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0 Introduction.

In the present paper, we study certain classical Hamiltonian systems consisting of an
infinite number of coupled degrees of freedom (rotators or “little wheels”). For a system in
the class considered, the time evolution (f*) is well defined, and given by the limit (in some
sense) of the Hamiltonian time evolution for finite subsystems. [Note that other infinite
systems, like gases of interacting particles, would be much more difficult to control]. A
probability measure on the phase space of the infinite system is called a state, and it has
a well-defined time evolution. We introduce a family of initial states called I'-states (they
are Gibbs states of some sort). Some of these I'-states describe a situation where parts
of our infinite system (thermostats) are at given temperatures. For a I'-state £, the time-
evolved state f'/ gives a finite Gibbs entropy S*(X) to each finite subsystem X of the
infinite system L. If X is infinite (but has finite interaction with the rest of the system)
the difference AS*(X) = limy o (S*(X NY) — S%(X NY)) still makes sense.

The bulk of the paper is dedicated to a discussion of the (nontrivial) dynamics of
our infinite system of rotators. Understanding the dynamics of the system is a necessary
prerequisite to analyzing its nonequilibrium statistical mechanics. We shall in fact ex-
amine a specific nonequilibrium problem: is it possible to define a local rate of entropy
production (associated with a finite region X) in a nontrivial manner? This possibility has
been suggested by Denis Evans and coworkers [16]. We examine their proposal and some
alternatives, but obtain only partial results. Because of the obvious physical interest of
the problem, we now give some details.

By time-averaging f¢/ or dAS*(X)/dt (over a suitable sequence of intervals [0,T] —
o0) we may define a nonequilibrium steady state

1 T
p= lim T/o dt ft4

T—o0

and an average rate of entropy growth

o(X) = lim %AST (X)

(we do not know that o(X) is uniquely determined by p and X).

We ask if an entropy production rate e(X) can be meaningfully associated with a
finite set X C L. For definiteness we shall think of two physical situations. In Case I
there is a finite set X such that an external force acts on X, and the initial state £
restricted to L\Xg corresponds to thermal equilibrium at temperature 3~!. In Case II
we have L = Xy U Li U Ly where X is finite, L; and Lo are infinite and £ restricted to
L; corresponds to thermal equilibrium at temperature 3; 1 (with 87 1< By 1). There is a
thermodynamic formula for the global rate of entropy production:

eo = B X energy flux to thermostat (Case I)
eo = (1 — B2) % energy flux to thermostat 1 (Case II)
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[Note that in our Case II, the energy flux to thermostat 2 is minus the energy flux to
thermostat 1. Case I resembles Case II, with thermostat 2 replaced by the external force,
and ascribed an infinite temperature (82 = 0)]. The question is how to define a local rate
of entropy production e(X) > 0 such that sup y g0 €(X) = €o.

The original proposal by Evans and coworkers* is to take, for X finite,
e(X)=—o(X)

This is shown to be the average rate of volume contraction in the phase space [X] of the
subsystem X due to the fluctuating forces to which it is subjected by the complementary
subsystem L\X.

_Another idea is to replace the entropy S(X) by the conditional entropy given formally
by S(X) = S(L) — S(L\X). The corresponding rate of entropy production is

&(X) = o(L\X)

We shall make the important physical assumption that the expectation value of the
energy for each finite system X has a bound independent of time**. It follows that é(X)
is finite, and one has

0 <e(X)<éX)

Instead of using a finite set X one may base a definition of entropy production rate
on a finite partition A = (Xo, X1, ..., X,) of L, with finite boundary (this will be made
precise later). We define

7=0 j:X; infinite
In particular, in Case II, for X finite D X, we have

é(X) = e((X, L\X)) < é((X, L1\ X, L2\ X))

* Actually, the ideas presented in [16] are formulated for Case I, and for the large volume
limit of a system thermostatted at the boundary rather than for an actually infinite system.
While the two idealizations are technically quite different, they are expected to give the
same results in cases of physical interest. A proposal similar to that of [16], but with
a continuous system limit instead of a large volume limit occurs in an unpublished note
of G. Gallavotti ["Large deviations, fluctuation theorem and Onsager-Machlup theory in
nonequilibrium statistical mechanics”.|

** Note that in Case I, if the system has dimension < 2, the external force may cause an
infinite accumulation of energy in a finite region. Our assumption that the nonequilibrium
steady state p gives a finite expectation to the energy of finite subsystems is thus invalid,
and so is our analysis.



and the right-hand side e((X, L1\ X, L2\ X)) seems a rather natural definition of entropy
production rate.

We shall later study further properties of the entropy production rates defined above,
but we note here that they are all bounded by the thermodynamic expression eg. The
problem is to prove that they depend effectively on X or A, and are not identically equal
to 0 or eg.

We now recall some earlier work to put the problem of defining a local entropy pro-
duction rate in perspective.

In studies of quantum spin systems [15], [11], using the infinite system dynamics
proved to exist by D.W. Robinson, the global entropy production (for Case IT) was defined
by the thermodynamic relation

eo = (B1 — B2) x energy flux to thermostat 1

but the quantities e(X), é(X) were not introduced because they would automatically
vanish. This is because, for quantum spin systems we have |S*(X)| < S*(X) (see [3]
Proposition 6.2.28(b)); for classical rotators by contrast, the entropy is not bounded below.

The statistical mechanics of classical systems outside of equilibrium can be studied
in models with nongradient forces and a “deterministic thermostat” [7], [10]. Such a non-
hamiltonian system corresponds in effect to a rather general time evolution (f*) defined by
a vector field X on a finite dimensional manifold M. In general, no absolutely continuous
invariant measure (i.e., “phase space volume” m) on M is preserved by the time evolution,
but one may assume that there is a natural (singular) measure p describing a nonequi-
librium steady state. One can argue that the average phase space volume contraction
[ p(dz)(—div,, X)(z) is the rate of entropy production by the system. This identification
(for which see Andrei [1]) has been used in particular by Evans, Cohen, and Morriss [6],
and by Gallavotti and Cohen [9] in the study of fluctuations of the entropy production.
See also the work of Posch and Hoover [13], Gallavotti [8].

Note now that if we introduce a nongradient force {(g) in the Hamiltonian equations
of motion, the volume dp dq is preserved, but energy conservation is lost and this is why a
thermostat is needed. In the case of a deterministic thermostat, the phase space contraction
is caused by the thermostat (as one can check in the example of the isokinetic thermostat
corresponding to an added “force” —a(p,q)p, where a(p,q) = p-£&(q)/p - p). In the lab
however the thermostat is of a different nature: it is typically a large system (reservoir)
with which the small system of interest can exchange heat, and it is not clear at first how
to define entropy production. In particular, a nonequilibrium steady state for the infinite
system L may well have absolutely continuous projection on the phase space of the small
system X [4], [5], [2], which contradicts e(X) > 0 but may allow é(X) > 0.

To indicate the difficulty of the problems considered here, and in particular of proving
é(X) > 0, consider Case II in dimension < 2. There (as indicated by the macroscopic con-
tinuous limit), f*/ presumably tends to an equilibrium state p and the entropy production
é(X) vanishes for all X.



0.1 Discussion and conjectures.

The thermodynamic formula for the global rate of entropy production eg uses explic-
itly the thermostat temperature(s). Can one give a formula for eg not involving tempera-
ture(s) explicitly? Yes in the case of isokinetic thermostat(s): eg is the rate of phase space
volume contraction. The answer is less clear for the infinite Hamiltonian systems discussed
in the present article, but one may conjecture that eg is the sup over X or A of one or
the other of the quantities e(X),é(X), e(A), é(A) introduced earlier, these quantities are
candidates to describe a local rate of entropy production associated with a region X or a
partition \A. The proposed locality, originally formulated for e(X), is the great interest of
the paper [16], even though the existence of a nontrivial local entropy production is not
yet clarified.

Note that X is any finite set and need not be in any particular position with respect
to the thermostat(s). The partition A may be used to separate a "small system” from
one or more thermostats. It is known that the quantities e(X), é(X), e(A), é(A) are in the
interval [0, eg], but not clear if they can take values strictly between 0 and eg. In particular
there are results [4],[5],[2] to the effect that the nonequilibrium steady state in L may have
absolutely continuous projection to a finite region X, implying that S*(X) is bounded, and
that e(X) = 0. It is not known that é(X) # 0, but we do know that 0 < e(X) < é(X) < eg,
and that é(X) is a subadditive function of X, while e(X) is superadditive (see Section 5.7).
Among several possible conjectures, I would find most interesting the possibility that é(X)
is generally nonzero, with supy é(X) = eg. What I would find most plausible, is that
é(X) # 0 in Case I when X D Xy, and that é(X, L1\X,L2\X) # 0 in Case II when
X D Xp.
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1 Description of the model.

Our system will be an infinite collection of rotators labelled by x € L, each with
Hamiltonian Hy(py, qz) = p2/2 + Vi(qz), where p, € R, ¢, € T. [This is for simplicity; it
would probably be easy to replace the rotators by more complicated systems]. We let T'
be a set of unordered pairs {z,y} of points in L, i.e., I' is a graph with vertex set L, and
we define a formal Hamiltonian for the infinite system of little wheels:

Z Hw(pwa Qw) + Z W{w,y}(‘]wa Qy)
zeL {zy}er
The functions V,, Wy, .1 are assumed to be smooth.
For X C L,let T'x = {{z,y} € T : z,y € X} and, when X is finite, write

HX(anQX) = Z Hw(pa:aQw) + Z W{z,y}(Qm,Qy)
z€X {z,y}elx



where px = (pz)zex € R, ¢x = (¢z)zex € TX. We shall also make use of a constant
external force* F' € R*° acting on a finite set Xo.

For finite X, a time evolution (f%) on RX x TX is defined by

da (pX) _ (FX - 3quX(pX,CIX)>

dt \ 9x Px

where the term Fx is the component of F' in RX, and is present only in case I. We have
thus

% (px(0),4x(0)) = (px (t), ax (t))

We shall suppose that I' is connected and, for z,y € L, define
d(z,y) = min{k : 3zg, ...,z € L with zg = 2,2, =y and {z;_1,z;} €T for j=1,...k}

We write then B* = {y : d(z,y) < k}.

1.1 Assumption (finite dimensionality).
There is a polynomial P(k) such that for all z € L and k > 0

|BE| < P(k)

[We may take P(k) = 1+ ak® for some a,b > 0; T is thus assumed to have order < a, and
“dimension” < b].

Note that by compactness of T and the assumed smoothness of V;, Wy, .3, every
“force” term (i.e., each component F, of F for x € Xy, each 04, V;, each 04, Wy 4y,
0y, Wz 4}) is bounded, and has bounded derivatives with respect to its arguments g..

1.2 Assumption (uniform boundedness).
The force terms 04, V., 0q, Wiy 43, Oq, Wiz 4} and their q,-derivatives (up to any finite
order) are bounded uniformly in x,y € L.

1.3 Lemma (uniform boundedness of forces).

The forces Fy — 04, Hx (px,qx) or —04, Hx(px,qx) and their g,-derivatives have
modulus bounded respectively by constants K, K'. [We shall also denote by K a constant
>2K,P(1)K',1].

This follows from Assumptions 1.1 and 1.2 [only the bounded order of T" is used from
Assumption 1.1]. []

2 Time evolution of infinite systems.

* F is taken constant for simplicity. More generally one could consider the case of a
smooth function F(gx,, ¢ta) of gx, and ¢ta with values in R*°, where (¢*) is a smooth
dynamical system on a compact manifold A, and « is distributed according to some pre-
scribed (¢!)-ergodic measure on A.



For X C L, we shall from now on write [X] = (R x T)X. We note the following facts
which follow from Lemma 1.3.

(i) For X finite and & € [X], if f4%& = (pz(t), ¢z(t))zex we have the estimate
Ipz(t) — p:(0)| < K|t| when ze€ X

(ii) For X finite and £ € [X]Nlet also f&€ = (Fa(t), Ga(t)),cx- Then, if pg(0) = s (0),
qz(0) = ¢z (0) for some z € X N X we have

P=(t) = Po(1)| < 2Kt|
0 (t) — G=(t)| < K[t)*
and since |g,(t) — G- (t)| <1 < K, we also have
1
0:(t) = G=(t)| < [K[t]".K]? < K[t|

so that B
ma’x(|pw(t) - ﬁz(t)‘a |Qw(t) - qu(t) ) S K‘t|
(iii) Let k > 0 and X D B¥, X > BE. Then, with the notation of (ii), if

(Vy € BY)  py(0) =5y(0) and g,(0) = G,(0)
we have (K'|t|)k+1
max(\px(t) _ﬁz(t)" ‘Qx(t) - ‘jx(t)D S W

indeed, by the equation of motion and induction on k& we have

= (KItD"
k!

(fx£ &)l <

and the desired result follows by integration.
2.1 Lemma (a priori estimates).

For ﬁnite X,X C L, let £ € [X], £ € [X], and f&f = (£.(t))eex = (Pa(t), qa(t)),
wEX = (p(t), qz(t)). With this notation,
o o S K Yoo b < [P (0)] + K11
(b) if k > 0, and B’C 1C XUX, and &,(0) = &,(0) for all y € BE=1, then

€a(t) = & ()] = max]|pa(t) — Pa(t)], |a(t) — du(t)]] < (K;ﬁ)k

This follows from (i) and (iii) above [(b) is a rather rough estimate, but sufficient for
our purposes]. []

2.2 Proposition (time evolution).



Let (pz(0),¢2(0))zer € [L] be given. For finite X C L, write (pX (t),qX (t))zex =
ft(pX(0),¢X(0))zex. Then for each x € L the limits

d(:c,L{I)?)—)oopm ( ) p ( ) ’ d(m,L\l%—)oo Oz ( ) g ( )

exist, and (py(t), gz (t))zer is the unique solution of the infinite system evolution equation
with initial condition (p;(0),qz(0))zer- We write (pz(t), qz(t))zer = f1(P£(0),q2(0))zer-

The existence of the limit follows from Lemma 2.1. Writing the infinite system evolu-
tion equation is left to the reader, as well as checking that (p;(t), ¢z(t))zer is the unique
solution. []

2.3 Remarks.

The limits in Proposition 2.2 are faster than exp(—kd(z, L\X)) for any k£ > 0, inde-
pendently of (p;(0),¢:(0))zer, and uniformly for ¢ in any compact interval [T, T.

Existence and uniqueness theorems are known in more difficult situations; see for
instance [12].

The proof of Proposition 2.2 does not use the finite dimensionality of I', only its finite
order.

2.4 Notation.

In principle we use the notation (pX(t),¢X (t))zex for the finite system time evolu-
tion (f%), and (pg (%), qx(t))zer for the infinite system evolution (f?), but it will often be
convenient to drop the superscript X.

It is useful to compactify the momentum space R to a circle R by addition of a point
at infinity for each z € L, and write [X] = (R X T)X for X C L. The phase space of
our infinite system is then [L] (R x T)L ¢ (R x T)L = [L]. We shall use the product
topologies on [L] = (R x T)¥ and [L] = (R x T)%; therefore [L] is compact and [L] has
the topology it inherits as subset of [L]. If U C L we denote by 7y the projection

v : [L] = [U] x [L\U] = [U]
2.5 Proposition (continuity of f?).
The map (&,t) — ft¢ is continuous [L] x R — [L] and, for each t, f* : [L] — [L] is a
homeomorphism.

To prove the continuity of (£,t) — f€, it suffices to prove the continuity of (£,t) —
(pz(t), g (t)) for each z € L, and this results from the uniformity of the limits in Proposition
2.2 (see Remark 2.3). By uniqueness of f, the map f~* is the inverse of f* and, since
f~t:[L] — [L] is continuous, f? is a homeomorphism. []

2.6 Proposition (smoothness of f?).

Let X C Y, X finite and Y finite or = L. For £ € [X], n € [Y\X], write f(¢,n) =
(pz(t), qw(t))xey Then, for fixed n and each z € Y, the map ({,t) — (pz(t),qz(t)) is
smooth [X] x R - R x T.



This results from the bounds on the derivatives (uniform in Y') obtained in Proposition
2.7 below.

2.7 Proposition (estimate of derivatives).

Let Y C L, Y finite or = L, and

£ (12(0))aey = (12(t))aey = (p=(t), 2 (t))

Write 5 5 5
X2
(4,3) (¢ N —
Ty (T, ., X)) = Nz (T
( 1 J) ot 877,11(0) 877:19](0) ( )
where x1,...,x; need not be all distinct; then

r& D (2, 25)| < P (I (0)] + KJt)))

where P;;((py)) is a polynomial of degree < i+ 1 (the degree is 1 if (3,j) = (0,0), < %
otherwise) in the p, with y € BL.

Let 0 = o(z,z1,...,x;) denote the smallest number of edges of a connected subgraph
of I having x,x1,...,x; among its vertices. Then the coefficients of P;; are positive and
< MoK (L;lt)"

- 7!

with suitable L;, M;; > 0, for all T such that 0 < 7 < [0 — i|; where we have written
[0 —i]+ = max(0,0 — 7).

The proof is given in Appendix A.1.

2.8 Proposition (estimate of differences).

We use the notation of Proposition 2.7. Let (n5(0)), (7(0)) € [Y] and define 71 as

r{d) 7y(0) when y ¢ X, and

with 7 replaced by 7. For finite X C L we assume 7,/(0)
write

ArGD (txy, .z X) = 0D (420, .z X) — 70D (820, 355 X)
If d(z, X) > i, we have
ArdD (2, .. 255 X)) < Q(Ipy (0)] + KJt))

where Q((py)) is a polynomial of degree < i+ 1 (the degree is 1 if (i,5) = (0,0), < 1
otherwise) in the p, with y € B}.

Let 0 = o(x,21,...,2;;X) denote the smallest number of edges of a subgraph of T’
(not necessarily connected) connecting each point x,x1,...,z; to some point of X. Then
the coefficients of Q;; are positive and

(L))"

< M..ed Kt L3
- 7!



for all T such that 0 < 17 <o —1
The proof is given in Appendix A.2.
2.9 Remarks

Proposition 2.7, 2.8 will be used in the proof of Theorem 4.5 below. In view of these
applications the following facts should be noted.

(a) The condition d(z, X) > i in Proposition 2.8 is not a serious limitation because, for
the finitely many values of z such that d(z, X) < 7, one can estimate Ar(3) by Proposition
2.7 applied to 77 and #(9).

(b) Write 0 = o(y, y1, - - -,y;) and let y be fixed, then

1
2. o—in =

Y1,--,Yj

Indeed, we have |y, — y| < o, hence

j .
0—i22|yk _?J| ¢
k=1 J

so that 1/(o —1)! decreases faster than exponentially with respect tor1 = [y1 —y|,...,7; =
ly; — yl, while |[Bjt|--- | B, | is polynomially bounded.

3 Time evolution for probability measures.

Consider any probability measure £ on [L] = (R x T)% carried by [L] = (R x T)*
(i-e., £ gives zero measure to the points at infinity). We can find constants £,, > 0 such
that, if we write

By, = {(P2z)acL ¢ [Pa| < Fing for all z € L}

we have £(B,,) > 1 —1/n. We may thus write lim,,_, |[£ — £5|| = 0 where the measure £,
has support in the compact set B, C [L], and (t,£) — f*¢ is continuous on R x B,,. We
define then

it = nlggo fie, (norm limit)

Notice also that ft, has support in the compact set B!, defined like B,, with ,, replaced
by k. = Knz + K|t| (see Lemma 2.1(a)). Therefore f'4 is again carried by [L].
3.1 Proposition (continuity of time evolution).

If the probability measure ¢ on [L] is carried by [L], then the probability measure f4
is well defined, carried by [L], and t — f£ is continuous R — measures on [L] with the
vague topology.

For any continuous function A : [L] — R we have (f4,)(A) = £,(A o ft), where
A o f* restricted to B,, depends continuously on ¢ with respect to the uniform norm on
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C(B, — R). Therefore (f4,)(A) is a continuous function of , and so is its uniform limit
t — f*(A). This shows that ¢t — f is continuous with respect to the w* (=vague)
topology of measures on [L], concluding the proof. []

Let £x be a probability measure on [X] for finite X ¢ L. We write X — oo when, for
every finite U C L, eventually X D U. Suppose that for every finite U and A € C([U] — R)
the limit

Jim ex(homx)

exists, where myx is the projection [X] = [X\U] x [U] — [U]. This limit is then of the
form ¢(A o my) where £ is a uniquely defined probability measure on [L] which we call the
thermodynamic limit of the £x:

{=0lim X—)oog X

This means that
7TU£ = w* th—)ooTrUX’gX

or (modulo the identifications A - Aonyx, A = Aomy) £ is the limit of the £x on
Uy finite C(IU] = R) o 1y
which is dense in C([L] — R). In particular, if £ is any probability measure on [L], we have
L =0limx_,oomx¥t

We shall later also consider thermodynamic limits associated with a sequence X,, — oo,
writing £ = 0lim,,_, £x,, if 7yl = w* lim,_, Ty x, {x, for all finite U C L.

3.2 Proposition (time evolution of thermodynamic limits).

Suppose that
0 limX_,OOKX =/

where £x ¢ are probability measures carried by [X], L] respectively. Then
Olimy o0 fhlx = fH4
uniformly for t € [-T,T).

We have to prove that, for every finite U C L, and A € C([U] — R),

(fxtx)(Aomyx) = (fH4)(Aomy)

lim
X —o0
We may (and shall) assume that |A| < 1. Given e > 0, we know that

||Ao7‘onft—Ao7rUXof§(o7rX||<%
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for sufficiently large X, say X D V for suitable V D U, for all t € [-T,T]. Under these
conditions we have thus

Aomyo ft—Aomyy o f&omy|| < €/2
14

and
HAo7rUXof§(o7rX—Ao7rUVof‘t,o7rVH <€

which we shall use below in the form
|Aomyx o fx —Aomyy o fy omyx|| <e
Take now a function ® € C([V] — R) with compact support and |®| < 1, such that
16— (Pomy)l|| <€
Using the notation a ~ b to mean |a — b| < ¢, we have
(f)(Aomy) ~ (f{((®omy)E))(Aomy) = £(®omyv)(Aomy o fY))

~U(@ony)(Aomyy o fy omy)) = L(B(Aomuy o fiy)) omv) = £(Py 0 Ty)

where the function ¥; = ®(Aonyy o f;) : [V] = R is continuous with compact support,
hence extends to a continuous function on [V]. By assumption we have

|£(‘I’t O7T‘/) — EX(\I/t O7TV)()‘ <e€

for sufficiently large X, uniformly with respect to ¢ € [T, T] (this is because t — Wy is
continuous with respect to the uniform norm of C([V] — R)). We may thus take W DV
such that, if X D W and t € [-T,T],

Z(\Ift (¢] 7Tv) ,f, KX(\I/t (¢] 7TV)() = ZX((@(AOWUV [¢] f‘t/)) [¢] 7TV)()

~Lx((Pomyx)(Aomux o fk)) = (fx (P omvx)lx))(Aomux)

We have thus
(f*)(Aomy) — (f5x (@ omyx)lx))(Aomyx)| < 4e

when X D W, t € [-T,T]. We may now let ® — 1, obtaining

((f*O)(Aomy) — (fxlx)(Aomyx)| < de

as announced. []

Proposition 3.2 also holds for the thermodynamic limit associated with a sequence
X, — o

4 I'-states and their time evolution.
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We introduce now a special set of probability measures.
4.1 Definition (I'-states).

We say that the probability measure £ carried by [L] is a '-state if there exist constants
By > 0 (for x € L), smooth functions V, : T — R (for € L) and W{w g :TxT =R

(for {z,y} € ') such that the Ba, ﬁw , Vo, W{x y}s 8q$W{z y}s quW{w y} are bounded
uniformly in x,y € L, and the following holds:

For every finite X C L, the conditional measure £x(d€|n) of £ on [X] given n € [L\X]
is of the form

KX(df|77) = const. exp[— Z( IBwpw + V Qw Z W{.z,y} (Qwu Qy)] dg§

z€X {z,y}
where " extends over those {z,y} € I such that x € X, and we have written & =
(p$7 Q:E)mEX; n= (p:m Qm)zeL\X-
[The I-states are Gibbs states* for a certain interaction given by the 8, V, VNV{x’y}].

If £ is a I'-state we may, for finite U C L, write (nyf)(d§) = Ly (€)d¢ where £y is
smooth on [U]. Note that £y (£) has a (p, g)-factorization: it is the product of a smooth

function of the g, for x € U, and of a Gaussian 4/ Bm/271' exP(—Bmpi/2) for each x € U.

We shall now take X finite and Y = X U X; U...U X}, where
X ={y € L\X : d(y, X) = k}

(k is thus the “size” of Y). If ¢ € [X], and n, € [X'k] for k =1,...,k, the I'-state property
of ¢ then gives

by (&1, -+ -5 mg) = Cebo(€lm)-La(mln2) -+ L1 (g1 %) L5 (117
where Cj, is a normalization constant and (putting W{w’y} =0if {z,y} ¢T):

EO(£|771) = eXp[— Z (szi/2 + Vz(Qw)) - Z W{a:,y}(%:a Qy) - Z Z I/i/v{a:,y} (qgﬁaQy)]

zeX z,yeX z€X y€X1

e (nelmra) = exp— > (Beb2/24 Valde) = Y. Wiwy}(der )
z€Xk z,y€Xk

B Z Z W{wyy}(qﬂwqy)] when k£ > 0, and
€ Xk yeXpi1

Li(ng) = /l/(d?]k_H) Lr (MR M5 41) for some probability measure v on [X,;+1].

* See [14] for a discussion of Gibbs states in the simpler case of spin systems. We shall
not make use of the theory of Gibbs states in the present paper.
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Using the fact that the Jacobian of f§; is 1 (f} preserves d¢) we have

Fo((mu)(d€)) = fir (bu (§)dE) = Lu (fr*€)dE

Thus, by Proposition 3.2, if X C Y as above,

(mx f10)(d€) = w* limy y0omx (Ly (f " (€, my))dEdny )

We may write
f;t(f,UY) = (f;(t)(ga nY)a f;f(ga nY)a ey fy_lg(é.a nY))
with i i
fro&my) € 1X],  fyr&my) € [Xg] fork=1,...,k

If ¢, € € [X], ny € [Y\X], the quotient

15Y(f17t(€~a Ny))
EY (f;t(ga nY))

is thus a product of quotients

Ek(f;]i (5; 77Y) |f;€k+1) (57 nY))

—— — - for k=0,...,k—1
zk(fyk(fanY)‘fy(k+1)(§a 77Y))

and

El_c(f;]% ({7 77Y))

where the arguments fy (&, 7v), f;fk +1)(§ ,My) and their derivatives have dependence on

¢ that decreases faster than exponentially with respect to k (Propositions 2.7 and 2.8).
Let us define £, (¢,ny) by

A ) F by (619)) = Bor(€ ) exp 3 (=Bapa(0)/2)

mEXk
for k=0,...,k— 1, where X, is replaced by X for k£ = 0, and

Kk:(fy]c(ga nY)) - ZYk (57 nY) exp Z ﬁa:pa: )2/2)

a;GXk

We shall also use £%(&,n) defined by

(£ &) Fida(6om) = £ (& m)-exp > (=Bpa(0)%/2)

(EEXk,

14



where

FHEm) = (f & m), . frtEm), )

with fo(&,m) € [X], and f;75(¢,m) € [Xg] for k > 1.

From our definitions it follows that

(U7 6 m) 17 Baleony)
EY(f}jt(ga nY))

> (XD ZweX(_ézpz (0)2/2)
k=0 @k(ﬁ,ﬁy) exp ZweX(_ﬂzﬁz(0)2/2)

4.2 Lemma (basic uniform estimates).

In the above formula, we have, uniformly in t € [-T,T] and the size k of Y, the
estimates

(a) \logé%(ﬁ, ny)| < const.(1 + sug |p(0)])
=

(0) log £ (& my) | < polyn. (k)

> (14 sup |p,(0)]) ifk>1
41, (& my) k! 2€X,

These estimates remain true when £%, is replaced by £}

We note that, by Lemma 2.1(a),

P2 () — p2(0)?] < K[t](2]ps(0)] + K ¢])

From this, and the definitions, the first inequality of the lemma follows. The second
inequality is obtained by using also the finite dimensionality Assumption 1.1 and Lemma
2.1(b). []

Define now the regions R,, R C [L] = [X] x [L\X] such that

R, ={(&n): |ps] <uifze X} RX ={(&,n): |pz| < kv if 2 € X, for k > 1}

4.3 Lemma (existence of limit in R, N R)).
In R, N R, the expression

fY(f;t(fanY)) gt ox - \ »
Jixy @€ by (F7 4 (€ my)) (o€, my) exp ) (=Bops(0)°/2)

zeX

= [/ 3 HEY’“ §,ny LoEnv)exp Y (=Bapa(0)2/2)|

zeX
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has upper and lower bounds exp(£const.(1 + v)) uniformly in u, t € [-T,T], and k, and
tends when k — oo, uniformly for (§,m) € R, N RX, to

[/, §[H e € op 3o (A (0)/2)]

The limit is continuous.

Let (&,7) € R, N RY, and assume k to be large. The quotients

E%’k (57 77Y)

& Gmy) P2V

are nearly independent of Y (i.e., of k) for small k, and (using Lemma 4.2) very close to
1 for large k, so that

limHZ L (& my) H

’:5_)00 E 77Y) gt ga

uniformly, and we have bounds exp(+£const.(1 + v)) by Lemma 4.2(b). Note now that
Kyo(é“, ny) tends to £4(€,n) uniformly for (€,7) € R, N R, and we can extend the integral
over ¢ from |p,| < u to [X] because the Gaussian

exp Z (_Bzﬁm (0)2/2)

zeX
beats the exponential growth of £, (é ,My) given by Lemma 4.2(a). Bounds of the form
exp(zconst.(1 + v)) hold again after integration. []
4.4 Lemma (large v Gaussian estimate).

For large v, (7zy\Xf1t/7Ty£) (dny) has mass < exp(—const.v?) outside of my\x R, , uni-
formly in the size k of Y.

The (p, q)-factorization of Ly (&, ny) shows that the mass outside of R is bounded,
uniformly in k, by a Gaussian < exp(—const.v?) for large v. But the time evolution f},
changes |p,| (additively) by at most K|t|, so that the Gaussian estimate remains valid. []

4.5 Theorem (Smooth density of evolved states).

Let ¢ be a I'-state. For finite X, and Y of size k as above, we write

(@ exp 3 (~Bupa(0)°/2) = [ dny by (7 (€,mv))

rz€X

There is a smooth function £% (¢) of ¢ and t such that

(mx f0)(d€) = L5 () exp Y (—Pap=(0)*/2) d¢

zeX
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and we have, uniformly for |p;| < u (z € X) and |t| < T,

U (€) = lim £ 5 (6)

k— o0

The limit also holds for the derivatives with respect to &,t. The 04 (€), £4 x (€) have upper
and lower bounds exp(+const.(1 + u)), and the absolute values of their derivatives have
bounds polyn.(u). exp(const.(1 4+ u)) uniformly int € [T, T| and k.

We start with the remark that

éy(f;t(ga ”IY)) d§
Jix by (f74(E,mv))

is the conditional measure of fimy £ on [X] given ny € [Y\X]. Integrating this conditional
measure with respect to (my\ x f¥- 7y £)(dny) yields wx f{my£. Thus

. Ty v gY(fY_t(£7 77Y
By (6) = / (ry\x fomy £) (dny) e pxez)j( Bops(0)2/2)

The integrand in the right-hand side is the product of a factor controlled by Lemma 4.3,
and a factor £%,(&, ny) which has upper and lower bounds exp(+const.(1 + «)) uniformly
in k£ (by Lemma 4.2(a)) and tends to £4(&,n) when k — oo, uniformly for (¢,7) € R,NRX.
Using also Lemma 4.4 and the fact that 7y x f{-7y £ has the w*limit 77, x f*/ when k — oo
(Proposition 3.2) we find that

lim 435 (€)

k— o0

= [ aen] [ el S € mexs 3 (~Ban(07/2)]
1 reX

uniformly when [p;(0)| < u for x € X, with uniform upper and lower bounds exp(£const.
(1 +u)). We call the limit £% (£). Since

Brx (€ exp Y (—Bopa(0)%/2) dé = (mx fiymy £)(dE)

z€X

has the w* limit (wx f*£)(d¢), it follows that this limit has a density

U (&) exp Y (—Papa(0)?/2)

zeX

as asserted.

Using the notation

f (g 77) (fO(gm ) fé(n))

17



we may write

= / (F0)(dé dn) | /[ dﬁ[H E’“g:”) 11561 eXpZ ~Baips (0 /2)]‘53(5,@

: < 4 (E fLm) | .
= [ agan [ [ a2 IJEZ © ftn WG £ exp 3 (~Bae (02/2)]  15(6. 1)

n)) zeX

and remember that this is the limit of a similar expression for £ (£). We want to
show that % (£) has derivatives (of all orders) with respect to &,¢ by showing that the
derivatives of Oy (€), for &, in a compact set, are bounded with respect to k. Note that
in estimating the integrals of polynomials in p, the p,(0) integral always has a Gaussian
factor exp(—B;p+(0)2/2) (remember the (p, q) factorization of £). Therefore we only have
to worry about bounding the coefficients of the polynomials.

Inspection of the above expression shows that computing a first order derivative es-
sentially involves multiplying the integrand by the logarithmic derivatives of I} (¢, fé"(n)),

or £ (€, fgt(n)) JLE (&, f;(n)) and summing over k. In view of the very explicit form of the

logarithm of the £j, we just have to estimate the derivatives of f~*(¢, fé(n)) with respect
to & and t.

As far as £§(¢, f;(n)) is concerned, we have to consider the derivatives of f; *(¢, fé (m)

(or fl_t(g,fé(n)), which is similar). The &-derivative is of the form i )( t;z1) with
z,r1 € X, giving a bounded contribution by Proposition 2.7. The t-derivative is of the

form
0 (1) + 3O (=t 1))

with € X, and we may take 1 € X;,. By Proposition 2.7, |r(®1)(£¢t)| is bounded by a

polynomial in p with bounded coefficients, and ’I‘(O )( t;z1) < const./kq!, again giving a
bounded contribution because ), | X%, |/k1! is bounded.

We turn now to £ (€, ff( ))/4E (&, ff( )), i.e., we have to consider the derivatives of
fat(e, ft( )) (or fk_ll) The &-derivative is of the form r{" 1)( t;x1) with z € Xy, 21 € X,

so that \7‘(0 1)( t;z1)| < const./d(z,x1)! = const./k!, which makes a bounded contribution
because Y, | Xi|/k! is bounded. The t-derivative is of the form

ArdO (=t X) + ) ArdD (2 X)r(0(1)

T1
where z € X, and we may take x1 € )Z'kl. By Proposition 2.8 we have
|Ar{H9 (—t; X)| < polyn.(p) /!

18



|AFOD (—¢: 21: X)| < const. /0! < const./ max(k, ky)!

and since Y, | Xx|/k!, > kb | Xy |.| Xk, |/ max(k, k1)! are bounded, we also have bounded
contributions for the ¢-derivative.

We consider now higher order derivatives with respect to £,¢. The computation of
such a derivative gives terms where the integrand is multiplied by a product of logarith-
mic derivatives of the type discussed above; the contribution is again seen to be bounded.
There are also terms containing derivatives of the logarithmic derivatives, and these are
expressed in terms of higher order derivatives of f~*(¢, fg(n)) with respect to &,t. The

derivative 87 /9&,, - - - 0&,; is estimated by |7‘§;O’j)(—t; Z1,...,2;)| < const./d(z, X)! giving a

(41,i2)

bounded contribution. The derivative 9¢/0t is a sum of terms Ar; (=t Y1y -y Yig; X)
(multiplied by derivatives 9% f;/ otk = r(®9) where i, + i = i; these terms can be esti-
mated by Proposition 2.8, and give a bounded contribution. The general mixed derivative
0117 | OtiOE,, - 0&g,;, with j > 1, is a sum of terms rg(cil’jJriz)(—t;xl, e Xy Y1y Yiy)
with z1,...,2; € X (multiplied by derivatives of the form r(k:0)) which can be estimated
by Proposition 2.7, and give a bounded contribution. []

4.6 Remark (uniform bounds).

The proof of Theorem 4.5 gives estimates of £  (¢) and its derivatives with respect
to ¢t and &, which are uniform with respect to the size k of Y. They are also uniform with
respect to the I'-states £ with conditional measures corresponding to a fixed choice of 3,,
Ve, W{%y}, and remain uniform if some of the W{w,y} are replaced by 0.

For Y finite and 1 = (pg, ¢z )zcy define

~ _ 1~ ~ ~
by (n) = Zy" exp[~ Z(iﬂzpi +Ve(g2) = Y Wiz (4e: )]
€Y z,yeY

where Z;l is a normalization factor, and write

bx©exp 3 (~Bone07/2) = [ duy By (55" (E )

= [Y\X]

Then the above remarks show that the uniform estimates on £ 5 (£) and its derivatives

=t
given by Theorem 4.5 can be taken to hold also for 4y .

5 Entropy.

Given a I'-state £, and X C Y finite, we write
rx fymvl=Lyx(€)dE ,  mxfll=1L5%(¢)dE
where (t,&) — £4  (£), % (€) are smooth on R x [X].

19



In Theorem 4.5, we used the notation

Grx () =box(©expd (<Fupe(0/2)  ,  £5(&) = (©)exp Y (—Fups(0)*/2)

zeX zeX

and saw that £%  (¢) tends to £4 (£) together with its derivatives, uniformly on compacts
of R x [X], when Y — oo.

We can now define a (Gibbs) entropy S% (X) or S*(X) by
S0 == [ Bx©ogbx@de . S0 =- [ E(€)ogh()de
[X] [X]

These are convergent integrals in view of the uniform bounds given in Theorem 4.5. Fur-
thermore S% (X) — S*(X), uniformly for |[¢| < T, when Y — oo.

We may assume that ¥ D X; = {y € L : dist(y,X) = 1}. If £ € [X],n € [Y\X]
or [L\X], let 71 € X be obtained from 7 by restricting the index set to X;. Then the
equations of motion for &, 7 show that we may write

€ _
dt

Xem) . GP=YEn

where X does not depend on Y. Writing Zﬁ, =/lyo f;t, we have

bx©= [ (e
Y\ X]
and the “continuity equation”

%Et (&m) + Ve - (B (€ mX (Em)) + Vi - (B (&mI(E ) =

so that

d N .
G ©== [ anVe @enrem)=-Ve [ dnfyemaem)
[(Y\X] (Y\X]

i t _ 1 it
dt 10g EYX (E) - EfX'Y (5) V€ /[;\X] d77 KY (53 T’)X(ga 771)
d N
Gl x(€)log (O] = ~(og b x (O + VVe- [ dnBy(€mX(Em)
(Y\X]

Using the estimates of Theorem 4.5 we find that ¢ — S% (X) is a smooth function of
t, with

d N
G500 = [ acoh ©ve [ andEnxem

(Y\X]
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& )

Write now X+ =X U X; = {y € L:d(y,X) < 1}. The probability measure
K%’X-I—(ga 771) d§ dm

conditioned on & € [X] is denoted by £ 5, (11]£) dn, where

_ ‘eg"X—l—(galrll)
0y x4 (mfé) = NMGHE

Theorem 4.5 gives uniform estimates for

£§/'X+(771|£) ) V££§/'X+(771|§)

so that p
G0 == [ V@ [ amb, X m)

[x] [X1]

It follows also that, when Y — oo, dS% (X)/dt tends to
[ dete©Ve [ an i mioXEm)
[X] [X1]

uniformly for [t| < T, and the limit is dS*(X)/dt.
5.1 Proposition (time derivative of S(X), X finite).
When Y — oo, the derivative dS% (X)/dt tends, uniformly for [t| < T, to

d
G810 = [ det©Ver [ dm b, (o)X Em)
[X] [X1]
which is a smooth function of t.
The proof, as given above, is essentially a corollary of Theorem 4.5. []

Suppose now that X; = {y € L:d(z,y) =1} is finite, but X is not necessarily finite.
We still have, for Y finite,

d t —
%SY(XOY) _/

d§ Eg/,XnY(g)VE ) /~ dm E%/,Xq-my(??l‘@x(fﬂh)
[XNY]

[X1]

and this can be bounded independently of Y.
5.2 Proposition (time derivative of AS*(X)).
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If X C L, and X is not necessarily finite, but X, = {y € L : d(X,y) = 1} is finite, we
may define
AS*(X)= lim (S}(XNY)—-S%XnNY))

Yoo

and we have

d
G0 = [ e o@eve [ dm e mlex(En

which is a smooth function of t.

This follows from the usual estimates. Note that V¢ is a derivative with respect to a
finite number of variables corresponding to nonzero components of X (&,71). []

We shall now study a conditional, or ”external” entropy S defined for X finite by
Sy (X) = 84(Y) =S4 (Y\X)
Using the notation

& (&,m)

B=tvofi' . )= [ dBiEn . e =
[X] y,y\x (1)

as above, we find

34 = - [ deandy (€. 1og KYY(\%())

_ / by x (1) dn]— / de 0  (€]n) log £y (€l)] = / by yx (1) d S (X )

where we have written
Sy (X|n) = /déf (&[n) log 5 x (€[n)

Let also

de(Eln) = [/ g[H w Emexp S (~Baia(0)2/2)]
rzeX

x £4(&, ) exp Z (—B2p2(0)2/2)

zeX

SH(X|n) = / de £ (€]n) Jog £ (€]n)

then Lemma 4.2(a) and Lemma 4.3 imply that S (X|n) — S*(X|n) when Y — oo, uni-
formly for n € mr\x R and t € [T, T], and with uniform bounds

18% (X |n)| < const.(1+ v)
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Therefore (using Lemma 4.4 and Proposition 3.2)we see that when ¥ — oo we have

uniformly for ¢ € [T, T|, where

§H(X) = / (o £10) (dn) S*(X|n)

Note that S*(X) is obtained by taking the mean entropy S*(X|n) associated with £ (¢|n)
and averaging over 7, while S*(X) is the entropy associated with the average £x(€) of
2% (€|m) over n. In particular, concavity gives S*(X) < S*(X).

Since dS% (Y)/dt = 0, we have

C84(0) =~ 255 (N\X)

—— [ im0y [ el
[Y\X] [X]

=— dn % n 0 /
/[Y\X] o) Y 0y,

ZIEX1 [x

| dE £ x (§1m) Yy (€, m)

where X; = {y € Y : d(y,X) = 1} and Y, is the y-component of Y. We may now let
Y — o0, finding:

5.3 Proposition (time derivative of the entropy S).
When Y — oo, the derivative dS% (X)/dt tends, uniformly for t € [-T,T], to

G800 == [Enxro@n Y o, [

ZJEX1 [x

]dﬁfﬁc(ﬁ\n)yy(ﬁ,n)

which is a smooth function of t.
This is again a corollary of Theorem 4.5. []

Note that p
—SHX) = —%ASt(L\X)

5.4 Assumption (bounded energy).
For every finite X C L the kinetic energy is bounded independently of t:

/dfﬁfx(ﬁ)p‘ZXﬂ < const.(X)
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[it would be equivalent to assume a bound on the total energy Hx]|.

We have the general inequality
S'00) < [ debi(@p/2 + X log VEr

[this follows from the “variational principle for the free energy”, and can be proved by
using the concavity of the log:

ey 2
BTG log% <log [ de /% = X log Vor ]

Therefore the bounded energy assumption gives a bound on the entropy:
S*(X) < const.(X)

Similarly, we find
SH(X|n) < / de 2t (E|n)p /2 + | X | log 2

hence
$H(X) < / de 18, (€)p% /2 + | X | log V27 < const.(X)

In particular we have S*(X) < S*(X) < const.(X).

5.5 Definitions (large volume limit).

1 [T
We may take a sequence (7,) tending to +oo such that T / dt f*4 has a limit p
n Jo

in the vague topology of measures on [L]:

1 [T
tp, — 00 , —/ dt fte — p
T, Jo

We call the probability measure p a nonequilibrium steady state (NESS). In view of As-
sumption 5.4, p is carried by [L]. Furthermore p is invariant under (f*).

We can also (by going to a subsequence) assume that

dt EAs*'f(X) — o(X)

AST(X) 1 /Tn d
T.  Tulo

when X; = {y € L : d(X,y) = 1} is finite (X need not be finite). Note that o(X) might
not be determined by p and X.

For notational simplicity we shall write T' — oo instead of T},,n — oo.

5.6 Interpretation (entropy production). [16]
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As mentioned in the Introduction, Denis Evans and coworkers [16] have proposed to
identify the mean entropy production rate in a finite region X to

_ e ST - SU(X)
e(X)——O'(X)——Th_I)I;O T

According to Proposition 5.1 this is the mean rate of volume contaction in [X], and e(X)
corresponds to the accepted definition of entropy production in the presence of a deter-
ministic thermostat.

A related choice is

6(X) = o(L\X) = — lim 5’T(X); $°(x)

This is the mean rate of volume expansion in [L\ X ], and corresponds to the rate of entropy
growth due to X, as seen by the ”external world” L\X.

Since S*(X) < S*(X) < const.(X), we have 0 < e(X) < &(X).

We may also define mean entropy production rates associated with a finite partition
A = (Xo,X1,...,2,) of L provided Xy, X1,..., X, have finite "boundaries” {y € L :
d(X;,y) = 1}. We write

7=0 j:X; infinite
In particular, in Case 11, for X finite D X, we have

6(X) = &((X, L\X)) < (X, L1\ X, L5\ X))

We proceed now with some general inequalities satisfied by o, e, and é.
5.7 Basic inequalities.

We have e(f)) = &() = 0 by definition, and remember that 0 < e(X) < &(X). The
strong subadditivity of the entropy implies that, if U, V' have finite boundaries,

cUUV)—a(U)—0c(V)+a(UNV)<0

(we have used the fact that SO (UUV)NY)-S°(UNY)-S°(VNY)+SUNVN
Y) is bounded independently of Y). This implies the strong superadditivity of e, and
subadditivity of é. In particular

eUUV)>elU)+e(V) if UNV=0

and
eUUV)<elU)+¢éV)
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If U C V we also have*
eU)<eV) , éU)<egV)

i.e., e(X), é(X) are increasing functions of X.

We can extend the definition of e(X), é(X) to infinite X:

e(X)= sup e(U) , é(X)= sup &)
finite UCX finite UCX

In the situations of interest for us é(L) will be finite and we may call this quantity the total
entropy production rate. Note that the entropy production rate é(X) is not an additive
function of X, but that its subadditivity amounts to some kind of locality. Note also that
if e(X) > 0 we must have ST(X) — —oc, in particular the £% cannot remain bounded
when T — oo, contrary to some evidence [4], [5]. But there is no obvious objection to
having an entropy production rate é¢(X) > 0.

6 Thermodynamic bound on entropy production.

We shall show that in Case I (an external force and a thermostat at temperature 571)
we have
é(X) < B x energy flux to thermostat

where the right-hand side is the thermodynamic rate of entropy production. A more
general result is given below (see Proposition 6.3).

In Case I we have introduced a finite set Xy on which external forces act. As initial
state £ we shall use the thermodynamic limit of a sequence:

£ =0limy oLy (n)dn

where*

EY("?) = Z;l eXp[_ﬁXo - IBHY\X()]
In this formula,

I:IXO = Z (%Bwpi + Vw) + Z W{w,y}

z€Xo z,y€Xo
1
Hyvx = Y (§Pi+Vz)+ > Wiy
z€Y\X z,y€Y\ X

and 7 ! is a normalization factor. In this section it will be convenient to use X, instead
of X in the definition of Y, so that ¥ = XoU X; U...U Xz. We take X of the form

_* Note that, for U C V, we have ST (Y\U) < ST (Y\V) + ST(V\U), hence ST (V) <
SL(U) + ST (V\U), hence &(V) > &(U) + e(V\U). )

* More generally we could allow a term . . ox Wi,y of interaction between X
and Y\ Xj.
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Xo U Xl U...U )N(k~ (this is no serious restriction) and choose a subsequence k — oo
such that the wxy (£y (n)dn) converge vaguely (we use here the thermodynamic limit for
a sequence as explained in Section 3).

The state £ is a I'-state corresponding to the choice Bw = £, V, = BV, for x ¢ Xy,
and Wi, .y = BW(, 4y for 2,y & Xo. We define

ﬂ;x(s)::J/ Ty (f5 (€ my)) dny
[Y\X]

and
8L(X) = - /[X] Boy(©)loglyx(€)dE . Sy(X)=5L(Y) - 84 ("\X)
Writing ~ . B
ngX (&ln) = Z%/Y(f, "7)/£Y,Y\X (n)
84 (Xn) = - / de B (€]m) log B x (€])
we find

=t ~ ~
Sy () = [ By 4 (X1
6.1 Lemma (thermodynamic limit for g’)

S (X) — $H(X)

together with the t-derivatives, uniformly for t € [T, T], when k — co.

We have shown (in the proof of Proposition 5.2) how S% (X) — S*(X). We proceed
in the same way here, using the uniform estimates of Theorem 4.5 which hold again when
£ is replaced by £, as explained in Remark 4.6. []

Since f{ is volume preserving in [Y] we have
SY(Y) =53(Y)
therefore 0 g
Sy (X) = Sy (X) = S (Y\X) — Sy (Y\X)

We fix now X, with Xo C X C Y as indicated above. Note that, by the (p, ¢) factorization,
Sy (Y\Xo) = Sy\x, (Y\Xo) is the sum of a momentum term S (integral over p, trivial)
e}nd a configuration term 510‘1 (integral over q). The configuration part ng,y\ x(av\x) of
Ly y\x (gyv\x) differs from Ly 3\ x, (qv) = Eg,\ X, (gx\x, (@v\x) by a faf:tor bOIiIlded inde-
pendently of Y (because there is a finite number of bounded terms V; and W, ,; with
z € X\X). Therefore |log £y, y\ x(qv\x) —log {3, x (qv)| is bounded independently of Y,
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hence |S%(Y\X,) — S%(Y\X)| < Cy with Cy independent of Y. Define now a function £*
on [Y\Xy] = [X\Xo] x [Y\X] to be the product of

Z~ exp(—Ppx\x,/2)

on [X\Xo] (with Z~! a normalization factor) and gg,,Y\X on [Y\X]. Then there is a
constant C; such that

s'=- [ el m) = SH\X) + €y
[Y'\Xo]
and the “variational principle for the free energy” gives

§* — §L(V\X) < /[Y\X (6 (0) = B, (1) BH 5, 1)

so that ~ ~ ~
SY(Y\X) — Sy (Y\X) < Co — Cy + 5* — Sp(Y\X)

<Co—Cr+ /[Y\X A0 (€ )~ B, (1) BB, ()

There are also constants C5, C'3 such that

/ dn € (n)BHy x, (n) < / dn i,y x (1) BHy\x (1) + C
[Y\Xo] [Y\X]

/ dn Iy x,(n)) BHy\x, (1) > / dn £y y\ x (M) BHy\x (1) + Cs
[¥'\ Xo] [\ X]

Therefore, with a constant C = Cy — C; + Cy — ('3 independent of Y and ¢, we have

=0 < ~ ~
Sy () =5y (X) <C+ [ dullyyx(n) - By x ()8 Hx )
[(YAX]

—C+p /[Y] dn 8 (n) — B (n)| iy (n)
—C+p /[Y] dn 88 () [y x (fin) — Hyx(n)]
- t d
—C+p [ anfyn) [ dr o Hrx(in)
[Y] 0 T
The equations of motion yield

d
EHY\X(f{f??) = ®(mx 4,y fyn)
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where X+ = {z € L : d(z, X) < 1} and ®(py, qy) is given by

0
®=- Z Z pya—qu{z,y}(qwaqy)

zeX y¢X

Therefore

t t
/ dn & (n) / dr S(mx sy f3m) = / dr / dn By () ®(mx 4 y1)
[Y] 0 0 [Y]

t ~
:/ dT/ d§ £ x , (§)2(8)
0 [X+]

so that
=0 xt t ~
Sy (X) - Sy (X)<C+ 8 / dr / de By, (6)(€)
0 [X+]

We may now let Y — oo, obtaining

§0(X) — SHX) < O+ 8 /O dr /[X+] d€ £, ()D(¢)

6.2 Proposition (bound on entropy production, Case I).

In case I the mean rate of entropy production of the finite set X is < fxenergy flux
out of Xy:

0<eX)<p / (70 40) (d€)Bo (€)

where ®( is the function ® computed for X = Xj.

It suffices to consider the case of large X, so we assume X D X,. Taking in the
previous inequality the large time limit described in 5.4 we obtain

0<é(X)<p / (mx4.p)(dE) B(2)

where the right-hand side is independent of X, and we may thus take X = X,. []

We now give without proof a general bound on ¢(X), which can be obtained using
the same ideas as for Proposition 6.2.

6.3 Proposition. (bound on o(X)).

Let X be infinite, with finite "boundary” X, = {y € L : d(X,y) = 1}. we let the
initial state £ be the thermodynamic limit of a sequence:

£ =0limy _,ooly(n)dn
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where _ .
by(n) = Zy ' e M

~ 1~ ~ ~
Hy = 2(5595]9925 + Vi) + Z W{wyy}
€Y z,Yye€Y

We assume that
when z,y € X, i.e., X is a thermostat at temperature S~'. Then

o(X) < B x energy flux to X

Note that if the energy flows out of X, then o(X) < 0, and in particular o(X) does
not vanish. Applications of Proposition 6.3, in particular to Case II, are left to the reader.
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A Appendices.
A.1 (proof of Proposition 2.7).

By uniformity of the bounds it suffices to consider the situation when Y is finite. The
case (i,j) = (0,0) follows from Lemma 2.1(a), with 7 = ¢ = 0.

Differentiating the time evolution equation for 7, (t) = (pz(t), ¢z(t)), we find

d
%7‘:&0’1) — Z @my(qmﬂqy)lrg(lo’l)
yEBL

where ®,, depends smoothly on the ¢’s, is independent of the p’s, and there is a uniform

bound B
D [@ay| < K
y

Therefore, if r(t) = sup, ,, ¢y \réo’l)(t; x1)|, we have

|2r(0)] < Kr(t)

with r(0) = 1, so that |r{"" (t;21)| < r(t) < K1,
With the notation k& = d(z,x1) we claim that

rO (85 20)| < {eX}
where we have defined {e*}; = e¥ — Zi;é u™/n! < e¥infy<j, ut/£! For k = 0 the claim has
been proved above. For £ > 0 we have by induction

d _ _
P RICEN S ST

and our claim follows by integration, using rg(co’l)(O, x1) = 0.

Remember that o(z,1,...,2;) is the smallest length of a subgraph of I' connecting
Z,T1,...,2;. We claim that for j > 1 there are constants L; > 0 and M; > 0 such that

0.4) (¢ ik s (Lilth)”
| J)(t,$1,...,l’j)|§Mjej ||0§11T12037_7!

(1)

where 0 = o(z, 21, ..., ).

We have already proved (1) for j = 1, with L; = K, My = 1. For j > 0 we have

d (o :
'8 G wg) = Y Gy (b, @) + rest (2)
yEB]
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The rest is a sum, over y € B} and X, of products of factors rgg’j")(t; X,) where z, is z

or y, X = (X,) is a partition of (z1,...,z;) into |X| > 1 subsequences of length j,, and
each product has a coefficient which is a smooth function of ¢, g,. Thus
(L)

5 (Ly, [t])™ R
Irest| < C; m)e{mxexp(ZjnK|t|) H JTn! < Cjejmt -
n

n

where L;. =maxy »_, L; and 7’ must be of the form ) 7,, i.e., 0 <7 <> o(zn, Xp)
where each z, is either = or y, and therefore

Za(znaXn)+1 20’(:8,171,.--,.’13j) =0

n

so that all values of 7/ between 0 and [0 — 1] are allowed. We have thus

- A
rest| < Cjel K1t inf u
0<7'<[o—1]+ 7!

We shall prove (1) by induction on j, assuming now j > 1. First let us write

sup |79 (&; 2, . . x| =rtiry, . x) = emt's(t)
€T

and let

o' =o(x1,...,z5) = Irgna(w,ml, D

Then, for 0 < 7/ < [0’ — 1]; and t > 0,

d B ,-t)T
%T(tamla a'/L‘J) < K’f‘(t;.’l]‘l, 3$J)+Cje]Kt ]/!
or ,
d _yre E)T
%s(t) < Cje(J ) 7
Thus

ds _d (D (C’jt)(L;,t)T'

a S dt (" +1)!

fi <7 <o -1
i ] or 0<7"<o

and also (taking 7/ = 0)

ds d G5 G-nK:
dt = dt(j- 1)K

We shall take L; = L, + C; and M; = 14 C;/L%+ C;[(j — 1)K]|~". In particular, we have

7' +1
(Lt)

< M.el—DEtY7577
s(t) < Mje (' + 1)1

for 0<7' <o -1
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s(t) < Mje(j_l)f<1t

hence o (L)
s(t) < Myel/ =% 02, o
and e
rOD (¢ zy, ... x5)] < M; KN inf 7(Lj|t|)

0<7<o’ 7!

To prove (1), it suffices to show that if
o(x,x1,...,25) >0 +k

then

~ X Lyl
(0.4 (4. o< medki e (L
lre 7 (t; 1, ..., x5)] < Mje 0571££'+k -

and we have just shown this for £k = 0. We proceed now by induction on & for & > 0. For
y € Bl we have

oy, z1,...,x5) > o(z,21,...,z5) —1>0" + k-1
Therefore, our induction asssumption and estimate of |rest| give

_ .7 L.lth™ - AT
‘dt 7J)(t;$1’ x| < KMjeJKItI inf % + CjeJK|t| inf %

0<r'<o'+k—1 7'l 0<r'<o'+k—1 T’

Since L; = L; +C; >C; + K,and 1< M;, we may write for ¢ > 0,

. . L 1)
2109 (4. i e/ K i
dt|r$ (t,xl, e 737J)| < Mﬂe ongglg’erk 1 J 7'l
hence (Lst)"
rOD (a1, )| < Myl KIMZEE 7!

if 1 <7 < o'+ k, but the above inequality also holds by the induction assumption when
7 =0, and this completes the proof of (1).

We discuss now the case i > 0. We have an explicit expression for r(17) = dr(0:9) /dt,
given by the evolution equation for (p,q) if j = 0, by (2) if j > 1. We may differentiate
repeatedly with respect to ¢, replacing the derivatives in the right-hand side by using either
the evolution equation for (p,q) or (2). We express thus r(%9) as a polynomial in the Dy

and the r(o 2
y of the py,q,, and 7‘(0’2) that occur satisfy d(z,y) < i. Furthermore, in any given term

of the polynomial, the factors 7'( ’ 1)(Xl), ré?nem)(Xm) that occur (with (X1,...,Xm)
forming a partition of (z1,... ,.’EJ)) satisfy

with £ < j, with coefficients that are smooth functions of the g,. The indices

J($7y17"'7ym) SZ
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o(@,y1,- - Ym) +0(y1, X1) + ...+ 0(Ym, Xm) > 0(x,21,...,25) =0

so that
oy, X1)+ ...+ 0(Ym, Xm) >0 — i

Therefore, using (1), we see that r(%9) is a polynomial of degree < i in the p, such that
y € B, with coefficients bounded in absolute value by

const.e/KItl inf M
0<r<o—i  T!

if 2 < o, otherwise by -
const.e/ X1t
concluding the proof of the proposition. []
A.2 (proof of Proposition 2.8).

Note that the conditions on the coefficients of Q are of the same form as those on the
coefficients of P in Proposition 2.7, but ¢ has a new definition (and the L;, M;; may have
to be chosen larger than for Proposition 2.7).

Note also that Lemma 2.1(b) gives, for d(z, X) > 0,

(Kt)"

(0,0) (4.
AP0 X)] < 22

if 1<7<d(z,X)
Using also Lemma 2.1(a), this proves the Proposition in the case (7, j) = (0, 0) since here
o=d(z,X).

We shall later use the fact that for the g-component we have actually, for d(z, X) > 0,

(Kt

T!

|Age (8 X)| = (g2 () — Gu(t)] < if  0<7<d(z,X)

[this is because ¢, (t), ¢z (t) € T, so that |g,(t) — ¢.(¢)| < 1].
In the study of Ari® for j > 0 we do not impose the condition d(z, X) > 0. If j > 0,
we claim that there are constants L; > 0 and M; > 0 such that

j . L:tN7T
A0 (0, g X)) < MR g Ll
0<r<o

(3)

where 0 = o(z,21,...,25 X).

This will be proved by induction on j, using (1) and the equation

d . .
EAréo’J)(t; z1,...,25;X) = Z @my(qw,qy)Arz(lO’”)(t; Z1,...,25; X) +rest
y€EB;
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The rest here is a finite sum of products, each of which has exactly one factor with a

A in front of it. The factors are: a coefficient depending smoothly on ¢, g, and factors

ré?;j") where z, is « or y and the X,, form a partition X = (X,) of (z1,...,z;) into |X|

subsequences of length j,.

In particular, for j = 1, the rest is A@my.rz(,o’l). Using the remark above on |Agy|,

and the earlier bound on |7'g(vo’1)| one finds

ItNE 1412 _ 7dPIN BN
(KIED* g (KIED® _ gy 2K 1)

< . . .
|rest| < const i S o Uit 0

where k is allowed values in [0, d(y, X)] or [0, d(x, X )] and £ is allowed values in [0, d(y, z1)],
so that k + £ is allowed all values in [0, [0 — 1]4].

For general j > 0, using induction on j, and the bounds on |Ag|, |r;(co’j )| shows that
the products appearing in the rest have, in absolute value, bounds of the form

(K|t t))
const | | (ex pZ]nK\tD H J"' ‘

k+Y " £,
i [+ 35, Lyl Pt g (D)™
(k+224n)! 7']
where L = K + maxx Y, Lj,, and we must now discuss the range of 7/ = k + Y £y
Remember that there is a A in front of one of the factors of the product we are considering.

< const.

If the A is in front of the coefficient depending smoothly on g, g,, this corresponds
to k € [0,d(z, X)] with z = z or y, while £, € [0,0(z,, X,)] with z, = z or y. Since
d(z,y) = 1, we have d(z,X) + > ,0(20,X¢) +1 > o(z,21,...,2;;X) = o; therefore
7' =k + >4, is allowed all values such that 0 < 7’/ <[o —1];.

If the A is in front of one of the rﬁ?;" ), say for n = a, the corresponding ¢, is €

[0,0(zq, X4; X)] by the induction assumption, the other rg i) are € [0,0(zn, Xn)], and
we have k = 0. Note that

0 (2, Xa; X) + Za(zn,Xn) +1>o0(z,21,...,25X)=0
n#a

therefore 7/ = > £, is again allowed all values such that 0 < 7/ < [o — 1]4. In conclusion
we have

. A
|7‘68t‘ < CjeJK|t| inf %
0<7'<[o—1]+ !
To start the proof of (3) we write

sup |ALI) (¢ 24, . . Lz X)) =rte,... 5 X) = eI_{'t's(t)
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and let o/ = o(x1,...,2;;X) = ming o(z,z1,...,2;; X), Then for 7' € [0,[0¢’ — 1]4] and
t > 0 we obtain, as in the proof of Proposition 2.7

hence

|Ar(0’j)(t'm1 cony iy X)) < M;edKlH inf 7(Lj|t|)T
T y L1y s Ly > vy 0<r<or 1

and the proof of (3) continues as the proof of (1).

The case ¢ > 0 (taking now d(z, X) > i) is treated as in the proof of Proposition
2.7. (]
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