BIG PICARD THEOREM AND ALGEBRAIC HYPERBOLICITY FOR
VARIETIES ADMITTING A VARIATION OF HODGE STRUCTURES

YA DENG

ABSTRACT. In this paper we study various notions of hyperbolicity for varieties ad-
mitting complex polarized variation of Hodge structures (C-PVHS for short). In the
first part we prove that if a quasi-projective manifold U admits a C-PVHS whose pe-
riod map is quasi-finite, then U is algebraically hyperbolic in the sense of Demailly,
and that the generalized big Picard theorem holds for U: any holomorphic map from
the punctured unit disk to U extends to a holomorphic map of the unit disk A into any
projective compactification of U. This result generalizes a recent work by Bakker-
Brunebarbe-Tsimerman. In the second part, we prove the strong hyperbolicity for va-
rieties admitting C-PVHS, which is analogous to previous works by Nadel, Rousseau,
Brunebarbe and Cadorel on arithmetic locally symmetric varieties. In the last part,
we show how the techniques developed in this paper yield some new perspectives for
hyperbolicity of arithmetic locally symmetric varieties.
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0. INTRODUCTION

0.1. Background. The classical big Picard theorem says that any holomorphic map
from the punctured disk A* into P! which omits three points can be extended to a
holomorphic map A — P!, where A denotes the unit disk. Therefore, we introduce a
new notation of hyperbolicity which generalizes the big Picard theorem.

Definition 0.1 (Picard hyperbolicity). Let U be a Zariski open set of a compact Kahler
manifold Y. U is called Picard hyperbolic if any holomorphic map f : A* — U extends
to a holomorphic map f: A — Y.

Picard hyperbolic varieties first attracted the author’s interests because of the recent
interesting work [JK18b] by Javanpeykar-Kucharczyk on the algebraicity of analytic
maps. In [JK18b, Definition 1.1], they introduce a new notion of hyperbolicity: a quasi-
projective variety U is Borel hyperbolic if any holomorphic map from a quasi-projective
variety to U is necessarily algebraic. In [JK18b, Corollary 3.11] they prove that a Picard
hyperbolic variety is Borel hyperbolic. We refer the readers to [JK18b, §1] for their
motivation on the Borel hyperbolicity. Picard hyperbolic varieties fascinate us further
when we realize in Proposition 3.4 that a more general extension theorem is also valid
for them: any holomorphic map from A? x (A*)? to the manifold U in Definition 0.1
extends to a meromorphic map from AP*7 to Y.

By A. Borel [Bor72] and Kobayashi-Ochiai [KO71], it has long been known to us that
the quotients of bounded symmetric domains by torsion free arithmetic lattice are hy-
perbolically embedded into their Baily-Borel compactification, and thus they are Picard
hyperbolic (see [Kob98, Theorem 6.1.3]). A transcendental analogue of bounded sym-
metric domains is the rich theory of period domain, which was first introduced by Grif-
fiths [Gri68a] and was later systematically studied by him in the seminal work [Gri68b,
Gri70a, Gri70b]. Griffiths further conjectured that the image of a ‘period map’ is alge-
braic and that the period map is algebraic. In [JK18b, §1.1] Javanpeykar-Kucharczyk
formulated an inspiring variant of Griffiths’ conjecture as follows.

Conjecture 0.2 (Griffiths, Javanpeykar-Kucharczyk). An algebraic variety U which
admits a quasi-finite period map U — Z)/I- is Borel hyperbolic.

Unlike Hermitian symmetric spaces, except the classical cases (abelian varieties, and

K3 type), the quotient of period domain Z)/r in Conjecture 0.2 is never an algebraic
variety, and the global monodromy groups I is not arithmetic in general. However, it
is still expected and conjectured by Griffiths that there is a ‘partial compactification’

for Z)/r analogous to the Baily-Borel-Satake compactification in the sense of [Gri70b,

Conjecture 9.2] or [GGLR17, Conjecture 1.2.2]. For a period map p : U — D/r, in
[GGLR17] Green-Griffiths-Lazza-Robles constructed Hodge theoretic completion for
the image p(U) when dimp(U) = 1, 2.

In a recent remarkable work [BBT18], Bakker-Brunebarbe-Tsimerman proved (among
others) that a variety (or more generally Deligne-Mumford stacks) admitting a quasi-
finite Rapexp-period map is Borel hyperbolic. Since they applied the tools from o-
minimal structures, they have to assume that the monodromy group of variation of
Hodge structures they studied are arithmetic. In this paper, we extend their theorem
to the Picard hyperbolicity, and we also remove their arithmeticity condition for mon-
odromy groups.

0.2. Big Picard theorem and algebraic hyperbolicity. The first result is the fol-
lowing.
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Theorem A. Let Y be a complex projective manifold and let D be a simple normal cross-
ing divisor on Y. Assume that there is a complex polarized variation of Hodge structures
(C-PVHS for short) over U := Y — D with discrete monodromy group and local unipotent
monodromies around D whose period map is quasi-finite (i.e. every fiber is a finite set).
Then U is both algebraically hyperbolic, and Picard hyperbolic. In particular, U is Borel
hyperbolic.

We refer the reader to § 1.1 for complex polarized variation of Hodge structures
(C-PVHS for short), and to Definition 3.1 for the definition of algebraic hyperbolic-
ity. Let us mention that this result yields a new proof for Borel’s extension theorem
(see Theorem 5.2), since there is a canonical C-PVHS on the quotient of bounded sym-
metric domain by torsion free arithmetic lattice whose period map is immersive (see
Theorem 5.1). As a consequence of Theorem A, we obtain the following result for va-
rieties admitting an integral variation of Hodge structures, which in particular proves
Conjecture 0.2.

Theorem B. Let U be a quasi-projective manifold and let (V,V, F®, Q) be an integral
polarized variation of Hodge structures over U, whose period map is quasi-finite. Then U
is both algebraically hyperbolic and Picard hyperbolic. In particular, U is Borel hyperbolic.

Let us mention that when the monodromy group of polarized variation of Hodge
structures (V, V, F*, Q) in Theorem B is assumed to be arithmetic, Borel hyperbolicity
of the quasi-projective manifold U in Theorem B has been proven in [BBT18, Corol-
lary 7.1], and algebraic hyperbolicity of U is implicitly shown by Javanpeykar-Litt
in [JL19, Theorem 4.2] if local monodromies (V,V, F®,Q) at infinity are unipotent
(see Remark 3.3). Our proofs of Theorems A and B are based on complex analytic
and Hodge theoretic methods, and it does not use the delicate o-minimal geometry
in [PS08,PS09, BKT18,BBT18].

We can even generalize Theorems A and B to higher dimensional domain spaces.

Corollary C (=Theorems A and B+Proposition 3.4). Let U be the quasi-projective man-
ifold in Theorem A or Theorem B, and let Y be a smooth projective compactification of
U. Then any holomorphic map f : AP X (A*)4 — U extends to a meromorphic map
f: AP*9 -5 Y. In particular, if W is a Zariski open set of a compact complex manifold X,
then any holomorphic map g : W — U extends to a meromorphic mapg : X --» Y.

0.3. Lang conjecture and strong hyperbolicity. Let us introduce several defini-
tions of hyperbolicity. We refer the readers to the recent survey by Javenpeykar [Jav20Db,
§8] for more details and the relations among them.

Definition 0.3 (Notions of hyperbolicity). Let X be a complex projective manifold and
let Z C X be a closed subset of X.

(1) The variety X is called Kobayashi hyperbolic modulo Z if the Kobayashi pseudo-
distance dx(x,y) > 0 for distinct points x,y € X not both contained in Z. If Z can
be chosen to be a proper Zariski closed subset, then we say X is pseudo Kobayashi
hyperbolic.

(2) The variety X is called Picard hyperbolic modulo Z if any holomorphic map y : A* —
X not contained in Z extends across the origin. If Z can be chosen to be a proper
Zariski closed subset, then we say X is pseudo Picard hyperbolic.

(3) The variety X is called Brody hyperbolic modulo Z if any entire curve y : C — X is
contained in Z.

It is easy to show that if X is pseudo Kobayashi hyperbolic or pseudo Picard hyper-
bolic modulo a proper closed subvariety Z, then X is Brody hyperbolic moduli Z.
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A tantalizing conjecture by Lang [Lan91, Chapter VIII. Conjecture 1.4] predicts the
connection between positivity in algebraic geometry and hyperbolicity as follows.

Conjecture 0.4 (Lang). A projective manifold is of general type if and only if it is pseudo
Kobayashi hyperbolic.

In a similar vein, it is quite natural to propose the following conjecture, as suggested
in [Jav20b, Remark 8.10].

Conjecture 0.5. A projective manifold is of general type if and only if it is pseudo Picard
hyperbolic.

In the second part of the paper we prove strong hyperbolicity (notion first introduced
in [Brulé6]) for varieties admitting C-PVHS, motivated by previous works of [Nad89,
Roul6,Brul6,Cad16,Cad18] for arithmetic locally symmetric varieties.

Theorem D. Let Y be a complex projective manifold and let D = Y,;_; D; be a simple
normal crossing divisor onY. Assume that there is a C-PVHS (V,V, F*, Q) overU := Y—-D
whose period map is generically immersive. Assume moreover that the local monodromies
of (V,V,F®,Q) around D is unipotent, and that (V,V,F®,Q) has injective local mon-
odromy representation around D (see Definition 4.2). Then there is a finite étale cover
U — U and a projective compactification X of U so that

(i) the variety X is of general type;
(ii) the variety X is pseudo Kobayashi hyperbolic;
(iii) the variety X is pseudo Picard hyperbolic.

Based on Theorem D, one can prove a more refined result, which is also conjectured
by Javanpeykar [Jav20a].

Corollary E. Let (Y,D) be a log pair. Assume that there is a C-PVHS (V,V,F®,Q)
over U := Y — D with discrete monodromy group whose period map is quasi-finite. As-
sume moreover that the local monodromies of (V,V, F®, Q) around D is unipotent, and
that (V,V, F*, Q) has injective local monodromy representation around D (see Defini-
tion 4.2). Then there is a finite étale cover U — U and a projective compactification X of
U so that

(i) any Zariski closed subvariety of X is of general type if it is not contained in D :=
X-U.

(i) The variety X is Picard hyperbolic modulo D;

(iii) the variety X is Brody hyperbolic modulo D.

Theorem D and Corollary E provide a new class of examples verifying Conjec-
tures 0.4 and 0.5. Moreover, we can apply Theorem D to prove a strong hyperbolicity
for arithmetic locally symmetric varieties.

Theorem F (=Theorem 5.4). Let U := D/r be the quotient of be a bounded symmetric
domain D by a torsion free arithmetic lattice I' € Aut(D). Then there is a finite étale
cover U — U and a projective compactification X of U so that X is Picard hyperbolic
modulo X — U.

Let us stress here that, previously, Rousseau [Roul6] proved that the variety X in
Theorem F is Kobayashi hyperbolic modulo X — U, and Brunebarbe [Brul6] proved
that any Zariski closed subvariety not contained in X — U is of general type.

0.4. Main strategy.
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0.4.1. Why not Hodge metric? Let Y be a projective manifold and let D be a simple nor-
mal crossing divisor on Y. Assume that there isa C-PVHS (V,V,F*,Q) onU =Y — D.

Then there is a natural holomorphic map, so-called period map, p : U — Z)/F where
D is the period domain associated to (V,V, F*, Q) (see [CMSP17] or [KKM11, §4.3]
for the definition) and I" is the monodromy group. The period domain 9 admits a
canonical (I'-invariant) hermitian metric hy, and by Griffiths-Schmid [GS69] its holo-
morphic sectional curvatures along horizontal directions are bounded from above by
a negative constant. One can thus easily show the Kobayashi hyperbolicity of U if p
is immersive everywhere. Indeed, since p is tangent to the horizontal subbundle of Ty
by the Griffiths transversality, one can pull back the metric hp to U by p and by the
curvature decreasing property, the holomorphic sectional curvature of the hermitian
(moreover Kéhler) metric hy := p*hp on U is also bounded from above by a negative
constant. This Kahler metric hy is quite useful in proving that the log cotangent bundle
Qy(log D) is big and that (Y, D) is of log general type in the work [Zu000,Bru18,BC17].
However, such metric hy is not sufficient to prove the Picard hyperbolicity of U since
hy might degenerate in a bad way near the boundary D and thus its curvature behav-
ior near D is unclear to us. To the best of our knowledge, it should be quite difficult
to prove that U is Picard hyperbolic or algebraically hyperbolic without knowing the
precise information of hy near D.

0.4.2. A Finsler metric on the compactification. The recent work [DLSZ19] on the Pi-
card hyperbolicity of moduli of polarized manifolds by Lu, Sun, Zuo and the author
motivated us to prove Theorem A. An important tool (amongs others) in this work, is a
particular Higgs bundle constructed by Viehweg-Zuo [VZ02,VZ03] (later developed by
Popael al. [PS17,PTW19] using mixed Hodge modules), which contains a globally pos-
itive line bundle over the compactification Y rather than U. This positive line bundle
originates from Kawamata’s deep work [Kaw85] on the Iitaka conjecture: for an alge-
braic fiber space f : X — Y between projective manifolds whose geometric generic
fiber admits a good minimal model, det f.(mKy/y) is big for m > 0 if f has maxi-
mal variation. In an ingenious way, Viehweg-Zuo [VZ02, VZ03] applied Viehweg’s
fiber product and cyclic cover tricks to transfer Kawamata’s positivity det f.(mKy/y)
to their Higgs bundles.

We first note that in the case that there is a C-PVHS (V,V, F*, Q) over Y — D where
(Y, D) is a log pair, one also has a strictly positive line bundle on U if the period map
is generically immersive, which was constructed by Griffiths in [Gri70a] half century
ago! Based on the work [CKS86,Kas85] on the asymptotic estimate for Hodge metrics
at infinity, Bakker-Brunebarbe-Tsimerman [BBT18] showed that this Griffiths line bun-
dle extends to a big line bundle Lg;; over Y if the monodromies of (V,V, F®, Q) around
D are unipotent (see Lemma 1.4). As we will see later, the Griffiths line bundle plays
a similar role as the Kawamata positivity described above. Indeed, based on the above
C-PVHS (V,V, F*, Q) we construct a Higgs bundle (E, 0) = (©p1g=mEP, ®p+g=mbpq) on
the log pair (Y, D) so that the Griffiths line bundle Lg,; is contained in some higher stage
EPo% of E. This Higgs bundle shares some similarities with the Viehweg-Zuo Higgs
bundle in [VZ02,VZ03] (see Remark 1.7). Inspired by our previous work [Den18] on
the proof of Viehweg-Zuo’s conjecture on Brody hyperbolicity of moduli of polarized
manifolds, in Theorem 1.9 we show that (E, 0) still enjoys a ‘partially’ infinitesimal
Torelli property. This enables us construct a negatively curved, and generically posi-
tively definite Finsler metric on U, in a similar vein as [Den18].

Theorem 0.6 (=Theorem 1.6+Theorem 2.6). Let Y be a projective manifold and let D
be a simple normal crossing divisor on Y. Assume that there is a C-PVHS over Y — D
with local unipotent monodromies around D, whose period map is generically immersive.
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Then there are a Finsler metric h (see Definition 2.1) on Ty (—log D) which is positively
definite on a dense Zariski open set U° of Y — D, and a smooth Kdhler form w on Y such
that for any holomorphic mapy : C — U from an open set C C C to U, one has

(0.4.1) V-1dalogly' (1)} = v o.

Let us mention that, though we only construct (possibly degenerate) Finsler met-
ric over Ty(—log D), it follows from (0.4.1) that we know exactly the behavior of its
curvature near the boundary D since w is a smooth Kéhler form over Y. The proof
of Theorem A is then based on Theorem 0.6 and the following criteria for big Picard
theorem established in [DLSZ19] whose proof is Nevanlinna theoretic.

Theorem 0.7 ( [DLSZ19, Theorem A]). Let Y be a projective manifold and let D be a
simple normal crossing divisoron'Y. Let f : A* — Y — D be a holomorphic map. Assume
that there is a (possibly degenerate) Finsler metric h of Ty (— log D) such that |f"(t) Ii %0,
and

(0.4.2) %\/—_185 log |f' ()7 > ffw

for some smooth Kdhler metricw on Y. Then f extends to a holomorphic map]_C A - Y.

Let us also mention that the Finsler metric constructed in Theorem 0.6 is also cru-
cially used in the proof of Theorem D.

Acknowledgments. I would like to thank Professors Junyan Cao, Jean-Pierre De-
mailly, Philippe Eyssidieux, Ariyan Javanpeykar, Bruno Klingler, Steven Lu, Mihai
Paun, Erwan Rousseau, Emmanuel Ullmo and Kang Zuo, and Jiaming Chen for discus-
sions. I specially thank Professor Ariyan Javanpeykar for his interests, various com-
ments and suggestions on this paper; in particular, § 4 was kindly suggested by him
during his visit 2 'THES. This work is supported by ‘le Fonds Chern de 'THES’.

NoTATIONS AND CONVENTIONS

o A log pair (Y, D) consists of a smooth projective manifold and a simple normal cross-
ing divisor D, and such log pair (Y, D) is called a log-compactification of the quasi-
projective manifold Y — D.

o A log morphism f : (X,E) — (Y, D) between log pairs is a morphism f : X — Y
with E ¢ £~1(D).

e For line bundles L; and L on a projective manifold, we write L; > L if L; ® L, lis
effective.

e For a big line bundle L on a projective manifold, B, (L) denotes its augmented base
locus (see [Laz04, Definition 10.3.2]).

e C-PVHS stands for complex polarized variation of Hodge structures.

e An arithmetic locally symmetric variety is the quotient D/r of a bounded symmetric
domain D by a torsion-free arithmetic lattice I' € Aut(D).
1. CONSTRUCTION OF SPECIAL HIGGS BUNDLES

1.1. Preliminary on C-PVHS.

Definition 1.1. A Higgs bundle on a log pair (Y, D) is a pair (E, #) consisting of a
holomorphic vector bundle E on Y and an Oy-linear map

0:E— E®Qy(logD)
so that 8 A 6 = 0. Such 0 is called Higgs field.
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Following Simpson [Sim88], a complex polarized variation of Hodge structures of
weight m over U = Y — D is a C*-vector bundle V = @,,4-,, V7 and a flat connection
V satistying Griffiths’ transversality condition.

(1.1.1) V VP4 — ASL(VPHLETY) @ AL (VP) @ AV (VPRI

and such that a polarization exists; this is a sesquilinear form Q(e, ) over V, hermitian
symmetric or antisymmetric as m is even or odd, invariant under V, such that the
Hodge decomposition V' = @,44-m, V9 is orthogonal and such that

hi= (V=1)P9Q(e,0) > 0

on VP4,

Let us decompose V into operators of (1,0) and (0, 1)

V=V +V’
and thus V” induces a complex structure on V. We define a filtration
FPy =vPigyrtite...g ™
and by (1.1.1) FPV is invariant under V”. Hence FPV can be equipped with the complex
structure inherited from (V, V"), and the filtration
F :V=FV>FV>...25F" > F"™V ={0}

is called the Hodge filtration. Such data (V, V, F®, Q) is called a complex polarized vari-
ation of Hodge structures (C-PVHS for short) on U.
Note that the flat connection V in (1.1.1) induces an Oy -linear map

Npg : FPV/FPY'V — (FP'V/FPV) @ Qu.

Let us denote by F := &,(FPV/FP*'V) and n = @,1,4. Then (F, 1) is a Higgs bundle
onU.

We say the C-PVHS (V, V, F*, Q) on U has unipotent monodromies around D if local
monodromies around D of the local system on U induced by the flat bundle (V, V) are
all unipotent.

For two C-PVHS (V1, V4, F*V1, Q1) and (Va, Vy, F*V,, Q) of weight m; and m, over
Y — D, one can define their tensor product, which is still C-PVHS with weight m; +
my. Moreover, if they both have unipotent monodromies around D, so is their tensor
product.

Remark 1.2. It is well-known that C-PVHS are quite close to real variation of Hodge
structures (R-PVHS for short, see [CKS86] for a previse definition). Indeed, one can
obtain a R-PVHS by adding the C-PVHS with its conjugate. In particular, the estimate
of Hodge metric at infinity of a R-PVHS in [CKS86] also holds true for C-PVHS.

For a C-PVHS (V,V, F*, Q) defined over U = Y — D with unipotent monodromies
around D, there is a canonical way to extend it to a Higgs bundle over the log pair

(Y,D). By Deligne, V has a locally free extension V to Y such that V extends to a
logarithmic connection

V:V - V®Qy(logD)
with nilpotent residues. For each p we set
FV=uFPVnV
where 1 : U < Y is the inclusive map. By Schmid’s nilpotent orbit theorem [Sch73],

both F'V and the graded term = ]?PV/FPHV are locally free, and V induces an
Oy-linear map

Moo B 1= F " ® y(logD).
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Hence the pair

(1.1.2) (F.7) = (®pegemF - Bpagmmilpg)
is a Higgs bundle on the log pair (Y, D), which extends (F, 1) defined over U.

Definition 1.3. We say that Higgs bundle (F,7) over (Y, D) in (1.1.2) is canonically
induced by the C-PVHS (V,V, F*, Q).

1.2. Griffiths line bundle. For the C-PVHS (V,V, F*, Q) defined over U as above,
in [Gri70a], Griffiths constructed a line bundle Lg,; on U, which he called the canonical
bundle of (V,V,F*, Q). When the local monodromies of (V,V, F®, Q) around D are
unipotent and the period map of (V,V, F®, Q) is generically immersive, it seems well-
known to the experts (see e.g. [Zuo00, p. 280] or [BBT18, Lemma 6.4]) that the Griffiths
bundle extends to a big and nef line bundle on Y.

Lemma 1.4. Let (Y, D) be a log pair. Let (V,V,F* Q) be a C-PVHS of weight m over
Y — D with unipotent monodromies around D, whose period map is generically immersive.
Then the Griffiths line bundle

Lo = (det F™)®m @ (det B )MV g ... @detF "

is a big and nef line bundle on Y. Here (®p+q:mﬁp’q, Dp+g=mll,q) is the Higgs bundle on
(Y, D) canonically induced by (V,V, F*, Q) defined in Definition 1.3.

We need a refined result of Lemma 1.4, which shall be used in the proof of Theo-
rem D.

Lemma 1.5. Let (Y, D) be a log pair. Let (V,V,F*, Q) be a C-PVHS over Y — D with
discrete monodromy group and local unipotent monodromies around D, whose period
map is quasi-finite. Then the Griffiths line bundle L is a big and nef line bundle on Y,
which is ample over Y — D; namely its augmented base locus B, (L) C D.

Proof. By Lemma 1.4 we know that L is big and nef. By a theorem of Nakamaye [Laz04,
Theorem 10.3.5], we know that the null locus Null(L) = B,(L). Recall that the null
locus is defined by
Null(L) := U z
ZQY; LdmZ.7=0

where the union is taken over all irreducible positive dimensional closed subvarieties
Z of Y. It then suffices to prove that L™ . Z > 0 for any irreducible closed subvariety
Z not contained in D. We take a desingularization v : Z — Z so that D := v"1(D) is
simple normal crossing. Then v : (Z,Dz) — (Y, D) is a log morphism, and one has a
natural morphism v*Qy(log D) — Qz(log Dz).

Let (®p+q=m1?p’q, ®p+g=mT],4) be the Higgs bundle on (Y, D) canonically induced by
(V,V,F® Q) defined in Definition 1.3. Set EP4 := v*l?p’q, and define 0, to be the
composition map

vF L P T g V' Qy(log D) — yE T Qz(log Dy).

Then (®p+q=mEP?, ®psg=mbp,q) is a Higgs bundle on (Z, D7) canonically induced by the
C-PVHS p*(V,V,F*,Q), where i : Z — Dz — Y — D is the restriction of v to Z — Dy .
Note that p*(V,V, F®, Q) also has local unipotent monodromies around D. Since y is
generically immersive, the period map of p*(V,V, F®, Q) is also generically immersive.
By Lemma 1.4, the Griffiths line bundle of (&4¢=mEY, ®p14=m0p,q) is also big and nef.
Namely,

L' = (detE™*)®" @ (det E" )2 D g ... g det EV™!



HYPERBOLICITIES OF VARIETIES ADMITTING PVHS 9

is a big and nef line bundle. Note that L := (det Fm’o)@" ® (detﬁm_l’l)g’(m_l) ® - ®
detF"""'. Hence v*L = L is big and nef. Hence

LdimZ~ . Z — (V*L)dimZ > 0.
It follows that B, (L) C D. The lemma is proved. O

1.3. Special Higgs bundles induced by C-PVHS. Let (Y, D) be alog pair. Let (V,V, F*, Q)
be a C-PVHS of weight m over Y — D with unipotent monodromies around D, whose
period map is generically immersive. Let (F,7) be the Higgs bundle over the log pair
(Y, D) canonically induced by (V,V, F®, Q) defined in Definition 1.3. Let us denote by
rp :=rank FP9, and r == mry, + (m — 1)rpm_q + -+ + 711,

We define a new Higgs bundle (E, 0) on (Y, D) by setting (E, 0) := (]?, 77)®". Precisely,
E = F®r, and

0=7®1® - ®1+10701®-- @1+ +1®---® 1®7.
| —— [ | ——

(r—1)—tuple (r—2)—tuple (r—1)—tuple
We have the (Hodge) decomposition
E = @P+Q:rmEP’Q

with

P19 TPrqr
(1.3.1) EP’Q = ®Pl+'"+Pr=P;ql+"'+qr=QFpl ! ® oo ® F

Hence
6 : EM? — EP-19%1 @ Qy (log D).
One can easily show that (E, 0) is canonically induced by the C-PVHS (V, V, F*, Q)®"

in the sense of Definition 1.3. Note that the tensor product (V, V, F*, Q)®" has weight
m - r, and also has unipotent monodromies around D.

Note that det ¥ 7 = A F (fp’q)@”ﬁ c F*' . Hence
Lo == (det F™)®m@(det F "M Dg. . .@detF" ' c (F")®ng...@F " )®1 c E
Moreover, by (1.3.1), one has
Lari © B

with Py = rpm? + 1 (m = 1)? + -+ +r1, and Py + Qo = rm.
In summary, we construct a special Higgs bundle on the log pair (Y, D) as follows.

Theorem 1.6. Let (Y, D) be a log pair. Let (V,V, F*, Q) be a C-PVHS over Y — D with
unipotent monodromies around D, whose period map is generically immersive. Then there
is a Higgs bundle (E, 0) = (®p+q=eEP, ®p1g=10p4) on the log pair (Y, D) satisfying the
following conditions.

(i) The Higgs field 0 satisfies
0 : EP1 — EP71* @ Qy(log D)

(ii) (E,0) is canonically induced (in the sense of Definition 1.3) by some C-PVHS over
Y — D of weight ¢ with unipotent monodromies around D.

(iii) There is a big and nef line bundle L over Y such that L C EP*? for some py + qo =
L. i

Remark 1.7. The interested readers can compare the Higgs bundle in Theorem 1.6 with
the Viehweg-Zuo Higgs bundle in [VZ02,VZ03] (see also [PTW19]). Loosely speaking,
a Viehweg-Zuo Higgs bundle for a log pair (Y, D) is a Higgs bundle (E = ®,44-mE™4, 0)
over (Y, D + S) induced by some (geometric) Z-PVHS defined over a Zariski open set
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of Y — (D US), where S is another divisor on Y so that D + S is simple normal crossing.
The extra data is that there is a sub-Higgs sheaf (F = @,44=mF"?, 1) C (E, 0) such that
the first stage F™° is a big line bundle, and

n: FP1 — FP~14"1 @ Qy(log D).

As we explained in § 0.4.2, the positivity F* comes in a sophisticated way from the
Kawamata’s big line bundle det f.(mKy,y) where f : X — Y is some algebraic fiber
space between projective manifolds. For our Higgs bundle (E = @4-nE9, 0) over the
log pair (Y, D) in Theorem 1.6, the global positivity is the Griffiths line bundle which
is contained in some intermediate stage EP*% of (E = @p14=-mEP, 0).

1.4. Iterating Higgs fields. Let (E = ®,44-,E"%, 0) be a Higgs bundle on a log pair
(Y, D) satisfying the three conditions in Theorem 1.6. We apply ideas by Viehweg-
Zuo [VZ02,VZ03] to iterate Higgs fields.

Since 0 : EP9 — EP14*1 @ Qy(log D), one can iterate 6 by k-times to obtain

EPodo — EPomL0tl @ Oy (log D) — - - - — EP Rk @ @k (log D)
Since 0 A 6 = 0, the above morphism factors through
(1.4.1) EPodo s EPoRaotk @ SymFQy (log D)
Since L is a subsheaf of EP>% it induces
L — EPoRaotk @ Symk Qy (log D)
which is equivalent to a morphism
(1.4.2) 7 : Sym Ty (= log D) — L7 @ EPo~Fdotk

The readers might be worried that all 7 might be trivial so that the above construction
will be meaningless. In the next subsection, we will show that this indeed cannot
happen.

1.5. An infinitesimal Torelli-type theorem. We first follow ideas in [VZ03, §7] to
give some “proper” metric on the special Higgs bundle (E, §) constructed in Theo-
rem 1.6. A more general result for Z-PVHS with quasi-unipotent monodromies are
obtained by Popa-Taji-Wu [PTW19].

Let (E = ®p1¢q=EP9, 0) be a Higgs bundle on a log pair (Y, D) satisfying the three
conditions in Theorem 1.6. Write the simple normal crossing divisor D = Dy + -+ - +
Dy. Let fp, € H°(Y,Oy(D;)) be the canonical section defining D;. We fix a smooth
hermitian metrics gp, on Oy(D;). After rescaling gp,, we assume that |fp, |ng_ < 1 for
i=1,...,k. Set

k
rp = | [(~logIfn.l2,)-
i=1

Let g be a singular hermitian metric with analytic singularities of the big and nef line
bundle L such that g is smooth on Y \ B, (L) where B, (L) is the augmented base locus
of L, and the curvature current \/—_1@)9 (L) > w for some smooth Kahler form w on Y.
For a € N, define

hy =g (rp)”
The following proposition is a variant of [VZ03, §7] (see also [PTW19, §3] for a more
general statement).

Proposition 1.8. When a > 0, after rescaling fp,, there exists a continuous, positively
definite hermitian form w, on Ty(—log D) such that
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(i) the curvature form
V=10, (L), = 15° - @ary, V=104, (L) 2 o

where w is a smooth Kdihler metriconY, and Uy := Y \ (D UB4(L)).

(ii) The singular hermitian metric h := hgl ® hnod on L™ ® E is locally bounded on Y,
and smooth outside D U B, (L), where hyoq is the Hodge metric for the Higgs bundle
(E, 0)|y. Moreover, h vanishes on D U B, (L).

(iii) The singular hermitian metricrih on L™' ® E is also locally bounded on'Y and van-
ishes on D. O

Let us explain the idea of the proof for Proposition 1.8. Proposition 1.8.(i) follows
from an easy computation. Recall that local monodromies around D of the local system
induced by C-PVHS (E, 0)|y are assumed to be unipotent. By the deep work by Cattani-
Kaplan-Schmid [CKS86] (see also [VZ03, Claim 7.8]) on the estimate of Hodge metrics,
we know that the Hodge norms for local sections of E have at most logarithmic growth
near D, which can be controlled by r# if a > 0.

Now let us prove the following result which is a variant of [Den18, Theorem D].
It in particular answers the question in last subsection, and this result is crucial in
constructing negatively curved Finsler metric over Ty (—log D) in Theorem 0.6.

Theorem 1.9 (Infinitesimal Torelli-type property). The morphism 71 : Ty(—log D) —
L1 ® EPo=L90*! defined in (1.4.2) is always generically injective.

The proof is almost the same at that of [Den18, Theorem D]. We provide it here for
completeness sake.

Proof of Theorem 1.9. By Theorem 1.6.(iii), the inclusion L c EP*% induces a global
section s € H'(Y, L' ® EP>%), which is generically non-vanishing over U = Y — D. Set

(1.5.1) Uy ={yeY - (DUBLL)) |s(y) # 0}

which is a non-empty Zariski open set of U. Since the Hodge metric hypoq is a direct
sum of metrics h, on EP4, the metric h for L' ® E is a direct sum of metrics h;' - h,
on L™! ® EP4, which is smooth over Uy := Y — (D UB,(L)). Let us denote D’ to be the
(1,0)-part of its Chern connection over Uy, and O to be its curvature form. Then by
the Griffiths curvature formula of Hodge bundles (see [CMSP17, p. 363]), over U, we
have

©=-0r; ®1+1® 06y, (E)
= _®L,hL ® 1] - ﬂ ® (H;Oqu /\ epo’qo) - ﬂ ® (0p0+1’q0_1 /\ 9;0_'_1"]0_1)
(1.5.2) = _®L,hL ®1- G;O,qo A GPO,CIO - 9P0+1)CI0_1 A 6;0“,‘]0—1
where we set
Opq = Olzpa : EPT — EP719*1 @ Qy (log D)
and N
Opg=10®0,,: L' ®EM — L' @ BP9 @ Qy(log D)

and define é;,q to be the adjoint of ép,q with respect to the metric ;' - h. Hence over
U; one has

{V-10(s), S}h V=1{D’s,s}y A {s,D’s}, V—-1{D’s,D’s},
+ —_
s} s s}
- {V—l@(s),s}h

[sI?

~V-199log |s|? =

(1.5.3)



12 YA DENG
thanks to Cauchy-Schwarz inequality

V-1ls|7 - {D’s,D's}p, = V=1{D’s, s} A {s,D's}p.
Putting (1.5.2) to (1.5.3), over U; one has

= V=162 A By o (5), s
\/__IGL,hL - ‘/—_188 log |s|i < _{ P0:q0 0,9 }h

12
{\/—_19~p0+1,q0_1 A é;oﬂ,qo—l (s), s}h
i 2
= ﬁ{épo’q"(s)’ épo’qo(s)}h + {é;;o"'l,CIo—l(s)’é;0+1,q0—1(s)}h
<, o8
(1.5.4) < V—_l{épo,qol(sl)z, Opoan ()},
Slh

where épo,CIo(s) € H(Y,L™ ! ® EP~L9*1 @ Qy(log D)). By Proposition 1.8.(ii), one has
|s|ﬁ(y) = 0 for any y € D U B, (L). Therefore, there exists y, € Uy so that |s|i(yo) >
|s|?(y) for any y € Up. Hence |s|?(yo) > 0, and by (1.5.1), yo € Uj. Since |s|? is
smooth over Uy, V-19dlog |s|}21 is semi-negative at yy by the maximal principle. By
Proposition 1.8.(1), V=10, is strictly positive at yo. By (1.5.4) and |s|}21(y0) > 0, we
conclude that V-1 {épo,qo(s)’ épo,qo(s)} , is strictly positive at yo. In particular, for any
non-zero & € Ty, épo,qo(s)(f) # 0. For

71 : Ty(=log D) — L™! ® EPo~ 1401

in (1.4.2), over U it is defined by 7;(&) := épo,qo (s)(&), which is thus injective at y, € Us.
Hence 7y is generically injective. The theorem is thus proved. O

2. CONSTRUCTION OF NEGATIVELY CURVED FINSLER METRIC

We first introduce the definition of Finsler metric.

Definition 2.1 (Finsler metric). Let E be a holomorphic vector bundle on a complex
manifold X. A Finsler metric on E is a real non-negative continuous function h : E —
[0, 400 such that

h(av) = |alh(v)

for any a € Cand v € E. The metric h is positively definite at a subset U C X if h(v) > 0
for any nonzero v € E, and any x € U.

We shall mention that our definition is a bit different from that in [Kob98, Chap-
ter 2, §3], which requires convexity, and the Finsler metric therein can be upper-semi
continuous.

Let (E = ®p1¢q=¢E9, 0) be a Higgs bundle on a log pair (Y, D) satisfying the three
conditions in Theorem 1.6. We adopt the same notations as those in Theorem 1.6
and § 1.5 throughout this section. Let us denote by n the largest non-negative number
for k so that 7 in (1.4.2) is not trivial. By Theorem 1.9, n > 0. Following [Den18, §2.3]
we construct Finsler metrics Fy, ..., F, on Ty(—log D) as follows. By (1.4.2), for each
k=1,...,n, there exists

Tk - Sykay(— log D) — L_l ® EPO—k>QO+k.
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Then it follows from Proposition 1.8.(ii) that the (Finsler) metric h on L™! @ EPo—Fqo+k
induces a Finsler metric F on Ty (—log D) defined as follows: for any e € Ty(—log D),

(2.0.1) Fe(e) = h(r(e5))*

Let C c C be any open set of C. For any holomorphic map y : C —» U := Y — D, one
has

We denote by 9; := % the canonical vector fields in C c C, 9; := % its conjugate. The
Finsler metric Fj induces a continuous Hermitian pseudo-metric on C, defined by

(2.0.3) y*F? = V=1Gi(t)dt A dF.

2
Hence G (t) = |Tk(dy(8t)®k)|§, where 7 is defined in (1.4.2).

By Theorem 1.9, there is a Zariski open set U° of U such that U° N B,(L) = &, and
7y is injective at any point of U°. We now fix any holomorphic map y : C — U with
y(C)NU° # &. By Proposition 1.8.(ii), the metric h for L"! ® E is smooth and positively
definite over U — B, (L). Hence G;(t) # 0. Let C° be an (non-empty) open set of C
whose complement C \ C° is a discrete set so that

e The image y(C°) c U°.

e Forevery k = 1,...,n, either G¢(t) = 0 on C° or Gi(t) > 0 for any t € C°.

e y/(t) # 0 for any t € C°, namely y|c- : C° — U° is immersive everywhere.
By the definition of Gk (t), if G¢(t) = 0 for some k > 1, then Tk(é??k) = 0 where 7} is
defined in (1.4.2). Note that one has rk+1(af’(’“+”) = 0((3%%)) (3;), where

0=1,-060:L"'®E - L' ®E® Qy(logD)
We thus conclude that G,;(t) = 0. Hence it exists 1 < m < n so that the set {k |

Gi(t) > 0over C°} ={1,...,m},and Gy(t) =0 forall £ =m+1,...,n. From now on,
all the computations are made over C° if not specified.
Using the same computations in the proof of [Den18, Proposition 2.10], we have

following curvature formula.

Theorem 2.2. Fork =1,...,m, over C° one has
82 lo G1 - GZ .
(2.0.4) Tif > Opp, (01, 9r) — G—j if k=1,
#logGr 1 - Gllz G;’fi )
(2.0.5) i 2 z(@)L,,,L(at, 9) + e G—Z if k> 1.
k-1 k

Here we make the convention that G,,.1 = 0 and g = 0. We also write 9; (resp. o;) for

dy(ay) (resp. dy(9;)) abusively, where dy is defined in (2.0.2). O

Let us mention that in [Den18, eq. (2.2.11)] we drop the term Oy p, (¢, J;) in (2.0.5),
though it can be easily seen from the proof of [Den18, Lemma 2.7].

We will follows ideas in [Den18, §2.3] (inspired by [TY15,BPW17,Sch17]) to intro-
duce a new Finsler metric F on Ty(—log D) by taking convex sum in the following
form

(2.0.6) F =4 Z kaxF?.
k=1

where a1, ...,a, € R" are some constants which will be fixed later.
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For the above y : C — U with y(C) N U° # &, we write
y*F? = V=1H(t)dt A dF.
Then

(2.0.7) H(t) = Z koG (1),
k=1

where Gy, is defined in (2.0.3). Recall that for k = 1,...,m, Gi(t) > 0 for any t € C°.
We first recall a computational lemma by Schumacher.

Lemma 2.3 ( [Sch17, Lemma 17]). Let &; > 0 and G; be positive real numbers for
j=1,...,n. Then

» .
n G GJ
2 (“J' G-l g )
Jj=2 j-1 j-1
- -1 j+2
1 af 2 Z_ll 2 S aj—l aj 2
(2.0.8) z | - 561+ 56, + —= ~ 711G
2 a o o
2 n j=2 \&j j+1

O

Now we are ready to compute the curvature of the Finsler metric F based on Theo-
rem 2.2.

Theorem 2.4. Fix a smooth Kdhler metric w on Y. There exist universal constants 0 <
a; < ...<oayandd > 0, such that foranyy : C — U =Y — D with C an open set of C
andy(C) NU° # &, one has

(2.0.9) V=18dlog |y’ (t)|2 = 8y*w

Proof. By Theorem 1.9 and the assumption that y(C) N U°® # @, G1(t) # 0. We first
recall a result in [Den18, Lemma 2.9], and we write its proof here for it is crucial in
what follows.

Claim 2.5. There is a universal constant co > 0 (i.e. it does not depend on y) so that
OLp, (01, 0) = coGi(t) forallt € C.

Proof of Claim 2.5. Indeed, by Proposition 1.8.(i), it suffices to prove that
|02

)/*(752'0)0() c
T 7 SN0 = Lo
|71 (dy(an)l;

for some ¢y > 0, where w, is a positively definite Hermitian metric on Ty (- log D).
Note that

(2.0.10)

EAR

2 2
yrptwa) Uy (rptes) Y (@a)

2 2 - 2 ’
|Tl (dY(at))lh |al' y*ri‘h |al’ y*‘l’f(r‘%h)

|0 |0

where 7} (ré - h) is a Finsler metric (indeed continuous pseudo hermitian metric) on
Ty (—log D) by Proposition 1.8.(iii). Since Y is compact, there exists a constant ¢y > 0
such that

Wy = corf(r% - h).

Hence (2.0.10) holds for any y : C — U with y(C) N U° # &. The claim is proved. O
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By [Sch12, Lemma 8],
Z;-lzl ](ZJGJ V—laélog G]
i1 jojGi

(2.0.11) \/—_wélog(z ja;Gy) =
=

Putting (2.0.4) and (2.0.5) to (2.0.11), and making the convention that g = 0, we obtain

32 log H(t n Gk+1 Gk+1 Zn_ aka .
g—() > ( 6‘(162 + Z O[k k kel )) + k=1 @L)hL (ﬁt, at)
k

1 k-1
otot h Gk H

A H

1 Jj
1 n G]+ G an aka _
= _( ( —Qj—q -]2 )) + k=l ®L,hL (ata at)
J 1
1
1

- Jj+2 -1

08 1( 10 18 o, a 1a!

2 ﬁ("—sz+— (%— §+1)GJZ‘+ "G,

2 a, 2j=2 a; X 2ap

Zzzl .Gy, _

+ TQL,hL(at, at)
1 Jj-1 Jj+2 n—1

Claim 2.5 1 2 1n aj—l aj 2 1Oln—l 2

£ 1500 Dot 18 - D)o 15

=2 4 J+1 ¢

+ —( oGy + Z 1 Gy)OLp, (01, 0¢)
=2

One can take a; = 1, and choose the further «; > «;_; inductively so that

a? Tt
1 “j-1
(2.0.12) Cco — ? > 0, —= " T >0 Vj=2. —1
2 0{]. a]+1
Hence
0° log H(t) 07) 1
otot _( G+ Z kGi)OLp, (9, at) > _®L 1y (0, 9r)

k=2
over C°. By Proposition 1.8.(i), this implies that

_ _ 1
(2.0.13) V-18alog |y'|2 = V-1dalog H(t) > ;y*\/—_IG)L,hL > 57" w

over C° for some positive constant §, which does not depend on y. Since |y’(t)|% is
continuous and locally bounded from above over C, by the extension theorem of sub-
harmonic function, (2.0.13) holds over the whole C. Since ¢y > 0 is a constant which
does not depend on y, so are a3, . . ., &, by (2.0.12). The theorem is thus proved. O

In summary of results in this subsection, we obtain the following theorem.

Theorem 2.6. Let (E = ®,44=cEP9, 0) be a Higgs bundle on a log pair (Y, D) satisfying
the three conditions in Theorem 1.6. Then there are a Finsler metric h on Ty (—log D)
which is positively definite on a dense Zariski open set U° of U := Y — D, and a smooth
Kdhler form w on 'Y such that for any holomorphic mapy : C — U from any open subset
C of C withy(C) NU° # O, one has

(2.0.14) V-1ddlog ly'|; > v w.

Let U’ be the open set 7y in (1.4.2) is injective. Then U° = U’ — B, (L), where L is the big
line bundle in Theorem 1.6.
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3. B1G PICARD THEOREM AND ALGEBRAIC HYPERBOLICITY

3.1. Definition of algebraic hyperbolicity. Algebraic hyperbolicity for a compact
complex manifold X was introduced by Demailly in [Dem97, Definition 2.2], and he
proved in [Dem97, Theorem 2.1] that X is algebraically hyperbolic if it is Kobayashi
hyperbolicity. The notion of algebraic hyperbolicity was generalized to log pairs by
Chen [Che04].

Definition 3.1 (Algebraic hyperbolicity). Let (X, D) be a log pair. For any reduced
irreducible curve C C X such that C ¢ X, we denote by ix(C, D) the number of distinct
points in the set v=1(D), where v : C — C is the normalization of C. The log pair (X, D)
is algebraically hyperbolic if there is a smooth Kéhler metric w on X such that

29(C) =2 +i(C,D) > deg,C := /a)
C
for all curves C c X as above.

Note that 2g(C)—2+i(C, D) depends only on the complement X —D. Hence the above
notion of hyperbolicity also makes sense for quasi-projective manifolds: we say that a
quasi-projective manifold U is algebraically hyperbolic if it has a log compactification
(X, D) which is algebraically hyperbolic.

However, unlike Demailly’s theorem, it is unclear to us that Kobayashi hyperbolicity
or Picard hyperbolicity of X — D will imply the algebraic hyperbolicity of (X, D). In
[PR07] Pacienza-Rousseau proved that if X — D is hyperbolically embedded into X, the
log pair (X, D) (and thus X — D) is algebraically hyperbolic.

3.2. Proofs of main results. In this subsection, we will combine Theorem 0.7 with
Theorem 0.6 to prove main results in this paper.

(1) There are morphisms y; : X; — Y with 7 '(D) = Dj, so that each y; : X; —
pi(X;) is a birational morphism, and X, = Y with po = 1.

(2) There are smooth Finsler metrics h; for Ty, (— log D;) which is positively definite
over a Zariski open set U of U; := X; — D;.

(3) pilue - U — pi(U7) is an isomorphism.

(4) There are smooth Kahler metrics w; on X; such that for any curve y : C — U;
with C an open set of C and y(C) N U? # 0, one has

(3.2.1) V-1dalogly'l; = y*w;.

(5) Foranyi € {0,..., N}, either y;(U;) — p1;(U?) is zero dimensional, or there exists
I c{0,...,N} so that
Hi(Ui) = pi(U;) € Ujerp; (X))

Let us explain how to construct these log pairs. By the assumption, there is a C-PVHS
(V,V,F*,Q) on Y — D with the period map quasi-finite, which is thus generically im-
mersive. We then apply Theorem 0.6 to construct a Finsler metric on Ty (— log D) which
is positively definite over some Zariski open set U° of U = Y —D with the desired curva-
ture property (2.0.14). Set Xo = Y, yp = Tand U; = U°. Let Zy, ..., Z;, be all irreducible
varieties of Y — U° which are not components of D. Then Z; U... U Z,, > U \ U°. For
each i, we take a desingularization y; : X; — Z; so that D; := yl.'l (D) is a simple normal
crossing divisor in X;. For the C-PVHS ;' (V,V, F®, Q) on U; = X; — D; by pulling-back
(V,V,F® Q) via p;, its period map is generically immersive, and it also has unipotent
monodromies around D;. We then apply Theorem 0.6 to construct the desired Finsler



HYPERBOLICITIES OF VARIETIES ADMITTING PVHS 17

metrics in Item 4 for Tx,(—log D;). We iterate this construction, and since each step
the dimension of X; is strictly decreased, this algorithm stops after finite steps.
(i) We will first prove that U is Picard hyperbolic. Fix any holomorphic map f : A* —
U.If f(A*) NUy # <, then by Theorem 0.7 and Item 4, we conclude that f extends to
a holomorphic map f: A — X, = Y.

Assume now f(A*) N po(Uy) = @. By Item 5, there exists Iy C {0,..., N} so that

f(A%) € po(Uo) = po(Ug) € Ujer, (X))

Since p;(X;) are all irreducible, there exists k € I, so that f(A*) C p(Xk). Note that
Up = ,u]:l(U). Hence f(A*) C p(Up). If f(A") N e (U;) # @, by Item 3 f(A¥) is
not contained in the exceptional set of y;. Hence f can be lift to fy : A* — Uy so
that p o fi = f and fy(A*) N U; # @. By Theorem 0.7 and Item 4 again we conclude
that f; extends to a holomorphic map J_Ck : A — Xi. Hence py o J_Ck extends f. If
f(A") N e (UY) = &, we apply Item 5 to iterate the above arguments and after finite
steps there exists X; so that f(A*) C y;(U;) and f(A*) N p;(U?) # @. By Item 3, f can
be lifted to f; : A* — Uj so that y; o f; = f and fi(A*) N U # @. By Theorem 0.7 and
Item 4 again, f; extends to the origin, and so is f. We prove the Picard hyperbolicity
of U=Y-D.
(if) Let us prove the algebraic hyperbolicity of U. Fix any reduced and irreducible
curve C C Y with C ¢ D. By the above arguments, there exists i € {0,..., N} so that
C C pi(X;) and C N p;(U?) # 9. Let C; C X; be the strict transform of C under ;. By
Item 3 h;|c, is not identically equal to zero.

Denote by v; : C; — C; C X; the normalization of C;, and set P; := (i o v;)"H(D) =
v 1(D;). One has

dv; : Tz (= log P;) — vi Tx,(— log D;)

which induces a (non-trivial) pseudo hermitian metric hi == vih; over T (—logP;). By
(3.2.1), the curvature current

-1
%@)flil (K¢, (log Py)) 2 v w;

Hence
~ V-1
2g(C,~)—2+i(C,D):/ ——0;.: (K¢ (log P;)) Z/V?wi
éi Z]T i ! C~‘i

Fix a Kahler metric wy on Y. Then there is a constant ¢ > 0 so that w; > &y wy. We
thus have

2g(C;)) —2+i(C,D) > ¢ / (Hi o vi) wy = ¢ deg,, C,
C;
for pjov; : C; — C is the normalization of C. Set ¢ := inf i=0....N €. Then we conclude
that for any reduced and irreducible curve C C Y with C ¢ D, one has
29(C) = 2+i(C,D) > edeg, C

where C — C is its normalization. This shows the algebraic hyperbolicity of U.

The proof of the theorem is accomplished. O
To prove Theorem B, we need the following fact on Picard and algebraic hyperbol-

icity.

Lemma 3.2. Let U be a quasi-projective manifold and let p : U — U be a finite étale

cover. If U is Picard hyperbolic (resp. algebraically hyperbolic), then U is also Picard
hyperbolic (resp. algebraically hyperbolic).
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Proof. Let us take log-compactifications (X, D) and (Y, E) for U and U respectively, so
that p extends to a morphism p : X — Y with p ' (E) = D.

(i) Assume now U is Picard hyperbolic. For any holomorphic map f : A* — U, we
claim that there is a finite covering
oA — AT

z > Z"

so that there is a holomorphic map f : A* — U with

ALy o

L

N
Indeed, fix any based point zy € A* with xy := f(zo). Pick any yo € p~!(xp). Then
either f.(m1(A* 2)) is a finite group or f.(71(A* 29)) N pu(m1(U,y0)) 2 {0} since
p+(m(U, o)) is a subgroup of (U, x¢) with finite index. Let y € m(A*z) ~ Z
be a generator. Then f,(y") C p.(71(U,yo)) for some n € Z.,. Therefore, (f o
) (m1 (A%, 20)) € pu(m1(U, yo)), which implies that the lift f of f o x for the covering
map p exists.

Since U is Picard hyperbolic, f extends to a holomorphic map f : A — X. The

composition p o f extends f o 7. Since 7 extends to a map 7 : A — A, we thus has
lim f(2) = o £(0).

By the Riemann extension theorem, f extends to the origin holomorphically.

(ii) Assume that (X, D) is algebraically hyperbolic. Fix smooth Kéhler metrics wx and
wy on X and Y so that p"wy < wyx. Then there is a constant ¢ > 0 such that for any
reduced and irreducible curve C ¢ X with C ¢ D, one has

29(C) —2+i(C,D) > edeg,, C

where C — C is its normalization.

Take any reduced and irreducible curve C C Y with C ¢ E. Then there is a reduced
and irreducible curve C" of X so that p(C’) = C. Let v : C—-Candv :C — C
be their normalization respectively, which induces a (possibly ramified) covering map
m: C" — C so that

¢ 2
b e
c—>cC
Set P := v"1(E) and Q = (v')"'(D). Then n° : ¢’ = Q — C — P is an unramified
covering map. By Riemann-Hurwitz formula one has
29(C) —2+i(C,E) = @(Zg(é’) ~-2+i(C", D))
€ €

deg, C' 2

~degm

> degz+,,, C' = edeg,, C

deg 7
Hence (Y, E) is also algebraically hyperbolic, and so is U.
The lemma is proved. O
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Note that in [JK18a, Proposition 5.2.(1)], Javanpeykar-Kamenova proved that if X —
Y is a finite étale morphism of projective varieties over an algebraically closed field of
characteristic zero, then Y is algebraically hyperbolic provided that X is algebraically
hyperbolic.

We now show how to reduce Theorem B to Theorem A by applying Lemma 3.2.

Proof of Theorem B. Let (Y, D) be a log-compactification of U. Since there is a Z-PVHS
(V,V,F*,Q) on U, by a theorem of A. Borel, its local monodromies around D is quasi-
unipotent. By [Brul8, §3.2], there is a finite étale cover p : U — U and a log-
compactification (X, E) of U so that p*(V, V, F*, Q) has unipotent monodromies around
E. Since the period map of (V,V, F®, Q) is assumed to be quasi-finite, so is that of
p*(V,V,F*,Q). By Theorem A, we know that U is both Picard hyperbolic and alge-
braically hyperbolic, and it follows immediately from Lemma 3.2 that the same holds
for U. O

Remark 3.3. Let U be a quasi-projective manifold admitting an integral variation of
Hodge structures (V, V, F*, Q) with arithmetic monodromy group whose period map is
quasi-finite. In [JL19, Theorem 4.2] Javanpeykar-Litt proved that U is weakly bounded
in the sense of Kovacs-Lieblich [KL10, Definition 2.4] (which is weaker than algebraic
hyperbolicity). Though not mentioned explicitly, their proof of [JL19, Theorem 4.2] im-
plicitly shows that such U is also algebraically hyperbolic when local monodromies of
(V,V,F®, Q) at infinity are unipotent. Their proof is different from that of Theorem B,
and it uses the work [BBT18] on the ampleness of Griffiths line bundle of (V, V, F*, Q)
as well as the Arakelov-type inequality for Hodge bundles by Peters [Pet00].

Corollary C immediately follows from the following proposition, which is a con-
sequence of the deep extension theorem of meromorphic maps by Siu [Siu75]. The
meromorphic map in this paper is defined in the sense of Remmert, and we refer the
reader to [FG02, p. 243] for the precise definition.

Proposition 3.4. Let Y° be a Zariski open set of a compact Kdhler manifold Y. Assume
that Y° is Picard hyperbolic. Then any holomorphic map f : AP X (A*)? — Y° extends to

a meromorphic map f : AP* --> Y. In particular, any holomorphic map g from a Zariski
open set X° of a compact complex manifold X to Y° extends to a meromorphic map from
XtoY.

Proof. By [Siu75, Theorem 1], any meromorphic map from a Zariski open set Z° of a
complex manifold Z to a compact Kahler manifold Y extends to a meromorphic map
from Z to Y provided that the codimension of Z — Z° is at least 2. It then suffices
to prove the extension theorem for any holomorphic map f : A" X A* — Y°. By
the assumption that Y° is Picard hyperbolic, for any z € A’, the holomorphic map
flizxar = {z} X A* — Y° can be extended to a holomorphic map from {z} x A to

Y. It then follows from [Siu75, p.442, (*)] that f extends to a meromorphic map f :
A1 > Y. This proves the first part of the proposition. To prove the second part, we
first apply the Hironaka theorem on resolution of singularities to assume that X — X°
is a simple normal crossing divisor on X. Then for any point x € X — X° it has an
open neighborhood Q, which is isomorphic to AP*? so that X° ~ A? x (A*)? under
this isomorphism. The above arguments show that g|o_nx- extends to a meromorphic
map from Q, to Y, and thus g can be extended to a meromorphic map from X to Y.
The proposition is proved. O

By the Chow theorem, this extension theorem in particular gives an alternative
proof of the fact that Picard hyperbolic variety is moreover Borel hyperbolic, proven
in [JK18b, Corollary 3.11].
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We end this section with the following remark.

Remark 3.5. Let (E, 0) be the Higgs bundle on a log pair (Y, D) as that in Theorem 2.6.
One can also use the idea by Viehweg-Zuo [VZ02] in constructing their Viehweg-Zuo
sheaf (based on the negativity of kernels of Higgs fields by Zuo [Zuo000]) to prove
a weaker result than Theorem 2.6: for any holomorphic map y : C — U from any
open subset C of C with y(C) NU° # &, there exists a Finsler metric h¢ of Ty (— log D)
(depending on C) and a Kéhler metric w¢ for Y (also depending on C) so that |y’ (t) |}21 £0
and

V-1d9log |yl . = v wc.

It follows from our proof of Theorem A that one can also combine Theorem 0.7 with
this weaker result to prove Theorem A. The more general result Theorem 0.6 will be
used to prove Theorem D.(ii) in next section.

4. STRONG HYPERBOLICITY OF VARIETIES ADMITTING C-PVHS
We begin this section with some definitions.

Definition 4.1. Let (Y, D) be a log pair. Let y be any point of D, and let D;,, ..., D;, be
components of D containing y. An admissible coordinate around y is the tuple (U, ¢):

e U is an open subset of Y containing y.
e ¢ is an isomorphism ¢ : U — A = {(z1,...,2q) | |zil < 1} such that ¢(y) =
(0,...,0), and (p(Dl-j) ={z;=0}forany j=1,...,¢.

Definition 4.2. Let (Y,D = };_; D;) be a log pair and let (V,V, F*,Q) be a C-PVHS
over U := Y—D. Let y; be the generator of the local monodromy of (V,V, F®, Q) around
D;. We say (V,V, F®,Q) has injective local monodromy representation around D if for
any non-empty set {i1,..., ik} C {1,...,c} so that D; N---ND; # O, the subgroup
of the monodromy group generated by {y;,...,y; } is a free abelian group of rank k.

Note that the generator of the local monodromy of (V, V, F®, Q) around D; does not
depend on the choice of admissible coordinate, and thus the subgroup generated by
{viy»-- -, vi ) is always an abelian group (but might not have rank k and might have
torsion). Based on this fact, on can easily obtain the following lemma.

Lemma 4.3. Let (Y, D) be a log pair and let (V,V, F*,Q) be a C-PVHS overU :=Y — D.
(V,V, F®, Q) has injective local monodromy representation around D if and only if for any
pointy € D, the monodromy representation of the C-PVHS (V, V, F*, Q)|y—p is injective,
where (U, @) is an admissible coordinate around y.

Example 4.4. Let (Y, D) be a log pair. When D is a smooth divisor,a C-PVHS on Y — D
has injective local monodromy representation around D if and only if it has infinite
local monodromies on each irreducible component of D.

Let us briefly explain the idea of the proof for Theorem D and some related re-
sults. The starting point is the special Higgs bundle (E, 0) := (@p4g=¢EP, ®psg=0,4)
on (Y, D) constructed in Theorem 1.6. We divide the proof into four steps.

(1) The first step is to construct a generically finite surjective log morphism y : (X, D) —
(Y, D) which is étale over U and has sufficiently high ramification over D (depend-
ing on the above (E, 0)). To find this highly ramified morphism p, we apply the
well-known result that monodromy group of a C-PVHS is residually finite, and use
the Cauchy argument principle to show the high ramification around D. Let us
mention that this step is also the crucial ingredient in [Nad89,Rou16,Brul6,Cad18]
for the strong hyperbolicity of hermitian symmetric spaces, whereas they all apply



HYPERBOLICITIES OF VARIETIES ADMITTING PVHS 21

Mumford’s work [Mum?77] to add level structures to find such ramified cover for
toroidal compactifications of quotient of bounded symmetric domains.

(2) The second step is the _pull-back of the above Higgs bundle (E, 0) to (X, D) via g,
which we denote by (E, §) = (Dpig= EPY ®pig= {Qp ¢)- This Higgs bundle (E, 6) on
(X, D) satisfies the three conditions in Theorem 1.6. Moreover, some stage EPost=po
contains a big line bundle L’ which admits enough local positivity on D.

(3) The third step is to prove Theorem D.(i). We start with EP»{~?0 and iterate the Higgs
field 6, which stops at finite steps. By the negativity of the kernel of 0 due to Zuo
[Zuo00], and the strong positivity of L’, we construct an ample sheaf contained in
some symmetric differential Sym?Qy (rather than on Sym?Qx (log D)!). It follows
from a celebrated theorem of Campana-Paun [CP19] that, X is of general type. Let
us mention that this idea of iterating Higgs fields to their kernels, originally due to
Viehweg-Zuo [VZ02], has been used by Brunebarbe in [Bru16] in which he proved
similar result for hermitian symmetric space. There are also some similar results for
quotients of bounded domains by Boucksom-Diverio [BD18] and Cadorel-Diverio-
Guenancia [CDG19].

(4) The last step is to prove Theorems D.(ii) and D.(iii). We use the above Higgs bundle
(E, é) and ideas in § 2 to construct a Finsler metric F on Tx instead of Tx(—log D)
due to the enough local positivity of L’ around D. Such a metric F is generically
positive, and has holomorphic sectional curvature bounded from above by a neg-
ative constant by Theorem 2.4. By Ahlfors-Schwarz lemma, we conclude that X is
pseudo Kobayashi hyperbolic; and by Theorem 0.7 the pseudo Picard hyperbolic-
ity of X follows. Let us mention that Rousseau [Rou16] has proved similar result
for hermitian symmetric spaces, which was later refined by Cadorel [Cad18]. Their
methods use Bergman metrics for bounded symmetric domains instead of Hodge
theory.

Now we start the detailed proof of Theorem D.

Proof of Theorem D. By Theorem 1.6, there is a Higgs bundle (E, 0) = (©p4q=¢EP, ®p1q=¢0,4)
over (Y, D) satisfying the three conditions therein. In particular, there is a big line bun-

dle L on Y and an inclusion L C EP*‘~Po for some py > 0. Pick m > 0 so that L — %D

is a big Q-line bundle.

Step 1. Let us denote by p : 7 (U) — GL(r,C) the monodromy representation of
(V,V,F* Q), and denote by I" := p(m;(U)) its monodromy group, which is a finitely
generated linear group hence residually finite. For any irreducible component D; of D,
let us denote by y; € T the generator of the local monodromy of (V,V, F®, Q) around
D;. We set

S = {{in....ix} C{L,....c} | Dy n---ND; # @}.

Then for any {iy,...,ix} € S, yi,,...,y;, commute pairwise. Indeed, pick any point
y € Dj N+ N Dy — Upgi; Dy, and take an admissible coordinate (U, ¢) around y, the
fundamental group 7 (U) =~ m;((A*)* x A®*) ~ ZF which is abelian. Let e, ..., e
be the generators of ; ((A*)* x A*), namely e; is a clockwise loop around the origin
in the i-th factor A*. Then y; := p(e;). Clearly, y;,, ..., y;, commute pairwise. By the
assumption that (V,V, F*, Q) has injective local monodromy representation around D
and by Lemma 4.3, y;, .. ., y;, generates a free abelian group of rank k.

Let m be the integer chosen at the beginning. It follows from the definition of resid-
ually finite group that there is a normal subgroup I of I' with finite index so that

(4.0.1) yileoyk el
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for each {i,...,ix} € S, and each 0 < || < m. Then p~!(T) is a normal subgroup of
71(U) with finite index. Let v : U — U be the finite étale cover of U whose fundamen-
tal group is p~(T'). Then the monodromy group of v*(V,V, F*, Q) is T.

Let us take a smooth projective compactification X of U with D := X — U simple
normal crossing so that v : U — U extends to a log morphism p : (X, D) — (Y,D).
Write D = Z D where D s are irreducible components of D. Then there is {m;; € i

Z0}i=1,...c;j=1,...,n SO that
n
.U*(Dl) = Z mijD]
=

Let us endow & a partial order < so that I < J if and only if I ¢ J. For any D s
let {iy,...,ix} € S be the largest element so that y(f)j) C D;, N ---N D;,. Hence
m;; = 0 if and only if i ¢ {iy,...,ix}. Then there is a point x € f)j - Upijf)p so that
y = p(x) € Dy, N -+ N Dy — Upzi;Dy. Take admissible coordinates (W, @5z, . . ., zq)
and (U, p; w1, ..., wy) around x and y respectively so that (‘W) c U. Within these
coordinates, Dj NW = {z; = 0},and D;, N'U = {w; = 0}. Denote by (y1(2), ..., pa(z))
the expression of y within these coordinates. Then

(1(2), . 1a(2) = (2 1(2), 2] V(). e (2), - pa(2))

where v1(z), ..., V¢ (z) are holomorphic functions defined on ‘W so that neither of them
is identically equal to zero on {z; = 0}, and m;,; > 1 for p = 1,...,k. We thus can
choose a slice S := {(z1,...,2q) | {lz1l € 6,22 =0, ..., 29 = {4} € W sothat vi(z) # 0
forany z € Sand any i = 1,...,k. Let us define a loop e(8) : [0,1] — W — D by
e(0) := (ee¥ ¢, ..., ;) which is the generator of 7r; (‘W — D). By Cauchy’s argument
principle, the winding number of i, o e(6) around 0 is m;, ; for p = 1,..., k. Hence by
the following diagram

a)

> I

]

D) — m (U - D)

|

>z

%é—>ﬂz

one has i, (1) = (my, j,...,m; ;). In other words, yZ”l’j - -y;:i"’j € I. By (4.0.1), there is
somen € {1,...,k} so that m;, j > m. Note that

c k
* — —
ordDj(,u D) = E m;j = E Mi,j = Mi, j = m
i=1 p=1

This implies that the divisor *D — mD is effective.

Step 2. Let us introduce a Higgs bundle (E, 6) = (Dpig= EPA » Opg= fep ¢) on (X, D) by
pulling-back (E, 6) via p. More precisely, E4 := p*EP4 and qu is defined to be the
composition of the following maps

pEPY — ) EPTY @ 1 Qy (log D) — pfEPTM @ Qx (log D).

Note that (E, é) is a Higgs bundle on (X, D) canonically i~nduced (in the sense of Def-
inition 1.3) by the C-PVHS v*(V,V, F*,Q) defined on U. Since the period map of
vi(V,V,F*, Q) is still generically immersive, and v*(V,V, F*, Q) has local unipotent
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monodromies around D, the Higgs bundle (E, é) verifies the first two conditions in
Theorem 1.6. The pull-back p*L is still a big line bundle for y is generically finite.
Hence (E, 0) satisfies the third conditions in Theorem 1.6 for y*L C EP»t=Po,

Step 3. Now we iterate 0 by k-times as in § 1.4 to obtain a morphism
(4.0.2) EPot=po s PR Epotk @ SumF Qy (log D).
Since p*L is a subsheaf of EP*‘~P0_it induces a morphism

Nk : f'L — EP~REPotk @ Symk Qi (log D).
Write k for the largest k so that ;. is non-trivial. Then 0 < kg < po < ¢. Let us denote
by N, the kernel of 6,,,,. Hence 7y, admits a factorization

Mo : 1L = Npy_, ® Sym™Qx (log D).
This implies that ky > 0; or else, there is a morphism from the big line bundle y*L
to Np,, whose dual Nj is weakly positive in the sense of Viehweg by [Zuo00]. Write
L= y*L — ¢D, Wthh is a big line bundle since y*D — mD is an effective divisor and
L - £D is a big Q-line bundle. Hence 7, induces
L— Npy—k, ® Sym* Qx (log D) ® Ox(—¢D) Npy—k, ® Sym® Qy.

In other words, there exists a non-trivial morphism

. . k
L® Npo—ko — Sym™Qy.

is big in the sense of Viehweg. Hence there

The torsion free coherent sheaf L ® N ;o—ko

is & > 0 so that
Sym“(L ® N & ) ® Ox(-A)
is generically globally generated for some ample divisor A. Hence there is a non-trivial
morphism
Ox(A) — Sym*™Qy.
By a theorem of Campana-Paun [CP19, Corollary 8.7], X is of log general type.
Step 4. Let us prove that X is pseudo Kobayashi hyperbolic. Note that 7, induces a
morphism
7 : Sym Ty (= log D) — EPo=ké=potk g /=1
By Theorem 1.9 we know that 7; is injective on a Zariski open set U’ c U. Since
L = y*L — £D, 7; induces a morphism

% : Sym* Ty — Sym* Ty (- log D) ® Ox (¢D) — EPo—Ri-potk g [-1
which coincides with 7, over U. Hence 7, is also injective over U’. By Proposi-
tion 1.8.(ii), we can take a singular hermitian metric h; for L so that h := h_1 ® hpod ONn

L '®Eis locally bounded on Y, and smooth outside DUB, (L) where hypoq is the Hodge
metric for the Higgs bundle (E, 6) |- Moreover, h vanishes on D UB.(L). This metric
hon L ! ® E induces a Finsler metric Fi on Tx defined as follows: for any e € Tx ,,

Fi(e) = h(f(e%))F
We apply the same method in § 2 to construct a new Finsler metric F on Tx by taking
convex sum in the following form
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where a4, ..., a, € R* are certain constants. This Finsler metric F on Ty is positively
definite over U° := U’ —B.(L) for 7, is injective over U’ and A is smooth on U — B, (L).
By Theorem 2.4 one can choose aj, ..., ax, € R* properly so that forany y : C — X
with C an open set of C and y(C) N U° # @, one has

(4.0.3) V=1dalog |y’ (1|2 = y*w

for some fixed smooth Kahler form w on X. Indeed, it follows from the proof of The-
orem 2.4 that there is an open subset C° of C whose complement is a discrete set such
that (4.0.3) holds over C°. By Definition 2.1, |y’(¢) |12: is continuous and locally bounded
from above over C, and by the extension theorem of subharmonic function, (4.0.3)
holds over the whole unit disk C. By Theorem 0.7 and (4.0.3), X is Picard hyperbolic
modulo X — U°. Hence Theorem D.(iii) follows.

By Definition 2.1 again, there is ¢ > 0 so that w > eF?. Hence (4.0.3) implies that

o*log |y’ (1)|2

- > ely' ()|
MO

forany y : A — X with y(A)NU° # @. In other words, the holomorphic sectional cur-
vature of F is bounded from above by the negative constant —¢ (see [Kob98, Theorem
2.3.5]). By the Ahlfors-Schwarz lemma, we conclude that X is Kobayashi hyperbolic
modulo X — U° (see [Den18, Lemma 2.4]). In particular, X is pseudo Kobayashi hyper-
bolic. We complete the proof of the theorem. O

As a byproduct of the above proof, we obtain the following result.

Theorem 4.5. Let (Y,D) be a log pair and let (E,0) = (@psg=rEPY, ®psg=¢0,4) be a
Higgs bundle on (Y, D) satisfying the following conditions.

(1) The Higgs field 0 satisfies
6 : EP9 — EP71* @ Qy (log D)

(2) (E,0) is canonically induced (in the sense of Definition 1.3) by some C-PVHS over
Y — D of weight ¢ with unipotent monodromies around D.

(3) There is a big line bundle L over Y such that L C EP>% for some py + qo = ¢.

(4) The line bundle L — pyD is still big.

Then the projective manifold Y

(i) is of general type;

(ii) is pseudo Kobayashi hyperbolic;
(iii) is pseudo Brody hyperbolic.

Now we are able to prove Corollary E.

Proof of Corollary E. By Theorem 1.6, there is a Higgs bundle (E, ) = (®p1+q=¢EP?, ®p1q=¢0p.,)
over (Y, D) satisfying the three conditions therein. In particular, there is a big and nef
line bundle L on Y and an inclusion L C EP*‘~P0 for some py > 0. Moreover, the aug-
mented base locus B, (L) € D by Lemma 1.5. Pick m > 0 so that L — %D is a big Q-line
bundle, and B, (L — £D) c D.

Now we perform the same argument in Step 1 of the proof of Theorem D to construct
a log pair (X, D) and a log morphism p : (X, f)) — (Y, D) which is étale over U.
Moreover, y*D—mD is effective. Hence, one has B, (" (L—%D)) c DandB,(y*L) c D.

We construct a Higgs bundle (E, §) = (®p+q=[E~p’q, ®prg=t0pq) on (X, D) by pulling-
back (E, 0) via p as in Step 2 of the proof of Theorem D. It satisfies the three conditions
in Theorem 1.6, and p*L C EP'=P0 for some py.
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Let Z be any Zariski closed subvariety of X which is not contained in D. Take
a resolution of singularities g : Z — Z so that Dy := v~1(D) is simple normal
crossing. Then g : (Z,D;) — (X,D) is a log morphism which is generically fi-
nite. Following Step 2 of the proof of Theorem D again, we construct a Higgs bundle
(F,1) = (®psq=eFP, ®pig=eNp,q) on (Z, Dz) by pulling-back (E, 0) via g, which satis-
fies the first two conditions in Theorem 4.5. Moreover, one has g*u*L C FP‘~%_ Note
that g|z_p, : Z — Dy — X — D is generically immersive. Recall that B, (y*L) c D
and B, (p*(L - %D)) c D. We conclude that both ¢g*y*L and g*p*(L — %D) are big.
Moreover, one has

ko ok * * s k% [
gWL—tDz 29 (WL—tD) 2 g (L——D).

The Higgs bundle (F,n) on (Z,Dz) thus satisfies the last two conditions in Theo-
rem 4.5. In summary, we construct a Higgs bundle on (Z, D) satisfying all the condi-
tions in Theorem 4.5. By Theorem 4.5, Z is of general type. We proved Corollary E.(i).

Let us prove Corollary E.(ii). For any y : A* — X whose image is not contained
in D, let Z be its Zariski closure. Take a desingularization v : Z — 7 as above, and
let y : A* — Z be the lift of y. By the above argument and Theorem 4.5, Z is pseudo
Picard hyperbolic. Hence y extends to a holomorphic mapy : A — Z. Hencevoy
extends y. We proved Corollary E.(ii). It is an easy to see that Corollary E.(ii) implies
Corollary E.(iii). 0

Remark 4.6. Let us mention that a compact complex manifold is Kobayashi hyperbolic
if and only if it is Picard hyperbolic (see [Kob98]). However, we do not know the
relation between pseudo Kobayshi hyperbolicity and pseudo Picard hyperbolicity. We
refer the reader to [Jav20b, §8] for a conjectural picture.

5. APPLICATIONS TO ARITHMETIC LOCALLY SYMMETRIC VARIETIES

In this section we will give some applications of techniques developed in this paper
to hyperbolicity of arithmetic locally symmetric varieties. A complex manifold U =

D/r is called an arithmetic locally symmetric variety if it is the quotient of a bounded
symmetric domain 9 by a torsion free arithmetic lattice I' € Aut(9). We know that U
is quasi-projective and admits a toroidal compactification, which is indeed a projective
normal crossing compactification. The purpose of this section is as follows.

(1) We apply techniques in the proof of Theorem A to reprove the Borel extension the-
orem Theorem 5.2.

(2) We apply Theorem D to reprove a strong hyperbolicity result by Rousseau [Rou16]
for arithmetic locally symmetric varieties.

(3) We reprove the algebraic hyperbolicity for arithmetic locally symmetric varieties,
which is a consequence of [Bor72] and [PRO7].

(4) We prove the Picard hyperbolicity modulo the boundary for compactifications of
arithmetic locally symmetric varieties after passing to a finite étale cover, in the
same vein as Corollary E.(ii).

This subsection is strongly inspired by [Rou16,Bru16].

By the work of Gross [Gro94], Sheng-Zuo [SZ10], and Friedman-Laza [FL13], we
know that there is a C-PVHS of Calabi-Yau type on any irreducible bounded symmetric
domain. Instead of introducing the precise definition of C-PVHS of Calabi-Yau type
and its relation with arithmetic locally symmetric varieties, we will make a summary of
results in these references following [Bru16, §5] which shall be used in this subsection.
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Theorem 5.1. Let U be an arithmetic locally symmetric variety. Then there are a toroidal
compactification of Y of U, and a Higgs bundle (E, 0) = (®p+q=¢EPY, ®p14=¢0p,4) over the
log pair (Y,D :=Y — U) satisfying the following conditions.
(1) The Higgs field 0 satisfies

6 : EPM — EP71* @ Qy (log D)

(2) (E, 0) is canonically induced by some C-PVHS over Y — D of weight £ with unipotent
monodromies around D.

(3) E*? is a big and nef line bundle on Y such that B, (E*°) C D.

(4) The map Ty (—log D) — Hom(E“?, E*"1) induced by 0, : E*° — EF"41@Qy (log D)
is injective when restricted to U.

Let us first apply our techniques to give a new proof for Borel’s extension theorem.

Theorem 5.2 ([Bor72, Theorem A)). Let U be an arithmetic locally symmetric variety
and let Y be a toroidal compactification of U. Then any holomorphic map from f : (A*)P X
A1 — U extends to a meromorphic map f : AP*9 -5 Y.

Proof. By Theorem 2.6, the Higgs bundle on U in Theorem 5.1 induces a Finsler metric
F over Ty (—log D), which is positively definite over U, and satisfies the curvature esti-
mate (2.0.14). Then by Theorem 0.7, U is Picard hyperbolic. The desired meromorphic

map f then follows from Proposition 3.4 immediately. O

We can also give a proof for algebraic hyperbolicity of arithmetic locally symmetric
varieties.

Theorem 5.3. Arithmetic locally symmetric varieties are algebraically hyperbolic.

Proof. Pick a toroidal compactification Y of U and set D := Y — U. It follows from our
proof of Theorem 5.2 that we can construct a Finsler metric F on Tx(—log D) which is
positively definite over U, and satisfies the curvature estimate (2.0.14). Using the same
argument in the proof of algebraic hyperbolicity in Theorem A, one can prove that U
is algebraically hyperbolic. The theorem is proved. m|

Theorem 5.3 was already known. Indeed, Pacienza-Rousseau [PR07] proved that if
a quasi-projective manifold U is hyperbolically embedded into some projective com-
pactification, then U is algebraically hyperbolic. Arithmetic locally symmetric vari-
eties are hyperbolically embedded into their Baily-Borel compactifications by [Bor72].
Theorem 5.3 thus follows from a combination of [PR07,Bor72].

Let us now use previous techniques to prove a new result for hyperbolicity of arith-
metic locally symmetric varieties.

Theorem 5.4. Let U be an arithmetic locally symmetric variety. Then there is a finite
étale cover U — U and a projective compactification X of U so that X is Picard hyperbolic
modulo X - U.

Recall that Rousseau [Rou16] has proved that the variety X in Theorem 5.4 is Kobayashi
hyperbolic modulo X — U, and Brunebarbe [Bru16] has proved that any Zariski closed
subvariety not contained in X — U is of general type. As we will see below, our methods
can give a new proof of Rousseau’s theorem as a byproduct.

Proof of Theorem 5.4. By Theorem 5.1 there is a Higgs bundle (E, 0) = (®,4+q=¢EP9, ®p1q=¢0.)
over the log pair (Y, D) which satisfies the conditions therein. Take m > 0 so that
B.(E** — £D) c D. By [Mum77], one can add the level structure so that there is
an étale cover U — U and a log-compactification X of U with D := X — U so that
for the induced log morphism y : (X,D) — (Y, D), one has y*D > mD. By pulling
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back (E, 0) to (X, D) as Step 2 in the proof of Theorem D, we construct a Higgs bundle
(E, 0) = (Dpig= (EPA s ®prg= [ep ¢) on (X, D) which satisfies the four conditions in Theo-
rem 5.1. Moreover, E® — ¢D is big and B, (E“° — ¢D) c D. By Step 4 in the proof of
Theorem D, we can construct a Finsler metric on Tx which is positively definite on U
so that for any y : C — X with C an open set of C and y(C) N U # @, one has

V=1ddlog |y’ (1)|? = y"o.

By the same argument in Step 4 again, X is both Picard hyperbolic and Kobayashi
hyperbolic modulo D. O

Remark 5.5. Let us mention that one can also give a direct proof of Theorem 5.4 by
combining [Roul6] with Theorem 0.7, as communicated to us by Erwan Rousseau.
Indeed, in [Rou16, Proposition 2.4], Rousseau constructed a singular hermitian metric
h for Tx which is positively definite over U and vanishes on the boundary D := X — U
so that for any y : C — X with C an open set of C and y(C) N U # @, one has

V-109log |y’ (t) 2> ey'yg

over y~1(U) for some constant ¢ > 0. Here ¢ is the Bergman metric for T;;. Note that
the metric g~! for Q; is ‘good’ in the sense of [Mum77] with respect to the extension
Qx(log D) of Qp (see [Mum77, Main Theorem 3.1 & Proposition 3.4.a)]). In other

words, for any local holomorphic section e of Qx(log D), the norm ||e||;_1 has at most

logarithmic growth near the boundary. In particular, one can easily verify that g > w|;
for some smooth Kahler form of X. Hence

V-10d1log Y (D2 > ey*o

for any y : A* — X with y(A*) N U # @. It follows from Theorem 0.7 that y extends
across the origin.
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