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Diophantine geometry is the study of maps

Y - X

between schemes of finite type over Q or Z. The starting point of such an inquiry might be equations

f(x1, x2, . . . , xn) = 0

with f ∈ Z[x1, x2, . . . , xn] and the study of rational or integer solutions. But then one gradually and
naturally enlarges the possibilities for both the coefficients and the solutions, starting with algebraic
number fields. For example, we quickly run into

Q[ζp]

when studying
xp + yp = zp,

both as the domain of solutions, but also in the coefficients, when we find it convenient to factorize

xp + yp =
∏
i

(x+ ζipy),

(p ≥ 3). And then, once we start regarding the equation as defining a geometric object, we are
inevitably led to consider maps from other geometric objects1, such as might be defined by

g(x1, x2, . . . , xm) = 0

or, equivalently, solutions to the original equation in the finitely generated ring

Z[x1, x2, . . . , xm]/(g(x1, x2, . . . , xm)).

Thence, it is hard not to find the general geometric formulation rather sensible.

Nevertheless, there is some resistance to thinking of all such investigations as falling under the
same rubric. Consider the following small list:

(1) Galois theory, where one is given a map Spec(K) - Spec(F ) between spectra of number
fields, and classifies intermediate maps that fit into a diagram:

Spec(L)

Spec(K) -

-

Spec(F )

-

1When changing variables, for example, in the most elementary instance.
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(2) Class field theory, where one attempts to classify maps between rings of algebraic integers:

Spec(OK) - Spec(OF ).

(3) Conjectures and theorems of Shafarevich type, where one proves the finiteness or non-existence
of certain kinds of maps to rings of integers [1, 6, 7]:

–There are no abelian schemes
f : A - Spec(Z).

(Fontaine-Abrashkin)

–There are at most finitely many smooth proper curves

f : X - Spec(OF,S)

of genus g ≥ 2. (Faltings)

(4) Hasse-Minkowski theory, the study of local-to-global principles exemplified by the exact se-
quence [21]:

0 - H2(F,Gm) - ⊕v H
2(Fv,Gm) - Q/Z - 0.

(5) The conjecture of Birch and Swinnerton Dyer [9, 17]:

E(Z)⊗Qp ' H1
f (GQ, H1(Ē,Qp))

|E(Z)| <∞⇐⇒ L(E, 1) 6= 0.

According to our original definition, all these are conjectures or theorems about Diophantine
geometry in a very direct sense, in spite of the diversity of techniques that occur in their study.
Should one indeed think of them in a uniform manner?

Indication that such unity may be possible comes from linearized Diophantine geometry. This is
the study of maps between objects one obtains by linearizing the category of algebraic varieties to the
category of motives [15].

The key step is to replace maps
Y - X

by correspondences:
Z

Y
�

X

-

and formal linear combinations. This idea, suitably adapted, leads to the notion of a linearized map
from Y to X as an algebraic cycle

Z =
∑
i

niZi ⊂ Y ×X.

That is, one constructs a new categoryM∗ and a functor

H : V ar - M∗
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thought of as universal homology such that

HomM∗(H(Y ), H(X)) = CH∗(Y ×X)Q,

the Q-vector space of algebraic cycles on Y ×X modulo an appropriate equivalence relation.
This idea, refined suitably, is expected to lead to a very harmonious theory with good conjectural

properties. For example, when X and Y are smooth projective varieties over F (possibly Spec(F )
itself), Tate has conjectured that

HomMhom
(H(Y ), H(X))⊗Qp ' HomGF

[Het(Ȳ ,Qp), Het(X̄,Qp)],

where Het refers to the dual of étale cohomology, considered inside the category of representations of
the Galois group GF = Gal(F̄ /F ). Furthermore,

Ext1Mhom
(H(Y ), H(X))⊗Qp ' Ext1GF ,f (Het(Ȳ ,Qp), Het(X̄,Qp)).

There is also supposed to be a numerical criterion for the existence of maps and extensions in
terms of L-functions:

dimExt1Mhom
(H(Y ), H(X))− dimHomMhom

(H(Y ), H(X))

= ords=1L(H(X)∗ ⊗H(Y ), s)

One may well question the efficacy of this methodology, even if all the conjectures were to be true2.
Nevertheless, it is striking that all maps in this theory are treated in a uniform manner, without
regard, for example, to the relative dimensions of the objects3.

The obvious problem is that in linearized Diophantine geometry, X will pick up many more ‘virtual’
Y -points, making it difficult to recover the original maps of interest. That is, the knowledge that

HomM(Y,X)

is non-zero may tell us nothing as all about existence of actual maps from Y to X (unless X has some
special structure like that of an abelian variety.)

For example, when Y = F itself, then given a K point x ∈ X(K) for a finite field extension K of
F , the formal linear combination ∑

σ(x),

where σ(x) runs over the Galois conjugates of x, will define a map in M from Spec(F ) to X. This
obviously tells us nothing about the F points of X. One can attempt to remedy this in various ways,
for example, by focusing on zero-cycles of degree one over F . This was, to a certain extent, the
(unsuccessful) approach taken by Weil in his thesis towards a proof of the Mordell conjecture [23].

But the appoach that is our main concern here is that of replacing H(X) by π(X), a homotopy
type, whose precise nature remains undetermined. Weil [24] proposed the use of Bunn(X), the moduli
stack of vector bundles of rank n on X. At that time, a precise relation between this and the homotopy
of X was not known, but was later established through the work of Narasimhan-Seshadri and Simpson
[19, 20]. In the 1980’s Grothendieck [8] proposed the profinite étale π1 as π(X), at least for a certain
class of schemes including algebraic number fields and curves of genus ≥ 2, while Deligne and Ihara
emphazised the importance of rational homotopy types that have a motivic nature [5]. More recently,
Toen proposed schematic homotopy types as a suitably refined version of π(X).

One might express a fantastic hope in this context to develop non-linear refinements of all aspects
of the theory of motives, especially criteria for the existence and classification of morphisms from one

2Can one really compute the L-function?
3Here, we are starting with Y and X given, and ignoring somewhat the question of classifying all possible Y in a

manner that generalizes class field theory. One might view conjectures of Shafarevich type as a preliminary step. To
move systematically in this direction, one needs to supplement the usual theory of motives with Langland’s reciprocity
conjecture [18].
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scheme of finite type to another. In any case, the motivic theory seems to provide a good starting
point from which one can seek fruitful avenues of ‘non-linearization/non-abelianization.’

*

For the remainder of this paper, we will illustrate the general principle of non-abelian lifting with
a rather concrete example, that is, an extension of the conjecture of Birch and Swinnerton-Dyer to
the realm of hyperbolic curves.

Phenomena of the type

[X (Q) <∞] ∼ [non-vanishing of L-values].

we have discussed elsewhere [14], even while a precise formulation remains elusive. But equally
interesting and perhaps more important is the problem of extending the statement

E(Z)⊗Qp ' H1
f (GQ, H1(Ē,Qp))

to the hyperbolic setting.
For this, let X/Z denote one of the following:

–P1 \ D where D is a reduced horizonal divisor with at least three C-points.
–The regular minimal model of a compact smooth curve of genus ≥ 2;

–The complement of a non-empty reduced horizontal divisor D inside a regular minimal
model X ′ of a compact smooth curve of genus ≥ 1.

Denote by X the generic fiber of X and X̄ its base-change to Q̄. Denote by b either

–an integral point4 of X ;
–or an integral tangent vector to X ′ at an integral point in D ([5], section 15). Note that
such a point must remain in the smooth locus of X ′.

For the rest of this paper, p will be an odd prime of good reduction and T a finite set of primes
containing all primes of bad reduction for X and p. In the case of X = X ′ \ D as above, T also
includes the primes where D - Spec(Z) is not étale.

Clearly, the main case of genus zero to keep in mind is P1 \{0, 1,∞}, while in genus one we should
think about E \O, where E is the regular minimal model of an elliptic curve and O is its origin.

Recall [11] that the Qp-unipotent fundamental group U comes with a lower central series U1 = U ,
Un+1 = [U,Un] and corresponding quotients Un = U/Un+1 that can then be viewed as a projective
system

· · · - U4
- U3

- U2
- U1

of algebraic groups.
For any other point x ∈ X (Z), we have

P (x) := π
Qp

1 (X̄; b, x) = [πet
1 (X̄; b, x)× U ]/πet

1 (X̄, b),

the homotopy classes of Qp-pro-unipotent étale paths from b to x. Here, γ ∈ πet
1 (X̄, b) acts on

πet
1 (X̄; b, x)× U by

(p, u) 7→ (pγ, γ−1u),

and P (x) is the quotient space. This is a right torsor for U with respect to the action

[(p, u)]u′ = [(p, uu′)],

4We remind the reader of the elementary fact that in the compact case, X (Z) = X(Q), so that the discussion
subsumes the consideration of rational points.
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sometimes called the push-out of the right πet
1 (X̄, b)-torsor πet

1 (X̄; b, x) via the homomorphism

πet
1 (X̄, b) - U.

Both U and P (x) admit compatible actions of G that factor through GT = Gal(QT /Q). The induced
action of the local Galois group Gp = Gal(Q̄p/Qp) is also crystalline. (For all these facts, we refer to
[11].)

We get thereby a global Qp-pro-unipotent Albanese map (op. cit.):

X (Z)
j- H1

f (GT , U);

x 7→ [P (x)];

to the points of a Qp-moduli scheme
H1

f (GT , U)

of torsors for U that are unramified outside T and crystalline at p. Similarly, for each prime v, we get
local Albanese maps [16]

X (Zv)
jv- H1(Gv, U).

such that the component at p factors

X (Zp)
jp- H1

f (Gp, U) ⊂ H1(Gp, U)

through the subscheme consisting of crystalline classes. Here and in the following, we will allow
ourselves some sloppiness in notationally confusing the Qp points of the moduli schemes and the
schemes themselves.

It is best to view these maps as towers, which in the global case looks like

...

... H1
f (GT , U3)

H1
f (GT , U2)

?

X (Z)
j -

j

-

j

-

H1
f (GT , U1)

?

(We will denote the maps at various levels with the same j or jv.) Each of the schemes H1
f (GT , Un)

is affine and of finite type.
Meanwhile, the Albanese maps are compatible with localization

X (Z) ⊂ - X (Zv)

H1
f (GT , Un)

j

? locv- H1(Gv, Un)

jv

?

and each locv is an algebraic map.
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Now, we come to the important definition of the Selmer scheme:

H1
Z(G,Un) := ∩v 6=ploc−1v [Im(jv)] ⊂ H1

f (GT , Un)

These are the torsors that are locally geometric, that is, come from points for each place v 6= p. Of
course we are still imposing the condition that they be crystalline at p. The reader should be warned
that the terminology Selmer scheme (or variety) was used in previous papers with somewhat looser
defining conditions. However, the current usage seems to be the most consistent with the situation
for elliptic curves. According to [16], each image

jv(X (Zv)) ⊂ H1(Gv, Un)

is finite for v 6= p, so that H1
Z(G,Un) is a closed subscheme of H1

f (GT , Un). For n = 1,

Im(jv) ⊂ H1(Gv, U1)

is actually zero for v 6= p. We also have

Im(jv) ⊂ H1(Gv, Un) = 0

even for higher n when v /∈ T .
To formulate the conjecture, we need to focus on the localization diagram at p:

X (Z) ⊂ - X (Zp)

H1
Z(G,Un)

j

? locp- H1
f (Gp, Un)

jp

?

The main problem we wish to address is that of understanding the upper horizontal arrow, that is,
recognizing in X (Zp) the global points X (Z). The strategy to be employed is to focus on the lower
horizontal arrow instead, which is an algebraic map of affine schemes.

Define
X (Zp)n := j−1p (locp[H1

Z(G,Un)]),

the p-adic points that are cohomologically global of level n. For brevity, we will refer also to points in
X (Zp)n as weakly global of level n.

From the commutative diagrams

H1
f (Gp, Un+1) �

locp
H1

Z(G,Un+1)

X (Zp)
jp-

j p

-

H1
f (Gp, Un)

?
�locp H1

Z(G,Un)

?

we see that there is a non-increasing sequence of refinements

X (Zp) ⊃ X (Zp)1 ⊃ X (Zp)2 ⊃ · · · ⊃ X (Zp)n ⊃ X (Zp)n+1 ⊃ · · · ⊃ X (Z),

each level of which contains the set X (Z) of global points. Finally, we arrive at the

Conjecture 0.1.
X (Zp)n = X (Z)

for n >> 0.
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The point of this conjecture is that X (Zp)n should be computable in principle, suggesting a method
of computing X (Z)5. Note that an appropriate generalization of this conjecture to number fields
would open up also the possibility of providing a priori the initial requirement of a base-point. Such
a generalization will be discussed in a subsequent paper.

The idea behind computability has an easy local portion coming from p-adic Hodge theory and the
theory of the De Rham/crystalline fundamental group ([11], section 2), whereby we get a description
of

X (Zp)
jp- H1

f (Gp, Un) ' UDR
n /F 0 ' Arn

as
jp(z) = (jwp (z))

where each coordinate jwp (z) is a p-adic analytic function defined by iterated Coleman integrals∫ z

b

α1α2 · · ·αn

of differential forms on X . That is to say, the triangle on the right of the diagram

X (Z) ⊂ - X (Zp)

H1
Z(G,Un)

j

? locp- H1
f (Gp, Un)

jp

? ' - Arn

(j w
p )

-

is essentially completely understood.
The difficult part is to compute

H1
Z(G,Un) - H1

f (Gp, Un),

which should be accessible in principle, being an algebraic map between affine Qp-schemes. More
precisely, we would like to compute the defining ideal

L(n)

for the image of the global Selmer scheme at level n:

locp[H1
Z(G,Un)] ⊂ H1

f (Gp, Un) = Arn ,

from which we wish to get the set
X (Zp)n

as zeros of f ◦ jp, as f runs over the generators of L(n). Now, as soon as L(n) 6= 0, X (Zp)n must be
finite ([11], section 3), so we are in any case investigating a finite discrepancy

X (Z) ⊂ X (Zp)n.

As discussed elsewhere (loc. cit.), standard motivic conjectures (Fontaine-Mazur-Jannsen, Bloch-
Kato) imply that for n large,

j∗L(n+ 1) ) j∗L(n),

and, in fact, the larger ideal contains elements that are algebraically independent of the elements in
j∗L(n). So something in the common zero set for all n should be there for a good reason, hopefully,
that of being a global point. Somewhat unfortunately, this vague expectation is all that can be
offered at present as theoretical basis for the conjecture. Numerical evidence for the conjecture will
be presented in a forthcoming paper with J. Balakrishnan, I. Dan-Cohen, and S. Wewers.

Incidentally, we remark that the said implication of motivic conjectures, in particular, L(n) 6= 0
for n >> 0, has been proved in a range of cases, including P1 \ {0, 1,∞}, CM elliptic curves minus
their origins, and curves of higher genus whose Jacobians have CM [4, 10, 13] .

5Cf. [12], as well as the usual method of descent on elliptic curves.
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