1}),
we know 7o is trivial on Ny, /s, (Ar)* n L*, and hence factors through (L* n

Gal(F/L). Hence x(2') =

X(z) = x(2). Therefore ng(w) is well defined. One
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Ny, (AE))\Na,/a, (AR). The latter is a finite index open subgroup of L*\Af
by the class field theory. We can thus extend 7y to a Hecke character of L as we
want. (]

We now consider the base change for unitary groups and similitude unitary
groups with respect to K/Q.

For each integer 0 < s < n, there exists a Hermitian space of dimension n over
K with infinity sign (n — s,s) such that the associated unitary group U, over Q
is quasi-split at all finite place except for at most one finite space split in K (c.f.
section 2 of [Clo91] or section 1.2 of [HLO04]).

We remark that Ug(Ag) ~ GL,(Ak). We can regard the regular algebraic
cuspidal representation II as a representation of Us(Ag). We denote by IIV the
contragredient representation of II. We say II is conjugate self-dual if TI¢ ~ IIV.
If II descends to Us(Ag) then by the previous discussion we know that it is stable
under Aut(K)-action. This is equivalent to say that IT is conjugate self-dual.

If n is odd, then we can take U, quasi-split at each finite place. In this case,
the conjugate self-dual condition is also sufficient.

If n is even and s has the same parity as n/2, it is in the same situation as the
n odd case. But if n is even and s does not have the same parity as n/2, the unitary
group Ug can not be quasi-split everywhere. In this case, we have to add a local
condition (see the hypothesis below) so that II descends to Us(Ag). Since we will
need that IT descends to Us(Ag) for each s, we postulate the following hypothesis
whenever n is even:

HyproTHESIS 2.1. The representation II is a discrete series representation at a
finite place of Q which is split in K.

PROPOSITION 2.1. (Theorem 3.1.2, 3.1.3 of [HLO4]) Let II be a regular alge-
braic cuspidal representation of GL,,(Ak) which is moreover conjugate self-dual. If
n is even, we assume that II satisfies Hypothesis 2.1.

For each 0 < s < n, let Uy be the unitary group as before. We know IT descends
to a cuspidal representation of Us(Ag) for any s.

We denote GU; the rational similitude unitary group associated to Us. We
have GU,(Ak) = GL,(Ag) ® Aj.

We write &g for the central character of I1. It is conjugate self-dual since 11 is.
One can show that there exists £, an algebraic Hecke character of Ag, such that

£(z) .

(2.1) o) n(z)
This is again due to Hilbert 90. For detailed proof, we refer to Lemma 2.2 of [Clo12]
or Lemma 2.3.1 of [Lin15b]. Hence, by a similar argument as Theorem V1.2.9 in
[HTO01], we can deduce that that IIV ® £ descends to a cuspidal representation of
GU,(Ag), denoted by 7.

We are about to consider cohomology space associated to ms. We need to
assume that II is cohomological so that 7, is also cohomological.

Let Gy be the group of real points of ReskGLy,. Recall that IT is cohomo-
logical if there exists W an algebraic finite-dimensional representation of G, such
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that H*(Geo, Kop; oo @ W) # 0 where Gy, = Lie(Gy) and Ko is the product of a
maximal compact group of G, and the center of G,,. We remark that a cohomo-
logical representation is automatically algebraic since its infinity type is determined
by this algebraic finite-dimensional representation.

We write W (my,) for the finite dimensional representation associated to w5 by
the cohomological property.

2.3. Automorphic periods. We will summarize the construction of auto-
morphic periods in [Har97] in this section. Firstly, we construct a Shimura datum
on GU;.

We define X to be the GU4(R) conjugate class of

hs :S(C) = C* x C* — GU,(C) = GL,(C) x C*

(5,3) — ((zé z(})zz)

We know that (GUs, X,) is a Shimura datum and we denote by Sh(GUj) the
associated Shimura variety. The finite dimensional representation W (my,) defines a
complex local system W(my,) and l-adic local system W(my,); on Sh(GUs).

As shown in [Har97], the cohomology group H  (Sh(GU,), W(r)) defined in
section 2.2 of [Har97] is naturally endowed with a De Rham rational structure and
a Betti rational structure over K (c.f. Proposition 2.2.7 of loc.cit). The cohomology
group H' *(Sh(GU,), W(ny)1) is endowed with an l-adic structure. Moreover, 7y
contributes non trivially to these cohomology groups, i.e. H  (Sh(GU,), )[r/] :=
Homg(AKf)(Wf,ﬁrs(Sh(GUs), #) % 0 for = W(mg) or W(mg);.

One direct consequence is that the rationality field of 7, is a number field (see
section 2.6 of [Har97]). One can then realize 7y over E(r), a finite extension of its
rationality field, which is still a number field. We take E(II) a number field which
contains the E(m) for all s. We also assume that E(IT) contains K for simplicity.

One can show that H ~ (Sh(GU,), *)[rs] for *+ = W(my) or W(ry); form a
motive with coefficients in E(II) (c.f. Proposition 2.7.10 of loc.cit). We denote it
by M(IL,€).

Since II is conjugate self-dual, there exists < . > a non degenerate bilinear form
on H *(Sh(GU,), W(ms))[r ;] normalized as in section 2.6.8 of [Har97].

The Hodge decomposition of H'* (Sh(GU,), W(my))[r ] is given by the coher-
ent cohomology. More precisely, let Sh(GU;) — S’Vh(GUS) be a smooth toroidal
compactification. Let 7/, be any discrete series representation of GU4(R) with base
change ITY. Tt is then cohomological and we denote &(r’,,) the coherent automor-
phic vector bundle attached to the finite dimensional representation associated to
wl,. We have

H(Sh(GU,), W) lms] = @ HA™ (SH(GUL), () [my]

)

where H indicates the coherent cohomology and ¢(7.,) is an integer depends on

/
Ty
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Among these 7/, there exists a holomorphic representation 7, such that
g(ml,) = 0. We fix this 7, and choose a K -rational element

0 # B, € H1™)=0(Sh(GU,), & () [m].

At last, we take the integer C such that &, (t) = t¢ for t € R*. We define the
automorphic period of (IL, £) to be the normalized Petersson inner product:

PO E) = (2m) ¢ < Bs, Bs > .

It is a non zero complex number. By the following proposition, we see that
PG)(IT, €) does not depend on the choice of 8, modulo E(7)* and thus well defined
modulo E(m)*.

PROPOSITION 2.2. (Proposition 3.19 in [Har13a])
Let 8, € HI"%)=0(Sh(GU,),&(x",))[r;] be another K-rational element. We
< Bs, By >

e s 7
< Bs,Bs >
Consequently, < B, Bs >~pg(x)< B, 85 >.

hav € E(n).

REMARK 2.2. We may furthermore choose 5 such that < s, 85 > is equivari-
ant under action of G.

Actually, this period P(*)(II,¢) is also independent of the choice of £&. This is
a corollary to Theorem 3.5.13 of [Har97]. We can also deduce it from our main
theorem in the next section. At the moment we just fix a £ and define the (s-th)
automorphic period of II by P()(IT) := PG)(IT, €).

2.4. An automorphic variant of the Deligne conjecture. We assume
that the motive associated to II exists and denote it by M := M(II). Similarly, for
the Hecke character £, we denote by M (&) the associated motive.

Recall that 7 has base change IIY ® £. It is expected, if we admit the Tate
conjecture, that:

(2.2) M(IL,§) = A" (M(I) ") ® M()

up to twist by a Tate motive.
We have taken (; in the bottom stage of the Hodge filtration. Therefore, we
should have:

(2.3) PO ~pan (Qu(M)Qa(MY) -+ Quos(MY)) x Q1(M(E)).

C

Recall that i = fﬁl by equation (2.1). The right hand side in fact equals

Q(S)(M ). We shall give a lemma first and then prove this property.

LEMMA 2.1. (Lemma 1.2.7 of [Har13b]) Under the condition that II is conju-
gate self-dual, we have:

(2.4) S(M) 22" ~p [T Qs

1<igsn
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Proof. Recall by Lemma 1.4 that

(2.5) S(M) ~p (] Qo).
1<i<n

On one hand, the comparison isomorphism for MY is the inverse of the dual of
the comparison isomorphism for M. Hence §(M ") ~g §(M)~!. This is true for all
motives.

On the other hand, since II is conjugate self-dual, we have: M¢ ~ MV (1 —n).
This implies that

(2.6) S(M®) ~p §(MY)(2mi)*( =™,
We then deduce that
(2.7) S(M®) ~g 6(M)~(2mi)"(t—m),
We compare this with equation (2.5) and get:
(2.8) S(M) M 2ri)" ~p (] Qos(M).
1<i<n

The lemma then follows.

O

We can now prove the following:

PROPOSITION 2.3. Let M = M(II). Let £ be a Hecke character of Ax such
that i = §ﬁl. We then have:
(2.9) QW (M) ~pmyx (Qu(M)Q2(MY) - Qu-s(M")) x Qu(M(§))
Proof. Recall that
(210) QW (M) = Quuy(MA(M) = (Q1(M)Qs(M) - Qu(M))(2mi) " 6(M)

by equation (1.23) and equation (1.24).
Moreover, by Lemma 1.2 , we have:
(2.11)

QL(MY)Qa(MY )+ Quos(M") ~pary Qss1(M) ' Qeua(M) ™"+ Qu(M) ™.

By the previous lemma, we have:
(Qs+1(M) 7' Q2 (M) ™H - Qu(M) ™) x Qu(M(E))
~p QuUM)Qa(M) - Qu(M)(2mi)" " VE(M)? x Qu(M(€))
~5 (Quo(M)(2mi) 5 (M) (2mi) "5 (M) x Qu(M(©))
~e QWM)(2mi) T S(M) x QuM(©)).
Therefore it remains to show that Q1(M (€)™ ~ g,k (27) S 5(M).

Since det(M (1)) = M({H)(—w), by equation (1.10), we have
(212)  O(M) ~ s S(det(M D) ~ pany e S(M (En)) (2mi) =5

(6]

At last, we recall that z = &', We can show 6(M (¢n)) ~pam Q1(M(€)~?

with the help of CM periods and Blasius’s result on special values of L-functions
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for Hecke characters. We refer to the appendix of [HK91] for the notation and
section 6.4 of [Lin15b] for the proof.

U

We now consider critical values of automorphic L-functions for tensor product
of two cuspidal representations. As predicted by Conjecture 1.2, they should be
able to interpreted in terms of automorphic periods.

More precisely, let n’ be a positive integer and I’ be an conjugate self-dual
cohomological cuspidal regular representation of GL,(Ak). If n’ is even, we assume
that II’ satisfies Hypothesis 2.1.

We denote the infinity type of II (resp. II') by (z%z «(D=ei) ;. (resp.

(ijz_w(n)_bj)lgjgn') with a; > ag > -+ > a, (resp. by > by > -+ > by ). We
P w(Il) + w(Il') . .
suppose II x II' is critical, i.e. a; + b; # B T for all 7,j. Otherwise
IT x IT" does not have critical values.
n+n' e . n+n -2
Let me Z+ . We say m is critical for IT x IT" if m + ———— is critical

for R(M(IT)®@ M (IT')). Recall that critical points are determined by the Hodge type
as in Lemma 1.1. Moreover, the Hodge type of R(M (II) ® M (II')) is determined
by the infinity type of IT and IT". Therefore, even if M (IT) or M (II') does not exist,
we may still define critical points for IT x II’ in this way.

We can also give an explicit criteria on critical points by Lemma 1.1. We
recall that the motive M (IT) associated to II, if it exists, should have Hodge type
(*an_»,_l_i + %,an+1_i + (.L)(H) + %)1si<n by Conjecture 2.1.

n/
. It is critical for IT x IT’ if and only if for any
. . : w(II) + w(II’)
l<i<nandany 1l <j<n/,ifa;+b >———"——"then —a; —b; <m <
a; +bj + w(Il) + w(Il') + 1; otherwise a; + b; + w(Il) + w(Il') < m < —a; — b; + 1.
In particular, critical point always exists if IT x II’ is critical.

n
LEMMA 2.2. Let me Z +

We now define the split index for automorphic pairs. We split the sequence

II) + w(Il’ II) 4+ w(Il'
by = by > - > b, by the numbers _an_% . _an_l_w .
w(II) + w(IT') )
- > —ap — — We denote the length of each part by sp(j,II;II')

for 0 < 5 < n and call them the split indices for automorphic pairs. We
may define sp(k,IT;II) for 0 < k < n' symmetrically. It is easy to see that
sp(j, M(I1); M(IT")) = sp(j, ILIT') for all 0 < j < m and sp(k, M(IT"); M(II)) =
sp(k,TI;II) for all 0 < k < n'.

n+n —2
Finally, since L(m,IIxII") = L(m+ — R(M(II)®@M (11'))), Conjecture
1.2 then predicts an automorphic variant of the Deligne conjecture:
!

n+n

CONJECTURE 2.2. Let II and II' be as before. If m e Z + be critical for

II x IT’ then we have:

’

L(m, I x 1—[/) ~ B B(I): K (QWZ)nn/m n P(j)(H)SP(ZH;H/) H P(k?) (H/)sp(k,l_[/;n).
j=0 k=0
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This conjecture is a purely automorphic statement. Moreover, it is proved by
automorphic methods in many cases. We state some known results here.

THEOREM 2.3. We assume that both II and II’ are very regular, i.e. the num-

bers a; —

ait1 =3and b; —bjyp =3 foralll<i<n—landl<j<n —1.

We may assume that n = n’. Conjecture 2.2 is true in the following cases:

(1)
(2)

3)

n' = 1, I’ need not to be conjugate self-dual;

n > n', n and n’ have different parity, the numbers —b;, 1 < j < n’ are in
different gaps between a; > ag > -+ > ay.

m = 1, n and n/ have the same parity.

REMARK 2.3. (1) In the case (2) and (3) of the above theorem, we can

[Art03]

[Clo90]

[Clo91]

[Clo12]
[Del79]

[GH15]

get similar results for the other parity situation. However, more notation
and the CM periods will be involved so we neglect them here. Details can
be found in Chapter 10 and 11 of [Lin15b].

For the proof, we refer to [Har97] for the case (1), [GH15] for the case
n’ =n —1 in case (2) and [Lin15b] for general cases.

These results have been generalized to CM fields (c.f.[Guel6] for case (1)
and [Lin15b] for general cases). More precisely, let F' be a CM field and
IT be a certain cuspidal representation of GL,(Ar). One can still define
automorphic periods for II. We have similar results on critical values for
tensor product of two such representations. The main difficulty of this
generalisation is to show that the automorphic periods factorise through
infinite places. This factorization generalises an important conjecture of
Shimura, and is predicted by motivic calculation. The proof can be found
in the thesis and a forthcoming paper of the author.

One application of the above theorem is the functoriality of automorphic
periods. For example, let F//L be a cyclic extension of CM fields. We
consider the base change of GL, with respect to L/F. If II, a certain
cuspidal representation of GL,(Ar), descends to m, a certain cuspidal
representation of GL,(Ar) by base change, then there are relations be-
tween automorphic periods for II and those for w. We refer to Chapter 8
of [Lin15b] for the details.
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