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Connection between Wightman Functions 
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R e s u m e .  - -  Dans le pr6sent travail, apr6s avoir repris l '6tude des pro- 
pri6t6s d'analyticit6 de la fonction ~ de Wightman dans Ie cas o6 le 
temps seul est variable complexe, nous en d6duisons la fonction de 
Green G, 6tendant ainsi par une nouvelle m6thode les r6sultats de 0. Stein- 
mann  relatifs ~ la fonction £ 4 points. La fonction G a pour valeur fron- 
ti6re la transform6e de Fourier de la valeur moyenne du vide du pro- 
duit T des champs et prolonge analytiquement la fonction retard6e de 
L.S.Z. dans l'espace des impulsions. Finalement on 6tablit un ensemble 
de propri6t6s qui earact6risent G en ce sens que si G poss6de ees pro- 

pri6t6s, il existe une et une seule fonction ~ poss6dant les propri6t6s 
habituelles et telle que G en d6rive. 

1 .  - I n t r o d u c t i o n .  x -  a n d  p - s p a c e s .  

Tile W i g h t m a n  f u n c t i o n  # / (z) ,  z : x + i y  is defined as an a n a l y t i c  cont i -  

n u a t i o n  of the  v a c u u m  expec t a t i on  va lue  

O f ( x )  = (A(°)(Xo) A ( ' ( x , )  ... A(n)(x.)}0 

of the  local  scalar  fields A(i)(x~) (1,2). 

The  Green  f u n c t i o n  G(k), k=-p--~iq  will be  defined as an  a n a l y t i c  cont i -  

n u a t i o n  of the  F o u r i e r  t r a n s f o r m  of the  v a c u u m  expec ta t ion  va lue  of a T-pro-  

(1) A. S. W]GHTMA~: .Phys. t~ev., 101, 860 (1956). 
(2) D. HALL and A. WIGttTMAN : ,Slat. t~ys. Medd. Dan. Vid. Selsk., 31, no. 5 (1957). 
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due t  (:~). 

A o(p~, ..., p , )  . G(p) = .~-(TA(°>A (1) ... < ) 

i t  is ( .ouvenient to in t roduce  immedia te ly  the spaces of var iables  t h a t  will 

be used in the sequel. 

( 'onsider  the  space I~ ' ~  of the independen t  real  var iables  to, t~, ..., t , .  The  

quo t ien t  of this space by  the  equivalence relat ion 

(1.1) 
! ! t ! ! 

t o - - t 1 - -  t ( i - -  t t ,  t t - -  t2 = t ,  - -  t 2 ,  . . . ,  t n - t - -  tn = t n - 1 - -  t;, 

is a spa(.e R" which will be called (t). 

Similarly if Xo, x~, ..., x ,  or Yo, Yl ,  . . . ,  Yn (resp. Zo, z~, ..., z,,) are s e t s o f  
independen t  real (resp. complex) vec to r  variables,  the  cor responding  equi- 

valence relat ions will yield spaces R 4~ (resp. C 4'`) which will be called (x) or  (y) 

(resp. (z)). 
I f  one considers vec tors  (z',),, Xo), (z~, x~), ..., (z;l , x,,) where the  first (time) 

eoniponent  is allowed to be complex,  the  o ther  (space) componen t s  being real, 

one obta ins  in the  same w a y  a space C~ × R  a~ c~lled (z °, x). 

Consider now the  space R '~+1 of the  independen t  real var iables  So, s~, ..., s~ 

The  subspace of this space defined by  

s o + s ~ ÷ . . . ' s , , =  0 

is a space /~" which will be called (s). 

Similar ly if Po, P~, ... P.,, or qo, ql, ..., q~ (resp. ko, k~, ..., k,) are sets of 
independen t  real (resp. complex)  vec to r  variables,  the  cor responding  subspaces 

are space R ~'~ (resp. C ~'~) which will be called (p) or  (q) (resp. (k)). 

If one considers vec tors  (k'(~),po), (k~,p~), ..., (k~ ,p . )  where the  first com- 
ponen t  is al lowed to be complex,  the o ther  componen t s  being real, one obta ins  

in the same w a y  a space C ' ~ / R  a'~ called (k ° ,p) .  

We  can now in t roduce  a bil inear form on (t)(s), name ly  

(1.3) 

Similar ly  

( l .3 ' )  

and  so on. 

zt n 

= = Z . , . , : ( t , - t o ) .  
i = o  i = 1  

~t 9~ 

i = o  i = 1  

(:)} g. ~C][WIN(;ER: .t~t)tual itdernalio~al Con]ereJwe o)~ High Energy Physics at 
('EI?,N (i958). 

23 - I I  N u o v o  Cimenlo.  
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For  integrat ions over  (t), (s); (x), (p), etc., we will use 

(1.4) dt = d ( t ~ - - t o )  ... d ( t~ - - t0 )  ds = d s ~  ... ds~,  

(1.4') dx = d(x~--  x0) ... d(x~ - -  xo) dp = dpl ... d p , .  

I n  the  spaces just  introduced, we have  of course redundant  variables.  I t  
is useful to keep t hem in general for reasons of symmet ry .  In  par t icular  cases 

however ,  o ther  variables  m a y  be more  suitable. 
We  have  introduced above ]our-dimensional vectors  for obvious physical  

reasons. All t ha t  will be said can however  be  easily generalized to . ¥ + 1  
dimensional  vectors  (x °, x ~, ..., x-) with met r ic  (x°) ~ -  (x~) ~ - . . .  - -  (x~) 2, N ~ 1 

2.  - The  d e c o m p o s i t i o n  of  (~) and  (s) into  cones .  

Le t  us consider the set of all planes 

(2.1) ti, - t i  : 0 i, i ' =  O, 1, ..., n; i v: i ~ 

in (t). They decompose (t) into a set 3 -  of open convex cones. 
I n  such u cone T, every difference t i , - - t i  has a well-defined sign so t h a t  

we can order the  t~ by  increasing values into a characteris t ic  sequence 

t i o ~  ti  ~ ... <~ t i  • 
On the other  hand  to every sequence (io, ix, ..., i . )  there corresponds 

pe rmuta t ion  ~ of {0, 1, ..., n} such t ha t  z (0, 1, ..., n ) =  (io, i~, ..., i~) (and to 
every  pe rmuta t ion  corresponds a sequence). There is thus a one-to-one cor- 
respondence between J "  and the  symmet r ic  group y~+~ of pe rmuta t ions  of 
n + l  objects,  and 3-  therefore contains ( n + l ) !  cones, each being defined b y  

n relat ions:  
t i l - - t i  o >  0 ... t i ~ - - t i _  1 >  O .  

W e  will often write for convenience 

(2.2) 

The n faces of T(~): 

T(~)  = (io, i l ,  ..., i~ ) .  

t~o<  ti~ =- t~,<: ... < t~. ,  . . . ,  t,o < t~ < ... < t~._~ = t~ . .  

can then  be represented by  

(2.3) ( l oc i1 ,  i2, ..., in) ,  (io, i i ~ i 2 ,  ..., in) ,  ..., (io, i l ,  ..., i ~ _ l ~ i ~ ) ,  

where the ~ symbol  allows for t ransposi t ion of the adjacent  indices. 
The faces of lower dimension are represented with more ~ symbols up to 
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the  ver t ices  : 

(2.4) (io, i ~ i ~  . . . . .  i,,), (io~--i~, i2 . . . . .  i,,), ..., (i0--~i~ . . . . .  i ,~_~, i,,). 

E a c h  cone (2) can thus  be v iewed as a fo rmal  n - -  1-simplex wi th  n faces (3) 

and  n ver t ices  (4) (this s implex can be real ized b y  cu t t ing  T wi th  an  appro-  

p r ia te  atIine plane).  The  set of all these simplexes toge the r  wi th  their  faces 

builds up a <~ simplicial  complex  ~ which is a ~ t r i angu la t ion  ~ of a n - -  l - sphere  
n 

( e . g .  the  sphere ~ ( t 0 - - t , P =  1 in (t)). 
t - 1  

We ~'o now over  to (s) space and  consider  the  set of all planes 

(2.5) ~ s ~ - -  0 ,  X c { 0 ,  :1, ..., n}, X~-O, X ¢  {0, 1, ..., ~}. 
iEx  

I f  X~ and  X~ are such t h a t  X2 = C X 1 ,  i . e .  if t h e y  are e o m p l e m e n t a r y  sub- 

sets of {0, J, ..., n}, t he  planes  ~ s¢ = 0 and  ~ s~ = 0 are of course identieal .  
i EX ~ i EX,, 

We will call ¢~ the  set  of open convex cones in to  which (s) is decomposed  

b y  the  planes (5). This set has a less simple geomet r ica l  s t ruc tu re  than  .2--. 

F o r  ins tance  a cone S c , ~  is no t  a lways  l imited by  n planes when n ~ 4 .  

The  s i tua t ion  is i l lus t ra ted  b y  the  case of the  cone S for  n =  4 which is de- 
fined b y  

So-~ s,~> 0 So+  s3 > 0 ,% ~ s 4 >  0 , 
(2.6) 

I t  m a y  be r e m a r k e d  t h a t  the  subspace  of (s) o r thogona l  to an  in te rsec t ion  
(different f rom 0) of planes (1) of (t) is an  in te rsec t ion  of planes (5) the  con- 
verse however  is genera l ly  no t  true.  

3. - Analyticity of the Wightman function. 

The following ax ioms :  L o re n t z  invar iance ,  existence and  uniqueness  of the  

vacuum,  s tabi l i ty  of the  v a c u u m  and  local  c o m m u t a t i v i t y  imply  t h a t  the  

W i g h t m a n  func t ion  ~K(z) exists, is ana ly t i c  in U ~ ' ~  (the un ion  of the  per- 

m u t e d  ex tended  tubes)  (*) and  is i nva r i an t  there  unde r  the  homogeneous  com- 
plex Lo ren t z  group.  

(') Let us recall that  tile tube ~n  is defined by 

"J]~ = Y l  - -  Yo C V ,  , rt~ = Y~ - -  Y l  ~ V +  . . . .  , rl~ = Y, ,  - -  Y ~ - I  ~ V +  , x arbitrary~ 

The extended tube is defined by ~ ,  = U leL+(c,).l~,,. 
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¢/Z(z) has ( n ÷ l ) !  distr ibution boundary  values # ~ ( x )  (which are assumed 
to be tempered)  when the imaginary  pa r t  of z tends to zero~ z remaining inside 

some u~n ~ ~ e ~2nz-l" 

Let  

(3.1) ~ = z ~ j -  z~_., (~7 = ~ - F  i~7), P~----, ~ P ~ ,  

with 

then  

I f  we write 

(3.2) 

~(o, 1, ..., n) = (io, i~, ..., i . )  , 

p ' ~ =  Z p ~ ' ~ =  P7"~7.  
i = o  j = l  

$/r~(x) = ~ G'(p) = (2~)-: '~fdp exp [ip .x]G:'(p) , 

the s tabi l i ty  of the vacuum  expresses itself by  the support  condition 

(3.3) G~(p) = 0 unless P~ ~ V+, j = 1, ..., n 

This allows the Fourier  t ransform (2) to be extended to a Laplace  t r ans form 

analyt ic  in z e ~  a n d  gives conditions on its behaviour  at  infinity. We will 
not  however  formulate  these conditions since it is easier in pract ical  eases to 

use direct ly (3.3). 
Regarding Lorentz  invariance,  if space reflections are allowed, # r  is in- 

va r i an t  under  L(C), if they are rejected, # r  is only invar iant  under  L+(C), 
where the complex rotat ions in L+(C) have  de te rminan t  + 1 .  

Hav ing  introduced the basic propert ies  of the Wigh tman  functions t ha t  
do not  connect  several of them (as positive-definiteness of the metr ic  and the 

a sympto t i c  condition would do) we proceed by  s tudying ~ in the  space (z °, x). 
The decomposit ion of the space (y0) into cones T(7~) induces a decompo-  

sition of (z °, x) into domains R4'~4 - iT (u ) .  

If s ~ Y~+I, the corresponding permuted tube and permuted extended tube are 

= • , ~- z ~ } .  ~ {z ~ - ' z e ~ , }  ~ ' ~ = { z '  ' ' 

The real point in ~ ,  are the Jost points (4), those in s°J2~ the (~ permuted >~ Jost points. 
We do not assume that ~¢r(z) is uniform in U s ~  r. but if x is a Jost point or a per- 
muted Jost point, ~/P(z) is holomorphic and uniform in a neighbourhood of x (1,5). 

{4) R. Josm: Helv. Phys. Acta, 30, 409 (1957). 
(s) D. KLE~T~[A~: Bull. Am..Phys. Soc., 5, 82, 79 {1960). 
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Sinee R v ' + i T ( ~ )  is the  t r ace  on (z°,x)  of u~,~, ~gZ(z°,x) is a n a l y t i c  in 

eve ry  R ~" ~ iT(re). 

Suppose  now t h a t  T ( a ' )  and  T(n") have  a face  (io, ..., l~, 1 ~ i~,., . . . .  ~ n )  in 

eommon .  The  p ieee  of p l a n e  F def ined b y  

( s . a )  .¢;,, < .. .  < :q','~_, = id',  < .. .  < ?/:,, 

is t hen  a eonmlon  bounda l :y  of R ~'-~- iT (z ( )  a n d  R~"-~ iT(~" ) .  

L e t  x be a real  p o i n t  in x'a,~,,' (a p e r m u t e d  J o s t  p o i n t  (4)), .¢f'(z o, x)  is a na-  

l y t i e  in a n e i g h b o n r h o o d  of .*', and  t h e r e f o r e  a t  some  p o i n t  of Y for whieh  
I "  o (,v,,,,,--, ,...~)-< 0. 

L e t  now : be  any  p o i n t  of F for  which  (x~,--x~_J < 0. I l y  a very  s inal l  

complex  Loren tz  t r a n s f o r m a t i o n ,  z ean  be  b r o u g h t  ei ther '  in ~'.~,~ or  in .n" .~ ,  

so t h a t  the  r e s t r i c t i ons  of # "  to R~n+ i T ( u ' )  and  to  R~"-k i T ( S )  (.an b o t h  be  

c o n t i n u e d  over  F a t  2. These  e o n t i n u a t i o n s  eo inc ide  be c a use  the  set  of po in t s  
2 of F for  whieh (x~,--x~,.~) < 0 is connec t ed  a n d  t h e y  co ine ide  a t  some p o i n t s  

of th is  set .  

I t  is now easy  to conc lude  t h a t  YF" is a n a l y t i c  a t  t hose  p o i n t s  of the  l ) lane 
I o II .Ta,--Y~., 0 for  which (x , - - . r~ ,_: )2< 0 a n d  which do n o t  belona '  to  o t h e r  

p l anes  of s ingu la r i t i e s .  The  ease of these  i n t e r s ee t i ons  is d e a l t  w i th  l)y use 

of t he  Kan te~ : sa tz  (,~,7) and  we ~et  t he  followiniz. 

TIfEOl:n~[ 1. -- ~q'(z o, x )  Cgn~ ha*,e .~'Mgularitie.~ o~dy iJ two o] its ~rg~meuts  

tz ° x i )  a~d (2,",~ x+), i ~ - i '  ~re .s't~ch that t/~,-- o 0 x<- -x~  y~ = and  is ~ot space- 

like. 

Le t  now the  fml( . t ion F(z )  be  i n v a r i a n t  u n d e r  L~ a n d  sueh t, h a t  F ( :  °, x)  

is a n a l y t i c  in the  d o m a i n  R ~ " d - i T ( n ) .  

W e  inLrodu( 'e the  va r i ab l e s  ~-~, ~"~ of eq. (4. t) as ( .o-ord ina tes  in (z), 

writin/:" 

. _ :-~) = - -  (~,, ..., C ? ,  0 . . . . .  0)-4- (0, ~'~, ..., 0) + ... ÷ (0, 0, .... 2~)  • 

If  2 G a . ~ , ,  ea(.h t e r m  in the  r i g h t - h a n d  side is of the  form 

(0  . . . .  , ~, . . . .  , 0 )  = A ( ' ) ( 0 ,  . . . ,  7 , ,  .-., 0 ) ,  

where  A<~)e L !  and  (0, ..., Z~, .--, 0) be longs  to  t he  b o u n d a r y  of R ~ " ÷  iT(7~) 

in (z °, x), (0, ..., ~-~, ..., 0) is t hus  a l i m i t i n g  p o i n t  of a n a l y t i e i t y  po in t s  of ' ff"  

and ,  b y  v i r t ue  of the  t u b e  t h e o r e m  (*), t he  s ame  is t r ue  for  z. Since  ~ , ~  is 

(') We need here an unusual form of the lube theorem. That  this holds is seen 
by referring to a proof of it based on the use of the continuity theorem. 

(6) H .  BEI tNKE a n d  P .  TKUI.LEN: Ergeb. d..llallI., 3,  n o .  3 ( B e r l i n ,  1934). 
(7) 1). RUEI.LE: Hel~. Phys. . l~' ta,  32, 135 (1959). 



362 D. RU~,LL]~ 

an open set, z is a point  of analyt ic i ty  of F and we obtain easily (~) the fol- 
lowing 

THEOREI~[ 2. -- I /  the domain of anaIyticity o~ ¢Y(zO~ x) is as given in Theo- 
rem 1 and i] eft(z) is invariant under L t+ (resp. L?) Yff (z) is analytic in Uz~R~ and 
invariant there under L+(C) (resp. L(C)).  

4. - The boundary values of the Wightman function. 

We have  int roduced in the last  pa ragraph  the real boundary  values Y~:(x) 

of ~ ( z ) .  They  m a y  also be defined by  

(4.1) ¢ff'(x) = l i m ~ ( z  °, x ) ,  y°e  T(u ) .  
yg-~0 

This defines (n-k1)! (( sheets )~ along (x) corresponding to the cones T(~z) ~ - .  
We divide now each sheet into 2 ~ oriented (( intervals  )) 

(4.2) (~, ~) = (i0 ~ i~ ~ ... ~ i.) 

b y  giving the  differences x~ ° -  x~°_~ a definite sign so t h a t  ei ther x ~ _ <  x~ 

or x~_~ ~ x~. a is thus an a rb i t r a ry  family  of n ~ or ~ signs. 
J u s t  as the T(7~), the (nd-1)! 2 ~ intervals  (7~, a) m a y  be viewed as the 

( n - - 1 ) - s i m p l e x e s  of a formal  complex with faces 

(4.3) ( i o = - i ~ X i 2 ~ . . . ~ i ~ ) ,  ( i o ~ i ~ = i ~ . . . ~ i , ~ ) ,  ..., ( i o ~ i ~ . . . X i , ~ _ ~ = i . )  

and vert ices 

(4 .4 )  ( i o ~ i ~ =  i~ . . . . .  -- -- i,~) , (io = ij ~ i~ . . . . .  i . )  , ..., (io ~-- i~ . . . . .  i . _1~ i . ) ,  

where the ~- sign allows for t ransposi t ion of the  adjacent  indices. 

A sum of intervals  is called a ( n -  1)-cycle when its boundary  is zero. 

We will mos t ly  consider cycles made  up of (n-k l ) !  intervals  corresponding 

to the pe rmuta t ions  :~ ~ yn+l- 
Le t  s(a) be the number  of < signs in a, then a necessary and sufficient 

condition for 
C = ~ (-)~(~(~,  ~ )  

to be a cycle is t ha t  whenever  T(ul) and T(~2)differ only by  a t ransposi t ion 

of consecutive indices, a~, and a,~ m a y  differ only by  the sign be tween these 

two indices. 
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Consider now a sequence (*) 

(4.5) q,~(x) z,(/]n, r:  posi t ive integer  

chosen once for all ~md such tha t  q~(x)-~ d(x) in 6z4",, when r - ~  ~ .  
We define (u, ¢ )#~ ,q~ (x )E5  ~* to be  equal t o Y Z ' , ~ ( x )  when the inequal- 

ities a hold, and zero otherwise. 

We make  then  the following assumptions on $/z and the sequence ~v~. 

ASS~:~rPT~O~S A. - I f  C = ~(--)~("~))(~, ~ )  is a cycle: 
xt  

1) C~*~v~(x) converges towards a distribution in 6f* when r---~ c~. 

2) C ~ ( x ) =  l im C$~*q~r(X) is invariant under L~+. 
r - - -~oo  

The first assumpt ion is less s tr ingent  than  it  would be to require each 
(n, a)I /" ,q~(x)  to have  a limit. 

The second one is not  unna tura l  since it can be proved for points such 

t ha t  x~,--x~=/=O whenever  i ' # i .  One has just  to use Theorem 1 and to no- 
tice tha t  the der ivat ives  of C~4~ with respect  to the pa ramete r s  of the Lorentz  
group vanish when all xi are different. 

I f  the assumptions  A are fulfilled, we define the v~cuum expecta t ion value 

of the t ime-ordered product  by  ~ ( x ) =  Te l ( x ) ,  where the cycle T is defined 

b y  T =  ~ (n, > ) .  This definition m a y  of course depend upon the sequence qJ,. 

5. - Shifting ol integral paths and analyticity of the Green Iunction. 

Using eq. (3.1), we can write 

( 5 1 ,  = (2=. fdx exp (-- i ~ ~ ~, l'j .~) (~, ~ ) ~  ,q: ,~(x) , 

being held fixed and such tha t  ~(0, 1, ..., n ) =  (io, il, ..., i~), let a '  and a" 
differ only by  the sign between i~:_~ and ik. Clearly then  

f d~ e~p [--iP~'C~][(~, ~')#z,~v~(x) + (~, d')C(*~r(X)], 

has the support  p roper ty  P~ k ~ Y + .  

(') For a definition of the convolution product (,), of the functionnal space 
and of its du~l 5 f* (space of tempered distributions), see SCHWARTZ (s). 

(s) L..~CHWARTZ: Thgorie des distributions, t. 2 (Paris, 1951); t. l, 2 ~me dd. (Paris, 
1957). 
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Otherwise stated,  when P~. is restr icted to the complemen ta ry  of V+, in 
par t icu lar  when p,o~ do,~ ~ the formula  

(5.2) ~[(7~, (r')$f ~ *qgr](p ) = - -  :~[(Ye, a")~f ~ *q)r](P) 

allows the pa th  of integrat ion of ~k to be <( shifted ~. 
We will apply  this result  to 

(5.3) Gr(p) = (2z~)--"~ ;dx  exp [-- ip.x] TYF,~,(x)  = ~ ,~-[(z~, > ) $ ¢ ~ , ~ ]  (p). 
J 

Le t  pO belong to some cone S of the family  5f into which (p0) c~n be divided 

(see Section 2), the P7 ° then have  a definite sign when :r and j are fixed. 
Shifting the pa th  of integrat ion whenever  it is possible in ~[(z~, > ) $ f ~ ,  %](p) 

we get 

(5.4) ~V(7~, >)~#F. ~ ] (p )  = ( - - ) ' ( " )~[(n ,  ~)$4/~*~r](p), p ° e  S, 

where the support  of (~, a~)Y/'*q~r(X) is 

(5.5) ~j~°<0 if p~o~.j 0 , ~ ; ° ~ 0  if p ; o <  0 .  

So, if q is such t ha t  qO~S and q = 0 

(5.6) exp [q.x](~, a~,)# z • q~(x) e9 ~* . 

On the other hand, C '~ =- ~ (--)'~(~)(n, a~) is easily seen to be a cycle and C ' ~  

is therefore Lorentz- invar iant .  (5.6) gives then 

(5.7) exp [(Aq).x] C~"# ~ ~-9 ~* for . 1 ~ L ~ .  

We will now use the following propert ies  (9): 

1) I f  A is a distribution, the set F of all real points q such t h a t  

exp [q.x]A(x) ~9 ~* is convex. 

2) ~{exp[q.x]A}(p) defines a Laplace t ransform, analyt ic  when the 
0 0 

var iable  k - - p + i q  is in the tube  R4'*+i F(F: the interior of F). 

We will call F(S) the set F corresponding to the distr ibution C'¢~/~. Using 

1) and the invar iance of F(S) under  homothet ies  s ~ ~s ( ~ >  0), we see t h a t  
any  finite sum of vectors  belonging to F(S) belongs to F(S). 

(9) j .  L. LIONS: Suppl. Nuovo Cimento, 14, 9 (1959). 
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1 

L e t  now u~c V~, ~. 1 . . . .  , ,t and  ~ u ' =  u, whe re  u is t he  un i t  v e c t o r  
x = l  4 4 4 

along' t h e t  ime axis .  I f  .~"~ N, the  p o i n t  q --  ( ~  s ; ,~ ' ,  Z s ; ' u ' ,  ..., Z's',', w~) be longs  

to ] ' (S) ,  bee~mse we (.an wcite  ¢~ '=  r ' . | ' ~ ,  r ~ ) -  0, A ' ~ L ~ .  

I f  s ~ -  . . . - -  s ~ = s, q Is, o). I f  s ~ . . . .  , s ~ a re  v a r i e d  over  n e i g h b o u r h o o d s  

of s in S~ q va r ies  ove r  a n e i g h b o u r h o o d  of Is, o). Since  th is  n e i g h b o u r h o o d  
0 

belongs  to  F(S) ,  we  have  p r o v e d  t h a t  x ~ S  impl ies  Is, o ) ~ I ' ( S ) .  
Extending"  the  F o u r i e r  t r a n s f o r m  GS(p)=o,~C'~g/(p)  to  a L a p l a c e  trans- 

form GS(p÷-iq) a n a l y t i c  in t h e  t u b e  R~'~-I-iF(S) and  then  r e s t r i c t i n g  to t he  

space  (k °, p) ,  we have  p r o v e d :  

1) (;"(t'°,p) is a n a l y t i c  in R~"+ . iS (i.e. when q°=~S). 

2) lira (;x(i.O,p)= G(p) if p°~S. 
qO >[).qo ~S 

L e t  ~o~9  ~, be def ined b y  the  e q u a t i o n s  s ~ >  O, 1 : i ~  , .  

W e  i n t r o d u c e  t h e  r e t a r d e d  cycle  R b y  R - -  C s(', RYf" then  reduces  to  t he  

we l l -known  r func t ion  (~o) (*) and  .~-r(p) is a n a l y t i c  if p is a J o s t  po in t ,  i.e. if 

~ tt 

( E < o ;., > o ,  E = • 
! = 1  i -  1 

A set  F c  Is), /~ '~  (4, will be ca l led  a face  of S~.5 f if i t  is t t le  i n t e r io r  in 

a subspaee  ~ s~ = 0 of t he  i n t e r s ec t i on  of th is  subspace  a n d  t i le  c losure  ~ 
of N. iex 

l , e t  now S '  a n d  S" have  a face  F in common .  The  piece  of p l ane  R ~ " -  iF  
• i/ is t hen  a ( ,oimnon b o u n d a r y  of R ~'~ '- iS' and R4'~+ i S .  

I f  a p o i n t  I ; ~ R ~ " ~ i F  is such t h a t  ( ~ p + ) 2 < 0 ,  i t  is poss ib le  to  brin~' i t  
0 0 i EX 

ei t tmr  in g ~" + i l ' ( ,~ ' )or  in R ~ ' q - i F ( S  ") b y  a ve ry  smal l  complex  L o r e n t z  
t r a n s f o r m a t i o n .  " l  " I n s  m e a n s  t h a t  G"'(k ° , p )  and  as"(k °, p)  can b o t h  be  ana -  

l y t i c a l l y  ( ,ont inued throu~'h I}4"-! -- i F  a t  k. h i  o r d e r  to  p r o v e  t h a t  these  ( 'onti-  

nm~tions agree  in t he  ( ,onnected set  of all po in t s  of R 4'~ ! i F  for  which ( ~  p~)2 < 0, 

we will  show t h a t  t h e y  a~'ree a t  some p o i n t  of th is  set .  iex 

L e t  p.~ be a J o s t  po in t  (eq. (5.8)) such t h a t  0 p j ~ F  in (p0). In  a n y  real  

n e i g h b o u r h o o d  of p j  t he re  ex i s t  b o u n d a r y  va lues  of GS'(k) a n d  GS(k) whi(,h 

co inc ide  wi th  • ~ T #  ~" ,Yr which is a n a l y t i c  in a n e i g h b o u r h o o d  of p j .  There  are  

t hus  po in t s  of F wi th  ( 2  P~)~ < 0 such t h a t  G'~"(k)and GS"(k) coincide ,  which p roves  
iEx 

the  a m m u i i c e d  p r o p e r t y .  

(') The connexion with tile itsuaJ definition of r is given by ref. (~1), eq. (3.11). 
(~o) H. LEft,AN.\', K. SY_~A~'ZIK and ~Y. ZI:~t.~IER_~IANX : .Vuovo Cimento, 6, 319 (1957). 
(~1) IN. NISIHJI~fa: Phy,% Rer., 111, 995 (1958). 
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The intersections of several surfaces ~ q~ = 0 are easily dealt with by  use 

of the Kantensa tz  (~) and we get for the function G(k), whose restr ict ion to 
0 

R~'~÷iF(S) is GS(k), the following 

THEOI~E~[ 3. - The ]unction G(k°,p) can have singularities only if ~ q~ 

vanishes /or some X c {0, 1~ ..., n}, X =/= 0, X ~= {0, 1, . . ,  n} and ~ pi is not space- 
like. ie~ 

6 .  - T h e  m u l t i p l e  c o m m u t a t o r s .  

We will now t ry  to get more information about  the connexion between 
the cones S e 9  ~ in (s) and the corresponding cycles C s. 

Le t  ~ be the abelian group generated by  the cones S e 5  p, and let ~ 
be the subgroup generated by  the cycles C S in the abeli~n group of all cycles 

defined in Section 4. The mapping S -> C ~ extends by  l inearity to a homo- 
morphism ~ - - >  ~ . .  This homomorphism is obviously onto, bu t  it is not  in 
general an isomorphism. I ts  kernel d .  is the set of linear combinations of 
S ~.9 ° such tha t  the corresponding linear combinations of boundary  values of 

G(z) vanish identically. 
We call Ste inmann relations the resulting linear relations between the GS(p). 
Let  X =  {i0, i~, ..., ik}c{0, 1, . . ,  n}. We will call (s)x the subspaee of (8) 

defined by  the relation ~ s ~ - - 0  in the subspace generated by  s~o, s~, ..., s~. 

The decomposition of (s)x into a set :Tx of cones is effected just  as in (s) and 
to these cones we associate cycles C ~ for the variables Z~o, z~, ..., z~. We will 
call ~x the abelian group generated by  the cycles thus formed. 

Consider now two cones S', S " E ~  such tha t  S '  and S" have in common 
the face F belonging to the plane ~ s~ = 0 so tha t  ~ si < 0 in S' a n d ~  s~ ~ 0 

If  we write 

(6.1) c ' -  ¢" = ~ [ ( -W)(~,  ~), - (-)"°" (~, ~ ' ) ] ,  

where we have set for simplicity a ' =  a~,s' a, ,= ass", the sum in the r ight-hand 

side extends only over those permutat ions  z ~y~+x for which 

(6.2) ~r(O, 1, ..., n) =- (io, i~, ..., in) and X = {io, . . ,  ik} or X -~  {i~_k, ..., in}. 

Let  Jr1 e yk+~ and ~2e~.-~ be permutat ions of X and CX respectively. 
We may  then represent the permutat ions ~r of eq. (2) by  ~rl~r~ or Jr~rl, the  



(~ONNECTION B E T I V E E N  WIGI~T)[AN FUNCTIONS AND GI~EEN I"UNCTIONS IN ~)-SPACE 367 

corresponding cr being' of the form a~ ~ a,, or a~ > al respectively, so tha t  

(6.3) 
[ (~n~,  a') = (z~n~, a : < ~ )  (n~n,, a") = ( n ~ ,  z ~ > a ~ ) ,  

~1 (resp. a~) is determined by the signs of the ~s~, X~cX,  X~a  O, X ~ = X  
i~x1 

(resp. of the ~ s , ,  X~cCX. X~=O, X ~ C X )  in F,  which are the same as 
i ~X_, 

in ,5" and S". Since the sign conditions on the ~ s~ (resp. 5 s,) are compatible, 

they determine a cone S~ eSf x (resp. S~ ~'~cx) and one may  write ~1 = as: (resp. 
(r~ : ~s:) independently of whether z - - - -~ .~  or ~ = ~ .  

Using" (6.3), (6.1) can be written 

(6.:~) 

C 5~'_ (jyS'= ~ ~ [(__)S(o'i::>(~)(j.~l~.t.2 , (~ .1>  0.2) _ _  (__)a(o'l<o'.,(~lgX~2, 0 . 1 <  0.2) @ 

."r 1 7~., 

+ (--Y(~""')(z~n~, ( u <  ~ ) -  (--)~'~'>~)(n~ni, ( ~ >  (u)] 

= Z (-)~'~> ~ ( - ) ' ( ~ ' [ ( ~ ,  ~ >  z~) + 

+ (n,z~, a~ < ~)  - (n~n~, a~ > ~)  - (~n~, a~ < ~ ) ] .  

We introduce now the product  and the commutator  of two cycles C~ and C~ 
when these (ycles have no variable in common 

(6.5) 

c~- (:._~ -- ~ (-)~:~(~1, ~ ) " ~  (-)~":'(~., ~ )  

"71 ~'2 

T 
[(~!1' (U2] = e l '  C2 - -  C2"  C1 • 

The comnmtator  of two cycles will be defined to be zero if they have at 
least one variable in common. We have thus proved the formula 

((~.6) C ~ ' -  C'~"= [C% C s~] . 

Conversely, if 81 and S~ ~re arbi t rary cones of J x  and Y~cx respectively, 

it is easily seen that  there exists at  least one couple of cones S', S"cSf such 

tha t  eq. (6.6) holds. This means tha t  the direct sum ~#= ~c# x has the 
structure of a Lie algebra for commutation,  a- 

From the above, it results tha t  the cycle C s corresponding to any cone 

S ~.Y is equal to the cycle C so corresponding to a fixed cone So plus a sum of 
eomnmtators  of cycles with a smaller number of variables. 
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One m a y  thus reconstruct  every cycle in (d. if one knows one cycle C s, 
S E.Y x for each X.  For  instance one m a y  take  the re tarded cycles, obtaining 
the following 

T H E O R E M  4.  - The abelian group ~ generated by the cycles C s is also generated 
as a Lie algebra by the retarded cycles R. 

I f  we restr ic t  to ~,~, this means  tha t  the abelian group of all l inear com- 

binat ions with integral  coefficients of the boundary  values G'~(p) of G(k) is 
identical  to the abelian group of the Fourier  t ransforms of all l inear combi- 
nat ions with integral  coefficients of the vacuum expecta t ion values of nml- 

t iple commuta to r s  of re tarded products  and fields (each field A")(x~) being 

used eventual ly  in a R-product ,  once and only once in each mult iple  com- 

muta to r ) .  

7.  - I n t r o d u c t i o n  o f  m a s s e s .  

When we introduced cycles along the real boundary  values of ~f'(z), we 
had  to cut singularities (at the top of light cones). This difficulty was solved 
by  a regularizat ion process and assumptions about  # ' .  

The purpose of this pa ragraph  is to avoid similar troubles with G(k) by 

introducing a non-zero min imum mass in the theory.  

I t  will also be necessary for the following to introduce the t runca ted  Wight-  
man fm~ctions 3¢~ (1~). ~No proof will be given here of the propert ies  s tated.  

Le t  ~ be the family  of all par t i t ions  of the set {0, 1, ..., n} into k ÷ l  sub- 
sets: Xo, X~, ..., X~,. and let ~4/'(z)x~ be the Wigh tman  function of the vari-  

ables z~ such t ha t  i ~ X ~ .  
We write then the reduction formula  

k = 0  05 j - 0  

and use it to define the t runca ted  functions ~ reeursively on the number  of 

variables.  
The function ~q~(z) has all ma themat i ca l  propert ies  described above for 

Sf(z).  A Green function can be deduced of it, which also has all the ma thenmt ica l  

proper t ies  of G(k). I t  can be seen that it coincides in ]act with G(k). 
We know tha t  the mass  operator  in Hi lber t  space has an eigenvalue equal 

to zero and corresponding to the vacuum.  We shall assume tha t  the rest  of 

its spec t rmn is ~ Et, # > 0. 

(12) R. tlAA(~: Phys. Rev., 112, 668 (1958) and Suppl. Nuovo Cimento, 14, 131 (1959). 
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Let  then  1".: = x: xff l '+,  .r 2 ~/t- '},  x: a ve(, tor  in Minkowski  spa('e. W e  
have  the following" (see (~3)) 

THEOPE_~I 5. -- Let ~ff~(x) ~ G"~(p) (2zr)-°-"fdp exp  [ipxj G ' ( p ) ;  
G~(p) then satisfie,~ the support condition, G~(p)= 0 unless P ~ e f ~ ' ,  ] =  1, ..., n. 

T H E O R E 3 [  6 .  -- The /unction G(k°,p) can have singularities only if ~ qO 
i £ x  • 

'ra,ishe.~/or some x c { o , : l , . . . ,  n}, X ¢  o, x ~ { o ,  1 .... ,~,} and (~p,)*'-~:.;~ 
i E X  

We o'ather  now the i n fo rma t ion  we have  "~bout the  func t ions  ~ and  G. 

I. P r o p e r t i e s  o f  ~'(z) .  

1) ff '(z) is invariant under L+(C) or L(C) according to whether the theory 
is b~rariant under L ~_ or f t .  

2) The singularities o/ ff~(z °, x) are given by the Theorem 1. 

3) 'ffZ(z) has boundary values 

~ ' ' ( x )  = lira f f ' ( z  °, y )  
y°--+O y"~(~) 

which are tempered distributions. 

4) There  are condi t ions  on the  b e h a v i o u r  of ~ ( z )  a t  infini ty which we 
repla(.e by  the support conditions of Theorem 5 on o~',ff/"(p). 

F r o m  these  p rope r t i e s  of Y7 ~, we have  der ived  the  fol lowing 

I [ .  P r o p e r t i e s  o f  G(p). 

1) G(k) is invaria~t under L+(C) or L(C) according to wheter the theory 
is i ,rariant  under L t  or L ~. 

2) The ,~ingularities o/ G(k ° ,p)  are given by the Theorem 6. 

3) G(k) has boundary values 

O"(p) =- lira G(k o, p )  
q"--¢.O, qo 6~ ~ 

which are tempered distributions. 

4) These boundary values are subjected to linear conditions: the Steinmann 
relations (Section 6). 

5) The re  a re  condi t ions  on the  be lmviour  of G(k) a t  inf ini ty  which  we 

replace  by  the support conditions on .~G'~(x) which follow from eq. (5.5). 

(L:~) I). R~:~'LJ, E: 7'/d~se (Bruxelles, 1959). 
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8 .  - P r o d u c t s .  

In  order to show tha t  the information contained in the properties of the 
funct ion has been completely t ranslated into terms of the properties of the 
G function,  we will reconstruct  ~ (not 3~f!) f rom G. This paragraph is devoted  
to an intermediate  step in this reconstruction,  namely the definition of products .  

Since the distributions GS(p) are subjected to the Steinmann relations, they  
generate an abelian group which is isomorphic to the group ¢#~ of cycles intro- 
duced in Section 6. For  facility, we will in fact  identify the two groups and 
represent  the GZ(p) by  the corresponding cycles. We will also introduce the 
commutators  by  the formula (6.6) and we will be allowed, in computat ions 
with multiple commutators ,  to use the relations 

(8.1) 
I /  t [¢~, c~] = - [c~, c d ,  [c'~ + c~, c2] = [c~, e~] + [c~, e~], 

[ e l ,  [C2, e3] ] -~- [c2 ,  [c3 ,  e l ]  ] + [e3 ,  [ e l ,  e2] ] : O .  

Consider now a par t i t ion of {0, 1, ..., n} into k + l  subsets Xo, X~, ..., X~. 

X~ = {io, i~, ..., i~d)}, we will write xi1, = x~; and p~, :: p~;. 
We define then 

k 
dp~ = dpi~ ... dr , ( i ) ,  P1 = ~ ~ p i .  

l = j  i E x t  

~-ow,  

and 

so tha t  if 

we h~vc 

dp = dpo" dPl" dpl ... dP~" dpk 

n ",c k r(~) 

Zp,.x, = Z P J ( ~ i o -  ~,,-~o)+ Z Y_.p.,(~.,- ~o) 
i=0 ~=1 i=0 j '~l 

j'ffil 

kfd 
/c 

= ~x0 ~ x ,  ... ~ .~(2~)-2  P1 ... dP~ exp [i ~ Fj(xi0 - x(i-,o) • 
i=1 

I f  

Le t  Cj~ (dx, , we will define products  Co" Ca ... Ck with the following properties.  

I I I .  P r o p e r t i e s  of  t h e  p r o d u c t s .  

1) The products are Lorentz- invariant  tempered distributions. 
t II 

2) Distr ibut iv i ty:  Co ... (C'~ ÷ C~) ... Ck = Co ... C~ ... Ck -~ Co ... C~ .., C~. 
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3) [ , ~ , ~ . .  s Co.C~ c ~ . e x p ~  ~ . , x . , ~  
r(i) i=o j'=o 

when C~ = C sJ, S~=~xj and ~ s z , =  O, (Sjo, sit, ... smj))~S~. 
J' =0 

4) Support properties in (p): 

F,  j ~  k. Co'C~... CI,, varnishes u~less P~I~ +, 1<~ 

5) The ]ollowing identity holds : 

C O ... Cl_ 1 • C~ .. .  C k - -  C O .. .  C l • C I 1 . . .  ~k  : Co .. .  [Cl-1  , Cl] . . .  Ck • 

This last proper ty  allows the definition of multiple commutators  of pro- 
ducts of cycles, the number  of dots (-) plus the number  of square brackets  
([ ]) being equal to k. This will justify a posteriori our use of the symbols 

IV0, Cl ... C7~] and [Co ... V~_~, C7~]. 
Propert ies  I I I  are trivial consequences of Propert ies I I  for one single cycle 

belonging to c#,,. We will now define the products  reeursively on the number  
of factors and show tha t  III-1)-5) hold at  each step. 

By definition, let 

(8.3) [Co, c~ ... (:~] = ~ c ,  ... c~_~.[Co, c~].c~+~ ... c ~ .  
j = l  

2 2 First,  we show tha t  this expression vanishes unless P~>~# .  
By the induction Assumption III-4),  Ct ... Cj-~'[Co, Cj]. Cj+i ... C~ wmishes 

unless 

(8 .4 )  I ~ - - P ~ V +  ~, ..., P~--P~eF~, P~+~eV~, . . . ,P ,~EV 2. 

If P~.< e, 0 <  e</~ ,  the sum in the r ight-hand side of (8.3) reduces to 
one term with the support  proper ty  P~--PI~V~I,  so tha t  [Co, C1, ..., C1:] van- 

I) j ishes unless PI-~, --,u + e. 
Similarly, if po_pok l < e ,  [Co, C1, ..., Ck] vanishes unless p o >  # - -  e. Let  

o o now p o >  0, PI~--P~> 0, using the induction Assumption III-4),  we have 

C7,: (Jl . . .  C j - l " [ C o ,  C j ] ' C j + I  . . .  (~k 1 = O ,  l e o ,  C k ] ' C  1 .. .  C;._ 1 : O .  

Therefore, using" III-2)-5), 

k - 1  

[CO, C 1 ... Ct:] = ~ C 1 .. .  [CO, Cj~ ... Clc ~- C 1 ... Ck_ l " l eO,  CkJ 
j - 1  

k--1 

= ~ [ C  1 .. .  [Co,  Cj~ ... (ffk--1, Ck] ~-  [(J1 ''" Ck 1, l e o ,  Ck]] 
j = l  
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k 1 !-1 

: :  ~ ( ~ 61 . . .  [ e l ,  Ck] . . .  [ C o ,  C , ]  . . .  Ck_l~- C 1 ... [ [ C o ,  V i i ,  Ck]..o Ok__ 1 ~- 
j=l  1-1 

k-1 

~[~ ~ C 1 . . .  [ C o ,  V i i  .o. [ e l ,  c1J ... Ck_ I -~ C 1 ... I V , ,  l e o ,  Ck] ... C k _ l ,  
l = i + ]  

k l j - 1  

= 2 ( ~  Cl . . . i t , ,  c~.] ... [Co, c~] ... c~_l+c l . . . [ co ,  i t , ,  c ~ ] ] . . ,  c ~ _ ~ +  
j - 1  l =1 

k - 1  

+ 2 c1 ... [Co, c~] ... i t , ,  c~] ... c~_1) 
1-1 

k - 1  l--1 

= ~ ( ~  c l  . . . [Co ,  c~] ... [ c~ ,  c~]  ... c~_~+c,. . .[Co, [c~, c~] ]  ... c,,_1+ 
/=1 j = l  

k - 1  

+ 2 c ,  ... i t , ,  c~] ... [Co, c ,]  ... c~_~) 
j = / + l  

k-1 

= ~ l e o ,  C l  . . .  [CI ,  Ck]_ ... Ck--1]. 
l=1 

We have  thus proved that  [Co, C1, ..., Cj..] vanishes  unless P ~ t t  2 when  
o po p o >  O. P~, > O, k 

As a whole,  using the (( principe de recol lement des morceaux  }~ (s), we 
have  proved that  [Co, C1...  C1,] vanishes when  I P°I!< # - -  s, 0 < e < ft. 

Lett ing s go to zero and using Lorentz  invariance,  we see that  [Co, C1 ... Ck] 
vanishes  unless P~'I>~ tt 2. 

We  define the product  Co'C1... C~ to be equal to [Co, CI ... C~] when  
P~ > - - /z ,  and to zero when  po < #. 

The product  m a y  also be defined to be equal to [C0... Ck-1, Q ]  when 
0 ~  P~ , /~ - - / z  and to zero when  P~ < /~ .  The proof of the equivalence of the two 

definitions is straightforward if one uses the same kind of deve lopments  as 
above.  

I t  remains now to show that  the properties III.1-5) III .1) ,  hold. 2), 3), 
are direct consequences  of the corresponding induction assumptions  and of 
the definition of the product.  

III .4) .  The product  has been defined so that  P l e V +  ~, introducing this 
into (8.4) one finds P~V+~ for 2 < j < k .  

III .5) .  We  have  

[c'o, c l  ... C,_l.C, ... c,,] = ~: c~ ... [Co, c~] ... c ,_ , . c ,  ... c , +  
~-1 

+ C 1 .. .  l e o ,  e l _ l ] "  C1 .. .  C k ~-  C 1 . . .  e l _  1 ' I t { } ,  e l i  . . .  C k -~  

k 

+ ~ c l . . .  c~_~. c~ ... [ c o ,  c , ]  ... c ~ ,  
j = / + l  



C O N N E C T I O N  ~BET~VEEN V(IGI{TD[AN F U N C T I O N S  A N D  G R E E N  } ' U N C T I O N S  I T  ] ) -SPAOE 3 7 3  

so tha t  

{C,, ('~ ... c _ . c ~  ... c , . ] -  ECo, c~ ... c ~ . c ,  ... c,,:] 

l 2 

= E c~ ... [Co, c~] ... [c ,_~,  c~l ... c~ + c ~ . . .  [[Co, c~_~], c~] ... c ,  + 
j - 1 .  

k 

+ c~ ... [c ,_~,  [Co, c , ] ]  ... Q + 2 c~ ... [c~_~, c~l ... l eo ,  c~] ... c,~ 
J = ~ + l  

1 - 2  

= E Cl ... [Co, c ~  ... [c~ ~, c~] ... c~ + c1 ... [ c o ,  [c~_~, c ~ ]  ... c,~ + 

+ ~.  c~ ... [c~_~, c~] ... [Co,  c'~] ... c,~ 
j - t q l  

- -  [Co,  c~ ... [ c ,_~ ,  c , ]  ... c ~ ] .  

From this equation, the p roper ty  results, except  for 

C o ' ~  1 . . .  C k - -  C 1 • C 0 . . .  C k = [ C o ,  C1] . . .  C k 

which is proved by  considering the difference 

[( 'o .C~ ... c~: ~, c , ~ ] - I C e . C o  ... c~_~, c ~ ] .  

9. - Determination of the Wightman function from the Green Iunetion. 

We will now prove  the following 

THEOREM 7. - 1] a ]unction G(k) satis]ies the conditions II .1)-5) o] Section 7, 
it determines uniquely a Wightman ]unction ¢7/~(z) ]rom which it derives. ?fir(z) 
satis/ies the conditions 1.1)-4). 

A restr ic t ion will be b rought  to this formulat ion a t  the  end of the  proof. 
F rom G(k) we have  a l ready derived the products  Co'C~ ... C~ and proved 

the propert ies  I I I .1)-5)  s tar t ing  f rom II.1)-5).  

Let  us first consider condition I IL3 ) .  

Correspondin~ " to the cone St ~Sfx~ we define the convex closed cone U(Sj): 

(9.~) 
r(J) 

y 9 d,,O 9 { (~S~)={(x~o , ~j, ..., x~,s))." ~ sjj,x~, < 0 whenever  (sjo, Sjl, ..., Sir(j))ESj}. 
j ' = O  

I I I .3 )  implies t ha t  ~'x. Yx~ "" ~-x, Co'C1 "" C,~ decreases fas ter  than  expo- 
nent ia l ly  at  infinity in the complementa ry  of U(S~). 

2 t  - l l  N u o v o  C i m e n t o .  
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But  then, it  can be shown, using Lorentz  invariance, tha t  "~x, ~ x ,  . . . .~y  Co" 
• C~ ... C~ must  actua, lly vanish outside of U(S~). 

So we replace III .3)  by  

III .3 ' ) .  Support  properties in  (x) : J'~-Xo ~x~  ... ~ x ,  
S~ ~5~x~, vanishes unless 

(~o,  o x o x ~ ,  . . . ,  ~(~)) e U(S~)  , 

Co" C~ ... Ck where C~= C sj, 

o<j<k. 

Consider now the case when G(k) derives f rom a Wightman function )TY(z) 
in the way described in Section 5. 

Up to Fourier  t ransformation,  the products  defined in the last paragraph 
are then  identical with those defined by  eq. (6.5) (*). The proof of this state- 
ment  is easy, it  Proceeds by  induction on the number  of factors of the product  
and is based on the support  proper ty  P~ ¢ V~ of 

f d ~  iP~-~] (z ,  a ' ) ~  + (~, a")~¢ ~ exp [-  , ~ ( x )  *9~(x)] ,  

' a" differ only by the sign betweea  when ~(0, 1, ..., n ) =  (io, i~, ..., i~) and a ,  
il~_~ and ik. 

In  particular,  the boundary  values of ~ are given by 

(9.2) ~ ' ( x )  = ~ [ A ( i ° ) . A  (i~) ... A"-)](x) , 

where the (( cycle )) A (° is C ~, S~ being the unique (( cone )) in 5f(~} (~(i} aS well 
as S~ is of course reduced to a point). 

~ow,  if G(k) satisfies the conditions II.1)-5) bu t  has not  been derived from 
a funct ion ~/~(z), we define a function ~ ( z )  f rom G(k) by equation (9.2). 

Propert ies  1.1), 3), 4) are then immediate  consequences of III .1) ,  4). In  
order to show tha t  1.2) holds too, we refer to the proof of Theorem 1 and see 
tha t  this holds if 

~ [ A  (~0) ... AC':~-, ) .A(,~) ... A('.~](x) - -  ~[A(i ,~ ... A(i~ ) .A(~-~ ... A(i')J(x) 

vanishes when (xk-- x~_l) 2 < 0. 
To prove this we use first I II .5)  towri te  A (i~-1~ . A "~)--A "~) . A "~-I) =[  A (~'-1), A (i~] 

then  (6.6) and III .2)  to see tha t  [A (~-1), A (~)] is the difference of two cycles 

in two variables with supports x~--  x~_~ ~ V+ and xk-1-- xk e V+ respectively, 
and finally III .3 ' ) ,  1) to show tha t  these support  properties remain in the full 

products.  

(*) The proper extension of eq. (6.5) to products of k ÷ l  cycles is immediate. 

These products are then applied to ~ .  
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Now t h a t  we have  constructed a funct ion :~(z)  with all the desired pro- 
perties,  i t  remains jus t  to show tha t  the funct ion G(k) derived f rom ~:(z)  by  

the me thod  of Section 5 is the same as the one f rom which we have  started.  
To do this, we will s imply show tha t  the products  of cycles C sj, ,b'j e ::x~, 

{Xo, X~, ..., Xk}: a par t i t ion  of (0, 1, ..., n}, applied to Y:~ ~re identical, up to 
Fourier  t ransformat ion ,  to the products  defined direct ly f rom G. This is true 

indeed for k =- n because of our definition of Y~, and what  we want  to prove  

is just  t ha t  i t  is also t rue  for k =  0. 
We  use thus recursion on k, ~: decrea, sing. 

Le t  
H~,, = C ~'°' C "~' ... C ~'~ 

be a p roduc t  according to ei ther definition. 

//1 and H., sat, isfy bo th  the same support  propert ies  I I I . 3 ' )  in (x). 
Now, if k <  ~, there is at  least one cycle, say C "~J, in more than  one va-  

riable. Using (6.6) and I I I .5 ) ,  i t  is possible to t ransform / / l  or H., into 

by  adding to them a sum of products  of l~q-2 factors.  
So 

Bu t  if ~: is tile ant ipodal  of S~ in (s)x~, U(~:) will also be the ant ipodal  of 

U(Sj). H~--II~ vanishes thus if the variables Xjo, x~,  ..., Xsr<j) are not (dl equal 
and Theorem 7 is proved. 

I t  remains  to discuss the restr ict ion brought  to Theorem 7 by  the fact t ha t  

,yG~(x) -- C*Cf'(x) 

only when all vectors  x, are different. 
This reflects obviously the ambigui ty  of the definition of C'~f:(x) which 

involves <~ cut t ing singularities ~>. 

Any definition of tile C~Tf'(x) involves a choice when some difference 

x i , - - x l  vanishes,  bu t  should be such t ha t  

1) the identical  l inear relations between the general cycles C give rise 
to the same relations between the C~#(x); 

2) when C reduces to A(~°).a"')... A "'~, CY~(x) should reduce to a boun- 
dary  wtlue of "~U(z). 

1) and 2) were achieved here by  the tr ick of regularizing Y~ before cut t ing 
tile singularities. 
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In  conclusion and in order to avoid ambiguities it seems preferable to give 

oneself a function G(k) with properties II.1)-5) rather than a function ~ ( k )  

with properties 1.1)-4). 

The idea of the present work originated from the Thesis of O. S T ] ~ M A ~  (~4) 

who treated the problem of the connexion between Wightman  and Green 

functions in full details for the four-point function. A later paper of STEIN- 

~ A ~  (15) on the same subject treats the general problem of the n-point  function 

with methods and results rather different from what  has been done here. A 

more related t rea tment  is due to H. A~AI(~ (~6). Most of this work (essen- 

tially up to Section 7 incl.) was done in summer ]959 while the author  stayed 

at the E.T.H.  as a (~ chercheur agr66 de l ' Ins t i tu t  Interuniversitaire des Sciences 

Nucl6aires ~> (Belgium). 
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R I A S S U N T 0  (*) 

Nel presente lavoro, dopo aver ripreso lo studio delle propriet~ di analitieit~ della 
funzione $~ di Wightman nel caso in eui il solo tempo sia una variabile eomplessa, ne 
deduciamo la funzione G di Green, estendendo altresi con un nuovo metodo i risultati 
di O. Steinmann relativi alla funzione a 4 punti. La funzione G ha per valore al con- 
torno la trasformata di Fourier de1 valore medio del vuoto de1 prodotto T dei eampi 
e prolunga analiticamente la funzione ritardata di L.S.Z. nello spazio degli impulsi. 
Infine si stabilisce un assieme di propriet~ ehe caratterizzano G nel senso ehe se G 

possiede tall proprieth, esiste una ed una sola funzione 3~ ehe ha le propriet~ solite 
e tale che ne derivi G. 

(*) Trad,uzlone a cura  della Redazione.  


