MULTIPLE ELLIPTIC POLYLOGARITHMS

FRANCIS BROWN AND ANDREY LEVIN

ABSTRACT. We study the de Rham fundamental group of the configuration space
£(") of n+1 marked points on an elliptic curve &, and define multiple elliptic poly-
logarithms. These are multivalued functions on £("™) with unipotent monodromy,
and are constructed by a general averaging procedure. We show that all iterated
integrals on £ (”), and in particular the periods of the unipotent fundamental group
of the punctured curve £\{0}, can be expressed in terms of these functions.

1. INTRODUCTION

1.1. Motivation. Iterated integrals on the moduli space 9y, of curves of genus 0
with n ordered marked points can be expressed in terms of multiple polylogarithms.
These are defined for ny,...,n, € N by

:v’fl...x’“
(1.1) Ling, n, (21, ) = Y o where |z <1,
ok

0<k1<...<k,

and have many applications from arithmetic geometry to quantum field theory. By
specializing (1.1) at z; = 1, one obtains the multiple zeta values

1
(1.2) C(niy...,np) = Z —_— where n, > 2 |

ko ke
0<ki<..<k, L "0

which are of particular interest since they are the periods of the fundamental group of
P1\{0,1, 00}, and generate the periods of all mixed Tate motives over Z.

The goal of this paper is to construct the elliptic analogues of the multiple poly-
logarithms and to set up the necessary algebraic and analytic background required to
study multiple elliptic zeta values. The former are iterated integrals on the configura-
tion space £M™ of n + 1 marked points on an elliptic curve, i.e., the fiber of the map
My 1 — M1, where My ,, denotes the moduli space of curves of genus 1 with m
marked points. They generalize the classical elliptic polylogarithms studied in [13], and
are the universal periods of unipotent variations of mixed elliptic Hodge structures.

In a sequel to this paper, we shall study the multiple elliptic zeta values, obtained
by specializing multiple elliptic polylogarithms to the zero section of the universal
elliptic curve. They define multivalued functions on 9, ; which degenerate to ordinary
multiple zeta values at the cusp. The existence of these functions sheds light on
the structural relations between ordinary multiple zeta values, and in particular, the
relation between double zetas and period polynomials for cusp forms [9)].

1.2. The rational case. Firstly we recall the definition of iterated integrals [6]. Let
M be a smooth real manifold, and let wq,...,w, denote smooth 1-forms on M. Let
v:[0,1] — M be a smooth path, and write v*w; = f;(t)dt for some smooth functions
fi :[0,1] — R, where 1 < i < n. The iterated integral of w1, ...,w, is defined by

(13) /le oW = /Ogtngmgtlgl fl(tl) NN fn(tn) dtl e dtn .
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Now let M = P'\{0, 1,0}, and let wy = % and wy = 1d_zz. Let 0 < z < 1, and denote

the straight path from 0 to z by 7,. The initial point v(0) does not in fact lie in M,
but the following iterated integral still makes sense nonetheless, and gives

(1.4) / Wo .. WoW ... wp...wowy = Ly, o (1,...,1,2).
e N——
ny—1 ni—1

This is easily proved by a series expansion of the forms w;. The periods of the funda-
mental groupoid of M from 0 to 1 (with tangential basepoints 1, —1), are obtained by
taking the limit as z — 1. In the case n, > 2, this yields

1
(1.5) / Wo .. WW1 ... ... wowy = £((n1,...,np),
0 S—— ————
n,—1 ni—1

as first observed by Kontsevich. Similarly, one can define the regularized iterated
integral from 0 to 1 of any word in the one-forms wp,w;, and in every case, it is easy
to show that it is a linear combination of multiple zeta values.

To verify that all (homotopy invariant) iterated integrals on M are expressible in
terms of multiple polylogarithms requires Chen’s reduced bar construction. By Chen’s
general theory, the iterated integrals on a manifold M are described by the zeroth
cohomology of the bar construction on the de Rham complex of M. To write this
down explicitly for M = P\{0, 1,00}, we can use the rational model

Q® (Quwo ® Qui) = Qpr(P"\{0,1,00}; Q)
which is a quasi-isomorphism of differential graded algebras. From this one deduces
that HO(B(Qp(P*\{0,1,00}; Q))) & T(Quwo®Quw1), where B is the bar complex, and
T is the tensor algebra. This is the Q-vector space generated by words in the forms
wo, w1, which leads to integrals of the form (1.5). The upshot is that the periods of the
unipotent fundamental groupoid 74" (P\{0,1,00},07", 2) are multiple polylogarithms
(1.4), and the periods of 7" (P*\{0,1,00},0",17) are multiple zetas (1.2).
We need to generalize this picture to higher dimensions as follows. For r > 1, let

(16) 93?07T+3((C) = {(tl, A ,tr) cCr: t; }é 0, 1 ,ti 7§ tj}
denote the moduli space of genus 0 curves with r + 3 marked points. One can likewise
write down a rational model for the de Rham complex in terms of the one-forms

dt; — dt; dt; dt;

ti—t; 1=t t

which satisfy certain quadratic relations due to Arnold. Forgetting a marked point
defines a fibration Mg 3 — Mo r+2, and by general properties of the bar construction

of fibrations, one can likewise write down all homotopy invariant iterated integrals on
Mo.r+3 [4] and show that they are expressible in terms of the functions

. t tr_
(17) Inl »»»»» nr(tlv'-'atT> :Llnl-,---ynr(_la"-vr—latr) .
t2 tr

The purpose of this paper is to generalize the above picture for P*\{0, 1,00} to
the case of a punctured elliptic curve £*. In particular, we compute the periods of
T (EX, 0,€), where p,& € £* are finite basepoints (the case of tangential basepoints
is similar and will be postponed to a later paper). There are two parts: first, to write
down the iterated integrals generalizing the left hand side of (1.4) using Chen’s general
theory, and the second is to construct multiple elliptic polylogarithm functions which
correspond to the right-hand side of (1.4). In so doing, we are forced to consider the
higher-dimensional configuration spaces £(™, even to construct the functions on £*.
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1.3. The elliptic case. Let £ be an elliptic curve, viewed as the analytic manifold
C/7Z @ Z, where T € C satisfies Im (7) > 0. We first require a model for the de Rham
complex on £*. For this, we construct a universal family of smooth one-forms

(1.8) vw@ w® W@ e AYEX)

where w(®), v are closed and form a basis of H'(£*) which is compatible with its Hodge
structure. The forms w®, i > 1 can be viewed as higher Massey products satisfying

dw® =y A WD for:>1.

Note that a priori £* has no natural Q-structure on its de Rham complex. However,
the forms (1.8) have good modularity and rationality properties as a function of the
moduli 7, and there are good reasons to take

X = graded Q-algebra spanned by the v, w® i>0

as a Q-model for the C*°-de Rham complex on £*, (indeed, X ®g C — A (EX) is a
quasi-isomorphism). We also define a higher-dimensional model for the configuration
space £ of n+1 points on £. It is an elliptic version of Arnold’s theorem describing
the cohomology of the configuration space of n points in P!

The next stage is to write down the bar construction of X, which defines a Q-
structure on the iterated integrals on £*. The bar construction has a filtration by the
length, and the associated graded is just the tensor algebra on w(®) and v:

(1.9) ar’ HO(B(X)) 2 T(Qw® @ Qv) .

The Massey products w(®, for i > 1, give a canonical way to lift an element of (1.9) to
H°(B(X)), and thus enable us to write down explicitly all the iterated integrals on £*.
These are indexed by any word in the two one-forms w(®) and v. The Hodge filtration
on the space of iterated integrals is related to the number of v’s. This completes the
algebraic description of the iterated integrals on £*.

The main problem is then to write down explicit formulae for these iterated integrals,
and for this we write the elliptic curve via its Jacobi uniformization

£=C*/q",
where ¢ = exp(27i7). In order to construct multivalued functions on £*, the basic
idea is to average a multivalued function on C* with respect to multiplication by ¢ as
was done for the classical polylogarithms [2, 13]. However, applying this idea naively
to the multiple polylogarithms in one variable (1.4) does not lead to elliptic functions.

Instead, the correct approach is to view the multiple polylogarithms in r variables
(1.1), or rather their variants (1.7), as multivalued functions on

Mo 13 = C* x ... x C* \diagonals
~——_———
T

and average with respect to the group ¢% x ... x ¢* (r factors). Since polylogarithms
have logarithmic singularities at infinity, the straightforward average diverges, and so
instead one must take a weighted average with respect to some auxilliary parameters
u; to dampen the singularities. In short, one considers the functions

(1.10) w0 )

which converge uniformly under some conditions on the u;. A considerable part of this
paper is devoted to studying the structure of the poles of (1.10) in the w; variables,
which are related to the geometry of 90 .3 and the asymptotics of the polylogarithms
at infinity. Finally, writing u; = exp(2ime;) for 1 < i < r, the multiple elliptic
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polylogarithms are defined to be the coefficients of (the finite part of) (1.10) with
respect to the ;. The analysis involved in this averaging procedure is quite general
and should apply to a class of functions of finite determination and moderate growth
on certain toric varieties.

The functions obtained in this way are multivalued functions on £™. By allowing
some of the arguments ¢; of (1.10) to degenerate to 1, we obtain multivalued functions
on £*. By computing the differential equations satisfied by these functions, we see
that they are iterated integrals in the forms (1.8) and, using the description of the bar
construction of X, we deduce that all the iterated integrals on £* are of this form.

1.4. Plan of the paper. First, §2 consists of reminders on multiple polylogarithms
and the moduli space of curves of genus 0 which are used throughout the paper. There-
after, the exposition splits into two parts - the first part, consisting of sections 3,4, and
5, concerns the de Rham complex of differential forms on €. The second, consisting
of sections 6, 7 and 8, concerns the procedure for averaging multiple polylogarithms.
Since this is quite involved, we give a separate overview of the method in §6.1.

In §3 we use the Kronecker series (Proposition-Definition 4) to define the fundamen-
tal one-forms (1.8). In §4, we define some differential graded algebras X,, and prove
by a Leray spectral sequence argument that they are Q-models for the de Rham com-
plex on £M™. In §5 we use the models X,, to study Chen’s reduced bar construction
on £ and hence obtain an algebraic description for the iterated integrals on ™.
Some of the results of this section require some generalities on the bar construction of
differential graded algebras which we decided to relegate to a separate paper [3].

In §6, we study the general averaging procedure for functions on 9y ,,(C). This re-
quires constructing a certain partial compactification of 9y ,, and analyzing the asymp-
totics of series in the neighbourhood of boundary divisors. We apply this formalism
to the classical multiple polylogarithms in §7. In §8, which is logically independent
from the rest of the paper, we compute the asymptotics of the Debye polylogarithms at
infinity in terms of a certain coproduct. The Debye multiple polylogarithms (definition
1) are essentially generating series of multiple polylogarithms and are useful for sim-
plifying many formulae. In §9, we treat the case of the classical elliptic polylogarithms
(depth 1) and the double elliptic polylogarithms (depth 2) in detail. The two parts
of the story recombine in §10 where we prove that all iterated integrals on £*, with
respect to finite basepoints, are obtained by averaging.

1.5. Related work. One of many motivations for this paper is the study of mixed
elliptic motives. Since the Beilinson-Soulé conjectures are currently unavailable in this
case, our goal was to tease out the elementary consequences of such a theory, and in
particular, write down the underlying numbers and functions in the belief that they
will find applications in other parts of mathematics. We learned at a conference in
Bristol in 2011 that there has been recent progress in constructing categories of mixed
elliptic motives [12, 17], and universal elliptic motives [10] with similar goals. In this
paper we completely neglected the Lie algebra side, which is dual to the bar construc-
tion, and its relation to quantum groups and stable derivations. This is treated in
[5, 8, 18]. Somewhat further afield, it may also be helpful to point out related work in
the profinite setting [16], and possible diophantine applications [11].

Acknowledgements. The first author is partially supported by ERC grant 257368.
The second author is partially supported by AG Laboratory GU-HSE, RF government
grant, ag. 11 11.G34.31.0023. We thank the Fondation des Sciences Mathématiques
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2. PRELIMINARIES: THE RATIONAL CASE

2.1. Standard coordinates on 9 ,43. Let My 3 denote the moduli space of
curves of genus 0 with n + 3 ordered marked points. By placing three of the marked
points at 0,1, 0o, it can be identified with an affine hyperplane complement:

(21) mo)n+3 = {(tl, . ,tn) S ]P’l\{O, 1, OO} 1t 75 tj} .

We refer to the coordinates t; as simplicial coordinates. We will often write ¢,,4+1 = 1.
There is a smooth compactification MM ,,+3, such that the complement Mg ,+3\Mo n+3
is a normal crossing divisor. Its irreducible components are indexed by partitions SUT

of the set of marked points, which we denote by S|T, or_,T|S’, where SNT = ¢ and
|S|,|T| > 2. The corresponding divisor is isomorphic to My 141 X Mo, 7|+1-

2.2. Multiple polylogarithms. These are defined for ni,...,n, € N by

(22) Llnl ..... Ny (Ila s 1IT) = Z

0<ki1<...<kr

3:]1“ .ahr
AR S
which converges absolutely for |z;| < 1, and therefore defines a family of holomorphic

functions in the neighbourhood of the origin. We can also write these functions in
simplicial coordinates, using standard notations:

. t1 tr_1
,,,,, (1, ) :le,...,nr( ..,Tt—,tr) )
T

We denote the quantities N = nj; + ... + n, and r by the weight and the depth,
respectively. There is an iterated integral representation

(2.4) I (b1, ) = (_1)r/0

where (p1,...,pn) = (t71,0m gt o= o ¢t 07 N = ny + ... +n,., and

(2.3) I,

doy don

<01<...0,<1 01 — 1 on— PN ’

» Y )
0™ denotes a string of n 0’s. This is easily proved by expanding the integrand into
a geometric series. One can deduce that they extend to multivalued functions on
Mo.n+3(C) C (C*)™. The following differential equation is easily verified from (2.2).

n

(2.5) dIy... 1(t1,...,tn):2[d11(t—k)—dIl(t—k)]Il ,,,,, NG

th+1 tr—1

where by convention we take dI;(t1/0) = 0, t,4+1 = 1 and ¢y = 0. The differential
equations for the multiple polylogarithms I,,,, . . (t1,...,t,) in the general case are
easily computed and left to the reader, since they are not required in the sequel.

Definition 1. The generating series of multiple Debye polylogarithms is:
Ar(tiyetei By B) =77 7 ST Ly, (B )BT B

my,...,mp2>1

One easily verifies from dLi, () = t1Li,_1(t), valid for n > 2, that
dAy(t; B) = tPdLiy (1) .

In general, they satisfy a differential equation which is entirely analogous to equation
(2.5) for the multiple 1-logarithm. Namely, dA,(t1,..,t.;81,..,0:) =

r " R
= ZdAl(—kvﬁk)ATfl(tla' '7tk7" at’l“;ﬁla' '761@ +6k+17" 5ﬂT)
k=1 brt

r " N
(26) - ZdAl(ﬁuﬁk)Ar—l(tla"7t7€7"7t7‘;617"7/8/€—1 +ﬁ/€7"7/87‘)
k=2 -
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where 3,11 = 0, so the last term in the first line is dA1 (t; B )Ar—1(t1, -« tre1; 81y -, Br—1)-

2.3. Asymptotics of regular nilpotent connections. Let X be a smooth projec-
tive complex variety, let D C X be a smooth normal crossing divisor, and let U = X\ D.
Let V C X be a simply connected open set and let 21, ..., 2, denote local coordinates
on V such that VN D = Uk, {2, = 0}, for some k < n.

Definition 2. Let f be a multivalued holomorphic function on U (i.e. f is holomorphic
on a covering of U). We say that f has locally unipotent mondromy (or is locally
unipotent) on V' if it admits a finite expansion:

(2.7) flm) = Y log'(z1)...log™ (z) f1(z1,. ., 2n)

I=(i1,...,ix)

where f7(z1,...,2,) is holomorphic on V. We say that a multivalued function f on
X\D is unipotent if it is everywhere locally unipotent.

The main class of functions which are studied in this paper, and in particular the
multiple polylogarithms, are unipotent. The expansion (2.7) can be characterized by
a property that f has ‘moderate’ growth near D (in particular, no poles), and that
for sufficiently large N, (M;, —id)...(M;y —id)f =0 for all iy,...,in € {1,...,k},
where M denotes analytic continuation around a small loop encircling z; = 0.

3. DIFFERENTIAL FORMS ON &™)

3.1. Basic notations. Let e(z) denote the function e(z) = exp(2wiz). In accordance
with [19], Greek letters ¢ and 1 denote coordinates on C, the letter o will denote
a formal variable, and 7 will denote a point of the upper half-plane H = {r € C :
Im (7) > 0}. Put z =e(&), w =e(n) and ¢ = e(7). Then z,w € C*, and 0 < |g| < 1.

3.2. Uniformization. We represent a complex elliptic curve & = C/(7Z + Z), where
7 € H, and g = e(7), via its Jacobi uniformization

=/
Let & (resp. z = e(&)) denote the coordinate on &€ (resp. C*). The punctured curve

% = E\{0} is isomorphic to C*\{¢%}/¢%. For n > 1, let £M™ denote the configuration
space of n + 1 distinct points on £ modulo translation by £. Thus

EM = {(&,..., &) € (E\{O)" 1 & # & for i # 5},

and has an action of &,,11 which permutes the marked points. Setting t; = e(¢;) for
1 <4 < n, and setting t,,41 = 1, gives an isomorphism

EM 2= L(ty, ... t,) €Tty ¢ %ty for 1 <i<j<n+1}/¢"" .

The set on the right-hand side is the largest open subset of Mg ,+3(C) stable under
translation by ¢%”. The symmetry group &, 41 of £ can thus be identified with the
subgroup of Aut(Myg ,4+3(C)) = &,,43 which fixes the marked points 0 and oco.

In order to fix branches when considering multivalued functions, and to ensure
convergence when averaging functions on 9 ,,4+3(C), we must fix certain domains in
(™). Let D be the standard open fundamental domain for Z + 77 (the parallelogram
with corners 0,1, 7,1+ 7), and let

(3.1) U={(,....&) €D":Im(&) < ... <Im (&)}
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3.3. Elliptic functions. Let (£, 7) denote “two thirds of the Jacobi triple formula”:

(32 0 =122 [ [[a - gt = 26T

e e n(r)

where 611(§,7) is the standard odd elliptic theta function and 7(7) is the Dedekind
n-function ¢*/2* T2, (1 — ¢/). Recall from [19] that the Eisenstein summation of a
double series (am,n)m,nez is defined by:

N M
E a = lim lim E E a
e mn N—o00o M—o0 mn
m,n n=—Nm=—M

Define the Eisenstein functions F;(§,7) and the Eisenstein series e;(7), for j > 1, by

1 ! 1
BN =2 cermrmmy 90 = 2y

m,n m,n

where / means that we omit (m,n) = (0,0) in the summation.

Lemma 3. [t follows from the definitions that for j > 1,

0 0
8_§Ej(§7 T) = _jEj-l-l (57 T) ) 8_5 IOg(e(g,T)) = El(§7 T),

and By(a,7) = 1/a =322, ej+1(T)a?. The series e;(T) vanish for odd indices j.

The Weierstrass function p is equal to Fy — eq, and o' = —2F5. The coefficients of
the Weierstrass equation p’2 = 493 — gap — g3 are given by go = 60ey, g3 = 140¢s.

3.4. The Kronecker function. See also [13, 14, 20] for further details.

Proposition-Definition 4. The following three definitions are equivalent:

. 0'(0)0(£ +n)
i) F(&n,7) W )

Zl) F(gunaT) = —2m < z + L + Z (men _ Z—mw—n)qmn> ,

|
@D
»
he}
n
Q
~—
.
=
—~
{‘ﬁ
3
~—
I
4]
<
—~
3
~
~

) F(& a,71)

The equivalence of the (i) and (i%) is proved in [19]. The equivalence of (i) and (i)
follows by computing the logarithmic derivative of F', from the relationship between
E; and log(6) (lemma 3), and the Taylor expansion of E at a point a.. The following
properties of the Kronecker function F' will be important for the sequel.

Proposition 5. F(&,n,7) has the following properties:
i) Quasi-periodicity with respect to £ — £+ 1 and & — £+ 7
F(E+1n,7)=F(nT)  FE+71,n07) =w 'F(&nT)
it) The mized heat equation:
27m'a—F = O°F .
or  0&0n

iii) The Fay identity:
F(glunluT)F(§277727T) = F(§17771+7727T)F(§2—§177727T)+F(§2a771+77277')F(§1—§277717T) .
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Proof. The quasi-periodicity is immediate from the first definition of F'. The mixed
heat equation follows from the second definition of F'. The last statement is a conse-
quence of the third representation of F, and the Fay trisecant equation (see [15]). O

The following formula is an easy corollary of 4i7):

(33) F(ga al)Fé(ga a2) - F2/(§7 al)F(§7 042) = F(§7 ag + O(g)(EQ(CYl) - E2(a2)) )
where F, denotes the derivative of F' with respect to its second argument.

3.5. Massey products on £ . We use the Eisenstein-Kronecker series F' to write
down some explicit one-forms on £, First consider a single elliptic curve £% with

coordinate ¢ as above. Write £ = s + r7, where r,s € R and 7 is fixed, and let w = d¢
and v = 2midr. The classes [w], [v] form a basis for H*(£*;C).

Lemma 6. The form Q(& a) = e(ar)F (& «)d€ is invariant under elliptic transfor-
mations £ — £+ 7 and § — £+ 1, and satisfies dQ2(&; ) = va A Q& a).
Proof. Straightforward calculation using proposition 5i). O

We can view (&; «) as a generating series of one-forms on £*. Let &1, ..., &, denote
the usual holomorphic coordinates on £* x ... x £* and set v; = 2i7TdTi.

Definition 7. Let & = 0 and define holomorphic one forms w ) e AN EM) for all
0<i<j<mnandk >0 by the generating series:

(3.4) — &) Zw” a

k>0

We clearly have w( ) =0 and w( )+ + (- 1)’“(.«)](-? =0 for all 7, j, k. The leading terms

wf)oj) are equal to d§; — d¢; and therefore satisfy the relations:

(3.5) w® 4+ wj(olz = wg?k) for all i, 4,k .

(k )

The higher terms w; /' can be viewed as Massey products via the equation:

(3.6) dw§§+l) = (v; —vj) A wgk) for k>0,

.
which follows from lemma 6. The Fay identity implies that

(3.7) Q& =) NQUE =& 8) + QUE — & B) ANQUE — &+ B)
+ QUG —EatB)AQEG —Ea) = 0

which gives rise to infinitely many quadratic relations between the w( ) Finally, the
definition of F' shows that the residues of these forms are given by

(38) RQS& 5] ( ) =207 511@ 5

where ¢ denotes the Kronecker delta. Now consider the projection £ — £("=1 given
by (&1,...,&n) — (&1,-..,&n—1). Its fibers Ep, are isomorphic to the punctured elliptic

curve EX\{&1,...,&,—1} with coordinate &,. Let w(.’“.) (resp. 7,) denote the relative

forms obtained by restricting w( ) (resp. vy,) to the fiber. Clearly @ _( ) = d¢, for all i.
Lemma 8. The I-forms {Up, d&,, E(k)- for k>1, all i} C AY(EF,), and the 2-forms

(3.9) {Un NdEp, , T AN w for k>1, alli}y C A*(ER,)

are linearly independent over C.
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Proof. Since the @’s are of type (1,0) and 7, is not, it follows from (3.8) that the forms

d&,, DSZ), e ,E;lyzlfl,ﬁn are linearly independent. Consider a non-trivial relation

—(k
E Cik wflz =0, where ¢; € C,
0<i<n, k<w

and w is minimal. Differentiating gives 7,, A (sz ci,kwi’f;l)) =0, by (3.6). Since 7,

has a non-zero component of type (0,1), the wedge product by 7,, on (1,0)-forms is
injective, giving a smaller relation ), , .., 1 Cik+1 DSZCZ = 0, which is a contradiction.
The same argument proves that (3.9) are linearly independent. ([

4. A RATIONAL MODEL FOR THE DE RHAM COMPLEX ON &™)

We construct a differential graded algebra X,, over Q which is defined by generators
and quadratic relations, along with a quasi-isomorphism X, ®qg C — A,,, where A, =
A* (™) is the C*°-de Rham complex on the configuration space of n + 1 points on &.
We show that X, carries a mixed Hodge structure and give a presentation for H*(£(™)
which is an elliptic analogue of Arnold’s theorem in the genus 0 case.

4.1. Differential graded algebras and fibrations. Let k be a field of characteristic
zero. Recall that a (positively-graded) DGA over k is a graded-commutative algebra
A =D, 5o A" with a differential d : A — A of degree +1 which satisfies the Leibniz

~

rule. It is said to be connected if A° =2 k. We shall consider algebras A which are
either finite-dimensional in each degree, or else carry a second grading (called the
weight grading) for which they are finite-dimensional in every bidegree.

Let At be such a DGA with differential dr, and let Ag C A7 be a sub-DGA. Define

(4.1) Ap = Ap/AZ Ar |
which inherits a differential dp from dp. We call the triple Ag, Ar, Ar a fibration
if Ap is a free Ag-module. The indices T, B, F' stand for the total space, base, and

fiber. Now suppose that we are given a splitting iy : Ap — A7 of A%-modules. When
Ap, Ar, Ap is a fibration, the map ir defines an isomorphism of Apg-modules:

(42) Ar = Ap ®A‘}3 Ap = @iZOAiB ®A% Ap
which does not necessarily respect the differential or algebra structure.

4.2. The model X,. We consider the differential graded algebra X, generated by
symbols corresponding to the forms considered in §3.5. By abuse of notation, we use
the same symbol to denote the generators in X,, and their images in A, = A*(E™).
This will be justified when we show that X,, — A, is injective (corollary 16).

Definition 9. Let X,, be the Q-differential graded algebra generated by elements
wgcj) fork>0and 0<i<j<n
v; for1<i<n

in degree 1, modulo the graded-commutative ideal generated by the relations (3.5) and
the coefficients of (3.7). The differential is given by dv; = 0, dw((;-) =0, and (3.6) in all

i,
other cases. It is a simple calculation to check that the differential ideal generated by
the Fay identity (3.7) is equal to the (usual) ideal it generates.

There is an obvious map X,,_1 — X,,. Let X;Ql be the ideal in X,, generated by the

images of elements of X,,_; of positive degree, and let X, = Xn/X;Ll. Denote the

images of wg? and v; under the natural map X,, — X, by DZ(-? and 7;, respectively.



10 FRANCIS BROWN AND ANDREY LEVIN

Lemma 10. Xp, s isomorphic to the Q-differential graded algebra generated by w( )

(0)

and Uy, in degree 1, subject to the relations: W, ; = wn(g- foralli,j; v, AU, =0; and

(4.3) oI Aol =0V ikl

The differential is given by dw( ) =dv, =0 and dw(kﬂ) Up A 5552 for k> 1.
Proof. All the relations are 0bV1ous except for (4.3). Tt follows from the Fay identity
(3.7) that Q(&, — &, a) AQE, — &, 6) =0 mod X, . O

In particular, X, is concentrated in degrees 0, 1, and 2. Let ip, : Xp, — X,, denote
the splitting of the quotient map X,, — X defined by:

in @) =vn . in @) =0® — )

4.3. Mixed Hodge structure on X,. The complex of C* forms on £ with log-
arithmic singularities carries a Hodge and weight filtration. The weight filtration on
1-foms is concentrated in degrees 1 and 2. But it turns out that there is a refined
weight filtration on X,,, which is in fact a grading. To define it, set Wp X} = 0 and

WXt = (o) k<t forall £>1,

and extend it by multiplication to Xn. It is well-defined because the relations implied
by (3.7) are homogeneous for the weight. The Hodge filtration is given by

FPxl=x! 5 pP'x'=w*) > Fxl=o

i,
and extends to X,, in the same way. One easily verifies that this defines a mixed Hodge
structure on X,, such that d : X,, — X, is homogeneous for the weight. Likewise Xp,
inherits a mixed Hodge structure which is compatible with the map i, .

4.4. Quadratic Algebras. We give a sufficient criterion for an algebra defined by
quadratic relations to be a fibration. We shall only apply this in the case of X,.

Definition 11. Let V be a finite dimensional vector space over a field k. Let R C /\2 |4
be a subspace (the space of relations). The associated quadratic algebra is

Y = NV/(R)
where (R) C \'V is the ideal generated by R. We have Y? =k, Y! = V.
Now suppose that Vg C V is a subspace, and let Vg = V/Vg. Choose a splitting
V=Vg®Vp,

which induces a splitting A*V = A* V@ (Ve @x Vi) ®A* Ve, Let 1p : A°V — \* Vi
denote projection onto the last component. Assume that the space of relations splits:

R=Rp®RF,
where Rg € A\* Vi, and Rp C (Vg @ Vi) @ A° V. Let Y = N\ Va/(Rg).
Proposition 12. Suppose that
(4.4) mp: Rp — /\2VF s an isomorphism.

In this case, the relations Rp define the graph of a map « : /\QVF — VB ®i Vi, where
a=1id— 71';1. Suppose furthermore that the map induced by «:

N Ve — Ve @, NVe — YE @1, Vi
is well-defined, i.e., for all vi,ve,v3 € Vg, there is the associativity condition:

(4.5) (id A a)(a(vy Avg) Avs) — (id A a)(a(ve Avs) Avr) € Rp Qi Vi .
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ThenYg — Y is injective, and a fibration, with fibers Yr, where Y2 =k, and Y} = Vi,
and YE =0 for k > 2. Thus there is an isomorphism of Yg-modules:

Y=Yp®rYr =Y @ (Yp @k Vr) .
Proof. There is an obvious natural map
i:Yp® (Y, Vp) —Y .
We construct an inverse to ¢ by defining by induction a sequence of linear maps
an  N'Ve — Yi @ Vi forn>2,
such that i o o, () = ¢ mod (R). For this, let as be the map a = id — 7" defined
above, and let «,, be the map obtained by composing « with itself n — 1 times. By

the associativity property (4.5), «, is well-defined. It is clear from the definition that
ioaz =id mod R, and from this we deduce that i o o, = id mod (R) for all n by

induction. Now write ‘ .
ANV =@ N'Vs@r \" 'Vr .

If we set ag : k — k and a; : V@ — Vp to be the identity maps, we deduce a map

p= @WiB & Qi /\"V — Yp ®, (Y @k VF) ,
i=0

where 7 : A’ Vg — Yp is the natural map. Since o, ((R)) = 0 for all n, and since
R = Rp ® Ry, the map p passes to the quotient to define a map

7Y —Ys® (YeRkVr)
which satisfies p o ¢ = id by definition and 7 o p is an isomorphism since i o o, = id

mod (R). Thus ¢ is an isomorphism. O

Remark 13. In the previous discussion, we can also replace V with a graded vector
space which is of finite dimension in every degree, and R by a graded subspace.

4.5. Structure of X,,. We show that X, _1, X,,, XF, is a fibration of DGA’s.

Lemma 14. There is an isomorphism of graded-commutative algebras

Xn%/\(le@...@Qun) @0 Zn
(k)

where Zy is the subalgebra of X, spanned by the elements w; ;. Likewise,

XFn = /\(Qvn) ®Q ZFn 9
where Zg, 1is the subalgebra of X, spanned by wffz Note that these isomorphisms do
not respect the differential structures on X, and Xp,.

Proof. All defining relations of X,, have Hodge filtration > 1, so Xn/Fan is iso-
morphic to the free graded-commutative algebra spanned by vy, ..., v,. An identical
argument gives the corresponding isomorphism for Xz, . ([

Lemma 15. The map X,,—1 — X, is injective, and X, is a free X, —1-module.

Proof. We must prove that X,,_; — X,, and X,, = X,,_1 ®q Xp, as X, _i1-modules.
By lemma 14 this is equivalent to showing that Z,,_; — Z,, and Z,, £ Z,,_1 ®q ZF, as
Zn—1-modules. Since Z,, is quadratic, it is enough to verify the criteria of proposition
12. The quadratic relations R are defined by (3.7) and so R is generated by

(4.6) (i,m;0) A (4,m, B) + (Jyms o+ B) A (4,55 0) + (4,4 6) A (i,na+ B) =0
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where i, j <n—1 and (i, n; «) denotes Q(& — &,; @), ete. Since every term wnkl) Aw?

J
for k,£ > 1 occurs exactly once in the Taylor expansion of the first term of (4.6), the
condition (4.4) is verified. The cases where k or ¢ = 0 are trivial to check. To verify
(4.5), apply the identity (4.6) four times to get:

[[Gn;0) A(Gn; )] A (kynsy)] = (G38) A (R is9) A (6 ns 0+ B+ )
+ (kg5 y) A (GG A(Gynsa+ B+ )
+ (i k) Ak, B) A (Bynsa+ B4 7)

Since the right-hand side is antisymmetric, the left hand side clearly does not depend
on the bracketing, and the analogue of proposition 12 holds in the infinite graded case
(remark 13), where the grading is given by the weight grading of §4.3. (I

Let us write Ar, = A,/A’ ;| and let ¢ denote the natural map X,, — A,. The
choice of coordinate &, on the fiber of £(®) — £("=1 gives an isomorphism
(4'7) An_l ®A97’71 AFn = An .
Corollary 16. The map ¢ is injective.

Proof. By lemma 10, Xf, is concentrated in degrees at most two, so it follows from
lemma 8 that Xp, — Ap, is injective. The injectivity of X; — A; is a special case.
The lemma follows by induction on n using the previous lemma and (4.7). O

4.6. Proof that X, is a model. We now show that ¢ : X,, ®g C — A, is a quasi-
isomorphism. First we compute H!(Xf,) and the Gauss-Manin connection on it.

Lemma 17. We have H*(Xr,) =Q, H*(Xr,) =0 if k > 2, and
gl H'(Xp) 2 Q7. 8 Q@) . o H(Xr) > @ Q@) -3l
1<i<n—1
where Hl (XFn) = gr}/VHl (XFn) EB grgle (XFn)'

Proof. For all k > 3, X} = 0 and so H*(Xp,) = 0. By (4.3) and v, A ¥, = 0, any
two-form can be written
Z ko= A=k _ ko —(k+1) k
CpiUn NWpy ;= d( Cryi Wy g ) where Cni € Q,
k,i k,i

so is exact. Thus H*(Xp,) = 0 and clearly H%(Xp,) = X}, = Q. Since 7 and wﬁ%
are closed, it suffices by lemma 10 to consider a closed one-form

N = Z cfmwiff where cfm- €Q, suchthatdn=0.
k>1,0<i<n

This implies that dn =Vn A (Y421 g<icn cgpfz’f;”) = 0. By lemma 14 we have
ko —(k=1)
k>1,0<i<n

Since the forms @), k > 1 and wf% are linearly independent in X, by lemma 8, and

n,i’

since wff)zl_l =...= wf%, we conclude that the closed forms in X}, are spanned by
Un , wff}, , and {n= Z c}”wﬁfz such that Z cni=0}.
0<i<n 0<i<n

This implies the result, along with the definition of the mixed Hodge structure §4.3. 0O
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Since X,, is a fibration, we can easily compute the Gauss-Manin connection on
HY(XFE,) (see [3] for further details). It is a priori nilpotent since the weight filtration
is defined on all of X,,, and satisfies Wy X,,_1 = 0. Explicitly, it is

(4.8) HYXp,) — X\ ,®qH"(Xr,)
Vizno — Bl = v o]+ e © Pl
Viewe = 0
Vv, = 0
Using the fact that wffi = wf% — wg?o), the first line follows from the calculation
in @)~ Tp) = wh) —wh)
dlin, @) ~Bp) = (v = vi) Awl) = v Awig —vm Awiy

= -V /\wffgJ — VUp /\wg)o) .

The second and third lines of (4.8) follow from the fact that w(oé and v, are exact.

Lemma 18. H(¢) : et W HY(Xf,) ®9 C — gtV HY(AE,) is an isomorphism.

Proof. The differential graded algebra Ap, computes the de Rham cohomology of the
fiber of the map £(™ — £~ which is isomorphic to £ minus n points. Furthermore,
it carries a Hodge and weight filtration which induces the corresponding filtrations on
H'(E\{n points}). The Gysin sequence gives:

0— H'Y(E;C) — H'(E\{n points};C) — C(-1)""' =0,

where the third map is given by the residue. Therefore gr}¥ H(Ag,) = HY(£) and
erW HY(Ap,) = C(—1)""1. The lemma follows from the fact that [¢(7,,)], [(b(wf%)] is
a basis of H(£) and ¢(w§}2) has residue 27i at &, = &, by (3.8). O

Theorem 19. ¢: X, ®g C — A, is a quasi-isomorphism.

Proof. The case n = 1 follows from the previous lemma. The case n > 1 follows by
induction by a standard Leray spectral sequence argument. The precise statement is
corollary 6 in [3], and can be applied directly. O

In conclusion, X, is a model for the de Rham complex on £ and provides a
universal Q-structure on its cohomology.

4.7. A simplified model. Although we shall not use it, one can consider a finitely-
generated DGA model Y,, for the cohomology of a configuration of elliptic curves.

Definition 20. Let Y,, be the commutative graded Q-algebra defined by generators
w;,v; for 1 <4 <mn and w;; for 1 <¢ < j < n in degree one such that

(49) Wij — Wy =

Wy A\ 13 =

wij/\wi—i-wji/\wj =

wijg NV +wi ANvy =

o O O O O

Wi ANwjg +wie Nwij +wjs ANwyp =
and define a differential d : Y,, — Y,, by dw; = dv; =0 and
(410) dwij = Wj AN Vj + wj A v; .



14 FRANCIS BROWN AND ANDREY LEVIN

There is a surjective map X,, — Y,, which sends wf)oo) to w; and wf)lj)
and all wgcj) for k > 2, to zero. We can define a mixed Hodge structure on Y, in the

same way as for X,,, i.e., w;, v; have weight one and w;; weight two.

to Wij, Vi to y;

Theorem 21. The map X,, — Y, is a quasi-isomorphism, i.e., H*(Y,) = H*(EM).

Proof. (Sketch) Follow the steps of the proof that X,, — A,, is a quasi-isomorphism:
first define Yz, to be Y,,/Y," | and check that it is a fibration. Then apply the Leray
spectral sequence argument, noting that (4.10) exactly corresponds to the Gauss-Manin
connection on HY(Xg )= HY(YE,). O

The model Y, kills all higher Massey products in X,,. Since Y,, is finitely generated
it may be useful for explicit implementation of the algebra H*(£(™)). We have quasi-
isomorphisms Y,, «— X,, — A,, but note there is no map from Y,, to A,.

5. BAR CONSTRUCTION OF THE DE RHAM COMPLEX OF &)

The model X,, enables us to put a Q-structure on the bar construction of A,,.

5.1. Reminders on the bar construction. See [7], §1 for further details. Let A be
a DGA asin §4.1, and further assume that A has an augmentation map ¢ : A — k. Let
5: A — A denote the map s(a) = (—1)98%. Let AT = kere denote the augmentation
ideal of A and let T(A") = k& AT & AT®? & ... denote the tensor algebra on AT,
where all tensor products are over k. We write the element a; ® ... ® a,, € A®™ using
the bar notation [a1]...|ay]. Recall that T(A™) is a commutative Hopf algebra for the
shuffle product (3(r, s) denotes the set of r, s shuffles):

[a1]...|ar])m[aryq]. .. |arys]) = Z e(0)aoyl - - |aorts)] 5
ocex(r,s)

where the sign £(o) also depends on the degrees of the a;’s but is always equal to 1 if
all a; are of degree 1. The coproduct A : T(AT) — T(AT) ®x T(AT) is given by

T

A(laq] ... |ar]) = Z[a1| coal] @ [agga] - ar] -

i=1

The length filtration is the increasing filtration associated to the tensor grading

F,T(AT) = @ A*®".

0<i<n
The bar complez is the double complex with terms (AT®P), (elements of total degree
q and length p in T'(A™")), and with one differential (—1)Pd; : (AT®P), — (AT®P) 4 :
di([a1]. .. lap)) = Z (=1)"[say]|...|sa;—1|dai|a;s1] . . . |ap)

1<i<p

and a second differential d. : (AT®P), — (AT®P~1), where:
de([ar]. .. lap]) = Z (—1)i+1[8a1| colsaia|sai A aigrlaigal . lag)
1<i<p

The bar construction B(A) is defined to be the total complex P(AT®P), with total
differential D = d; 4+ d.. Note that the total degree of elements in B(A) is given by
(5.1) deg([a1] ... |ap]) = deg(ar) + ...+ deg(ap) — p .
Let V(A) = H°(B(A)) be the zeroth cohomology. It is a commutative Hopf algebra.
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5.2. Connected case. When A is connected, this construction simplifies. The aug-
mentation ideal AT = @, ., A" is the set of elements of positive degree. It is clear
from (5.1) that only elements of A of degree 1 contribute to V(A) = H°(B(A)), so
let T(A') denote the tensor algebra generated by elements of degree 1. Note that
(AT®P), =0 if p > ¢ and the total degree (5.1) is non-negative. The total differential
—D = d; + d. reduces to D : T(A') — T(A):

T r—1
D([w1| e |wr]) = Z[w1| c. |wi_1|dwi|wi+1| - |wr] + Z[w1| e |wl A\ wi+1| R |wr]
i=1 i=1

where we changed the overall sign for convenience. We can simply write
(5.2) V(A) =ker (D:T(A") = T(A)) .
We say that elements & € T/(A') satisfying DE = 0 are integrable.

Definition 22. Define the bar construction of £ to be V(X,,) = H°(B(X,,)), where
X, is our model (§4.2). It is a commutative Hopf algebra over Q, filtered by the length.

By (5.2), V(X,,) is the subalgebra of T'(X}) given by the integrable words in X ..
Since X, carries a mixed Hodge structure, so too does V(X,,).

5.3. Description of V(Xp, ). We first give an explicit description of the bar con-
struction of an elliptic curve with punctures. By the general theory, the length-graded

a'V(Xp,) =@ H (Er,)%" ,
£>0

since there is no integrability condition for one-dimensional varieties. The right-hand
side is just the set of words in the generators of H!(Er, ). These generators are repre-

sented by the closed one-forms ESIO), U, and 1; := ESZ — DS%, for 1 <i<n.

Proposition 23. Any word in the letters E%O),Dn,m of length ¢ can be canonically
lifted to an integrable element in V (X, ) using the forms wffz for k < ¢.

Proof. Use Chen’s formal power series connections [6]. Let S = Q((xo,X1,Y1,---,Yn—1))
denote the ring of non-commutative formal power series in symbols xg,X1,Y1, ..., Yn—1
and let @« = —ad(xg). Consider the formal 1-form [5, 14]:

n—1
J=7Txo+aQ(&n;a)xg + Z (ﬁ({n — &) — Q& oz))yi € Xr, ® S
i=1
It is well-defined since all polar terms in « cancel, and is of the form

J=Tnxo+ o

X1 +MmYy1+ ...+ -1Yn—1 + higher order terms in x’s,y’s

One easily checks from lemma 10 that dJ = —J A J. It follows that the formal element
E=[J+[J|J]+[J|J]|J]+ ... liesin V(XF,) ®g S, and by duality defines a map from

T({X0,X1, Y1, - -+ Yn-1)) = er*V(XE,) to V(XF,). Concretely, let w be any word of

length £ in the alphabet {E%O),ﬁn,m}. Mapping 7,, to xq, o to X1, 1; to y; gives a

word w’ in {x;,y;}. The coefficient of w’ in Z is a finite integrable word in the symbols
(k)

n,t

Un,w, ;,0 <k < ¢ —1 whose longest term is w. This gives a canonical splitting:

gr'V(Xp,) — V(XF,)
Note that it follows from the proof that this lifting has integral coefficients. O
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It follows that V(Xp,) is canonically isomorphic to the tensor coalgebra spanned
by [@], [7], 7], equipped with the shuffle product. The Hodge and weight filtrations
are induced from the corresponding filtrations on X,,. More precisely we have

(5.3) [21]...|zn) € F'V(Xp,) if [{i:2;=7} <n-—r.

The weight comes from a grading w : gr*V(Xp,) — N which is defined by
(5.4) w([z1] ... |on])) =n+ |[{i 2 € {n;}}
and is obtained by giving @®) and 7 weight 1, and the 7,’s weight 2.

)

5.3.1. Example: the bar construction on £*. In the case of a single puncture:
g’V (X1) = QW@ @ QW) -
The formal power series connection J reduces in this case to
J = vxo+QE —adx))x1 € X'Y{{xo,x1))
= wxo+xw® — [xo,xl]w(l) + [xo, [xo,xl]]w(z) + ...
and gives an explicit way to lift any word in the letters [w(®)], [v] to V(X7).
Corollary 24. The weight and the length filtrations on V(X1) coincide.

Examples 25. The elements of V(X) of length at most one are 1, [w(?], []. In length
< 2 we also have: [w(®|w©], [WO|v] 4+ [WD], [v|w®] = [wD], and [v]v].

5.4. Structure of V(X,,). The main result of [3] gives:

Theorem 26. There is an isomorphism of algebras
(5.5) V(Xn) = QV(XE) -
i=1

The length and weight filtrations on V(X,,) coincide.

Proof. The bar Gauss-Manin connection Vg : V(Xf,) — X! ; ®g V(XE,), which is
defined in [3], is nilpotent with respect to the weight grading. It implies the existence
of a map V(Xp,) — V(X,) and an isomorphism V(X,) = V(X,—1) ®g V(Xp,) of
algebras, from which the statement follows by induction (see [3] for the proofs). O

Note that (5.5) does not respect the Hopf algebra, or differential structures on X,.
It is however a complete algebraic description of all iterated integrals on €™, and in
particular, enables one to write down a basis for them.

Remark 27. Theorem 26 is proved in [3] by first showing that the bar-de Rham coho-
mology of X, is trivial. This is equivalent to the exactness of the sequence:
0—Q— X2 V(X,) — X! @ V(Xy) — ... — X ®qV(X,) —0

which establishes a duality between V' (X,,) and X,,. One way to understand the refined
mixed Hodge structure on X,, (§4.3) is to say that it is induced from the mixed Hodge
structure on V(X,,) by this duality. Alternatively, it follows from the decomposition
Xn =2 X,,—1 ®g XF, and the refined mixed Hodge structure on Xp, by induction.



MULTIPLE ELLIPTIC POLYLOGARITHMS 17

6. AVERAGING UNIPOTENT FUNCTIONS

6.1. Introduction. The main idea for constructing multivalued functions on an ellip-
tic curve is to use the Jacobi uniformization

£=C*/qd"
and average a function on C* with respect to multiplication by ¢q. Consider the example
of the multivalued function Li;(z) = —log(1l — z). Let ¢ € C* such that |¢| < 1 and
z € C* such that 1 ¢ ¢®z. The spiral ¢®z can be lifted to a universal covering space
of C\{0,1}, and the function Li;(z) has a well-defined analytic continuation along
it. Near the origin, the function Li;(z) vanishes, but at the point z = oo it has a

logarithmic singularity, so the naive average diverges. One way to ensure convergence
is to consider the generating series

E(z;u) = Z u™Lii (¢Mz)
mEZ

where v~ ! is chosen small enough to dampen the logarithmic singularity at infinity,
but not so small as to wreck the convergence at the origin. For m < 0, the asymptotic
is u™log(q™z), which is bounded if u > 1. For m > 0 the terms are asymptotically
u™q™z, which is bounded if u < |g|7. Thus for 1 < u < |g|™! the series F(z;u)
converges absolutely, and is almost periodic with respect to multiplication by g.

From this one can easily show that FE(z;u) has a simple pole at © = 1. Now one
must view E(z;u) as a function of £ and «, where u = e(«) and z = e(§). Thus the
pole at u = 1 contributes a pole at a = 0 which can be removed to obtain

1
E™8(&a) = E(Ga) — — .
@
This function now admits a Taylor expansion at the point a = 0. The procedure for
constructing multivalued functions on the elliptic curve £* is to take the coefficients
of o, i > 0 in this Taylor expansion.

The situation is more complicated in the case of several complex variables. Suppose
that we have a function f(t1,%2) on My 5(C) = {(t1,¢2) : t1,t2 # 0,1,¢1 # to}, with
singularities along the removed hyperplanes. We wish to average the function
(6.1) ST W (g, g )

mi,ma€ZL
The first problem that we encounter is that the function f(¢1,t2) is simply not well-
defined as t1,t3 — oo since its singularities ¢; = 0o, t1 = t2 do not cross normally at

that point, and so the limit depends on the direction in which it is approached. The
standard solution is to blow-up the points (0,0), (0o, 00), as below:

t2 =0 I [\&
'
h .
1 v
' L’ -
1 ’
| .
s
to =1 -fmeeamaee Vo -
l’l
’, 1
v 1
/, !
’ 1
—_ ,' 1
7z 1
P .
I |
tl =1 tl =
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Note that we do not need to blow up the point t; = to = 1, which is also a non-
normal crossing point, because there are only finitely many lattice points {(¢%t1, ¢%t2)}
in its neighbourhood. The domain of summation naturally decomposes into the six
sectors pictured above, each of which is homeomorphic to a square [0,1] x [0,1]. By
analysing the behaviour of f(t1,t2) in the neighbourhood of each sector, one finds
necessary and sufficient conditions on wuj,u2 to ensure the absolute convergence of
(6.1). It turns out that the poles in the u1,us plane are in one-to-one correspondence
with the boundary divisors in the figure, and depend on the local asymptotic behaviour
of f. One can then remove poles in the «; plane (where u; = e(«;)) and compute Taylor
expansions to extract multivalued functions on €3 with unipotent monodromy.

The plan of the second, analytic, part of this paper is as follows.

(1) First we construct an explicit partial compactification of 9 ,, which is adapted
to this averaging procedure.

(2) By studying the analytic properties of the multiple polylogarithms (2.3) we find
necessary and sufficient conditions on the dual variables u; to ensure absolute
convergence of the averaging function:

m My m m
E ul™ ow Ly (@, ¢ )
mi,...,mp€Z

(3) From its differential equation, we compute the pole structure in the u; coordi-
nates. The multiple elliptic polylogarithms can be defined as the coefficients
in its regularized Taylor expansion at a3 = ... = a, = 0, where u; = e(q;).
Note that, since the singularities in the space of a; parameters are not normal
crossing, the regularization must be performed with some care. We do not
address the question of explicit regularization in the present paper.

The entire procedure from (1) to (3) will work more generally for any functions
satisfying some growth conditions on certain toric varieties. Section §6 covers the
general steps (1) and (2). The definition of the multiple elliptic polylogarithms is
completed in §7, with examples given in §9. In §8, which is independent from the rest
of the paper, we show how to compute the asymptotics of the Debye polylogarithms
explicitly at infinity using a certain coproduct. Finally, in §10 we prove that all iterated
integrals on a punctured elliptic curve can be obtained by this averaging procedure.

6.2. Preliminaries. Let ¢ = e(7), where 7 is in the upper-half plane, and let t; =
e(&), fori=1,...,r, where &, ..., &, are in the domain U defined by (3.1), in §3.2.
Consider the following preparation map to a universal covering of 9 ,43(C):

c:R" — ﬁo)r+3((C)
(517"'557”) = (qSItla"'aqSTtT)v

where we view 9 +3(C) C C" in simplicial coordinates. Suppose that we have a
multivalued function f(¢1,...,¢,) on Mo ,+3(C), with a fixed branch in the neighbour-
hood of some (t1,...,t,) such that titj_l ¢ ¢~ fori# jandt; ¢ g% Then f(t1,...,t,)
admits a unique analytic continuation to the image of o(R™), and in particular, the
values f(¢™t1,...,q" t,) are well-defined for all (nq,...,n,) € Z".
We apply this to the multiple polylogarithm functions
R

6.2 Im ey Mn t 7'--7tn = m 5
(62) Ly (F1,- 1 ) al.gnall(al+a2)m2...<a1+...+an>mn
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which give rise to multivalued unipotent functions on My ,43(C) C C”, and vanish
along the divisors ¢; = 0. The power series expansion above defines a canonical branch
in the neighbourhood of the origin.

6.3. Compactification of the hypercube. Let S = {1,...,n} and let us write Pk
for Hom(S,Pt) = (PY)™. Let O, C PL denote the real hypercube [0, 00]”. For any
disjoint pair of subsets I,J C S, let

F{ =({z: =0} ({2 = o0} C P}
i€l jeJ
denote the corresponding coordinate linear subspace. The sets Fy N0, give the stan-
dard stratification of the hypercube by its faces.
Working first in simplicial coordinates, consider the set of divisors

X = U {ti—t]‘:O}U U{tizl},

1<i<j<n 1<i<n

which meets the set of faces F/ non-normally. Let us write F; = F I@, FJ = FQ‘)] and
call such divisors of type 0 or type oo, respectively. Consider the sets of faces:

FO={F:|I|>1}, F*={F’:|J>1},

of codimension > 2. Following the standard practice for blowing up linear subspaces,
we blow up the set of faces in F° of smallest dimension, followed by the strict transforms
of faces F; where |I| = n — 1, and so on, in increasing order of dimension, until the
strict transforms of all elements in F° have been blown up. Now repeat the same
procedure with F°°, and denote the corresponding space by Ps, with

(6.3) 7 : Pg — Py

It does not depend on the chosen order of blowing-up.

Let us denote the strict transform of any face Fy (resp. FY) by D; (resp. DY),
for all |I],|J| > 2. Let D; (resp. D7) denote the strict transform of the divisor F
(resp. Fg ) which corresponds to a facet of the original hypercube, and let us denote
by D = U|K|21 Dy U DX the union of all the above. The strict transform of O, is a
certain polytope C,, whose facets are in bijection with the irreducible components of
D, which number 2 x (2" — 1). Let X’ C Pg denote the strict transform of X.

Proposition 28. The divisor DU X' C Ps is locally normal crossing near D.

The proof will be given by computing explicit normal coordinates in every local
neighbourhood of D, using a decomposition into sectors.

6.4. Sector decomposition. Let us view My, (R) in simplicial coordinates as the
complement of divisors of the form ¢t; = t; and ¢; = 1 in (R*)™. Then O, N Mg ,+3(R)
admits a decomposition into (n + 1)! connected components:

Ay = {0 <tra) <... <lpmy1) < OO} ,

where 7 is a permutation of (1,...,n + 1), the ¢; are simplicial coordinates on each
component of (P})", and where t,; = 1. The permutation 7 should be viewed as a
dihedral ordering of the n+ 3 marked points 0, 1, 00, t1, . .., t, on P1(R). To every such
7 we associate local ‘sector’ coordinates on My ,43(C) as follows:

tﬂ' tﬂ' n
(6.4) sT = T st = )

tray " trmyn)
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The coordinates sT give a homeomorphism from A, to the unit cube (0,1)". When
7 is the trivial permutation, the coordinates s} are the same coordinates x; used to
define the multiple polylogarithms in §2.2. For each 7, we define the open affine scheme

Ur = SpecZ[s],...,sp, {( [[ sF =1 "hi<icjcnl -
i<k<j
Note that the U, are all canonically isomorphic, and (0,1)" C Ur(R).
Lemma 29. For every «, U, defines an affine chart on Mo 1 3:
mo)n+3 cU; C ﬁ07n+3

Proof. Consider the set of forgetful maps (or ‘cross-ratios’) fr : Mo i3 — Mo.a = PL,
where T is a subset of any 4 of the n+ 3 marked points. Then Mg 5,43 C ﬁomw is the
open subscheme where all fr’s are non-zero. It suffices to check that U, is isomorphic
to the open subscheme of ﬁo)n+3 where some of the fr’s are non-zero. For this, one
can write each sf and HiS k<; Sk — 1 as cross-ratios, and conversely every cross-ratio
as a function of the sT. We omit the details. O

Definition 30. Let U, = |J_ U, C ﬁo)n+3 be the scheme obtained by gluing all
charts U, together. Viewing &,,41 as the stabilizer of 0, 00 in Aut(ﬁo,nﬁ) = Ghts,
we have

U= |J =(Ua),
TES 1
where U,4 corresponds to the trivial permutation.

The smooth scheme U,, C My ,,+3 is equipped with a set of normal crossing divisors
defined in each chart by the vanishing of the s7.

Example 31. Let n = 2. The coordinate square (0, 00) x (0,00) C My 5(R) is covered
by six sectors A, as shown below after blowing up Fia = (0,0), F'2 = (00, 00).

D,

D2 : |
Am) /\X—- D12

! ' Dz
tp =1 D!

Consider the sector denoted A,,, where my = (1,t1,t2), which corresponds to the
dihedral ordering 0 < 1 < t; < t2 < oo on the marked points of 9 5(R). Its sector
coordinates are s7° = ¢!, s5° = t1 /to. The divisor s5° = 0 corresponds to the partition
{0,1,¢1}[{t2, 00} on My 5, and the divisor sT° = 0 corresponds to {0, 1}|{t1, t2, 0}.

In the general case, we have:
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Lemma 32. The divisor s7 = 0 corresponds on Uz C Mo 43 to the partition (§2.1)

{0,tn(1) -« st Hitm (k1) - - - Er(ng1), 0O)

Therefore the scheme U, is the complement in Mg 13 of the set of divisors A corre-
sponding to partitions in which the marked points 0 and oo lie in the same component.
The simplicial coordinates t1,...,t, give a canonical map U, — (P1)", which iden-

tifies U, with the blow-up Ps of (P1)™ defined in §6.3. Thus, we have
Ps\X' = DMo ni3\A= U, .
This identifies the following divisors on Ps\X', Mo n13\A, and U,, respectively:
Dy < {0,tx: k€ I}|{oo,1,tk tk ¢ It < sfp =0 on every Ur st mw(l) =1
D7 — {0,1,t) k¢ JH{oo,tx 1 k€ J} & Spy1—|s) = 0 on every Ur st w(J) = J
We deduce that Dy Dy # 0 if and only if I C I' or I' C I (and likewise for D7, D7)
and D; N D7 # 0 if and only if INJ = 0.

Proof. Straightforward. One must only verify that the sector coordinates s} are pre-
cisely the local coordinates that one obtains when one blows up (P!)" along divisors
Fr and F7 in order of increasing dimension. O

In conclusion, we have three descriptions of the space U,,: first, as a certain blow-up
of (P1)" along the boundary of the hypercube; second, as the gluing together of affine
schemes U, ; and third, as the complement in 9y 43 of a certain family of divisors.

Corollary 33. Let D C U, be an irreducible divisor defined locally by the vanishing
of an s7. Then D =2 Up_1 x Up—g, where Uy is a point. It follows that the polytope
Cn (which was defined to be the strict transform ©=1(0,) ) has the following product
structure on its facets: C,, N Dy = Cipj—1 X Cp—yq) and similarly for C, N D/,

6.5. Absolute convergence of multivalued series. Let
_ . =14 R 4, 4 R
(6.5) S={(g,t1,.-.,tn) :0<|q| < |t1] < ... <|tn] <1, tit; ¢q tigq},

and let f be a unipotent function on (C*)™\{t; = ¢,}, i.e., a multivalued function on
Mo,n+3(C) C Mo, +3(C) with everywhere local unipotent monodromy around bound-
ary divisors (definition 2). Consider a sum

(6.6) Flty, ... tesg)= > uf™ . ulf(q™t,...,q¢" ")

By §6.2, the values f(¢™'ty,...,q™"t,) are well-defined if we fix a branch of f near
some point (t1,...,t,), where (¢,t1,...,t,) € S. We give sufficient conditions on the
auxilliary variables u; to ensure the absolute convergence of such a series, by bounding
the terms of F' in different sectors.

Definition 34. For 0 < e « 1, let UZ C U, denote the open set of points

{(sT,...,87) €U :|sf| <1foralli, and |s]| < e for some 1 <i<n},
and let U® = U, ce, ., Ur-

Let K be a compact subset of S (6.5).

Lemma 35. For (q,t1,...,t,) in K, there are only finitely many m = (mq,...,my,)
such that (¢™t1,...,qm"t,) lies in the complement of U, and f(q¢™ t1,...,qm"t,) is
uniformly bounded for such m.
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Proof. The first part follows since the complement of U® in 90,13 is compact, and
does not contain the total transform of any divisors ¢; = 0,00. The definition of &
ensures that ¢™t; # ¢"t; and ¢™t; # 1 for all m;, m;, 1 # j, and since these are the
possible singularities of f(¢™'t1,...,q™"t,), it is uniformly bounded on K. O

All the remaining terms of (6.6) lie in some sector UZ. Let us fix one such per-
mutation 7 and work in local sector coordinates s7,...,st. Then UZ can be further

19n"

decomposed into smaller pieces as follows. For any non-empty A C {1,...,n}, let
Ni={(sT,...,s0): |sf|<eforie A, 1> |sT|>cfori¢ A}.

We clearly have:

€ 1

Proposition 36. There is a constant C € R such that for all (sT,...,sI) € N7,
F(sT,eevsi)l < C (T wi(sD)) Fal(s7)5¢)
i€A
where fa(s7)j¢a is a unipotent function on (\;co{sT =0}, and
ki(s) = |s|™ log" |s| ,
where f vanishes along sT = 0 to order M; > 0, and w is some integer > 0.

Proof. This follows immediately from the local expansion of a unipotent multivalued
function in the neighbourhood of a normal crossing divisor (definition (2.7)). O

Recall from definition (6.4) that sT = t,,(i)t;(li +1y- Thus the action of the summation

index (ma,...,my) € Z" on the sector coordinate s7 is given by sT — P sT, where
(6.7) p; = M) — My(i41) -
By lemma 32, the divisor s, = 0 corresponds to a divisor Dy or DY. Let us define
(6.8) vp = Hul or vp = H uj_l

i€l jeJ
accordingly, where u; are the parameters in (6.6). One verifies that

(WT)PL . ()P = i

Thus, for the terms of (6.6) which lie in the sector U, we can write
Wl (G g ) = (VT)PT L (0T PR f(qPT ST, gPrsT)

in local coordinates. Dropping cluttersome 7’s from the notation, we have:
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Corollary 37. For all (q,t1,...,tn) € K, there exists a constant C' such that
|8k f(qP ST, qPsh)| < C H lvsg™
€A
for all (p1,...,pn) € Z™ such that (¢"*sT,...,¢P"sT) € N.

Pi

Pi|w

Proof. Consider the bound in proposition 36. The function f4 on the right-hand side
can be uniformly bounded by a version of lemma 35, applied to (), ,{s7 = 0}, which
is isomorphic to a product of Uy’s. This gives the above bound. O

Theorem 38. Suppose that the chosen branch of f vanishes along all divisors Dy of
type 0 with multiplicity |I|. Then (6.6) converges absolutely on compacta of the polydisc

1<u1,...,un<|q|_1

Proof. Consider first a divisor Dy of type 0. Then, in the previous corollary, the divisor
Dy = {s} =0} in some chart U, will correspond in the right-hand side to terms of the
form |vgqu l|Pp®, where p is large and positive. The assumptions on u; imply that

P
opa " = (T lwial) p* <1,
il
and therefore |v}§q|l | [Pp® tends to zero exponentially fast in p. Now consider a divisor

D7 of type co. It corresponds to terms of the form |v2qM’C [Pp®, where p is large and
positive and My, w > 0. But by the assumptions on u;, we have

rl = (TTwt) <1

jed
and so once again, [v]¢™*[Pp® tends to zero exponentially fast in p. O

6.6. Structure of the poles. We first make some general remarks about the pole
structure as follows from the proof of theorem 38. In §7.4 we shall refine this result in
the case of the multiple elliptic polylogarithms by exploiting their differential equation.

Corollary 39. Let f satisfy the conditions of theorem 38. For every I # (), let wy de-
note the order of the logarithmic singularity of f along DT. Every codimension h face of
the polytope Cy, corresponds to a flag Iy C Io C ... C I, where It, ..., In C {1,...,n},
and is contained in the intersection E = D' (... N D, Let s1,...,5h,Sht1s---5n
denote local normal coordinates in which D' is given by s, = 0 for 1 < k < h. Then
in the neighbourhood of E, the function f has an expansion of the form

f= Z Jinrooin(Sha1y -+ -5 8n) log™ (s1)... log™ (sn) »

11 Swry -t SWI,

where (Sp41,.--,8,) are coordinates on E. After averaging, each term in the sum
which is indexed by i1, . ..,ip contributes singularities to (6.6) of the form

([T we =07 (] we — 1),

kel kely,
with j1 < i1+ 1,...,7, <in+ 1. In particular, the term fo.. o(Sh+1,--.,Sn) which is
constant in si,..., Sy, contributes a simple pole of the form

(H uk—l)il...(H uk—l)il.

kel kel
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Proof. Following the method of proof of the previous theorem, one sees that the state-
ment reduces to a local computation in the one-dimensional situation. In this case, it
is clear that the averaging procedure applied to log® z, for 7 > 0, gives

Z u™log ¢z = Z u™(mlogq +log z)" ,

m>0 m>0

which has a pole at u = 1 of order at most 7 + 1. ([

Remark 40. Corollary 39 gives an upper bound on the singularities which occur: it
can happen that summing over one sector gives rise to spurious poles in the u;’s, which
cancel on taking the total contribution over all sectors.

The upshot of the previous corollary is that if we know the differential equations
satisfied by f, then we can deduce the pole structure of F' completely from these
differential equations, up to constants of integration (see §9 below). The corollary
states that the constants of integration necessarily contribute simple poles, and these
are in bijection with the n! maximal flags I C Io C ... C 1,1 C I,.

Example 41. In the case n = 2, we have poles along u; = 1 coming from logarithmic
singularites along D?, for i = 1,2, and along ujus = 1 coming from D'2. The typical
contribution from D!, for example, is of the form

w

Z 52,U2
ul — 1 i+l

1=

where R;(£2;u2) is the result of averaging a function of ¢5. The two maximal flags
{1} c {1,2} and {2} C {1,2} which correspond to the corners D! N D12 and D* N D'?,
give constant contributions of the form

C1,12 and C2,12
(u1 — 1)(U1UQ — 1) (UQ — 1)(U1UQ — 1)

where c1 12 (resp. c2,12) is the regularized limit of f at D' N D' (resp. D? N D'2).
For an explicit computation of such a pole structure, see §9.2.

7. ELLIPTIC MULTIPLE POLYLOGARITHMS

In this section, we apply the results of §6 to prove the following theorem.

Theorem 42. The series obtained by averaging the classical multiple polylogarithm

Enpoon (&1, & ur, . uyp) = Z ult oou Ly o (@ e, @)
Mmi,...,mr€ZL

converges for 1 < uy,...,u, < |q|71, and (q,t1,...,t.) € S. It defines a (generating
series) of functions on £ with poles given by products of consecutive u;’s only:

=g " for1<i<r, and [[ w=1foralll<i<j<r.
i<k<j

In order to extract a convergent Taylor expansion in the variables «;, where u; =
e(w;), it suffices to know the exact asymptotic behaviour of I, . n.(t1,...,t) at
infinity. This is carried out for the Debye polylogarithms in §7.
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7.1. Analytic continuation of polylogarithms. The function I, . . (t1,...,t)
has a convergent Taylor expansion at the origin, and so defines the germ of a multival-
ued analytic function on My ,4+3(C) C C™. As is well-known, it is unipotent by (2.5),
has a canonical branch at the origin, and vanishes along the divisors t; = 0.

It therefore extends by analytic continuation to a multivalued function on the blow-
up U,\X(C), and can have at most logarithmic divergences along the boundary com-
ponents D7 and D; of X. It turns out that for some of these components D, there is
no logarithmic divergence and we can speak of the continuation Ly, . m, (t1,... 7tn)|D
of Lny....mn (1, .. ., tn) to D. This is not well-defined, since the function is multivalued.
However, if D also meets the strict transform of a divisor t; = 0, for some i, there is a
canonical branch which vanishes at {t; = 0} N D, and defined in a neighbourhood of
{t; = 0}. The following lemma is the key to the absolute convergence of (7.1).

Lemma 43. Let D be of type 0. Then Ly, .. m, (t1,... 7t”)’D1 vanishes to order |I|.

Proof. The sum (6.2) converges in the neighbourhood of the origin and locally defines
a holomorphic function which vanishes along the divisors ¢; = 0. It therefore vanishes
on any exceptional divisor D; lying above the origin to order |I|. ([

Setting f(t1,...,tn) = Imy.....m, (t1,- .., tn) proves the first part of theorem 42.
Lemma 44. Let J C {1,...,n} be non-empty, and 1 ¢ J. Let J¢ ={1,...,n}\J and

write J¢ = {i1,...,ix} where 1 =iy < ... <iy. Then
J
Iml »»»»» mn(tlv'-'vtn)‘DJ :(_1)‘ ‘Im’l ,,,,, m%(tiu'-'atik) 5
where my =My, + .o+ Myy_1, My =My + .o+ Myy—1,..., My =My, + ...+ My
Proof. This follows immediately from the iterated integral representation (2.4). O

Corollary 45. Every multiple polylogarithm I, . m., (t1,...,tn) s the analytic con-
tinuation to some exceptional dwisor of a multiple logarithm Iy . 1(t1,...,tN).

Thus we can restrict ourselves to considering only multiple logarithms if we wish.
Another way to interpret lemma 44 is to notice that the terms I ’ po are in one-to-one
correspondence with the terms in the so-called stuffle product formula.

7.2. Elliptic Multiple Polylogarithms. The functions obtained by averaging mul-
tiple polylogarithms satisfy differential equations which are easily deduced from (2.5).

Lemma 46. The function F(§;u) is the averaged weighted generating series for =5 :

F(&u) = —2772'2

nez

n
qz n

1—q"z

Proof. By decomposing the domain of summation into various parts we obtain:

an " _qfnzfl " " 2 an "
él—qnzu N nz<01—q_"z_1u nz<0u +1—z+nz>01—q"zu
_ mn —-m,, —n m, n z 1
N g%q (2" +Zu)+1—z+1—u
which is the definition of the Eisenstein-Kronecker series —(2i7) ™ F(&;u). O

Lemma 47. The averaged weighted generating series for dLiy(z) is:
Z dLii (z¢g™)u™ = F(&u)dE .
ne

Likewise, the result of averaging z~°dLij(z) is e(—&s)F(&; u)dE.
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Proof. Follows from the previous lemma using the fact that d¢ = # %. O

Let us define the (unregularized) multiple elliptic polylogarithm to be:
Eny om0 & ar, . 0p) = Z uptoug Lo (@ )

where u; = e(q;) for 1 <i <.

_____ 181, .. &, ..., an) equals

dEl(gk _§k+1;ak)E1 ,,,,, 1(§1a--~a2ka--~a€n;alv---vak +ak+17---7an)

[
M=

>
Il
—

dEl(gk _gk—l;ak)El,...,l(glw"7§k7"'7€n;a17' cey 01 +ak7"'7an)

M=

=
[|
v

where 41 =0, apt1 =0, and dF1(§;a) = F(§; a)d€.

Proof. Since it converges uniformly, we can differentiate term by term in the definition
of Ey, 1. The differential equation then follows from the corresponding differential

equation (2.5) for I, 1(t1,...,t,). The key observation is that a term such as
Z dr (ﬂ)l (g™t "t q" ) ult
1 T 1,..,1 Ty-os By« n) Uy Uy

M1,y mn €7

can be rewritten in the form

M1,y min €7

x I 1(g™t, ... ,q/m—k?k, cen @M ) ™ (U)o

and the region of summation decomposes into a product after a triangular change of
basis of the summation variables (mq,...,my,) — (M1,..., Mk — Mpy1,...,my). O
7.3. Elliptic Debye polylogarithms. Recall the definition of the classical Debye
polylogarithms (definition 1). Let us write a = (o, ..., a,) and likewise for 3.
Definition 49. The generating series of elliptic Debye polylogarithms is:

Bl &)= Y. e(miar+ - +mpan) A(q] . g s B Br)

mi,. . ,m.€7

The absolute convergence of the series is guaranteed by theorem 38.

One of the main reasons for considering such a generating series is because of a
mysterious modularity property relating the parameters « and 5 (see [13] when r = 1).

Proposition 50. Let r > 2. The differential dE. ({1, .., &5, B) is equal to

n
= ZdEl(fk _gk-i-l;akaﬁk)ET—l(gla"75/@7' '7§T;a17' -y O +ak+l7"7an7ﬁlu' )
k=1

n
— > dE (& — 13k, Br) Br1(€rs &k G 0ty O F Qs O, B )
k=2
where &1 = apy1 = PBnt+1 = 0, and in the right-hand side, the arguments in the B’s
are of the same form as those for the a’s. In the case r =1, we have

(7.1) dEq1 (& a; 8) = e(—=p8) F(§ o0 — 74)d¢

The proof follows immediately from theorem 48.
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7.4. The structure of the poles of elliptic polylogarithms. Let us write
(7.2) vi=o; —703 forl<i<r.

Proposition 51. The Debye elliptic polylogarithms (definition 49) have at most simple
poles along the divisors which have consecutive indices only:

Z”yi:O and Zaj:().
1<j<k 1<j<k
The multiple elliptic polylogarithm Ep, . m. (&1, &n; a1, ., ay) has poles along divi-
sors of the form Eigjgk oj =0 of order at most my + ... +m, + 1.

Proof. By induction. Suppose that E, has simple poles along Zig i<k =0, and
Zig i<k = 0 with consecutive indices only. This is automatically true for r < 2.
It follows from the shape of the differential equation (proposition 50), that dE,;
only has simple poles along Eigjgk a; = 0 and Zigjgk v; = 0. Thus the same
conclusion also holds for E,;;, except that the constants of integration might give
rise to supplementary poles. To see that such constants of integration must be zero,
let I be a set of non-consecutive indices. The divisor D! meets a divisor of the form
t; =0, for j ¢ I, along which the function A(t1,...,t,;s1,...,S,) vanishes. It follows
from the discussion above that A has no divergence in the neighbourhood of D N
{t; = 0}, and hence no pole in either >, ;a; = 0 or ) ,.;v = 0. This proves the
result for the generating series E,.. The corresponding statement for its coefficients
Emy.. . m. (&, ., & a1, .., ) follows on taking a series expansion in the ;. O

This method for computing the pole structure is illustrated below (§9.2).

8. ASYMPTOTICS OF DEBYE POLYLOGARITHMS.

In the previous section we showed that the polar contributions in the averaging pro-
cess come from the asymptotic expansion of polylogarithms at infinity. This expansion
can be computed explicitly in terms of a combinatorially defined coproduct.

8.1. The coproduct for Debye polylogarithms. The Debye multiple polyloga-
rithms are defined by iterated integrals, and so by the general theory [6] admit a
coproduct which is dual to the composition of paths. We describe it explicitly below.

Definition 52. Let n > 1. Let I = {1,...,n} be an ordered set of indices and let
Bi1,..., By be formal variables satisfying > 1, ; = 0. Define a string in I to be a
consecutive subsequence S = (i1,142,...,4;) of length 2 < | < n, which is either in
increasing or decreasing order and such that i; # n. Let

65 :6i1 +612 +"'+6’il,1 .
For any such string S = (i1,...,4), let Ag denote the symbol
(81) AS = (til : ti2 et til;ﬁinﬁiw e 76il—1’ —65) .
Let H,, denote the commutative ring over Z generated by all symbols Ag as S ranges

over the set of strings in 1,2,...,n. The length of a string defines a grading on H,,.

The Debye polylogarithm defines a map from H,, to generating series of multivalued
functions. If a string S is given by (8.1) then we have
liy 27
(82) A(AS) - Al*l (t_la t_27 ey %7 ﬂ’ilaﬁ’ma ce aﬁ’ilfl) .
7 7
Denote the last element of a string by £(i1, iz, . .., %) = i, and define the sign £(.5)
of S to be 1 if S is in increasing order, or (—1)'~! if it is in decreasing order.

g
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Definition 53. A finite collection S = {S,} of strings is admissible if the strings
intersect at most in their last indices, i.e., if S,, Sg are in S and a # [ then either

(1) SanNSg=10
or (2) SanSg={l}, wherel=10(S.)=14(Ss) .
Given an admissible set of strings S = {S,}, define the set of remaining indices
Rs = (I'\|JSa) ulJt(Sa)
with the ordering induced from I, and define the corresponding quotient sequence
Qs =(tj, i tjy st Birs Bins s Bin)
where (j1, 72, - -, Jm) = Rs and 3; = 3; + 20 t(Se)=j BSa-
Definition 54. Define a map A’ : H,, — H, ® H, by

(8.3) NAj= > e(S1)As, ...e(Sk)As, ® Qs
S={51,...,5k}
where J C {1,...,n}, and the sum is over all non-empty admissible collections of
strings § in J such that Qs has at least two elements.
Biy Biy

Consider the map which sends Ag of (8.1) to ¢t , with 8;, = —fs, and
extend by multiplicativity. Then each term in (8.3) maps to +t5" ... 5.

t

i by

Example 55. Writing 3;; for 3y; ;3 = i + 3;, and so on, formula (8.3) gives:
(8.4) A'(ty ity t3;81,82,03) = (t1:t2; 51, —1) @ (t2 : t35 P12, 83)
—  (t2 :t1; P2, —f2) ® (t1 : t3; P12, B3)
+  (t2 i 13582, —f2) @ (t1 : t3; 51, fa3) -
In general, a typical term in A'(¢1 : ... :t6;01,...;06) is
(t1:to:t3; 81, Ba, —Fr2)(ta:ts; Ba, —Pa)(ts :te; Bs, —F5) ® (t3:ts; B1234, Bs6)

Proposition 56. Let A : H, — H,® H, be A =1®id+1id®1+ A’. Then H,,
equipped with A, is a commutative graded Hopf algebra.

Proof. We omit the proof. In fact it suffices to show that the 1-part of the coproduct
coincides with the differential for the Debye polylogarithms (lemma 57 below). d

Let At » H, — H®™*! denote the m-fold iteration of A. Let Aitnﬂ)

R B
denote its component whose corresponding tensor factor contains only strings of length

two. Thus Aj . extracts all ordered pairs of neighbouring indices except (n,n — 1).

Lemma 57. The differential equation for A can be rewritten as
dA=po(dA®@AN)o Ay, ,

where p denotes the multiplication map.

Proof. Follows from the definition of A together with the differential equation (2.6). O

Example 58. For any i # j, let t; ;) = (t; : ... : t;) denote the tuple of consecutive
elements. Contributions to Ay , are of the following kinds (omitting indices (;):

(8.5) (tic1:t;) ® (tlz...:t:-,lz...:tn) 1<i<n

(8.6) (t;:tim1) ® (tlz...:a:...:tn) l1<i<n
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Contributions to A, ; are of the following kinds:

(8.7) tn-1 ® (tn1:tn)

(8.8) tom © (ti:tn)

(8.9) t-11] ® (t1:tn)

(8.10) i tirin © (t1 : tn) l<i<n-1
(8.11) t ot ticin ©  (te:tn) l<k<i<n-1

8.2. Asymptotic of the Debye polylogarithms. Let J be a subset of {1,2,...,n}.
We study the asymptotics of A(A1,.. ), as defined by (8.2) when ¢; for j € J simulta-
neously tend to infinity: i.e., for some finite values t9,...,t%, we set:

(8.12) t;=Tt), forjed, tp=ty fork¢J, andlet T — oo .

Caveat 59. The Debye polylogarithms are multivalued, and so their asymptotics are
only well-defined up to monodromy. For divisors of the form D!, where I C {1,...,n},
and i # I, there is a canonical branch in the neighbourhood of t; = 0, where it vanishes

(see §7.1). Only for the divisor D'} must one make some choice. In the following
theorem, this ambiguity is contained in the constant C in equation (8.13).

We call a string S = (i1,49,...,4) essential if i ¢ J and i1,...,9-1 € J, and
reqular if: either all indices belong to J, or none of its indices belongs to J. Set
A(Ag) if S is regular
reg _ )
A™E(As) = { 0 otherwise ,
and likewise define ®(Ag) to be 0 if S is non-essential and
t. g g e

P(As) = = n if S is essential .
ﬁzlﬁll,lg e ﬁil,iz,...,i7171

Theorem 60. With the assumptions (8.12) above, for any 0 < e << 1 we have
(813)  Aty:ta:...:tn: B, B2, 0n) = p3o (@A EQC)o AB) + O(T=)
for some functions C(t1 : ta : ... : tn;P1,02,...,0n) = C(b1,B2,...,0n) which are

constant in the t’s, and where us denotes the triple product.

Proof. Induction on the depth n. For n = 2 this theorem reduces to the well-known
asymptotics of the classical Debye polylogarithm. For strings of length two

dA(tl . tg; 61, 62) = tl_BItQ_BQdLil (tl/tg)
where 81 + B2 = 0. It follows from this that for S = (1,2), As = (¢1 : t2; 51, 82),

d®(As) +O(T=71) if S is essential ,
dA(Ag) = ¢ dA™8(Ag) if S is regular ,
o(Ts=1) otherwise .

This follows from the fact that A diverges at most logarithmically at infinity, and
log(T)*O(T==1) = O(T*~1). Hence, by lemma 57 it follows that asymptotically
(8.14) dA ~ po(dP@A)o A+ po(dA @A)o Ay,

where a ~ b means that a — b = O(T°~!). For the induction step, we first check that
the differential of the difference between both sides of (8.13) vanishes. By induction
hypothesis, we replace A in (8.14) by (8.13):

(8.15) dA ~ g0 (dPRPRAERC +dA™ @ d @ A @ C) o ALY

1k,%,% °
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Now compute the differential of the right-hand side of (8.13),
(8.16) pi30(d® @A™ @ C) o AB® 4 a0 (P ®dA @ A ® C)o A(4)

*,L,x,%
where in the second term we used lemma 57 applied to dA™®. In order to show that
(8.16) and the right-hand side of (8.15) coincide, it suffices to use the coassociativity
of the coproduct and to show that the following expression vanishes:

D=dP®+ p20(PRAA) 0 Ay 1 — 20 (dPRP+dA™® @ P)o Ay,
as the difference of (8.16) and (8.15) is pz o (2 ® A™8 @ C) o A®), We will prove that
(817) d®=poo[—(PRAA )0 A1+ (dPRDP) oAy, + (AAE QD)o Ay ]
applied to &, where £ = (t1 :t2 1 ... ty; 51,082, -, Bn)-

Case when £ is essential. Then J = {1,...,n — 1}. It follows from example 58
that the only quotient sequences arising from A; , are of the form (¢; : t,) for some
i < n, and are therefore not regular. Thus the first term in the right-hand side of
(8.17) vanishes. The only contributions to the second summand come from the string
(tn—1,tn); only the strings (¢;-1,t;) and (¢;,¢;—1), for 1 < i < n, contribute to the last
summand. For such a string a, let £/a denote its quotient. From the definitions:

(dAreg ® @)(a ® 5/&) = 61)27“,)1‘_1 dLi(ti_ltfl) (I)(g) ifa= (ti—lati)
(A @®)(a®/a) = Pio,..i—1dLi(tit; ) &) if a= (ti,ti-1)

Using the fact that d Li(t;—1t; ') —d Li(t;t;!}) = d log(t;) —dlog(t;—1) a straightforward
calculation shows that both sides of (8.17) agree on &.

Case when & is non-essential. Either n € J or some ¢ < n is not in J. Suppose
first that n € J. The first term of (8.17) vanishes as either the argument of @ is not
essential, or the argument of A™# is not regular. The second and third summands
vanish since the arguments of ® are non-essential. Hereafter, we assume n ¢ J.

Now suppose that J¢ contains at least 3 elements J¢ D {i,j,n}. Then the entire
right-hand side of (8.17) vanishes, since every argument of ® is always non-essential.

It only remains to check the equality of (8.17) when J¢ consists of two elements
{k,n} for some k < n. Consider the second and third terms on the right-hand side
of (8.17). The quotient sequences of (8.5) and (8.6) are essential only for the strings
(tg : ter1) and (tg : tg—1). These are non-essential so the second factor d® ® ® vanishes
for all possible values of k. The third factor dA™&® ® is non-trivial only when k = n—1
on the term (t,—1 : t,). In fact, in the case k = n — 1, we have contributions from
P ® dA™8(8.7) and dA™8 ® ® applied to (8.5), for ¢ = n — 1. They cancel.

Thus in all remaining cases k < n only the first term ® ® dA™2 of (8.17) can be
non-zero. If k = 1 then we get terms in the first summand corresponding to (8.8),
(8.9), (8.10). The cancellation of these terms follows from the equality

n—1
(8.18) D =D ag bty =0

i=1
where ay; ;) = Bi(8i + Bi—1) ... (Bi + ...+ B;), if i > j and is equal to 1 otherwise, and
biij) = Bi(Bi + Piv1) ... (Bi+...4B5), if i < j and is equal to 1 otherwise. The general
case 1 < k < n —1 is similar, and equivalent to

k—i—1p—1 -1 1
(8.19) Z (1) b k=11 k41) Pt 1,0—1) = O
1<k<i<n—1

Both identities (8.18) and (8.19) are easily checked by taking the residues along the
divisors 3; + ...+ Bn_1 = 0 and induction.
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In conclusion, we have proved that ) vanishes, and hence, by induction hypothesis,
the differential of the difference between both sides of (8.13) is O(T¢~1). Thus the
difference between both sides is a constant plus O(T¢~1), which proves the theorem. [J

8.3. Asymptotics in depths 1 and 2. In depth 1 we have,
AtB) ~ B P+ C(B) ast— oo,
where C(3) = 2im (1 — e(8)) ™! (see lemma 62 below).
Let B12 = (1 + P2, tia = to; = t1t; - In depth two, the coproduct (8.4) yields
-5

A(t1,t2; 81, 82) ~ tlﬁi A(ta; Br2) + Alt2; B2) C(B1) + C1 asty — o0
—B2
~ t%Q [Ats; B1) = t?ZA(tl;ﬁlz)} +Cy astys — o0
t_ﬁlt_ﬁz
(8.20) ~ ﬁ + [A(tlg;ﬁl) — A(tzl;ﬂz)}C(ﬁlg)
—B2
+t2 C(B1) + Cia as t1,ts — 00

B2

where C7, Cy, C12 are constant power series in (31, 2 to be determined. The constant
(4 is clearly zero as can be seen by letting t2 — 0 in the first equation of (8.20). The
same holds for Cy (let t; — 0). The constant C12 can be computed as follows.

8.3.1. Limit at D*> N D'2. From the second line of (8.20), we deduce that
(8.21) constant part of lim lim A(t1,te;81,02) =0,

t1—00 ta—00

since Cy = 0. Now let t1,t2 — oo and then let t2/t; — oo. The third line gives a
constant contribution Cy2(51, 82) — C(B2)C(F12). It follows that

(8.22) Cr2(B1, B2) = C(B2)C(Br2) -
8.3.2. Limit at D' N D'2. From the first line of (8.20), we deduce that
(8.23) constant term of lim lim A(t1,t2; 51, 02) = C(51)C(B2) .

tog—00 t1—00

Now let t1,t2 — oo and then let t1/ts — oo. The third line gives the constant
contribution C(831)C(812)+ C12(81, B2), which yields a second equation for C12(81, B2).
Note however, that the two limit computations are for different branches (see caveat
59), and differ by the monodromy of the third line of (8.20) around the point ¢; = t2 on
D*'2. The monodromy of A(t; 3) (resp. A(t~*;3)) is mi (resp. —mi) around a positive
upper semi-circle from 1~ to 1*. Therefore, by equating the two different formulae for
C12(01, B2) gives rise to an associator, or pentagon, equation:

(8.24) (C(B1) + C(B2) = 2im) C(Br2) = C(B1)C(B2)
which is indeed satisfied by C(8) = 1722(%)'

8.4. Rationality of the constants. The argument above generalizes:

Proposition 61. Let v € U, be a vertex of Uy, i.e., v is an intersection of bound-
ary divisors D! of dimension 0. Then there is a branch of the Debye polylogarithm
A(ty,... tn; B1,- .-, Bn) in a neighbourhood of v which is locally of the form

Z fr(s1,. .., sn)log™ s1...log™ s,
I=(i1,...in)

where f1(0,...,0) € Q[ri], and s1,. .., sn are local sector coordinates at v = (0,...,0).
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Proof. Tt suffices to show that the constant coefficients lie in Q[m¢]. But this follows
from a standard associator argument: the 1-skeleton of the polytope C,, C U, (R) is
connected, and the restriction of A to a one-dimensional stratum is a depth one Debye
polyogarithm, whose limiting values at infinity have the desired property, by (9.4).
By analytic continuation around the one-dimensional edges of C,, we deduce that the
constants at v are expressible as sums and products of the coefficients of C(3). O

9. EXAMPLES IN DEPTHS 1,2

9.1. Depth 1: the classical elliptic polylogarithms. Let ¢ = e(7) with Im (7) > 0,
and let z = e(&) with £ in the fundamental domain D (§3.2). Consider the multivalued
generating series of polylogarithms of depth one:

L(z )= Lin(2)8""",
n>1

which we wish to average over the spiral (0,00) = ¢®z in the universal covering space
of My 4(C). The calculations are simplified if one considers the Debye generating series
A(z;8) = 27PL(2; B). Since dLi,(z) = 27 Li,,_1(z)dz for n > 2, we have:

(9.1) dA(z; B) = 2 PdLiy () .
Note that A(z;3) vanishes at z = 0, and so by theorem 38 the series
(9-2) E(zu,0) = ) u"A(¢"= )

neZ

converges absolutely for 1 < u < |¢|~!, and may have poles at u = 1, which are given
by the asymptotics of A(z;3) at z = co. Since dLi(z) is asymptotically —dlog(z) at
infinity, we deduce from (9.1) that there is some constant C(3) such that:

(9.3) Az 8) ~ 5727+ CB) .
Lemma 62. The constant at infinity is given by

__p-1 mo1_ 2T
(9.4) CB)=-p +m+§12<(2n)5 =Tl

Proof. The following functional equation follows from (9.1) and differentiating:
9.5) A 8) + A5 —B) = 8718 4 C(B)
Evaluating at z = 1 gives the expression for C(f3), since Li, (1) = {(n), forn > 2. O

The corresponding constants in all higher dimensions are explicitly computable from
C(B). Tt follows from (9.3) that the singular part of E(z;u, ) comes from:

l Zun((qnz)—ﬁ 4 0(5)) — Z_B C(ﬁ) o e(_ﬁg) C(ﬁ)
B

+
n<0

BlgPu—1) u—-1 fle(y)-1) el@)-1"

where u = e(«), and v = o — 7. The second expression defines a Taylor series in 3
with coefficients in Q[u, (1 — u)~!, logq,iw]. Thus the singular part of E(£;a, 3) is

; e(=¢6) . C(B)
9.6 ES'8 ;A = + .
(96) R
In conclusion, the regularized generating series for the classical elliptic polylog is:
e(=¢8) C(B)
9.7 E"8 y &5 = A ) - - )
(9.7) (& a3 8) E e(an)A(e( +n1),5) R ”

nez
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which admits a Taylor expansion in «, 3 at the origin. Thus we write

ES(Gaf) = Y AL (&T)amB",

m,n>0

where A%n(f;T) are the classical elliptic polylogarithms of [13], and equal to the
functions denoted (—1)"Ay, »(&; 7) in loc. cit., Definition 2.1.

Remark 63. In order to retrieve the explicit formula of [13], Definition 2.1, one can write
Afl_’n(ﬁ ;7) as an average of certain modified (and regularized) Debye polylogarithms.
For this, one simply replaces the term a1 in (9.6) by the expression

1
(9.8) —=P(a) - > e(ma)
m>0
where P is a power series whose coefficients are related to Bernoulli numbers. Replacing

the term in y~! by a similar expression to (9.8) leads to the required result.

9.2. Depth 2: the double elliptic polylogarithms. Consider the generating series
of depth two Debye multiple polylogarithms:

Aty tai B, B2) = 15767 N Loy, (1, 12) 87185271
my,mo>1
The generating series of elliptic multiple polylogarithms is:
(9.9) Eo(&1, oiun,up, B, B2) = D uf"ud?A(g™ tr, ™ ta; B, B2)
m1,m2€Z

which converges absolutely for 1 < uy,us < |q|~! by theorem 38, and has poles along
u; = 1,ug = 1,ujus = 1 corresponding to logarithmic singularities of A(¢1,¢2) along
D', D?, D', Let ; = a; — 73;, where e(;) = u;, and ¢ = e(7).

Lemma 64. The singular part of Eo(&1,&2; 1, g, 81, B2) is E]Slng E;ing(l) + E;mg@),

sing (%)
2

where E comes from singularities along divisors of codimension i. We have

Ebmg(2) e Pi&1—PB282  g—Pili2 0(612) B e B28n 0(512) +e*ﬁ252 C(ﬂl) Ci 12
B1B127172 B a2 P22 a2 Bay2 a1 ai(on + az)
where Cy 12 = C(B81)C(B2) and C(B) is the power series defined by (9.4), and
Esmg(l) Ry + Ry + é + @
Bt Bere a1 an

3

where
A = EC¥(&ja12,02) OB,
A1z = (E™8(&iz501, 1) — E°8(€a15 —an, B2)) C(Br2) |, o
Ri = e M8 E%(Gran; fi2)|,
Ry = e 82 E8(¢ 00, 01) — e P B (6 cu, fra)|

v2=0 "
Here, €® = e(a), a2 = a1 + aa, P12 = b1 + B2, and {12 = —6o1 = &1 — &o.

Proof. We can compute the singularities of Es from the differential equation

(9.10) dE2(&1, 62500, 00,01,02) = dEi1(& —&os 00, 01) E1(§o; 1 + aa, b1 + F2)
— dE1(& — & a2, 02) E1(&; 00 + ao, B + B2)
+ dEi(&; 02, 02) E1(&1s 00, 51)
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The fact that d? Ex(&1, &2, a1, az; 31, B2) = 0 reduces to the Fay identity. Substituting
the singular parts ES"® (given by (9.6)) into (9.10) yields the pole structure of Es.
Using (fg)*in8 = (fg*i"e + fsingg) — fsinegsing the differential equation for E; (7.1) and

the additivity of the exponential function, we have ES"® = g5"8() _ g5ine(®)

e 61818202 e—é12P1 0(612) e 62182 0(612) e B282 C(ﬁl)
) . )
B1B127172 B171 12 Baye 12 Bay2 1

, where

dEsing(2) — d(

sin C O
dE; ) = {dEl(flﬁalvﬁl) - dE1(§21;042,52)} éﬁlj) + dEi(&, ag, f2) ifl)
K12|y1492=0 | K1ly=0 N K2 |y=0
Biami2 Bimn Bay2
where 12 = 71 + 72 and

k12 = (F(€125 71) + F(&r, 72))97[11517[}252 déi2

k1 = e MO E(g yo)dEy — B e 2 Ey (€ ana; Br2) déro

Ko = [oe PE (&5 a1z, Bi2) dérz — Boe P2 Eq (&5 an; Br) dés

It follows from the expansion (ii7) of Proposition-Definition 4 plus the fact that E (€, 7)
is an odd function of £ that k12|, 4+, = 0, and therefore does not contribute. There is

an obvious of d E;ing@). By integrating, we deduce that:

poine(l) _ B | Ry Ay L Arg ’
Bivi Baye a1 o+ an

since dE'™® and dE are equal up to higher order poles. It remains to add the constants

of integration. Since these give at most simple poles in the a’s and correspond to the

limiting values in the corners, they contribute
C112 Ca12
[e%1 (041 =+ 042) ag(al + ag) ’

where C} 12 and C5 12 are the constant part of the asymptotic of the Debye double
polylogarithm near D' N D2 and D? N D2 given by (8.21) and (8.23). O

As in the depth 1 case, we therefore define the depth 2 multiple elliptic polyloga-
rithms to be the coefficients in the Taylor expansion:

i E
Ex = E3™ = ) Al ma) (i (61,625 7) 0 a5 57 B3

mi,anO
where Ej is given by (9.9), and ES® by the previous lemma.

9.3. Singular part computed from the coproduct. Another way to arrive at
lemma 64 is from the computation of the asymptotic of the depth 2 Debye polyloga-
rithms given in example 8.3. In general, we have:

Corollary 65. The singular structure of the elliptic Debye polylogarithm E, is ob-
tained by averaging the asymptotic of the ordinary Debye polylogarithms. In particular,
it is explicitly computable from the coproduct (8.3) and the constant terms C.

In fact, the asymptotic of the Debye polylogarithms in the neighbourhood of bound-
ary divisors of all codimensions can be computed from the coproduct in two different
ways. The first, via theorem 60, is to compute the asymptotic in the neighbourhood
of codimension 1 divisors, and by induction apply the theorem to the arguments of
A to obtain the asymptotic in all codimensions. The other, is directly from formula
(8.13) which immediately gives the asymptotic in all codimensions, provided that the
definition of ‘essential’, ‘regular’, and the constants C are modified accordingly.
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10. ITERATED INTEGRALS ON &%

We compute the integrable words corresponding to the elliptic Debye polylogarithms
viewed as functions of one variable, and compare with the bar construction. From this
we deduce that all iterated integrals on £* are obtained by averaging.

10.1. Projective coordinates and degeneration. Let G,, = P'\{0,00}, let n > 1,
and write A C G for the union of all the diagonals. There is an isomorphism

(10.1) (GMN\A) /Gy = Mo,y -
If we write homogeneous coordinates on the left-hand side as (¢1 : ... : t,,41), then the
isomorphism is given by (t1 : ... : tpy1) — (tlt;}rl, ce tnt;il). Let B1,..., 08011 be
formal parameters satisfying 81 + ...+ Bn4+1 = 0. Recall that we set:
(102) A(tl PP tn+1;61, - ,ﬁn+1) = A(tlt;il, - ,tnt;_il_l;ﬁl, - ,ﬁn)
Forgetting the marked point ¢,,41 gives rise to a fibration
(10.3) Mon+sz — Mont2
(t1:.o itnp1) — (t1:...:ty)

whose fiber over the point (¢1 : ... : t,) of My, is isomorphic to G \{t1,...,tn}. The
functions (10.2), when restricted to each fiber, have a particularly simple description.
Lemma 66. For constant tq,...,t, (i.e., dt; =0 for i <n), we have

dA(tl Lot thrl;Bl; . ,/BnJrl) = dA(tn : tn+1;6n; —6n) X
(10.4) Altr oottt tag1s By ooy Br—1, B + Brt1)

For1 <i¢ < j <n, let M;; denote analytic continuation along a small loop around
t; =t;. Then the functions (10.2) are single-valued around t; = t; fori,j > 1:

(Mij—id)/\(tl:...:tn+1;ﬁl,...,ﬁn+1)=0 if 4,7<n.

Proof. The differential equation (10.4) follows from the differential equation for A. To
prove the singlevaluedness, note that M,; commutes with 9/0t,41 for 7, j < n. From

(10.4) the result follows by induction plus the fact that A(¢; : ... : t,41) vanishes as
tn+1 tends to oo. Alternatively, via (2.3), the Taylor expansion (2.2) of the function
Iy .omy, (t1, .- ., ty) at the origin shows that it has trivial monodromy around ¢; = t;
for i < j < n. Thus the same is true of A(ty : ... : t,4+1) by definition. O

The elliptic analogue of (10.1) is as follows. Letting A C £"*! denote the union of
all diagonals, and using the notation (&7 : ... : §,41) for coordinates on £"/E, we have:
(10.5) (EMTN\A)E = g

(512...Z€n+1) g (51—§n+1a---7§n_€n+1)'

Again, forgetting the marked point &, gives rise to a fibration

(10.6) gm . gy
(&1:. 2 &np1) — (&1:...:&)
whose fiber over the point (&1 : ... : &) is isomorphic to E\{&1, ..., &}

Definition 67. Define the elliptic Debye hyperlogarithm to be the generating series:
Gn(§7§17 '7§n7a17" '704117617" 7/811) = En(gl _57"'7577, _5;0417" '7an7617" 7677,)

viewed as a multivalued function of the single variable £ € E\{&1,...,&}-
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It follows from equation (10.4) that, for constant &i,...,&, (i.e., d& = 0),
(107) dGn(é.aglv ce. 76717 ap, ... aanvﬁla .. aﬂn) - dEl(gn - 57 Qp, ﬁn)
X Gn—l(é—;gla v 7€n—1;a17 v 7an—17617 .. '7677,—1)

Remark 68. There is no obvious way to determine the constant of integration in (10.7)
since the averaging process introduces constant terms related to Bernoulli numbers.
On the other hand, one natural normalization for an iterated integral on £ is for it
to vanish along a tangential base point at 1 on the Tate curve at infinity, which is not
the case for the averaged functions E,. Thus, the comparison between the averaged
functions E,, and such iterated integrals must take into account the constants.

In order to circumvent this issue, let o € E\{&1,..., &, } be any point. Consider the
n + 1 square matrix M;; with 1’s along the diagonal, 0’s below the diagonal, and

Mij:Gj*i(é.;giv"'7§j*1;o‘i7"'7O‘j7176i5"'aﬁj71) for 1SZ<]STL+1

Denote this matrix by Mg, viewed as a function of £&. The differential equation (10.7)
translates into an equation of the form dM, = M for some square matrix €2 of
1-forms. It follows that M, ' M; satisfies the same equation. Therefore, we define

GY(&&,. . &ivon, .o qi, By, Bi) = (M) "Me)1 41 for0<i<n
These functions satisfy the differential equation (10.7) and vanish at £ = g if i > 1.

10.2. Reminders on iterated integrals. Given a smooth manifold M over R, a
smooth path v : [0,1] — M, and smooth one-forms wy,...,w, on M, the iterated
integral of wy,...,wy, along v is defined to be 1 if n = 0, and for n > 1:

A orin = [ e ) @)

Let A be the C*° de Rham complex on M, and let V(A) denote the zeroth cohomology
of the reduced bar complex of A. Choose a basepoint o € M, and let I, denote the
differential R-algebra of multivalued holomorphic functions on M with global unipotent
monodromy. A theorem due to Chen [6] states that the map V(A4) — V(M) given by

(10.8) Z crlwiy| - |wi,] Z cr / Wiy« Wi,
I:(i17~~~;in) I v
is an isomorphism, where - is any path from g to z, and the iterated integrals are viewed

as functions of the endpoint z. In particular, they only depend on the homotopy class
of v relative to its endpoints. The differential with respect to z is

(10.9) %Zq/wil...win:chwil/\/wh...win.
I v I v

By successive differentiation, and using formula (10.9), we can reconstruct a bar ele-
ment in V(A) which corresponds via (10.8) to any given function in I(M). We shall
apply this in the following situation. Suppose that X — A is a connected Q-model for
A, so we have an isomorphism V(X)®gR = V(A). Denote the image of the map V(X)
in I(M) by I(M)g. It defines a Q-structure on the algebra I(M). If F € I(M)g, its
bar element in V(X ) will be a unique element of T(X1!) by (5.2) (since X is connected).
In the sequel, M will be a single elliptic curve with several punctures. We have a fam-
ily of functions F C I(M), which are the functions obtained by averaging, and want
to show that F = I(M)g. For this we shall write the elements of F as elements of
V(X) ®g R by computing their differential equations, and check that: firstly they lie
in V(X), and secondly, using our explicit description of V' (X), that they span V(X).
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10.3. Integrable words corresponding to the elliptic polylogarithms.
Definition 69. Define the shuffle exponential to be the formal power series:

em(ov) =Y Z—TVIH” => a"[y...[v] € T@QW]]e]] -

n>0 n>0
n

The leading term in the series (n = 0) is the empty word. Note that if wo, ..., w, are
symbols and z = em (awp) then we have

(10.10) ru[wi|ws] ... |wy] = [z|lwi|z|ws|. .. |zjw,|z]
as an equality of power series in « with coefficients in T(Quwo ® Qw1 @ ... D Quwy,).

Lemma 70. Let 9,& € £, and let «, B be formal parameters, and v = o« — 73. Then
we have the following equality of generating series of multivalued functions:

¢
(10.11)  e(Be+7m,) (E1(&5 @ B) — Ea(g5 0, 3)) :/ [2(&lem (='W — )]

where we write 0 = s, + 1,7 (recall that { =s+rT).

Proof. Recall that w(®) = d¢ and v = 2widr. Let f/ = 2miB. It therefore follows
immediately from definition 69 and the shuffle product for iterated integrals that

13
o(— B — 1+ Bo + ry) = / e (—Fw® — ) |

0

We have dE1(§; o, 8) = e(—BE)F(&;v)dE and Q(&;y) = e(yr)F(&;v)dE. Hence
dE; (&, B) = e(=BE — 1) Q&) -

Combining these two facts, we see that, by (10.9),

§
d(LHS of (10.11)) = Q(m)/ em (AW —qv),

e
so the differentials of both sides of (10.11) agree, and both vanish at £ = p. O

It is straightforward to verify that the coefficients in the right-hand side of (10.11)
are integrable words in V(X1) ®q C. For n > 1, let us define

(1012) Hn(§7gv ﬁ) = e(ﬁl,...,n@ + ’71,...,77,769) Gﬁ(&v 617 ey 5717 A1y ...,0p, 617 v 7/811)

where we recall that 81, = 81 + ...+ B, and likewise for 7. By construction, the
coeflicients of H are combinations of elliptic multiple polylogs.

Recall that X, is our rational model for the de Rham complex of £ and a — @ :
X, — Xp, is the restriction to the fiber. For any a,...,ar € Xy, let us write

[a1]...]ag] = [@1]...|ax] € X%k ,
and extend this definition in the obvious way for formal power series in T'(X,,).

Proposition 71. The generating series of functions H, is the iterated integral:
§__
(10.13) Hn(§a,p) = / Wa(E) ,
0
on the fiber E\{&1, ..., &} of (10.6), where Wi (€) = [QU& — & v1)|em (—Bw® —y1v)],
and Wy, is defined inductively for n > 2 by
Wn(g) = [Q(é-n - 6; ’7n)|eH.I (_ﬁ;,w(O) - Wny) mWn—l(&)] .

Formula (10.13) also remains valid in the case when the marked points &, 1 <i < n,
are not necessarily distinct.
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Proof. The case n = 1 is essentially equation (10.11). For n > 1, we have by (10.7):
dHn(g) = e(ﬂn@ + 'YnTg)dEl (gn - 5; Qp, 671) anl(f)

and furthermore, H,(9) = 0. The proof of the proposition in the generic case, i.e.,
when all & are distinct follows by induction just as lemma 70. Finally, it follows from
lemma 66 that H,,(¢; a, §) has no singularities along & = ¢; for 1 < ¢ < j < n, and so
equation (10.13) remains true after degeneration of the arguments &;. (I

Note that both sides of (10.13) have simple poles in the variables v, ...,,. Here-
after, extracting the coefficients of a generating series such as either side of (10.13) will
mean multiplying by 71 .. .7, and taking the Taylor expansion in o, ;.

10.4. Comparison theorem. Let ¥ = {o0y,...,0,} be distinct points on &, where
oo = 0. Fix a basepoint ¢ € £\X. Define F,(E\X) to be the Q-algebra of multivalued
functions spanned by the function r — r,, and the coefficients of the functions

(10.14) Hy(&61, ..., 6n;0,0), for all n > 1, where &,...,8, €% .
For every o € 3, let us write w((f) for the coefficients of

Qe —oia) = Y wiai ™!,

n>0

and set 1, = w,(,l) - w,(,i), for ¢ # 0. Recall that our model X, for the punctured
elliptic curve E\X is generated by 7 and the WS for i > 0,0 € ¥ (lemma 10).

Theorem 72. The map f; V(XE,) — Fo(E\X) is an isomorphism.

Proof. By (10.10), the integrand W, (&) of proposition 71 can also be written:
(10.15) [ﬁ(gn - §§'Yn)|Pn|ﬁ(§nfl =& Ynn—1)|Pa-al] ... |§(€1 =& n,...1) | P1]
where P; = eqp (=3, ;@ —~,. 7) for 1 <i <n. The functions (10.14) correspond

.....

to the constant terms in (10.15) with respect to (;, namely the iterated integrals:

I _
(1016) / [ (gn =& an)|eHl (_anv)l s |Q(£l =& an,...,1)|em (_an,...,lv)] :

One easily checks that (10.16) is integrable, but this also follows from equation (10.13),
since the iterated integral only depends on the endpoint £, and not the path of inte-
gration chosen. Thus the coefficients of (10.16) with respect to a lie in V(Xp,).

It suffices to show that the iterated integral of every element of V(Xp, ) arises in

this way. For this, choose any numbers ¢1,...,&, € {0,1}. By the multilinearity of
bar elements, the iterated integral from p to £ of any integrable word of the form
(10.17) Q& — & an) — e, an)|em (—anD)] . ..

QUG = Gam,) — a1 o, ) lem (—am,.. 1 7))
also lies in F,(E\X). Now let mp : V(Xg,) — grV(XF,) be the map which projects
onto the associated graded for the length filtration, and extended to power series in
the obvious way. It kills all Massey products of weight > 2. In particular,

(o -&a) - UGa) = 7,
w(ﬁ(o —& a)) = w0q?
Applying 7y to (10.17) (multiplied by g ... a, to clear the poles in «;) gives a gener-
ating series in aj, ..., a, whose coefficients are all words of the form

(10.18) mET* ... maT 2 my v
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where 71, ...,%; are any non-negative integers, and

Tl PO ife; =0

It is easy to verify that every word in {7, w“”,ml, .37y, }* is a linear combination
of shuffle products of 7...7 with elements (10.18). It follows from the description (see
proposition 23 and preceding discussion):

g'V(Xp,)=2T(QreQw ¥ eQr,, @...0Q7, ),

that the iterated integral of every element in V(X ) appears a linear combination of
products of the function
4
=T, = / v
0

with coefficients of (10.17). This completes the proof. O

In particular, every iterated integral on £* can be obtained in this way. Our model
V(X;) defines a Q-structure on the de Rham fundamental groupoid of £*, hence:

Corollary 73. The periods of the prounipotent fundamental groupoid ,II¢(E*) for any
initial point o € £ and endpoint & € £, lie in the Q-algebra generated by r—r,, and
the coefficients of (10.14) with respect to the o ’s.

10.5. Generalizations. One can extend theorem 72 to the case where p is a tangen-
tial basepoint at one of the points o € ¥. As a result, a higher-dimensional version
of theorem 72 can also be deduced from theorem 26, which states that the iterated
integrals on the configuration space £ are products of iterated integrals on the fibers
of the map £™ — £=1) which is the one-dimensional case treated above. Therefore
all iterated integrals on £(™ can be obtained from our averaging procedure.
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