FACTORIZATION OF ARITHMETIC AUTOMORPHIC PERIODS

JIE LIN

ABSTRACT. In this paper, we prove that the arithmetic automorphic periods for GL,,
over a CM field factorize through the infinite places. This generalizes a conjecture of
Shimura in 1983, and is predicted by the Langlands correspondence between automor-
phic representations and motives.
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The aim of this paper is to prove the factorization of arithmetic automorphic periods
defined as Petersson inner products of arithmetic automorphic forms on unitary Shimura
varieties. This generalizes a conjecture of Shimura (c.f. Conjecture 5.12 of [Shi&3]).
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We first introduce the conjecture of Shimura to illustrate our main result. Let E
be a totally real field of degree d. Let Jg be the set of real embeddings of E. Let f
be an arithmetic Hilbert cusp form inside a cuspidal automorphic representation 7 of
GLo(Ag). We define the period P(m) as the Petterson inner product of f. One can show
that up to multiplication by an algebraic number, the period P(7) does not depend on
the choice of f.

For each ¢ € Jg, Shimura conjectured the existence of a complex number P(7,0),
associated to a quaternion algebra which is split at ¢ and ramified at other infinite
places, such that:

(0.1) P(m) ~ [ ] P(n,0)

UEJE

where the relation ~ means equality up to multiplication by an algebraic number.

Furthermore, if D is a quaternion algebra and m admets a Jacquet-Langlands transfer
mp to D, we may define P(mp) as Petersson inner product of an algebraic form in 7p,
and Shimura conjectured that:

(0.2) P(mp) ~ 11 P(r,0).
oeJg, split for D

This conjecture was proved under some local hypotheses in an important paper of
M. Harris (c.f. | |) and was improved by H. Yoshida (c.f. | ). The paper
of M. Harris is very long and involves many techniques which seems extremely difficult
to generalize. In this paper, we prove a generalization of Shimura’s conjecture (c.f.
Conjecture 2.1) by a new and simpler method.

We consider representations of GL, (Ar) where F' is a CM field. We write Jp for the
set of complex embeddings of F. We fix ¥ a CM type of F, i.e., ¥ c Jp presents Jp
modulo the action of complex conjugation.

Let F'* be the maximal totally real subfield of F'. Instead of the quaternions algebras,
we consider unitary groups of rank n with respect to F'/F". They are all inner forms of

GL,(A}).
We use I to denote the signature of a unitary group. It can be considered as a map
from ¥ to {0,1,--- ,n}. Foreach I, let Ur be a unitary group of signature I. We note that

Urr = GLy F as algebraic group over F. In particular, we have Ur(Ar) = GL,(AF).
We assume that II, considered as a representation of Ur(Af), descends by base change to
Ur(Ap+). We refer to | I, 1 I, | | or | | for details of base change.

We can then define a period PU)(II) as Petersson inner product of an algebraic au-
tomorphic form in the bottom degree of cohomology of the similitude unitary Shimura
variety attached to Uy. The construction is given in section 2.

Conjecture 0.1. There exists some non zero complex numbers P (IL, o) for all 0 <
s <n and o € X such that

(0.3) PU(IL) ~ gy H PN, o)

oeX
for any I = (I(0))pex € {0,1,--- ,n}>.
Our main theorem is the following (c.f. Theorem 3.3):

Theorem 0.1. The above conjecture is true provided that 11 is 2-reqular with a global
non vanishing condition which is automatically satisfied if 11 is 6-regular.
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We remark that this conjecture is not as simple as it may look like even if we do not
put any restriction on the complex numbers P(S)(H, o). In fact, the number of different
PUO(I) is ! and the number of different PU(O)(IL, o) is only d(n + 1).

On the other hand, it is true that the choice of PU()(II, o) is not unique. We
have specified a canonical choice in section 3.5. Similarly to Shimura’s formulation, the
canonical choice of PU(O)(II, o) is related to the unitary group of signature (1,n — 1)

at o and (0,n) at other places (c.f. section 4.4 of | |). The author proved that
the periods PU)(II) as well as the local specified periods PU)(II, o) are functorial in the
sense of Langlands functoriality in | | and | |, -

We also get a partial result with a weaker regular condition (c.f. Theorem 3.2):

Theorem 0.2. Ifn > 4 and 11 satisfies a global non vanishing condition, in particular,

if II s 3-regular, then there exists some non zero complex numbers P(S)(H, o) for all

1<s<n-—1,ceX such that P (II) ~pa) I PUON, o) for all T = (I(0))gex; €
oEX

{1,2,---,n—1}>.

Before introducing the proof, let us look at equation (0.3) that we want to prove.
The left hand side involves d"*! periods and the right hand side involves only d(n + 1)
periods. This is only possible if there are many relations between the periods PU )(H) in
the left hand side.

In fact, the first step of the our proof is to reduce Conjecture 0.1 to relations of the
periods. The general argument is given in section 3.1.

The next step is then to prove these relations. The proof involves several techniques
like CM periods, Whittaker periods and special values of L-functions. We use three
results on special values of L-functions. The first one is due to Blasius on relations
between special values of L-functions for Hecke characters and CM periods (c.f. section
1 of | |). The second one relates special values of L-functions for GL,, * GL; and
the arithmetic automorphic periods P (IT) (c.f. | |). The last one is about relations
between special values of L-functions for GL,, * GL,_1 and the Whittaker periods which
is proved in | | over quadratic imaginary field, and in | | for general CM fields.

The advantage of the last result is that the GL,,_i-representation do not need to be
cuspidal. This allows us to construct auxiliary representations of GL,_1 more freely
and leads to relations between Whittaker periods and arithmetic automorphic periods
PU(II) (see Theorem 3.1) which generalizes Theorem 6.7 of | |. This relation
already implies the partial result mentioned above.

To prove the whole conjecture, a more ingenious construction needs to be made.
We construct carefully a non-cuspidal representation of GL,2(Ar) related to II, and
an auxiliary cuspidal representation of GL,3(Ar). The GL,+3(Afp) representation is
induced from Hecke characters. Hence special values of its L-function can be written in
terms of CM periods by Blasius’s result. The details can be found in section 3.4.

The manipulation of different special values with different auxiliary representations
can give many interesting results of period relations or special values of L-functions. We
refer the reader to | I, [ | or | | for more examples. More recently, the
author and H. Grobner proved some results on special values which implies one case of
the Ichino-Tkeda conjecture up to multiplication by an algebraic number in a very general
setting (c.f. | D).

We remark at last that Conjecture 0.1 is predicted by motivic calculation (c.f. section
2.3 of | |). More generally, the motivic calculation and the Langlands correspondence
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predict the existence of more automorphic periods and some finer relations between them.
This will be discussed in details in a forthcoming paper of the author with H. Grobner
and M. Harris.

Acknowledgement. I would like to thank Michael Harris for introducing this inter-
esting question and also for helpful discussions. This paper is part of my thesis. I am
grateful to Henri Carayol, Kartik Prasanna and Harald Grobner for their careful reading
and useful comments.

1. PRELIMINARIES

1.1. Basic Notation. Let F' be a CM field and F'* be its maximal totally real subfield.
We denote by Jr the set of embeddings of F' in C. The complex conjugation ¢ acts on
the set Jp. We say ¥ a subset of Jp is a CM type if Jp is the disjoint union of ¥ and
>¢. For ¢ € Jg, we also write ¢ for the complex conjugation of .

As usual, we let S be a finite set of places of F', containing all infinite places and all
ramified places of any representation which will appear in the text.

Let x be a Hecke character of F'. We write x, by 2%z% for + € Jp. We say that y
is algebraic if a,,a; € Z for all v € Jp. We say that x is critical if it is algebraic and
moreover a, # a; for all ¢« € Jp. It is equivalent to that the motive associated to x has
critical points in the sense of Deligne (cf. | ). We remark that 0 and 1 are always
critical points in this case.

Moreover, we write X for the Hecke character x“~!. Apparently if y is algebraic or
critical then so is Y.

For II an algebraic automorphic representation of GL,(Ar), we know that for each

L € Jp, there exists a, 1, - ,a,pn, 05,1, - , Q5,0 € Z + "T_l such that
G(C)_ a1 -az1 Gyn —07,
II, ~ IndBE(CMZlL 27 ®.. Q2.

Here Ind refers to the normalised parabolic induction. We define the infinity type of I1
at ¢ by {z%12%i};<i<p (c.f. section 3.3 of | D).

Let N be any positive integer. We say that IT is N-regular if |a,; — a, ;| = N for any
teJpand 1 <i < j <n. Wesay Il is regular if it is 1 regular.

Throughout the text, we fix ¥ any CM type of F. We also fix ¥ an algebraic Hecke
character of F with infinity type 2'2z° at each place in ¥ such that ¥¢ = || - ||a,
(see Lemma 4.1.4 of | | for its existence). It is easy to see that the restriction of

1

IE ||§K¢ to Ag is the quadratic character associated to the extension K/Q by the class
field theory. Consequently our construction is compatible with that in | | or | |.

Let E be a number field. We consider it as a subfield of C. Let z, y be two complex
numbers. We say ¢ ~p y if y # 0 and z/y € E. This relation is symmetric but not
transitive unless we know both numbers involved are non-zero.

The previous relation can be defined in an equivariant way for Aut(C)-families. More
precisely, let © = {2(0)}seau(c) and y = {y(0) }seaut(c) be families of complex numbers.
We say © ~p y and equivariant under the action of Aut(C/F) if either y(o) = 0 for all
o, either y(o) # 0 with the following properties:

(1) x(0) ~o(k) y(o) for all o € Aut(C);

m(0—> _m(TU> or all 7 u ana all o U
@2) 7 <y(0>> = g for all 7 € Aut(C/F) and all o & Aut(C).
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Lemma 1.17 of | | says that if E contains F©4 and z(o) and y(o) depends only
on o | E, then the second point above will imply the first point.

We remark that all the L-values and periods in this paper will be considered as Aut(C)-
families.

1.2. Rational structures on certain automorphic representations.

Let IT be an automorphic representation of GL,,(Af).

We denote by V' the representation space for IIy. For o € Aut(C), we define another
G Ly (AF,f)-representation 117 to be V. ®c,s C. Let Q(II) be the subfield of C fixed by
{o € Aut(C) [1I7 = II;}. We call it the rationality field of II.

For E a number field, G a group and V' a G-representation over C, we say V has an
E-rational structure if there exists an F-vector space Vg endowed with an action of
G such that V = Vg ®g C as representation of G. We call Vg an E-rational structure
of V.

We denote by Alg(n) the set of algebraic automorphic representations of G L, (Afr)
which are isobaric sums of cuspidal representations as in section 1 of | .

Theorem 1.1. (Théoréeme 3.13 in | 1)
Let 11 be a regular representation in Alg(n). We have that:

(1) Q(II) is @ number field.

(2) IIy has a Q(II)-rational structure unique up to homotheties.

(3) For all o € Aut(C), 11% is the finite part of a reqular representation in Alg(n). It
1s unique up to isomorphism by the strong multiplicity one theorem. We denote
it by 117

Remark 1.1. Let n = ny +ng + -+ + ng be a partitian of positive integers and I1; be
reqular representations in Alg(n;) for 1 < i < k respectively.
The above theorem implies that, for all 1 < i < k, the rational field Q(I1;) is a number

field.
1-nq 1—no n—1

1-ng
Let T = (1| 2 BTGl llyf @@ f )l L be the normalized
1sobaric sum of I1;. It is still algebraic.
We can see from definition that Q(II) is the compositum of Q(IL;) with 1 < i < k.
Moreover, if 11 is reqular, we know from the above theorem that 11 has a Q(II)-rational
structure.

1.3. Rational structures on the Whittaker model. Let II be a regular represen-
tation in Alg(n) and then its rationality field Q(II) is a number field.

We fix a nontrivial additive character ¢ of Ap. Since II is an isobaric sum of cuspidal
representations, it is generic. Let W (ILy) be the Whittaker model associated to I (with
respect to ¢). It consists of certain functions on GL, (Af f) and is isomorphic to II; as
GLy,(Ap,f)-modules.

Similarly, we denote the Whittaker model of IT (with respect to) ¢ by W (II).

Definition 1.1. Cyclotomic character

There exists a unique homomorphism € : Aut(C) — Z* such that for any o € Aut(C)
and any root of unity ¢, o(¢) = (5("), called the cyclotomic character.

For 0 € Aut(C), we define t, € (Z @z Op)* = Or " to be the image of £(o)
by the embedding (Z)* — (Z ®z Op)*. We define tyn to be the diagonal matrix
diag(t;" ", t;n 2, t71 1) € GL,(AF ) as in section 3.2 of | |

Yo )
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For w € W(Ily), we define a function w” on GL,(Ap ) by sending g € GL,(AF ¢)
to o(w(tsng)). For classical cusp forms, this action is just the Aut(C)-action on Fourier
coeflicients.

Proposition 1.1. (Lemma 3.2 of | | or Proposition 2.7 of | 1)
The map w — w’ gives a o-linear GL,(Af y)-equivariant isomorphism from W (Ily)
to W(II%).

For any extension E of Q(Ily), we can define an E-rational structure on W (Ily) by
taking the Aut(C/E)-invariants.
Moreover, the E-rational structure is unique up to homotheties.

Proof. The first part is well-known (see the references in | |). mahnkopf05

For the second part, the original proof in | | works for cuspidal representations.
The key point is to find a nonzero global invariant vector. It is equivalent to finding a
nonzero local invariant vector for every finite place. Then Theorem 5.1(ii) of | |
is involved as in | |.

The last part follows from the one-dimensional property of the invariant vector which
is the second part of Theorem 5.1(7%) of | ].

[

1.4. Rational structures on cohomology spaces and comparison of rational
structures. Let IT be a regular representation in Alg(n). The Lie algebra cohomology
of II has a rational structure. It is described in section 3.3 of | |. We give a brief
summary here.

Let Z be the center of GL,. Let go be the Lie algebra of GL,(R ®q F). Let
Sreat be the set of real places of F, Scompiex be the set of complex places of F' and
Seo = Sreal U Scomplex be the set of infinite places of F'.

For v € Syeqr, we define K, := Z(R)O,(R) € GL,(F,). For v € Scomples, we define
K, := Z(C)U,(C) ¢ GL,(F,). We denote by K, the product of K, with v € Sy, and
by K9 the topological connected component of K.

We fix T the maximal torus of GL,, consisting of diagonal matrices and B the Borel
subgroup of GG consisting of upper triangular matrices. For p a dominant weight of
T(R®q F') with respect to B(R ®q F'), we can define W), an irreducible representation
of GL,(R®q F') with highest weight p.

From the proof of Théoréme 3.13 | |, we know that there exists a dominant
algebraic weight y1, such that H*(goo, K33 Il @ W),) # 0.

Let b be the smallest degree such that H®(go, K9; Il @ W,) # 0. We have an explicit
formula for b in | |. More precisely, we set 71 and 73 the numbers of real and complex

embeddings of F' respectively. We have b = ry [%2] + 1"2%.

We can decompose this cohomology group via the action of K, /K. There exists a
character € of K,/KY, described explicitly in | | such that:

(1) The isotypic component H®(go, K ; o, ® W,)(€) is one dimensional.
(2) For fixed wo, a generator of H®(goo, KO ;oo ® W,,)(€), we have a GL,(Ap 1)-
equivariant isomorphisms:

W) = W) ® H(goo, K9 Ty @ W) (€)
S H(goo, K9 W(II) @ W) (e)
(1.1) = Hb(gwngo;H®Wu)(€)
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where the first map sends wy to wy ® wy and the last map is given by the
isomorphism W (II) — II.

(3) The cohomology space H®(ge, K9; T ® W,)(€) is related to the cuspidal coho-
mology if IT is cuspidal and to the Eisenstein cohomology if II is not cuspidal. In
both cases, it is endowed with a Q(II)-rational structure (see | | for cuspidal
case and | | for non cuspidal case).

We denote by Or1, ¢ w,, the GL,(Ap,)-isomorphism given in (1.1)
W (Ily) = H(ge, KO TTQ W) (e).

Both sides have a Q(II)-rational structure. In particular, the preimage of the rational
structure on the right hand side gives a rational structure on W (Ily). But the rational
structure on W (II) is unique up to homotheties. Therefore, there exists a complex num-
ber p(Il¢, €, wy) such that the new map @Onf@ww = p(l_[f,e,woc)_l(%l-[f,e’wOO preserves
the rational structure on both sides. It is easy to see that this number p(Ilf, €, wy) is
unique up to multiplication by elements in Q(IT)*.

Finally, we observe that the Aut(C)-action preserves rational structures on both the
Whittaker models and cohomology spaces. We can adjust the numbers p(H?, €?, w7, for

all o € Aut(C) by elements in Q(II)* such that the following diagram commutes:

p(Hf»5>ww)_1®Hf,e,woo

W (Ily) H(goo, K, L@ W) (e)
l p(H?fzea)wgo)_leH?,eU,w&) b 0 \L
W (11%) H(goo, Kop; 117 @ W) (€7)

The proof is the same as the cuspidal case in | |.

In the following, we fix €, wy, and we define the Whittaker period p(II) := p(Ily, €, we).
For any o € Aut(C), we define p(II7) := p(II}, €7, wg,). It is easy to see that p(I117) =
p(II) for o € Aut(C/Q(II)).

Moreover, the elements (p(I1?))ye aut(c) are well defined up to Q(II)* in the following
sense: if (p'(T17)) pe aut(c) is another family of complex numbers such that p’ (HU)_I@H;,ev,wgo
preserves the rational structure and the above diagram commutes, then there exists
t € Q(IT)* such that p'(I17) = o(¢)p(I11?) for any o € Aut(C). This also follows from the
one dimensional property of the invariant vector. The argument is the same as the last
part of the proof of Definition/Proposition 3.3 in | |

The Whittaker periods are closely related to special values of L-functions. We refer
to | I, [ I, | or | | for more details. Here we state a theorem which
generalizes the main theorem of | |. The proof can be found in | ].

Let TI be a regular cuspidal cohomological representation of GL,(Ar). Let II# be a
regular automorphic cohomological representation of GL,_1(Ar) which is the Langlands
sum of cuspidal representations. Write the infinity type of IT (resp. II') at o € X by
{z00@ 270} iy (resp {22270} i 1) with a1(0) > ax(0) > -+ > an(0)
(resp. b1(0) > ba(0) > --- > by_1(0)). We say that the pair (IT, II#) is in good position
if for all o € ¥ we have

a1(o) > —bp_1(0) > az(o) > -+ > =b1(0) > a,(0).
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Theorem 1.2. If (11, H#) 1s in good position, then there exists a non-zero complex num-
ber p(m,Hoo,Hfé) which depends on m, Iy and 1% well defined up to (E(II)E(II7))*

1
such that for m € Z with m + 3 critical for T x II% | we have

1
(1.2) L(§+ m, II x H#) ~E(INE(IT#) p(m, Homﬂﬁ)p(H)P(H#)

and is equivariant under the action of Aut(C/Q).

2. ARITHMETIC AUTOMORPHIC PERIODS

2.1. CM periods. Let (T,h) be a Shimura datum where 7" is a torus defined over Q
and h : Resc/rGm,c — Gr a homomorphism satisfying the axioms defining a Shimura
variety. Such pair is called a special Shimura datum. Let Sh(T,h) be the associated
Shimura variety and E(T, h) be its reflex field.

Let (v,V,) be a one-dimensional algebraic representation of 7' (the representation ~y
is denoted by y in | |). We denote by E(v) a definition field for y. We may assume
that E(v) contains E(T,h). Suppose that - is motivic (see loc.cit for the notion). We
know that v gives an automorphic line bundle [V,] over Sh(T,h) defined over E(v).
Therefore, the complex vector space H?(Sh(T,h),[V,]) has an E(v)-rational structure,
denoted by Mpr() and called the De Rham rational structure.

On the other hand, the canonical local system V' < [V;] gives another E(7)-rational
structure Mp(y) on H°(Sh(T,h),[V,]), called the Betti rational structure.

We now consider x an algebraic Hecke character of T'(Ag) with infinity type 7~
(our character y corresponds to the character w™! in loc.cit). Let E(x) be the number
field generated by the values of x on T'(Ag, ¢) over E(y). We know x generates a one-
dimensional complex subspace of HY(Sh(T,h),[V,]) which inherits two E(x)-rational
structures, one from Mpr(7), the other from Mpg(v). Put p(x, (T, h)) the ratio of these
two rational structures which is well defined modulo E(x)*.

1

Remark 2.1. If we identify H°(Sh(T, h),[V,]) with the set
{f € CP(T(Q\T(Ag), C | f(tter)) = 7 (t0) f(t), teo € T(R), t € T(Ag)}

, then x itself is in the rational structure inherits from Mp(vy). See discussion from A.4

to A5 in | .

Suppose that we have two tori T and 7" both endowed with a Shimura datum (7', h)
and (T",h'). Let uw: (T',h') — (T, h) be a map between the Shimura data. Let x be an
algebraic Hecke character of T'(Ag). We put x’ := x o u an algebraic Hecke character of
T'(Ag). Since both the Betti structure and the De Rham structure commute with the
pullback map on cohomology, we have the following proposition:

Proposition 2.1. Let x, (T,h) and X', (T',1') be as above. We have:
p(X, (Ta h)) ~E(x) p(X/a (T,7 h,))
and is equivariant under the action of Aut(C/E(T)E(T")).

Remark 2.2. In Proposition 1.4 of | |, the relation is up to E(x); E(T,h) where
E(T, h) is a number field associated to (T, h). Here we consider the action of Gg and can
thus obtain a relation up to E(x) (see the paragraph after Proposition 1.8.1 of loc.cit).
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For F a CM field and V¥ a subset of ¥ such that ¥ n W = &, we can define a Shimura
datum (T, hy) where T := RespgGy, r is a torus and hy : Resc/rGmc — Trr is a
homomorphism such that over 0 € X p, the Hodge structure induced on F' by hy is of
type (—1,0) if o € U, of type (0,—1) if o € 1P, and of type (0,0) otherwise.

Let x be a motivic critical character of a CM field F. By definition, pp(x, V) =
p(x, (Tr,hy)) and we call it a CM period. Sometimes we write p(x, ¥) instead of
pr(x, V) if there is no ambiguity concerning the base field F.

Example 2.1. We have p(|| - ||ax, 1) ~g (2mi)~L. See (1.10.9) on page 100 of | .

Proposition 2.2. Let 7 € Jp and ¥ be a subset of Jg such that ¥V n ¢ = &. We take
VU =Wy u Wy a partition of U.
We then have:

(2.1) p(X1x2), ¥) ~E()E(e) P(X1, ¥)p(X5, ¥).
(2.2) PO V1 1 Wa) ~gy) P(X, Y1)p(X, Ya).
(2.3) POGY) ~ gy PG Y).

All the relations are equivariant under the action of Aut(C/FE4).

Proof. All the equations in Proposition 2.2 come from Proposition 2.1 by certain maps
between Shimura data as follows:

(1) The diagonal map (Tp,hy) — (Tr x T, hy x hy) pulls (x1, x2) back to x1x2.
(2) The multiplication map Tr x Tp — T sends hy,, hg, to hy, v,

(3) The Galois action 0 : Hr — Hp sends hy to hye.

(4) The norm map (T, hiry) = (Tr,, h{T|F0}) pulls 7 back to 7o Ny, /ap,-

O

The special values of an L-function for a Hecke character over a CM field can be
interpreted in terms of CM periods. The following theorem is proved by Blasius. We
state it as in Proposition 1.8.1 in | ] where w should be replaced by w := w™¢
(for this erratum, see the notation and conventions part on page 82 in the introduction

of | D,

Theorem 2.1. Let F be a CM field and F* be its mazimal totally real subfield. Put d
the degree of FT over Q.

Let x be a motivic critical algebraic Hecke character of F' and ®, be the unique CM
type of F which is compatible with x.

For m a critical value of x in the sense of Deligne (c.f. | |), we have

L(X7 ’I’)’l) ~E(x) (27”)mdp(>v<7 <I>X)
equivariant under action of Aut(C/FF).

Remark 2.3. Let {01,029, - ,0n} be any CM type of F. Let (0;"5; " “)i<i<n denote
the infinity type of x with w = w(x). We may assume ay = ag = -+ = a,. We define

w
ag := +0 and ap41 := —0 and define k := max{0 <i<n|a; > —5} An integer m

1s critical for x if and only if

(2.4) max(—ar + L, w + 1+ agy1) < m < min(w + ag, —Ap41)-
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2.2. Construction of cohomology spaces. Let I be the signature of a unitary group
Ur of dimension n with respect to the extension F/FT. Let V; be the associated Her-
mitian space. We can consider I as a map from X to {0,1,--- ,n}. We write s, := I(0)
and r, :=n — I(o) for all o € X.

Denote S := Resc/gGrm. We define the rational similitude unitary group defined by

(2.5) GUI(R) := {g € GL(V; ®q R)|(gv, gw) = v(g)(v,w),v(g) € R*}

where R is any Q-algebra.
We know that GUr(R) is isomorphic to a subgroup of [[ GU(r,, s,) defined by the

oedl

same similitude. We can define a homomorphism h; : S(R) — GU;(R) by sending z € C

to zly, ) 0 .
0 ZISU A=)

Let X1 be the GUr(R)-conjugation class of hy. We know (GUp, Xy) is a Shimura
datum with reflex field E; and dimension 2 ) r,s,. The Shimura variety associated to

cey
(GUp, X7) is denoted by Shy.
Let K7 o be the centralizer of Ay in GUr(R). Via the inclusion GUr(R) — [] GU(r¢, s¢) <

oeY
R** T[] U(n,C), we may identify Ko with

o€

{(, <u6" 0 ) )| ur, € U(rs,C),vs, € U(s5,C), pe RT*}
o/ oeX

Us

where U (r, C) is the standard unitary group of degree r over C. Let H; be the subgroup
of K consisting of the diagonal matrices in Ky . Then it is a maximal torus of
GUr(R). Denote its Lie algebra by b;.

We observe that H;(R) =~ R™* x [] U(1,C)". Its algebraic characters are of the

>
form
(w, (2i(0))oes 1<i<n) — w0 H H zi(0->>\i(0)
oeXxi=1
where (Ao, (Ai(0))gex,1<i<n) is a (nd + 1)-tuple of integers with \g = >; > Ai(o) (mod
cexi=1
2)

Recall that GU(C) = C* [ ],y GL,(C). We fix By the Borel subgroup of GUj ¢
consisting of upper triangular matrices. The highest weights of finite-dimensional irre-
ducible representations of K7 o are tuples A = (Ag, (Ai(0))oex,1<i<n) such that A;(o) >
Ao(o) = = A (0), Ar1(0) = -+ = Ay(0) forall o and Ag = D] D) Ai(o) (mod 2).

oeXxi=1

We denote the set of such tuples by A(K7 ). Similarly, we write A(GUr) for the set of
the highest weights of finite-dimensional irreducible representations of GUjy. It consists
of tuples A = (Ao, (Ai(0))gex,1<i<n) such that Ai(o) = Xa(0) = -+ Ay (o) for all o and
)\0 = Z Z )\Z<O') (mod 2).

oeXi=1
We take A € A(GUr) and A € A(K7 ).
Let V), and Vj be the corresponding representations. We define a local system over
Shr:
W>\v = I%GU[(Q)\V)\ x X X GU[(AQJ)/K
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and an automorphic vector bundle over Shy

EA = I%HGU[(Q)\VA X GU[(R) X GU[(AQJ)/KK[’OO

where K runs over open compact subgroup of GUr(Aq,¢).
The automorphic vector bundles E are defined over the reflex field F.

The local systems W) are defined over K. The Hodge structure of the cohomol-
ogy space H(Shr,WY) is not pure in general. But the image of HZ(Sh;,WY) in
H9(Shr, W) is pure of weight ¢ — ¢. We denote this image by H?(Shr, WY).

Note that all cohomology spaces have coefficients in C unless we specify its rational
structure over a number field.

2.3. The Hodge structures. The results in section 2.2 of | | give a description
of the Hodge components of HY(Shr, WY).

Denote by R* the set of positive roots of Hy ¢ in GUr(C) and by R} the set of positive
compact roots. Define a5 = (0,---,0,1,0,---,0,—1,0,---,0) forany 1 < j < k < n.
We know RY = {(aj, k,)oex | 1 < jo < ks < n} and R} = {(oj, &, )oes | Jo < ko <
Te OF 7o + 1 < jo < ko}.

Lot _1 Z B n—1n-—3 n—1
ep_2a€R+a_ 2 7 27 7 2 0'.

Let g, € and b be Lie algebras of GU(R), Kr and H(R). Write W for the Weyl
group W(gc, bc) and W, for the Weyl group W (£, hc). We can identify W with [ &,

oeX
and W, with [ &,, x &5, where & refers to the standard permutation group. For
oeY

w € W, we write the length of w by I(w).

Let W' := {w € W|w(R") > R}} be a subset of W. By the above identification,
(wy ) € W if and only if w, (1) < we(2) < -+ < Wy (ry) and wy (14 + 1) < -+ < wy(n)
One can show that W' is a set of coset representatives of shortest length for W \W.

Moreover, for A a highest weight of a representation of GUy, one can show easily
that w * X\ := w(X + p) — p is the highest weight of a representation of Ky o. More
precisely, if A = (Ao, (Xi(0))oex,1<i<n), then w x A = (Ao, ((w * A)i(0))rex, 1<i<n) With

n+1 ) n+1 | N
(w# A)i(0) = Aw, (i) (o) + — we (i) — ( — 1) = Au, (i) (0) — wo (i) + .
Remark 2.4. The results of | | tell us that there exists
(2.6) HI(Sh;,WY) =~ P HE(Shy, Wy)
weWwl

a decomposition as subspaces of pure Hodge type (p(w,\),q — ¢ — p(w,\)). We now
determine the Hodge number p(w, \).

We know that w * X is the highest weight of a representation of Kj«. We denote
this representation by (pwsr, Wwsn). We know that pysx © hrlsmw) @ S(R) — Kro —
GL(Wysy) is of the form z — z PN z=r@N 1, pith p(w, N), r(w, ) € Z. The first
index p(w, A) is the Hodge type mentioned above.

A
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Recall that the map

(2.7) hilsm) : S(R) — K< RTX x U(n,C)*
z
ER
N E N _
0 I,
|Z’ ogEYN
and the map

Pwx - Kloo - GL(Ww*A)

. A w*)\
(wadzag(zi(a))062,1<i<n = w™ H HZ il
oe¥i=1
where diag(z1, 22, , zn) means the diagonal matriz of coefficients z1,z9, -+ , zn.
Therefore we have:

pr(w,)\) Efr(w,)\)

Ao 2\ (weN)i(o) 2\ (weN)i(o)
z
1T ] (M) [ ] (|Z|)

oeX 1<i<rs, re+1<i<n

=2 2 (weNi(o) X X (wxh)i(o) 2 X (wxd)i(o)

11
— (Zggg) ceEX 1<i<n 20€L1<isro ZoeS ro +1<isn

Since (wxA)i(0) = Ay, () (0)—ws(i)+i and then 3 > (wxA)i(o) = > > Xi(o),

oeX 1<i<n oeX 1<i<n
we obtain that:

5, M-
pw\) = 5 —2 3 (s Aifo)

ceX 1<i<rs
R
oeX 1<i<n . .
(28) = 9 - 2 Z wa(z wO’(Z) + Z)

ceX 1<i<rys

The method of toroidal compactification gives us more information on H%*(Shr, WY ).

We take j : Shy — :S’\ﬁ[ to be a smooth toroidal compactification. Proposition 2.2.2 of
| | tells us that the following results do not depend on the choice of the toroidal
compactification.

The automorphic vector bundle E, can be extended to Sh 1 in two ways: the canonical
extension F$™ and the sub canonical extension E5*" as explained in | |. Define:

HY(Shr,Ep) = Im(Hq(ShI,ES“b) Hq(%I,EX“")).
Proposition 2.3. There is a canonical isomorphism
HE(Shy, WY) = HI7U)(Shy, Eysy)
Let D =2 )] .5, be the dimension of the Shimura variety. We are interested in the

o€EY

cohomology space of degree D/2. Proposition 2.2.7 of | | also works here:

Proposition 2.4. The space ﬂD/Q(ShI,W/\V) s naturally endowed with a K -rational
structure, called the de Rham rational structure and noted by HD/Q(ShI,W)\V), This
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rational structure is endowed with a K-Hodge filtration F‘ﬁgg(Shl, WY) pure of weight
D/2 — ¢ such that

FPADZ(Shy, WY)/FP U B (Shi, W)@k C = @ BP/>"(Shy,Wy).
weW p(w,\)=p

Moreover, the composition of the above isomorphism and the canonical isomorphism
HPPE0(Shy, WY) = HPP7MW) (Shy, Eysy)
15 rational over K.
Holomorphic part: Let wg € W' defined by
wo(a)(1,2,-~- ST Totly " ,n>062 = (30+17... ,n;1,2,--- 730)

for all o € . It is the only longest element in W1. Its length is D/2.
We have a K-rational isomorphism

(2.9) ED/Q;MO(S}U, WAV) =~ EO(ShI, Ewo*)\)'

We can calculate the Hodge type of HP/%wo(Sh;, W) as in Remark 2.4.
By definition we have

(2~10> wp * A = ()\07 <)\50+1(U) — Soy" aAn(U) — So; )\1(0'> +Toy 7)\50(0') + TO’)O‘GZ)'
By the discussion in Remark 2.4, the Hodge number

> Aile) =X+ D

p(UJ(),)\) _ oeY 1<i<n 5 . Z (/\s(,-&-l(U) ot /\n<g))_
geY

From equation (2.8), it is easy to deduce that p(wg,A) is the only largest number
among {p(w, \) | w € W1}. Therefore

(2.11) Fp(wo’/\)(Sh],W)\v)@K(c%go(Sh[,Ewo*)\).

Moreover, as mentioned in the above proposition, we know that the above isomorphism
is K-rational.

We call HP/?wo(Shy, WY) =~ H°(Sh, Eyyxy) the holomorphic part of the Hodge
decomposition of HP/ 2(Shy,WY). It is isomorphic to the space of holomorphic cusp
forms of type (wg = A)V.

Anti-holomorphic part: The only shortest element in W is the identity with the smallest
Hodge number

2 X Ailo) =X

p(id, )\) _ 0€% 1<i<n2 _ Z ()\1(0) 4+t )\rg(g))‘

We call HP/%4(Shy WY) ~ HP/2(Shy, E)) the anti-holomorphic part of the Hodge
decomposition of HP/2(Shy, WY).
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2.4. Complex conjugation. We specify some notation first.

Let A = (Ao, (Mi(0) = Aa(0) = -+ = A\y(0))oexn) € A(GUr) as before. We define
A= (Mo, (An(0) = —=Ap1(0) = -+ = —=X1(0))sex) and AV = (=X, (—\n(0) =
—A—1(0) = -+ = —A1(0))sex). They are elements in A(GUr). Moreover, the represen-
tation Ve is the complex conjugation of V) and the representation Vyv is the dual of V)
as GUj-representation.

Similarly, for A = (Ao, (A1(0) = -+ = A, (0), Ar,11(0) = -+ = Ap(0))oex) €
A(K],OO>; we define A* := (—Ao, (—ATU(O') = = —Al(O'), Ay == —ATU+1)062).

V\\ﬁe know Vjx is the dual of V as Kj-representation. We sometimes write the latter
as V.

We define I¢ by I°(c) = n—1I(o) for all 0 € ¥. We know Vie = —V; and GUpe =~ GUT .
The complex conjugation gives an anti-holomorphic isomorphism X; — Xje. This
induces a K-antilinear isomorphism

(2.12) HPP2(Shp, WYY = HPP2(Shie, WY).

In particular, it sends holomorphic (resp. anti-holomorphic) elements with respect to
(I, ) to those respect to (1¢, A°). If we we denote by wf the longest element related to
I¢ then we have K-antilinear rational isomorphisms

(2.13) CDR - EO(Sh],EwO*)\) = HO(Sh[c,EwS*,\c)
(2.14) HPP(Shr, Ex) = HP?(Shye, Exe)

The Shimura datum (GUp, h) induces a Hodge structure of wights concentrated in
{(-1,1),(0,0), (1, —1)} which corresponds to the Harish-Chandra decomposition induced
by h on the Lie algebra: g =tc ®pT Dp~.

Let P = tc @ p~. Let A (resp. Ag, A)) be the space of automorphic forms (resp.
cusp forms, square-integrable forms) on GU;(Q)\GU(Aq).

We have inclusions for all ¢:
HY(g, K103 Ao ® Vi) © H(Shr, V') © HY(g, K105 Ay @ V)
HIY(B, K103 Ao ® V) € HY(Shy, Ex) € HY(R, K1,005 A2) ® V).

The complex conjugation on the automorphic forms induces a K-antilinear isomor-
phism:

(2.15) CpB . HO(Sh[,EwO*)\) = }_ID/2(Sh[,E)\v)

More precisely, we summarize the construction in | | as follows.
Automorphic vector bundles:

We recall some facts on automorphic vector bundles first. We refer to page 113 of
[ | and | | for notation and further details.

Let (G, X) be a Shimura datum such that its special points are all CM points. Let
X be the compact dual symmetric space of X. There is a surjective functor from the
category of G-homogeneous vector bundles on X to the category of automorphic vector
bundles on Sh(G, X). This functor is compatible with inclusions of Shimura data as
explained in the second part of Theorem 4.8 of | |. It is also rational over the reflex

field E(G, X).
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Let & be an automorphic vector bundle on Sh(G,X) corresponding to &, a G-
homogeneous vector bundle on X. Let (T,x) be a special pair of (G, X), i.e. (T,x)
is a sub-Shimura datum of (G, X) with 7" a maximal torus defined over Q. Since the
functor mentioned above is compatible with inclusions of Shimura datum, we know that
the restriction of £ to Sh(T,z) corresponds to the restriction of & to % € X by the
previous functor. Moreover, by the construction, the fiber of £ [g(r,) at any point of
Sh(T,x) is identified with the fiber of & at . The E(E) - E(T, x)-rational structure on
the fiber of & at & then defines a rational structure of £ | gy (7,,) and called the canonical
trivialization of £ associated to (T, x).

Complex conjugation on automorphic vector bundles:

Let £ be as in page 112 of | ] and € be its complex conjugation. The key step of

the construction is to identify £ with the dual of £ in a rational way.

More precisely, we recall Proposition 2.5.8 of the loc.cit that there exists a non-
degenerate G(Aq,f)-equivariant paring of real-analytic vector bundle £ ® & — &, such
that its pullback to any CM point is rational with respect to the canonical trivializations.

We now explain the notion &,. Let h € X and K}, be the stabilizer of h in G(R). We
know & is associated to an irreducible complex representation of K}, denoted by 7 in the
loc.cit. The complex conjugation of 7 can be extended as an algrebraic representation of
Ky, denoted by 7. We know 7’ is isomorphic to the dual of 7 and then there exists v, a
one-dimensional representation K}, such that a Kj-equivariant rational paring V,®V,, —
V., exists. We denote by &, the automorphic vector bundle associated to V,,.

In our case, we have (G, X) = (GUr,X1), h = hy and K, = Kj . Let 7 = A = wp* A
and £ = Fj). As explained in the last second paragraph before Corollary 2.5.9 in the
loc.cit, we may identify the holomorphic sections of V) with holomorphic sections of
the dual of V. The complex conjugation then sends the latter to the anti-holomorphic
sections of ‘\///\ = V. The latter can be identified with harmonic (0,d)-forms with values

in K® Ex where K = Qg}f is the canonical line bundle of Sh;.

By 2.2.9 of | | we have K = E() (s, ...—so,r0, 79)gex) Where the number of —s,
in the last term is r,. Therefore, complex conjugation gives an isomorphism:
(2'16) CB: HO(ShI’EA) ;) HD/Q(ShI’EA*+07(_SL77"'7_5017’07"'77‘0)062)).

Recall equation (2.10) that
A= wo * A = (>\07 ()\Sa+1(0) — 8o, a)\n(g) — So; )‘1(0) T Ty 7)\80(0) + TU)UGZ)'

We have
(2.17)
A* = (_>\07 (_)‘n(a) + Sy, _)\So+1(a) + S5} _)\Scf (U) —Tgy 7_)‘1(0) + TU)O'EE)‘
Therefore, A* + (0,(=So, " ,—S03To, " ,To)oex) = AY. We finally get equation
(2.15)-

Similarly, if we start from the anti-holomorphic part, we will get a K-antilinear iso-
morphism which is still denoted by cp:

(2.18) CB : HD/2(ShIaE>\) ; HO(Shfvao*)\v)

which sends anti-holomorphic elements with respect to A to holomorphic elements for

AV
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2.5. The rational paring. Let A € A(Kj ). We write V = Vj in this section for
simplicity. As in section 2.6.11 of | |, we denote by C, the corresponding highest
weight space. We know A* := A% — (2Ag, (0)) is the tuple associated to V, the dual of

this K representation. We denote by C_, the lowest weight of V.
The restriction from V' to Cp gives an isomorphism

(2.19) Homg, ,(V.C*(GUI(F)\GU(AF))) — Homp(Cp,C*(GU(F)\GUI(AF))v)

where C*(GU(F)\GU(AF))y is the V-isotypic subspace of C*(GU(F)\GUr(AF)).
Similarly, we have

(2.20) HomKIm(XV/,COO(GUI(F)\GUI(AF))) — Homp(C_,C*(GU(F)\GU[(AF))y)
Proposition 2.6.12 of | | says that up to a rational factor the perfect paring

(2.21) Hompy(Ca,C*(GU(F)\GU(AF))v) x Hompg(C_p,C*(GU(F)\GUr(AF));)

given by integration over the diagonal equals to restriction of the canonical paring (c.f.

(2.6.11.4) of | 1)
Homp, ,(V,C*(GU(F)\GUr(Ar))) x Homg, , (V,C*(GU(F\GU(AF)))
— Homg, , (V®V,C(GUIF)\GU(AF)))
—  Homg, ,(C,C*(GUI(F)\GU(Ar)))
(2.22p C.

We identify T'®(Shy, Ep) with HomGUIKI’w(V,COO(GUI(IF)\GU[(AF))) and regard
the latter as subspace of HomKI’OO(V,C@(GU[(F)\GU](AF))).

The above construction gives a K-rational perfect paring between holomorphic sec-
tions of Ky and anti-holomorphic sections of Eax.

If A = wg = A\, as we have seen in Section 2.4 that the anti-holomorphic sections of
Epx can be identified with harmonic (0, d)-forms with values in E)v.

We therefore obtain a K-rational perfect paring
(2.23) ® = &1 . HO(Shy, Eyysn) x HP?(Shy, Ex) — C.

In other words, there is a rational paring between the holomorphic elements for (I, \)
and anti-holomorphic elements for (I, AY).

It is easy to see that the isomorphism Sh; — Shjc commutes with the above paring
and hence:

Lemma 2.1. For any f € HO(Shy, Bygsx) and g € HP/2(Shr, Exv), we have ®12(f, g) =
"X (cprf,cprg).
The next lemma follows from Corollary 2.5.9 and Lemma 2.8.8 of | |.

Lemma 2.2. Let 0 # f € H°(Shr, Eyysr). We have ®(f,cpf) # 0.
More precisely, if we consider f as an element in

HomKLOO (‘7, c” (GU(F)\GU;(AF)))

then by (2.20) and the fized trivialization of C_ 4\, we may consider f as an element

in C*(GU(F)\GUr(AF))). We have:
(2.24) B(f,cpf) = £ f F@F@)Iv(9)]Idg.

GUI(Q)Zgu, (A)\GU;(Aq)
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Recall that v(-) is the similitude defined in (2.5).
Similarly, if we start from anti-holomorphic elements, we get a paring:
(2.25) &~ = &L @P2(Shy, Ey) x H(Shy, Eygerv ) — C.

We use the script ~ to indicate that is anti-holomorphic. It is still cpgr stable. For
0+ f~ e HP2(Sh;, E)), we also know that ®~(f~,cpf~) # 0.

2.6. Arithmetic automorphic periods. Let 7 be an irreducible cuspidal representa-
tion of GUj(Ag) defined over a number field E(7). We may assume that E(7) contains
the quadratic imaginary field K.

We assume that 7 is cohomological with type A, i.e. H*(g, K1 o0; 7 ® W) # 0.

For M a GUr(Ag,¢)-module, define the K-rational 7 ¢-isotypic components of M by

M™ = HomGUI(AF’f)(ResE(,T)/K(ﬂf),M) = @ Hom(w},M).

TEZE(W)

Therefore, if M has a K-rational structure then M7™ also has a K-rational structure.
As in section 2.4, we have inclusions:

HYPB, K100 AT ® Vi) © HY(Shy, Eo)™ < HY(R, K100 Alyy ® V).

Under these inclusions, cp sends HO(Shy, Eygsx)™ to HP/2(Shy, Exo )™ .
These inclusions are compatible with those K-rational structures and then induce
K-rational parings

(2.26) ™ : HY(Shy, Eyysr)™ x HP2(Shy, Exv)™ — C
(2.27) and @7 : ];_[D/Z(ShI,EA)7r X ];_IO(ShI,EwO*AV )7rv — C.
Definition 2.1. Let 3 be a non zero K-rational element of H°(Shy, Eyys))™. We define
the holomorphic arithmetic automorphic period associated to 3 by PU) (B,m) :=
(@”(,BT,CBBT))TGEE(TF), It is an element in (E(7) ®x C)*.

Let v be a non zero K-rational element of P_ID/Q(ShI,EA)”. We define the anti-
holomorphic arithmetic automorphic period associated to v by P(I)’_(’}/,T{') =
(@7™(Y",¢BY"))resp( - It is an element in (E(m) ®Kx C)*.

Definition-Lemma 2.1. Let us assume now 7 is tempered and o is discrete series
representation. In this case, HO(Shy, Eyyex)™ s a rank one E(n) ®x C-module (c.f.

[ |-

We define the holomorphic arithmetic automorphic period of © by PU)(r) :=
PU(B,7) by taking B any non zero rational element in H(Shy, Eyysx)™. It is an ele-
ment in (E(7) @k C)* well defined up to E(m)* -multiplication.

We define P(])’_(T(') the anti-holomorphic arithmetic automorphic period of
stmilarly.

Lemma 2.3. We assume that m is tempered and mo s discrete series representation.
Let B be a non zero rational element in H°(Shy, Eyg«x)™ and BY be a non zero rational
element in HO(Shy, EY )™ .

We have cg () ~E(x) PO (m)BY.
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Proof. It is enough to notice that ®™(5,3") € E(m)*.
0J

Lemma 2.4. If 7 is tempered and 7o is discrete series representation then we have:
(1) PUI () ~ oy PO(r).
(2) P(I)(WV) % P(I)’*(W) ~Em 1

Proof. The first part comes from Lemma 2.1 and the fact that cpgr preserves rational

structures.
For the second part, recall that the following two parings are actually the same:

(2.28) ™" . HO(Shy, Eygen )™ x HP2(Shy, E\)™ — C
(2.29) and &7 : HP2(Sh;, E\)™ x H(Shy, Eygerv )™ — C.

We take /8 a rational element in H O(ShI,Ewo*)\v )7rv and v a rational element in
HP2(Shy, E)\)™. We may assume that ™ (87,77) = ®7(y7,57) = 1 forall 7 € YE(r)-

By definition p(!) (7V) = (&7 (57, cBBT))resp - Since HP/2(Shy, E\)™ is a rank one
E(m)®C-module, there exists C € (E(m)®x C)* such that (cpS87)resy ) = C(V )resp,
Therefore p! (V) = C(®™" (BT ) resp = C-

On the other hand, since ¢% = Id, we have (CB’}’T)TGZE(W) = Cil(ﬁT)TegEm. We can
deduce that p(I)~(7) = C~! as expected.

v

)

O]

Definition 2.2. We say I is compact if Ur(C) is. In other words, I is compact if and
only if I(c) =0 orn for all o € X.

Corollary 2.1. If I is compact then P (x) ~E(r) PO~ (7). We have PO (1) «
PD(m) ~ gy 1.

Proof. If I is compact, then wg = Id. The anti-holomorphic part and holomorphic part
are the same. We then have PU)(r) ~E(r) PW:= (). The last assertion comes from
Lemma 2.4.

O]
The following theorem is Theorem 4.3.3 of | | which generalizes the main theorem
of | | and | |:

Theorem 2.2. Let I be a reqular, conjugate self-dual, cohomological, cuspidal automor-
phic representation of GLy(Ap) which descends to Ur(Ap+) for any I. We denote the
infinity type of I at o € X by (2%(@z=%(9)) e

Let 1 be an algebraic Hecke character of F with infinity type z4@)z%@) at ¢ € . We
know that a(o) 4+ b(o) is a constant independent of o, denoted by —w(n).

We suppose that a(c) —b(c) +2a;(c) # 0 for all1 <i<n and o € ¥. We define I :=
I(IT, ) to be the map on X which sends o € X to I(o) := #{i : a(0) —b(0) +2a;(c) < 0}.

n—1 1+w(n) . .
LetmeZ+ — Ifm > — critical for IT®n, we have:

(2.30)  L(m,II®n) ~pampe 2mi)™PUEDAT) [T p(7, o) @p(i, )" 1),

oeY

and is equivariant under the action of FG. Here E(II) is the compositum of all E(r)
when I varies among all the signatures.
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The aim of this paper is to prove the following conjecture which generalizes a conjec-
ture of Shimura (| )):

Conjecture 2.1. There exists some non zero complex numbers P(S)(H, o) for all 0 <
s <n and o € X such that PU(II) ~pa) 11 PUONIL, ) for all I = (I(0))gex €
>

{0,1,--- ,n}*.

3. FACTORIZATION OF ARITHMETIC AUTOMORPHIC PERIODS AND A CONJECTURE

3.1. Basic lemmas. Let X, Y be two sets and Z be a multiplicative abelian group. We
will apply the result of this section to Z = C*/E* where E is a proper number field.

Lemma 3.1. Let f be a map from X xY to Z. The following two statements are
equivalent:

(1) There ezists two maps g : X — Z and h : Y — Z such that f(z,y) = g(z)h(y)
for all (z,y) e X x Y.
(2) For all z,2' € X and y.yf € Y, we have f(z,5) f(z',') = [(x.s)[(.9).

Moreover, if the above equivalent statements are satisfied, the maps g and h are unique
up to scalars.

Proof. The direction that 1 implies 2 is trivial. Let us prove the inverse. We fix any
yo € Y and define g(z) := f(x,yo) for all x € X. We then fix any z¢p € X and define

f(ﬂco,y) f(‘Tan)

h(y) = = :
9(zo) f(xo,y0)
For any z € X and y € Y, Statement 2 tells us that f(x,y)f(zo,v0) = f(x,y0)f(zo, V).
X b
Therefore f(z,y) = f(x,y0) X M = g(z)h(y) as expected.
f($07 yO)
[
Let n be a positive integer and Xi,---, X, be some sets. Let f be a map from
XixXox- - x X, to Z.
The following corollary can be deduced from the above Lemma by induction on n.
Corollary 3.1. The following two statements are equivalent:
(1) There exists some maps fi : X — Z for 1 < k < n such that f(x1, 22, -+ ,2y) =
[T fe(zg) for all xp € X, 1 <k < n.
1<k<n
(2) Given any xj,:c;- € X; for each 1 < j <n, we have
f(xlax%"' 7'%'%) x f(x/17$/27 o 71‘;1)
= f(x:[? T ,l‘k_l,I‘;C, mk+17xn) X f(a:lla T x?{;—l)xk7x§g+l’ T 7x/n)
forany 1 < k < n.
Moreover, if the above equivalent statements are satisfied then for any A1, -+ , A, €
such that A1 -+ A\, = 1, we have another factorization f(x1, -+ ,xn) = ] (Nifi)(xs).

1<i<n
Each factorization of f is of the above form.

We fiz a; € X; for each i and ¢y, - ¢, € Z such that f(ai, -+ ,ap) = c1---cp. If
the above equivalent statements are satisfied then there exists a unique factorization such
that fl(al) = Cj.
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Remark 3.1. If #X;. = 3 for all k, it is enough to verify the condition in statement 2
of the above corollary in the case x; # a?; foralll<j<n.

In fact, when #Xy = 3 for all k, for any 1 < j < n and any yj,y; € X;, we may take
zj € Xj such that xj # yj, j # Y.

We fix any 1 < k < n. If statement 2 is verified when x; # 33; for all 7 then for any
Yk # Yj,, we have

Fysyz - un) FWh v, s yn) fn, @2, 2)
= flynyz, U F WL Yot T Yhs1s -+ 5 Un) X
f(@1, e Tt Yh Tl 1, T)
= fyn, vz, s un) f(@1, - Thm 1 Y Tt 1, Tn) X
W Yhe1s Tk Vhs1s 7 5 Yn)
= fWL UL Yo Ykt ) F(T1, - Tk, Yk T, - ) X
FWL Yt Ths Vi1 5 )
= fWL UL Yo Yk s ) F W Y1 Uk U1 - 5 Un) f (1, @2, -+ ).

We have assumed yy, # vy, to guarantee that each time we apply the formula in Statement
2, the coefficients satisfy x; # :c; forall1 < j<n.
Therefore

f(ylay27"' ;yn) X f(yiayév ,%)
= f(yl7 e 7yk—17y]:;)y]€+17 e 7yn) X f(yiv T 'y;g_laykuy;€+1v e ayéz,)
if Yk # Yi.- If yx = yy,, this formula is trivially true.

We conclude that we can weaken the condition in Statement 2 of the above Corollary to
T # 3:; for all 1 < j <n when #Xi = 3 for all k. We will verify this weaker condition
in the application to the factorization of arithmetic automorphic periods.

3.2. Relation of the Whittaker period and arithmetic periods. Let Il be a regular
cuspidal representation of GLy,(Ar) as in Theorem 2.2 with infinity type (2%(7)z=%(@)); o,
at o € ¥. We may assume that a1(0) > az(0) > -+ > an(0) for all o € X.

Recall that we say II is N-regular if a;(c) — aj+1(0) = N for all 1 <i<n—1 and
oe.

Theorem 3.1. Forl <i<n—1, let I, be a map from ¥ to {1,--- ,n—1}. There exists a
non-zero complex number Z(Ily,) depending only on the infinity type of I1, such that if for
any o € X, each number inside {1,2,--- ,n — 1} appears exactly once in {I,(0)}1<i<n—1,
then we have:

(3-1) p(I) ~panpm#) Z () H P(11)
1<ugsn—1
provided 11 is 3-regular or certain central L-values are non-zero.
Proof. Let us assume at first that n is even.
For each o and u, let k(o) be an integer such that I,,(c) = #{i | —ai(0) > ku(0)}.
1
Since n is even, a;(0) € Z + 3 for all 1 <i < n and all 0 € ¥. The condition on I,

implies that for all 0 € 3, the numbers {ky,(0) | 1 < v < n — 1} lie in the n — 1 gaps
between —a,(0) > —ap—1(0) > -+ > —aq(0).
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For 1 < u < n—1, let x, be an algebraic conjugate self-dual Hecke character of F’
with mﬁmty type zF (")z ku(?) at o € X.

We define IT# to be the Langlands sum of x,, 1 < u < n—1. It is an algebraic regular
automorphic representation of GL,_1(Ar). Then the pair (II,II#) is in good position.
By Proposition 1.2 we have

1
(3-2) L5 +m, 1L x %) ~ pny ey PIDp(I#)p(m, Ty, 1)

where p(m, Iy, H#) is a complex number which depends on m, Il and Ho#g.
Since IT# is the Langlands sum of y,, 1 < u < n — 1, we have

1 1
Lz+mTxT#) = ] L(5+m, X Xu).

2 I<usn—1

We then apply Theorem 2.2 to the right hand side and get:

1
L(=+m,II x II") = H L(= +m I X )
2
I<u<sn—1
~ E(I) E(11#) H [(QWZ)d(er )n p(I(IT,xw)) Hp (Xa, 0 (%7—)11 Iu(a)]
I<ugsn—1 e

Recall that I(I1, xy)(0) = #{i | —a;(c) > ky(0)} = I (o) for any 0 € ¥ and 1 < u <

n—1. .

Note that x,, is conjugate self-dual, we have p(xy,, o) ~B(#) p()\(?“ o) ~ B(IT#) p(XEI, o)
P(Xu, )1, We deduce that:

(3:3)
! ~ o)—n
L(§ +m, II x H#) ~ B(I) E(IT#) (27Tl)d(m+ yn(n—1) H [P(I“)(H) Hp(XmU)QIu( ) ]

I<ugn—1 oY

By Thoerem Whittaker period theorem CM, there exists a constant Q(Hﬁ) e C* well
defined up to E(II#)* such that

(3-4) p(IT#) ~ sy QUITE) H L(1, xuxy ).
I<u<v<n—1
By Blasius’s result, we have:
L(1, XuXy ) ~pa#y @ri)* | [ pOxuxs ', o)
oEX

where the embedding ¢’ is defined as follows: if k,(0) < ky(o) then ¢/ = o and

—

p(Xuxo b, o) ~ E(xu) P(Xa, 0)p(Xo, o) ; otherwise o/ = @ and p(xuXs ', 0’) ~ E(xa)
P(Xu, 0)~'p(X, 0).

Therefore, the Whittaker period p(I1%)
(3-5) R,

~ BT#) (27_”.)%9(1—[#) H Hp(%’0.)#{v|kv(J)>ku(a)}f#{v|kv(a)<ku(a)}

1<usn—10eXx

We know #{v | ky(0) < ky(0)} =n —2—#{v | ky(0) > ku(0)}.

~ B(IT#)
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Moreover, by definition of k(o) we have #{v | ky(0) > ku(0)} = #{i | —a;(0) >
ky(o)} —1 = I,(0) — 1. Therefore,

(3.6) #{v | k(o) > ku(0)} — #{v | ko(0) < ku(0)} = 2Lu(0) — 7
We compare equations (3.2), (3.3), (3.5) and (3.6). If II is 3-regular we may take

1
m = 1 and then L(i +m,II x II*) is automatically non-zero, otherwise we take m = 0

1
and we assume that L(i’ II x ITI#) # 0. We obtain that:

(Qm)d(m%)n(n*l) H P (11)
1<u<sn-—1
L d(n=1)(n—2)

~paeme  2m) 2 p(INQIIE)p(m, Iy, 11F).
Hence we have p(Il) ~ g pem#)

d(n—1)(n—2)
2

(2wi)d0mt3)n(n—1)= Q) p(m, e, 1)~ [T PEI (1),

If we take

d(n—1)(n—2)
2

Z(m, o, I, ) := (2mi)4m+3)n(n—1)= Q%) ~'plm, T, 1T%)

then p(IT) ~ gy sy Z(m, o, 1) [T PUI(II).

I<u<sn—1

In particular, we have that Z(m, Iy, II.) depends only on Il,.

We may define:
(3.7) 1 P
Z(yp) := Z(m, o, I1,)) = (2mi) A+ 2)n(r=D="25=220 (%) ~p(m, Ty, 1)

It is a non-zero complex number well defined up to elements in E(II)*.
We deduce that:

(3-8) p(ID) ~ gy pa#) Z(1lx) H ().

I<usn—1

Now assume that n is odd. We keep the notation in the above section We have
ai(c) e Z for all 1 <i < n and all o € ¥. In this case, we take integers k, (o) such that

1
1(0) = #i | ~ai(0) > hulo) + 3.
We still let y, be an algebraic conjugate self-dual Hecke character of F' with infinity
type Zhu(@)z=ku(0) gt o e 3.
Recall that v is an algebraic Hecke character of F' with infinity type z
o € ¥ such that 9¢ = || - ||a,. We take II# to be the Langlands sum of y, || - ||g§,

1 <u < n-—1. Itis an algebraic regular automorphic representation of GL,_1(Ap).
The conditions of Theorem 1.2 hold.

L at each
1
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We repeat the above process for IT and IT# and get

1
L(§+m,H x I17)

~ E(IN) E(TT#) (QWZ)dmn(n 2 [1 [P(I(H’X“w)) I1 P(;@ﬂ)z[”(g)_n]x

I<ugn—1 ogEYN

I1 (p(?,\b/, G)leusnfl T (U)p({ﬁ/c, O—)Zl$uSn71(n_Iu(0')))

oEY

where I, i= I(IT, xutb) with L,(0) = #{i | —ai(0) > ku(0) + %}.

-1 -1
Wesee ] Iu(o) = ""=Y g Y cuen 1 (n— L(0)) = nn=1)
I<usn—1 2 2
We then have
1_[ (p("Z7 U)leu<n71 Iu(U)p(JC’ J>Z1su<nf1(”_lu(0))>
oeY
\/C n(n—1) n(nfl) . dn(n—1)
Hp(Wﬂ ,0) T ~E@) Hp ||A ,0) T ~py) (2mi) 2
oeX oeX

We verify that the equation (3.5) and (3.6) remain unchanged. We can see that
equation (3.1) still holds here.
(]

3.3. Factorization of arithmetic automorphic periods: restricted case. We con-
sider the function []{0,1,---,n} — C*/E(I1)* which sends (I(0))ses to PO(II).
oeX
In this section, we will prove the above conjecture restricted to {1,2,---,n — 1}>.

More precisely, we will prove that

Theorem 3.2. Ifn > 4 and 11 satisfies a global non vanishing condition, in particular,
if II s 3-regular, then there exists some non zero complex numbers P(S)(H, o) for all

1<s<n-—1,ceX such that P (II) ~pa) I PUONI, o) for all T = (I(0))gex; €
oeY
{1,2,--- ,n—1}>.

Proof. For all o € ¥, let I1(0) # I2(0) be two numbers in {1,2,--- ,n — 1}. We consider
I1, I as two elements in {1,2,--- ,n — 1}*.

Let g be any element in ¥.. We define I}, I} € {1,2,--- ,n — 1}* by I}(0) := (o),
IL(0) := Iz(0) if 0 # 0¢ and I{(00) := I2(00), I5(00) := I1(00).

By Remark 3.1, it is enough to prove that

PO PE)(IT) ~ gy PUD (1) PUS) (1),

Since I1(0) # Iz(o) for all o € ¥, we can always find I3,--- , I, 1€ {1,2,--- ,n—1}>
such that for all o € ¥, the (n—1) numbers I,(0), l <u<n—1runover 1,2,--- ,n—1.
In other words, condltlons in Theorem 3.1 are verified.

By Theorem 3.1, we have

() ~pary Z(Me) PP [T PUR(I).

I<usn—1
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On the other hand, it is easy to see that I], 15, I3, -+, I, also satisfy conditions in
Theorem 3.1. Therefore

p(I1) ~pay Z(M) P AP [ PUI().
3<usn—1
We conclude at last PU1)(IT) PU2)(11) ~E(I) PU)(I1)PU2)(TI) and then the above
theorem follows.

]
Corollary 3.2. IfII satisfied the conditions in the above theorem then we have:

(3-9) p(I) ~pay ZM) [ ] PY(IT0)
o€ 1<i<n—1

3.4. Factorization of arithmetic automorphic periods: complete case. In this
section, we will prove Conjecture 2.1 when II is regular enough. More precisely, we have

Theorem 3.3. Conjecture 2.1 is true provided that 11 is 2-reqular and satisfies a global
non vanishing condition which is automatically satisfied if 11 is 6-regular.

Proof. 1f n = 1, Conjecture 2.1 is known as multiplicity of CM periods (see Proposition
2.2). We may assume that n > 2. The set {0,1,--- ,n} has at least 3 elements and then
Remark 3.1 can apply.

For all o € 3, let I1(0) # I2(0) be two numbers in {0,1,--- ,n}. We have I, I €
{0,1,2,--- ,n}*.

Let 09 be any element in Y. We define I}, 15 € {0,1,2,--- ,n}* as in the proof of
Theorem 3.2.

It remains to show that

(3.10) PUAN PUI(D) ~ gy PUD (1) PU2) (D).

Let us assume that n is odd at first. Since II is 2-regular, we can find x, a conjugate
self-dual algebraic Hecke character of F' such that I(II, x,,) = I,, for u = 1,2. We denote
the infinity type of x, at o € ¥ by zF«(@)z=ku(9) 4, — 1,2, We remark that ki () # kz(o)
for all o since I (o) # Iz(0).

Let ITI# be the Langlands sum of II, x{ and x5. We write the infinity type of II# at
o e X by (257709} it o with bi(0) > ba(0) > -+ > bpya(0). The set {b;(0),1 <
i<n+2} ={a;(0),1 <i<n}u{—ki(o),—ke(o)}.

Let II® be a cuspidalconjugate self-dual cohomological representation of GLy3(AFr)
with infinity type (26927913 such that —c, 3(0) > bi(0) > —cnio(o) >
bo(o) > -+ > —c3(0) > byya(o) > —ci(0) for all o € ¥. We may assume that II® has
definable arithmetic automorphic periods.

Proposition 1.2 is true for (HO, I1#). Namely,

1
We know

1 1 1 1
(3.12) L(z+m, ¢ x II%) = L(z+ m, TI® x ML(5 + m, 1% x XDL(5 + m, II¢ x x5)
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For u = 1 or 2, by Theorem 2.2 and the fact that y,, is conjugate self-dual, we have

1
L(5 +m, II% x xu)

) (3 +m)d(n C v - $Y(o)+(n
~ p(oy sy (2mi) 3T+ pIT ) (1) 1 »(%:0) 21(I19 x5 (0) +(n+3)
oeE

Thoerem Whittaker period theorem CM implies that
(3-13) p(IT#) ~ parey QT )pI)L(L T ® x1) L1, T ® x2)L(1, x1X5)

where Q(Hso%) is a non zero complex numbers depend on .
By Theorem 2.2 again, for u = 1,2, we have

(3-14) L(LII % xu) ~pqwy (2md) " PTIX) [T p(3,, )2 xe)(@)=n
oEX
Moreover, L(1, x1x5) ~ E(IT#) (2mi)? ] p(%,a)t(“)p(ﬁ,a)—t(ﬂ where t(o) = 1 if
oeX

k(o) < ka(o), t(o) = =1 if k1(0) > ko(o).
Lemma 3.2. Foralloc ey,
—2I(IT%, x§)(0) + (n + 3) = 2I(IL, x1)(0) — n + t(0),
—2I(T1°, x5)(0) + (n + 3) = 2I(IL, x1) () — n — t(o).
Proof of the lemma: By definition we have

I(I¢x9)(0) = #{1 < i <n+3| —ci(0) > —ki(o)}.
Recall that —c,13(0) > bi(0) > —cpia(o) > ba(o) > -+ > —ca(0) > bpta(o) >
—c1(o) and {bi(0), 1 < i < n+2} = {ai(0), 1 <4 < n} 0 {—ka(0), —ka(0)}.
Therefore
(% x5 o) = #{
= 7

By definition we have

I x1)(0) = #{l <i<n| —ai(0) > ki(o)} =n—F#{L <i<nlai(o) > —ki(o)}.
Therefore, I(II¢,x$)(o) = n — I(IL, x1)(0) + 1_jy(o)>—ki(e) + 1. Hence we have

—2I(I%, x§)(0)) + (n+3) = 2I(AL, x1)(0) = n+ 1 — 214, (5)>—py (0)-
It is easy to verify that 1 — 21 _j,(,)>_g, (o) = t(0). The first statement then follows
and the second is similar to the first one.

n+2 | bi(0) > —ki (o)} +1
n|ai(o) > =ki(0)} + 1 iy (0)>—ki(o) + L.

O

We deduce that if L( +m, TI¢ x TI#) # 0, then

L5+ m, TI9 x ID)(2ri) 1+ 3mHad) 1T x5)(119) P15 (119)
~ poy () (211 Dp(ITO) QT ) p(m, T, T ) PT) (1) P (1),

Now let X/, x5 be two conjugate self-dual algebraic Hecke characters of F' such that
X0 = X1,0 and X5 5 = X2,0 fOr 0 # 00, X1 5y = X2.00 20 X3 5, = X1,00-

We take IT## as Langlands sum of I, X1 ¢ and x4¢. Since the infinity type of O## is
the same with II#, we can repeat the above process and we see that equation (3.15) is
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true for (II¢, II##). Observe that most terms remain unchanged.
Comparing equation (3.15) for (IT®, II#) and that for (IT®, II##), we get

P14 ) (19) PTIC x5 (19) PIIXA) (1) PIIXG) (17)
PI(HOva)(HO)PI(Hvag)(HQ) ~ E(II0)E(1T) pI(H,Xl)(H)PI(H,XQ)(H)'

(3-15)

By construction, I(II, x,,) = I, and I(II, x},) = I/, for u = 1,2. Hence to prove (3.10),
it is enough to show the left hand side of the above equation is a number in E(IT®)*.
There are at least two ways to see this. We observe that I(TI?, ) (o) = I(II®, x1°)(0),
I, \5) (o) = (1%, x2) (0) for & # o and I(T19, ;) (00) = (1%, x2%) (o), T(T1%, ) () =
I(II®, x1¢)(00). Moreover, these numbers are all in {1,2,---, (n +3) — 1}. Theorem 3.2
gives a factorization of the holomorphic arithmetic automorphic periods through each
place. In particular, it implies that the left hand side of (3.15) is in F(II®)* as expected.
One can also show this by taking II® an automorphic induction of a Hecke character.

1
We can then calculate L(=+m, ITI¢ x x¢) in terms of CM periods. Since the factorization

of CM periods is clear, we will also get the expected result.

When n is even, we consider II# the Langlands sum of I, (x| -||~"/?)¢ and (x29| -
||71/2)¢ where x1, X2 are two suitable algebraic Hecke characters of F. We follow the
above steps and will get the factorization in this case. We leave the details to the reader.

O

3.5. Specify the factorization. Let us assume that Conjecture 2.1 is true. We want
to specify one factorization.

We denote by Iy the map which sends each o € ¥ to 0. By the last part of Corollary
3.1, it is enough to choose ¢(Il,o) € (C/E(II))* which is Gg-equivariant such that
po)(11) ~pa I[ c(l,o). Then there exists a unique factorization of PO(II) such

ge

that POO(II,0) = ¢(II,0) . We may then define the local arithmetic automorphic
periods P®)(I1, o) as an element in C* /(E(x))*.
In this section, we shall prove P0)(II) ~ B(I0) p(ém, Y) ~pan) |1 p(&n, ). Therefore,

— ogEN
we may take c¢(Il, o) = p(&m, 7).
More generally, we will see that:
Lemma 3.3. If I is compact then P (1) ~pay 11 p(gﬁ,ﬁ) x |1 p(gﬁ,a).
I(o)=0 I(o)=n
This lemma leads to the following theorem:
Theorem 3.4. If Conjecture 2.1 is true, in particular, if conditions in Theorem 3.3 are

satisfied, then there exists some complex numbers P(S)(H, o) unique up to multiplication
by elements in (E(I1))* such that the following two conditions are satisfied:

(1) POIAL) ~pay [T PYONIL, 0) for all I = (I(0))oex € {0,1,- -+, n}%,
oeY

(2) and PO (Hv U) ~E(IT) p(glfha)
where &1 1s the central character of 11.
Moreover, we know P (I, o) ~pg(m) P&, o) or equivalently POXIT, o) x P(™(I1, o) ~ B(1T)
1.
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Proof of Lemma 3.3: Recall that D/2 = > I,(n — I,) = 0 since I is compact.
oex

Let T be the center of GU;. We have
T(R) = {(z,) € (C*)*¥ | |25| does not depend on o}.
We define a homomorphism Az : S(R) — T'(R) by sending z € C to ((2)1(6)=05 (2) 1(0)=n)-

Since I is compact, we see that hj is the composition of hr and the embedding
T — GU;. We get an inclusion of Shimura varieties: Shp := Sh(T,hy) — Sh; =
Sh(GUp, hy).

Let £ be a Hecke character of K such that IIY ® £ descends to m, a representation
of GUr(Aq), as before. We write A € A(GUy) the cohomology type of m. We define
A= (Mo, () Ni(0))oex)- Since 7 is irreducible, it acts as scalars when restrict to T

1<i<n
This gives 7', a one dimensional representation of T'(Ag) which is cohomology of type
AT, We denote by Vyr the character of T(R) with highest weight AT

The automorphic vector bundle E) pulls back to the automorphic vector bundle [Vyr]

(see | | for notation) on Shr.

Let B be an element in H°(Shy, Ex)™. We fix a non zero E(r)-rational element in 7
and then we can lift 5 to ¢, an automorphic form on GUr(Aq).

There is an isomorphism H(Shr,[Vir]) — {f € C*(T(Q\T(Ag),C | f(ttw)) =
7T (t) f (1), tp € T(R),t € T(Ag)} (c.f. | ]). We send 3 to the element in HO(Shy, [Vyr])™
associated to @|7ag)-

We then obtain rational morphisms

(3.16) HO(Shy, E\)™ = HO(Shr, [Vyr )™
(3.17) and similarly  HO(Shy, Exv )™ = HO(Shy, [Var )™

These morphisms are moreover isomorphisms. In fact, since both sides are one dimen-
sional, it is enough to show the above morphisms are injective. Indeed, if ¢, a lifting
of an element in HY(Shy, E))™, vanishes at the center, in particular, it vanishes at the
identity. Hence it vanishes at GUr(Ag,¢) since it is an automorphic form. We observe
that GUr(Ag,¢) is dense in GUr(Q)\GUr(Ag). We know ¢ = 0 as expected.

We are going to calculate the arithmetic automorphic period. Let 8 be rational. We
take a rational element 3Y € H°(Shr, Exv)™ and lift it to an automorphic form ¢".
We have cp(¢) ~pg(r) PO (m)¢" by Lemma 2.3.

For the torus, by Remark 2.1, we know

0 I7(ng) ~E(m) P(SA(T, hr), 7)™ (Glrag)) -

Recall that cg(¢) = £i*¢||v(-)||*. Therefore (cB(®)|rag) = ii/\0(¢|T(A@))_l. We
then get
(3.18) 2 PO (1) ~ oy P(SK(T, hy), 77).

We now set 7% := Resg joTk. We have T# ~ Res g jgGm x Resp oG, In particular,
T#(R) = C* x (R®q F)* = C* x (C*)*.

We define hps : S(R) — T#(R) to be the composition of A7 and the natural em-
bedding T(R) — T#(R). We know hyg sends z € C* to (2%, (2)1(5)=0 (2)r(0)=0)- The
embedding (T, hy) — (T#, hps) is a map between Shimura datum.
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We observe that 77°% := || - || 7% x &' is a Hecke character on T#. Its restriction to
T is just 77 By Proposition 2.1, we have p(Sh(T, hr),7") ~ p(x) p(Sh(T#, hys), 77",

By the definition of CM period and Proposition 2.2, we have

(3-19)

p(Sh(T#ahT#)vﬂ-T#) ~E(m) (27Ti)>\0 1_[ p(éﬁl70‘) H p(§1§175)'
I(0)=0 I(o)=n

Since &pp is conjugate self-dual, we have p(fﬁl,ﬁ) ~p) (&, o).
By equation (3.18), we get:

(3.20)

PP (7)) ~ gy 2mi) ] p&rtio) [T plén,o).

I(0)=0 I(o)=n

Recall that by definition PU(IT) ~ gy (2) 20 PU) (), we get finally

PO ~pay [ péat o)< [T plémo)

I(0)=0 I(o)=n
~E(II) H p(fn,ﬁ) x H p(EH,U)-
I(0)=0 I(o)=n

The last formula comes from the fact that &7 is conjugate self-dual.

O]

Remark 3.2. Ifn =1 and II = 5 is a Hecke character, we obtain that: P (n, o) ~E(n)
p(77,7) and similarly P (n, o) ~Em) P}, 0).
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