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The Problem of Motion in General Relativity

» Solve
1 GG \H\
Ry — §R9W = —— 1 L\\
or R’[uf = ()

 Taking into account radiation damping
effects

 Extract physical (gauge-invariant) results



Early History of the Problem of Motion

Einstein 1912 : geodesic principle — fm\/—g,m/ dx!t dz¥

Einstein 1913-1916 post-Minkowskian ¢, (z) = 1., + hu(x) , b < 1
2 3

Einstein, Droste : post-Newtonian hoo ~ hij ~ =, hos ~ — , Boh ~ —B;h
(3 02 ) 2 CS ) c 2

Mercury’s perihelion : Einstein-Besso 1913, Droste 1914, Einstein 1915

N-body problem in PN theory: Droste 1916, De Sitter 1916, [Lorentz-Droste 1917],
Chazy 1928,1930, Levi-Civita 1937



Early History : Various Approaches

/ * Einstein-Grossmann’13 :V,u" =0 + T = pu"u” = V,TH =0

* Post-Newtonian: 1916 in Leiden [with p = O, “rigid spheres™]:
Droste, Lorentz, Einstein (visiting Leiden), De Sitter ;
Lorentz-Droste ‘17, Chazy 28, Levi-Civita '37 ....,

e Laterrv, 7" =0 ; T =p' u'u’ +pg"’ = V,u" = O(Vp)
Eddington’ 21, ..., Lichnerowicz ‘39, Fock ‘39, Papapetrou ‘51,
... Dixon ‘64, Bailey-Israel ‘75, Ehlers-Rudolph 77....

* Fitting a worldtube containing a singularity
Weyl '21, Einstein-Grommer '27, Einstein-Infeld-Hoffman ‘38,...

/ » O-function source: Mathisson’31,..., Infeld 54

» Regularization / Renormalization issues for point particles
\ World-tubes : Dirac ’38, Bhabha-Harish-Chandra ‘44, ...

Analytic continuation: Riesz ‘39, Fremberg ‘46, Ma ‘47, ... 3



Lichnerowicz and the Problem of Motion

M 1939 “ Problémes Globaux” “ conditions de raccordement “

Continuation: from the inside towards the outside, or from the outside to the inside
“la frontiere S doit étre dans ce cas [p = 0] engendrée par des géodésiques du
ds? extérieur.”

“Filling” ("meubler”) a worldtube:
A fillable worldtube necessarily contains singularities of the exterior field
A static, filled 2-body spacetime necessarily contains singularities somewhere

1943 “L'intégration des équations de la gravitation relativiste et le probleme
des n-corps”

“ Beaucoup d’auteurs, entre autres de Sitter et Levi-Civita, se sont occupés
du probléme des n corps en relativité générale. Mais ils se sont toujours

.| bornés a la recherche de solutions approchées et les approximations

\CS faites apparaissent parfois, notamment chez de Sitter, comme plus ou

moins arbitraires. Je me propose ici de construire un exemple de données
de Cauchy compatible avec le probléme des n corps [K = 0, gij = ¢* & ij].
A de telles données correspondra une solution rigoureuse de ce probléme,
dont I'évolution dans le temps sera régie par les équations [d’évolution]

et pourra étre obtenue par une intégration numeérique de ces équations.”

Quite useful today in Numerical Relativity 4



Later History : New Tools

* Post-Minkowskian: Bertotti ‘56, Havas’'57, Kerr’59,
Bertotti-Plebanski'60, Havas-Goldberg’62, Schmutzer ‘66, ...,
Thorne-Kovacs ‘75, ... , Rosenblum 78, Westpfahl-Galler ‘79,
Bel et al. ‘81, Damour ‘82, Ledvinka-Schafer-Bicak ‘08

- ADM Hamiltonian formalism: Kimura ‘61 [1PN],
Ohta-Okamura-Kimura-Hiida ‘74 [2PN], Schafer ‘85 [2.5PN],
Jaranowski-Schafer ‘98 [3PN],....

« Reduced Action a la Fokker ‘29: Infeld ’57, Infeld-Plebanski 60,

i HT
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- Quantum S-matrix = potential

one-graviton exchange : Corinaldesi 56 ‘71,
Barker-Gupta-Haracz 66, Barker-O’Connell 70, Hiida-Okamura 72

Nonlinear: Iwasaki 7 [1PN],
Okamura-Ohta-Kimura-Hiida 73[2 PN]



1974-: Discovery of the Hulse-Taylor Binary Pulsar

Many entangled issues and a motivation for improving the methods
* need to reach the radiation-damping level 2.5 PN = (v/c)*5

* need an approach valid for strongly-self gravitating bodies

* need to tackle IR divergent integrals in PN schemes

* need to tackle UV divergent integrals when using 0-sources

* need to include spin effects

* need to derive gauge-invariant, observable effects

 need a relativistic timing formula



1979-1983: The “Quadrupole Controversy”

A flurry of (sometimes conflicting) results

* Old results: Eddington, Infeld, Peres, Carmeli, Havas, Hu, Burke,
Chandrasekhar, ....

 New results: Walker-Will 80, Kerlick 80, Schutz 80,
Breuer-Rudolph 81, Papapetrou-Linet 81, McCrea 81,

Rosenblum 81, Damour-Deruelle 81-82, Futamase 83,
Schafer 85, Kopeikin 85, .....



New Techniques in the Problem of Motion (1)

« Multi-chart approach and matched asymptotic expansions:
necessary for strongly self-gravitating bodies (NS, BH)
Manasse (Wheeler) ‘63, Demianski-Grishchuk 74, D’Eath ‘75,
Kates ‘80, Damour ‘82

Useful even for weakly _ Locat CHAeT oAb Eipier
self-gravitating bodies, e Xa o wor sy XS
D C : % B
l.e.“relativistic celestial : ( ( /74 Bé /

. [}) TlME
mechanics’, I . -~
Brumberg-Kopeikin '89, ‘ . \
Damour-Soffel-Xu ‘91-94 h i 2\

SPACE \

Lack of rigorous (/ \
mathemathical results '




New Techniques in the Problem of Motion (2)

Skeletonization : T:uu — point-masses

delta-functions in GR : Infeld '54, Infeld-Plebanski '60,..., Eardley 75

QFT’s dimensional regularization (Bollini-Giambiagi 72, t'Hooft-Veltman ’72)

imported in GR (Damour ’80, Damour-Jaranowski-Schafer 01, ...)

Feynman-like diagrams and '\’\,\N 4 oeee

« Effective Field Theory » techniques

Bertotti-Plebanski ‘60,

Damour-Esposito-Farese '96,
Goldberger-Rothstein '06, Porto ‘06, Gilmore-Ross’ 08, Levi '10,
Foffa-Sturani ’11 ‘13, Levi-Steinhoff ‘14, ‘15



Post-Newtonian Equations of Motion [2-body, wo spins]

* 1PN (including v?/c?) Lorentz-Droste 17, EIH 38, Eddington-Clark '38

« 2PN (inc. v*/c*) Ohta-Okamura-Kimura-Hiida ‘74, Damour-Deruelle '81
Damour '82, Schafer ‘85, Kopeikin ‘85

« 2.5 PN (inc. v°/c®) Damour-Deruelle ‘81, Damour ‘82, Schafer '85,
Kopeikin ‘85

* 3 PN (inc. v0/c®) Jaranowski-Schéafer ‘98, Blanchet-Faye ‘00,
Damour-Jaranowski-Schafer ‘01, Itoh-Futamase ‘03,
Blanchet-Damour-Esposito-Farése’ 04, Foffa-Sturani ‘11

* 3.5 PN (inc. v’ /c”) lyer-Will '93, Jaranowski-Schafer ‘97, Pati-Will ‘02,
Konigsdorffer-Faye-Schafer ‘03, Nissanke-Blanchet ‘05, Itoh ‘09

« 4PN (inc. v8/c8) Jaranowski-Schéafer '13, Foffa-Sturani 13,
Bini-Damour 13, Damour-Jaranowski-Schafer "14
New feature : non-locality in time
[Recent piecewize confirmations of 4PN: Bini-Damour-Geralico 15, 10
Hopper-Kavanagh-Ottewill 15, Bernard et al 15, Akcay-vandeMeent 15,...]



2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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2-body Taylor-expanded 3PN Hamiltonian [JS 98, DJS 01]
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2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]
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Gravitational Radiation

1916, 1918 Einstein : h,, h, and quadrupole formula
Relativistic, multipolar extensions of LO quadrupole radiation :
Mathews '62, |
Bonnor-Rotenberg '66,
Campbell-Morgan 71,
Campbell et al '75,
Thorne '80,
Blanchet-Damour 86,
Damour-lyer '91,

Will et al ‘00




Taylor-expanded 3.5PN waveform

Blanchet,lyer, Joguet 02, Blanchet, Damour, Esposito-Farese, lyer 04, Kidder 07, Blanchet et al. 08, Faye et al 12,

Bohé, Marsat, Blanchet, Buonanno 13-15
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Gravitational Radiation Damping : Two Views

Balance between the E and J of the system and GW losses at infinity

(Landau-Lifshitz, Fock, Peters-Mathews )

Radiation Reaction : « Laplace-Eddington

effect »

Eddington 1924 : « The problem of the double
star is more difficult ; we should have to take .3
account of the effect of the gravitational field in

disturbing the propagation of its own potentials

and we cannot be sure that even the sign of (1)

[quadrupole energy loss] is correct. »

1974 Hulse-Taylor binary pulsar : new motivation
2.5 PN equation of motion (T.D. '82) showed that binary pulsar data give a direct

proof that the gravitational interaction propagates at velocity c a la GR
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Numerical Relativity

Uses solution of Initial-Value Constraints (a la Lichnerowicz, ...) and a numerical
Integration of improved formulations of the Evolution Equations (a la Choquet-Bruhat, ....

2005 breakthrough (Pretorius '05, Campanelli et al ‘06, Baker et al ’06, Diener et al ’06,

Brigmann et al, Boyle et al, Rezzolla, Hinder, Pollney, Reisswig, Mroué, Scheel,

Szilagyi, Pfeiffer, ...) many impressive results for binary systems of BH or NS (Shibata,

Hotokezaka, Rezzolla, Baiotti, Brigmann, Bernuzzi, Hilditch, ....)

18
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Caltech-Cornell-CITA catalog of gravitational waveforms

A catalog of 171 lmgh-quality binary black-hole simulations for gravitational-wave

astronomy [arXiv: 1304.6077]

Abdul H. Mroué,! Mark A. Scheel,? Béla Szildgyi,? Harald P. Pfeiffer,! Michael Boyle,® Daniel A. Hemberger,®
Lawrence E. Kidder,® Geoffrey Lovelace* ? Sergei Ossokine,!® Nicholas W. Taylor,? Anil Zenginoglu,? Luisa
T. Buchman,? Tony Chu,! Evan Foley,! Matthew Giesler, Robert Owen,® and Saul A. Teukolsky®
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FIG. 3: Waveforms from all simulations in the catalog. Shown here are h, (blue) and h; (red) in a sky direction parallel to
the imitial orbital plane of each simulation. All plots have the same horizontal scale, with each tick representing a time interval 19

of 2000M, where M is the total mass.



Gravitational Self-Force Theory : m, << m,

* First-order beyond the geodesic test-mass dynamics :
one-loop in BH background

DeWitt-Brehme ’60, Mino-Sasaki-Tanaka 97,
Quinn-Wald '97, ..., Barack-Ori 02,
Mino-Nakano-Sasaki ‘03, Detweiler-Whiting '03

« Uses BH perturbation theory : Regge-Wheeler '57,
Zerilli 70, Teukolsky 72, Mano-Suzuki-Takasugi 96

« Motivated by LISA-type astrophysics, but useful for getting the
terms linear in g = m,/m, either to (very) high PN orders, or

numericallly. 20



Gravitational Self-Force Theory : m, << m,

 Analytical high-PN results : Blanchet-Detweiler-LeTiec-Whiting '10,
Damour '10, Blanchet et al ‘10, LeTiec et al '12, Bini-Damour '13-15,
Kavanagh-Ottewill-Wardell '15

* (gauge-invariant) Numerical results : Detweiler ‘08, Barack-Sago '09,
Blanchet-Detweiler-LeTiec-Whiting 10, Barack-Damour-Sago '10, Shah-
Friedman-Keidl '12, Dolan et al '14, Nolan et al '15, ...

 Analytical PN results from high-precision (hundreds to thousands of
digits !) numerical results : Shah-Friedman-Whiting 14, Johnson-McDaniel-
Shah-Whiting '15

21



GSF: Analytical High PN results (1) (Bini-Damour '15)
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GSF: Analytical High PN results (2) (Kavanagh etal '15)
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Templates for GWs from BBH coalescence

(Brady, Craighton, Thorne 1998)
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Importance of an analytical formalism

» Theoretical: physical understanding of the coalescence process,
especially in complicated situations (arbitrary spins)

»Practical: need many thousands of accurate GW templates for
detection & data analysis;
need some “analytical” representation of waveform
templates as f(m,m,,S.,S,)

»Solution: synergy between analytical & numerical relativity

_/25
non perturbative information




An improved analytical approach

EFFECTIVE ONE BODY (EOB)

approach to the two-body problem

Buonanno,Damour 99

Buonanno,Damour 00

Damour, Jaranowski,Schafer 00

Damour 01, Buonanno, Chen, Damour 05,
Barausse, Buonanno, 10 ... Damour,Nagar 14
Damour, Nagar 07, Damour, lyer, Nagar 08

Buonanno, Cook, Pretorius 07, Buonanno, Pan, Taracchini,...

Damour, Nagar 10
Bini, Damour 13, Damour, Jaranowski, Schafer 15

(2 PN Hamiltonian)
(Rad.Reac. full waveform)
(3 PN Hamiltonian)

(

spin)

(factorized waveform)
(comparison to NR)
(tidal effects)

(4 PN Hamiltonian)
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EOB approach to the two-body problem

1. Replace the conservative PN dynamics of two bodies, m,, m, by the

dynamics of a particle of mass| 1 — ?’11.1’?’}1.2/(?’}1.1 -+ mg)

moving in some effective metric gi{;f which is a deformation of a

Schwarzschild (or Kerr) metric of mass M = m, + m, by the parameter :
v = /M =mims/(mq + ’rr:e.g)2

2. Resum the PN waveform hresum

3. Add a radiation-reaction force | JF U@TES“”E}

4. Complete the inspiral + plunge + merger gravitational waveform emitted by

the EOB dynamics by attaching a ringdown waveform

(Vishveshwara 70, Davis-Ruffini-Press-Price 71, Davis-Ruffini-Tiomno 72)



Real dynamics versus Effective dynamics

Real dynamics Effective dynamics

R — %

eff
G G? 9uv
1 loop
S = — / pds + . .
G3 G*
2 loops 3 loops

G2 G3 G4 1
H:H()—|— (GH1+C_2H2+?H3+FH4> (1—|—C—2—|—>

Effective metric

dstg = —A(r)dt® + B(r)dr® + r? (d6® + sin® 60dyp?)
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Two-body/EOB “correspondence”:
think guantum-mechanically (Wheeler)

Real 2-body system (m,, m,)
(in the c.o.m. frame)

Sommerfeld “Old

Em.\l
Mc?

metric gWeff(M)

&= f(E)
A
Eort
_____________________ ;u:2 o o e B e A AN e

n+1,0

—n+1,/+1

n,{

—n+1,0+1

an effective particle of
mass p in some effective

aSeff 8Seff
2 jng
M +geff axu ax,,

+0(p") =0

Figure 1: Sketch of the correspondence between the quantized energy levels of

the real and effective conservative dynamics. n denotes the ‘principal quantum

Quantum Mechanics”:

J=(h=35=¢p,do
N=nh=171 +4+]J
I, = 5= ¢ p,dr

Hclassical(q’p)

Hclassical(la)

\ 4

Equantum ( Ia

nah) _ f—l [ggflflantum

(1" = nah)
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The EOB energy map

Real 2-body system (m,, m,)
(in the c.o.m. frame)

Simple energy map E . % %
eff
2M

an effective particle of
Mass py=m, m,/(m_ +m,) in
some effec;five

metric 9’ (M)

o 2
S = Ereal

Hpop = M\/ 1420 (Fleff _ 1)

M = mqy+ mo
v = myms/(my + msy)?
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Explicit form of the 3PN EOB effective Hamiltonian

The effective metric gweff(M) at 3PN
ds?> = —A(r)dt?> + B(r)dr* + r*(d0? + sin’0d ¢?).

where the coefficients are a v-dependent “deformation” of the Schwarzschild ones:

Aszpn(R) =1 —2u+2v u3—|—a4v u? a4=9?4—;1—;7t2:18-6879027
(A(R)B(R))3px = 1 — 6Vi* +2(3v — 26)vu’ u = GM/(c?r)
“Simple effective Hamiitonian
2 4
~ | P Pr A 1/2
Hop = .|p2 A1+ -2+ 73—) oo (A
eff Pr, ( }"2 3 rz ) Pr, = (B) Dy

i

crucial EOB “radial potential” A(r)
31



2-body Taylor-expanded 3PN Hamiltonian [JS98, DJS00,01]
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NR-completed resummed 5PN EOB radial A potential

4PN analytically complete + 5 PN logarithmic term in the A(u, nu) function,
With u = GM/R and nu =m1 m2/(m1 + m2)"2

[Damour 09, Blanchet et al 10, Barack-Damour-Sago 10, Le Tiec et al 11,
Barausse et al 11, Akcay et al 12, Bini-Damour 13,
Damour-Jaranowski-Schafer 14, Nagar-Damour-Reisswig-Pollney 15]

Alusv,ag) = P51

: 94 41
1 — 2u—|—2uu3 + v (— — —7r2> u?

C 4237 2275 221 41 , 64 o J -
_ i 2 In(16e2
v 60+512”+( 6+327T>V+5n( )| B
o ey - (T4 N T
14 N\ ) — UV 11
6 105 5 o

g¢NVR-tuned 3y — 81.38 — 1330.6 v + 3097.3 2
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2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]
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Comparing the EOB A potentials of Nagar et al 15 and

Taracchini et al 14 to ASchw=1 — 2M/r

0.8

0.7

0.6

0.3

0.2

0.1

— EOB: This paper
—— EOB: Taracchini et al. |
— — - Schwarzschild

3 4 5 6 7 8 9
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Binary BH coalescence: Analytical Relativity vs NR[CC]

H
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| | | | | | | I | | |
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Inspiral + « plunge » Ringdown
e Two orbiting point-masses: Ringing BH

Resummed dynamics



Energy and Angular Momentum in Spinning and

AEEOBNR

Nonspinning Black-Hole Binaries : E(J)

I I
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_0.04__ — 4PN q=1, (X17X2) — (07 O)
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-0.05 _— — — EOB, F, =0
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= merger (EOB)

I I

i Damour,Nagar,
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ol 00384 |
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0(x) and periastron advance in (comparable-mass)
Black Hole binaries (Le Tiec et al. 2011)
Ke=0=0/QF = (NR=01A (23

AW
Keos =\ | Dujag

1_190)

Ksk = m [ + 0("2)] .

where A, = dAp/du, and A = ApA), + 2u(A), )2 — uA pAlp
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FIG. 1: The periastron advance K of an equal mass black hole binary, in FIG. 2: Same as in Fig. [1] but for a mass ratio ¢ = 1/8. Note that for an
the limit of zero eccentricity, as a function of the orbital frequency Qg of orbital frequency mQ, ~ 0.03, coresponding to a separation r ~ 10m, the
the circular motion. The NR msults are indicated by the cyan-shaded region. periastron advance reaches half an orbit per radial period.

The PN and EOB results am valid at 3PN order. The lower panel shows the

relative difference 8K /K = (K — Kxgr ) /Kng.-

Since p(x) > 0 for all stable circular orbits, the &(g) GSF
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Strong-Field Scattering of Two Black Holes

(Damour, Guercilena, Hinder, Hopper, Nagar, Rezzolla 2014)
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EOB/NR unfaithfulness =1 - F for spinning BBH

Nagar et al 2015 [ similar results in Taracchini et al 2014]
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Binary neutron stars: Tidal EOB [NR] potential

Bernuzzi, Nagar, Dietrich & Damour 2015 [based on Bini-Damour 2014]
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Conclusions on the “Problem of Motion”

Poincaré : “ll n’y a pas de problémes résolus et d’autres qui ne le sont pas;
Il y a seulement des problemes plus ou moins résolus.”

Experimentally, gravitational wave astronomy is about to start :
LIGO/Virgo/GEO/KAGRA/LIGO-India/...

One of the prime GW sources that one expects to detect is the GW signal
emitted by coalescing binary systems (BH, NS)

The study of the motion and radiation of binary systems recently made

a lot of progress, in several different directions : PN, GSF, EOB, EFT, NR.
There is a useful synergy between the various methods (e.g. recent GSF
confirmations of 4PN dynamics)

There exist a traditional synergy between Mathematical Relativity and
Numerical Relativity (Darmois, Lichnerowicz, Choquet-Bruhat, ....)

Lack of mathematical results on n-body pb (Matched Asymptotic Expansions)

There exists a complementarity between Numerical Relativity and Analytical
Relativity, especially when using the particular resummation of perturbative results
defined by the Effective One Body formalism.

The NR- tuned EOB formalism is likely to be essential for computing

the many thousands of accurate GW templates needed for LIGO/Virgo/... 42



