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Let F/F* be a CM extension of number fields, with ¢ € Gal(F/F™) the complex
conjugation. Let ['r := Gal(F/F) be the absolute Galois group of F.

Theorem

Let n > 2 be an integer. Let A and A’ be two modular elliptic curves over F* such that
End(Ag) = End(A’F) =Z.
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Let n > 2 be an integer. Let A and A’ be two modular elliptic curves over F* such that
End(Az) = End(A%) = Z. Suppose that

(a) Az and AZ are not isogenous to each other;
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Let F/F* be a CM extension of number fields, with ¢ € Gal(F/F™) the complex
conjugation. Let ['r := Gal(F/F) be the absolute Galois group of F.

Theorem

Let n > 2 be an integer. Let A and A’ be two modular elliptic curves over F* such that
End(Az) = End(A%) = Z. Suppose that

(a) Az and AZ are not isogenous to each other;

(b) both Sym"~' A and Sym" A’ are modular; and

(c) [FT:Q]>1ifn>3.

If the (central critical) L-value L(n,Sym"~* Ar x Sym” Ar) does not vanish, then the

Bloch—-Kato Selmer group HE(F,Sym" ™' H§, (Az, Q¢) ®g, Sym” Hét(A'F7 Q¢)(n)) vanishes
for all but finitely many rational primes £.
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Let F/F* be a CM extension of number fields, with ¢ € Gal(F/F™) the complex
conjugation. Let ['r := Gal(F/F) be the absolute Galois group of F.

Theorem
Let n > 2 be an integer. Let A and A’ be two modular elliptic curves over F* such that
End(Az) = End(A%) = Z. Suppose that

(a) Az and AZ are not isogenous to each other;

(b) both Sym"~' A and Sym" A’ are modular; and

(c) [FT:Q]>1ifn>3.

If the (central critical) L-value L(n,Sym"~* Ar x Sym” Ar) does not vanish, then the
Bloch—-Kato Selmer group HE(F,Sym" ™' H§, (Az, Q¢) ®g, Sym” Hét(A'F, Q¢)(n)) vanishes
for all but finitely many rational primes £.

We recall the definition of the Bloch—Kato Selmer group: For a Galois representation

p: Te — GL(V) on a finite dimensional vector space V over a finite extension of Q¢, we
define HE(F, V) to be the subspace of H'(F, V) consisting of classes whose localization
belongs to H}(F,, V) for every nonarchimedean place v of F. When £1 v,

H}(F,, V) = H...(F,, V). When £ | v, HX(F,, V) is defined via f-adic Hodge theory.
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v’ for every archimedean place 7 of F, I, is the principal series of the characters

(arg" =t arg" 3 .. arg®N arg?™"), where arg: C* — C* is the argument

character defined by the formula arg(z) = z/v/ zZz.
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Galois representation pn.x: ['F — GLy(Ex). (Harris=Taylor, Shin, Chenevier—Harris)
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v Moc~ MY, where we recall that c is the complex conjugation;
v’ for every archimedean place 7 of F, I, is the principal series of the characters

(arg" =t arg" 3 .. arg®N arg?™"), where arg: C* — C* is the argument

character defined by the formula arg(z) = z/v/ zZz.

Note that for a coefficient field E of Il and every finite place A\ of E, we may attach a
Galois representation pn.x: ['F — GLy(Ex). (Harris=Taylor, Shin, Chenevier—Harris)

In what follows, we will take an integer n > 2, and denote by no and n; the unique even
and odd numbers in {n,n+ 1}, respectively. For a = 0,1, we write no = 2ro + « for a
unique positive integer rq.
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Definition

We say that a complex representation N of GLy(Afr) with N > 1 is relevant if
v' Tlis an irreducible cuspidal automorphic representation;
v Moc~ MY, where we recall that c is the complex conjugation;
v’ for every archimedean place 7 of F, I, is the principal series of the characters

(arg" =t arg" 3 .. arg®N arg?™"), where arg: C* — C* is the argument

character defined by the formula arg(z) = z/v/ zZz.

Note that for a coefficient field E of Il and every finite place A\ of E, we may attach a
Galois representation pn.x: ['F — GLy(Ex). (Harris=Taylor, Shin, Chenevier—Harris)

Notation

In what follows, we will take an integer n > 2, and denote by no and n; the unique even
and odd numbers in {n,n+ 1}, respectively. For a = 0,1, we write no = 2ro + « for a
unique positive integer rq.

Definition

A special inert prime of F' is a prime p that is of degree one over Q, inert in F, and
whose underlying rational prime p is unramified in F.
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Theorem

Let Mo and My be relevant representations of GLn,(Ar) and GL,, (Af), respectively. Let
E C C be a coefficient field of both My and ;.
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Let Mo and My be relevant representations of GLn,(Ar) and GL,, (Af), respectively. Let
E C C be a coefficient field of both My and M. Suppose that

(a) there exists a (very) special inert prime p of F* such that Mo, is Steinberg, and My,
is unramified whose Satake parameter contains 1 exactly once;
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Let Mo and My be relevant representations of GLn,(Ar) and GL,, (Af), respectively. Let
E C C be a coefficient field of both My and M. Suppose that

(a) there exists a (very) special inert prime p of F* such that Mo, is Steinberg, and My,
is unramified whose Satake parameter contains 1 exactly once;

(b) for o = 0,1, there exists a nonarchimedean place wo of F such that Mg, is
supercuspidal;

(c) [FT:Q]>1ifn>3.

If L(%, Mo x My1) # O, then for all but finitely many primes X\ of E, the Bloch—Kato Selmer
group H{(F, pny,» ®k, pny,a(n)) vanishes.

v
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Let Mo and My be relevant representations of GLn,(Ar) and GL,, (Af), respectively. Let

E C C be a coefficient field of both My and M. Suppose that

(a) there exists a (very) special inert prime p of F* such that Mo, is Steinberg, and My,
is unramified whose Satake parameter contains 1 exactly once;

(b) for oo = 0,1, there exists a nonarchimedean place w,, of F such that MNq,w, is
supercuspidal;

(c) [F*:Q] >1ifn>3.

If L(%, Mo x My1) # O, then for all but finitely many primes X\ of E, the Bloch—Kato Selmer

group H{(F, pny,» ®k, pny,a(n)) vanishes.

v

Why (a), (b), and (c)?
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Let Mo and My be relevant representations of GLn,(Ar) and GL,, (Af), respectively. Let
E C C be a coefficient field of both My and M. Suppose that

(a) there exists a (very) special inert prime p of F* such that Mo, is Steinberg, and My,
is unramified whose Satake parameter contains 1 exactly once;

(b) for o = 0,1, there exists a nonarchimedean place wo of F such that Mg, is
supercuspidal;

(c) [FT:Q]>1ifn>3.

If L(3,Mo x My) # 0, then for all but finitely many primes X of E, the Bloch—Kato Selmer

group H{(F, pny,» ®k, pny,a(n)) vanishes.

Why (a), (b), and (c)?
(a) is needed for the existence of level-raising primes, namely, those primes at which the
Frobenius acts on pn,,» ® pn,,» via a special way modulo various .
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Why (a), (b), and (c)?

(a) is needed for the existence of level-raising primes, namely, those primes at which the
Frobenius acts on pn,,» ® pn,,» via a special way modulo various .

(b) is needed so that both pn,,» and pn,,» are absolutely irreducible modulo all but
finitely many A. It is not for the Gan—Gross—Prasad conjecture!
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Let Mo and My be relevant representations of GLn,(Ar) and GL,, (Af), respectively. Let
E C C be a coefficient field of both My and M. Suppose that

(a) there exists a (very) special inert prime p of F* such that Mo, is Steinberg, and My,
is unramified whose Satake parameter contains 1 exactly once;

(b) for o = 0,1, there exists a nonarchimedean place wo of F such that Mg, is
supercuspidal;

(c) [FT:Q]>1ifn>3.

If L(3,Mo x My) # 0, then for all but finitely many primes X of E, the Bloch—Kato Selmer

group H{(F, pny,» ®k, pny,a(n)) vanishes.

Why (a), (b), and (c)?

(a) is needed for the existence of level-raising primes, namely, those primes at which the
Frobenius acts on pn,,» ® pn,,» via a special way modulo various .

(b) is needed so that both pn,,» and pn,,» are absolutely irreducible modulo all but
finitely many A. It is not for the Gan—Gross—Prasad conjecture!

(c) is needed because two ingredients we need are not available when F = Q and n > 3
at this moment: First, the cohomology of the stable part of the unitary Shimura varieties.
Second, a Caraiani—Scholze type result.
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Step 1: Gan—Gross—Prasad.
Starting from the condition L(3, Mo x M1) # 0, we have

v" a (unique) pair of totally positive definite hermitian spaces (V,, V,41) over F, in
which V,, has dimension n and V.11 =V, ® F.e where e has norm 1,
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Starting from the condition L(3, Mo x M1) # 0, we have

v" a (unique) pair of totally positive definite hermitian spaces (V,, V,41) over F, in
which V,, has dimension n and V.11 =V, ® F.e where e has norm 1,

v for « = 0,1, a (unique) irreducible subrepresentation 7, of U(V,,)(Af+) contained
in C=(U(Vna )(F)\U(Vn, )(AZ)) such that BC(mg) ~ Mg,
V' Og-valued functions fy € mo and fi € 71 such that
P(fo, f) :=/ fo(h)fi(h)dh # 0.
U(Va)(FONU(Va)(A

oo
F+)

Yifeng Liu (Yale University) On the Beilinson-Bloch—Kato conjecture for Rankin—S May 13, 2020 5/13



Main steps

Step 1: Gan—Gross—Prasad.
Starting from the condition L(3, Mo x M1) # 0, we have
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which V,, has dimension n and V.11 =V, ® F.e where e has norm 1,

v for « = 0,1, a (unique) irreducible subrepresentation 7, of U(V,,)(Af+) contained

in C=(U(Vna )(F)\U(Vn, )(AZ)) such that BC(mg) ~ Mg,
V' Og-valued functions fy € mo and f; € m; such that
P(fo, f) :=/ fo(h)fi(h)dh # 0.
U(Va)(FF\U(Va)(A

o0
F+)

This result follows from a series work by Jacquet—Rallis, Yun, W. Zhang, H. Xue,
Waldspurger, Beuzart-Plessis, Zydor, Chaudouard—Zydor, and finally
Beuzart-Plessis—L.—Zhang—Zhu.
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v for « = 0,1, a (unique) irreducible subrepresentation 7, of U(V,,)(Af+) contained
in C=(U(Vna )(F)\U(Vn, )(AZ)) such that BC(mg) ~ Mg,

V' Og-valued functions fy € mo and f; € m; such that

P(fo, f) :=/ fo(h)fi(h)dh # 0.
U(Va)(FO\U(Va)(42)

This result follows from a series work by Jacquet—Rallis, Yun, W. Zhang, H. Xue,
Waldspurger, Beuzart-Plessis, Zydor, Chaudouard—Zydor, and finally
Beuzart-Plessis—L.—Zhang—Zhu.

In what follows, we put S(V,,) == U(V5,)(FH)\U(Va, )(AZ). We fix the choice of f
and f; as above. We also fix an open compact subgroup of U(V,,)(Ag) that fixes f, for
a = 0,1, and will carry them implicitly in the notation.
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v" a (unique) pair of totally positive definite hermitian spaces (V,, V,41) over F, in
which V,, has dimension n and V.11 =V, ® F.e where e has norm 1,

v for « = 0,1, a (unique) irreducible subrepresentation 7, of U(V,,)(Af+) contained
in C=(U(Vna )(F)\U(Vn, )(AZ)) such that BC(mg) ~ Mg,

V' Og-valued functions fy € mo and f; € m; such that

P(fo, f) :=/ fo(h)fi(h)dh # 0.
U(Va)(FO\U(Va)(4

oo
F+)

This result follows from a series work by Jacquet—Rallis, Yun, W. Zhang, H. Xue,
Waldspurger, Beuzart-Plessis, Zydor, Chaudouard—Zydor, and finally
Beuzart-Plessis—L.—Zhang—Zhu.

In what follows, we put S(V,,) == U(V5,)(FH)\U(Va, )(AZ). We fix the choice of f
and f; as above. We also fix an open compact subgroup of U(V,,)(Ag) that fixes f, for
a = 0,1, and will carry them implicitly in the notation.

We also fix a finite set £ of primes of F outside which “everything is unramified”.
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We fix a special inert prime p of F™ whose underlying rational prime p is coprime to ¥ .
For every o = 0,1, we construct a strictly semistable quasi-projective scheme M, (V,,,)
over SpecZ,. of relative dimension n, — 1.
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Step 2: Bad reduction of Shimura varieties.
We fix a special inert prime p of F™ whose underlying rational prime p is coprime to ¥ .
For every o = 0,1, we construct a strictly semistable quasi-projective scheme M, (V,,,)
over SpecZ,. of relative dimension n, — 1.
The generic fiber of M, (V,,,) is the (base change to F, = Q2 of the) Shimura variety
associated to U(V,,_) where V7, is the hermitian space, unique up to isomorphism,
satisfying that

v Vi has signature (no — 1,1) at some fixed archimedean place 7 of F;

v Vi ®p+ FS ~V,, Qg+ F} for every place v of F* other than 7 and p (this implies
that V7, does not admit a self-dual lattice);

and the level structure at p being the stabilizer of an almost self-dual lattice in V},_ ,.
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We fix a special inert prime p of F™ whose underlying rational prime p is coprime to ¥ .
For every o = 0,1, we construct a strictly semistable quasi-projective scheme M, (V,,,)
over SpecZ,. of relative dimension n, — 1.
The generic fiber of M, (V,,,) is the (base change to F, = Q2 of the) Shimura variety
associated to U(V,,_) where V7, is the hermitian space, unique up to isomorphism,
satisfying that

v Vi has signature (no — 1,1) at some fixed archimedean place 7 of F;

v Vi ®p+ FS ~V,, Qg+ F} for every place v of F* other than 7 and p (this implies
that V7, does not admit a self-dual lattice);
and the level structure at p being the stabilizer of an almost self-dual lattice in V},_ ,.
The special fiber M, (V,,) = M;(Vs,) ®z,, Fp2 is a union of My (Vi,) and M3 (Vs ) in
which
v Mp(V,,) is a P~ 'fibration over S(V,,);
V' Mj(Vs,) is smooth, whose “basic locus” is a Deligne—Lusztig variety fibration of
dimension r, over (essentially) S(V,,).
v the intersection Mp(V,,) N Mg (Vs,) is a Fermat hypersurface in My (Vs ).

p
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denote by m, ¢ the kernel of the composition of ¢, with the quotient map Z — Fy,
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The representation [, gives rise to a homomorphism ¢, : To — Z. For every ¢, we
denote by m, ¢ the kernel of the composition of ¢, with the quotient map Z — Fy,
which is a maximal ideal of T,,.

Our goal is to study the local Galois cohomology
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denote by m, ¢ the kernel of the composition of ¢, with the quotient map Z — Fy,
which is a maximal ideal of T,,.

Our goal is to study the local Galois cohomology

HY(Q, H™ (M (Vo )Fp’ RWZ(ra))my )-

v When a = 1, we need to understand the unramified subspace, which boils down to
the computation of Tate cycles on M, (V,,, ), relying on the recent work of Xiao—Zhu.
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the computation of Tate cycles on M, (V,,, ), relying on the recent work of Xiao—Zhu.

v When a = 0, we need to understand the singular quotient, which boils down to the
arithmetic level-raising phenomenon.
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Step 3: Local Galois cohomology.

Now we have to bring in the relevant representation I,. For simplicity, we will pretend
E = Q for the coefficient field.

For a = 0,1, let T, be the abstract spherical Hecke algebra of U(V,,) away from p and
>t

The representation [, gives rise to a homomorphism ¢, : To — Z. For every ¢, we
denote by m, ¢ the kernel of the composition of ¢, with the quotient map Z — Fy,
which is a maximal ideal of T,,.

Our goal is to study the local Galois cohomology

HY(Q, H™ (M (Vo )ﬁp’ RWZ(ra))my )-

v When a = 1, we need to understand the unramified subspace, which boils down to
the computation of Tate cycles on M, (V,,, ), relying on the recent work of Xiao—Zhu.

v When a = 0, we need to understand the singular quotient, which boils down to the
arithmetic level-raising phenomenon.

In what follows, we will stop explaining further steps toward the main theorems, but
explaining more on the arithmetic level-raising phenomenon, which employs new ideas
from the theory of Galois deformation.
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Arithmetic level-raising and Galois deformation

Definition

We say that a special inert prime p is a level-raising prime with respect to £ if
v the underlying rational prime of p is coprime to X ;
v Lt p(p® - 1);

v the mod ¢ Satake parameter of Mo, contains the pair {p, p~*} exactly once and
does not contain the pair {—1,—1}.
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Arithmetic level-raising and Galois deformation

Definition

We say that a special inert prime p is a level-raising prime with respect to £ if
v the underlying rational prime of p is coprime to X ;
v Lt p(p® - 1);

v the mod ¢ Satake parameter of Mo, contains the pair {p, p~*} exactly once and
does not contain the pair {—1,—1}.

Proposition (Level-raising isomorphism)

Suppose { (effectively) sufficiently large, and that p is a level-raising prime with respect
to 0. Then we have a canonical isomorphism

Hiing(Qp2, H"°71(Mp(Vno)ﬁpa RWZ(r0))/mo,e) =~ Ze[S(Vny)]/mo,e (1)

of Fy-vector spaces of finite dimension.
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Definition

We say that a special inert prime p is a level-raising prime with respect to £ if
v the underlying rational prime of p is coprime to X ;
v Lt p(p® - 1);
v the mod ¢ Satake parameter of Mo, contains the pair {p, p~*} exactly once and
does not contain the pair {—1,—1}.

Proposition (Level-raising isomorphism)

Suppose { (effectively) sufficiently large, and that p is a level-raising prime with respect
to 0. Then we have a canonical isomorphism

Hiing(Qp2, H"°71(Mp(Vno)ﬁpa RWZ(r0))/mo,e) =~ Ze[S(Vny)]/mo,e (1)

of Fy-vector spaces of finite dimension.

Through studying the geometry and the intersection theory on M, (V,,), we can show
that RHS of (1) is canonically a subquotient of LHS of (1). Thus, to obtain (1), it
suffices to compare the cardinality.
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Arithmetic level-raising and Galois deformation

Now we assume that pn,.¢: [ — GLgy (Qr) is residually absolutely irreducible (which is
the case for £ sufficiently large). Let png,e: TF — GLny(Fe¢) be the residue representation.
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Take a special inert prime p of F that is a level-raising prime with respect to £. We
consider a global deformation problem R™> for the polarized Galois representation pn, ¢
classifying deformations p with the following local restrictions:

v For v € ¥, there is no restriction on p,.
v' For v above ¢, p, is Fontaine—Laffaille with the correct Hodge—Tate weights.

v' For v =1, p, is tamely ramified, and if denote by ¢ a Frobenius generator and t a
tame generator, then

pv(¢) I ’ 9 pv(t) ~

Here, s is a lifting of p=™, ss’ = p=2™*2 and x(s — p~™) = 0.
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Now we assume that pn,.¢: [ — GLgy (Qr) is residually absolutely irreducible (which is
the case for £ sufficiently large). Let png,e: TF — GLny(Fe¢) be the residue representation.
Take a special inert prime p of F that is a level-raising prime with respect to £. We
consider a global deformation problem R™> for the polarized Galois representation pn, ¢
classifying deformations p with the following local restrictions:

v For v € ¥, there is no restriction on p,.
v' For v above ¢, p, is Fontaine—Laffaille with the correct Hodge—Tate weights.

v' For v =1, p, is tamely ramified, and if denote by ¢ a Frobenius generator and t a
tame generator, then

pu(6) ~ A N YOE ;

Here, s is a lifting of p=™, ss’ = p=2™*2 and x(s — p~™) = 0.
v For v else, p, is unramified.

We put R™" := R™*/(x), R™™ := R™* /(s — p~™), and R%"® := R"" @gumix R"™".
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Arithmetic level-raising and Galois deformation

Proposition

(1) There exists an R*™™-module H**™ such that
H™™ @goam (R™™) 9" o H =} (M (Vi )5, , RWZe (10))

mo,¢, and

Hoing(Qp, H™ ™ (My (Vg )5, , RUZe(10)) /mo,¢) = H™™ @goam R @3z, Fr.

(2) The Z¢-module H™ = Z¢[S(Vn, )|m, , is naturally an R**-module, and

Ze[S(VnO )]/moyg ~ H"™ ®@gunr R°"& ®z, Fy.
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Proposition
Suppose
(1) pny,e is residually absolutely irreducible (which has been supposed);
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Suppose
(1) pny,e is residually absolutely irreducible (which has been supposed);

2) ﬁnOvZ‘GaI(F/F(Q)) remains absolutely irreducible;

(3) for v € I, every polarized local lifting of (pny,¢)v is minimally ramified.
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Arithmetic level-raising and Galois deformation

Proposition

(1) There exists an R*™™-module H**™ such that
H™™ @gram (R™#™)®% ~ H™~H (M, (V,, )5, RWZ4(r0))mo . and

Hoing(Qp, H™ ™ (My (Vg )5, , RUZe(10)) /mo,¢) = H™™ @goam R @3z, Fr.

(2) The Ze-module H™™ = Z¢[S(V g )]m, , s naturally an R***-module, and

Ze[S(Vno )]/m(),[ ~ H"™ ®@gunr R°"& ®z, Fy.

Suppose
(1) pny,e is residually absolutely irreducible (which has been supposed);

2) ﬁnOvZ‘GaI(F/F(Q)) remains absolutely irreducible;

(3) for v € I, every polarized local lifting of (pny,¢)v is minimally ramified.
Then both H™™ and H"™" are finite free modules over R*™™ and R""", respectively, and
of the same rank. In particular, the level-raising isomorphism (1) holds.
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Arithmetic level-raising and Galois deformation

So, what is a minimally ramified polarized local lifting?
This concept was originally raised by Clozel-Harris—Taylor when v splits in F.
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Arithmetic level-raising and Galois deformation

So, what is a minimally ramified polarized local lifting?

This concept was originally raised by Clozel-Harris—Taylor when v splits in F.

We explain this in a simplified situation: Assume that (png.¢)v: I'F, = GLn, (F) is tamely
ramified and that the tame generator t acts by a unipotent element of Jordan type

(m1, ..., ms). Then a lifting p, of (pny,¢)v is minimally ramified if p, is tamely ramified,
and p,(t) is conjugate to a unipotent element in GL,,(Z¢) of the same Jordan type

(ma, ..., ms).
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We explain this in a simplified situation: Assume that (png.¢)v: I'F, = GLn, (F) is tamely
ramified and that the tame generator t acts by a unipotent element of Jordan type

(m1, ..., ms). Then a lifting p, of (pny,¢)v is minimally ramified if p, is tamely ramified,
and p,(t) is conjugate to a unipotent element in GL,,(Z¢) of the same Jordan type
(ma, ..., ms).

We have extended this notion to every place v of FT, which is quite technical if v
ramifies in F. In the symplectic or orthogonal case, this was recently studied by Booher;
and our results rely on his work.
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So, what is a minimally ramified polarized local lifting?

This concept was originally raised by Clozel-Harris—Taylor when v splits in F.

We explain this in a simplified situation: Assume that (png.¢)v: I'F, = GLn, (F) is tamely
ramified and that the tame generator t acts by a unipotent element of Jordan type

(m1, ..., ms). Then a lifting p, of (pny,¢)v is minimally ramified if p, is tamely ramified,
and p,(t) is conjugate to a unipotent element in GL,,(Z¢) of the same Jordan type

(ma, ..., ms).

We have extended this notion to every place v of FT, which is quite technical if v
ramifies in F. In the symplectic or orthogonal case, this was recently studied by Booher;
and our results rely on his work.

Proposition

Suppose £ > ng. For every v € X, the local deformation problem classifying minimally
ramified polarized liftings of (pny,¢)v is formally smooth over Zy of pure relative
dimension nZ.
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Let I be a relevant representation of GLy(Af) and E a coefficient field of IN.
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Automatic minimality

Let I be a relevant representation of GLy(Af) and E a coefficient field of IN.

Conjecture (Rigidity of automorphic Galois representations)

Fix an arbitrary finite set ¥ of primes of F*. Then for all but finitely many primes \ of
E (depending on %), we have
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Let I be a relevant representation of GLy(Af) and E a coefficient field of IN.

Conjecture (Rigidity of automorphic Galois representations)

Fix an arbitrary finite set ¥ of primes of F*. Then for all but finitely many primes \ of
E (depending on %), we have

(1) pnx = Tr — GLn(E)) is residually absolutely irreducible;

(2) pnx| Gal(F/F(c,)) emains absolutely irreducible, where ( is the underlying rational
prime of \;

(3) for v € £, every polarized local lifting of (pn,x)v is minimally ramified.

Homework: Verify the above conjecture for N = 2.
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E (depending on %), we have

(1) pnx = Tr — GLn(E)) is residually absolutely irreducible;

(2) pnx| Gal(F/F(c,)) emains absolutely irreducible, where ( is the underlying rational
prime of \;

(3) for v € £, every polarized local lifting of (pn,x)v is minimally ramified.

Homework: Verify the above conjecture for N = 2.

Suppose that I is supercuspidal at some place. Then the above conjecture holds.
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Automatic minimality

Let I be a relevant representation of GLy(Af) and E a coefficient field of IN.

Conjecture (Rigidity of automorphic Galois representations)

Fix an arbitrary finite set ¥ of primes of F*. Then for all but finitely many primes \ of
E (depending on %), we have

(1) pnx = Tr — GLn(E)) is residually absolutely irreducible;

(2) pnx| Gal(F/F(c,)) T€Mains absolutely irreducible, where € is the underlying rational
prime of \;

(3) for v € T, every polarized local lifting of (pn,»)v is minimally ramified.

Homework: Verify the above conjecture for N = 2.

Suppose that I is supercuspidal at some place. Then the above conjecture holds.

Originally, we also need I to be a twist of Steinberg at some place not above 1, in order
to deal with (2). But recently, Toby Gee told us an argument to remove this restriction.
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Thank you! Stay safe!
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