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ABSTRACT. We prove explicit rationality-results for Asai- L-functions, L (s, II', As*), and Rankin-
Selberg L-functions, L°(s,II x II'), over arbitrary CM-fields F', relating critical values to explicit
powers of (27i). Besides determining the contribution of archimedean zeta-integrals to our formulas
as concrete powers of (27i), it is one of the advantages of our approach, that it applies to very general
non-cuspidal isobaric automorphic representations IT" of GL,,(AFr). As an application, this enables
us to establish a certain algebraic version of the Gan—Gross—Prasad conjecture, as refined by N.
Harris, for totally definite unitary groups. As another application we obtain a generalization of a
result of Harder—-Raghuram on quotients of consecutive critical values, proved by them for totally
real fields, and achieved here for arbitrary CM-fields F and pairs (I, II') of relative rank one.
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INTRODUCTION

Rationality for critical values. In the algebraic theory of special values of L-functions, Deligne’s
conjecture for critical L-values of motives is still one of the driving forces. Cut down to one line,
it asserts that the critical values at s = m € Z of the L-function L(s,M) of a motive M can be
described, up to multiplication by elements in a concrete number-field E(M), in terms of certain
geometric period-invariants ¢*(M) and certain explicit powers of (27i), | , Conj. 2.8]:

L(m, M) ~pqg) (2mi) 1M D™ (M),

In this generality, Deligne’s conjecture is still far open. The deeper reason for this, though, seems
almost like a paradox: It tempting to believe that it is exactly the rigidity of the world of motives,
which allows one to express critical values L(m,M) by such clear and basal invariants (namely
<=D™(M), E(M) and (271)“™)), on the one hand, while it seems to be exactly the same rigidity
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of the world of motives, which does not leave enough argumentative room to attack Deligne’s con-
jecture directly, on the other hand.

Yielding to this belief, it is hence not surprising that it has been the (much less rigid) automorphic
side — invoking the (conjectural) dictionary, hinging motives M over a number field F' and automor-
phic representations II of GL,,(Ar), by a comparison of their L-functions — where most progress on
understanding the algebraic nature of special values of L-functions has been achieved.

Indeed, there is a growing series of results, relating critical values s = ”T_l + m (due to a basic
shift of the argument s now in % + 7Z) of an automorphic L-function L(s,II,7), up to multiplica-
tion by elements in a number field E(IT) depending on II, to certain representation-theoretical period
invariants p(II) and a purely archimedean factor p(m, Il,, 7). Obviously, interpreting Deligne’s con-
jecture automorphically, here the period-invariant p(IT) takes the role of ¢* (M), the number field

E(II) the role of E(M) and finally the archimedean factor p(m, Iy, r) the place of (2mi)* ™).

In many regards it is the latter archimedean factor p(m, Iy, r) (essentially the inverse of a weighted
sum of archimedean zeta-integrals), which turns out to be the most mysterious ingredient: In fact,
over several decades it has even been unknown if it is eventually zero (which would obviously have
made all automorphic rationality-theorems meaningless) until — after various important but partial
results — B. Sun established the non-vanishing of p(m,Ily,r) in great generality in breakthrough
work.

However, apart from particular cases, an explicit expression for p(m,Ily,r), putting it in a pre-

cise relationship with its motivic counterpart (27ri)d(m), predicted by Deligne’s conjecture, is yet to
be found.

In this paper, we solve this problem, for Rankin-Selberg L-functions, L°(s,II x II'), and Asai-
L-functions, L°(s,II', As*), over arbitrary CM-fields F: We establish precise rationality-theorems,
whose archimedean factors arise in a very natural way and are indeed explicit powers of (273). As
a general rule, these powers may be made fit with the powers predicted by Deligne, see Rem. 5.8.

Main results I: Rationality for Rankin-Selberg L-functions with explicit archimedean
factors. Our rationality-results apply to a large class of automorphic representations II and IT'.
More precisely, we let F' be any CM-field and IT a cuspidal automorphic representation of GL,,(Afr),
whereas IT' = II; | ... @ II; may even be an isobaric sum on GL,,_1(Af), fully induced from an ar-
bitrary number k£ > 1 of distinct, but again arbitrary, unitary cuspidal automorphic representations
I1;.

Let s = % + m be a critical point of L%(s,II x II'). Clearly, in order to explicitly determine
the archimedean factor (i.e., the contribution of the archimedean zeta integrals to our formulas), we
have to specify our possible choices of Il and I/ : If m # 0, the only condition they have to satisfy
is to be unitary with non-vanishing relative Lie algebra cohomology with respect to an irreducible
algebraic coefficient module &, respectively £,/, allowing a non-trivial GL,_1 (F'®qg R)-intertwining
En®Ey — C.

The special case m = 0, i.e., to obtain a rationality-result with explicit powers of (27i) for the
central critical value L° (%,H x IT'), is more complicated by nature and needs an additional non-
vanishing assumption on the central critical value of some auxiliary representations, constructed
from suitable Hecke characters, see Hyp. 4.20, 4.26 & 4.29 for our precise assumptions in this case.
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We indeed expect our hypotheses to hold in complete generality: Evidence for this expectation is
provided by | I, | | and | |, but also and more originally by | |: We
refer to §4.5.1 for a more detailed discussion and explanations on our hypotheses. Here we only
remark that Hyp. 4.20 & 4.26, can be dropped, for instance, if £, and £,/ are sufficiently regular,
i.e., the successive coordinates of p and p’ differ at least by 2.

Here is our first main theorem, relating critical values of L° (s,II x IT") with explicit powers of
(2mi):

Theorem A. Let II be a cuspidal automorphic representation of GL,(Ap), and let II' = TI;
.. 1D be an isobaric automorphic representation of GLy,—1(AFr), fully induced from an arbitrary
number k = 1 of distinct unitary cuspidal automorphic representations I1; of GLy,(Ar) and write
g(wnxf) for the Gauf-sum of its central character. Assume that Iy, and I, are conjugate self-
dual, cohomological with respect to an irreducible algebraic coefficient module &,,, respectively &,
allowing a non-trivial GLy,_1 (F ®q C)-intertwining &, ®Ey — C. Let s = % + m be a critical point
of L (s, 11 x II'), where, if m = 0, we assume the auziliary non-vanishing hypotheses Hyp. 4.20,
4.26 € 4.29 mentioned above.

Then there are non-zero Whittaker periods p(I1) € C* and p(Il') € C*, defined by a comparison
of a fived rational structure on the Whittaker model of Iy, resp. H’f, with a fized rational structure
on the cohomology of 11, resp. I', and we obtain

mdn(n—1)—2d(n—1)(n—
(0.1) LG+ m < I) ~pmpary (2mi)" =D =240=D0Dp(0) p(IT) G(w,)

which is equivariant under the natural action of Aut(C/F&). Here, “~paEear)” means up to
multiplication by an element in the number field E(IT) E(IT') obtained by composing the Galois closure
FG of F/Q in Q with the fields of rationality of II resp. TI'.

Being able to determine the contribution of the archimedean zeta-integrals for the first time as
an explicit power of (27i), our Thm. A may be regarded as a joint refinement of | , Thm.
1.9], | , Thm. 3.9] and | , Thm. 1.1] over general CM-fields F'. We remark that the
presence of F& in our formula(s) is indispensable due to the use of our “Minimizing-Lemma”, cf.
Lem. 1.34: This is a useful tool, which allows to reduce relations of algebraicity to fields of minimal
size, as long as they contain F&®,

The Whittaker periods p(II) and p(IT') mentioned in Thm. A are constructed in Prop. 1.12 in
one go: Invoking several theorems on the nature of non-cuspidal automorphic cohomology, we are
able to transfer the general principle of how to construct Whittaker periods, developed in | ],
| | and in particular in | |, from cuspidal representations to general Eisenstein rep-
resentations, i.e., (a slight generalization of) our general isobaric sums II' = II; B ... H IIx. This
is a non-trivial step in the construction of our Whittaker periods, which is established in §1.5.2
(see in particular Cor. 1.22) for which the fine analysis of the space of Eisenstein cohomology as
achieved in [ | turns out to be indispensable. As a result, we obtain a uniform generalization of
the construction in | |: Our generalization applies to arbitrary Eisenstein representations
(which fully cover the case of a cuspidal representation by specifying k = 1 in II' = II; [ ... H ).

Important remark: The careful reader, experienced with the construction of Whittaker periods
p(IT), will have noticed that this construction, as it is carried out in Prop. 1.12; involves the choice
of a comparison isomorphism Y, or, equivalently, the choice of a generator of the one-dimensional,
archimedean cohomology space H™("=D/2(g K., W(I)y, ® &), cf. §1.5.2. On the other hand,

the number L° (% + m,II x II') clearly does not involve any such archimedean choices. In this



4 HARALD GROBNER & JIE LIN

regard, the assertion of Thm. A may be reformulated in that there exists a natural choice of Y
(and independently (!) Yyp) such that (0.1) holds. This choice is made as follows (while we refer
to our two Conventions 1.24 and 1.29, to be found in §1.5.3, for all details): Firstly, by the unique-
ness of archimedean smooth Whittaker models, one may assume that we fix the same generators
of the one-dimensional, archimedean cohomology spaces HY("~1/2(g K0, W(II)p ® &) for all
automorphic representations I, which share isomorphic archimedean components, cf. Rem. 1.18.
Moreover, we recall that by construction, for all algebraic Hecke characters y one may chose a
canonical generator [xoo] of H°(g1.00, K100, W (X)w ® X5}) = C, such that p(x) € Q(x)*, see Lem.
1.25. This assumption, made as Conv. 1.24 throughout the paper, fixes a canonical choice of T or
all algebraic Hecke characters y. Finally, turning our attention back to cohomological Eisenstein
representations II' = ITI; [ ... I}, one may assume that the choice of Y1 is compatible with par-
abolic induction, i.e., that Y1 is determined by the tensor product of the generators [x;j ], which
define the Langlands datum of IT: This condition, which is only sketched here, is made precise
in §1.5.3. We refer to Conv. 1.29 for further explanations. It is then shown that in combination
these assumptions in fact fix the embedding Y for all twisted Eisenstein representations, i.e., in
particular for all representations II and II’, which satisfy the conditions of Thm. A. There is hence
no hidden ambiguity in the statement of Thm. A.

Main results II: Rationality for Asai L-functions with explicit archimedean factors. In
order to explain our second main theorem, let II' = II; (... B II; be an Eisenstein representation
of GL,(AF) as above, i.e., a cohomological isobaric sum, fully induced from an arbitrary number
k = 1 of distinct unitary cuspidal automorphic representations II; of GL,,(Ar). A short moment
of thought shows that II; is cohomological itself, if and only if n = n; mod 2, cf. §1.4.3. Putting
e € {0, 1} equal to the residue class of n —n; mod 2 and n: F*\Aj — C* equal to the extension
of the quadratic character ¢ attached to F' and its maximal totally real subfield F* by class field
theory, cf. §1.1.2, we end up with a unitary cuspidal representation H?Ig := II; ® n°, which is coho-
mological with respect to an algebraic coefficient system &, in any case.

If II' is moreover conjugate self-dual, then one can show (cf. Cor. 3.4) that the Asai L-function
L5(s, 1, AsCD") of sign (—1)" is holomorphic and non-vanishing at s = 1. Moreover, s = 1 is
critical for L(s, I, As(_l)n). Our second main theorem relates this critical value L(1, 1T, As(_l)n)
with an explicit power of (27i):

Theorem B. Let F' be any CM-field and let 11" = 11y H...BII be a cohomological isobaric automor-
phic representation of GL,(Ar), fully induced from an arbitrary number k = 1 of distinct conjugate
self-dual cuspidal automorphic representations I1; of GLy,, (Ap). If £, is not sufficiently reqular, we

assume the auziliary non-vanishing hypotheses Hyp. 4.20 & 4.26 for H,?Ig, Then we have
L3(1,10, Ast=D") ~pary (2m)"p(Il)
which is equivariant under the natural action of Aut(C/F&).

Important remark: As for Thm. A above, the Whittaker period p(I') depends on archimedean
choices, whereas L5 (1,11, As(_l)n) obviously does not. However, the same remark as at the end of
the last section applies also in this situation: Our standing assumptions on how we restrict ourselves
in choosing generators of the one-dimensional cohomology space H"=1/2(g. Ko, W(IT') ® E,,)
turn out to be sufficiently restrictive in order for Thm. B to hold. Otherwise put, these assumptions
on choices of generators already fix our possible choices for Yy for isobaric sums II' as in the
statement of Thm. B (and hence p(IT') up to multiplication by Q(IT')*). This makes Thm. B into
a meaningful statement without hidden ambiguities.
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Main applications I: The refined conjecture of Gan—Gross-Prasad for unitary groups.
Combining Thm. A with Thm. B yields the following result, which is both, a generalization as
well as a subtle refinement of | |, Cor. 6.25, with the additional asset that it avoids any
reference to our global Whittaker periods p(IT) and p(IT'):

Theorem C. Let F be any CM-field and let II and II' be two cohomological conjugate self-dual
automorphic representations of GL,(AFr), resp. GL,—1(Ar), which satisfy the conditions of Thm.
A and Thm. B. Then, for every critical point % +m of L(s,II x II'), we obtain

L5(3 + m, I x IT)
LS(1,11, AsCD™) LS(1, 117, AsCD"

and this relation is equivariant under the natural action of Aut(C/F&e).

)(QWZ)mdn(n 1)— dn(n+1)/2.

T EDEI

We believe that this result, which holds for all critical points % +m of L(s,II x II'), is interesting

in its own right. Specifying m = 0, however, we immediately obtain the relation
LS(3, 11 x IT)

LS(1,I1, AsC=D™) LS (1,117, AstD" )
which leads us to the heart of the refined global Gan-Gross-Prasad conjecture, | ],
for unitary groups: Recall our arbitrary CM-field F with maximal totally real subfield F+ and
the quadratic Hecke character ¢ attached to the extension F/F*. For unitary groups 4(V)/F*
and 4(W)/F*, attached to a pair of Hermitian spaces W < V of dimension dimp(V) = n >
dimp (W) = m, the global GGP-conjecture, as most recently refined by Liu, | |, predicts a
precise relationship of a quotient of L-functions, which is of the type of the left-hand-side of (0.2),

and a global period integral P(ip, ¢’) of two tempered cusp forms p € 7 and ¢’ € 7’ on (V) (Ap+),
reps. W) (Ap+):

(02) —dn(n-‘:—l)/?7

~E)E(I1Y) (2mi)

Agy) L5}, =) /
20 L[S(1,7,Ad) L5(1, 7', Ad) ;!;[SOLU(QOU’SQ,U)'

(0.3) P, @) =

Here, a,, (v, ¢)) are local integrals — stabilized and suitably normalized — over certain matrix coeffi-
cients, whereas A(g(y) /2% is a rather elementary constant, attached to the (expected) Vogan-Arthur
packets of m and 7’ and the Gross-motives: Ag ) = [ L(i, e f) The careful reader, interested
in precise definitions and assertions, is referred to §6 1-86.2 for a detailed account.

Considering the classical case — we refer to the original paper | |, where it all started;
and | |, which anticipates the conjectures in | |) — when W has codimension 1 in V, i.e.,
m = n — 1, provides the link of our explicit formula for quotients of critical L-values, (0.2), and the
refined GGP-conjecture, (0.3), just pronounced: If 7 and 7’ are tempered cohomological cuspidal
representations of 4(V)(Ap+), reps. 9(W)(Ap+), then we may apply quadratic base change BC
(unconditionally, as established in | I, |) and obtain two cohomological isobaric auto-
morphic representations BC(w) of GL,(Ap) and BC(7') of GL,,—1(Ap), respectively. If these new
representations BC(w) and BC (') satisfy the conditions of our Thm. A with Thm. B above, they
may take the role of IT and IT in (0.2), and so we may replace the quotient of L-functions in (0.3)
by the respective quotient of L-functions in (0.2); as moreover Agy) ~ pcal (2mi) @ +1/2 e up
to some algebraic number in F¢  the Gross-motives’ factor Agyy in (0.3) equals the inverse of

the right-hand-side (2m4)~%("+1)/2 of (0.2), we obtain the fundamental relation
dn(n+ )

Aoy L2 mR) (2r)) = I3, xIT)
20 LS(LmAd) LS(La, Ad) 7% TSI, AsC D7) LS(1, 1T, AsC D7)
which finally enables us to show

~EmE) L
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Theorem D. Let F be any CM-field with fized mazimal totally real subfield F* and let 4 (V)
and (W) be two arbitrary unitary groups over FT of codimension one. Let m (resp. @) be a
tempered cohomological cuspidal automorphic representation of 4(V') (resp. 4(W)). Assume that
the quadratic base change BC(w) =11 is a cohomological cuspidal automorphic representation I1 of
GL,(AFp) and that the quadratic base change BC(n') = II' is a cohomological isobaric automorphic
representation of GLy,—1(Afp) fully induced from an arbitrary number k > 1 of distinct cuspidal
representations.

(i) If the pair (II,I1") satisfies the conditions of Thm. A and Thm. B, and if (V) and 4(W)
are moreover totally definite, then for all decomposable smooth E(m)-rational (resp. E(n')-
rational) functions ¢ = ., € T (resp. @' = Ll '),

Ayny L ( T )
N2 V) 2>
(0.4) P, @)° ~EmER ™) 51, 7. Ad) LS(1 . Ad) Hozu (¢w, &)

where “~ g p(xy” means up to multiplication by an element q in the number field E(m)E(n"),
depending only on ™ and ©'. This q is in fact independent of o and .

(ii) If 9(V) and 4(W) are not totally definite, but the respective coefficient modules in coho-
mology &, and £, allow a non-trivial GL,_1(F ®q C)-intertwining £, ® £,y — C, then the
same conclusion as in (i) holds trivially for all decomposable cusp forms ¢ = &\ p, € ™ and
¢ =@y, e

We refer to §6.4 for a proof of Thm. D. Let us emphasize its two main advantages in the context
of the recent iterature of the GGP-conjecture:

(1) We do not assume any condition of local supercuspidality of 7®x’. In all preceding important
work on the refined GGP-conjecture for unitary groups, which built on the trace formula,
this assumption of supercuspidality has been indispensable (see | I, | I, ],
| |, [ |). Here we completely avoid this condition, as well as any problems
connected to the use of the fundamental lemma for the Jacquet-Rallis relative trace formulae.

(2) We allow general isobaric sums for the base change of 7', i.e., we do not restrict ourselves
to representations lifting to cuspidal representations. This restriction has been made in
[ |, Thm. 1.2.(2), for instance.

It is intrinsic to our approach via relations of algebraicity that our result cannot detect the non-
vanishing of the left- and right-hand-side in (0.4). If the quantities in (0.4) are non-zero, however,
then our theorem asserts that both sides of (0.3) are inside the same number field E(m)E (7).

Main applications II: A result of Harder—-Raghuram. Our main result on period relation of
critical values of Rankin—Selberg L-functions with explicit powers of (27i), Thm. A, also provides
a direct generalization of a result of Harder-Raghuram. Indeed, recapitulating their result very
shortly, in | | a period, denoted QEI(LU}), has been constructed and related to the ratio
of consecutive critical values of Ranking—Selberg L-functions of cohomological cuspidal automorphic
representations o and ¢’ of GL,(Ap+) x GL,y(Ap+). Here, n is assumed to be even while n' is
assumed to be odd. Here we prove

Theorem E. Let F' be any CM-field and let 11 be a cuspidal automorphic representation of GL, (AF),
and IT" =TI @ ... A an isobaric automorphic representation of GL,—1(Ap), fully induced from
an arbitrary number k = 1 of distinct unitary cuspidal automorphic representations 11;. Assume
that I, and II., are cohomological with respect to an irreducible algebraic coefficient module E,,
respectively £,, allowing a non-trivial GL,_1(F ®q C)-intertwining £, ® £,y — C. Let % +m, % +/4
be two critical points of L (s,I1 x II'), where, if mf = 0, we assume the auziliary non-vanishing
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hypotheses Hyp. 4.20, 4.26 & 4.29. Whenever LS( + 0,11 x 1) is non-zero (e.g., if £ # 0), we
obtain

L5(3 +m, I x IT')
LS(3 + ¢TI x IT)

~ B E(T) (27”~)d(m—€)n(n— 1) .

and this relation is equivariant under the action of Aut(C/F&).

This theorem also generalizes | |, Thm. A, where an analogously explicit result has been
proved (under different assumptions) for a pair of cuspidal automorphic representations.

Acknowledgements: ~ We would like to thank Michael Harris for many very valuable discussions about
several results of this paper and his constant advice. We also thank Hang Xue and Raphaél Beuzart-Plessis
for their helpful comments and for answering our questions on the Gan—Gross—Prasad conjecture. Finally,
we would like to thank the anonymous referee for pointing out an intricate inaccuracy in a pervious version
of our paper.

1. PRELIMINARIES

1.1. Number fields and Hecke characters.

1.1.1. Number fields. Generally, if F < C is any number field, then we denote by Jp the finite set
of its field embeddings ¢ : F < C and by FE the Galois closure of F/Q in Q. More concretely,
we let F' be any CM-field of dimension 2d = dimg F' and set of archimedean places Sy = S(F')wp.
Each place v € Sy, hence refers to a fixed pair of conjugate complex embeddings (ty, ) € JI% of
F', where we will drop the subscript “v” if it is clear from the context. This fixes a choice of a
CM -type ¥ = {1y,v € Syn}. We write F + for the maximal totally real subfield of F'. Its set of real
places will be identified with So, identifying a place v with its first component embedding ¢, € X.
Again, we may drop the subscript “v” if possible. We let Gal(F/F*) = {1,¢}. The ring of adeles
over F (resp. over F'") is denoted Ap (resp. Ap+), their respective rings of integers O (resp. Op+).

Whenever we write L° for an object L = [, Ly admitting an Euler product factorization, then we
mean the partial object LS := st L, for some choice of finite set of places S of F, containing
Sw- As a general rule, if L depends on further data for which the notion of ramification is defined,
we assume that S contains all such ramified places.

1.1.2. Characters and Gaufl sums. Let x be any Hecke character of a CM-field. Following | |
p. 82, we denote its contragredient conjugate dual by ¥ := x "¢ = ¥v. The normalized absolute

value on A is denoted | - ||. We extend the quadratic Hecke character € : (F)*\AZX, — C*, asso-
ciated to F'//F* via class field theory, to a conjugate self-dual unitary Hecke character n : F*\A} —

C*. At v € Sy we have n,(z) = 227t for 2 € F,,, where t = t,, € % + Z. For our results there

will be no loss of generality, if we assume from now on that ¢t = %, ie., n,(z) = 222712, We may
define a non-unitary algebraic Hecke character ¢ : F*\AY — C*, by ¢ := 7 | - |/2. We then have
that ¢¢¢ = || - | and ¢,(z) = 2120 for all v € Sy, and z € F,,. Once and for all we fix a non-trivial
additive character ¢ : F\Ar — C* as in Tate’s thesis, see, e.g., | |.

Let x be an algebraic Hecke character. We define the Gaufé sum of its finite part x, following Weil
| , VII, Sect. 7]: Let ¢y stand for the conductor ideal of xy and let y = (yv)ugs,, € A} be
chosen such that ord,(y,) = —ord,(cy) — ord,(®r). Here, D stands for the absolute different of

F, that is, ' = {z e F: Trp(rOF) € Z}.
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The Gauf sum of x ¢ with respect to y and 1 is now defined as G(xf, V¢, y) = Hv¢8m G(Xv, Vv, Yo),
where the local Gault sum G(xy, ¥y, ¥y ) is defined as

g(vawvvyv) = J . Xv(uv)_lwv(yvuv) dy,.

Fy

For almost all v, we have G(xv, %y, y») = 1, and for all v we have G(xy, Vv, yn) # 0. (See, for
example, Godement | , Eq. 1.22].) Note that, unlike in [ |, we do not normalize the
Gauls sum to make it have absolute value one. For the sake of easing notation and readability we
suppress its dependence on ¢ and y, and denote G(x ¢, ¢, y) simply by G(xy).

1.2. Algebraic groups and real Lie groups. We let G, or simply G, be G := G,, := GL,,/F.
Let V,, be an n-dimensional, non-degenerate c-Hermitian space over F', n > 2, with corresponding
unitary group H := H,, := U(V,) over F*. At v € Sy (identified now with its first entry v = 1),
we have H,(F,}) =~ U(ry,s,) for some signature 0 < r,,s, < n. If Vj is some non-degenerate
F-subspace of V,,, we view U(V}) as a natural F*-subgroup of U(V,,).

If 4 is any reductive algebraic group over a number field F, we write 9, = Ry/g(¥)(R). At v e Sy
we denote by K, the product of the center Zg(F),) of G(F,) and a fixed maximal compact subgroup
of G(Fy) (isomorphic to the compact real unitary group U(n)) and we let Ko, 1= [[,cq, Kv © Goo-
If we want to emphasize the rank of G = G, we also write K, , and K, . Similarly, if H is
any given unitary group, we let C, be a fixed maximal compact subgroup of H(F, ) (isomorphic
to U(ry) x U(sy) and automatically containing the center Zy(F,) =~ U(1) of H(F,)) and we let
Cyp = HveSw C, c Hy.

Lower case gothic letters denote the Lie algebra of the corresponding real Lie group (e.g., g, :=
Lie(G(Fy)), &, := Lie(K,), b, := Lie(H(F,")), etc. ...).

1.3. Highest weight modules and cohomological representations. We let £, be an irre-
ducible finite-dimensional representation of the real Lie group Gy = Rp/g(G)(R) on a complex
vector-space, given by its highest weight © = (1y)ves,,. Throughout this paper such a represen-
tation will be assumed to be algebraic: In terms of the standard choice of a maximal torus and
positivity on the corresponding set of roots, this means that p, = (p,,,pz,) € Z"™ x Z™ and each
component weight p,, and p;, consists of a decreasing sequence of entries p,,; > p,,j+1 and
Hiyj = My j+1 forall 1 <j<n—1

Similarly, given a unitary group H = U(V,,), we let F) be an irreducible finite-dimensional rep-
resentation of the real Lie group Ho = Rp+p(U(Vn))(R) on a complex vector-space, given by its
highest weight A = (\,)ves,,. Again, every such representation is assumed to be algebraic, which
means that each component A\, € Z". Moreover, one has A\, ; = Ay j41 forall 1 < j <n —1 and
v E Sy.

A representation Iy, of G is said to be cohomological if there is a highest weight module £, as
above such that H*(ge, Ko, IIn ® £,) # 0. Analogously, a representation 7y of Hy, is said to be
cohomological if there is a highest weight module F) as above such that H*(Hy, Coo, Too ® Fy) # 0.
See | |,81, for details.

1.3.1. An action of Aut(C) on finite-dimensional representations. Let & be a connected reductive
group over Q and let £ be a finite-dimensional complex vector space on which 4(C) acts by linear
transformations, i.e., there is a group homomorphism € : 4(C) — GL(E). Given o € Aut(C), we
may define a new linear action % : ¢4(C) — GL(°€) as follows: Its underlying complex vector
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space is %€ := £ ®, C, (i.e., the same abelian group as the original space £, but with a new scalar
multiplication a *, v := 0~ !(a) - v) with linear action of g € ¢(C) defined by

%e(g)v = (o (g))v.

Here, we view ¢(C) < GLy(C) as being Q-embedded into a (fixed) general linear group over
Q, whence applying ¢! to the complex matrix entries of g gives rise to a well-defined element
o 1(g) € 4(C). As then 0= 1(g) = g for all g € (Q), this yields a o-linear isomorphism of finite-
dimensional ¢(Q)-representations

(1.1) G:E—%€

Obviously, if € was algebraic, then so is % for all o € Aut(C). If (e, ) is furthermore an irreducible
algebraic representation of ¢4(C), then the collection {(%,°€) : o € Aut(C)} of equivalence classes
of the representations (%, °€) is finite. This follows from checking the effect of o on the highest
weight of £, which, by assumption, defines an algebraic character. In particular, for irreducible alge-
braic representations £, the subgroup &(&) of Aut(C) consisting of all automorphisms o € Aut(C)
for which (1.1) is an isomorphism of ¢ (Q)-representations (i.e., linear), has finite index in Aut(C).
Hence, the rationality-field of the ¢ (Q)-representation £, Q(£) := C®©) is a number field.

The above construction applies in particular to irreducible algebraic representations &, of G (resp.
Fy of Hy) as defined in §1.3: Both °,, and ?F) will define a representation of Gy, (resp. Hy) by
restriction from the respective group of complex points.

Remark 1.2. As a representation of G(F'), °€, may be identified with the representation &,
of highest weight “u = ((ftg—104, flo—1or, )veSy, ). The reader may be warned that the analogous
assertion does not necessarily apply to the representation 7 Fy of H(F™).

1.3.2. Rational structures on algebraic representations and cohomology. We recall the following

Definition 1.3. An arbitrary (abstract) group representation p on a complex vector space V is
said to be defined over a subfield F < C or F-rational, if there exists an F-subspace Vg < V', which
is stable under p and such that the natural map Vg ®r C — V is an isomorphism of complex vector
spaces. The space Vg is referred to as an F-structure of p.

Let now ¢ be any reductive algebraic group over Q which gives rise to a connected complex Lie
group ¢(C) and let € : 4(C) — GL(E) be any irreducible algebraic representation of ¢4(C) on a
finite-dimensional complex vector space £. Then we obtain the following

Proposition 1.4. Let L be any finite Galois extension of Q over which ¥ splits. Then, the restricted
representation € : 4(Q) — GL(E) is defined over the number field L - Q(E).

Let % be the product of the connected component of the identity of the center of ¢4(R) and a
maximal compact subgroup of 4(R) (e.g., Ky or Cy from §1.2). The admissible ¢ (A f)-module
defined by the cohomology group HY(Sg, ) in degree g of

Sy =4 (Q)\Y (Ag)/C0

with respect to the locally constant sheaf on Sy given by £, hence inherits a natural L-Q(€)-rational
structure from Prop. 1.4. Moreover, for each o € Aut(C), (1.1) induces a o-linear ¢ (A ¢)-equivariant
bijection

(1.5) 79: H1(Sy,E) — H(Sy,°€).
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1.4. Automorphic representations 7w and II. Throughout this paper, as a general rule, IT de-
notes an irreducible automorphic representation of G(Ar) = GLy,(Ar), whereas m denotes an irre-
ducible automorphic representation of H(Ap+) = U(V;,)(Ap+), in the sense of | |, §4, whose
particular additional properties (such as being “cuspidal”, “unitary”, “generic”, “cohomological”, “a
quadratic base change”, etc.) will be specified at each of its occurrences. For convenience, how-
ever, we will not distinguish between a cuspidal automorphic representation, its smooth LF-space

completion, cf. | ], or its (non-smooth) Hilbert space completion in the L2-spectrum.

1.4.1. Cohomological automorphic representations. Let II(r) := II - ||det||", with IT a unitary auto-
morphic representation of G(Ar) and r € R (i.e, II(r) is essentially unitary automorphic), which is
cohomological with respect to &,. Suppose II(r) is generic at each v € Sy, then

(1.6) (), = WSS 4 5 0 @ @ 2k o,
where

Coj =Ly, J) = —flyn—jr1 — T + nTH —j
and induction from the standard Borel subgroup B = T'N is unitary, cf. | , Thm. 6.1] (See also

| , §5.5] for a detailed exposition). In particular, such a II(r) is essentially tempered at all
v € Se. Observe that also the contrary holds: An essentially unitary automorphic representation of
G(Ap), which has an essentially tempered and cohomological archimedean factor II(r) is generic
at all places v € So. One has

n(n 1)

(1.7) Hq(gv,Kv,H(r)v(@Sv); /\ ch L

Slightly more general, let us also consider the automorphic twists II(r)¢¢, with e € {0,1}. Then
it is easy to see from the very definition of ¢ that, II(r) is cohomological if and only if II(r)¢ is
(the respective highest weight modules arise form each other by adding —e to each entry of the
Ly-components, v € Sy). Indeed, the respective cohomology groups of both the representations
(IL(r) %)y, e = 0,1, are isomorphic (and hence described by (1.7).)

For II(r) as above, we define the notion of infinity-type with repsect to our chosen CM-type X:
Abbreviating a, ; := £(,, ) +r and az; := —¢(u,, i)+, the infinity-type of II(r) at ¢ € X is the set of
inducing characters {z‘“ 129 cign- Hence our notion of infinity-type recovers the “type a ’infini’
defined in | 1 from each entry of the pairs (a,;, az;) € (%52 + Z)2.

If 7 is a unitary automorphic representation of H(Ap+) = U(V,,)(Ap+), which is tempered and
cohomological with respect to F), then each of its archimedean component-representations m, of
U(ry, 8y) is isomorphic to one of the (:Z) inequivalent discrete series representations of infinitesimal
character xy4p,, | |.

1.4.2. Aut(C)-twisted automorphic representations and attached number fields. Let m (resp. II) be
a cohomological cuspidal automorphic representation of H(Ap+) (resp. G(Ar)). Then the o-linear
isomorphism (1.5) together with the well-known “sandwich-property”, which stacks cuspidal, interior
and square-integrable automorphic cohomology, see, e.g., | |, p. 11, gives rise to a o-twisted
square-integrable cohomological automorphic representation “r (resp. °II) of H(Ap+) (resp. G(AR)),
whose finite component ()¢ (resp. (“II)¢) allow an equivariant o-linear isomorphism to 7 (resp.
IIf). In terms of | | §1.1, this amounts to (7m) ¢ = 7(ms) (vesp. (“II); = 7(II¢)). As prescribed
by (1.5) the archimedean component “my, (resp. ?Ily;) is unique up to L-packets (i.e., has predeter-
mined infinitesimal character, namely the one of €}, resp. ?FY). The o-twists are cuspidal, if the
original representation has no SLg(C)-factors in its global Arthur-parameter, | , |. In
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particular, Il will always be cuspidal and its archimedean component “Il,, is uniquely determined,
see | | where this is made explicit.

As a consequence, the rationality-fields Q(my) and Q(Ily) (defined as the fixed field in C of all
automorphisms o, which leave the finite part of the given automorphic representation stable, cf.
| |, §I.1) are finite extensions of @ for all cohomological cuspidal automorphic representa-

tions 7 and II: For II this is proved implicitly in | |, Thm. 3.13 (and explicitly in | |
Thm. 8.1), while for 7 the argument given in | | Cor. 1.8.3, | | Thm. 8.1 or | ],
Cor. 3.6 transfers verbatim. Since II satisfies Strong Multiplicity One, it is consistent to write
Q(II) = Q(ITf). Moreover, Q(IIy) = Q(&,) for the same reason, see the proof of | | Cor.
8.7.

Let now E(ms) be an appropriate finite extension of Q(7y) over which 7; is defined in the sense
of | |: That means that there is a H(Ay)-stable E(my)-subspace mg(,,) S 7y such that the
natural map 7 g(x,) @g(x,;) C — 7y is an isomorphism. (For the existence of such an extension E(7y)
and Tg(r,) see, e.g., | |, Thm. A.2.4). We will use the following abbreviations

E(r) := Q(Fy) - E(ry)- FE, and  B(IT) := Q(IT) - FE,

recalling that F& denotes the Galois closure of F/Q in Q. By what we have just said all these
fields are number fields.

1.4.3. Eisenstein representations. The automorphic representations of GL,(Afp), which we will
mainly be considering in this paper, will be cohomological Eisenstein representations, i.e., coho-
mological automorphic representations of the form

' (r)¢° :=1'|det| ¢, reR,ee{0,1}
where I’ is an isobaric automorphic sum
(1.8) = I 8. B 1 = Indy [ @ . @ T,
which we assume to be fully-induced from distinct unitary cuspidal automorphic representations II;
of general linear groups GLy,(Ar), 1 < i < k. Here, we let P = LpNp be the standard parabolic
subgroup of G,, = GL,,/F with Levi subgroup L = Lp isomorphic to 1—[?:1 GL,,. As a paradigmatic
example, a cohomological automorphic representation of GL,(Af), which is obtained by quadratic

base change from a quasi-split unitary group as in | |, p- 122, is of the form of I, cf.
| , Thm. 6.1].

Abbreviate 7 := I} ® ... ® IIj, so by our conventions 7(r)¢¢ := II;(r)¢® ® ... ® g (r)e® is the
cuspidal representation of L(Ap), whose parabolic induction is isomorphic to II'(r)¢® by assump-
tion. It is worth noting, however, that the isomorphism in (1.8) between the (only abstract!) global

induced representation Ind%AF)[7(r)¢¢] and the actual automorphic representation IT'(r)¢° is given
P(AF)

by computing the Eisenstein series Ep(h, \) attached to a K-finite section h € Indggig[ﬂr)qbe],
formally defined as

Ep(h,\)(9):= Y. h(yg)(id) eMFrtol,
YEP(F)\G(F)
Hp begin the Harish-Chandra height function, A € apc := X*(Lp) ®z C, followed by evaluating
Ep(h,A) at the point A = 0, see | |, proof of Prop. 2. In fact, in | | a regularization

q(A\)Ep(h, \) (the regularizing non-zero holomorphic function ¢(A) being defined as in | ],
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Lem. 1.4.10, for instance) had to be used in order to obtain the desired isomorphism between II'(r)¢®
and Indggii ;[T(’r’)(ﬁe]. Hence our description of this latter isomorphism only follows knowing the
following lemma:

Lemma 1.9. For any Ko -finite section hy 4 € Indggig [T(r)¢°], the Eisenstein series Ep(hyge, \)
18 holomorphic at the point of evaluation A = 0.

Proof. Indeed, one has

Ep(hrge, Mg) = N by () (id) PO
YeP(F)\G(F)

= ST hoge(vg)(id) |det(yg)" e/ NP0
7eP(F)\G(F)

= |det(g)]""* DT hoye(vg)(id) eNHRO9D
vyeP(F)\G(F)
= ||det(9)||r+e/2 Ep(hone, M) (9)

for some K -finite hg e € Indggg [Tn°]. As Tn)° is unitary, the latter Eisenstein series Ep(ho ye, A)(g)
is holomorphic at A = 0 as it is well-known by | , IV.1.11]. O

We denote the, finally well-defined isomorphism (of underlying (g, Ko, G(Af))-modules) by

Eisg : Ind gy [7(r)¢¢] —> I (r)*

h — Ep(h,0).

It is due to this realization of II'(r)¢¢ in the space of cohomological automorphic forms A(G) that
we have chosen the name Eisenstein representation. As it is obvious by its very definition, the
family of Eisenstein representations contains all essentially unitary cohomological cuspidal auto-
morphic representations II(r) (by letting & = 1, e = 0) and all cohomological fully-indiced isobaric
sums IT' (by letting r = e = 0) as above. Moreover, now knowing the way we view II'(r)¢¢ as a
subrepresentation of A(G) through the injection Eisg, the arguments given in | , Prop. 7.1.3,
Thm. 3.5.12 and Rem. 3.5.14] imply that IT'(r)¢¢ is globally 1-generic, i.e., the ¥-Fourier coefficient
WY does not vanish on an Eisenstein representation IT'(r)¢®.

a;
We write p; for the restriction pp|ar, (ar), 0 We get explicitly p; = | detgr,, [|2, with

k—i i—1
(1.10) a; = Z Mitj — Z nj =MNjy1 +Nj42 + ... + N — N1 — N2 — ... — Nyj—1.
Jj=1 J=1

Hence, a; = n — n; mod 2 and so p; is algebraic if and only if n = n; mod 2. As by assumption
IT'(r)¢¢ is cohomological, | |, Thm. II1.3.3, implies that II;(r)¢°p; = ILi(r + 5 )¢° are
cohomological for 1 < ¢ < k. Hence, for all 0 € Aut(C), there are well-defined pairwise differ-
ent, in general non-unitary cuspidal automorphic representations ?(II;(r)¢¢p;) of GLy,(Ar), which
are cohomological with respect to the o-permuted coefficient module of GL,, «, see §1.4.2. We
abbreviate

(1.11) (Ti(r)¢%)7 = 7 (Ti(r)¢°pi) - p;
Then it is proved as in | | §1.2.5 that
I (r)° := (M1(r)o°)” & ... B (i (r)¢%)”
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is an isobaric automorphic representation, which is again fully-induced from the pairwise different,
in general non-unitary cuspidal automorphic representations (I1;(r)¢¢)?. If II'(r)¢° is cohomological
with respect to &,, then “II'(r)¢° is cohomological with respect to %€, and it satisfies (7II'(r)¢¢) y =
7((IT'(r)¢°)f) for all o € Aut(C). As 7II'(r)¢°® = II'(r)¢° if and only if

{1 (r)¢%)7, .., (M (r)9) 7} = {Tla(r)¢°, ..., Mg ()6},
cf. | |, Thm. 4.4, the rationality field Q(II'(r)¢®) of an Eisenstein representation is con-

tained in the composition of number fields Hle Q(IL;(r)¢p;) of the cohomological, cuspidal auto-
morphic summands IT;(r)¢°p;, an hence a finite extension of Q itself.

1.5. Whittaker periods for Eisenstein representations and critical values of automorphic
L-functions.

1.5.1. Abstract Whittaker periods and automorphic cohomology. Let 1I; be an irreducible admis-
sible representation of G(Ay) = GL,(Af) and suppose that ?(IIy) is generic for all o eAut(C).
Let W(°II¢) be the Whittaker model with respect to our fixed non-trivial additive character
Y F\Ap — C*. For o0 € Aut(C) and v ¢ Sy let t,, be the unique diagonal matrix of type
tew = diag(x1, ..., xn—1,1) € T(Op,) such that o(¢y(n)) = ¥y(t; intey) for all n € N(F,) and let
te = (to,w)ogs, € G(Af). Then for every o € Aut(C) the o-linear, G(A)-equivariant bijection

- G(Ay) ~ G(Ay)
O'Hf : IndN(Aj;)[’l/}f] — IndN(Aj;)[T/Jf]

§om(§) 19— o(Elts - g))
will map W (Ily) onto W (?II¢) by the uniqueness of local Whittaker models. See | , §3.2] or
[ , §4.1]. Hence, taking the space of Aut(C/Q(Ily))-invariant vectors W (Ilf)qq,)
in W(Ily) will define a Q(IIf)-structure on W (Ily): Therefore, the only non-trivial observation
needed is that W (Ily)gm ;) contains the vector £° := @&y, where §, denotes the unique newvector
such that &, (idg(r,)) = 1 (cf. | , Thm. (5.1)] and | , Cor. 4.4]) and is hence non-
Z€ro.

Let S, := Sq¢ = G(F)\G(Ar)/Ky. Then HI(S,,&,), the admissible G(Af)-module defined by
the cohomology of Sy, has a natural L-rational structure over any field extension C 2 L 2 Q(&,).
See §1.3.2 (with & = Rp/g(G)) above. Let H?(Sy,&,)r be this natural L-structure and recall the
o-linear G(Af)-equivariant bijections 6% : H9(Sy, E,) — HY(S,,7E,,) for all o € Aut(C) from (1.5).

Suppose that HJ(Sy, £y) is a submodule of HY(Sy, £,). Obviously, if Homga ) (W (Iy), Hd (S, E4))
is one-dimensional, then the image Y(W (Ily)) =: H9(Sy,&,)(I1¢) of a non-zero homomorphism
T € Homga (W (Ily), HI(Sy, E,)) is independent of T and isomorphic to IT;.

Proposition 1.12. Let II; be the finite part of an irreducible admissible representation II of
G(Ap) = GL,(AF), such that °(Ily) is generic for all o € Aut(C). Assume that there is an
irreducible algebraic coefficient module £, and a family of submodules Hgnf (Sn,%En) < HI(Sp, %E),

o € Aut(C), only depending on the isomorphism classes of Iy and °€,, such that Hgnf(Sn, °Cu) =
5q(H%f(Sn,5u)) and dimHomg(Af)(W(UHf),Hng(Sn,JSM)) = 1. Then, for all o € Aut(C), the
following hold:
(1) Let °L := Q(°€,) Q(°IIf). The space
H(Sy,,°8,) (1L f)or, := HY(Sp, °E,) (T ) 0 HY(Sp, °Ep)or,
defines an °L-structure on H1(Sy,°E,)(°1ly).
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(2) For each o € Aut(C), choose embeddings °Y € Homef)(W(UHf),H;]Hf(Sn,USM)) subject
to the condition that T = °Y, whenever Iy =~ “II;. Then there are non-zero complex
numbers p(°II) := p(°Il;,?Y), depending on a chosen embedding °Y and the chosen, fized
L-structures on its domain and image, such that

(1.13) W (IIy) T L HI(S,, £,)(1y)
v |
(UH)71~UT
W () 4 H(Sy, %) (°1Ly)

commutes. Replacing °Y by another embedding Y’ (which by the one-dimensionality of
Homg s, (W (711y), Hgnf(Sn, °€.)) necessarily satisfies Y =t - 7Y for some t € C*) one
obtains p(°ILf,°Y") = t-p(°y,7Y), i.e., p(°II) is multiplied by the same non-zero complex
number t.

Proof. One has 7(HY(Sy,E,)) = HY(Sn,Eu) = 69(HY(Sy, E,)) by definition of °€,, hence we ob-
tain 7(HY(Sy, &) (Hy)) = 69(HY(Sy, Eu)(Iy)). As Hgnf(Sn,"S#) = 6q(H1‘1[f(Sn,SH)), the modules
H9(S,,°€,)(°1lf) and 69(H(S,, E,)(I1f)) are both submodules of Hgnf (S, %€,1), which are isomor-
phic to “II;, hence equal due to our assumption that dim Homg s ) (W (711y), Hng (Sn,%u)) = 1.
Therefore, 7(H(Sy,E,)(If)) = HI(Sy,%€u) (“11f). As H(S,,€,)(?11f) only depends on the iso-
morphism classes of “IIy and °,,, we have °(H(S,,E,)(Ily)) = HY(S,,EL) (1) whenever these
isomorphism classes are stabilized by o, i.e., when o € Aut(C/Q(E,)Q(IIy)). Therefore, (1) follows
from | |, Lem. 3.2.1.

Having fixed an ?L-structure on the irreducible G(Ay)-module H9(S,,%€,)(?Il}), the existence of
the non-zero numbers p(?II) = p(?II¢,?Y) as well as the commutativity the above square follows
word for word as in | , Definition/Proposition 4.2.1], replacing what is called w” there by
our £° from above. O

Definition 1.14. Let IT be any representation of G(Ar) = GL,(AFr) as in Prop. 1.12. We call
the non-zero complex number p(IT) the Whittaker period attached to I1 (and some fixed choice of
embedding T).

Remark 1.15. By construction, even for fixed T, p(II) is well-defined only up to multiplication
with elements in L*. In fact, changing p(II) to ¢ - p(II) for some ¢ € L* will change p(?II) to
o(q)-p(°II): See the last line in the proof of | |, Def./Prop. 3.3 and recall that °L = o(L).

1.5.2. An important family of examples - The Fisenstein representations. Let us now make the
above proposition concrete for a large family of automorphic representations. More precisely, we
consider our family of Eisenstein representations

II'(r)¢° = I'|det|"¢°, reR,ee{0,1}

as defined in §1.4.3 above. Let &, be the irreducible algebraic representation of G with respect to
which IT'(r)¢*° is cohomological. Since IT'(r)¢° is globally generic, (II'(r)¢¢) is of the form described
in §1.4.1 and has one-dimensional (g, Ko )-cohomology in its lowest non-vanishing degree

n(n—1)
by i=d—————=
2
by (1.7). Therefore, the G(Af)-module

(1.16) H" (oo, Koo, I (1) ® £,,) = (I (r)9%) 5
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is irreducible. As the choice of our Whittaker period p(II'(r)¢¢) all depends on the particular map
T, merging the irreducible G (A f)-representations H" (go, Koo, II'(r)¢*®E,,) and W ((IU'(1)¢°) ¢) as
the same submodule of H%(S,,,E,), the various choices made entering the definition of T shall now
be specified. Knowing these choices explicitly will be of great significance in §2.

Firstly, recall that we have realized (the space of Ky-finite vectors of) II'(r)¢¢ as a submodule
of the space A(G) of automorphic forms, namely as the image of the isomorphism Eisy from §1.4.3.
In view of Prop. 1.12 we shall refine our description. To this end, let .S (dg’c) be the symmetric
algebra of the orthogonal complement Et]Gjy(c of dgc = X*(G) ®z C = {det®, s € C} in apc. It may
be interpreted as the algebra of differential operators 0%/0A\%, (n = (n1, ..., Mgy ﬁIGD) being a multi-
index with respect to some fixed basis of EtIGjy(c) on Et%(c, cf. | | or | |. Furthermore,
let J be the ideal of the center of the universal enveloping algebra {(ge c), which annihilates the
contragredient representation £ of £, and let pp be the associate class of the cuspidal automorphic
representation 7(r)¢c.

A (goo, Koo, G(Ay))-module Az (p} . (G) has then been defined in | | 1.3 as the space
of automorphic forms of G(Af) supported in ¢p and annihilated by a power of J: More precisely,
it is the span of the holomorphic values at the point A = pr, e ((T +e/2,...,7r+¢/2)) = 0 of the

apc—ap

Eisenstein series Ep(h,\), h running through all K -finite sectlons h e Ind% P( A) [ (r)¢°], together
with all their derivatives in the parameter A, i.e., Aj’{P},¢P<G) is the image of the surjective map

Bisy : Tndg,")[7(r)6" ® S(afc)] = Az (pypp (G)

o o%
h® —— — ——Ep(h, \)|r=0-
®6)\" Fpe P(h, A)x=0
See | | 3.3 or | | 2.3.
Consequently, IT'(r)¢¢ = Eiso(IndIGDgﬁF [7(r)¢¢]) is a submodule of Ay (py,,.(G). We denote by
(e * ' (1)¢° = Az (py,,p(G) the natural inclusion sending an automorphic form to itself and
by
an/(rwe P HY(gop, Ko, TI'(1)9° ®Eu) — H(goo, Koo, AJ,{P}#’P (G)® &)
the natural induced morphism of G(Af)-modules.
As shown in | | Thm. 1.4, Az p},p(G) is a direct summand of the (go, Koo, G(Af))-
module A7 (G) of automorphic forms annihilated by a power of J. Hence, the G(Af)-module de-

fined by H(geo, Koos A7 (p},0p (G) ®E,) appears as a direct summand of HY(geo, Kop, A7 (G) ®Ey)
and so the fundamental isomorphism of G/(A f)-modules

F1: HY(goo, Koo, A7 (G) ® ) —> HY(Sp, Ey)

from | |, Thm. 18 defines an injection F? : HY(goo, Kooy, A7 (P} ,op (G) ® Eu) > HY(Sn, Ep).
By Strong Multiplicity one (| | Thm. 4.4) together with Multiplicity One (] |
§3.3 & | , |) for isobaric automorphic representations, its image depends only on the

isomorphism class of (II'(r)¢) s (and &,) justifying the notation
HEIH/(T)¢e)f (Sn7 £ ) O"Q(Hq(gOO, Koo, AJ {Plop (G) ® g“))

Next we fix a basis element of the one-dimensional vector space H® (goo, Koo, W ((IT'(r)$%) o) @ E,1).
By | ], Prop. I1.3.1, this basis element is a K-homomorphism [(TI'(r)¢¢) ] : A" gop /Ep —
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W (T (1)) o) ®E,. We view this basis homomorphism as an element in the space of Ky-invariant
vectors (A% (goo/0)* @ W((IT'(1)¢%) ) ® SM)KOO and write it explicitly as

dim&,
(1.17) [(H/(T)¢e)w] = Z Z X; ® Eovia ® €a-
1=(i150sp, ) =1
Here, X" := X} A. /\X* for some fixed Q-basis { X} of g /t0, €a 1= ves,€aw € Eup = Pvesy,
such that {eau}a deﬁnes a Q(&,,)-basis of £, for all v € Sy; whereas o € W((IT'(r)¢®) o)

are Whittaker functionals Chosen accordingly. We record one property of this construction in the
following

Remark 1.18. Two Eisenstein representations (IT} (r1)¢) and (IT5(r2)$?) with isomorphic archimedean
components (IT} (1) ¢ ) o = (I (r2) ) give rise identical smoth archimedean Whittaker models
W ((IT) (r1) 9 ) oo) = W ((IT5(72)9?) o), due to their uniqueness | , |. Therefore,
fixing a generator of H" (goo, Koo, W ((IT} (1) )o0) @ Eu) = H' (800, Koo, W ((IT5(r2)8%2) o) ® &)
as described above, uniformly fixes the same generator for all Eisenstein representations (I} (r1)¢)
and (IT5(r2)¢?) with (IT}(r1)$% )oo = (I1I5(r2)¢?)s. (This also justifies the notation [(II'(r)¢®)s],
which only sees the isomorphism class of the respective local archimedean component.)

Now, in order to finally describe our choice of Y, recall that W¥ denotes the injective map
computing the ¢-Fourier coefficient of an element in IT'(r)¢°. We denote by

(W)= b s HY(gop, Ko, W(IT' (1)6°) ® €,) — H (90, Koo, I (1) @ Ey.)
the natural isomorphism of G'(Af)-modules induced by its inversion. We obtain
Proposition 1.19. There is the following sequence of G(Af)-isomorphisms
W6 ) —ameermge H (00 Koo, WA (1)65)0) ® E4) @ W (I (1) 7))
S P (g, Ko, WT(1)6°) @ E,)
;’(Ww)—l,bn Hb"(gwavanl(r)¢e®5 )
(

;)Zlﬁ’?‘( )oe H™ o0, Kooy Ag (), GOP(G) ® &)
~ bn
—Fbn H(H’(T)¢e)f (Sh, 5u)

the unspecified map being (a fived choice of) the obvious one.

Proof. By the preceding discussion we only need to show that zlﬁt is an isomorphism. For

(r)ge
this we observe that by our Lem. 1.9, i.e., by the holomorphy of the Eisenstein series spanning

IT'(r)¢° at their common point of evaluation A\ = 0 and the irreducibility of Ind} (AF )[ (r)ec],

the length of the filtration of Ay (py,,.(G), as defined in | |, §3.1, may be chosen to be
m({P}) =0, see | , §3.1] or | |, Rem. 2, p. 242. Hence, as established in | |, Cor. 16,
HY(go, Kooy, Ag,1P}pp(G) ® E,) decomposes as a direct sum, which — invoking | |, I &

[T and the fact that all summands IT;(r)¢¢ of IT'(r)¢¢ are different and unitary modulo a shift inde-
pendent of the index i — degenerates to one single summand, namely H%(go, Ko, Ind ( [ (r)¢pf®

S(a P(C)] ®EL). As a consequence of the minimality of the degree ¢ = b, we hence obtaln

H (9o, Kooy A7 (Pyop (G) ® E,) = (IT'(r)¢) 5.
see, e.g., | | pp. 256-257. Now recall from (1.16) that also H® (g, Koo, II'(1)¢° ® &) =

(I'(r)¢°) ¢. By irreducibility it is hence enough to show that zlﬁl, (r)pe 1S TON-ZEr0 in order to reveal

¢€
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’LIHL,(T) ge @S an isomorphism. To this end, observe that by construction Imzlﬁi (r)ge = ImEisg”, where

d)e
Eisg" equals the natural map in cohomology in degree ¢ = b,, induced from Eisenstein summation
Fisg. By the minimality of the degree ¢ = b,, and Lem. 1.9, revealing the Eisenstein series spanning
IT'(r)¢® as holomorphic at their common point of evaluation A = 0, this map Eisg” is injective by

[ |, Satz 4.11. See also | |, 2.9 and | |, Thm. 1. This shows the claim. O
Definition 1.20. We let T = Yy (,)4e be the composition of the maps in Prop. 1.19. This way
7T = Yorr()ge is a non-trivial element in Homga ;) (W ((71T'(7)¢%) 1), Hé);nf(r)qw)f(sm °€,)) for each
o€ Aut(C).

Proposition 1.21. One has the equality &b”(Hfﬁ T)¢e)f(5’n,€#)) = Hé’;‘n,(r)¢e)f(5n,05u) for all

(
o € Aut(C). Moreover, Homg(Af)(W((”H’(r)cbe)f),HE’JH,(T)¢e)f(Sn,UEM)) is one-dimensional.

Proof. The first assertion follows precisely as in | |, Prop. 1.7. One-dimensionality of the space
Homg ;) (W ((“IT'(1)¢%) 1), H?;H,(T) ¢>€)f<S”’ °€,)) is obvious by irreducibility (and the existence of
JT = TUHI(T)(z)E 75 0) D

Corollary 1.22. For each FEisenstein representation II'(r)¢¢ the bottom-degree Whittaker periods
p(Il'(r)¢°) = p(Il'(r)¢, Y) are well-defined. In particular, putting e = 0, and k = 1, every coho-
mological, essentially unitary cuspidal automorphic representation 11 and putting e = r = 0 every
unitary cohomological isobaric sum II' as in §1.4.3, satisfies the assumptions of Prop. 1.12 in its
minimal, non-vanishing degree b, and with YT as above.

Remark 1.23. In the case of cusp forms our construction recovers the Whittaker periods con-
structed in | |, whereas in the case of unitary isobaric sums II' we retrieve the periods
considered in | , §1.5.2].

1.5.3. Canonical choices of generators. We will now specify our (yet abstract) choices of generators
[TI..] for Eisenstein representations II'. This will finally fix our choice of the attached map T = Yy,
cf. Def. 1.20, and consequently the Whittaker periods p(Il') = p(IT', T) up to an element in the ra-
tionality field Q(IT'), cf. Rem. 1.15. We now explain the details of this construction of generators.

We first consider algebraic Hecke characters x : GL1 (F)\GLi(Ar) — C*. As this is a very special
instance of an Eisenstein representation, we have defined a (yet abstract) generator [xo] in (1.17).
By construction, by = 0 and &, = X! is a character in this case, whence [xo] has only one sum-
mand: As it is clear from (1.17) we may write [xon] = 1 ® & ® 1, where the first “1” is a basis
of /\0(9[1700/81700) = R and the last “1” is a basis of the representation space C of the character
Eu = X'; and some, yet unspecified, non-zero Whittaker function £, € W (xo). We will now make
a specific choice for £q.

To this end, observe that the smooth Whittaker model W (x«) is given by the space of smooth
functions fy » : g = fyw.2(90) == Xo(9w) - 2, z € C. Clearly, any f,., . with z € C* serves as
a possible choice for the Whittaker function £y, in our generator [xo]|. Our specific choice is now
made once and for all by our

Convention 1.24. For each algebraic Hecke character x : GL1(F)\GL1(Ar) — C*, we put z = 1.
Le., we choose the generator [xo] = 1® fyo,,1 ® 1.

This choice/convention has the following effect on the attached Whittaker period p(x):

Lemma 1.25. For all algebraic Hecke character x : GL1(F)\GL1(Ap) — C*, the Whittaker period
p(x) is an element of Q(x)*.
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Proof. Let us consider diagram (1.13), by which we defined our Whittaker periods, in the case of
II = x and recall how a o € Aut(C) acts on W (xy) as well as on H°(S1,E,)(xs). For the action
of Aut(C) on W(xy) we look up the map &y, from §1.5.1: As n = 1 now, we get t, = 1, and so
o acts on a non-archimedean Whittaker function £y € W(xy) simply by applying it to its values
Gy ; (&) (gf) = o(&5(gs)). For the action of Aut(C) on HO(S1,E,)(xy), we look up the map ¢ (with
q = 0) defined in (1.5): Applying o to the cohomology class defined by [x«] ® x¢ amounts to
forming the class [(“X)w] ® (0 0 x¢), where [(?X)e] denotes our choice of a generator attached to
the archimedean component (7)o of the global, o-twisted Hecke character 7.

For the reader, who seeks a concrete description of [(?x)s], we provide the following explicit
characterization of this generator: To this end, let us write xo(ge) as a product Xo(ge) =
[Toes, xv(90) = Tlies, gevgh . for some integers a,,,b,,, (recall that g, € GLi(F,) =~ C¥).
Moreover, recall from Rem. 1.2 that as a representation of G(F) we get °E, = &, where the
latter is the representation of highest weight “u = ((ftg—10,,s Mo—1oz, )veSy, ). Therefore, as 7x is

a'a*l oLy —= 071 Oty

cohomological with respect to &£, we must have (“X)(gw) = [lues,, 9v G , and so
(X)) = 1® floy)o1 ® 1 with (7))o as right above.

Now let us reconsider diagram (1.13): Comparing the two actions of Aut(C), which we have just
described, we see that in the special case of II = x already the following diagram

W (xy) e HO(S1, 6 (xp)
J(&Xf . léo
W (oxs) e HO(S1,%,) (X))

where no periods p(x) resp. p(?x) have been inserted, commutes for all ¢ € Aut(C). Therefore,
p(x) must be in the subfield of C, which is fixed by all o, for which (“Xx) = X0 and (g o x¢) = x7.
But as (0 0 x¢) = 7y, this subfield is Q(x) by definition.

(]

Remark 1.26. As it turns out by the proof of Lem. 1.25, instead of f, 1 we could have chosen any
Fxw.q» With ¢ € Q(€,), in oder to fix our generator [x«]. Indeed, as Q(x) 2 Q(&,) (cf. | |
Cor. 8.7), this would not have changed the assertion. The reader is invited to compare this to
[ |, last line of p. 596, where the analogous statement can be found for GL,,/Q (in which case

Q(&,) = Q for all p).

As it is obvious by construction, fy,, 1(9w) = [lses, fxo.1(90), Where fy, 1(90) = xuv(gv) - 1 1is a
non-zero Whittaker functional in W (x,).

We now turn back to the general case of unitary cohomological Eisenstein representations. So,
let TI' = II; |/ ... A I, be such an Eisenstein representation of G,,(Ar) as defined in 1.4.3, cohomo-
logical with respect to &,. We recall from (1.6) that at each place v € Sy,

G (C qu _—Zv gv n —_é'u n
(1.27) I, ~ IndBEC;[zl 1R @2 2,
with £y ; = — ) n—js1 + ”TH —j. For each 1 < j < n, abbreviate o (zy) 1= zﬁ“’jz,_g“’j and set
n—2j+1
Qoo = ®ypes, . Furthermore, put x;, 1= iy |-|o 2, i.e., Xjo is the product of the j-th factor

in the inducing datum of II), and j-th entry of the half sum of positive roots p, = pp,. As the expo-
nents 4, ; + % are all integers, we see that x; o = ®ues,, Xj,v is the archimedean component of
an algebraic Hecke character ;. Therefore, we have pinned down a generator [x; | in Conv. 1.24.
We recall from above that the cohomology, spanned by [xj.o], is H(al; 0, K100, W (Xj0) ® Eny),
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where &, = X0

In order to fix our choice of a generator [IT/, ] we first recall a well-known, general result of Borel-
Wallach (cf. | |, Thm. II1.3.3.(ii)), which expresses (g, Ko )-cohomology of an induced
representation in terms of the cohomology of the inducing datum: More precisely, let P = LN be
a standard parabolic subgroup of G, L = GL,, x ... x GL,, , and let 7y = ®§=17T7ij be a smooth
representation of Ly, (In this paper, we will only be interested in the case, when 7y acts on the
Fréchet space of smooth vectors of a unitary representation on a Hilbert space). If the induced
representation Indgo“cC [7o0] is cohomological with respect to a coefficient module &y, then, combin-
ing | |, Thm. II1.3.3.(ii) and the canonical isomorphism provided by the Kiinneth rule,
[ |, 1.3.(2), one obtains a canonical isomorphism

k
If@ : Hq(ﬂwaKoandg;o [Woo] ®€A) — @ ®qu (g[n]',w7Knj,Oo77rj,ij,CD ®5)\j)~
qrt...+qp=q—L(s) j=1
Here, pj o0 = pP|GLnj700 and &, is the unique irreducible algebraic coefficient module of GLj; « of
highest weight \j := s(A +p) — p‘GLnj,oCN for a certain, uniquely determined Kostant representative
s e WE (cf. | | 111.1.4 & Thm. I11.3.3.(1)). We kindly refer the reader to p. 65-66 in

| |, where all the details of the construction of this isomorphism may be found.
We recall that if 7, is also generic, Shahidi has defined a non-zero Whittaker functional Ay, (0, 70) :

IndIGDO"CC‘ [To] = Cin | |, §3.6 (see (3.6.8) for the very definition and Cor. 3.6.11 for analytic con-

tinuation to an entire function). For a section hq, € Indg;C [To0] we let Wy € W(Indg;f [70]) be
the attached smooth Whittaker function

(1.28) Wh (90) := )‘TﬁB(OaWOO)(WOO(QOO)hOO)7

and we will write
W+ HY(goo, Ko, Ind§% [10] ® Ex) —> HY(goo, Kop, W (Ind§* [15]) ® E))

in order to denote the map in cohomology induced by W,. If Indg;f [7o] is irreducible, then W, is
an isomorphism, which follows from | |, Cor. 3.6.11, hence, so is W} in this case.

In order to finally explain our choice of a generator [II/,], we specify the isomorphism If:oc from
above using (1.27): We set P = B and 7 1= W(ajxn) = W(Xj,oo)pj_’olo and observe that in this
case the unique Kostant representative s € W5, satisfiying | | Thm. I11.3.3.(i), has length
0(s) = by. As IT/, is irreducible, this finally provides us a triangle of isomorphisms

bn

H" (@00, Koo, Ind 7 [@7_ W (00j,00)] ® Ep1) 2 H (8o, Koo, W(IL,) ® E,,)

B —1
(Tgn_ w (s, c0))

®?=1 Ho(gll,ooa Kl,OOy W(Xj,oo) ® E,U«j)

Let Iy denote the map attached to the dashed arrow, i.e., the isomorphism given by the composition

Iy, i= Wi o (I8

& W(a-oo))_l' Our last convention, fixing [II,,], is now stated as
=1 7,

Convention 1.29. For a unitary cohomological Eisenstein representation IT', we choose the gener-
ator

(0] o= T, (@-alice)) = Wi (U8 wiay.) ™ @i liice]))
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Observe that by the uniqueness of the Langlands datum of II,,, cf. | |, Thm. IV.4.11,
the sets {Xj,OO};'lzl are uniquely determined, i.e., the only other way the write I}, as an induced
representation from characters is by permuting the factors x; .. However, choosing the measure

in | |, (3.6.1) correctly, [TI,] = Iy, (@;‘:11 ® fxjw1 ® 1) can be made independent of the

ordering in the tensor products “®;”, as it follows from | |, Thm. 8.2.4. As a consequence,

[I1..] is well-defined.
1.6. Relations of algebraicity.

Definition 1.30. Let F c C be any subfield and let x,y € C be two complex numbers. We say
x ~p y if there is an a € F such that x = ay or ax = y.

Remark 1.31. Note that this relation is symmetric, but not transitive unless all sides of the relation
are non zero. More precisely, if z,y, z € C such that  ~r y and y ~p 2, then we do not have z ~f 2
in general, unless xyz # 0.

The main goal of this paper is to prove several such relations among different L-values and various
periods. As we have seen in the previous sections, the automorphism group Aut(C) acts on the set
of representations, hence it will also act on the set of L-values and periods. The relations that we
will prove behave well under the action of Aut(C) in the following sense.

Definition 1.32. Let IF, L < C be two subfields. Let © = {2(0)}seaut(c) and ¥ = {y(0)}seaut(c) Pe
two families of complex numbers. We say x ~r, y (and this relation) is equivariant under Aut(C/F),
if either y(o) = 0 for all o € Aut(C), or if y(o) # 0 for all ¢ € Aut(C) and the following two
conditions are verified:

(1) (o) ~o(r) y(o) for all o;

2) o (x(7>> _ 20T o all 0 € Aut(C/F) and all 7 € Aut(C).
y(r))  ylor)

Remark 1.33. One can replace the first condition by requiring z(0) ~4(z) y(o) for all o running

through a choice of representatives of Aut(C)/Aut(C/F). In particular, if F = Q, instead of verifying

the first condition for all o € Aut(C), one only needs to verify it for a single fixed o¢ € Aut(C).

Lemma 1.34 (Minimizing-Lemma). Let F < C be any number field and let L < C be a number field,
containing FE . Let x = {2(0)}oeaunt(c) and y = {y(0)}seaut(c) be as in Def. 1.2 and suppose that
y(o) # 0 for all o € Aut(C). If the complex numbers x(c) and y(o) depend only on the restriction
of o to L, then the second condition of Def. 1.32 implies the first.

Proof. Fix og € Aut(C). For any o € Aut(C) fixing o¢(L), one has ooq |, = 09 |1,. Hence z(c0og) =
x(09) and y(cog) = y(og) by our assumptions. Moreover, since L o FF we know o € Aut(C/F).
By the second condition, we have:

U<x(ao)> xz(oog)  x(0p)

y(oo)) — -

y(ooo)  y(oo)

T\ O 0)
Therefore
y(o0)

€ oo(L) for all op as expected.
O

Remark 1.35. The previous lemma allows us to minimize the number field F in the relation. This
will be very useful in the proof of the main theorems. Its omnipresence in our arguments is one of
the main reasons why our formulas only hold over F&®.

As a first, useful lemma, these notions imply



SPECIAL L-VALUES AND THE REFINED GGP-CONJECTURE 21

Lemma 1.36. Interpreted as a family of complex numbers as in Def. 1.32, G(e¢) ~pca 1 is equi-
variant under the action of Aut(C/F&a).

Cr(s)
Cp+(s)

tively. By Proposition 3.7 of | |, we know Regr ~q Regp+. Hence, denoting the absolute
discriminant of F' (resp. F*) by Dp (resp. Dp+), the class number formula implies that

Proof. Recall that L(s,e¢) = . Let Regr and Regp+ be the regulator of F' and F'™ respec-

Ress—1Cp(s) (2m)9Regp| Dy |12 (27)4| D s |12

L(1,ef) = ~ ~
(L&) Resg1Cpe(s) 2 Regp+|Dp|'/? ° | Dp|1/2
On the other hand, a classical result of Siegel, | | (revealing L(1 —m,ey) € Q for m > 1), com-
bined with the functional equation, cf., e.g., | ], §3.1, shows that L(m,ef) ~g G(ey)(2mi)™4,
for odd m > 1. Consequently, we obtain
1/2
.d’DF*"
g(é‘f) Q? 7|DF|1/2 .
Since F* is totally real, we know that |Dp+|Y/2 = iD;ff ~p+.ca 1. It remains to show that
\DF|1/2 ~ pGal i%. To this end, let a € F be a purely imaginary element, i.e., @ = —a. Since
—2a = det (} _aa>, it is easy to see that |NF+/QDF/F+|1/2 ~Q [les,, [to(@)] where Dp/py is

the relative discriminant with respect to F/F*. So, |Dp|? ~g [T,eq, [to(@)] - [Dp+|? ~pi.ca
[Loes, Ito(@)]. We know that [[,cq  tv(a) is an algebraic number giving rise to an extension of Q
of degree 2. Its complex conjugate equals (—1)¢ [lses,, to(@). Hence if d is even, then it is real
quadratic and [],cg. |t(@)] = +[Teq, to(@) ~pea 1 = i% otherwise, it is imaginary quadratic
and [T,cg, ()] = £i[Teq, to(@) ~poa i ~poa i as expected. O

As a consequence of the above discussion, one has

(1.37) Cpi(m) ~pea  (210)™if m

2 is even
(1.38) L(m,ef) ~pea (2m))"ifm > 1

=
> 1is odd

both relations being equivariant under the action of Aut(C/F&@). Indeed, the first relation fol-
lows from applying the functional equation and the fact that |DF+]1/ 2 ~pea 1, explained in the
proof of Lem. 1.36, to | |; whereas the latter follows directly from Lem. 1.36 and the fact that
L(m,ef) ~g G(e)(2mi)™4, for odd m > 1, as explained in the proof of of Lem. 1.36.

1.7. Critical values of automorphic L-functions. Deligne has defined the notion of critical
values for the L-function L(s,M) of a motive M in terms of Hodge types, cf. | |. Assuming
that M corresponds to an automorphic representation =, such that L(s,M) = L(s — a,7y) for
some unique shift of the argument o« = () € R, we may translate Deligne’s original definition to
automorphic L-functions.

Definition 1.39. A complex number sg € a(m) + Z is called critical for L(s,m) if both L(s,my)
and L(1 — s, my,) are holomorphic at s = sg.

More explicitly, if 7 = mny® ) is tensor product of two automorphic representations of GLy (Ap) x

GLa(Ap), then a(r) = Y5 whereas if 7 = As™(7y) is an automorphic representation defined

by applying the local Langlands correspondence to the Asai-lifts, then a(r) = 0.
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1.7.1. Critical points for Rankin-Selberg L-function. Let II(r) (resp. IT'(s)) be an essentially unitary,
generic automorphic representation of GL,(Ar) (resp. GL,,—1(Ar)), cohomological with respect to
£, (resp. &y). For v € ¥ let us write a,; := £(p,,7) + 7 and b, j := £(y;,j) + s for their respective
infinity-types at ¢, cf. §1.4.1. We assume that

(1.40) a;i+b;#r+sforanyl<i<n,1<j<n-—1andany:eX.

The critical points for the Rankin-Selberg L-function L(s,II x II') are the half integers % + m with
m € Z such that

—min{la,; +b; —r—s|} <5 +m+r+s<minfla,; + b ; —r— s[}.

2,7,L 2,75t
This can be easily seen using Deligne’s approach in terms of Hodge types of motives, cf. | |
and | |. For a direct computation involving only representation theory of real reductive
groups, see | |, Cor. 2.35. It is easy to see that the set of critical points is non empty. We

denote it by Crit(II(r) x II'(s)). For example, if r = s = 0, then % is always a critical point.

Remark 1.41. (1) There are no critical points for II(r) x IT'(s) if the inequality (1.40) is not
satisfied (cf. 1.7 of | ).

(2) The precise relation between highest weights and infinity-types is given in subsection 1.4.1.
One can check easily that (1.40) is automatically satisfied if the piano-hypothesis, i.e.,
Hypothesis 1.44 below, holds for p and g/. If this is the case and if both representa-
tions II(r) and II'(s) are Eisenstein representations, cf. §1.4.3, then Crit(II(r) x II'(s)) =
Crit(°TI(r)x°II'(s)) for all o € Aut(C): For this combine | |, 1.5-1.6 and |
Lem. 3.5.

)

1.7.2. Critical points for the Asai L-functions. Consider now II = II(0), i.e., a unitary generic
automorphic representation of GL,(Afr), which is cohomological with respect to £,. We shall
additionally assume now that II is conjugate self-dual. Then the calculations in section 1.3 of
| | show that the critical points of L(s,II, As(_l)n) (resp. L(s,II, As(_l)nfl) are the positive
odd or non-positive even integers (resp. positive even or negative odd) m such that

max{a,; —a,; | a,; —a,; <0} <m< mj?{ab7i —a,; | a;—a,; >0}

2,7, 2

In particular, the integers 0 and 1 are always critical for L(s, II, As(fl)n) and never for L(s, II, AsCD" ).

1.8. Two rationality theorems revisited. We recall now two rationality-results for critical L-
values, proved in | | and | |, which are the starting point of our investigations:

Theorem 1.42 (| | Thm. 7.1). LetII be a conjugate self-dual, cuspidal automorphic
representation of G(Ar) = GLn(Ar), which is cohomological with respect to &,. Let p(Il) be the
bottom-degree Whittaker period defined in Cor. 1.22. Then, the following holds:

(1) For all o € Aut(C/FE), there exists a non-zero constant a(°Tly), only depending on the
choice of a generator [I1], such that

L3(1,1,AsCD") ) L9(1,71, AsC D™
p(Ia(Ily) -~ p(eMa( Tly)

(2) Equivalently, interpreting both sides below as a family of numbers x = {x(0)}seaunt(c) and
y = {y(0)}oenus(c) as in Def. 1.32,

LS(17H7AS(_1)n) ~E(II) a’(HOC) p(H)7

is equivariant under Aut(C/F&al).
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Remark 1.43. Theorem 1.42 has been stated in | | without reference to the Whit-
taker periods p(IT). For the convenience of the reader we sketch how one obtains the above tran-
scription: Thm. 7.1 of | | is a consequence of Thm. 5.3 and 6.4 ibidem. Thm. 6.4
can be rewritten as an Aut(C)-equivariant relation of the residue Ress—1(L°(s,II x I1V)) with an
archimedean period, the bottom-degree Whittaker period p(II) and a top-degree version of the lat-
ter, as explained in | |, Thm. 8.5. Similarly, Thm. 5.3 in | | can be restated

as an Aut(C/F%)-equivariant relation of the residue Ress—1(L° (s, II, As(fl)nfl)), an archimedean
period and the above mentioned top-degree Whittaker period. Taking the quotient of the first and
the second relation gives the theorem.

For the next rationality-result we note that a pair of irreducible algebraic representations &£, of
Gn,o and &y of Gp_1,0, given by their highest weights p = (1)ves,, and p' = (), )ves,, satisfy the
piano-hypothesis, if the following holds

Hypothesis 1.44 (Piano-hypothesis). At each archimedean place v = (1y,7) € Sep,
[yl = =y 1 = Hep2 =~y g Z e = =l 1 2 flyn
Wiy 1 = —Hiyme1 = i, 2 = —Hpy g = o =I5 1 = [y, o
This condition has been called “interlacing-hypothesis’ in | |. Here we prefer to call it after

the more poetical picture of a piano’s keys, however: The white ones (“whole-tones”) taking the role
of the coordinates of p, the black keys (“half-tones”) taking the role of the coordinates of 1.

Theorem 1.45 (| | Thm. 1.9). Let IT be a cuspidal automorphic representation of GLy,(Ar)
which is cohomological with respect to €, and let II' by an isobaric automorphic representation of
GL,—1(AF), as in §1.4.3, cohomological with respect to €. Let p(II) and p(Il') be the bottom-
degree Whittaker periods defined in Cor. 1.22. Assume that II' has central character wi and that
the highest weights p = (py)ves, and p' = (u))ves, satisfy the piano-hypothesis, cf. Hypothesis
1.44. Then, the following holds:

(1) For every o € Aut(C) and all critical values 3 + m € Crit(Il x II') = Crit(°II x °II'),
there exists a non-zero constant p(m,°Ily,, °11.), only depending on m and the choice of
generators [I1] and [II'] such that

L5(3 +m, I x IT) B LS(3 + m,°II x °IT)
p(I0) p(I) p(m, T, ) Glwm,) | p(7I) p(°IT) p(m, "M, °T1;) G(wery, )’

(2) Equivalently, interpreting both sides below as a family of numbers x = {x(g)}Aut((C) and
y = {y(o)}aut(c) as in Def. 1.32,

L& +m I xI') ~gmyoar) p(I) p(IT') p(m, My, T, 9(wm,)
is equivariant under Aut(C).

Remark 1.46. We can replace the Gaufs sum g(wnxf) by Q(WHHA;) (see (2.14) and (2.15) below).

In particular, when II’ is conjugate self-dual, wrr, is trivial on Ny, /s (Af), so wrr, | AL is either

trivial or the finite part of the quadratic character e associate to the extension F'/F'*. However, as
IT" is assumed to be cohomological, necessarily wrr, |4+ = 1y. Therefore we can savely remove the
F

Gaufs sum G (wH/f ) in Thm. 1.45 when I’ is conjugate self-dual.

Corollary 1.47. Let 11 and II' be as in Thm. 1.45 and assume in addition that 11 is unitary. Then
L5 (3,11 x I') is non-zero if and only if L° (3,711 x °II') is non-zero for all o € Aut(C).

1

Proof. Recalling that under the present assumption on IT and IT, 5 is always critical for

S =
L(s,II x IT"), see §1.7.1, the corollary follows directly from Thm. 1.45 (1). O
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2. PERIOD RELATIONS FOR ISOBARIC SUMS

2.1. Eisenstein representations and boundary cohomology. Let II' = II; ... H1I; be an
Eisenstein representation as in 1.4.3, cohomological with respect to &,. Then there is a unique
Kostant representative w € W% (cf. | | II1.1.4 & Thm. I11.3.3) such that II;p; is cohomo-
logical with respect to the irreducible algebraic coefficient module &,,,i 1= Ey(utp)—plGLn, - Since
the point of evaluation of the Eisenstein series in II’ is always centered at A = 0, see the proof of
Lem. 1.9, the length of this Kostant representative is £(w) = 1 dimg Np o, cf. | |, Lem. 2.12

and hence minimal by | |, Prop. 12.

Let dpSq = P(F)\G(Ar)/Ky be the face corresponding to the parabolic subgroup P < G in
the Borel-Serre-compactification of Sg, cf. | I, | |. It is well-known (cf. | ],
7.1-7.2) that there is an isomorphism of G(Af)-modules

HY(0pS6,&,) —> “Tndp(y”)

@ H O (LFNL(AR)/(Ks A L), w]
weWP

“2Ind” denoting un-normalized or algebraic induction. Hence the Kiinneth rule implies that there
is furthermore an isomorphism of G(A f)-modules

k
~ ar. G(A ,
(2.1) 12, HY(0pSc, &) —> IndPEA;;[ P P @qu(Sni,Euw,i)],

weWP q1+...+qp=q—(w) i=1

Let W(Ap) := Ngpy(Ap(F))/L(F), interpreted as the set of automorphisms Ap — Ap, which
are given by conjugation by an element in G(F') and which induce an isomorphism L — L. Hence,
the elements w € W(Ap) act naturally on the inducing representation 7 = I} ® ... ® Il of II', by

permuting its factors: 7% = Ig-1(1) ® ... ® Ilz-13).

Let
resp: Hb"(Sg,gu) — Hb" (apSG,gu)
be the natural restriction of classes to the face 0p.Sg in the boundary of the Borel-Serre—compactification
of Sg. It is obviously Aut(C)-equivariant. The image under resp of a class [w] € H® (S, Eu) (),
see §1.5.2, is given by the class represented by the constant term along P of the Eisenstein series
representing [w], cf. | |, Satz 1.10. Hence, recalling the well-defined (i.e., holomorphic at s = 0)
intertwining operators
~ G(A G(A I
M(1,w) = M(7,8,0)|s=0 : IndPEAg (7] — IndPEAig [7*],
from | |, I1.1.6 (holomorphy at s = 0 following from | , IV.1.11]) and the de-
scription of the constant term of an Eisenstein series Ep(h,0) € II' from I11.1.7, ibidem, | ],
2.9-2.13, implies that the image of resp([w]) under Igg lies inside the direct sum

k
(2.2) resp(wl) e @ W) |G H" (S, Eu ) (M1 pi)s)
weW (Ap) i=1

Here we also used the minimality of the length ¢(w) of the unique Kostant representative w =
w(t®,b,) € WF giving rise to the coefficients modules i With respect to which Ilg-1;)p; 1s
cohomological. However, since id € W (Ap) and since the attached intertwining operator M (7, id) =
1 is the identity-map, (2.2) implies that the composition Ig;; o resp induces an isomorphism of
G(Af)-modules
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P(Af)

=1

k
~ ar 1G(A -
(2.3) P p s HY (S, £,) () = “Ind 507 [@ H (Snys Ei) (i) ) | 4

by projecting onto the summand indexed by @w = id. The following lemma is then obvious by
construction.

Lemma 2.4. The map riv p is Aut(C)-equivariant, i.e., for all o € Aut(C),

aIndG(Af) bn

P(Ay) [®f:15b"i] OT,p = Tey,p O 0
2.2. A theorem on period relations for isobaric sums. In this section we want to relate the
period p(II') of a cohomological Eisenstein representation II' = II; H...E1IIj of GL, (Ap) as in §1.4.3
with the product of the periods p(Il;p;) of its (twisted) summands II;p;. Firstly, we observe that
the latter periods are defined: Indeed, II' being cohomological implies by | |, Thm. I11.3.3,
that I1;p; is cohomological for all 1 < ¢ < k, whence each p(Il;p;) exists by our Cor. 1.22.

In order to compare p(II') with the product [, ;< p(ITip;), we recall that we have fixed choices of
generators [II.,] and [(IL;p;)s] in §1.5.3, see Conv. 1.24 and Conv. 1.29, with the effect that each
Whittaker period is now uniquely determined up to non-zero multiples in the respective rationality
field. These choices were purely local at the archimedean places. We will now consider a special,
global cohomolgy class in H® (S, &u)(IT), which will be used in the proof of our Thm. 2.6.

To this end, we start with a non-trivial section ) € aIndggiﬁ [@?:1 ani(Sni,é'uwi)((ﬂipi)f)],

which we view as the image Q = 7 p([w]) of a uniquely determined Eisenstein cohomology class
[w] € Hb (SnsEu)(I}). By construction, a sheaf-theoretical differential form w representing the
latter is of the form

w= 3 (Brlheia®hs Mo ®ea) dug,

z:(il"“)ibn)
(63

ggﬁ;; [@le Hi]. Hence, evaluating our

section Q at gy € G(Ay) defines a cohomology class 2(gy) in ®f:1 H® (S, E i) (Hip;) £), which
is represented by a differential form of the type

for appropriate K-finite, global sections he ;.o ® hy € Ind

k
® > ((@oo@ai ®hr(gr)) ® eai) dz;,
’i=lj

.:(jlznwjbni)

(&%)

where 0o 0, ® h 7(gr) is a cuspidal automorphic form in Il;p; for all gy, j and ;. Observe that
its non-archimedean component hy(gy) is independent of the indices j and «;, while Poo,j,0; 18 1N
dependent of gy.

Now suppose that hy = ®u¢s.,.he is a factorizable vector, whose local components are newvec-
tors. Here, by a newvector we understand a vector which is invariant under the mirahoric sub-
group K(m,) < G(O,) as defined in | , Thm. (5.1)], m, being the conductor of

Indgggzg [@le(ﬂi)v]. Observe that this pins down the cusp forms Poo,jiai & ht(gf) up to a scalar.

In order to fix 2, we observe that after applying the inverse of the last four maps described in Prop.
1.19 to the class Q(idg(a ), we obtain a cohomology class in @le Hi (g0, 005 Koo, W((Tip:)op) @
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Epwi) @ W((IL;p;) ), and we assume that this class equals

k
(2.5) @[ Lipi)eo] ® Ehy(iden )

i=1
for our fixed choice of generators [(IL;p;)] (given by our Conv. 1.24 and Conv. 1.29) and the Whit-
taker function ghf(idG(Af)) attached to hf(id(;(Af)) (cf. | |, p. 122). This finally pins down a

global section Q. Now, as our special global cohomology class [w] € H b"(Sn,EM)(H}) we take the

preimage [w] := 7/ p(). By (2.5) it depends on (>§i-€:1[(1'[ipi)oo]7 which in turn has been fixed by
our Conv. 1.24 and Conv. 1.29.

We are now ready to prove the following theorem:

Theorem 2.6. Let II' = II; B ... @I, be an Fisenstein representation of GL,(AF) as in §1.4.5,
which is cohomological with respect to the irreducible algebraic representation &, of G. Then,

(1) for all o eAut(C)

- p(Il') H1<i<j<k L5(1,11; x Hg\'/rl _ p(°1I') H1<i<j<k LS(LH? X (H;?)V)’l
[ l<ick P(Lipi) [ Ti<ick P(°(ILip;))

(2) Equivalently,
p(IU) ~pqaupn || p@ips) ] L5110 x II3)
1<i<k 1<i<j<k
is Aut(C)-equivariant. If all summands II; are conjugate self-dual then the same relation
holds over the smaller field Q(IT').

Proof. We proceed in several steps.
Step 1: Taking inverses, we obtain two isomorphisms of G(A ¢)-modules

Ag : H' (S, £,) (1)) = W(IT})

defined as
Ag = p(IT') - T
and
k k
a G(A s ~ a G(A
Ap: “Indp( ") @’ z(Sni,suw,n((Him)f)] = “Indg, ) [@1 W((Himf)]
defined as

k
a G(Ay) k —
Ap = Hp(Hipi) : IndP(A;) [®¢:1Tnfpi]
i=1
which are Aut(C)-equivariant by definition of the periods. We will next consider their effect on
the particular class [w] € Hb"(Sn,EN)(H}), which we defined above in §2.2. Firstly, we apply the

inverse of the composition of the last three maps described in Prop. 1.19 to [w]. It then follows
from | ], Prop. 7.1.3 that the image of [w] in H®"(go, Kop, W(IT') ® £,) equals

Z Xz* ® (Whoc,i,a ® th) X eq,
1=(%1,-%by, )

where we recall that the Whittaker functions Whep i Tesp. Wy ; are defined trough their local
components as in | |, (7.1.2): In particular, by definition, at the archimedean places we just
retrieve the type of Whittaker functions, which we already considered in (1.28) (and which we
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denoted in the same way). As the isomorphisms Ifoo from Borel-Wallach and W} from Shahidi, cf.
§1.5.3, commute with induction in stages, (2.5) implies that indeed W}, , , = £xi,a, in the notation
from §1.5.2, i.e., the vectors W}, . . are those, which appear in the generator [II3;]. So, finally,
Ag([w]) equals the Whittaker functional

Ac([w]) = g5 = p(AT') Wi, (gy) N T T W (g0).
V¢S
We note that by our choice of hy we obtain
[ [WhGidar,)) = [ LT xI07),
¢S 1<i<j<k

and [[,eq\5, Wh,(idg(r,)) # 0: The first statement is the contents of | |, Prop. 7.1.4, while
the second is shown in | , Cor. 4.4].
Let us write °hy for the Correspondmg section giving rise to the cohomology-class &% ([w]) =

&on (|:Zi—(i1,-~-7ibn) (Ep(hw,z‘,a ®hy, 0)® ea) dxz]> . Then, °h, is a newvector at all non-archimedean
(0%
places, normalized at the unramified places as in | |, p- 122 and so

[ [Won, Gidar,)) =[] L0110 x (119)") !

vgS 1<i<j<k

where we abbreviated TIY := ?(IL;p;)p; * for the cuspidal isobaric summands of °TI" as in (1.11).
Analogously to above, we obtain [ [, s\5,, Wen, (idg(r,)) # 0. Recall the diagonal matrix t,, =
diag(x1, ..., xp—1,1) € T(OF,) from §1.5.1. Obviously, t,, is contained in every mirabolic subgroup
Kg(my). Hence, by definition, the o-twisted newvector satisfies 11, (Wh, ) (idg(r,)) = 0(Wh, (ida(r,)));
see again §1.5.1. The Aut(C)-equivariance of Ag hence finally shows that

(2.7) p(I) [ Wen,lidar,) [] L7017 x (115)¥)~" =
veS\Sw 1<i<j<k
o T Walider,) ] L9 x1my)~!
veS\Swo 1<i<j<k

P(Fy)
shall not be confused with the spherical Whittaker function &, (iag s, ) € W(@ 1(I;pi)y), which
is 1 on idy,,(r,) and attached to the local spherical vector hy(idg(r,)) € ®f:1<nipi)v- Applying Ap
to the restriction r p([w]), with [w] as above, the Aut(C)-equivariance of Ap and our standing
assumptions Conv. 1.24 and Conv. 1.29, hence show that

Step 2: The Whittaker function Wy, € W(IL,) = W (“In dG(F”) [@k (Hipi)v]), v ¢ S, from above

(2.8)
H ip;)) H Eony (idgry)) WALp(F)) = O H p(IL;p;) H & (ide ) (AL p(Fy))
1<i<k vES\ S 1<i<k vES\Sop

Invoking our standing assumptions Conv. 1.24 and Conv. 1.29, once more, one shows that

I/Voh1 ) .
H y(id) H fhv zd( )

vES\Sop Son, (id vES\Soo
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for all 0 € Aut(C). Hence, dividing (2.7) by (2.8) yields

I [ Ti<icjcn L5(1,117 x (mg)v)—! _, P I Ticicj<n L5(1,10; x Imy)~!
[ Ti<icr P(°(ILip;)) [l<ick P(Lipi)

for all 0 eAut(C). This proves (1).

(2.9)

Step 3: The first assertion of (2) follows from (1) (and is in fact equivalent to it) by Strong
Multiplicity One and Multiplicity One for cuspidal automorphic representation. For the second
assertion, observe that "H’f ~ H’f implies that 7II" = II' (equality!) due to Strong Multiplicity One
( |, Thm. 4.4) together with Multiplicity One (| 183.3& | , |) for
isobaric automorphic representations. Hence, p(?Il') = p(II') for such o. Moreover, as °II' ~ IT" if
and only if {II{, ..., II7} = {IIy, ..., II}, see §1.4.3,

[] rfamxm@mg)v)= [] LI x (1))
1<i<j<k I<i<j<k

for all such o, because the II; are now all conjugate self-dual. So, finally, in order to reduce the
above relation to Q(II'), we need to show that ?II' =~ IT" also implies that

(2.10) [T pp) = [T p(C(Mip:)

1<j<k 1<i<k
To this end, let ¢, 1 < ¢ < k, be arbitrary. Then, as °II’ =~ II’ by assumption, there is a unique 7,
1<j<k,suchIlf ~ H . This implies that n; = n; and hence (1.10) and Multiplicity One shows
that 7(IL;p;) = Ijp; - | - Hb for some integer b € Z, whence p(°(IL;p;)) = p(IL;p; - | - |°). But since
|- |b = | for all o € Aut(C),
pp; - | - 1°) = p(;p))
by construction, see Prop. 1.12. Hence, finally, we see that if 0 € Aut(C) is any automorphism such
that {II,...,TI7} = {IIy, ..., 11}, then (2.10) holds. This shows the last claim. O

Remark 2.11. The above theorem also holds, when the isobaric summands of I’ are isobaric sums
themselves: Let 1 < £ < k and let U1<j<z{il7---7ij} = {1,...,k} be a partition of {1,...,k} into £
disjoint sets. We set £; := n;; + ... + n;; and let P’ be the standard parabolic subgroup of GL,,
with Levi factor equal to L ~ H1<j<2 GLy,. Set H; = 1L;, ®...@1L; and p;- to be equal to the
restriction of ppr to GLy, (Ar). With only a little more work one can in fact show that

p(IT )“HKN@H” H p(IL; H L5(1,10 < 1Y)

1<5< 1<i<j<t
is Aut(C)-equivariant.
Let II' = II; {... @11, be a cohomological isobaric sum as in §1.4.3 and assume that all cuspidal
summands II; are conjugate self-dual. Put
{ I1; if n=n; mod 2,

alg ._
(2.12) 1= = II; ®n  otherwise.

(2
These are unitary, conjugate self-dual, cohomological cuspidal automorphic representations, which
can be seen as follows: II' being cohomological by assumption implies that II;p; is cohomological for
all i. Now, recalling that p; is algebraic if and only if n = n; mod 2 shows that II; is cohomological
itself if and only if n and n; have the same parity, or, otherwise said, that II; ® n is cohomological
if and only if n and n; do not have the same parity. Since 7 is unitary and conjugate self-dual, this
shows that Ha & is unitary, conjugate self-dual, cohomological cuspidal for all 1 < i < k. The above
theorem now ylelds the following corollary.
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Corollary 2.13. Let Il' = II; /... @Il be a cohomological isobaric sum as in §1.4.3 and assume
that all cuspidal summands II; are conjugate self-dual. Then,

p(I) ~panew || P [ L850, x1Iy),

1<i<k 1<i<j<k
is Aut(C/F%)-equivariant.
Proof. By Thm. 2.6
p(0) ~qury [] p(Mps) ] L5110 x1Iy).

1<i<k 1<i<j<k
One easily checks that (1.10) implies that II;p; = H?Iggzbei || - b for some b; € Z and
~_J 0 ifn=n; mod?2,
%=1 -1 otherwise.
| N1 (ny— .
Hence, | |, Thm. 4.1, shows that p(IL;p;) ~QUrE) Q) p(IL g)Q(qﬁ? ) (ni=1)/2 gbserving
that G(|| - Hl]’:) =1 and Q|- |%) = Q. At the cost of adjusting p(H?Ig) by an element in Q(H?Ig),
we may hence assume that p(Ilip;) ~g(gei) p(H?Ig)g(gb?)”i("i_l)/Q. In order to finish the proof,
it is hence enough to show that Q(qﬁ;l) € E(¢). To this end, let 0 € Aut(C). There exists

7 e 7* c @; . C (’j}); c A}( associated to o given by the cyclotomic character (cf. §3.2 of

| |). It is easy to verify that (cf., e.g., the proof of Theorem 3.9 of | )]
o(Glerh))
2.14 — = t7).
( ) g(”qﬁ;l) ¢f ( )

Since t € Z, we know ¢J71(t0) = ¢ |&i+7f (t7). Recall that ¢ = n |- |2 and 7 o, =€ by
definition, so ¢J71(t0) = £¢(t7). This implies that
o067 o(G(ep)
Gorn) | GUep)
and so Q(QS]Tl) ~q(¢)a(e) 9(er). However, e being quadratic forces Q(e) = Q({£1}) = Q, so we

finally conclude by Lemma 1.36 that g(¢;1) ~q(g) 9(6f) ~pea 1 and hence Q(qﬁ;l) € E(¢) =
Q(g) - FE. O

(2.15)

3. ASAI L-FUNCTIONS OF LANGLANDS TRANSFERS

In this section, we will calculate the Asai L-functions of conjugate self-dual Eisenstein represen-
tations and of a representation automorphically induced from suitable Hecke characters. Having
detailed knowledge about these Asai L-functions will turn out to be crucial for the proof of the
main theorems.

3.1. The Asai L-function of an isobaric sum. Let ST be the finite set of places of ', containing
the restrictions of the places in S. Let II' = II; ... @ II; be an Eisenstein representation of
GL,(Ar) as in 1.4.3 and assume that each II; is conjugate self-dual. With these assumptions,

unitary conjugate self-dual, cohomological cuspidal automorphic representations H?'g have been
defined for all 1 <7 < k in (2.12). We obtain

Lemma 3.1. L(s, H?Ig,As(_l)ni) is holomorphic and non-vanishing at s = 1.
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Proof. As all H?Ig are cohomological and conjugate self-dual unitary cuspidal automorphic repre-
sentation of GLy,(Ar), L® (s,H?Ig,As(_l)ni) is holomorphic at s = 1 by the argument given in
[ |, Cor. 2.5.9. (See also | |, §6.1 for more details.) The non-vanishing follows
from | |, Thm. 5.1. O

Remark 3.2. Observing that twisting by 7 just changes the sign of the Asai-representation, we
see that Ls(s, Hi,As(_l)n), being equal to LS(S, H?lg, As(_l)ni), is holomorphic and non-vanishing
at s=1forall 1 <i<k.

Lemma 3.3. Let II' = IIy H ... @I be an Eisenstein representation of GLy,(Ar) as in 1.4.3 and
assume the each 11; is conjugate self—dual. Then

L (S Hl AS HLS ?|g’AS(—1)"i) . H LS(S,Hi % H‘;/)

1<i<j<k

Proof. Recalling the previous remark, we will show that

L5 (5,1, As(~Y) HLS (5,10, AsCDY) - T L5(s, I x I0Y).
i=1 1<i<j<k
We argue locally, distinguishing the two possible types of unramified places v ¢ S*. In particular,

we will drop the subscript for the local places for all global objects in what follows if this will not
cause any confusion. Moreover, let v be the character from | |, §2.1.2, i.e.,

_{ 1 ifn=0 mod 2

n otherwise

Observe that 7|2F+ = 1 in any case. Let us first suppose that v is inert, extending to one place

w ¢ S. For every 1 < i < k, denote by Xé ), 1 < ¢ < n;, the unramified characters from which II; is

fully induced. Then, by induction in stages and applying Lemma 1 of | ],

L(s, 1T, As(=D"™)

[TECs xS vlp) |- 1 L(s, x{ - x)
il igmt

(T Q) coming before Xij)

k n;
n(nmwm I L(sxs»xt> 1] 2
=1

1<r<t<n; I<i<j<k 1<r<n;
1<t<n;
k
= []Z(sMiw, AsCYY) - T L5, T x ).
i=1 1<i<j<k

As v is inert and all IT; are conjugate self-dual, the latter local Rankin-Selberg L-function is equal
to L(s, I 4 x HjV’w) and hence we obtain the desired relation at inert places v. If v is split, extending
to a product of two places wy, wy ¢ S, then v,, 7w, = 1 and the residue fields are of equal cardinality
Qv = Qu, = Qu,- S0 we get independently of n,

L(s, I, AsC=1™)
— det(id — (A(IT,,) ® A(IT,,_))g;*) "
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H H Xr w1 X)gj’g)g @ )

1<i,j<k 1<r<n;
1<t<n;

[T C=xDoxiaD™ |- TT = xxi,a)™

Il
-
Il >
H::]

1<r<n; 1<i#j<k
1<t<n; 1<r<n;
1<t<n;

L(s, i, AsCD) - T (0= xxdh,ae®) 71 = xExi a5®) ™!
1<i<j<k
1<r<n;
1<t<n;

I

@
Il
fu

L(S7Hi7v7 AS(_l)n) ! H (1 Xg’ ’201X?E]’3}1q’w1) 1(1 X1(” 1)02X§]’3}2q’w2)_1

I

i=1 1<i<j<k
1<r<n;
1<t<n;
k —
= [[Z(s M, AsUY) e TT L0, iy X Ty ) L(s, iy X T, ).
=1 1<i<j<k
Since all II; are conjugate self-dual, this shows the claim at split places v. ([l

Corollary 3.4. Let IT' = Iy @... B, be an Eisenstein representation of GLy,(Ag) as in 1.4.3 and

assume the each I1; is conjugate self-dual. Then L°(s,II, As(fl)n) 18 holomorphic and non-vanishing
at s = 1.

Proof. Follows directly from Lem. 3.3 and 3.1, recalling that by definition all II; are pairwise different
and unitary. O

3.2. The Asai L-function of an automorphically induced representation. Let L be a cyclic
extension of F of degree [L : F] = n > 1 which is still a CM field. We write L™ for its maximal
totally real subfield.

Definition 3.5. Let x be an algebraic Hecke character of L. We let II(x) be the automorphic
induction of x to GL,(Ar) as established in | |, Chp. 3, Thm. 6.2. We write

. — I(x) if n=[L:F]is odd,
X7 H(x)®n ifn=I[L:F]is even.

Then II, is an isobaric automorphic representation of GL,(Ap), fully induced from cuspidal
automorphic representations, which is algebraic (in the sense of | |, Def. 1.8). We remark that
the extremely careful reader might bear in mind that | | contains an “egregious mistake”
(a quote of Clozel himself, taken from | |) if [L : F] = n is not prime and which was found by
Lapid-Rogawski, see | |, p. 176. This mistake, however, concerns Lem. 6.3 of | |
on p. 217, a result, which is irrelevant for the present paper and hence our reference to | |,
Chp. 3, Thm. 6.2 is sufficient for our purposes. Moreover, the reader should note that this problem
of non-prime degree extensions L has meanwhile been fixed in total generality, see | |, Thm.
VI.4.1 and by a different method in | |, Thm. 3. .

Let 9 be a generator of Gal(L/F). It induces an automorphism on A}, denoted by the same
letter, and we define x”, a Hecke character of L, as the composition x o V.
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Now identify Gal(L/F) with Gal(L*/F*). If n is even, we define L’ := Lﬁ%c, an index 2 sub-
field of L. Tt is also a CM field with maximal totally real subfield (LT)??. We write er/p+ and

€110 for the quadratic Hecke character associated to L/L™ and L/ L respectively by the class field
theory.

Proposition 3.6. Assume that x is conjugate self-dual.
If n is odd then

(37) LS(87HX7AS(71)H) = H LS(SaX®Xﬁk’c)LS(37€L/L+)'

I<k<2zt

If n is even then

_1\n kc
(38)  L(s, M, AsCV) = T L¥(s,x@x" )L (5,04 ) L5 (5, X |a,, ®=pyp0)-

1<k< 252

Proof. Let v be a non-archimedean place of F'* such that every representation at hand is unramified
at v. We now prove that the products of local L-factors at the places over v of both sides of (3.7)
and (3.8) are equal. In order to ease our assertions, we simply call these products the “v-parts”
of the left hand side, respectively, the right hand side. As a general reference, we refer again to
Lemma 1 of | | where the unramified local factors of the Asai L-function have been
calculated.

We write g, for the cardinality of the residue field of F,\. We will use similar notations for other
finite places of other fields. Let w be a place of F' over v. Let wq,wo, - - - wy, be the places of L over
w. We know m | n and we write [ for n/m. We may assume that ¢(w;—1) = w; for any 1 <i < m
where we apply the useful extension of notation defined by w; := w; mod m for all i € Z.

Let ¢ be a primitive I-th root of unity. For each i let t; be the Hecke eigenvalue of x at wj,
where, similar to above, we wrote t; := t; mod m for ¢ € Z. Since y is conjugate self-dual, its Hecke
eigenvalue at w¢ is ¢; 1 where w§ is the complex conjugation of w;. If w; = w§ then t; = +1.
Moreover, since x is algebraic and conjugate self-dual, x is trivial on Az + (cf. Rem. 1.46). Hence t;

is in fact 1 in this case. For each 1 < i < m, we fix a complex [-th root of ¢; and denote it by til/l.
By equation (6.2) in Chapter 3 of | |, we know that the Hecke eigenvalues of II, at w are

til/lC“ with 1 <7 <m,1 < a <, and those at w® are tj_l/le with1<j<m,1<b<l.

Case 1: n odd In this case, both [ and m are odd numbers.

(1) When v is split in F', i.e. v = ww®, the v-part of the left hand side of equation (3.7) is equal

to
H H H (1- t;/lgat;l/lgbqgs)fl _ H (1— titj—lqvfls)fl_

1<i,j<m 1<a<l 1<b<l 1<i,j<m

The v-part of L(s, X®Xﬂk’c) isequalto [] (1 —tit;rlkq;f)_l(l —t;ltHkq;f)_l. We know
1<ism

Qu; = qus = ¢'. Hence the v-part of the right hand side of equation (3.7) is equal to:

[T I1 @-titiha™ Q= g ™) 7| - (=g ™) ™™

1<k< ngl 1<is<m
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[ [ (1= titia ™) |- (L —tat; gy ™)™

1<is<m 7”T71<k<n771,k9&0

- [l (1 —tit; gy )™
5 k
[T ] a-ttle™™

1<i<m 1<j<m

(2) Assume now that v is inert in F'. Since Gal(L/F') acts transitively on the set {w; | 1 < i < m}
and commutes with complex conjugation, either w§ = w; for all 7, or w§ # w; for all . If the
latter is true, then for each 1 <4 < m there exists j # ¢ such that w; = wj. In particular,
the set {w; | 1 < i < m} can be divided into disjoint pairs. But this is impossible since m
is odd. Therefore we have that w{ = w; and hence the Hecke eigenvalues t; = 1 for all <.
Keeping this in mind, one can easily show that the v-parts of both sides of equation (3.7)

coincide and are in fact equal to (1 + qv_ls)_m(l — qv—2ls)—(m2l—m)/2.

Case 2: n even

(1) When v = ww® is split, the v-part of the left hand side of equation (3.8) is again equal to
[T (-t Lg,%%)~L. In order to evaluate the right hand side, observe that the finite

1<i,j<m

places of L” = LV?¢ over v are wzwn 1 < i < m. Therefor, the Hecke character x |;» has

+”
Hecke eigenvalue titnl L at wiws The v-part of the right hand side is hence equal to:
2 2

H H ( —t t_ kq;ls) (1 _ tz‘_ltl’Jrkq;lS)il (1 _ qfl‘s’) m

1<k<"T*2 1<is<m

1—titat g )t
1<11_<[m( Z E-Hq )

(L= titia, ™) |- (L= tit; g, ™)™

=2 <k< 2 k0

tit7 gy ') !

I
]
wff
e dam
|

1<is<m 7WT*2<]€<

I
—~
—

1<i<n 1<j<m

[T (1t

I<is<m 1<j<m

(2) When v is inert and w; = w{ for all 1 < ¢ < m, we know t; = 1 for all i. So the representation
IT, = II(x) ® n has Hecke e1genvalueb —(Ifor1<j<n.
If [ is odd, then m is even. The v-part of the left hand side of equation (3.8) is
(1+ gy ") ™™ (1 — gy &)= (m=mr2,
In this case, the finite places of L’ = LMC over v are wywm i;, 1 <i < . The v-part of
the right hand side is then equal to:

(1 o qv—2ls)—m(ml—2)/2(1 + qv—ls)—m(l - qv—2ls>—%
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_ (1 + q—ZS)—m(l o q—2l3)—(m2l—m)/2.

v v

Similarly, if [ is even then the v-parts of both sides of equation (3.8) are easily seen to be
equal to (1 — qv_%)_mzl/?.

When v is inert and w; # wy for all 1 < i < m, there exists ¢, an integer between 2 and
m — 1, such that w§ = w;1. We apply 9 to both sides and get w§ 1 = w41. Hence
2t + 1 =1 mod m. This implies that 2t = m. In particular, we know then m is even and
wy = Wiy m. The latter implies that tipm = ti_1 for all 1 <i < m.

1

The representation II, has eigenvalues {—C“ti/l |1 <i<m,1<a<l}atv. the v-part

of the left hand side of equation (3.8) is:

[T TT (+c¢t) a*) Plg;2)

1<i<m 1<a<l

where P € C[X] is the unique polynomial such that P(0) = 1 and

Px)? =[] I1 (1—¢ot)" ¢ X)
1<i,y<m 1<a,b<m,(i,a)#(4,b)

[T 11 a-c¢t¢e x)

1<ij<m 1<a,b<m

[T II (1-c¢et'x)

1<i<m 1<a<l

[T (1—tit; X"

1<i,j<m

[T I (1—¢ee'x)

1<i<m 1<a<l

If [ is odd, then
(P =[] a—-ax)=" [] @—ut;xH>
1<is<m I<i<jsm

Hence, the v-part of the left hand side of equation (3.8) is:

H (1 _ t?q;2ls)f(lfl)/2 . H (1 _ titjq;ﬂs)fl . H (1 + tiqvfls)fl.

1<i<m 1<i<j<m 1<i<m

C
i+
1 < i < m with the ring of integers in L’ are different prime ideals and hence are inert with
respect to the extension L/L’. The v-part of the right hand side of equation (3.8) is then:

H H (1 o titi—Jrlkqv—Qsl>—1 . (1 _ qU—QSl)—m/Q . H (1 + tiqv—ls)—l'

1<k< 252 1sism 1<i<m

Moreover, it is easy to see that (ﬂgc)wi =w = w; for all . The intersections of w;,

Recall that ¢, m = ti_l for all . We have:

H H (1 o titi—Jrlkqv—Qsl)—l . (1 _ qv—Qsl)—m/Q

1<k<”T—2 1<i<m

= H H (1 — titi+k+%qv_28l)—l . H (1 _ tit%+iqy_25l)_l

1gkg”T—2 1<i<m 1<i<m/2
—2sl\—1 —2sl\—1
- 11 I1 (I—titigng, )™ [ (= titm g, ™)
1<ism 2k 1<i<m/2
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= H [ H (1 —t tz+kq_28l) (+1)/2 | H (1 —t tH_kq;Qsl) (l—l)/Q] )

Isism 3 +1sksm—1 1<k<Z -1
H (1—t thq_?Sl) (1-1)/2 H (1 — t2¢; %)==/ 1—[ (1— tztmﬂqv_%l)

1<is<m 1<i<m L<i<m)2

- 11 (1= tityg; )™ T (= titmagy 0.
H (1 t2q;231) (I-1)/2 H (1 _ tl‘tm il 23l)
Isism 1<i<m)/2

= H (1 —titjq, >H)~! H (1 — g2~ (=D/2,

1<i<j<m 1<i<m

We have deduced that the v-parts of the two sides of equation (3.8) coincide if [ is odd.

If [ is even, the left hand side of equation (3.8) is equal to

1_[ (1_ttjq—251) -l H (1 t2qv_25[) l/2'

1<i<j<m 1<i<m

n .
Moreover, we have (92 c)w; = w§ = w;y m. Hence w;w;, m for 1 < i < 2 are the places of
) 1 i i+3 1H+3 2

L’ over v. The corresponding right hand side is equal to

1_[ H tzt2+kqv_281) (1 o qz}—Qsl)—m/Q . H (1 o tztmﬂqv_%)

k<np2 Isism 1<i<m/2
= [ J]  O—titiwg,™)™ ] (= titing, )]
1<ism %+1<k$m71 1<k$% 1
(1= titiymq, )"0 [T (1 =t3g,>) 72 [ (1 —titmaig, ™)
I<is<m 1<i<m 1<i<m/2
- (1 —tityg, ™)™ [ (O =titmeg®) 272 [ (1 —tg, )72
1<i<j<m,j—izm/2 1<i<m/2 1<i<m
= ] Q—=tityg,>H™" [ 1 =tigr>H 7"
1<i<j<m 1<i<m

4. PERIOD RELATIONS WITH EXPLICIT POWERS OF (27%)

4.1. Critical characters and CM-periods. Let x be a Hecke character of F' with infinity-type
z®z% at 1 € X. We say that y is critical if it is algebraic and moreover a, # a; for all ¢ € Jp. This is
equivalent to the motive associated to y having critical points in the sense of Deligne (cf. | D).
We remark that 0 and 1 are always critical points, if x is conjugate selfdual.

In the critical case, we can define ®,, a subset of Jr, as follows: An embedding ¢ € Jr is in
®, if and only if a, < a;. Clearly, ®, is a CM type of F. Given any CM-type ®, we say that x is
compatible with @ if & = @, .

Let x be an algebraic Hecke character of F' and let ¥ — Jg be any subset such that ¥ n ¥ = (.
Attached to (x, ¥) one may define a CM Shimura-datum as in section 1.1 of | |, and a num-
ber field E(x, V) which contains Q(x) and the reflex field of the CM Shimura datum defined by
U. Moreover, one may associate a non zero complex number pr(x, ¥) to this datum, which is well
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defined modulo E(x, ¥)*, called a CM-period: As CM-periods pr(x, ¥) will only be a technical
ingredient in our arguments, not showing up in the final formulas, we believe that it is justified
not to repeat their precise construction here, but refer for the sake if brevity to the appendix of
| |. We also write p(x, ¥) instead of pr(x, V) if there is no ambiguity concerning the
base field F'. Slightly abusing our notation, we denote

E(x) = Uy E(x, V).

It contains Q(x) - FE (but may in general be bigger than that).

Remark 4.1. The group Aut(C) acts on the CM Shimura datum. The CM-periods are defined
via certain rational structures of cohomological spaces. We may choose the rational structures
equivariantly under the action of Aut(C), and get a family of the CM-periods {p(“x, Py ) }reaut(c)
which only depends on the restriction of o to E(x).

4.2. Period relations for CM-periods.
Definition 4.2. Let 1 be an element in Aut(F). For ¢ € Jr, we define :V € Jp as 10 9.

Recall from §3.2 that we may interpret ¥ also as automorphism of Ay, and define XY =xod .
Applying Def. 4.2, it has infinity-type 2%? z%? at .. In particular, if y is algebraic (resp. critical)
then so is x”. In particular, if x is compatible with a CM type ¥, then XV is compatible with the
CM type \Iliil.

Proposition 4.3. Let x be a critical Hecke character of F'. Let V be a subsel of Jp such that
U NV =¢F Let ¥ be an element in Aut(F'). Then we have:
-1
PG T) ~piy PO, T )
which is equivariant under Aut(C/F&al),

Proof. Let Tp := RespgGm,r be a torus. We define a homomorphism hy : Resc/rGm,c — Trr
such that for each ¢ € Jp, the Hodge structure induced by hy is of type (—1,0) if « € ¥, of type
(0,—1) if ¢ € ¥, and of type (0,0) otherwise. The pair (T, hy) is then a Shimura datum. The
composition with ¢ induces a morphism of Shimura data h : (Tf,hy) — (Tr, hye-1). Now the
expected relation between CM-periods follows as in Lemma 1.6 in | |. We also refer to
Proposition 1.2 of | | for more details. O

We recall some other properties of CM-periods. The proof is similar to the previous proposition
and can be found in Proposition 1.1 of | |.

Proposition 4.4. Let L be a CM field containing F', v € Ji, and let x, X' be critical Hecke characters
of F'. Let U a subset of Jp such that V n ¥ = & and let ¥ = V1 1 Wy be a partition of ¥. Then,

PO ) ~Ep)Exe) POGY) PO, T)

p(x, V) = p(x, V1 1 ¥s) ~E(x) p(x, V1) p(x, ¥2)
pOGY)  ~pyy (G Y)

P(XONaamt)  ~Bg  POXGUR)

The first three relations are equivariant under the action of Aut(C/FE), the last one is equivariant
under the action of Aut(C/LE).

E

We will also need the following lemma (cf. (1.10.9) in | 1)
Lemma 4.5. For any t € Jg, we have
(4.6) Pl lagst) ~q (2m0) "

which is equivariant under the action of Aut(C).
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4.3. A result of Blasius. The special values of an L-function for a Hecke character over a CM
field can be interpreted in terms of CM-periods. The following theorem was proved by Blasius,

presented as in | |, Prop. 1.8.1 (and the attached erratum | |, p- 82).
Theorem 4.7. Let x be a critical Hecke character of F and recall Y = x ¢

value of L(s,x), we have

=x". Form a critical

L5 (m, x) ~p(y) (2mi)™

is equivariant under the action of Aut(C/F&a).

p(>27 (I)X)

4.4. Special L-values of automorphically induced representations.

4.4.1. Cohomological representations I, and I1,,. Blasius related critical values of Hecke L-functions
to CM-periods. We now prove two new results of the same form for critical values of Rankin—Selberg
and Asai L-functions of automorphically induced representations.

Let L (resp. L) be a cyclic extension over F of degree n (resp. n — 1) which is still a CM
field. Let x (resp. x’) be a conjugate self-dual algebraic Hecke character of L (resp. L'). We
consider L and L' as subfields of C and denote by LL’ < C the compositum of L and L. We write
L% (resp. L't) for the maximal totally real subfield of L (resp. L'). It is easy to see that LTL'" is
an index 2 subfield of LL'. Hence LL' is also a CM field.

Let ¢ be an element inside the CM type ¥ of F. We write t1,t9, -+, iy (vesp. ¢, th, -+ i, 1)
for the embeddings of L (resp. L’) which extend ¢. For each 1 <i<nand 1 <j <n—1, write ¢
for the unique embedding of LL" which extends ¢; and .

We write the infinity-type of x (vesp. X') at ¢; (vesp. () as z%Z~% (resp. 2% 770 with a; € Z
(resp. b; € Z). By permuting the embeddings we may suppose that the numbers a; (resp. b;) are in
decreasing order. Next recall the automorphically induced representations II, and II,s, as defined
in §3.2, attached to x and x’. As x and x’ are assumed to be conjugate self-dual, so are II, and
IL,.

Let us assume moreover that the numbers in {a;}1<i<n (resp. in {bj}1<j<n—1) are all different,
i.e., the infinity-types of y and x’ are regular. With this extra assumption | , Lem. 3.14] im-
plies that both representations II, and II,, are in fact cohomological. Hence, recalling the general
description of the image of automorphic induction (see again §3.2, our explanations and the reference
[ |, Chp. 3, Thm. 6.2, therein) II, and IL,, are indeed unitary conjugate self-dual, coho-
mological isobaric sums, fully induced from different cuspidal automorphic representations (here we
remark that the isobaric summands must be different for II, and II,s, because they are cohomolog-
ical; cf. §1.4.1). In other words, II,, and II,/ serve as Eisenstein representations as in §1.4.3.

4.4.2. Rationality for the Asai L-function of 1.

Proposition 4.8. Let x be a conjugate self-dual algebraic Hecke character of L with reqular infinity-
type. Then,

(49) LS(lv HX7 AS(_I)TL) ~E(x) (27Ti)n(n+1)d/2 1_[ H [p(j(a Li)i_lp(iﬁ Zi)n_i]
e 1<i<n

equivariant under Aut(C/LEY).

Proof. Recall that the left hand side is calculated in Proposition 3.6.

Let ¥ be a generator of Aut(L/F). For any 1 < i < n, there exists 1 < s(i) < n such that
Vi = t4(;). Since U is a generator of Gal(L/F'), we know s is of order n in the permutation group &,
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For any 1 < k < n—1, the Hecke character Xﬁk has infinity-type 2%*® 2 “s*@) at ¢; for any 1 < i < n.

a;—

Hence the Hecke character X®x'9k’c = X®X§k’*1 has infinity-type z Uk (i) 3% Tk G) at 1, for any
1 <i < n. Since s*(i) # i, a; — sk(i) # 0, so we know that the Hecke character X®X19k’c is critical.
For any 1 < k <n—1, wedeﬁne\I/k—{LZH <N, a; < agr }—{LZ|1<z<nz>sk()}

We define W, :={i; |1 <i<n,i<s k(i)} and \Ifk =U \I/Lku\I/Lk is the CM type of L associated
LEX

to x ® X —1. By Blasius’s result, Thm. 4.7, and Prop. 4.3 & 4.4, we have:

k (& -\ T ~ ~ k c
LLx®x"°) ~puy @r)"p(x®@x" ¢, Uy)
k

N o . =
~p0o )" (%, Ve)p(x, Ui ).

It is easy to verify that

7" = U [t 11 <i<nmi> 0} ol |1 <i<ni<s0)]

LeX

— U[{Zi|1<i<n,i<s ()ufull<i< nz>sk(i)}].

LEY

Hence we deduce that:

(4.10) L1, x®X") ~py
eIl I  »plew) I oem 11 pGow) I1 0 »(%w)
€Y 1<i<n,i>sk (i) 1<i<n,i<sk (i) 1<ig<n,i<s—k(4) 1<i<n,i>s—k (i)

We first prove the lemma when n is odd. In this case, we know by Proposition 3.6 that

(4.11) LY, ATV = T 280 x@x" ) L5 (1, er/n4).

1<k< 25t
Equation (4.10) implies that:

(27Ti)_n(n_1)d/2 H L(17 Y® Xﬁ’“,c>

1<k< izt

~e0 LI TI0 11 »pw)  J] (o)

1<k<"T*1 LEY 1<i<n,i>sk(7) 1<ign,i<sk (i)

[ »p0) [T »pwl

1<i<n,i<s—* (i) 1<i<n,i>s—F(4)

~E(x) [ H p(Xal/i) H p(szi)]

eX 1sksn—1 1<i<n,i>sk(4) 1<i<n,i<sk (i)

~E(x) [ 1_[ p(Xﬂ/i) H p(Xa ZZ)]

€Y Iisn 1<k<n—1,i>s%(4) 1<k<n—1,i<sk (i)

~E(x) H ' [p(vaiy ! (X? Ll)n Z]'

Recall that by equation (1.38) we have L°(1, EL/L+) ~[Gal (2mi)9". We conclude that

(4.12) L (1T ASTY) ~pgy @i D92 T 06 )™ e 5)" )

LeX 1<isn
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Next, if n is even, again by Proposition 3.6, we have:

(413) Ls(l’ﬂvas(_l)n) = H Ls(lvX®Xﬂk’C)LS(]ﬂSL/L‘*’)LS(LX |AL" ®6L/Lb)‘

I<k<2z?

Similar to above, one may deduce from (4.10) by a simple calculation that

@mi)® =22 T I [ I1 P(X; ti) I1 p(X; 23)]-

LEX 1SISn 1<k<n—1,k# 5 i>s% (1) 1<k<n—1,k# % ,i<sk(i)

Recall that LS(l,aL/L+) ~rca (2mi)®. It remains to calculate L%(1,y |a,, ®ep)1p) in (4.13). The
complex embeddings of the CM field L := Llﬁc are ¢; |;» with ¢ € ¥,1 < i < n. We remark that

a;— “S"/Q(i)z_“i"'as”ﬂ(i) at i, and

(¢i |£2)¢ = tgnr2(sy o The Hecke character x [4 , has infinity-type z
the Hecke character €r,r» has trivial 1nﬁn1ty—type
We define ¥ := {1; || a; < agnrzgy, L <i<n} = {4 || i> s™2(i),1 < i < n}. Then the Hecke

character y |a 1 Qe is compatible with the CM type [ \IJI’
LEX
Using Prop. 4.4 we deduce thereof

LS(L X |ALb ®5L/Lb>

~E(x) (2mi) ™ 2p(x |a,, @ U )
LEX

~po  (2mi) ™2 H H p(X [a,, ®ipmestilrp)

€Y 1<i<n,i>s"/2(4)

~E(x) (2md) /2 H H p([X |a,, ®irypp] o Nayja,, i)

LEX 1<i<n,i>s"/2(4)

~p @] T prex”

LEX 1<i<n,i>s™/2 (i)

~E(x) (27Ti)dn/2 H[ H p(X? Li) ) 1_[ p(X? an/Q(i)]

n
2

7Li)

€D 1<i<n,i>s™/2 (1) 1<i<n,i>s™/2 (i)
\dn/2 Y X, L,
~po Cr)™2T0 T pew) - ] el
LEX 1<i<n,i>s"/2 (i) 1<i<n,i<s™?2 (i)

We conclude that when n is even we still have the following relation:
L9(1,10,, AsCD"™)

~ppg @E)TCTVRTT T T P(X; ti) 11 P(X; )]

EX Iisn i>sk(i),1<k<n—1 i<sk(i),1<k<n—1
dn(n+1)/2 n—i
~E(x) (2mi) )/ 1_[ H XaLz p(x, )" ']
e 1si<n

Finally, we remark that all the relations above are equivariant under the action of Aut(C/L%).

0

The previous lemma and Theorem 1.42 imply immediately the following period relation for cus-
pidal automorphically induced representations II,:
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Corollary 4.14. Let x be a conjugate self-dual algebraic Hecke character of L with regular infinity-
type. If 11, is moreover cuspidal, then

p(Ly) ~ gy Bey eye) @)D TT T [0 w)™ ek 5)" ]

LY 1si<n

which is equivariant under the action of Aut(C/LE%).
4.4.3. Rationality for the Rankin-Selberg L-function of I, x IL,,. We obtain

Proposition 4.15. Let x (resp. X') be a conjugate self-dual algebraic Hecke character of L (resp.
L") with regular infinity-types. Assume the IL is cuspidal and that (II,,I1,/) satisfies the piano-
condition, cf. Hypothesis 1.44. Let % +m e Crit(IL, x II,s). Then,

L5 (5 +m, Ty x T) ~ g 5(x)5(0)
(L m)an{n— g n—i n—
(2mi) (2 Fmdn( ”H( [T () o m)™ 1 T (X )P p(x!s )t ]])
ey \1<i<n 1<j<n—1
equivariant under the action of Aut(C/(LL)%).
Proof. We know that:

1 1
(4.16) LS(§ +m, I, x [I) = LS(g +m, (x o Na,,a.) (X 0 Na, . a, )00 Ny, /ar))

= L%(m, (x o Na, ,/a, )X ©Na, /) (@0 Na, ap)
Since ¢ has infinity-type z'z°
Na, a) (X ©Ny, ,,a, ) (00 Ny, ap) at b is z

a1>—bn_1—%>a2>—bn_2—%> > b1 2>an

at each ¢, the infinity-type of the Hecke character x# := (y o
ai+bj+1z=ai=bj The piano-condition implies that:

Define ®, := {1;; | a; +bj +3 <0} = {;j | i+ j >n+1} and ®; := {;; | i + j < n}. Then the
Hecke character x# is critical with respect to the CM type J ®, U ®;. An easy check shows that
LEX

% + m is critical for II, x II,, if and only if m is critical for x#. By Blasius’s result, Thm. 4.7, one
has

Ls(m, X#) ~BE(c#) (27rz)md” n= 1 U o, L D)

I

Applying Prop. 4.4 to the CM-period on the right hand side implies that

X7, U D, U D) ~pu# HP(X#, P, U P;)

LeY ey
sy 11 1T pO0Fus) |1 G750,
e¥i+j=n+1 i+j<n

Next observe that

[T p(&# )

i+j>n+1
~BE(c#) H [p((X © Na,,/n,)stig)POX" © Na, L sn, > tig)P((6 0 Nppyp), vig)]
i+j=n+1
~E(x#) H [p()Z, Li)p(ila L;)p(é7 [’)]
i+j>n+1

T E(x#) H p(Xs Li)iil . H p(;&lv L;,)J' .p(d;? L)n(nfl)/2

1<i<n 1<jsn—1
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Similarly, we have

H P(V Lz,] E(x#) H p(X, %) n—i H p(X L) —J p(é’z)n(nfl)/%

i+j<n 1<isn 1I<j<n—1

Again by Prop. 4.4 and Lem. 4.5, we know that

(6, )p(9,7) ~p(g) PG, )P(6, 1) ~p6) P(| - |71 0) ~pg) 2mi.
We finally deduce that

1
(2mi)~ (g +m)dn(n=1) S (5 +m. I x TLy)

~E(X)E(X)E(¢) H(l [p(f(,u) "p(x,m)"” Z] H [p(X?LJ)p(X7L]) J])

LEX <i<n 1<j<n-—1

~EG)E()E($) H( [p(%0) o m)" T [ [ e, )t j])
1<i<n

LES 1<j<n—1
where the last equality is due to the fact that x’ is conjugate self-dual, and hence
p(X 5P V5) ~ By POX @ X, 15) ~ By P(L, 1) ~ () 1.
It is easy to see that all relations above are in fact equivariant under Aut(C/(LL")%%). O

4.5. Explicit determination of the archlmedean factors a(Ily,) and p(m, Iy, I1.). We recall
the archimedean factors a(Ily) and p(m, I, IT,)) from Thm. 1.42 and Thm. 1.45, respectively. Due
to a profound theorem of B. Sun, we know that both factors are in fact non-zero (for any choice of
generators [I1], [II'] and any critical value 3 + m). Here, we will determine them explicitly, reveal-
ing them as concrete powers of (27i). To this end, we recall once more our standing assumptions
concerning possible choices of generators [II], namely Conventions 1.24 and 1.29.

Our main idea of proof is to replace our original representations II and II” with particularly simple
automorphic representations, with isomorphic archimedean components, hence giving rise to the
same archimedean factors a(Ily) and p(m, Iy, II,,), cf. Rem. 1.18. In view of the previous sections,
these auxiliary automorphic representations shall be constructed by automorphic induction from
suitable Hecke characters, on the one hand, and as isobaric sums of Hecke characters, on the other
hand: This approach enables us to use all of our calculations of critical L-values of Ranking-Selberg-
and Asai- L-functions from the pervious sections. Here is our theorem

Theorem 4.17. Let I1 by a conjugate self-dual cuspidal automorphic representation of GL,(AF),
which is cohomological with respect to £,. Recall the abstract archimedean factor a(Ily) from Thm.
1.42, which is uniquely determined by [II]. If p is sufficiently regular, i.e., if p,j — p, j+1 = 2 for
allte ¥ and 1 < j <n—1, or if not, that Hypotheses 4.20 and 4.26, to be formulated in the proof
below, hold, then

a(Ile) ~ ey (2mi) ™"
which is equivariant under Aut(C/F&).

Proof. As pointed out above, we shall prove this theorem by constructing three auxiliary represen-
tations, I, II s and II’, with appropriate archimedean factors.

Construction of II,.: Since we are only concerned with the infinity-type {z*iZ7%} <<, at ¢ € ¥ of
II, we first replace II by a simpler representation with the same infinity-type. We take a CM-field
L which is a cyclic extension over F' of degree n. We write ¢1,- -+ ,t, for the elements in J;, which
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extend ¢. If n is even, we let t = %, otherwise we let ¢ = 0. In any case, a,; € % +Z,s0 a,;—t € 7.
By lemma 5.1 of | |, there exists an algebraic conjugate self-dual Hecke character x of L, with
infinity-type z%i~tz7%i*" at 1;, such that (I, )y = IIo,. We recall that if x satisfies x? # x for any
non-trivial § € Gal(L/F), then II, is cuspidal (cf. Chp. 3, Lem. 6.4 of | | and its completion
in | |, Thm. 2). Hence, after twisting by an appropriate finite order Hecke character, we may
assume that II, is cuspidal.

Construction of IL s For each ¢, let ¢,1,¢,2, ++ ,C,nt1 € (% —t) +Z = § + Z such that
C1 > —Qpn >C2> "> —Q1>Cntl-

Recalling that a,; € ”T_l + Z are all different, such a choice is always possible. We now take another
CM field L* which is a cyclic extension over F of degree n+ 1. Let x* be a conjugate self-dual Hecke

character of Lf such that Xi(z) = ZCL’i_(%_t)Z_C”JF(%_t). At the cost of twisting x* by a Hecke
character of finite order, our second auxiliary representation II 4, automorphically induced from
! to GL,+1(AF), may again be assumed to be cuspidal. By construction, its infinity-type equals
{20127 % }<i<nyr1 at ¢ € X, hence the pair (IL4,II,) satisfies the piano-condition, cf. Hypothesis

1.44.

Xt

We may hence apply Theorem 1.42 and Thm. 1.45 to I, s and II,, and get that for any critical
point 3 +m eCrit(IL 4 x I1,),

LS(% + m’HXu X HX) -~ p(m7HXu7ooa]:[X,OO)

AsCI LS (1,11, AsCD7) PPN (I, a (T )

(4.18)
L5(1,10,,
which is equivariant under the action of Aut(C/F%). Here we could remove the Gauf sum G(wn, ;)
by Remark 1.46. On the other hand, Prop. 4.8 & 4.15 imply that the same quotient satisfies the
relation
(4.19)
L3(5 +m,IL; x II)
LS(1,T0, AsCD" ™) LS (1,10, As(-D™)

which is equivariant under the action of Aut(C/(LFL)%%).

(3+m)dn(n+1)—%d(n+1)(n+2)—2dn(n+1)

~EGHECOE() (27)
Xﬁa

If p is sufficiently regular, ie., if p,; — p,j41 = 2 for all v € ¥ and 1 < j < n — 1, we may
obviously adjust x* such that there exists critical point % +m € Crit(Il,; x II,) with m > 1. In
particular, the critical L-value L® (% +m,IL 4 % I1,) is non-zero. As a consequence, we can use the
transitivity of “~”, cf. Rem. 1.31, if u is sufficiently regular, and compare (4.18) with (4.19).

If, at the contrary, u fails to be sufficiently regular, we may always still take m = 0, cf. §1.7.1.
In order to be able to use the transitivity of the relation “~” (so to compare (4.18) with (4.19)) we
have then to assume the validity of

Hypothesis 4.20. There exists x* and x as above such that LS(%,HXu x II) # 0. Equivalently,
L5(3, ("o Na, ja,)(x© Na, jag )10 Ny, ja)) # 0.
As a consequence of Cor. 1.47, the hypothesis actually implies that L° (%,"qu x ?1II,) # 0 for

all 0 € Aut(C). (Rephrased in terms of Hecke L-functions L°(3, (xf o Na o /A )(x o NALuL/AL)(n o
Ny ., /a,)) this is also a corollary of | |, Thm. 9.3.1.)
LiL/AF
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Merging (4.18) with (4.19) and applying our Minimizing-Lemma, cf. Lem. 1.34, we finally conclude
that

p(m, Hxﬁ,om HX,OO)

~ 211 ( +m)dn(n+1)— (n+1)(n+2)_ldn(n+1)
a(qu,oo)a(HX’oo) E(IL ) E(ITy) (2mi)'2

(4.21)

which is equivariant under the action of Aut(C/(LFL)%%).

Construction of II’: We now construct another auxiliary representation of GL,(Ap). For each
1 < j <n,let x; be a conjugate self-dual Hecke character of F' with infinity-type 2%~ 'z7%J Tt at
L € Y. We define
Hb,:{Xl'--Xn if n+ 1 is even
‘ (xin)®H...dH (xnn) ifn+1isodd

The resulting automorphic GL,, (A r)-representation IT” is unitary, cohomological and conjugate self-
dual, hence comes under the purview of §1.4.3. Moreover, I’ = IT, », and so the pair (IT,:, II’)
satisfies the piano-condition by construction.

xts

Let m be specified as in our second construction-step above. Since Crit(ILx x 1) =Crit(IL s x I1y),
Thm. 1.45 and Rem. 1.46, imply that

)p(IT)p(m, T4 o, 112,

b
(4.22) L3 +m, I, x 1) ~QU_)aqr) p(IL s

On the other hand, we know that

LS +m, M xT) = [ LG +m X @(xmoNa,n) = [ LEm '@ (xiéo N, /ap))-

1<jsn 1<jsn

1 1
The Hecke character x* ® (xj¢ o NALﬁ/AF) has infinity-type 2% T¢it2z7%i~i*32 at ;. Hence it
is compatible, cf. §4.1, with the CM type

Jtulizn+2-ju{ali<n+1-j}
LEX

By Blasius’s result, Thm. 4.7, we have:

L% (m, x* ® (x;0 © NALﬁ/AF))

~YEX)E(x;)E(9) 27” md(n+1) H H Xja )p(dv)v L) 1_[ p(xﬁa L_Z)p(S(]’ Z)p(&a Z)
LEX i=Zn+2—7 i<n+1—j
Denote [] E(x;) simply by E’. Then
1<j<n

(4.23) LS +m I, x )
— H L5( m,Xﬁ®(Xj¢ONALﬁ/AF)>

1<j<n

~peypee ) TOTIIC T pGE @)™ (8 )™ 0 C [T pOGs 0~ (0" )

ey 1<i<n+l1 1<j<n

(p(9,0)" "D 2p(6, 0y D))
~ B B E(6) (27r) (5 +m)dnC COTTIC [T pGE )™ oG )™ C T 2O ) (i, 0 )]

ey 1<isn+l 1<j<n
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where the last equation is due to the fact that p(¢,)p(o,7) ~E(e) 2.

On the other hand, by Corollary 4.14 we know that
(4.24)  p(ILx) ~E(IL ) E(x) (L5 o)t (2mi) A 22 H H [P, 1)~ o, )" .

EeX I<isn+1

Moreover, by Corollary 2.13, we know p(IT’) ~pame@ 11 L(1,x; ®Xx)): We point out that
1<j<k<n
here our assumptions Conv. 1.24 and 1.29 enter the proof.

The Hecke character x; ® x;/ = x; ® xj has infinity-type z“%i_‘iﬁv’fz_a%ﬁa%’f. Since j < k, we
know a,; — a,) > 0 and the character x; ® xj is compatible with 3. Therefore,

[ Lx®xi) ~z @02 1T []e(a0

1<j<k<n 1<]<k<n I

~E’ (27TZ dn (n=1)/ H H X]7 ka L)]

1<j<k<nex
~ g (QWi)dn(n_l)/QH H [p(Xj7L)j—1p(Xj’Z)n+1—j]

teX 1<y<n
and hence
(4.25) P(0) ~ gy Ce)™ V2T T [p0G, 0 e, 0™ ).

X 1<j<n
As above, we assume that either p is sufficiently regular or, if not, the validity of the following

hypothesis
Hypothesis 4.26. There exists x' and Xj, 1 < j < n as above, such that LS(%,HXu x II°) # 0.
Equivalently, L(%, (xto Ny, /ap)xin) # 0 for all 5.
As before we notice that this hypothesis, as combined with Cor. 1.47, implies the non-vanishing of
LS(%, TTL 5 % 7T1) for all o € Aut(C). We may now use again the transitivity of the relation “~”, see

Rem. 1.31. Hence, comparing (4.22), (4.23), (4.24) and (4.25), and invoking our Minimizing-Lemma,
Lem. 1.34, we deduce that:

p(m, Hxﬁ,ooﬁ Hgo)

+m)dn(n+1 dn+1 n+2)—idn(n—1
(4.27) SR ~ e (2i) (3 +m)dn(n+1)~ hd(n 1) (n+2) - fdn(n—1)

Conclusion: Comparing (4.21) with (4.27), invoking Rem. 1.18 and applying our Minimizing-Lemma
once more, we conclude that a(Ily x) ~par,) (2mi)™™. As ITy 0 = I, Rem. 1.18 and applying our
Minimizing-Lemma finally imply the desired relation a(Ily) ~pg(m) (27i)®™ for our given cuspidal
representation II.

For the last assertion, observe that the relation for a(Ily) is independent of the choice of field
extensions Lf and L. Hence, it is in fact equivariant under the union of all groups Aut(C/(LFL)%4),
taken over all L# and L, which are cyclic CM-extensions of F of prescribed degree. By class field
theory, this union is Aut(C/F&). O

Remark 4.28. Instead of the regularity-condition on u, we could have equivalently assumed that
there is a conjugate self-dual cuspidal automorphic representation IT# of GL,, 1 (Ar), satisfying the
piano-hypothesis when coupled with II, and % + m eCrit(II* x IT) with m # 0. This assumption,
however, just reads far more elaborate than the simple obstruction on the highest weight u.
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Let now II and II" be automorphic representations as in Thm. 1.45 and assume that their
archimedean components II,, and II/  are conjugate self-dual. Choose conjugate self-dual Hecke
characters x of L and x’ of L' as in §4.4.1 such that II, o =~ I, and II,s o, = II},. By re-adjusting
the characters, if necessary, we may impose that II, and likewise II, is cuspidal. For reference in
the theorem below we record our last

Hypothesis 4.29. There are characters x and X' as above such that LS(%,HX x ILy) # 0. Equiv-
alently; LS(%? (X % NALL//AL)(X/ o NALL//AL/)(U © NALL//AF>) # 0.
We obtain

Corollary 4.30. Let I and II' be cohomological automorphic representations as in Thm. 1.45
and assume that their archimedean components . and 11, are conjugate self-dual. Let % +m €
Crit(II x II") be a critical point. If m = 0 we assume Hyp. 4.20 & 4.26 for II and I, whenever u
or i/ are not sufficiently reqular, and moreover Hyp. 4.29. Then,

~mdn(n—1)—L1d(n—1)(n—
p(mvr[OOaHgo) ~E(I)E(IT) (271) dn(n—1)—3zd(n—1)(n—2)

is equivariant under the action of Aut(C/F&).

Proof. Choose some algebraic conjugate self-dual Hecke characters x and x’ as in §4.4.1, such that
II, and II,/ are cuspidal with II, o, = Il and I,/ = II,,. As pointed out above, this is always
possible. Let & + m eCrit(Il x IT') =Crit(II,, x II,/). If m # 0, then our description of the set of
critical points for Eisenstein representations, which satisfy the piano-condition, given in §1.7.1, tells
us that the highest weights p and p' of the finite-dimensional coefficient modules &, and &£/, with
respect to which II,, and II/, are cohomological, are sufficiently regular. Hence, Thm. 4.17 holds
for Iy and II,/, i.e., we have a(Ily ) ~pq1,) (2mi)4" and a(Ily o) ~E(I,) (2m)@=1)  Moreover,
as 3 +m # 3, the critical L-value L%(3 + m, °II, x °II,/) is non-zero for all o € Aut(C). Hence,
(4.21) is valid, which yields
. D) - d(n—1)(n—
p(m, Moo, Tl o) ~ (i1, p, ) (2m0) 407D 72 =002),

Invoking our Minimizing-Lemma, cf. Lem. 1.34, shows the claim for m # 0. If m = 0, then our
additional assumptions imply that one may in fact argue as for m # 0. This completes the proof. [J

4.5.1. Some remarks on our hypotheses. The reader will have observed that we invoke our non-
vanishing hypotheses Hyp. 4.20 and 4.26 in the proof of Thm. 4.17 only, if we have no critical
point s = % + m, with m # 0 at our disposal. Similarly, we only invoked Hyp. 4.29 in the proof of
Cor. 4.30 only, when we wanted to determine p(m, 1y, II,,) at the center of symmetry, i.e., at m = 0.

Indeed, whenever we (may) consider a non-central critical point s = % + m, m # 0, our results,
Thm. 4.17 and its corollary, Cor. 4.30, hold unconditionally. Translated into a condition on the
highest weight under consideration — for simplicity let us denote it here uniformly by p = (1,).ex —
the existence of a critical point s = % +m with m # 0 is equivalent to p, ; — p, ;41 = 2 for all L € ¥
and 1 < j <n—1, see §1.7.1. In other words, if the highest weight at hand is sufficiently regular,
then we do not need to assume any further hypotheses in Thm. 4.17 nor do we have to do so, when
we determine p(m, I, II.) at m # 0 in Cor. 4.30.

In the case when our hypotheses are in force, (i.e., if there is either no non-central critical point,
or, if we want to compute p(m, Iy, II.)) at m = 0) we have already reformulated the expected
non-vanishing of the Rankin-Selberg L-function at hand in terms of the non-vanishing of a Hecke
L-function, see Hyp. 4.20, 4.26 and 4.29. The question of non-vanishing of Hecke L-series is largely
addressed by the literature, which in fact provides strong evidence that our hypotheses hold true in
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the required generality: As a first clue for this, we recall a result of Rohrlich. Let 7 be a unitary
cuspidal automorphic representation of GLa2(Ar) or GL;(Ar) (i.e., a unitary Hecke character of F’
in the latter case). Then the main result in | ] shows the non-vanishing of L°(3,7 ® x) for
infinitely many twists by Hecke characters y of F'.

Unfortunately, Rohrlich’s result is not sufficient for us to actually prove the validity of our hy-
potheses, since it does not provide the additionally necessary, qualitative information on the twists
X, required by our proof, like being conjugate self-dual, for instance.

However, Rohrlich’s result fits into an increasingly general series of explicit results and conjec-
tures about the non-vanishing of standard L-functions — over CM-fields we refer to | |, Thm.
3.15 and Thm. 3.16, | |, Thm. 5.1 and Thm. 6.3, and | |, Conj. 1.1. From
these references we extract the following, very general conjecture

Conjecture 4.31. Let H, = U(V,) be a unitary group over F* of rank n, as in §1.2. Let 7
be a cuspidal automorphic representation Hy(Ap+). Then there exists an automorphic character
a: Hi(Ap+) — C* of finite order, such that LS(%,W@)a) # 0.

If we do not require « to be of finite order, then Conj. 4.31 is known to hold for quasi-split unitary
groups H,, of rank n < 4 and generic, tempered representations . See | |, Thm. 1.4.

Returning to our hypotheses Hyp. 4.20, 4.26 and 4.29, we observe that Conj. 4.31 provides far
more than what we need:

Lemma 4.32. Conj. /.31 for n = 1 implies Hyp. 4.26. Conj. 4.31 for general n implies Hyp. 4.20
and Hyp. 4.29.

Proof. Clearly Conjecture 4.31 for n = 1 implies Hyp. 4.26 since one can twist each y; in Hyp. 4.26
by any conjugate self-dual character finite order.

Hyp. 4.20 and Hyp. 4.29 are of the same form. We provide the argument for Hyp. 4.29: For
simplicity, we may also assume that n is even. We first take any conjugate self-dual Hecke characters
xo0 of L and x’ of L as in §4.4.1 such that II,, o = Il and 1T,/ o, = II/,. Note that LL’ is a cyclic
extension of L of degree n — 1. Let II} be the automorphic induction of x’ o N, App/A, to Lo Itis an
automorphic representation of GL,_1(Az). We can asssume that II} is cuspidal by twisting x’ by
a suitable conjugate self-dual Hecke character finite order. Moreover, IT} being conjugate self-dual
and cohomological ensures that it is in the image of quadratic base change from some unitary group
H,/F7", see | |, §6.1. By Conj. 4.31, there hence exists a conjugate self-dual Hecke
character 8 of F' of finite order, such that LS(%, (IT, ® xo(n © Na,/a,)) ® B) # 0. (Expleitly, f is
simply defined by sending z € A% to a(z(2¢)71) for « as being provided by Conj. 4.31.) We note
that L%(5, (I, ® x0(1 © Na,/ar)) ® B) = L(3, (x0B 0 Na,,,/a, )X © Na,pjm, )60 Nayag)):
Therefore, letting x := xo/3, we obtain the assertion of Hyp. 4.29. O

5. OUR FOUR MAIN THEOREMS FOR SPECIAL L-VALUES

5.1. Critical values of Asai L-functions. Our first main theorem for special values has two
assets: Firstly, it generalizes Thm. 1.42 to isobaric representations II' = II; [ ... @ I, with an
arbitrary number of conjugate self-dual cuspidal summands II;. Secondly, we are able to explicitly
determine the archimedean factor in the resulting relation due to our calculations in §4.4 as a
concrete power of (27i). In what follows, we write ,u?'g for the highest weight of the algebraic
representation with respect to which H?Ig, cf. 2.12, is cohomological. We recall again that our two
conventions, Conventions 1.24 and 1.29, are in force.
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Theorem 5.1. Let II' = II; @ ... @ II; be a cohomological isobaric automorphic representation of

GL,(AF) as in 1.4.3, such that each cuspidal automorphic summand I1; is conjugate self-dual. If

u?lg s not sufficiently regular, we assume Hyp. /.20 & /.26 for H?Ig. One has

LS(LH/7AS(_1)”) ~E(I) (27”’)dnp(nl)
which is equivariant under the action of Aut(C/F&al).

Proof. On the one hand, by Lem. 3.3 we know that

>

L5110, AsCD") = [L8(L I8 AsCD™) o [T L1, x II).

i=1 1<i<j<k

Since H?Ig is unitary conjugate self-dual, cuspidal and cohomological, we may apply Thm. 1.42 and
by our extra assumptions on H?Ig moreover Thm. 4.17 to get

L5 (LTI, AsCY™) ~ ey a(TI8 )p(TIE) ~ o) (2i) ™ p(IT %)
which is equivariant under the action of Aut(C/F&a).
On the other hand, by Cor. 2.13, we have

pI) ~payee || pE%) ] L9, x I0y)

1<i<k 1<i<j<k

which is also equivariant under the action of Aut(C/F&). Hence,

LS (1,11, Ast1") ~

o

k

. dni . AN -\ d !
e L1 P = (2xi) ()
i i i=1

We apply the Minimizing-Lemma, cf. Lem. 1.34, in order to shrink the base field of the relation to

E(IT'). This shows the claim.
O

5.2. Critical values of Rankin-Selberg L-functions. Our second main theorem for special val-
ues provides a explicit refinement of Thm. 1.45, revealing the archimedean factor p(m, Iy, IT,)) —
extending Cor. 4.30 — also for non-cuspidal isobaric representations II" as an explicit power of (27i).

As before, we may choose some appropriate algebraic conjugate self-dual Hecke characters x and y’
as in §4.4.1, such that II, o, =~ I, and I,/ o, = II7,. We write IT,» = L,y B ... B IL,/ 4.

Theorem 5.2. Let I and II' be cohomological automorphic representations as in Thm. 1.45 and
assume that their archimedean components Iy, and 11, are conjugate self-dual. Let %—km € Crit(IT x
IT') be a critical point. If m = 0 we assume that there are algebraic conjugate self-dual Hecke
characters x and X' as in §4.4.1, such that I, is cuspidal and such that (I1,,I1,/) satisfies Hyp.

lg . .
4.29 and moreover, that whenever y or ,uj(,%i is not sufficiently reqular, Hyp. 4.20 & /.26 hold for 11
resp. H;I,gi. Then,

A\mdn(n—1)—2d(n—1)(n—
L3(3 +m, 1 x ') ~pmpar) (2md)"™ D724 D02 (1) p(I1)G (wrr,)

which is equivariant under Aut(C/F&al).
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Proof. Let x and ' be appropriate algebraic conjugate self-dual Hecke characters as in §4.4.1,

such that II, o =~ Il and I,/ o, = II',. We may arrange that II, is cuspidal and write II,, =

Iy B...[BIL . Let & +m eCrit(Il x II') =Crit(Il, x II,/). If m s 0, then our description of the
. . . . . . alg .

set of critical points, cf. §1.7.1, implies that the highest weights u or fyr; Are all sufficiently regular.

In particular, the automorphic representations I, and II,, then satisfy the assumptions of Thm.
1.45 and Thm. 5.1. Hence, we obtain

LS(% + m7 HX X HX/) p(m7 HX7CD7 Hxlvoo)

(5:3) LS(1,TL,, Ast ") L8 (1, Ty, A7)~ PIEEN) T o dtn1)

which is equivariant under the action of Aut(C/F%). On the other hand, applying Prop. 4.8 and
4.15 shows that the same quotient satisfies the relation

L5(3 +m, I, x IL/)
LS(1,1L,, AsC U™ LS (1, T, AsCD" )

which is equivariant under the action of Aut(C/(LL')%). As 3 +m # 1 we have L%(3 + m, II, x
II,/) # 0, so we may combine (5.3) and (5.4) and obtain

(3 +m)dn(n—1)—dn?

(5.4) ~E()E()E(p) (2mi)

~mdn(n—1)—1d(n—1)(n—
p(m,Hoo,Hgo) NE(H)E(H’) (27T’L) d ( 1) Qd( 1)( 2)

by the Minimizing-Lemma, cf. Lem. 1.34. Hence, the result follows for m # 0 from applying Thm.
1.45 to IT and IT'. If finally m = 0, then our assumptions on II and H;’(I,gi imply that one may argue
as for the case m # 0. This completes the proof. O

5.3. Quotients of critical L-values. As a consequence of Thm. 5.1 and Thm. 5.2, we obtain
another two rationality-results, both for quotients of critical L-values, see Thm. 5.5 and Thm. 5.6
below. It is one of their advantages that they avoid any reference to bottom-degree Whittaker
periods, but express the respective ratio of critical L-values purely in terms of powers of (27i).

Let us point out that the first of these theorems, Thm. 5.5, establishes the main result of | |
for general CM-fields F', and a general pair of automorphic representations (II, IT') of GL,(Ap) x

GL,—1(Ap) satisfying Thm. 5.6, as compared to the case of totally real fields F'* and a pair of
cuspidal cohomological representations (o, 0’) of GL,(Ap+) X GL,/ (Ap+) considered ibidem. While

the second theorem, Thm. 5.6, will allow us to prove a version of the refined Gan—Gross—Prasad

conjecture for unitary groups in §6 below. It is also closely connected to Deligne’s conjecture for

motivic L-functions, see Rem. 5.8.

Theorem 5.5. Let II and I’ be as in Thm. 5.2 and let 1 + m, % + € € Crit(II x I') be two critical
points. Whenever LS(% + 0,11 x II') is non-zero (e.g., if £ #0),
L3 +m, I x IT')
LS+ ¢TI x IT)
and this relation is equivariant under the action of Aut(C/F%). In particular, if L% (3 +m, I x II')
is non-zero (e.g., if m # —1), the quotient of consecutive critical L-values satisfies
L5(3 +m, I x IT')
LS(3 +m, I x IT)
Proof. This follows directly from Thm. 5.2. O

)d(m—f)n(n—l) .

~pmEar) (2mi

(27ri)dn(n=1) € E(I)E(IT).

This theorem also generalizes | |, Thm. A, where an analogously explicit result has been
proved (under different assumptions) for pairs of cuspidal representations (7, ).
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Theorem 5.6. Let II be a cohomological conjugate self-dual cuspidal automorphic representation of
GL,(Ap) and let TI' = TI; A ... A g be a cohomological isobaric automorphic sum on GL,_1(Ap),
fully induced from distinct conjugate self-dual cuspidal automorphic representations Il;. Assume
that the highest weight modules &£, and £,y of II and II' satisfy the piano-hypothesis Hyp. 1.44. Let
% +m € Crit(Il x II') be a critical point. If m = 0 we assume that there are algebraic conjugate
self-dual Hecke characters x and X' as in §4.4.1, such that I, is cuspidal, (Ily,IL) satisfies Hyp.

4.29 and moreover, that whenever y or ,uj(l,gi is not sufficiently reqular, Hyp. 4.20 & /.26 hold for 11
|
resp. H;,gfi. Then,
L5(3 +m, I x IT')
LS(1,IL, As(=D™) LS(1, 117, AsCD" )

and this relation is equivariant under the action of Aut(C/F&al).

mdn(n—l)—dn(n—i—l)/Q‘

~E(I)E(I1Y) (2mi)

Proof. Let II and IT' be as stated. By Thm. 5.2, see also Rem. 1.46,
L%(3 +m, I x ') ~panear) (2mi)mdn(n=1)=3dn=Dn=2)511) p(IT').

By Thm. 5.1, we have LS(l,H,As(_l)n) ~ B(IT) (27i)%p(I1) and LS(l,H',AS(_l)nil) ~E(IT)
(27)“n=Dp(IT"). This shows the claim. O

Remark 5.7. From the proof we can see that the same strategy works as well for certain non-
cuspidal II, for example, if II is isobaric sum of Hecke characters.

Remark 5.8 (Relation to Deligne’s conjecture). Due to the absence of our Whittaker periods, it
is easiest to interpret Thm. 5.6 from the perspective of Deligne’s conjecture on critical values of
motivic L-functions. Indeed, in Thm. 5.6, sg = % + m is critical for L(s,II x II') and sg = 1 is
critical for L(s,II, As(=1") L(S,H’,As(fl)n_l) in the sense coined by Deligne, cf. | |. Invok-
ing the conjectural dictionary between automorphic representations IT and II' and motives, there
should hence be irreducible motives Ml and M’ over F' whose attached Deligne periods capture the
transcendental part of the respective L-value. More precisely, we have:

L33 +m O x ) = L5(m +n —1,M x M') = L5(0,M x M/(m +n — 1)),
L5(1,1L, AsCD") = 29(1, AsCD" (M) = L5(0, AsCD" (M)(1)),
LS(1, I, AsCD" ) = L5 (1, AsC0" 7 (M) = L9(0, AsC D" (M) (1)).
Moreover, one can show that if (I, II') satisfies the piano-hypothesis, then the Deligne periods are
related to each other by the formula
¢T(M x M/ (m + n — 1)) ~ (2mi)mdn(r=1=dn(n1)/2 04+ (Ag=D" (M) (1)) (AsD" 7 (MY)(1))

We refer to §1 of | |, when F* = Q, and to §2 of | | for general F*. As a
consequence, Thm. 5.6 is in perfect fit with Deligne’s conjecture, | , Conj. 2.8].

One can also compare Thm. 5.1 and Thm. 5.2 with Deligne’s conjecture, though the actual
presence of Whittaker periods makes it trickier to interpret our formulas motivically. The difficulty
relies in the problem to find a motivic analogue of our Whittaker periods: At least when IT and IT
descend to unitary groups of all signatures, one can define so-called arithmetic automorphic periods

n

for these representations (cf. | I, [ |), which in fact have motivic analogues (cf. §4 of
[ ). The final bridge between Whittaker periods and arithmetic automorphic periods
is then provided by | | and | |]. We remark that there is an archimedean factor

left undecided in the underlying relations. By a strategy, similar to the one presented here, one
can show however that this archimedean factor is also equivalent to a power of 2wi. One can then
compare the Whittaker periods with the Deligne periods.
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6. OUR MAIN THEOREM ON THE REFINED GGP-CONJECTURE FOR UNITARY GROUPS

6.1. The framework. Let E/F be a field extension of number fields of degree dimpE < 2 and ¢
the unique automorphism of E which has F as fixed points E°=! = F (e.g., E = F and F = F*
from §1.1). Let V be a finite dimensional vector space over E and let (-,-) : V xV — E be a
non-degenerate, c-sesquilinear Hermitian pairing. The connected component of the identity of the
group of isometries with respect to (V,{-,-)) is denoted 4 (V) and a reductive algebraic group over
F (e.g.,V =V, and 4(V) = H, from §1.2). Not to interfere with low-rank cases, we will have to
assume tacitly that dimg(V) + [E : F] > 4 (e.g, that n > 2 in the notation of §1.2).

Let W < V be a non-degenerate subspace of V of odd codimension dimg(W+) = 2r + 1, whose
orthogonal complement contains an isotropic subspace X of dimension r > 0 (i.e., W is r-split).
(Here, for reasons of precision, we assume that ¢ (W) is not split if dimg(W) = 2.) We define
P = P5 to be the parabolic subgroup of ¢(V), which stabilizes a fixed complete flag §F of r + 1
isotropic E-subspaces in X' and let ¥ (W) be defined as above, replacing V by W. Then there are
natural inclusions (W) — Pz — 4(V), where ¢ (WV) embeds into a Levi subgroup of &2, whence
it acts naturally by conjugation on the unipotent radical A" = A5 of 2. We set 7 := G (W) x AN,
which is again a natural subgroup of (V). For all the above we refer to | |, §2 and §12.

In what follows A = Ap. We chose a generic (and hence by definition unitary) character
V5 = @iz : N5(F)\Az(A) - C,
which is invariant under conjugation by ¢ (W)(A) and define the form

Vip(0)0) = | p(n) v5(ng) ™ dn,
N (F)\ Az (A)

for an automorphic form ¢ of ¢4(V)(A) and the Tamagawa measure dn of A%(A). Since the domain
of integration is compact, the integral converges absolutely. Now, let my (resp. my) be a cuspidal
automorphic representation of 4(V)(A) (resp. 4(W)(A)) and ¢ € mp (resp. ¢’ € my) be a cusp
form. Then the global period integral

(6.1) was:f Uy (9)(d) &g dg'
GW)FNZ(W)(A)

is absolutely convergent. Again, dg’ denotes the Tamagawa measure on 4 (W)(A).

Suppose now in addition that my and my are tempered at all places and let S be any finite set of
places containing all archimedean places and the places where 7y or my ramify. Then the partial
L-function LS (s, my X my) is defined with respect to the local Satake-parameters of 7y, and myy
outside S and the representation

{ St ® St fE=TF
R = Lgv)xg(w)) : LT
Indg(v)xg(w) [St®St] if [E:F] =2

of the L-group “(4(V) x 4(W)). Here, St denotes the standard representation of the respective
factor. We have to assume that this L-function allows a meromorphic continuation to whole s-plane.

Then, in the situation at hand, the GGP-conjecture asserts

Conjecture 6.2 (| |, Conj. 24.1). Let my and my be tempered cuspidal automorphic repre-
sentations of 4(V)(A) resp. 9(W)(A), which appear with multiplicity one in the cuspidal spectrum.
Then the following statements are equivalent:
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(i) LS(%,WVWV\)) # 0 and dim¢ HOm%(A)[Wv(@Ww,ng] =1
(i) P(p,¢") # 0 for some cusp forms p € Ty and @' € mpy.

We remark that, strictly speaking, this is an interpretation of the GGP-conjecture, because it
assumes the (expected) holomorphy and non-vanishing for s > 0 of the (still partly mysterious)
local L-function at the ramified places. Moreover, in view of the focus of this paper, we restricted
our attention to sesquilinear forms of sign 1, while the original GGP-conjecture allows sign -1 as
well. On the other hand, however, | | deals only with quasisplit groups, a restriction, which
we avoided.

6.2. Refinements of the GGP-conjecture. In the last couple of years the GGP-Conjecture has
undergone a series of increasingly general refinements, which shade a significant amount of new light
on the original conjecture of GGP. As it will be of great importance for our major application to
know them precisely, we have to recall them shortly. We define L-functions L° (s, mp, Ad) (resp.
L3 (s, my, Ad)) of my (resp. my) with respect to the Satake parameters and the adjoint representa-
tion R = Ad of the L-group 4 (V) (resp. “4(W)). Again, we shall suppose that these L-functions
are meromorphically continuable to all s € C and moreover, that they do not vanish at s = 1 (Note
that in this generality these L-functions don’t come under the purview of | |, Thm. 5.1).

Recall now that dg’ denotes the Tamagawa measure on ¢(W). We choose, once and for all, lo-
cal Haar measures dg, at all places v of IF, such that the following holds
(1) dg' =1, dg,
(2) volag (O,) € Q for all open subsets &, of ¢(W)(F,), if v is non-archimedean
(3) wolgg, () = 1 for a hyperspecial maximal compact subgroup %, of ¢(W)(F,), for 4 (W)
unramified at v.

Next, pin down a factorization 7y =~ ®{my, which is compatible with the factorization of global
and local inner products, i.e., for the usual L?-product

{p1, 020K = f v1(g) w2(g) dg,
GV (FNG(V)(A)

dg denoting the Tamagawa measure, and the given inner products (:,-)Y on the Hilbert spaces
underlying 7y ,,, we have

<9017 902>K = H<(P1,v7 902,v>x
v
for decomposable data ¢; = ®/,¢;,, ¢ = 1,2. Likewise, we fix a factorization my = ®,mw 4.

Let now v be any non-archimedean place of F. For any pair of (smooth) vectors ¢y, ¢, € Ty,
the integral

f (0 (nw) o, ¢v>3j} wg,v(ny)fl dny,
A5 (Fy)

with dn, being the self-dual measure, stabilizes at some compact open subgroup 4y < A5(F,), i.e.,
for all compact open subgroups .41 2 g, integration of {(my 4, (1) Py, dvyy ¥g.u(ny) ! over A1 and
Ao gives rise to the same value, denoted

st
f <7TV,'U(TLU)SDU, ¢U>1\;} wgﬂj(nv)_l dnv.
N5 (Fo)

See | |, §2.1, in particular Prop. 2.3. For our tempered cuspidal automorphic represen-
tations my =~ ® Ty, and my = @, my, and decomposable cuspidal automorphic forms ¢ = ®/ ¢,
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and ¢’ = ® ¢! we may define

(6.3)
/ st / » ) W,
ulpn ) i= | | matgimden e vatn) ™ dn, | el v, o
GW)(Fy) \JA3(Fy)
By one of the main results in | |, Thm. 2.1, ayy (0, ¢} is absolutely convergent and a,(¢y, ¢),) =
0.

If v is archimedean, let €, (resp. %),) be a maximal compact subgroup of 4(V)(F,) (resp. ¢(W)(F,))
and let ¢, (resp. ¢),) be a ,-finite (resp. 4,-finite) function in my , (resp. my ). For such functions
we define ay,(¢y, ¢),) as the Fourier transform of the tempered distribution given by the absolutely
convergent integral (cf. | |, Cor. 3.13 and | |, Thm. 1.2)

4%
A, () 1= (v, (Ml gl) oy o)y {Tw.o(9h) P Py dnilydg,

LV&(Fv)—oc x4 (W)(Fo)
(where n, € A%(F,) and A5(F,)_« denotes the subset of matrices in A%(F,), which are 0 at those

off-diagonal matrix-entries, on which 95, is defined, cf. | |, p. 155) evaluated at the generic
character 1z ,,
(6.4) av(@va ‘P;) = W(%,v)
By | |, Thm. 2.1, ay,(py, ¢),) = 0. If mp, is in the discrete series, then oy, (¢, ¢),) is known to
be absolutely convergent, see | |, Prop. 3.15.
Set

[T Gr(20) if E=T and dimgV =2n + 1

Agy =1 T15 r(2) - L(n,xyy) if E=TF and dimgV = 2n
TT, LG, e}) if [E:F] =2 (and dimgV = n)

where xy (resp. €) denotes the quadratic Hecke character F*\A* — C* associated with the dis-
criminant of (-, )y (resp. with the quadratic extension E : F by class field theory) in the second
(resp. in the last) line.

As a final ingredient, we invoke the theory of global Arthur packets for the square-integrable auto-
morphic spectrum of ¢(V)(A) and 4 (W)(A). It is expected that 7 should be associated with a
tempered elliptic Arthur parameter

U(my) : Le =L G (V),

uniquely determined by my. We define Sy, := Cent{?(v\)(lmlll(wv)) to be the centralizer of the image

of ¥(my) in the Langlands dual group ¢ (V). Analogously, one obtains Sy,,, := Cent{m) (ImW (my)).

P

Both are a elementary 2-abelian groups.

Liu’s refinement of the GGP-conjecture now provides a comparison of two adelic pairings, the
key-ingredient of this comparison being that one of them is defined ad hoc globally (by (6.1)) while
the other is only defined ez post globally (by forming the product over all places v of the integrals
(6.3)). Here is Liu’s conjecture

Conjecture 6.5 (| |, Conj. 2.5). Let my = ®my, (resp. myw = Ql,mw ) be a tempered cuspidal
automorphic representation of 4(V)(A) (resp. 4(W)(A)) coming together with a fized tensor product
factorization, which is compatible with the factorization of global and local inner products, and
appearing with multiplicity one in the cuspidal spectrum. Let S be any finite set of places of F,
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containing the archimedean ones and such that my, my and Yz are unramified outside S. Then for
all decomposable €. -finite (resp. €}, -finite) smooth functions ¢ = ®. p, € Ty Tesp. ¢’ = Q. @ € Ty,
e the Fourier transform au(¢y, ©,) is absolutely convergent for all archimedean places v,
o a, # 0 if and only if dimc Hom gy [Ty, @ T 0, P5,0] = 1 for all v
and one obtains the identity

1 Agypy L5 (5, my K mw)

P ) NP = )
Pl 0 = f T 18] T s Ad) L5(E,myp, &) LL (0400
Again, our Conj. 6.5 amounts to a “sanded” version of Liu’s original conjecture [ |, Conj.

2.5: On the one hand, we believe it is more convenient to simply assume that our cusp forms are
tempered and appear with multiplicity one. This emulates Liu’s assumption of being almost locally
generic, but also has the advantage that it is (conjecturally) even less restrictive than his original
genericity-supposition and avoids moreover all difficulties arising from questions of convergence of
ay(pu, ©)) at non-archimedean places. On the other hand, we have to assume the well-expected
local properties of our L-functions at v € S of being holomorphic and non-zero for s > 0.

Specifying on the data entering Conj. 6.5, one retrieves the older conjectures of Ichino-Ikeda,
[ |, Conj. 2.1 and N. Harris, | |, Conj. 1.3:

Conjecture 6.6 (Ichino-Ikeda). This is Conj. 6.5 with r =0 and E = F.
Conjecture 6.7 (N. Harris). This is Cong. 6.5 with r =0 and [E : F] = 2.

6.3. An application of Thm. 5.6 - an algebraic version of the refined GGP-conjecture.
It is the goal of this section to prove an algebraic version of Liu’s refined GGP-conjecture. More
precisely, recall the c-hermitian spaces V = V,,/F and attached unitary groups ¥(V) = H, =
U(Vy)/FT from §1.2. By an E(r)-rational function ¢ = ®/p, € T we mean a decomposable function
whose 7y-component lies in the fixed E(m)-structure on 7y, chosen in §1.4.2, while its attached
matrix coefficients at the archimedean places define an element of the affine algebra E(m)(H,,) of
the algebraic group H,. Likewise for /. We may now prove

Theorem 6.8. Let m =~ ®|m, (resp. ©' = @l ) be a cohomological tempered cuspidal automorphic
representation of Hy(Ap+) = U(Vy)(Ap+) (resp. Hyp—1(Ap+) = U(Vy—1)(Ap+)), coming together
with a fized tensor product factorization, which is compatible with the factorization of global and
local inner products. Let S be any finite set of places of Ft, containing the archimedean ones and
such that m and 7 are unramified outside S. Assume moreover that the quadratic base change
BC(m) =11 is a cohomological cuspidal automorphic representation I1 of GLy,(Ap) as in §1.4.1 and
that the quadratic base change BC(x') = 1I' is a cohomological isobaric automorphic representation
GL,—1(AF) asin §1.4.3.
(1) If Hy o and Hy,—1 o are compact and 11 and II' satisfy the conditions of Thm. 5.6, then for all
smooth E(m)-rational (resp. E(n')-rational) functions ¢ = ®. @, € m (resp. ¢’ = Qo) € '),

Ay LS( 7r-7r
N2 2’

where E(m) or E(n') are the number fields deﬁned in §1.4.2.

(2) If Hy oo or Hy 1,00 are non-compact, but £, and &,y satisfy the piano-hypothesis, cf. Hy-
pothesis 1.44, then the same conclusion holds trivially for all smooth Cy - (resp. CL —)finite
decomposable functions in 7 (resp. ©').

Remark 6.10. The factor ¢ € E(7)E(7’) used in relating the left- and the right-hand-side of (6.9)
is independent of the cusp forms ¢ and ¢’. However, as it is obvious by the definition of our relation
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“~Em B, see Def. 1.30, our theorem cannot detect whether or not one side in (6.9) is non-zero,
but rather compensates this defect: If one side of (6.9) vanishes, then the theorem holds by brute
force, multiplying the respective other side by 0 € E(n)E(n’). The non-trivial assertion of our
theorem is hence in fact about the case when both sides of the relation (6.9) do not vanish: Then
they are linked by a non-zero number q in the concrete number field E(n)E ('), q being furthermore
independent of ¢ and .

Before we prove Thm. 6.8 we state two further important remarks:

Remark 6.11 (Well-definedness). Before we put our main theorem into relation with the recent
literature on Conj. 6.5 (and Conj. 6.7), let us first remark on the various objects in Thm. 6.8, in
particular the quantities in (6.9), being well-defined. Firstly, the results in | |, Cor. 5.3 and
[ |, Prop. 8.5.3, as jointly refined by Shin, | |, Thm. 1.1, show that quadratic base change
BC is well-defined and exists for all unitary groups H, and H,_; and representations w and 7’ as
above (at least if F' = KCF", K an imaginary quadratic field; the general case being a consequence
of | |, Thm. 1.7.1 and their Rem. 1.7.2 right below). Moreover, by the description of its
image, it makes sense to specify the properties of the base change lifts BC(w) and BC(n') as we
did in the statement of Thm. 6.8, namely to assume that BC(7) is (cohomological) cuspidal (as in
§1.4.1) and that BC(n’) is a (cohomological) isobaric sum of cuspidal automorphic representations
(as made precise in §1.4.3).
Secondly, this implies that L (s, 7[x]7’) = [Ti<ick L3 (5,11 x I1;) is holomorphic at s = % as well as
that the product

L%(s,m,Ad) - L% (s, 7', Ad) = L¥(1, 11, AsCD™) . L9 (1,10, As(—D""

1
)
is holomorphic and non-vanishing at s = 1, see Cor. 3.4. In particular, the quotient of L-values in
our algebraic relation (6.9) makes sense without any assumptions.

Thirdly, we recall that the absolute convergence of (., ¢)) at archimedean v — as demanded by
Conj. 6.5 — follows from the fact that a (by assumption) tempered and cohomological representation
of a unitary group must be in the discrete series, cf. §1.4.1.

This demonstrates that all objects and quantities in Thm. 6.8 exist and are well-defined. On a
final remark, let us point out that both m and 7’ enjoy multiplicity one in the square-integrable
automorphic spectrum (combine | |, 8§0.3.3, Thm. 1.7.1, Rem. 1.7.2 and Thm. 5.0.5).

Remark 6.12 (A comparison of our theorem with results on the refined GGP-conjecture in the
literature). As our algebraicity-result is coarser in its very statement, than Conj. 6.5 resp. Conj. 6.7,
we feel that a remark is in order to put our result in relation with the results of recent literature.
Zhang (| |, Thm. 1.2.(2)) has established the equality

Cro ! Ag, LS(L 11 x 1
Pl )? = Sre n, e L T

/
Ay Pv, Py )s
4 LS(1,IL AsCD") LS(1,10, AsCD" ) [ [ewlon 1)

vES

whenever 4(V) x 4(W) is compact at every archimedean place v of F'*. Here, ¢ is a certain

constant, only depending on the archimedean components of 7w and 7.

/
TooToo

Zhang’s theorem is built on a list of conditions on m, = 7 and my = 7’ (called RH(I) and RH(II),
p. 544). In a series of preprints Beuzart-Plessis has been able to significantly relax Zhang’s condi-
tions and in fact sharpen his result, assuming that the cuspidal automorphic representations 7 and

7/ are supercuspidal at one non-archimedean place. See | |, Thm. 1.0.4 and | |, Thm.
5. The analogous assumption of supercuspidality also appears in the work of Chaudouard-Zydor
[ , Thm. 1.1.6.2] and Xue | , Thm. 1.1|. If I®II is cuspidal, then the refined GGP-

conjecture has been shown very recently in | |, Thm. 1.9.
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It is important to notice that our result, Thm. 6.8, avoids any assumption of supercuspidality
of m® 7" at any place, nor do we have to assume that both lifts II and II are cuspidal. In this
regard, our result on the refined GGP-conjecture, Thm. 6.8, may be viewed as a complementary
theorem to the above mentioned results, applying to a different (broader) class of cuspidal repre-
sentations m and 7. As we have learned very recently, in | |, which quotes our Thm.
6.8 above, the cuspidality assumption on II ® II will finally be removed.

6.4. Proof of Thm. 6.8. Recall £, and &/, the coefficient modules with respect to which II, resp.
IT" are of non-trivial cohomology. For simplicity, put for each v € Sy, Ay := (f4y .1, s fluy,n) (TESP.
Ny = (1, 15 My, n—1) ) and let Fy (vesp. Fy) be the irreducible algebraic representation of Hy o
(resp. H,—1,5) given by the highest weight A := (A\,)pes,, (resp. N := (X))yes,,) as in §1.3. Then
F (resp. Fy) is the highest weight module with respect to which 7o, (resp. 7)) is cohomological,
cf. | |, Cor. 5.3.

We assume at first that H,, o, and H,,_1 o are compact.

Lemma 6.13. If £, and &, do not satisfy the piano-condition, Hyp. 1.44, then o, (p., ¢,) = 0 for
all archimedean places v and functions @, € m, and ¢/, € m,.

Proof. This an easy consequence of the branching law to which the piano hypothesis is equivalent,
described, in | |, Thm. 8.1.1: If £, and £, do not satisfy the piano-condition, then the
branching law says that HomHnil(F;)[]:,\v ® Fx,,C] =0 for all v € Sy. Compactness of Hy o and
Hp 1,00 implies that 7, = FY and 7, = F), , so by dualizing also HomHn_l(F;r)[m ®m,C] =0.
As oy € Homp oy [0 ® ), C], this shows the claim. O

Therefore, if Hy o and Hy 1,0 are compact, but £, and £, do not satisfy the piano-condition,
then our main theorem, Thm. 6.8, trivially follows by multiplying the left hand side of relation (6.9)
with ¢ = 0.

Hence, let us now consider the non-trivial case, when &£, and &, do satisfy the piano-condition.
Let Acysp(Hp, Fy) be the space of automorphic (and hence, by compactness of H, o automati-
cally) cuspidal functions, which transform by FY on the right. Again by compactness of Hy, », the
restriction of functions ¢ — @|g, (a ) defines a natural isomorphism

R, : -Acusp(Hn;Jr)\) — HO(San-F)\)a

the right hand side being defined in §1.3.2. Obviously, the analogous construction works for H,_1,
defining an isomorphism R,,_1. Then, it is proved in | | that one obtains the following three
algebraicity results

Proposition 6.14 (] |, Cor. 2.5.4). Let ¢ € m and ¢' € «' be chosen such that they
map via R, (resp. Rn_1) into the natural E(r)- (resp. E(x')-)structure of H°(Sy,,Fy) (resp.
H®(Sw,_,,Fx)), defined in §1.3.2. Then

[Ple,¢")|? € E(x) - B(x").
Proposition 6.15. Ifv e S/Sy and ¢, € 7, and ¢, € 7, are chosen such that the lie in the natural
E(m)- (resp. E(n')-) structure of m, (resp. ), induced by the factorization my — ®l g Ty (Tesp.
7T} = ®;¢Sw7r1’) ), fized in Thm. 6.8. Then

ay(py, @) € E() - E(r').
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Proof. This is | |, Lem. 4.1.5.1 together with the fact that for all v e S/Soo

L(LTL, x 1T, , / /
L(l II AS((Sn) L(Xl H/) AS(il)n_l) € Q(H)Q(H) - Q(Wf)@(ﬂf) C E(W)E(W ),

see | | Prop. 3.17 and | ] §6.4. O

Proposition 6.16 (| |, Cor. 4.1.4.3). For all o, = RueS, Yo € Too = Ques,,Tv and ¢l =
®uveS., Pl € Ty = Ques,, T, whose attached matriz coefficients define an element of the affine algebra
E(7)(Hy) of the algebraic group H, (resp. E(7')(Hp—1) of Hp—1),

Qo (P, 00) = | | cwln, ) € E(m) - B(x').
VESy

Consequence. Thm. 6.8 holds if Hy,  and H,_1 « are compact.

Proof. Recall that Ap, = []j_; L(i,e}). By (1.37) and (1.38) we know that if j > 1 is even

f

then L(j, 5;) ~pcar (2mi)¥, and if j > 1 is odd then L(j, 6?@) ~pca (2m)Y. Hence Ap, ~ pca
(27[.Z')dn(n+1)/2.
Invoking the three propositions, Prop. 6.14, Prop. 6.15 and Prop. 6.16, Thm. 6.8 finally follows from
Thm. 5.6. See also Rem. 6.11. ]

Now if Hy o or Hy 1,00 is non-compact, but &, and &, satisfy the piano-condition, then we
know by the branching law, | |, Thm. 8.1.1, that the tempered representation my, ® 7,
is distinguished for the pair of compact unitary groups. But by the results in | |, there is at

most one pair of unitary group such that 7., ® 7., is distinguished. In particular, the representation
Too ® 7L, can not be distinguished for the pair (Hyp—1,00, Hno0). Hence, oy (¢y, ¢;,) = 0 for all v € Sy,
and all ¢, € m,, ¢! € m and Thm. 6.8 is trivially true.
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