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e = ±b+ − b−
2
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DISCRETE DIFFERENTIAL FORMS

functions f : V (Λ)→ C and h : V (3)→ C can be extended to
functions g : F (X )→ C by 0 on yet undefined faces

discrete one-forms ω :
−→
E (X )→ C

dz,dz̄ :
−→
E (X )→ C defined by

∫
e dz = e,

∫
e dz̄ = ē

discrete two-forms Ω : F (X )→ C

dz ∧ dz̄ : F (X )→ C defined by
∫∫

F dz ∧ dz̄ = −4iarea(F )

products gω and gΩ for e = [Q, v ] and face F of X :∫
e

gω = (g(Q) + g(v))

∫
e

ω

∫∫
F

gΩ = g(F )

∫∫
F

Ω

ω is of type 3, if ω = pdz + qdz̄ for p,q : V (3)→ C
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discrete two-forms Ω : F (X )→ C

dz ∧ dz̄ : F (X )→ C defined by
∫∫

F dz ∧ dz̄ = −4iarea(F )

products gω and gΩ for e = [Q, v ] and face F of X :∫
e

gω = (g(Q) + g(v))

∫
e

ω

∫∫
F

gΩ = g(F )

∫∫
F

Ω

ω is of type 3, if ω = pdz + qdz̄ for p,q : V (3)→ C



DISCRETE DERIVATIVES
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DISCRETE EXTERIOR DERIVATIVE

Let f : V (Λ)→ C and h : V (3)→ C. Define df and dh by:

df := ∂Λfdz + ∂̄Λfdz̄ and dh := ∂3hdz + ∂̄3hdz̄

w+

w−

b− b+
Q

−→e
FQ

v
Qs

Fv

ω discrete one-form. Write ω = pdz + qdz̄ locally with functions p,q on
vertices b±,w± ∼ Q or faces Qs ∼ v . Define dω by:

dω|FQ :=
(
∂Λq − ∂̄Λp

)
dz ∧ dz̄ and dω|Fv :=

(
∂3q − ∂̄3p

)
dz ∧ dz̄

Stokes’ theorem:
∫

e df = f (w+)+f (b+)
2 − f (w+)+f (b−)

2 and
∫∫

F dω =
∮
∂F ω
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DISCRETE HOLOMORPHIC PRODUCT
Let f ,g : V (Λ)→ C and h : V (3)→ C . Then,

0 = ddf =
(
∂3∂̄Λf − ∂̄3∂Λf

)
dz ∧ dz̄

Thus, f discrete holomorphic iff df = pdz for some p : V (3)→ C.

fdg + gdf is closed

fhdz is closed
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DISCRETE WEDGE PRODUCT

Let ω = pdz + qdz̄ and ω′ = p′dz + q′dz̄ discrete one-forms of type 3,
p,p′,q,q′ : V (3)→ C. Discrete wedge product ω ∧ ω′ defined by

(ω ∧ ω′)|FQ =
(
p(Q)q′(Q)− q(Q)p′(Q)

)
dz ∧ dz̄ for Q ∈ V (3)

(ω ∧ ω′)|Fv = 0 for v ∈ V (Λ)

THEOREM (EXTERIOR DERIVATIVE IS DERIVATION FOR ∧)
Let f : V (Λ)→ C and ω discrete one-form of type 3. Then,

d(fω) = df ∧ ω + fdω
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DISCRETE GREEN’S IDENTITIES
Let 30 ⊂ 3 finite, and let f ,g : V (Λ0)→ C.

1 〈f ,4g〉30 + 〈df ,dg〉30 =
∫
∂X0

f?dg
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DISCRETE GREEN’S IDENTITIES
Let 30 ⊂ 3 finite, and let f ,g : V (Λ0)→ C.

1 〈f ,4g〉30 + 〈df ,dg〉30 =
∫
∂X0

f?dg

2 〈4f ,g〉30 − 〈f ,4g〉30 =
∫
∂X0

(f ? dḡ − g ? df )



DISCRETE CAUCHY’S INTEGRAL FORMULAE

Q0 ∈ V (3), v0 ∈ V (Λ). KQ0 : V (Λ)→ C and Kv0 : V (3)→ C are called
discrete Cauchy’s kernels iff for all Q ∈ V (3), v ∈ V (Λ):

∂̄ΛKQ0(Q) = δQQ0

π

2area(FQ)
and ∂̄3Kv0(v) = δvv0

π

2area(Fv )

Let f : V (Λ)→ C be discrete holomorphic. Then:

f (v0) =
1

2πi

∮
Cv0

fKv0dz
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ASYMPTOTICS FOR PARALLELOGRAM-GRAPHS Λ

THEOREM

Assume α ≥ α0 > 0 and e/e′ ≥ q0 > 0 for all angles α and two side
lengths e,e′ of a parallelogram. Let v0 ∈ V (Λ), Q0 ∈ V (3) fixed.

Then, there exist discrete Cauchy’s kernels K (·; v0) and K (·; Q0) such
that

K (Q; v0) =
1

Q − v0
+
τ(Q, v0)

J(Q, v0)
+ O(|Q − v0|−2)

K (v ; Q0) =
1

v −Q0
+
τ(v ,Q0)

J(v ,Q0)
+ O

(
|v −Q0|−3

)
(∂ΛK (·; Q0))(Q) = − 1

(Q −Q0)2 −
τ(Q,Q0)

J(Q,Q0)2 + O
(
|Q −Q0|−3

)
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DISCRETE RIEMANN SURFACES

THEOREM

Let Σ,Σ′ compact discrete Riemann surfaces of genera g,g′ and
f : V (Λ)→ V (Λ′) N-sheeted discrete semi-holomorphic covering.

g = N(g′ − 1) + 1 + b/2,

where b =
∑

v∈V (Λ) bf (v) +
∑

Q∈V (3) bf (Q) total branching number.

Discrete meromorphic function f may have simple zeroes at V (Λ),
and simple poles or double values at V (3).

Discrete Abelian differential ω may have simple poles at V (Λ) and
simple zeroes or double poles at V (3).

THEOREM

Σ compact discrete Riemann surface of genus g, D admissible divisor.
Then, l(−D) = deg D − 2g + 2 + i(D).
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DISCRETE LAPLACE-TYPE EQUATIONS

x u

yv

θ

α

β

α

β

Consider 3D-consistent equations

Q(x ,u, y , v ;α, β) = 0

on faces (Q in ABS-list).

Q-equations allow three-leg form

Ψ(x ,u;α)

Ψ(x , v ;β)
= Φ(x , y ; θ),

θ := α− β

Laplace equations for generalized Q-equations∑
e=(x ,yk )∈E(Γ)

ϕ(x , yk ; θe) + Θx = 0, iϕ = log Φ
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REALITY AND CONVEXITY/CONCAVITY CONDITIONS

quad-equation functional space concavity condition
(Q1)δ=0 (5.10) U θe ∈ R+

(Q1)δ=1 (5.11) U θe ∈ R+

(Q2) (5.13) R|V (Γ)| θe ∈ R+

(Q3)δ=0 (5.16) U exp(iθe) ∈ S1
+

(Q3)δ=0 (5.20) Ui θe ∈ R+i
(Q3)δ=1 (5.23) R|V (Γ)| exp(iθe) ∈ S1

+

(Q3)δ=1 (5.26) R|V (Γ)|i θe ∈ R+i
(Q4) (5.29) R|V (Γ)| exp(iθe) ∈ S1

+

(Q4) (5.33) R|V (Γ)|i θe ∈ (0, r(t))i

U =

{X}x∈V (Γ) ⊂ R
|V (Γ)||

∑
x∈V (Γ)

X = 0


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COLLECTION OF MAIN RESULTS

1 Discrete complex analysis on planar quad-graphs
I d(fω) = df ∧ ω + fdω
I discrete Green’s identities and Cauchy’s integral formulae
I existence of discrete Green’s functions and Cauchy’s kernels

2 Discrete Riemann surfaces
I Riemann-Hurwitz formula
I l(−D) = deg D − 2g + 2 + i(D)
I discrete Abel-Jacobi maps

3 Discrete complex analysis on planar parallelogram-graphs
I asymptotics of discrete Green’s function and Cauchy’s kernels

4 Variational principles of real Laplace-type integrable equations
I reality and convexity conditions for discrete Laplace-type equations
I investigation of integrability



ASYMPTOTICS OF DISCRETE GREEN’S FUNCTION

Assume α ≥ α0 > 0 and e/e′ ≥ q0 > 0 for all angles α and two side
lengths e,e′ of a parallelogram. Let v0 ∈ V (Λ) fixed.

Then, there exists discrete Green’s function G(·; v0) such that

G(v ; v0) =
1

4π
log (|v − v0|/ |J(v , v0)|) + O

(
|v − v0|−2

)
,

G(v ; v0) =
γEuler + log(2)

2π
+

1
4π

log |(v − v0)J(v , v0)|+ O(|v − v0|−2)


