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Abstract. Probability estimates for classical systems of particles with super- 
stable interactions [1] are extended to continuous spin systems. 

1. Notation and Assumptions 

On a lattice 2~ ~ we consider continuous d-dimensional spins. A spin configuration 
in A C ~  v is thus a function SA:A~IRd; its value at x s A  will be denoted by s x. 

If x=(x  1 . . . . .  x ~  v, we write [x]=maxilxi[. If s=(s 1 . . . . .  sd)EIR d, we write 

A measure # >_ 0 on IR a is given such that 

j #(ds)e-~2 < + oo 

if 0~> 0, and p is not identically 0. 
We shall call interaction a real function U on all configurations in all finite 

A C ~v satisfying the following conditions. 
(a) U is ®a#-measurable  on (IRd)a and invariant under translations of 7/v. 
(b) Superstability. There exist A > 0 ,  C~IR such that if sA~ORa) A is a con- 

figuration on any finite A, then 

U(SA)~ 2 [ A s ~ - C ] .  
x~A 

(c) Regularity. There exists a decreasing positive function ~ on the natural 
integers such that 

 (1xl)< + oo.  
x ~ Z  v 

Furthermore if A1, A2 are disjoint finite subsets of 2~ ~ and sa~, sa2 the restrictions 
to A1, A 2 of a configuration SA~A~ on A~ wA2, then 

]W(sa~A2)l <- -- ~ ~ ~F(ly-xl)½(s~ +s2y) 
x~A 1 y~A2 
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where we have written 

U(S A1 uA 2) = U(S A 1) Af- U(S A2) 2 r. W(S A 1' S A2) " 

Condition (c) implies the following 

(d) There are r > 0  and 2 > 0  such that for all finite AC2U 

I (x~IeA#(dSx)) exp[--e(SA)]>)v-cardA 
XA 

where X-- {seN.a: Is] <r}. This is because, using (c), we have 

x~A 2 S2 Z ) 
and, for suffidently large r, ~ ll(ds)> O. 

Islet 
Notice also that if there are e >0,  B~IR such that 

U(SA)~-~ E '  [(A + e)s 2-Blsx) ] 
xeA 

then (b) holds with C=B/4e. 

2. Probability Estimates 

Let A ( A  C Z~, A finite. We denote by s~ the restriction to d of a configuration 
s A on A, and write 

O(a a)(sa) = ZA t S (x~IA/a P(dsx)) exp [ -  U(SA) ] (1) 

where 

J(E exp,- 

The probability estimates of this section are bounds on 0~a A}, given in Theorem 
2.2. below. To obtain these bound we imitate the arguments of [1]. That paper 
in effect treats a special case of the problem considered here, where d=  1 and/z 
is carried by the natural integers, tn [1], the probability estimates are obtained 
on the basis of technical results, which carry over immediately to the present case 
if the variable n is allowed to vary in tR d rather than take natural integer values. 
As an example we transcribe below (Proposition 2.1) the main technical estimate 
of [1]. 

Given ~>0,  we can choose an integer P o > 0  and for each J>Po an integer 
lj > 0 such that 

I(,.+ l / i s -  (1 + 2~)f < ~. 

We use the notation 

[j]={xeg":txl<Ii}, Vy= (2/j + 1)" 
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2.1. Proposition. Let e > 0  and C>=O be given, and let T be a decreasing positive 
function on the natural integers such that 

 (Ixl) < + 
X ~  v 

I f  ~ is sufficiently small one can choose an increasing sequence OPj) such that ~>_ 1, 
~ - ~  ~ ,  and f ix  P> Po so that the following is true. 

Let n(.) be a function from 7Z. to the reals >_0. Suppose that there exists q such 
that q ~ P and q is the largest integer for which 

n(x) 2 
xE[q] 

Then 

C+ ~ ~ T(ly-xl)t(n(x)2+n(y)2)<=e ~ n(x) 2. 
xE[q+ 1] xa[q+ 1] y¢[q+ 1] x~[q + 1] 

This differs from Proposition 2.1 of [1] mostly by the fact that n(.) has real 
rather than integer values. Lemmas 2.2, 2.3, 2.4, and Proposition 2.5 of [1] 
similarly carry over to the present case. 

To adapt Proposition 2.6 of [1] to 0~ A) some care is needed because we do not 
have in general O({0})> 0. Since however we have (d) and the regularity condition 
(c) (rather than only lower regularity in [1]), we can write O(AA)(SA) = 0'-~-O" where 
(3.30) and (3.31) of [1] are replaced (see Appendix) by 

] ~(A) ,~s a ) (2) Q'<C' exp[ Z 7J([YI)-A)s~ "ea\(x,, \( 
[yEE v 

, <  +,+v,,v,+,.exp z (A) S Q = Z e-C"'P"+'v" Z [-(A-3e)sx]'Q~\E.+11(a\tq+1~) (3) 
q >= p x~[ q + 1]c~A 

with some constants C,  C", D". Therefore, by induction on card A, 

o(A)(sA) ~ exp ~ (Es2~ + F) (4) 
xEA 

with some constants E, F. 
We show now, following Proposition 2.7 of [1], that for any e>0  one can 

choose 5 independent of (A), A, s a such that 

o(A)(SA) "~ exp Z [ - (A - 3e)s~ 2 + 5].  (5) 
xEA 

We may assume A > 3e. Let 6 = (E + A - 3e),pvV v + F. If ]s~] < (q~i, Vv) 1/z for each 
xsA,  then (5) follows from (4). If ]s~] >OpvVv) ~/2 for some x, we put x at the origin 
by a translation. Then ~' =0, and O(Aa)(Sa)= e" SO that, using (3) and induction, 

e(A)(SA) ~ exp Z [ -  (A - 3e)s~] 
X~ZI 

L e--C"tpq+ tVq+ I+DVq+ 1 eheard(A\[q+l]) 

q>P 

< exp ~' [ - (A - 3e)s~ z ].  e ~ ~,~a(a\tq + 11) + ~' 
x~A 

and (4) follows. We have proved the following 
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2.2. Theorem. Let o<aA)(s~) be defined by (1) for an interaction U satisfying (a), (b), 
(c). Given A* < A, there exists 3 independent of A, A, s~ such that 

~(~A)(s~) <exp ~ [-- A*s 2 + 3]. 
xEA 

2.3. Corollary. Let 7 > 2, and suppose that the superstability condition is strengthened 
to 

U(SA)> y~ [AlSx] ~-  C]. 
x~A 

Then the conclusion of Theorem 2.2 can be strengthened to 

O~;J)(s~) < exp ~ [ -  A*lsxl ~ + 6] 
x~A 

Define F :IRe~IRd by 

)s if 1si_-<1 
Fs= [(is[2/~._ 1) s if Is[ > 1 

and write F(Sx)x~ A = (Fsx)x~ A. 
Let/~ be the image by F of the measure #, and let (;(SA)= U(FSA). Then (~T is 

an interaction satisfying the conditions of Section 1 with respect to the measure/Z 
In particular 

~f(SA)= U(FSA)~ E [AlFsx] ~ -  C] 
x~A 

> ~ [ A s 2 - A  - C] 
x~A 

and 

[~r(SAluA2)]~-~ E E ~(]Y-Xl)½(lrsxlZ +lFsy] 2) 
x~A 1 yEA2 

=< Z Z  (Ly- xl) (sx  + 
x~At yeA2 

Therefore 

e]a)(sa) = ~AA)(F - 1Sa ) < exp ~ [ -- A* IF - l s~[ 2 + 3] 
x~A 

<exp ~ [-A*]s~p'+6]. 
x~A 

2.4. Corollary. Suppose that 

V(s ) 
xEA 

and that (Y is an interaction satisfyin 9 the conditions of Section 1 with respect to 
the measure fi = e- v#. Then Theorem 2.2 can be replaced by 

~o]A)(s~) <exp ~ [-A*]s:~]~+ 6 -  V(s~)]. 
x~A 

This is because 

~(A' (sA)=exp[--~  V(Sx)]O(A)(SA) 

where ~ is defined by (1) with #, U replaced by/% U. 
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Appendix 

We sketch here the proofs of (2) and (3), using notation which is either that of [1], 
or has obvious meaning. 
Proof of (2)• 

~0' = Z A 1 S 12A\A(dSA\A ) exp [ -- U(sO- U(SA\{x}) - -  W ( S x ,  SA\{x}) ] 
R 

Ne-v(*~)ZT, 1 5 #A\A(dSA\A) exp [ -  U(SA\{x})- W(Sx, SA\lx}) ] 
R 

"exp [(~- r~ ~(}Yl)) (s~ + s'~) + 2D' ] 

<2eZWexp[-As~+C+(½~P(lYl))s~] 

":up exp [(½ ~ ~P([YD)s~ 2} 

Z-1 • A ~ #(ds') l #a\a(dsaxa) exp [ -  U(s*)] 
2 R 

< C exp 7J(lyi)- A s .0a\{x}(sa\{xl). 

Proof of (3). 
O "= ~ ZA 1 5 IzA\a(dSAIa)exp(--U(s~q+n~A)) 

q>P Rq 

• e x p  ( - W(st~ + ~ l~  * s A  ~ ]~ + 1})) e x p  ( - U(sA\~ + l j)) 

< Z Z~ 1 5 I~A\a(dSA\A) exp Z [ -  As2 + C] 
q > P Rq x~[q + 1]c~A 

• exp ~ ~ gt([y- xl) ½ (s 2 + 4) 
xa[q+ 1]c~A yeA[q + 11 

-exp 2 ~ ~([Y-xt)½(s~ +s2) 
xe[q+ l lnA yeA\[q + 11 

• exp[-  W(s~q+ llmA,SA\[q+ 11) - -  U(SA\[q+ 1])] 

q>P Rq 

"exp [ - ( A - 3 e ) ~  s2-C"gtq+lVq+t] 
xE[q + t]~A 

"exp (½ ~ ~P([Yl) <q~>A S~2 

• exp [ -- W(slq + 1>.~, SAxtq + n)-- U(SA\tq+ n)] 
< 2 exp ~ [-(A-3e)s~] 

q>=P x~[q+ 1]:~,A 
• e -  c " %  + 1 Vo + ,  [5 # ( d s ) e -  (a - 3g)s2] I[q q- 1 ](3 A\A I 

• (:up exp[(½ r~ tP(lYl))s'g])ltq+n~alAl]q+ll~lAI 

• g ~ l t  5 ~[q+ llc~A(ds[q+ 1lenA) ~ l dA\[q+ l](dsa\[q+ tl\a) e -  u(s3) 
Z[q + 11 ,",1,,. 

< 2 exp 2 [ -  (A - 3e)s 2] 
q>=P xa[q+ llc~A 
• e-C"~gq+ 1Vq+ I+D"Vq+ 1 ~(A) ~a\~q + ll(sa\tq + 11). 



194 D. Ruelle 

Acknowledgements. I am indebted to Joe] Lebowitz for questions and discussions which originated 
the present note. Applications of the estimates in this note to the thermodynamic limit and related 
problems will be made in a separate paper by J. L. Lebowitz and E. Presutti. 

Reference 

1. Ruelle, D.: Superstable interactions ha classical statistical mechanics. Commun. math. Phys. 18, 
127--159 (1970) 

Communicated by G. Gallavotti 

Received April 12, 1976 


