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Jiirg Fréhlich* and David Ruelle**
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Abstract. In this paper we study rigorously the statistical mechanics of a gas of
vortices in the thermodynamic limit. In this limit, no negative temperature
states are found to exist.

0. Introduction

When the motion of a fluid may be considered as approximately two-dimensional,
the fluid often exhibits well-defined vortices. The existence of such vortices is an
experimental fact, which Poincaré already tried to explain®. If dissipation may be
neglected, the motion of the vortices is Hamiltonian, and it is natural to study the
“gas of vortices” by the methods of statistical mechanics. Onsager [20] has argued
that when the total energy of the system is sufficiently large, the “gas of vortices” is
in a “negative temperature state.” He further argued that, in such a state, vortices
of the same sign attract each other. In fact the coalescence of vortices of the same
sign has later been observed in computer experiments (see Montgomery and Joyce
[177), and is claimed to explain in part the existence of large well-defined vortices .

In this paper we study rigorously the statistical mechanics of a gas of vortices
in the thermodynamic limit. Thus we let the volume of fluid go to infinity, while
the density and mean energy of vortices tend to constants. In this limit, no negative
temperature states are found to exist?, contrary to Onsager’s proposal.

Our main results are presented in Sect. 3 (Theorems 3.1 and 3.2).

*  Address after Aug. 1982: Theoretical Physics, ETH, CH-8093 Ziirich, Switzerland
**  Work supported in part by NSF Grant MCS 78-02721

1 The argument of Poincaré [22, Chap. VIII] is based on a discussion of the stability of motion
2 See also Kraichnan and Montgomery [15] for a discussion of this theory. Note that vorticity is
conserved in an inviscid fluid (theorem of Helmholtz); therefore Onsager’s mechanism cannot explain
the appearance of well defined vortices in a fluid where the vorticity is smoothly spread out initially
3 Negative temperature states are known to exist for certain other systems without kinetic energy
(spin systems). We claim that nothing of the sort is present here
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1. Potentials

Let v=(v,,v,) be the velocity field of an incompressible two-dimensional fluid in a
bounded open region A CIR% The incompressibility relation:
dv,  0Ov,

=0
O0x; 0x,

implies the existence of a stream function ¥ such that

oo

= ox,’ 2= ox,’
if we know that the flow of v through pieces of the boundary of A vanishes.
Introducing the vorticity

v, O,
=_—2__L—_ Ay, 1.1

0x, 0x, (1)
one sees that the instantaneous angular velocity of a fluid element is /2. The
relation (1.1) may be solved for ¥ as

P(x)= £ dyo(y) V(x, y),

where the potential V(x,y) is the kernel of the operator V=(—A4)"!, defined with
suitable boundary conditions (b.c.) on the space L*(A)=L*(A, Lebesgue).

We impose the physical condition that the fluid does not cross the boundary of
A. If 84 is smooth, v is thus parallel to the boundary, and grad ¥ normal to it.
Therefore ¥ is constant on 04, and we may take this constant equal to 0.
Mathematically, this corresponds to taking 4= A4 ,, where 4 , is the Laplacian with
Dirichlet b.c.: — A, is defined as the Friedrichs extension* of the positive operator

o* 02

0x7  0x3
ing potential will be denoted by V,(x, y). We extend the definition of this potential
so that V,(x, y)=0 if x¢A or yéA; V,(x,y) is then the kernel of an operator V, on
L*(IR?), vanishing on the orthogonal complement of L*(A). If AC A, the definition
of the Friedrichs extension implies that the domain of 4, is contained in the
domain of 4 ,. [with the identification of L%(A) to a subspace of L*(A')], and that

(=4 )= -4y,

acting on C*® functions with compact support in 4. The correspond-

where 1, is the orthogonal projection on L*(A). Writing
A:(_AA,)MZVL/Z, A* = Vi/z(—AA,)l/zlA,

we have thus
A*A=1,,

hence

AA* <1,

4  For a discussion of the Friedrichs extension, see for instance Riesz and Nagy [24, Sect. 124] and
Reed and Simon [23]
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and finally
V,£V, when ACA". (1.2

It is convenient to introduce also the potential ®

1
Volx, )= — Elogly— x]. (1.3)

which corresponds to fiee b.c. (this is a definition of free b.c.).
If we write

Ve, 1) =V, ) — Vo %, ), (14)

then (x, y)— I7A(x, y) is continuous in A x A. [To see this it suffices to notice that
V(x, ) is a harmonic function of both x and y.] We define

W (x)=1V,(x,x). (1.5)

Let A be fixed, contained in the circle of radius R centered at 0, and let A’ be a
circle with large radius R’ centered at 0. For yeA, V,(-,y) is harmonic with

boundary values LlogR’+O( ) Therefore, by the maximum principle

éO(%).

When o has support in A and satisfies the “neutrality” condition {wdx=0, we
have thus 4

~ 1
VA’(').V)_ %IOgR’

o) P, )dxabl SO ).
hence
hm jco(x)a)(y)V (x, y)dxdy = [ o(x)0(y) Vo (x, y)dxdy .

Combined with (1.2) this gives

Jo(x)o(y) Vy(x, y)dxdy < [ ox(x) () V,(x, y)dxdy, (1.6)
when [w(x)dx=0.
If ¥={na,+n,a,:n,n,€Z} is a lattice in R?* and A={A;a,+4,a,:

0=4,,4,<1}, a potential V,_(x,y) with periodic b.c. may be introduced.
It is a periodic function ¢ of x—y, with

—4p(8)= %5(5—6)—l/11_1,

where |4 is the surface of 4. It is seen that V, . corresponds to the inverse of the
Laplacian on a torus, restricted to the orthogonal complement of the constant
functions. We have thus

Jo(x) () Vy(x, yydxdy < [ o(x) (1) Vi per(X, y)dxdy , (1.7)
when [w(x)dx=0.

5 We write |x|=(x2 +x2)'/?
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The difference V,

iper X, V) — V,(x, y) is continuous at x =y, and we define

WAper = %[VAper(xb y)_ Vao(xa y)]xzy

which is a constant. 0p\2
We call — 4, the operator associated with the quadratic form [dx ), ( PN )
A T\

defined on C* functions with bounded derivatives on 4; A, is the Laplacian
with Neumann b.c., which corresponds to a vanishing normal derivative on the
boundary of A when this boundary is sufficiently smooth. If ACA" we have
— A< — 4,5 with the usual identifications. We define V,, to be the inverse of
— A,y restricted to the orthogonal complement of the constant functions on A.
The corresponding potential thus satisfies

— A V(- y)=0,— 147"

Assuming always

fo(x)dx=0,
one obtains easily the following inequalities:
[o(x) () Vpn(x, y)dxdy £ [ olx) o)V p(x, y)dxdy if ACA, (1Y)
[o(x) () Vo (x, y)dxdy < [ o(x) () Vyn(x, y)dxdy, (1.9)
J () (y) Vg porlx, y)dxdy < [ x(x)0(y) Vyu(x, y)dxdy . (1.10)

The difference V{x, y)— V,,(x, y) is continuous at x=y, and we define

WAN(x) = %[VAN(X’ y)_ Voo(xa y)]xzy s

which is a continuous function of x.

The potentials V,, V,,, V. Vv may all be interpreted as two-dimensional
electrostatic potentlals V corresponding to conducting b.c., and V to insulating
b.c. on 0A. If ACA', the electrostatic energy of a distribution of charge in A, with
conducting b.c., is less than the energy of the same distribution in A’ [inequality
(1.2)]. This is because, going from A’ to A, one allows the electric field of the given
charge distribution to perform work on the freely moving charges of the newly
introduced conducting boundary.

2. Mechanics of Vortices

The kinetic energy of the fluid contained in A is

K=:2{v? = [ (grad ¥)?
1 2k
=2 2,2, 9= (0 V,0)

o(x)a(y) V(x, y)dxdy,

l\)lfb NS AR l\)lftb

mﬂ

where g is the density of the fluid.
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m

Suppose that w= Y w;, where the w, have definite signs, small disjoint supports
1

centered at &, ...,&,, and [/éfa).(x)dx=R.. Then

=32 Z Z fo)o () V(x, ydxdy

gz; ) V(x. y)dxdy

+ YRRV, (E,E).

i<j

If the supports of the w; tend to the points ,, we have

K— —wa(X)w(y)V (x, )dxdy—U 4(¢4, ... L)

where we have written

Uallys s ZRZ Wi+ Y RRV,(E:€) 2.1)

i<j

[remember that W, is given by (1.5)]. We define similarly
Um(il)" Z R oo(ép 6})’

i<j

and for a parallelogram A4,
UA per(é? e 5 )
- ZRZ Aper+ Z R Aper(éu é]) .

i<j

The quantity U ,(&,, ..., &,,) is finite when the &, are distinct and inside A. On the
other hand K— oo when m>0. We view U , as a renormalized energy of the vortex

system; it may take positive or negative values. Note that, as a consequence of
(1.2),

Uyl E)SULE, .0 E,) when AcCA. (2.2)
Using (1.6) and (1.7} we obtain also

Uyl ES UL, E,) when Y R,=0,
Uglys - n ) SU gpeléys oo éy) when ) R;=0.

Since the vortices move with the fluid, by the theorem of Helmholtz, we have

d (< = — 9,%() . 01
dt (é;) =u&)= (— 8, Y’(fi)) = (_ 1 0) grad ¥(¢))

0
_ (_1 (1)) grad ¥ | dyo () V,(Es )
jA

0 1
~ (_1 0) grad,

J dyo )V, é,,y)+ Rivy EE). (23)

>
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We admit that if the ith vortex were alone in infinite space, its velocity would
vanish (although its internal structure might change with time)®. This means that
we may replace in the right bhand side of (23), V, &,y by
V(& )=V (& y) =V, (&, ) [see (1.4)]. Notice that V), is self-adjoint and that its
kernel is real (because — 4, is a real operator). Therefore V,(x, y)=V,(y, x) and

grad V,(x, y)|,.- y=g=3grad V(x, %), s =gradw,(&).

Altogether (2.3) becomes

d (& 0 1
1/55 (5;) ~ (_1 0) gradi [RiWA(ii)+ z RjVA(éiv 6})}

RE!

Replacing =~ by =, we take this as definition of the motion of point vortices.
We have thus

¢, U,
R, —
l/é 1 dt a£i2 » (24)
Var % __ U, '
SR .,

These are Hamiltonian equations’ in the 2m variables &, with i=1,...,m; a=1,2.
In particular Liouville’s theorem implies that the volume element
dé=d&é ,ndE ,n... NAE, AdE,, is preserved under time evolution. The total
volume of accessible phase space is in fact finite (= |A|™, where | 4] is the surface of A).
It is thus natural to follow Onsager, and apply the methods of statistical mechanics
to systems of vortices. This means describing systems of many vortices in terms of
Gibbs ensembles.
The microcanonical ensemble is the probability measure

Q70U 4&y, -, &) — B, (2.5)

where Q is a normalization constant, and the support of the measure is on the
energy surface defined by

U&p...E)=E.

6 A more careful discussion would approximate the velocity field some distance away from the

01
vortex in the form x— (&) + ( i 0) grad V, (x, &), and define o(£,) on this basis. Note that an isolated

vortex enclosed in a box A will usually move, due to the presence of walls. In the simple example of a
straight infinite wall, we have V,(x, &)=V (x, &) — V(x, &), where & is the symmetric of £ with respect
to the wall. The vortex at £ moves under the influence of its mirror image at & The motion of &, &°
corresponds exactly in 2 dimensions to the motion of a smoke ring in 3 dimensions

7  Writing ¢,=¢;, ]/é /IR, p;=¢;,R, ]/é/ /|R,), we obtain the familiar equations dg;/dt=0U ,/0p,,
dp,/dt=— 09U ,/q,. It is however more natural to retain the variables &,
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The statistical description of a system by the microcanonical ensemble is usually
justified by assuming ergodicity of the measure (2.5) under time evolution?,

The heart of statistical mechanics is the study of the thermodynamic limit, where
A,n, E tend to infinity, while the density |4]™ 'n and specific energy |4|™'E have
finite limits g, s. Before taking the limit, one replaces (2.5), where E has a fixed
value, by an expression where E varies in an interval (|A|(e — ), [4|(e + 9)), and only
after the thermodynamic limit does one let 6—0. It is a new physical assumption
that this complicated limiting process gives a correct description of (2.5) when
A,n, E are large but finite, and E is a number, not an interval. There is some
ambiguity in the limiting regime which is chosen. This will be briefly discussed in
Sect. 5.4. In the next sections we go into the formalism of statistical mechanics, and
study the thermodynamic limit. Before that let us recapitulate the physical
assumptions that have been made:

(a) Two dimensions

(b) No viscosity

{c) Point vortices

(d) Ergodicity of the microcanonical ensemble under time evolution; (or
dominance of an ergodic component in the presence of small random
perturbations)

(e) Fixed total energy may be replaced by a small energy interval; the
thermodynamic limit is a good approximation for the description of large, finite
systems at moderate densities and energy.

3. Statistical Mechanics of Vortices

3.1. Introductory Remarks. In order to simplify matters, we assume that all
vortices have strength R,=+ R, with R>0. According to (2.1) the Hamilton
function for n positive vortices at positions &,, ..., £, and m negative vortices at
positions &, ...,&, in an open region ACIR? is given by

U, x(Z7, &my= _;1 R? W, x(&)+ _;1 R? WA,X(EJ')

+ Y RV UEE+ Y RW,EE)

1gi<IZn 12j<ksm

- Y R EE), (3.1)

where X specifies the boundary conditions (b.c.), X =D (Dirichlet or conducting
b.c.), X =F (free or insulating b.c.), X =P (periodic b.c.), X =N (Neumann b.c.),

8 Nothing is known on the ergodicity of a system of n vortices in a box. (For a discussion of the
dynamics of 3 or 4 vortices in infinite space, see Novikov [18], Novikov and Sedov [19], Aref [1],
Ziglin [28], and Aref and Pomphrey [2].) Actually, ergodicity may be too strong an assumption. It
would be enough to assume that for large 4, n, E, (2.5) has one ergodic component of measure close to 1.
(One may suppose that the other components would be invisible, for instance because points starting in
them would, by small random perturbations, go to the large ergodic component)
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&"=(¢,,...,¢). Furthermore W, =W, V,,=V,, W,,=0, V, =V
W,y p=W,e, and V, =V, . in the notations of Sects. 1 and 2.

The system is called neutral if n=m. It is straightforward, but cumbersome
notationally, to deal with vortices of variable strength, distributed according to
some a priori distribution, dA(R), of compact support; (see Appendix B).

It may be of interest to also consider the thermodynamics of “non-neutral”
systems, e.g. n=0. Their behaviour differs from the one of neutral systems (m=n)
which we study below. In order to obtain thermodynamic behaviour, a neutraliz-
ing, uniform background vorticity must be introduced. Physically, such a back-
ground vorticity corresponds to a fluid in uniform rotation with constant angular
velocity, or one which “shears” between two parallel lines. In this way one obtains
a family of vortex systems interpolating between the neutral two-component
Coulomb plasma and the “jellium” [26] in which all point vortices have strength
—R, and there is a neutralizing, uniform positive background vorticity.

For the purpose of comparison (e.g. with numerical studies [17]) we not only
discuss the physically motivated Dirichlet-, but also free-, periodic- and Neumann
b.c. The remarks on the physics of the vortex system, assumptions (a) through (e),
Sect. 2, suggest that we study the micro-canonical ensemble. It turns out, however,
that for many values of the thermodynamic parameters this ensemble is equivalent
to the canonical ensemble. Moreover, for the system of point vortices studied
below, the canonical ensemble is known to be equivalent to the grand canonical
ensemble. This is a simple consequence of the scaling properties of U ; x (see Sect. 4
of 8], [91, and Theorem 3.2). Mathematically, the grand canonical ensemble is
the most convenient one.

3.2. Definition of Ensembles and Thermodynamic Functions,
The Main Results

(a) Microcanonical Ensembles. Let 64 be the characteristic function of the interval
[—A4,0] and 6~ the one of (— 00, 0]. The microcanonical partition function for a
neutral system of n positive and n negative vortices in a bounded, open domain
ACR? is given by

Q4X(A,n, E)= (%) [ 0%U , x(& &N~ E)dEalr, (3.2
. AZYI

where E is the total energy, and

n n

dén: H dzéi,dé_nz H dzsfj-

i=1 i=1

(We closely follow notation in [8, 9, 25].) We also define

1\? . =
QXA n, E)= (F) Afzné_(UA’X(é", & — E)dEmde. (3.2)
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Let

E 4 2
TAl? o= TA1? QE——’/E—,

&
| 1] ]

where |A] is the “volume” (area) of A. These quantities are the energy density,
energy density uncertainty and particle density, respectively. We define the
entropy densities

i
si*(e.e)= mlogﬁ"’x(/l, n E),
33
) (3.3)

sie.e)= i log Q*(A, n,E)>s5*(e, ¢),

and
5, X — T 8.X X — 13 X
s (Qa 8) - A]L—I%Z SA (Q: 8)7 S (Q7 8) - Al—;r—%z SA(Qa 8) 5

with &, ¢, and ¢ kept fixed, (47 R? in the sense of van Hove [25]). For Neumann
b.c. the thermodynamic limit of s% can be shown to exist (see Sect. 4). The function
s%(g, €) is by definition an increasing function of e.

It is easy to see [25] that if the thermodynamic limit of s%(e,¢) exists and if
s%(g, ) is strictly increasing at some ¢=g¢,, then

AIE'IE{IZ S%X(Qa 80) = Sa,X(Qa 80) = SX(Q7 80) E

for all §>0. It might happen, however, that s*(g,&)=s,=const, for ¢€[eg¢,],
g, <é&,. In that case it is conceivable that s*(p,¢) depends on ¢ and is strictly
smaller than s(g, &), for some ¢€(g,, ¢,) and some sufficiently small 6. Thus it might
happen that

0s>*(g, )

s =p<0, (3.4)

at energy densities ¢ around which s¥(g, -) is constant. This was, in fact, expected
by Onsager [20]. Of course, in a finite region A,

05k (e:®) _

0
O ’

if £ is large enough, depending on A. The true behaviour of s**(g,¢), X =D, F, P, or
N, as a function of ¢ is described in the following result.

Theorem 3.1. For X =D, F, P, N, there exists a function ¢*(g, &) such that
()
is increasing and concave in &, with values in the open interval (— o0, p—plog %), and

if 6X(o, -) is strictly concave at ¢

s7¥(e, &) =s"(0,6)=0%(0, ).
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(In particular, the thermodynamic limits of s%* and s exist.) If & belongs to an
interval of linearity (eg, ;) of 0*(g, -) then

lim_ si(0.9)<0™(0,9). (3.5
: 3,X e
Jim, s™%(e, ) 207(0, &) (3.6)

(Note that ey is the left extremity of the interval.) Finally

Jim_ o%(g,¢)= — oo, lim s>*(e,2)=¢—clog

o) e o=

is the entropy of an ideal (non-interacting), two-component gas of vortices. A
proof of (3.5) and (3.6) is given in Appendix A. The remaining statements then
follow by proving the equivalence of the microcanonical, canonical, and grand
canonical ensemble for all, but possibly countably many values of

0% (0, ¢)
e’
and exploiting detailed properties of the free energy as a function of ¢ and f; see

Theorem 3.2 and Sects. 4 and 5.
In Sect. 4 we show

oI
O

Notice that

1
—glog— —hm—

f=

sM(o, &) <5%(0,8) <50, &)< —glog Q, (3.7)

2
for all e<oo and X=F or P.

Using a conjectured extension of the results in [4, 5] (proven for a lattice
Coulomb gas) to the continuum gas studied here, one is able to establish the
equivalence of all three ensembles, for § sufficiently small, i.e. ¢ sufficiently large,
and Dirichlet boundary conditions, and to exhibit the approach of s”(g,¢) to

Q—Qlogg, as g— o0, explicitly (see Sect. 5).

In the next section we establish some general properties of s°(g, £) and s(g, &) ; in
particular, we prove the following scaling relation: For arbitrary b.c. and all >0,

'rp2

R
s,(0,€)=2¢'logh+0 2s4_ (029’, 0% + g‘—m— 6* log@) , (3.8)

which can be transferred to the thermodynamic limit if the latter exists. In that
case we obtain

s(0, &)= €™eR"s(e ™ 571870, 0)— 87e/oR?, (3.9)

4ne/gR2

by choosing ¢ =0, ¢'=0"2%g, f=¢
Thus, the entropy as a function of ¢ and ¢ is determined by the entropy as a
function of g, for a fixed value, g,, for example 0, of the energy density &, provided
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the thermodynamic limit exists (see Sect. 4 and Appendix A.) Existence of the
thermodynamic limit can be proven for strictly neutral systems with Neumann b.c.
(Sect. 4). This summarizes our main results, but see also Theorem 3.2 and (3.34).

(b)Y Canonical and Grand Canonical Ensembles. The canonical partition function
for a system of n positive and m negative vortices in a bounded, open domain
ACR? with D,F,P or N boundary conditions at 04, is defined by

1 - =
0¥(4,n,m, )= —, o - dgragremiaxtnen, (3.10)
¢ Antm

with U 4 4 given by (3.1), and
Q*(A,n,m, f)=0, unless n=m,
if X=N,F or P b.c. are imposed. We define
Q¥ (A, n, B)=Q* (A, n,n, ),

and

Bfie.f)=— ¥ IOgQ"(/1 n,f), 3.11)
. 2n 5 . . . .
with o= W; S0, ) is the free energy density for a neutral system in A with b.c. X.
It is proven in [8, 9], Sects. 3 and 4, that for 0<f< % and % bounded,

Q¥(A, n,m, S KB ™, (3.12)

and

X 4r

QM A, n,n p)=c0, for B= A (3.13)

for X=F, P,and N. In Appendix B, this result is extended to X =D (in which case

(3.12) has been shown to hold for ﬁ< 5 in [9})
By using an argument of Griffiths [12], it has been observed in [13] that

fF(Qa ﬁ)_ hm fA(Q’ ﬁ)

A”R2

(where the limit is understood in the sense of van Hove; see Definition 2.1.1 in
[25]). The same argument works for Neumann b.c. [the important ingredient in
the proof being inequality (1.8)].

For all four choices of b.c. the existence of the thermodynamic limit of f%(g, f)
can also be deduced from the equivalence of the canonical and the grand canonical
ensemble and the existence of the thermodynamic limit of the pressure for all

An
0<B< > and X =D, F, P, N; (see Sect. 5).
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We now define the grand partition function

A,z p= 3 QN (A nm,p), (3.14)
nm=0
0%(4,0,0,p) =1,
where z=e* is the activity, 0<z < oo. The pressure is then given by
Bri(z. B) = ] logux(/l z,B). (3.15)
47
In Sect. 5 we show that for < e
0<riehs (42D <piepsKEp, @16
Pz )

where K(z, f) is some finite constant independent of A, provided A is a circular or
rectangular region containing {£:|¢]<1}. Moreover, for X =F and N and {4} an
increasing sequence of circular or rectangular regions

p*(z, B) is monotone increasing in A,} (.17
pP(z, B) is monotone decreasing in A. '
By (3.16) and (3.17),
Pz B)= Jim, p(z, B) (3.18)

4r
exists and is finite and positive, for all 0<z< o0, 0<f< — R ,and X=D,F, N.

One can also establish (3.18) for X =P, with A.7R? through a sequence of
squares or rectangles (see Sect. 5 and [6]).
By (3.16) and (3.17), for X=F, N,

0<pli(z B)<p(z, B)=p"(z B <pa(z B).- (3.19)
By (3.10), (3.14), and (3.15)

. 1 & (z)A])*
X, 0 —
lim fpy(z, P)=p42)= il log(n;) )’
for X=F, P, and N, and
<3} ZlADn+m
hm ﬁpA(z py=pi(z)= ( ZO P =2z. (3.20)
It is an elementary fact that
lim p%(z)=2z. (3.21)
A~R2

By (3.19) and (3.20)
pi(2) < }}in(l) Bp*(z, ) <2z
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for X=D, F, P, N and arbitrary 4, so that by (3.21),
lim Bp*(z, f)=2z= lim Bp}(z, B), }
B~0 B~0
A

22
for X=D,F,P,N and for all (322)

Next, by (3.10), (3.14), and (3.15),

oBp2a ) _
op I/ll
R2
]

IdzéW )e(B.2;9)
f d>ed’nV,(En)log * (B z;Em—ay " (Bz; & m)]

where (B, z; £) is the one-vortex correlation, and ¢ *(8,z; &, 7) is the correlation
of a vortex with strength R at € and a vortex with strength + R at #, in the grand
canonical ensemble; see [25, 10] for definitions. In a bounded region A4,

lim Loi *(B.z;&m—oy ~(B,2:4m]=0,

and
lim g ,(B,z; &)=z
B~0

Thus, by a dominated convergence argument,

AR R
s e

zZR?

Z,Alfdzéhm(V E-m-V&m). (323

Suppose now that A is the disc of radius r centered at the origin. Then
liné (Vo & =m)— V(& m)=(1/4m) logr? — (1/2m) log(r* — *); (324
.

see Sect. 3 of [8], or [9]. Therefore

. 1
}fl»o (Bpaéz A _ =3 R2 (1/4m) logr? + 2 j( 2t)log(r* — t?)dt
=— i [logr*—2]. (3.25)
8n
Hence
lim ('BpA( z6) diverges to — oo, as r— 0.
B~0 6ﬂ

By (3.17) and (3.22),

AP B) . ABRRz )
T S AmT g
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for arbitrary A. Therefore we conclude that

o™z B)) _
;15?) 2F —00. (3.26)
Theorem 3.2. Let a=BR2/4n. Then, for all choices of b.c, X=D, F, P, N,
Br¥(z, )=z ""FX(w), (3.27)

where FX(a) is a finite, strictly positive convex function of «, for 0=Sa <1, with the
following properties:

1) lim F¥ (@)=,
a1

2) lim F¥()=2,

3) lim diFX(a)= —

a~0 do

Moreover, the canonical and grand canonical ensembles are equivalent, for all
4r
pe O’F , and
2—a)g
prmo=25"ooe {222 1. D 625)

Remarks. 1) For free b.c., (3.27) and (3.28) are proven in [8]. The extension to other
b.c. is indicated in Sect. 5. From (3.27) one derives the equation of state

p¥(e, p)=(e/B) (1~ BR?/87);
see [16, 8, 9].
2) Assuming that the methods of [4, 5] extend to the continuum Coulomb gas,
for sufficiently small, but positive values of «, one can show that F(«) is C* in «,
for small «, and

iFD(ot)=O(logcx), (3.29)
da

as a~0; see Sect. 5.

We now turn to the proof of Theorem 3.2. For the proof of Eq. (3.27) see [8, 9]
and Sect. 5. It follows from (3.10), (3.14), and (3.15) by using Holder’s inequality
that Bp*(z, B) is convex in B, hence in & Thus, using (3.27)

o*(Bp*(z B) _

0< =
= oo 2

1 (log2)Bp*cP)
)

2 2 —a !
" (2-a)? logz (2—a)? (logz)Bp*(z, p)+ 227 F(a)}

+ 2427 F"()=F"(x), for z=1. (3.30)
Thus F(x)=F*(o) is convex. That it is finite for 0<a <1 follows directly from

(3.16), and that it diverges when o .~ 1 follows from (3.10) and (3.13). {All quantities,
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¥ 4n
Q*, EX and p*, diverge when 7 — R , because of the logarithmic singularity of

Vi n) at E=n¢dA (see [8,9]).
By (3.22) and (3.27),
l%il’l;l) Br*(z, B)=zF¥(0)=2z, i.e. F¥(0)=2, forall X.

This proves property 2) of F¥. Next,

(ﬂp (z ﬂ))——*—(ﬂpl’( .B)

R? %(logz)ﬂpb(z, ﬁ)+22/2—aw '
) do

T 4n |2
This identity combined with (3.26) yield property 3), for X = D. In order to prove 3)
for X=F, P, and N, suppose first that

dF¥(x)

op

Zconst> — o0,

. . 0
uniformly in «€(0,1). Then %(/3 1*(0, B)) S, < o0, for some constant ¢, and all

fe ( ) Since by (3.28)
lim (8/*(e. A)=0 (logg - 1>,
B~0

and since the entropy density s¥(g,&) is increasing in ¢ we conclude that

s%(o, s)=g(1—log—§—), for all 626, X =F, P, N. But, by Theorem 3.1,

s%(0,2) < 6o, 8)<Q(1—10g§), (3.31)

for all ¢ < co. Actually, the upper bound on ¢” follows from properties 2) and 3) of
F? and Eq.(3.27), Theorem 3.2, as shown below. Thus s%(g,&)>s"(¢,¢), for
¢€(gy, 00), X =F, P or N. This however contradicts inequality (3.7). We therefore
conclude that

dF*(x)

lim =—00
a~0 do ’

for all X. This completes the proof of property 3). Finally, we observe that by
(3.27), p*(z, B) is analytic in z, except at z=0, o0, and strictly convex on (0, o0). As is
well known (see [25]), this entails the equivalence of the grand canonical and the
canonical ensemble. Equation (3.28) therefore follows from (3.27) by Legendre
transformation (see Sect. 4 of [81, or [9]). [
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The contents of Theorem 3.2 may be summarized, in terms of the free energy
density f*(p, B), by means of the following Fig. 1:

Bf*(p,.)
[

-g*{p,€)

p[logg-ﬂ | slope €

™
~
a3

T

|
I
|
|
|
l
|
|
|

o
N
W

|
|
|
|
|
|
|
|
Fig. 1 I

Proof of Theorem 3.1. The main part of Theorem 3.1 is proven in Appendix A.
The function ¢%(g, ¢) is defined by

o¥,e)= inf (Be—Bf*e, p).

5o (0.8

Suppose Bf*(g, B) is continuously differentiable at some value fi, of 5. Then

A s
P en-sren|

and ¢, is determined by the equation
L _[aBr™
0 aﬁ

Moreover, the microcanonical and the canonical ensemble are equivalent at those
values of § and ¢, and

a¥(0, &9)=

(. B)

B=Bo

lim s%%(0,¢,)= lim s%(g, e0)=0%(0,¢,).
A7R? A7R?

By properties 2) and 3) of F” and Eq. (3.28) — which we have established without
using Theorem 3.1 — there exists a sequence {f,} converging to 0 such that
BfP(g, B) is strictly concave and continuously differentiable at f=§,, for all n. [By
(3.28), {B,} can be chosen to be independent of ¢!] By property 3) of F?, Theorem
3.2,

3

_ {a(ﬁf")

Pep| .

£=Pn
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as n— oo. Therefore {62(o, ¢,)} is a strictly increasing sequence, and by property 2)
of FP, Theorem 3.2,

lim aP(g,¢,)= sup a®(g,¢,)=¢ {1 - log—g

Using inequality (3.5), Theorem 3.1, which is established in Appendix A, we thus
obtain

lim s%(0, £) < ™o, 8)<Q[1 ~logd|,
A ”R? 2

for all e< oo, and using (3.6)

lim lim s%P(g,¢,)= 11m 11m shle, &,)
n—ow A R2

= lim 0®(0,¢,)=0 [1 —log?
n— o 2
Next, by property 1) of F°, Theorem 3.2, there exists a sequence {f8,} converging to

—7; such that

lim £, 15, )=
and BfP(B, ) is strictly concave and continuously differentiable at f=f,. (Again
{p,} may be chosen to be independent of ¢.) Thus

(BfD) . )}

’
n

B=PBn
tends to — o0, as n— 0. In conclus1on

lim ¢P(g,¢)= lim lim sﬁ(g, el)

n— o0

= lim 11m s%P(g,8)=— o0

n—w A~R

This, together with (3.5) and (3.6) (proven in Appendix A),completes the proof of
Theorem 3.1 for X =D. By inequality (3.7) (which is proven in the next section)

s, 8) <5P(, 8), (3.32)
for all e<co, X =F, P,N. Thus ¢%, s*, and s** tend to — o0, as g— — oo, and

s %(0,e)<s%(0, )<

1- log% ,
for all e< oo, )

As already noted in the proof of Theorem 3.2, inequalities (3.22) and (3.32)
yield properties 1)-3) of FX, X =F, P, N, stated in Theorem 3.2. By repeating the
arguments given above for X =D, we thus conclude that, for each choice of X =F,
P or N, there exists a sequence {¢,} diverging to + oo such that
lim hm s%%(0,¢,)= lim lim s%(g,¢,)

n=w A~R2

H—= o

= lim ai(e.e)=0 [1 - logg

This completes the proof of Theorem 3.1.
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All as yet unproven statements about entropy, free energy or pressure are
established in Sects. 4 and 5 and Appendices A and B.

Next, we recall some facts and properties of correlation functions of the two-
component Coulomb gas in the grand canonical ensemble. (We believe that the
properties of correlations in the microcanonical ensemble are identical in the
thermodynamic limit, but we have no proof.) In [21, 10] it is proven that, for all

4rn L . .
z>0,0<f< © and all n, m, the thermodynamic limit of the correlation functions

of n vortices of vorticity + R at positions £" and m vortices of vorticity — R at
positions &",

o*(B,z; &, &M= lim, o4(Bz;: &M, (3.33)

exists if 4.7IR? by inclusion, and for X =D, F, and N. (For the definition of the
grand canonical correlation functions see {25, 107.) The limiting functions, ¢, are
Euclidean invariant. Of particular interest are the correlations of the vorticity,
o(x), which we denote by <w(&,)... w(&,)>*(B, z). (This is the expectation value of
the product of the vorticity at &,,...,¢,.) It is well known (see e.g. [11]) that

< E)om)>*(B, 2)=0*(B, 25 000 —m)—2[* * ~(B,z; &, m)— 0™ * T (B, z; £, m)].
(3.34)

Here ¢*(B,z; &) is the one-vortex correlation which is constant in ¢, and the
superscripts on the right side of (3.34) indicate the sign of the vorticity of the two
vortices.

It follows from [11, 8, 9] that ¢ * ~(B,z; & n)—0* T 7(B,z; &, 1) is a positive,
convex function of | — | which tends to 0, as | — |- co, for X =D, F, and N. Thus

(D> (B,2),  E*n

is a negative, concave function of |¢—»| which increases to 0, as |é—n|—oco. This
means that if the vorticity at the point ¢ is constrained to be positive, it is
predominantly negative at all points = (in contrast to what might be expected
heuristically). For X =P, one can still show that {w(&)w(n)>%(B, z) is negative, for
&9, in any bounded rectangle A.

Much less is known about systems of vortices of negative vorticity (for
example, — R), immersed in a neutralizing positive background vorticity. This
system is stable for arbitrary values of the inverse temperature § — in contrast to
the two-component vortex plasma. The thermodynamic limits of the free energy
and the pressure have been constructed [26], and results similar to (3.22), (3.26),
and (3.27) can be derived. However, the microcanonical ensemble does not seem to
have been analyzed directly, and the existence of correlation functions is only
known for one special value of fi, [14] (see also [7]). It is an interesting speculation
that for large values of the inverse temperature f§ the correlation functions of this
system exhibit directional long range order. We do however not have a proof of
this.
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4. Properties of the Entropy

In Sect. 1 we have shown that

vV
Vv, Dg( A’F)§VA’N, (4.1)
' Vap

in the sense of quadratic forms; see also [24, 23]. From these inequalities and the
definition of the kinetic energy, K, in Sect. 2 [see (2.1) and (3.1)] we conclude that

Uy, (&7 ¢™)

U, o2 ém)) U, wE%EM), (4.2)

Uy p(EnEM< (
for arbitrary &"e A*, &"e A™. Now, recall the definitions of (4, n, E) and of s 4(g, ¢)
- see (3.2') and (3.3). Since 67 (U 4 4x(¢", {") — E) is monotone decreasing in U4 y,
inequalities (4.2) give

F
oo (400 <52, @3

This proves the first two inequalities in (3.7) and inequality (3.32).
Next, we show that the thermodynamlc limit of s%(g, ¢) exists. Let A be the
union of m sets 4,, i=1,...,m, with disjoint interiors. By (1.8)

VawsS Y Viw (44)

in the sense of quadratic forms on functions f(£) with the property that
_f f(§d*&=0, for all i. [If f violates this condition, for some i, we set (f, V,_y/)

= + o0 ; (4.4) then holds in general.] Let £ 4, be the subset of points of £" contained
in 4, and £, the subset of & contained in 4;. By (4.4) and (3.1),

UA,N(&”a En) é z UA.',N(éAi’ EA!-) . (45)
Since 6~ is monotone decreasing in U, we conclude that
1\? = -
Qunpz () [0 (S L) -Ep e 6o
. A2n i
A4
We set A,= ||A|| 0<A,; <1 and ) A;=1. We choose n and |4,], i=1,...,m,

such that k;=A;n are integers, for all i. Finally we set E;=A,E. By (4.6),

.QN(A, nE)= ﬁ{( ) j 5_(UAi!N(£ki, Eki)_Ei).dékidEki}‘

(4;)2ki

By taking logarithms we find

So.e)2 Y, Ay (0.¢). @.7)
i=1
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Since 6~ =1,

N < |AI2" : N, < - @
Q (A,n,E)ZW, re. sylo.e)=<ol1 logi. 4.8

By standard arguments [25], (4.7) and (4.8) imply the existence of the thermody-
namic limit of s".
Next, we compare the entropy with the free energy. Since

" (x—E)Se P=B, 4.9)
for all B, we obtain from (3.2) and (3.10)
QX(A, n, E)S 0%(A, n, B,
hence
s%i ¥o &) = s, &) < fe— (0, B). (4.10)

As shown in [8, 9] and Appendix B, f¥(o, ) is bounded uniformly in 4, for
arbitrary ¢ and X =D, F, P, N, provided

f<4nR™2.
Conversely,
1
QP AnHE Y 0;+0.+0.,
j=1
where
1 > £ —E; 7 n %n
0= (1] 1 expL—BU., e ENO™ AU (67 )y i
. A2n
éexp|A|{_ﬁ8j+1+S(/s1j(9:8j+1)}a
where
E; -1 - )
815,7’ 0;=|AI" (E;,,— E)=d=const;
1\? n Fn Z 7
0= (] L e U, e 8- Eazat

<Q*(A,n,B+ye™,

and we have used (4.9). Given B<4nR ™2, we choose y>0 so small that S+
<4nR~2 Then Q¥(A,n, B+ y)=Zconst” independent of our choice of E, (see
[8, 9] and Appendix B). Finally
1\? - - -
Q.= (F ) [ et xS (B, U, (&, EN)dgdE
H A2n
Se—BEzw'
- (n!)?

These estimates permit us to use the arguments in [25, Sect. 3.4.3], to conclude
that

- e B max %% &)= o)+ & 4, (4.11)
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with & ,—0, as |A4]| > oo, if (for each A) [, E,, and E, are chosen suitably. Combining
(4.10) and (4.11) we obtain

Bf*e. p= min (BS— lim, si¥(e, 8)), (4.12)

where f*(g, f)= hm fA (0, B), with A7R?, e.g. in the sense of van Hove [25]; see
Sect. 5.

Next, we exploit the scaling properties of the Green’s function ¥ , of the
Laplacian with X b.c. at 04 and of the one-body potential W, ,, in order to
establish the scaling properties of the entropy [see (3.8) and (3.9), Sect. 3.2]. Let 8
be an arbitrary, positive number. We set

0~ tA={E:0ceA}.
Lemma 4.1. For X=D,P, N,
1) ¥V, x(0Z,0n)=Vy-1,4 x(&.m).
2) Wy x(00)=Wp-1 4 x(8)+(1/4m) logh.

For all choices of X
- _ R2
3) U, (097057 = Uy, y(&7, B MR

log6.
4z ogf

Proof. 1) Let X =D, P or N. The Green’s function V, (£, #) is uniquely specified by
the following properties:
a) For ned, V,; y(&#) is harmonic in & in A~ {n}; V, y(&n)=V, x(n. ).

1
b) For e A, ¥ y(&m)~ — - logl¢ —-+const, as E—r.
cp) Vy (¢, m—0, if either £ or # approach 0.

0
CN) (5;; VA,N) (f, n)=0, for EeoA,

cp) V. pl& 1) is periodic in ¢ and #, with domain of periodicity = A.

Now, note that V, (6, 6n) satisfies a), b), and ¢y) (X =D, P, N) if in a), b), and
cy) A is replaced by 7! A. This proves 1). Lemma 4.1, 2) then follows from (1.3),
(1.4), and (1.5). Using 1) and 2) we finally see that 3) follows from (3.1) and
(1.3. O

We are now prepared to prove the scaling relation (3.8) for the entropy s(g, ¢).
(We temporarily suppress the super- and subscripts X.) By (3.2") and (3.3), Sect. 3.1,

(Q»S)—Wlog{(l) e ) E)dé"dé}

with g= We now make a change of variables, &,—#,=0"¢, 13 i

n _E
St
=071E,j=1,...,n. We set

On)'=(6n,,....0n,), etc.
Note that #" and 7" range over (0~ 'A)", and

dé&"=0?"dn", etc.
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Hence
_ 1
s,0,8)=0 ZI—G—’I—AI
1)\? 2nR?
-1 —| 6* o 1 n" 7" logf— E |dn"din";,
og{<n!) (FIA)Z" <U0 AT+ ——log )ndn}
1e.

RZ
s4(0,8)=0"2s5-1, (929, e+ %n—Gllog9> +2plogh,

which is (3.8).

5. Free Energy and Pressure; Conclusions

5.1. Existence of the Thermodynamic Limit
Combining definitions (3.10), (3.11) with inequality (4.2) we obtain

file.B)

e p= ( L

| <sie.p
and, using in addition (3.14), we get

Phz B
Pz pB)

In Appendix B it is shown that, for all z and all §<4nR?,

0<pl(z )< ( ) <Pz f). (5.1)

piz, By<Sconst, A2{&:|E<1Y, (52

for some finite constant independent of A. Inequalities (5.1) and (5.2) yield (3.16).
By (3.10), (4.4), and (4.5)

Q"anpz [1 0k, B,

ie.
P _; Afre. ), (5.3)

where A,=|A4,/|A|, k,;=4, ..., as in Sect. 4. If A is a unit square, for example, then
clearly

QN(4,k,f)>0,
for all k and all f<4n/R?. Furthermore, since Q¥(A, n, f) < Q”(A, n, f) < const”, if
B<4n/R? and 2n/|4| is bounded uniformly in 4 (see Appendix B), we conclude

that fN(o,p) satisfies uniform upper and lower bounds, for all ¢>0 and all
B<4n/R2. This and (5.3) show that if 47IR? in the sense of van Hove [25],

lim, e p=fNe. B
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exists. An argument originally due to Griffiths [12] can be used to show that the
thermodynamic limit of f5(g, f) exists. See also [8, 9, 13]. For X =D, P we do not
give a direct proof of the existence of the thermodynamic limit of the free energy,
but analyze the pressure and then exhibit the equivalence of the canonical and the
grand-canonical ensembles (Sect. 5.2).

The existence of the thermodynamic limit of the pressure for periodic b.c. can
be inferred from [9, 6]. (The arguments are somewhat lengthy and are therefore
not reproduced here.) For X =D, F, and N, we can establish the existence of the
thermodynamic limit of the pressure by considering its first derivative in z:

L ()
1e.
B )= [deC ! [ PEQi.L3 &), (5:4)

By correlation inequalities [10] ¢%(B, z; ¢) is increasing in A, for X =F, N, while
02(B, z; &) is decreasing in A, for each fixed &. These properties along with (5.4) and
(5.1), (5.2) establish (3.17) and the existence of the thermodynamic limit. (For
X =F, N one could instead use Griffiths’ argument [12].)

Remark. The correlation inequalities in [10,21] can be used to construct the
thermodynamic limit of all grand-canonical correlation functions.

5.2. Scaling Properties of the Pressure and Free Energy

We recall the definition (3.10) of the canonical partition function. (We temporarily
suppress reference to boundary conditions.)

(4, n,m, )=

j déndfme—ﬁUA(é",Em)‘

nlm! 40

We change variables, ¢ /] jEG”ltf j»++-»as in Sect. 4. By Lemma 4.1,
2{(nt+m)

Q(A7 n,m, ‘B) = T j d’?ndﬁm

m' @ tAy+m
2

exp[— BUy-, 01", ") exp | — fln+m)’log0
= QrrmQERAD G~ A, n,m, B).
With (3.14) this yields
(A, 7, p)=E(0"14,0% PRI By, (5.5)
hence
pA(Z, B)=072p,-14(0%7°Z, B),

where a=pBR?*/4n. Now choose z'=1, z=6*"% After passing to the thermody-
namic limit and setting Bp(1, f)=F(x), we obtain Bp(z, f)=z**"“F(«), which
proves Eq. (3.27), Theorem 3.2. Moreover, it shows that p(z, f) is analytic in z,
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except at z=0, 00, and strictly convex on the positive real axis, for arbitrary
«e(0,1). This proves the equivalence of the canonical and grand canonical
ensembles. Therefore the thermodynamic limit of f¥ exists for all X=D,F, P,N,
and fX satisfies Eq. (3.28), Theorem 3.2,

5.3. Comments on the Equivalence
of the Canonical and Microcanonical Ensembles; Conclusions

Notice that if we can prove that the function F*(«) is continuously differentiable in
« at some value a, of «, then Bf*(B,¢) is continuously differentiable in f§ at

4ol
Bo= RZO. In that case

0
op
see e.g. [25]. If continuous differentiability is true for all §,e(0,4n/R?), it follows
that the thermodynamic limit s> *(g, ¢) of the entropy exists for all ¢ >0 and all real
¢ (see Theorem 3.2), and s%*(p, &) would be a strictly increasing function of e.
We can think of two techniques that might enable one to derive differentiability
properties of F*(c):
1) One could try to extend the techniques of Brydges and Federbush [4, 5] to
the two-dimensional continuum Coulomb gas. This would enable one to prove
that for 0<a <@, for some &< 1, FPa) is C® in o and to determine the rate of

Sa’X(Q’S)ZSX(Q76)=ﬁOS#ﬂ0fX(Q$ ﬁ0)7 &= (ﬁfX(Q’ ﬁ))/ﬂzﬁoa

. d .
divergence of E-F D(w), as «—0: In the thermodynamic limit
o

oABp™(z B) _
ap
Taking for granted that the methods of [4, 5] apply to the continuum gas, one
would conclude that

- %Edzélnlélw “(B,2;6,0)—0"(&,2;£,0)]. (5.6)

B . ke
ot (B,z; 00" T(B.z; &, O)NCOHStﬁdekW,

and the inverse correlation length, m(f), behaves like
m(B)* ~ 2z,

as f—0, up to corrections of higher order in f. (These asymptotic formulas are
suggested by Debye-Hiickel theory.) By inserting these results in (5.6) we conclude
that

D,
M xconstInf, (5.7)
ap
as f—-0.
2) One can try to exploit the results of Faddeev et al. [27], claimed to be exact
results for the two-dimensional sine-Gordon theory. That theory is isomorphic to
the two-dimensional, two-component Coulomb gas studied here [8,9]. The

vacuum energy density of the sine-Gordon theory, normalized such that it
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vanishes in the free-field limit, i.e. when -0 or z—0, is precisely the pressure of
the Coulomb gas. The results in [27] indicate that the pressure is a smooth
function of § in the interval (0, 4n/R?). This would imply that the function F(), see
Theorem 3.2, is smooth in «e(0,1), and therefore the entropy is uniquely
determined by the free energy.

5.4. Reduction to a Box of Fixed Size

We have discussed the situation where 2n vortices with fixed strength +R are
contained in a box A— oo, with n/|4| constant. Because of the scaling properties of
the electrostatic potential, it is equivalent to consider 2n vortices of strength + R in
a fixed box A. We might also take 2#n vortices of strength + R, —0 in a fixed box .
There is some arbitrariness in the choice of the energy variable, and different
choices may lead to different limiting regimes. It is not a priori clear which one is
appropriate for the statistical mechanics of vortices (as Oscar Lanford kindly
pointed out to us). The limiting regime which we studied gave the entropy as a
nontrivial function of the energy (continuous nonconstant function). Essentially
different limiting regimes would thus presumably lead to trivial functions. In
particular, we don’t see how to obtain an entropy function which would increase
on one interval and decrease in another interval as suggested by the Onsager
argument.

Appendix A
Proof of Theorem 3.1. We know that the limits

(1|)2 f déndgne-ﬂvﬁm,&)}
. A2n

exist when A.7IR?, in the sense of van Hove, and |4| ™ !2n—g, defining the free
energy density, for the boundary conditions X =D, F, P, N. We have shown that

e, ﬁ>=ﬁ*1hm|Arllog{

4
X(e, p)= — o0, for ;—n, and Bf%(g,f) is a finite concave function of f on
R2

4 4
(0, RZ)’ with f*(g, f)— — co when f— R_Z This is part of the content of Theorem
3.2, and is proved without the help of the present appendix. Define
o¥e.e)= inf (Be—Bf¥ (o, p)). (A1)
b(o.32)

This is clearly an increasing function of ¢. Let g,{8) and £,(f) be the left and right
derivative of §f%(g, f) with respect to B. We shall from now on omit the superscript
X. General arguments concerning the equivalence of ensembles [25] give the
following results:

(@) lim s’(0.)= lim 5,(0.0)=ole.)=Pe—ff(0.0)

when e =g¢g(f).
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(b) lim sup s%(0, &) < o(0, &)
when &€ [ex(B), £,(B)] (o{o, ) is then linear on [ex(B), e (B)1).

Proposition. For all X and £>&gx(f),
lim inf s’,(0, £) 2 o(0, £x(8))
AR2

when A~R? in the sense of Fisher®.

We shall prove this proposition for X =D which is the most difficult, but also
the most interesting case. Other b.c. can be analyzed in a very similar way.
We now cstablish some notation:

go=¢g(f),  so=0(0.ex(B)) (A2)

Instead of specifying points (£", &") in A%", the positions of vortices, we shall specify
configurations, X, a set of n+ vortices and a set of n—vortices. If S is a set of
configurations, X, and S the corresponding subset of A" [ie.
S={(&"(X),&"(X)): X eS}], we define

1 - -
VOlnS= Wj‘déndé X§(éna én) 5

with yg the characteristic function of S.
Given an arbitrary y>0 and &> ¢,, we shall try, for large A and |4|”'2n= g, to
construct a set S of configurations such that

|4]"*logvol §>s,—7, (A.3)

and such that all configurations in S have energy in the interval
((e—8)|4], (e + )| A]), for some arbitrarily small, but positive 6. Since ¢ >¢, and by
(A.2), this proves the proposition.

The proof of (A.3) consists of an explicit construction of § which we now
outline : We choose an integer v <n, with v— 00 and v/n—0, as n— oo, and consider
configurations of 2(n—v) vortices in A with energy in an interval
L(eg — &)1 Al, 85} A]]. To these configurations we add the 2v remaining vortices in a
small number (two) of very concentrated clusters in such a way that they
contribute an amount of energy proportional to |4 and make a negligible
contribution to the specific entropy.

Let S, be the set of configurations of 2(n— v) vortices with energy in the interval
[(g,— 8] 4, &4l A]]. Since v/n—0, we have for large 4,

|A]~ Hogvol,_,Sy>s,—7/3. (A4)
We may also assume that y has been chosen so small that
|4} Hogvol, S5 <so—2y, (A.5)

where S is the set of configurations with energy <(g,— 9)|4|. Since A-R? in the
sense of Fisher, we may decompose most of the area of A into little squares, Z, of
area 1/2p. Let {(-)> denote the expectation value given by the measure
(vol,_,S,) " *vol,_,(-) on S,. Then, for more than half of the squares 2,

{number of vortices in ) <2. (A.6)

9 See [25] for the definitions
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Fig. 2

Since A-~R? in the sense of Fisher, some fraction (>constant) of these little
squares has a distance =« diam A to the boundary of 4, for some x> 0. We choose
one such square, X;. Let S, CS, be the set of all those configurations in S, with no
vortices in X,. It follows easily from (A.6) that

vol,_,S;>%vol,_,S,. (A7)
Hence, for A sufficiently large

|4| " *logvol,_,S, >s,—27/3, (A.8)

an immediate consequence of (A.4) and (A.7). [We note that we could, for each
N=1,2,3, ..., find Nsquares, X, ..., 2y, atdistances = x diam A from 44, such that
the set of configurations Sy CS, with no vortices in 2, u...uX satisfies vol,_,Sy
>(1/4)Nvol,_,S,, and |A4] " *logvol,_, Sy >s,—27/3, for sufficiently large A.]

We now modify configurations in S, by adding v+ vortices and v— vortices in
Z,. Let w(x) denote the charge (or vorticity) density corresponding to the 2v
vortices in X,. Clearly

suppwS2,, [d*xw(x)=0, [d*xlw(x)|=2vR. (A9)
As shown in Sect. 1, it then follows that

fd?xd?yo(x)o()[ V,, x(x, y)— V(x — y)] < const(Rv)*( ]/:fg kdiamA)~ 1.
(A.10)

Next, we describe the way in which we distribute the 2v vortices in X, more
precisely: They are all contained in a disc D of radius at most (1/4)(20)~!/2
inscribed in 2,. Each individual vortex is in a disc of radius r,

1 1/2
r<lae)

so that the distance of two such discs is at least 2r. The discs containing a positive
vortex form a cluster, those containing a negative vortex form another cluster, and
the two clusters are at a distance ~ 1/4(20)” /?; see Fig. 2. To be specific, we may
assume that these clusters are roughly circular pieces of a regular lattice
(hexagonal or square) of small discs of radius r, with lattice distance proportional
to r. By (A.10), the interaction energy of vortices within one such cluster is

~(R*?/2m)log (ﬁl/_;) — R*v20(diamA~Y), (A.11)

r[/;<1, as v— o0,
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The interaction energy between the two different clusters is

~ —(R**/2m)log (—1~—) —R*v2(Q(diam A~ 1), (A.12)

4)/2a

These estimates are to be understood as follows:

(a) Uniform constants only depending on the geometry of the clusters have
not been computed.

(b) Apart from those constants, (A.11) and (A.12) give the exact behavior of
the total interaction energy of the 2v vortices, in the sense that the interaction
energy is contained in an interval

[K—n, K1R?V? log< k ) ,
Vv
-where K and k are constants independent of r, v, and A, and # tends to 0, as r—0,
A— 0.

Next, we must estimate the interaction energy between the 2v vortices in DC 2,
and the 2(n—v) vortices in A\X, : We fix a configuration S, of 2(n—v) vortices in
A\Z,. This configuration determines a charge density, €(x), with suppQCA\X,,
and

(A.13)

IQ(x)dzx =0.

Next, we fix the position of each of the 2v vortices in X', to be at the center of one of
the little discs of radius r contained in DCZ . Let w(x) denote the charge density
corresponding to this particular configuration. Furthermore, let w,(x) denote the
charge density obtained from w (x) by rotating the positions of all 2v vortices
about the center of X, (=center of D) through an angle 6.
We now note that
2zr

[ dOwy(x)=d(x) (A.14)

is invariant under rotations about the center of X, and [@(x)d*x=0. The
interaction energy between the 2v vortices inside &', with charge distribution w,(x)
and the 2(n—v) vortices of the configurations S, in A\X, is given by

Wy = d®xd?ywy(x)Qy)V, 4(x, ). (A.15)
Next

2n
[ dOW, =] d?xd®yéx(x)QAy)Vy x(x. y).
0

Since V,; 4(x, y) is @ harmonic function of x, for xe D, for all choices of b.c. X and all
ye A\Z |, and since [®d(x)d*>x=0 it follows that

2n

| dow,=0. (A.16)
0
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As long as n is finite (or, equivalently, |A] is finite) W, is a continuous, petiodic
function of 6. This is true because

dist (suppQ, suppw,) 25(20) /2.
Thus there exists at least one value 0, of 6 such that
Wy, =0. (A.17)
As one varies the position of each of the 2v vortices in D C2, throughout one of

the small discs of radius r (depicted in Fig. 2), the variation, AW, in the interaction
energy between the 2v vortices in D and the 2(n— v) vortices in A\, is bounded by

| AW, < const (v(n —v)/ |/ 20) . (A.18)

This follows from (A.15) and the continuity properties of V, 4(x, y) with respect to
xe D, for arbitrary ye A\X,.

Thus if the position of each of the 2v vortices inside X, is anywhere inside one
of the 2v little discs, rotated by 0, inside D then, by (A.17) and (A.18),

Wy, | <const(v(n—v)/]/20) 7. (A.19)

To complete the proof of our proposition we now must choose v and v,
calculate the total energy uncertainty, using (A.13) and (A.19), and calculate the
entropy of the class of configurations constructed above. For example, we may
choose

(A.20)

—-1/2

v=(c,|A|/diam A)*/*, }

r=cC,V

exp[—c, diamA],

where ¢, ¢,, and c; are finite, positive constants. Then the total energy of the 2v
vortices in DCZX, is, by (A.13), contained in the interval

¢, [K—n, KIR*|4], (A21)

for a positive constant ¢, (depending smoothly on c,, ¢,, ¢5), with 7—0, as 47R?,
in the sense of Fisher. Moreover

|Wys | <cs )/ elAlAl/diam A)/4e™csdisma.

Thus the total energy of the configuration, S, consisting of S; and of the 2v vortices
put into D by the construction described above, is contained in the interval

[(eg+caK —0,)I 4], (60 +c K +3,)IAl], (A.22)
where
0, =0 +n+exp[—O(diamA)],
8, =exp[ — O(diam A)].

By choosing ¢,, c,, ¢4 suitably, ¢,K can attain any prescribed, positive value.
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To calculate the entropy of S, we first calculate the total volume, V,, of all
configurations of the 2v vortices inside D constructed as described above:

1 :
Vv — (nr2)2v =const (W) e—conslvdlam/l . (A23)
Note that V, is independent of S, (in spite of the fact that the angle 65, depends on
- §;). Thus the volume of S is given by

vol,S=vol, .S, V,,
and hence, using (A.8), (A.20), and (A.23)
|A] " log vol, S=|A4] " *logvol,_, S, +|4] *log(V,)
> s, —2y/3—const(| A~ * diam A)'/?
>S50—7, (A.24)

provided A.7IR?, in the sense of Fisher, and, given v, | 4| is chosen sufficiently large.
Clearly (A.24) and (A.22) complete the proof of (A.3) and hence of our
proposition.

Remark. In our proof we have used two special features of the Coulomb
interaction:

1) V4 x(x,y) diverges to + oo, as y—x, for each xe D. [This was used in (A.11)
and permitted our choice of v, namely v/|A4]}2—0, as |A]— co, see (A.20).]

2) More importantly, in our estimate of the interaction energy, W, between the
2v vortices in D and the 2(n—v) vortices in A\X;, we have used the harmonic
property of V, (x,y) with respect to xeD, for ye A\Z,.

It turns out that one can avoid using either of these two elements, 1) and 2).
Instead one uses the following elements:

a) Inequality (A.5).

b) Given an arbitrarily small square X, the set of configurations of v(+ or —)
particles inside ¥ of energy =e&v? has a volume ¥, Zconst(v!) "%, p< oo, provided ¢
is small enough.

¢) Charge conjugation invariance (i.e., + particles and — particles have equal
a priori probabilities); or repulsive (positive) two body potentials of short range.

d) One repeats the construction described above in N widely separated
squares, X, ..., 2 [see remark between (A.8) and (A.9)].

These properties are all valid in the vortex gas studied in this paper, but they
hold for a much larger class of classical statistical systems. The proof of our
Proposition, assuming only a)—) above, however becomes more difficult. [ A clever
interplay between d), ¢), and a) permits us to control the entropy and energy
uncertainty.] We do not give the details.

Appendix B

Stability in the Canonical and Grand Canonical Ensembles,
and Monotonicity Properties of the Pressure

In this appendix we briefly describe two methods for proving the stability bounds
(3.12) and (3.16) for f<4mn/R?. In [8, 9] these facts have already been established
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for b.c. X=F, N. Thanks to the third inequality in (3.16) it suffices to prove the
stability bound [last inequality in (3.16)] for Dirichlet b.c. The bound (3.12)
follows from (3.16) by standard arguments; see e.g. Corollary 3.6 of [8].

We then briefly indicate how one proves the monotonicity properties (3.17)
and, finally, how one can treat vortex gases, where the vorticity, R, of individual
vortices varies, but is distributed according to some finite measure dA(R) of
compact support.

Let V", be the Green’s function of the operator — 4, -+ u?, where 4, , is the
Laplacian on L? (A, Lebesgue) with X b.c. at the boundary 04 of A, and u=0.
Clearly

VO SVE), for wzp>0. (B.1)

Let UY(&", &™) be an (n, m) particle Hamilton function defined as in (3.1), but with
V, x replaced by V¥, and with W, (&) replaced by 3 11m(V‘,§”X(€ n—V.(&n). By
(B.1)

UYL, &M= Jim UGH(E, EM=U 4 (& 8™, (B.2)

and the last equation holds for all X, provided one sets U, (&, &M= + oo, for
n+m, when X =F, P or N. We define

1 1 2o Fm
QWX A mm )= [ dgndfrePUANEE, (B.3)
n! m! 4
and
E(”)X(A,Z,ﬂ)Z Z z"*’"Q(’”X(A,n,m,ﬁ). (B4)
n,m=0
By (B.2)
0*<Qw*
EX < mlnx for p20, (B.3)

ie. it suffices to establish stability of a gas where the “vortices” interact through a
Yukawa — rather than a Coulomb potential, and this will follow from an upper
bound on Z¥X of the form

EWX(A, z, fy<explkiz, B)lAIT, (B.6)
where |A| is the area of A, and k(z, ) is a finite constant, for all z>0 and all
1

B<4n/R . IfX=D, A= U /_1j, where A, ..., A, are disjoint, open sets, then
=1

[
U (e B2 (2@ vw D) (&3,

and one checks easily that this entails

{
EWD(A, 2, )< [ E¥P(A,, 2, B). (B.7)

i=1
Thus it suffices to prove (B.6) for X =D and a region A of unit area. By (4.2), this
will prove (B.6) for X=F,P,N, as well. In the literature one finds two fairly
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convenient methods for proving (B.6); see [8, 9, 3]. They both rely on the sine-
Gordon transformation which also plays a crucial role in a proof of the
monotonicity property (3.17) based on correlation inequalities [10]. We briefly
recall some of the main formulas defining this transformation. Let C (= I//(l’f),)) be
the integral kernel of a positive definite quadratic form on L? (4, Lebesgue). Let
duc(¢) denote the Gaussian measure on 2'(A4) [the dual of C(A)] with mean 0
and covariance C. Let C, be a kernel with the property that

8= }11_1}% (C&m—Col&m) (B.8)

is continuous and integrable near 4. Formally, we define random fields :e™*¢:,
and :e*?: by

- pl2® :O(é) = e%azco(é, ) plad(d) ,

. s (B.9)
6% (§) = FPCE Do ®)
It follows that
169 (E)=e T gl (8, (B.10)
By the definition of du, and (B.8)~(B.10)
f L1 e :o(E Jduc)=expl — U(E,s ... &)1, (B.11)
i=1
where
1 n
U(¢,,....¢)= Z (xi(xjc(fi’ éj)_{_ ) Z aizc(éi)' (B.12)
1<i<jgn i=1

If we set C=V{’), C,=V,, we obtain

Lemma B.1.

2z [ :00sVBR¢:0(£)d?E
E9(4, 2, p)=Ce T

where {(-))¢ denotes integration with respect to the Gaussian measure du.{(¢), and
C=V{,, nz0.

Remark. Formally, the proof follows by power series expansion of the exponential,
the identity

22:008 |/ PR :o(8) = 2(: VIR : (&) + 1o VRS (&)

and identity (B.11). To make these formal calculations rigorous, one first proves
Lemma B.1 for a regularized version of Vflf"l)(f, n) which is continuous in & and #
and then removes the regularization, proving at the same time a uniform bound of
the form (B.6). Details for X = F may be found in [8, 9]. For X =D, a convenient
regularization consists in replacing

Vis&n by [VE,—VERIEm, M>p>0.
This is used in [3].
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By (B.10),
[ icos|/BRe:(O)d>E = /Ilexp — gRZC(g) -cos |/ PR :(O)d?¢,
where
&)= gigré LVEREm — V(& n)l, (B.13)

and we may choose = 1. One verifies easily that, for fR* <4r and A a unit square
or unit disc

(a) 5exp[— —'g—ch(i)} d*¢ <o, and

® | eXp[—gRZ{c(émm)} V) & md*EdP Zconsto,

04 x64

for all =1. To prove (a) and (b) we notice that — (&) <(4n)~ ! In(1/dist(£, 04))
+const and that V) ,(£, ) has exponential decay in |£ —#]| [this is used in the proof
of (b)].

Estimates (a) and (b) are typical of the estimates one needs to control the
renormalization group scheme in [3] which (with Lemma B.1) yields the bound

EWD(A, z, p)<expc(fR?)z*, (B.14)

for some constant ¢(fR?) which is finite for 0 < fR? <4, and A is assumed to be a
unit square or unit disc. The method in [3] 1s designed to establish (B.14) for a
renormalized version of Z¥¥(A4, z, B), for all BR? < 6x. This causes some technical
complications which are unnecessary in our case. It is not entirely trivial to
develop a simplified version of [3] which can be used to prove (B.14) without
appealing to sophisticated techniques. Since details are lengthy but fairly straight-
forward, we omit them.

When A is a disc, one can set u=0 and prove (B.14) by following the method in
[8, 9]. This case is quite simple, because the Green’s function of the Laplacian
with Dirichlet b.c. on the boundary of a disc has a simple explicit expression. One
proceeds as follows: One defines C=VY, =V, ,,. The Green’s function V, , is
calculated in [8, 9]. Let A, and 4 be two discs centered at the origin, with A,CA
and dist(A,, 64)>0. Then

2z [ :cos |/BRep :0(5)d2§]>c

A

E%(A,z, )= <6Xp
< <exp 4z | :cos ]/ER(]& :O(S)dzéD”z
Ao c

<exp[4z | :cos]//?Rqﬁ:o(é)dZéDl/z. (B.15)

A~ Ag C

Now, notice that the re-Wick ordering factor exp

—ngc(é)} is uniformly

bounded on A,. Therefore a convergent upper bound on the first factor on the
right side of (B.15) follows from the results in [8, 9]. A bound for the second factor
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can be proven by adapting the arguments in Sect. 3 of [8]: In Egs. (3.11) and (3.15)
of [8] the terms [] |z;—w, . |*w,—z;,,|* are replaced by
i=1

[Tl Wyl 2y exp| ~ S Rz 4w}, 16
i=1
where o= fR?/4n, and
— )= lim [V, — V, J1zw) < Zilnu/dist(z, )+ const.
w—z ’ T

Since |z;—w;,,|Sconstdist(z,04) and |w;—z;, [Sconst dist(w;,04), for all
Zyyeen, 2, and wy, .., w, contalned in A\A,, (B.16) is bounded by const”. The
estimates in Sect. 3 of [8] and the boundedness of (B.16) yield a finite upper bound
on the second factor in (B.15).

Finally, we note that the stability bound for Q*(4, n,m, §) follows from (B.14)
and (B.4) by the Cauchy estimate.

We now outline the idea of the proof of the monotonicity properties (3.17} of
the pressure. First note that

517%3(?[3) —1A] _lfQ (B.z; E)d?E; (B.17)

see (5.4). In the sine-Gordon representation

03B, z; &)=225%(A, 2, B)” < cos ]/Rd) &)exp [2zAzcos ]//-3R¢:O(§)d25]>c,
(B.18)

with C=V, ;. It now follows from the correlation inequalities in [10] and the
inequalities
VA[,N+ VA;,NZ VA,Na

Vip T V0= Vapo
where A, and 4, are disjoint, open sets and A=A, U, that for each fixed &
0%(B,z; & isincreasing in A, for X=F,N,
and
05(B,z; &) is decreasing in 4.

From this (3.17) follows by standard arguments (provided the domains are squares
or discs).

We conclude with a few remarks on vortex gases with vortices, the vorticities of
which are distributed according to a measure dA(R), with suppAC[— Ry R,],
R, < 0. The grand partition function of this gas in the sine-Gordon representation
is given by

EXA, 4, B) = <expjd/1(R [ :eVPRe: (&)d 25> (B.19)
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C=V, x. By taking the absolute value of the expression inside the expectation
{(+)>c we obtain

EX(A, B <exp fdA(R) | :cos |/BR¢ :0(5)d2£> . (B.20)
A C
By Jensen’s inequality
exp{dA(R)  :cos |/ BRe :o(E)d*E <27 fdAMR) explz | :cos |/ BR :Q(g)dzq ,
A A

(B.21)

where z={dA(R). Thus, combining (B.19}-(B.21) one finds
EX(A, 4, f)<z7 [dA(R) <expz { :cos |/BR¢ :0(5)d2§> .
A C

The right side is bounded for all z>0 and uniformly in R, provided SR3 <4r; see
(B.14). If dA(R)=dA(— R), the correlation inequalities in [10] are applicable, as
well, and can be used to prove (3.17).
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