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L. Lafforgue ion L prog July 18-22,2022  1/85




I. From arithmetic to algebra and geometry

Basic definition of arithmetic:

Study of
NcZcQ
endowed with their natural structures
e addition,
e multiplication,

N e 7 is a commutative ring,
e Qs the fraction field of Z,
e induced notion of prime number,
e order relation,
e induction principle which is

any subset of N which contains 0
and is stable by the map n— n+1
is equal to N.
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Z in the context of commutative rings:
Z is an object of the category consisting in
{objects = commutative rings,

morphisms = homomorphisms of commutative rings,
composition law = composition of maps.

Reminder. — A category C consists in

a collection Ob(C) of objects,
for any pair of objects X, Y, a set Hom(X, Y)
whose elements are called “morphisms” or “arrows”
XY o u:X—Y,
e for any triple of objects, a composition law
Hom(X, Y) x Hom(Y,Z) — Hom(X, Z),
{(xé Y,y L 2)— (x L1, 2)

such that
e ho(gof)=(hog)offoranyX 5y 25z 2w,
e any object X has a “identity morphism” X BUSY verifying

idyof=f,Vf:Y > X,andgoidx =9,Vg: X - Y.
jon
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A characterization of Z in the category of commutative rings:
Z is an “initial” object of the category of commutative rings.
Reminder. —

e An initial object [resp. terminal object] of a category C
is an object () [resp. 1] of C such that,
for any object X of C, there exists a unique morphism

— X  [resp. X —1].
e If a category C has an initial object [resp. terminal object],
it is unique up to unique “isomorphism”.
e Anisomorphism in a category C is a morphism
f:X—Y
such that there exists a (unique) reverse morphism
g=f1Yy—X
verifying gof=idx and fog=idy.

Remark. — (N, 0, e + 1) is an initial object of the category of
sets N endowed with an element0 € Nandamap S: N — N.
This is the induction principle.
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Commutative rings of finite presentation:

Definition. —

A commutative ring A is called “finitely presentable”
if it can be defined by a finite family

of generators and relations:

AEZ[TM"')Tk]/(Ph"')Pr)
|

ideal generated by r polynomials

v

Lemma. —

Any commutative ring can be written

as a filtering colimit

of finitely presentable commutative rings.
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-
Basic definition of algebraic number theory:

Study of
{o finitely presentable commutative rings,

e the morphisms between such rings.

Remark. —
For any commutative ring A, a morphism

Z[Th"')Tk]/(P'l)"')Pr)_)A

is a family of elements

ai,---,akeA
verifying the equations

{P1(a1y"')ak)_0)

Pi(ai,---,ak) =0.




A key remark relating arithmetic and geometry:

The category of commutative rings contains
not only Z and finitely presentable Z[Ty,--- , T¢l/(P1,-- -, Pr),
e but also rings of the form
C[T1) )Tk]/(Ph"' »Pr)
which can be understood as the
rings of polynomial functions on affine complex algebraic varieties

V — Ck
defined by polynomial equations
PI(T1)"')TK):0) 1<i<r.

Remark. —
A (C-valued) point of such a variety is

amc[ﬂ)”')Tk]/(Ph"')Pr)_)C'

On the other hand:
A point of a set V can be seen as a map

{e} — V.
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Algebraic Gelfand duality:

Definition. — The category of affine complex algebraic varieties is defined by
e objects V, = commutative rings A endowed with a structure morphism
C—A
which makes A “finitely presentable” over C,
e morphisms of varieties V, — Vg = morphisms of commutative rings

B— A
which respect the structure morphisms:

B— A

N

C

Remark. — In particular
e Vc = point variety,
e points of a variety V4 are morphisms

Ve — Va.
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The category of affine schemes:

Reminder. — The “opposite” C°? of a category C is defined as
e Ob(C) = 0b(C),
e for any objects X, Y,
Homeo (X, Y) = Home (Y, X)
XYy Lx

e for any morphisms (Z Sy L X) ofC,
(fog)? =g®of®.

Definition. — The opposite of the category of commutative rings
is the category Aft of “affine schemes”.

Any commutative ring A

corresponds by definition to an affine scheme Spec(A)
which represents a “geometric way” to think about A.
Spec(Z) in particular

is the “geometric representation” of Z.
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Notions of points:
Points in a category:

Definition. — If X, V are objects of a category C,
a V-valued point of X is a morphism of C

V — X.
The set of V -valued points of X can be denoted

X(V) =Hom(V, X).

Remarks. —
e Any morphism X — Y induces a map

X(V) — Y(V).
e Any morphism V' — V induces a map
X(V)— X(V).
Meaningful examples. — If C is a “geometric” category

(ex: smooth manifolds, analytic varieties, algebraic varieties),
an S-valued point of a geometric object X

S — X is a“S-parametrized” point.
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Determination of objects by their points:

Yoneda’s lemma. —
Let C = category,

~

C = category of ‘presheaves”
X object of C — P(X) = set,

(X YY) morphism of ¢ —s (P(Y) £ P(X)) = map,
P { such that
P(vou)=P(u)o P(v), Vu,v,
P(idx) =idpx), VX,
y = “Yoneda functor” defined by
X — y(X) = presheaf of points of X

{V — y(X)(V) = X(V),
Then (V= V)— (X(V) = X(V)).
y:C—C
is “fully faithful”, meaning that for any X, Y = objects of C
Home (X, Y) — Homgs(y(X),y(Y)).
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Corollary. —

In an arbitrary category C,
any object X is determined
by the functor of its points

_[V— X(V),
y(X) = {(V’% V) — (X(V) = X(V7)).

up to unique isomorphism of C.

Definition. —

IfC = category,

an object P of C, ie. a presheaf,

is called “representable”

if it is isomorphic to some y(X), X € Ob(C).

Consequence of Yoneda’s lemma:

If Pis “representable”,

its “representing object” X in C

is determined up to unique isomorphism of C.
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Categorical points of affine schemes:

o If X = Spec(A)
and V = Spec(B),
a V-valued point of X is a ring homomorphism

A— B.

e In particular, if
A=Z[Ty, T/ (P, Pr),

a V-valued point of X is a solution
(by,---,bx) € B¥
of the family of polynomial equations
Pi(by,---,bx) =0, 1<i<r.

e Interpretation:
In this context, “Yoneda’s lemma” yields
some kind of duality between
systems of equations and systems of solutions.
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Algebraic and geometric points of affine schemes:

Definition. —
An algebraic point of an affine scheme X = Spec(A)
is a categorical point

Spec(K) — X = Spec(A)
valued in a field K.

Definition. —
A geometric point of X = Spec(A) is an algebraic point
Spec(K) — X = Spec(A)

valued in a field K
which is algebraically closed.
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Topological points of (affine) schemes:

e From schemes to toposes:

— To any (affine) scheme X
one associates its “Zariski topos”

@Zar :

— To any morphism of (affine) schemes X LR Y,
one associates a “morphism of toposes”

—_—

O(X) 0 — O(Y),,

e Points of toposes:

— For any topos &,
one can define the category of its “points”
pt(&) .
— Any morphism of toposes £/ — &
defines a “functor” between categories of points
pt(&’) — pt(€) .
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Characterization of topological points of affine schemes:

Proposition. —

(i) Let X = Spec(A) be an affine scheme.
Then the category pt(X)
of points of its Zariski topos is

{objects = prime ideals p C A,
morphisms (p — q) = inclusion relations q C p.
(ii) For any morphism of affine schemes
X = Spec(A) — Y = Spec(B)
corresponding to a ring homomorphism

B4 A,
the associated functor
o pt(X) — pt(Y)
is defined by
p — u'(p)
| |
prime ideal of A prime ideal of B.
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Algebraic and topological points:

e Any algebraic point of X = Spec(A)
Spec(K) — Spec(A)
defines a topological point
p =Ker(A— K).
e Any topological point of X = Spec(A)
pCA

defines an algebraic point

where Spec(kp) — X = Spec(A)

kp = Frac(A/p) = “residue field” at p.
Most important example: The points of Spec(Z) are

e prime integers p, with residue fields
IFp =L/pL,
e the ideal (0), with residue field
Q.
ion L prog July 18-22, 2022
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The notion of dimension of a scheme:

Definition. — The dimension d of a scheme X
is the maximum length of a sequence of morphisms

Po— Py — - — Pa
in the category of its topological points pt(X).

Remark. —
If X = Spec(A), po — p1 — -+ — Pg
is a decreasing sequence of prime ideals of A

PoDOP1 DD Pg.

Key examples. —
e If K is afield,
dim(Spec(K[Ty,---, Tql)) =d.
e One has dim(Spec(Z)) =1,
which means that Spec(Z) is a curve!
e More generally,

dim(Spec(ZI Ty, -+, Tal)) = d + 1.




Families of scheme morphisms: open and closed morphisms

Definition. — A morphism of affine schemes
Spec(B) — Spec(A)

is called “open” if B is deduced from A
by formally inverting some element f € A

AX]/(f-X—1) — B.

Remark. — In that case, there is an induced bijection

{primes ideals of B} — { B s lorte }

which do not contain f

Definition. — A morphism of affine schemes
Spec(B) — Spec(A)
is called “closed” if B is a quotient of A
A/l — B

by some ideal | C A.

v
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Families of scheme morphisms: finite morphisms

Definition. —
A morphism of affine schemes
Spec(B) — Spec(A)
is called “finite”
if B, considered as a module over A,
is finitely generated.

Remarks. —
e Any “closed” morphism is “finite”.
e For any finite morphism

Spec(B) £, Spec(A),
its fiber

p'(x)
over any topological, geometric or algebraic point

x of Spec(A)
is finite.
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Families of scheme morphisms: flat morphisms

Definition. —
A module M over a commutative ring A
is called “flat” if, for any morphism of A-modules

Ny = Ny,
the induced morphism

M @4 Ker(u) — Ker(M @4 Ni — M @4 No)

is an isomorphism.

Definition. —
A morphism of affine schemes
Spec(B) — Spec(A)
is called “flat”
if B, considered as a module over A, is flat.

Example. —
Any open morphism is flat.
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Families of scheme morphisms: smooth and étale morphisms

Definition. — A morphism of affine schemes
Spec(B) — Spec(A)

is called “smooth of relative dimension d” if

(1) itis flat,

(2) itis finitely presentable

A[T1) )Tk]/(Ph"' aPr) — B»
(3) considering the matrix of partial derivatives

ok
67} 1<i<r ’

1<j<k
its (k—d+1) x (k—d+1)-minors are 0 in A[Tq,---, Tel/(Pyy- -+, Pr),
and its (k — d) x (k — d)-minors generate the maximal ideal (1).

Definition. — A morphism is “étale” if it is smooth of dimension 0. |

Example. — A morphism Spec(A[X]/P(X)) — Spec(A)
is “étale” if and only if (P,P') = AIX].
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Quick reminder on categories of sheaves:

Reminder. —
(i) Any “Grothendieck topology” J on a category C
defines a full subcategory of J-sheaves

category of presheaves P
CJ —C=
(

Ob(C) 2 X — set P(X)
X5 Y)—mapP(Y) — P(X)

(i) The embedding functorj, : Cj — C
has a “left-adjoint” called the “sheafification functor”

j* 5 é\—> é\J
verifying j* o j.(F) — F for any J-sheaf F.

} |

Remarks. —
e There is an associated “canonical functor’

. Yoneda 5 sheafification 5
t=j*oy:C C Cy-

i

o IfC 2 Clactorisesas € -5 ¢, =~ . Jis called “subcanonical’.

e If K is a topology finer than J, we have Cx — @ —C.
ion L prog
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Topologies on the category of schemes:

Definition. —

The Zariski [resp. étale, resp. flat] topology
on the category of affine schemes

Aff
is defined by calling a sieve on an object X
a “covering sieve”
if it contains a finite family of morphisms

X — X, 1<i<k

such that
{(1) each X; — X is open [resp. étale, resp. flat].

(2) any topological point of X is an image
of a topological point of at least one X;.

Remark. —
We have the refinement ordering of topologies

Zariski C étale c flat.
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Sheaf properties of representables:
Proposition. —
The Grothendieck topologies on Aff
Zariski, étale, flat
are “subcanonical’, so that
yoAff R At

factorises as

—

Aff —— @ﬂat —— (Aff)gy, @Zariski > Aff.

Remark. —
As a consequence, a presheaf

X =Spec(A) — set P(X),
)l XSy — map P(Y) 2 pix),

can be representable only if it is a sheaf
for the flat, and a fortiori étale and Zariski, topology.

4
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The general notion of scheme:

Definition. — A scheme is an object of
(Aff),, > (Aff),, > (Aff), ., <> Aff
which can be written as a colimit of a diagram

lim y(Xq)
D

étale

of representable objects y(Xy), Xqg = Spec(Aqg),
whose transition morphisms

Xd/ — Xd
are open morphisms.

Proposition. —

Finite products Xi x --- x X,

and fiber products X xg Y

are well-defined in the category of schemes

Sch

as well as in the category of affine schemes
Aff.
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Projective schemes:

Lemma. —
For any integer d > 0, the sheafification of the presheaf
X = Spec(A) — (A%HT —{0})/AX

for the Zariski (or, equivalently, étale or flat) topology

is a scheme
= pd

called the projective space of dimension d.

Definition. —
A morphism of schemes
X— S

is called “projective” if it can be factorized as

X ——> SxP!— 8§
for some d > 0 and some closed morphism
X —— SxPY.

L. Lafforgue ion L prog July 18-22,2022  27/85




“Meaningful” functions in algebraic geometry:

e |s it natural to consider some numerical functions
in algebraic geometry?

Yes, if they are defined from geometry.

e What could be their domains?
— Possible answer: sets of points s of some schemes S.

e How could we imagine to associate numerical values
to the points s of some scheme S?

— Possible answer: consider the fibers

XXsS

of some schemes X — S,
and associate numbers to these fibers.
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Counting functions for finitely presentable schemes:
Lemma. —

(i) If S is a scheme finitely presentable over 7.,
closed topological points of S
are topological points s whose residue field ks is finite.

(ii) If X — S is projective (or more generally finitely presentable),
then for any closed point s of S with ks = I, the set

(X x5 8)(Fqg,)
is finite, as well as more generally the sets
(X x5 8)(Fgn)
(where [Fqn = unique finite extension of F o, of dimension n).

Consequence. —
One can consider as “meaningful functions”

s —  cardinality #(X x g 8)(Fgs)
I or the formal power series
closed point of S 14+ ) #(X xs8)(Fg)-Z".

n>1
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A general loose but very deep question:
Do “meaningful functions” in algebraic geometry have special properties?

e Some properties have been predicted by André Weil
(and later proved by Dwork, Grothendieck, Deligne).
His first conjecture was that all formal power series

14+ (X xs8)(Fg) - Z"

n>1

are rational functions of the form
Ps(Z2)/Qs(2)

for Ps, Qs = polynomials in Z with constant coefficient 1.

e Robert Langlands has predicted
that these functions
can all be related to “automorphic representations”
which are objects of harmonic analysis
over “reductive groups”
with coefficients in some “arithmetic rings”.
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Grothendieck’s theory of étale fundamental groups:

Definition. — For an arbitrary scheme X, let

Covy
be the category of schemes over X
X' 25 x
whose structure morphism p is étale and finite. |
Theorem. —

Suppose X is connected.
Letx be a geometric point of X.
Consider the fiber functor
Covx — {finite sets},
X' 25 X) — p (X)) =X xxX.
Then:
(i) The symmetries of the fiber functor form a
profinite (topological) group  m1(X,X).
(if) The fiber functor induces an equivalence of categories
Covx — {finite sets endowed with a continuous action of 11 (X, X)}.
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Relation with Galois theory:

Observation. —
If X = Spec(K) for a field K

and X = Spec(K) -
for an algebraically closed field K containing K,
we have:

(i) Grothendieck’s group

(X, X)
is the automorphism group
of the algebraic closure of K in K.

(ii) The equivalence of categories

Covyx — {finite sets + continuous action of 71 (X, X)}

is a reformulation of Galois theory.
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Relation with Poincaré theory:

Theorem. —
If X is a complex algebraic variety,
the functor

(X'—=X) — (X'(C) = X(C))

category of finite
Covy — locally trivial covers of X(C)
in the topological sense

in an equivalence of categories.

Corollary. —
Ifx € X(C), the Grothendieck group

(X, X)

identifies with the profinite completion
of the Poincaré fundamental group

m1(X(C),X) .
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Galois groups of finite fields:
Theorem. —

Let 4 = finite field and IF4» = finite extension of degree n of .
Then:

(i) The Frobenius map
Frg : Fgr — T
a — a
is an automorphism of Fqn over Fg.

(if) It generates the group of all automorphisms,
so that we get an isomorphism

Z/nZ = Aut(Fg/Fy),
k — Frg.

Corollary. — IfF, = algebraic closure of Fq, the element

Frq € Aut(Fq/Fq)
generates an isomorphism

I(i%n Z/nZ = 7. — Aut(Fy/Fq) = m1(Fq, Fy) .
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The central question of agebraic humber theory
and arithmetic algebraic geometry:

What can be known about

m™(Q,Q)?

— Hint:

Langlands predicted that
irreducible linear representations of the group

s (Qa@)

can be related to some

“automorphic” representations
of reductive groups with coefficients
in some arithmetic rings.
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Il. From arithmetic geometry to algebraic topology
Reminder of the central question we have met:
What can be known about the Galois group

- AUt(@/Q) =Ty (Q)@) =T (@) (C)
if Q is the field of algebraic complex numbers

QcQcc?
Reminder of Galois’ equivalence:
(X — Spec(Q)) — Hom(Spec(Q), X) = Hom(Spec(C), X)
category of finite sets
CoVspec(Q) — {endowed with a continuous}
action of 71, (Q, Q)

|
category of finite
étale covers of Spec(Q)
which induces

op
“nu(rfttfa?cf)ireyl;sf” E category of finite sets
H — { endowed with a continuogs
finite field extensions of Q transitive action of m (@, Q)

L. Lafforgue L
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Basic principle to get information about Galois groups:

e Consider a field E
(for instance E = Q or E = number field)
and an algebraic closure E of E.
e Consider algebraic varieties X over E
X — Spec(E),
and their “geometrizations”

X=X X Spec(E) Spec(E) = X @ E.
e Then the Galois group

_ Aut(E/E)
naturally acts on X
and on “algebraic invariants”

that can be associated to X.
— Hope: Get information on Aut(E/E)
through its natural actions

on “refined enough” algebraic invariants of X
for “well chosen” algebraic varieties X over E.
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The first fundamental example of “algebraic invariant”
of algebraic varieties:

e One can associate to any scheme S
the category of finite étale covers of S

Covg.
e If agroup G acts on S, it yields a group morphism

G — {group of self-equivalences Covs — Covg}.

Lemma. — If S is connected, and's is a geometric point of S, the equivalence

Covs — {finite continuous actions of 1 (S,3)}
yields an isomorphism

{ group of

self-equivalences —  Out(m(S,35))
of Covg

=Aut(m(s,s))/{ subgroup of }

inner automorphisms

e If G acts on S, there is an induced morphism G — Out(7; (S, 8)).
ion L prog July 18-22,2022  38/85




-
Application to “geometric” algebraic varieties:

e Let X be an algebraic variety over a field E,

X=X®:E and xeX(E).
Corollary. — If X = X @ E is connected, there is a canonical morphism
Aut(E/E) — Out(my (X, X)) .

Remark. — If E C C, 7y (X, X) is the profinite completion
of the Poincaré fundamental group 71 (X(C), X).

So the group Out(m (X, X))

only depends on the topology of X(C),
while the group Aut(E/E) is an arithmetic object.

Question. — If E = Q, are there algebraic varieties X over Q such that
Aut(Q/Q) — Out(my (X, X)) is injective?

Answer (consequence of Belyi’s theorem):
It already works for X = P! —{0,1, 0o} !
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Bringing morphisms into the picture:

e Any morphism of schemes

Xi = Xo
induces a functor
(Xg = Xo) —  (X{ =X xx X1 = Xi)
Covy, SN Covy, .

e Ifagroup G acts on X; and X
and respects v inthe sensethat uog=gou,vg € G,
the induced homomorphism

G self-equivalences self-equivalences
of Covy, of Covy,

factorizes through the subgroup of pairs of self-equivalences

P P2
(Covy, — Covy,,Covy, — Covy,)
which are compatible with u* : Covy, — Covy, in the sense that

U opp=pjou”.
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Application to diagrams of algebraic varieties:

e Let D be a diagram consisting in
algebraic varieties Xy defined over a field E,
morphisms Xy —= Xy defined over E.

e Let E be an algegraic cIosurer E, B
Xg=XgQ€cE with Xq € Xq4(E).
Proposition. — The natural homomorphism

— self-equivalences o e
Aw(E/E) — ] { O?COVY } — [T out(ms (Xa, Xa))
d d d

factorizes through the subgroup of families of self-equivalences
which are compatible with all functors

uy : Covyx,, — Covyj, .

Question. — Are there diagrams D such that
Aut(E/E) — {subgroup of compatible self-equivalences} ?
— Grothendieck proposed a suggestion when E = Q.

— This would provide a purely topological characterization of Aut(Q/Q) !
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Finite étale covers as objects of toposes:
e So far, we have considered the invariants of schemes
X — Covy,
(X5Y) — (u*:Covy — Covy).

They can be interpreted in terms of toposes:

Proposition. —

(i) For any scheme X, the category of its finite étale covers Covy
identifies with the full subcategory of
e Flyx = (small) fopf (“faithfully flat of finite presentation”) topos,
{o or Bty = (small) “étale” topos of X
consisting in objects which are “locally constant and finite”,
i.e. locally isomorphic to finite sums of copies of X
e= [] uX) (wheret = canonical functor).

| = finite set
(ii) For any scheme morphism X = Y, the induced functor
u* : Covy — Covy
is induced by the topos morphism
(U*, U*) :Flxy — Fly,
or Etxy — Ety.
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A few words on the definition of étale and flat toposes:

Definition. — The (small) fopf [resp. étale] topos of a scheme X
is the category of sheaves on the site defined in the following way:

e The objects of the underlying category
are finitely presentable morphisms from affine schemes

X' =Spec(A) — X
which are flat [resp. étale].
e The morphisms of the underlying category are commutative triangles
X; = Spec(Aj) X{ = Spec(A])

.,

X
of flat [resp. étale] morphisms.

e Covering sieves on an object (X' — X)
are sieves which contain a finite family of morphisms

)(f/ — X,) 1 S I S k)
such that any topological point of X' is an image of a point of at least one X;'.
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Linearization of group actions or sheaves:

« Consider a finite étale cover X’ 2 X.

If X is connected and X is a geometric point, (X’ £, X) corresponds to
a finite set / endowed with an action of 7t{ (X, X).
e The decomposition of / into orbits,
corresponds to the decomposition of X into connected components.
In particular, there is an equivalence

X' connected & the action of 711 (X, X) on I is transitive.

In that case, X’ or I can be called an “atom”.
e Choose a finite field or ring
A=F,=Z/Z or A=Z/"Z ({=prime number).
The free A-space or A-module on /, P A,
icl
is endowed with an induced action of 7ty (X, X).
It corresponds to a A-linear object of the category Covy
which is the push-forward
P.A by X E2x
of the constant sheaf A on X".
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Breaking atoms after linearization:

e Even if a finite étale cover

(X' 25 X) «— I + action of 7ty (X, X)

is an “atom”,
and A is a finite field, its linearization

Joy - <@ /\) + action of 71 (X, X)
iel
will break as direct sums (or non trivial extensions)
of smaller linear components.
e The smallest components
(which cannot be broken further)
can be called the “irreducible components” of

DA — (@ /\> + action of 71 (X, X) .

iel
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Linear invariants of toposes: categories of linear sheaves
e A topos is by definition a category £ which is equivalent
~ £ 0y
to the category C, of “sheaves” on some site

(€. J) = C = underlying category,
**7 7 | J = Grothendieck topology on C.

e A morphism of toposes &’ Tieis by definition a pair of adjoint functors

€ heer g

such that
f. respects arbitrary limits,
f* respects arbitrary colimits and finite limits.

Definition. — For any ring A, one can associate:
(i) To any topos &, the A-linear category
Modx (€) of A-linear objects of £ (= sheaves of A-modules),
which is abelian (kernels and cokernels are well-defined).

(ii) To any morphism &’ Ty of toposes, A-linear functors
f*:Moda(E) — Moda (&)
f* IMOd/\(g/) — MOdA(g)
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Linear invariants of toposes: cohomology:

Proposition. — Let A be a ring and (&£’ e ) a topos morphism.
(i) The pull-back functor

f*: Modn (£) — Moda ()
respects all kernels and cokernels.
(ii) The push-forward functor
f, : Moda (E') — Mod(E)
respects all kernels, but not cokernels.
It has well-defined cohomology functors
R'f, :Moda(E') — Mod(E), i>1,
completing R°f, = f,.

Remarks. —
e Any topos £ has a unique topos morphism & £, Set,
so it has the A-modules invariants

Rp.p*A=H(EN), i>0.

e Any topos morphism &’ ', € induces A-linear maps
f H(E N — HI(EN).
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-
The étale topos of fields:

Proposition. —
Consider a field E, -
an algebraic closure E of E, defining a geometric point X of Spec(E).

Then the fiber functor  _,
X :Etg = EtSpeC(E) — Set
induces an equivalence of the étale topos of E

Ete — {sets + continuous action of i1 (E, E) = Aut(E/E))}.

Corollary. — Let A be a ring.
(i) Any algebraic variety (X L Spec(E)) over E
has well-defined A-linear cohomology invariants
R'p, A = HL(X,A) B

which are A-modules endowed with a continuous action of Aut(E/E).
(ii) Any morphism of algebraic varieties (X 5 Y) over E

induces A-linear morphisms

£ s HL (Y, A) — HL (X, A)

which respect the actions of Aut(E/E).
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From étale to (-adic cohomology:

« Basic fact: As Galois groups Aut(E/E) are profinite,
cohomology invariants of algebraic varieties X over E
HL (X, A)
are non trivial and interesting only when A is finite.
o More refined fact: The study of the case of curves over E shows that the
HL (X, A)
are well-behaved only when Q C E
or F,=7Z/pZ C E andpisinvertible in A.

Definition. — Choose a prime number £ which is invertible in E.
We associate to any algebraic variety X over E
its £-adic cohomology invariants
H'(X,Q¢) = Q¢ ®z, lim Hi (X, Z/4"Z)
m

which are finite-dimensional Q,-spaces
endowed with a continuous action of Aut(E/E).

Remark. — Any morphism X 15y of algebraic varieties over E
induces Qq-linear maps which respect the actions of Aut(E/E)
HI(Y, Qo) — HI(X, Qu).
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Compatibility with fiber formation :

Theorem. — Consider a projective scheme over a base scheme S
X2 s.
Suppose S — Spec(Z) factorises through Spec(Z[}]) for some prime €.
Then forany m > 1, any i > 0, and any algebraic point
s = Spec(k) — S,
the fiber at s of the Z./8"Z-linear cohomology sheaf
s*R'p,Z/U"Z
identifies with the cohomology invariants
H'(Xs,Z/0"Z)
of the fiber Xs = X xgsof X P, Sovers= Spec(k).
Remarks. —
e The fibers s*R'p,Z/¢™7 = H'(X;, Z/{™Z) B
are finite Z/¢™7Z-module endowed with an action of Aut(k/k).
o If k =T, is finite, Aut(Fq/F,) is generated by Fr,

and identifies with Z.
Il
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More in the case of smooth projective morphisms:

Theorem. — Consider as before a projective morphism of schemes
X 258 oversome Spec(Z[1]).

T
Suppose the morphism p is also smooth.
Then all cohomology sheaves

R'p.Z/t™Z
are 7/t Z-linear objects of Covg
which are locally free over Z./¢"Z.
If S is connected and's is a geometric point of S,
they can be viewed as free 7./{™7Z.-modules
endowed with a continuous action of 1 (S, S).

Remark. — As a consequence, the ¢-adic cohomology sheaves

QE Rz, M RIP*Z/EmZ

m>1

can be viewed as finite-dimensional Q,-vector spaces
endowed with a continuous action of 711 (S,'s).
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Poincareé duality:
Theorem. — Consider an algebraic variety over a field K

X — Spec(K)
and a prime { invertible in K. Then:

(i) Ifdim(X) < d, all cohomology invariants
H'(X,Z/t"2)

are 0 in degrees i > 2d.

(i) IfX = X ®« K is connected of dimension d, all
H?9(X,7/U"7)

are free of rank 1 over Z./{™Z.
(iii) If furthermore X is projective and smooth over K,

there are perfect pairings

H' (X, Z/t™Z) x H*9~1(X,72/t"7) — H?*?(X,Z/U"Z).

Remark. — As a consequence, all of this also applies to the HI(X, Q).
In particular, the Qq-linear representations of Aut(K, K)

HI(Y) @4’.) and H2dii(7) QZ)
are dual to each other.
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Action of correspondences

e If a monoid M acts by endomorphisms
on an algebraic variety over a field K,

then M° acts on the H'(X, Z/¢™Z) and H'(X, Q).

Proposition. —

Suppose X is an algebraic variety over a field K

and { a prime invertible in K.

Suppose C is a “correspondence”’,

i.e. a formal linear combination of schemesT — X x X
whose first projection pr, : T — X is finite and étale.
Then C acts on all

H' (X, Z/¢"Z) and  H'(X,Q).

Moreover, these actions are compatible with composition.

L. Lafforgue ion L prog July 18-22,2022  53/85




Intertwining Galois actions and correspondences:
Corollary. — Suppose an algebraic variety X over a field K (with £ 0 in K)
is endowed with an algebra homomorphism

‘H — {algebra of correspondences on X}.
Then all cohomology invariants

H(X,z/t"z)  and  H'(X,Q)

are endowed with

e a continuous action of Aut(K, K),
e an action of the algebra H,

that commute with each other.

Consequence. — All irreducible components of the H' (X, Q,) have the form:

(e} ® Tt
I [
irreducible irreducible
represeitation representation
of Aut(K/K) of H
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Correspondences of irreducible representations:

e Any action by correspondences
of an algebra H
on an algebraic variety over a field K
generates a family of pairs of irreducible representations

(o,7) of Aut(K/K) and A .

Natural questions:

e Are there algebraic varieties X

endowed with actions of an algebra H

which generate meaningful intertwinings

of irreducible representations of Aut(K/K) and H?
o If yes,

how to express and study these intertwinings?
e Can such intertwinings

give information on Galois groups

of some fields, in particular Q7
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The Grothendieck-Lefschetz point formula:

Theorem. —

Let X be a projective algebraic variety over a finite field k = .
Let { be a prime such that { # 0 in .
Then:

(i) Foranyn>1,
#X(Fg) = # {fixed points of Fry acting on X = X ®r, Fq}
> (1) Tr(Frg, H'(X, Q) .

i>0

(if) For any correspondencel” — X x X andanyn> 1,

# {fixed points of T o Fry acting on X = X @, Fq}
= Y (=1)-Tr(T o Frg, H'(X,Q¢)) -

i>0

L. Lafforgue

July 18-22, 2022 56 /85



Application to the determination of irreducible components:
Corollary. — Let K be the field of (rational) functions
on some integral base scheme of finite presentation

S— Spec(Z[%]) — Spec(Z) .
Consider a smooth projective scheme over S

X2s

(extending its “generic fiber” Xx = X x g Spec(K)).
Suppose an algebra H acts by correspondences

I'— X xg X (such thatpr, : T — X is finite étale).
Then, for

any element h € H,
any closed point s = Spec(Fg,) of S,
anyn>1,

we have # {fixed points of ho Fr] acting on Xs = Xs ®F,, Fq.}

= Y (=1)"-Tr(hoFrs, H'(Xk, Qc)) -
i>0
Remark. — The Fr; define conjugacy classes in 7 (S, Spec(K)).
They are dense.
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Getting knowledge on Galois representations through geometry:

e In the previous situation of a smooth projective scheme
X— S
over a finitely presentable base scheme
S— Spec(Z[%]) — Spec(Z)

with function field K,
and an action of an algebra #H by correspondences

r— X Xs X,
the irreducible components of the
B H'(Xk, Q¢)
as representations of Aut(K/K) x H
are entirely determined by the geometric information

# {fixed points of ho Fr{ acting on Xs = X; ®r,, Fg,}
for
h = element of H,
s = Spec(Fg,) = closed point of S.
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lll. From arithmetic algebraic geometry to harmonic analysis

The central question of algebraic humber theory
and arithmetic algebraic geometry:

e What can be known about B
Aut(Q/Q) ?

e More generally, what can be known about
Aut(K/K)

for fields K of “arithmetic nature”?
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Fields of “arithmetic nature”:

o A field can be called “of arithmetic nature” if

(1)

it can be written as a fraction field
K = Frac(A)
of some “integral domains”
(= commutative rings without zero divisors)
which are finitely presentable
AEZ[TM aTk}/(Ph"' )PI’)>
equivalently, it can be written as the
“function field”
= “field of rational functions”
= residue field at the “generic point”
(= topological point whose closure is everything)
of an integral finitely presentable scheme S.

Definition. — The dimension of such an “arithmetic field”

K = Frac(A) = function field of S

is defined as  dim(Spec(A)) = dim(S).
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N
Arithmetic fields of dimension 0:

Proposition. —
The only arithmetic fields of dimension 0
are finite fields

Fy.

Their Galois groups are fully known:

Theorem. —
For any finite field ¥,
there is a canonical isomorphism

|
n

5

Z/nZ =7 — Aut(Fq/F,),

VT

1 — Frq.
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Arithmetic fields of dimension 1:
Proposition. —
The only “arithmetic fields” of dimension 1 are
“global fields” consisting in the two families:
(1) “Number fields”

e Q,

e ‘“finite extensions” of Q

= finite-dimensional algebraic extensions of Q.
(2) “Functions fields”

= finite extensions of some F4(T)
= fields of rational functions K
on some “curve” X over a finite field F .
Remark. —
For any “function field” K,

there are a unique finite field F4 and a unique curve S over [ such that
e Kis the field of rational functions on S,

. § is projective and smooth over Fy,
e S= Sy, Fqis connected.
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The “class field” isomorphisms:

e Recall that any (topological) group G has a biggest abelian quotient:
G* =G/ [G|,| G

invariant subgroup generated by commutators gk g~ 'k~
e Most of algebraic number theory from Euler to the early 1930’s
can be summarized by the “class field isomorphism” theorem:

Theorem. —

Let K be a “global field” (= arithmetic field of dimension 1).
Then one can construct a canonical isomorphism

Aut(K/K)*® — profinite completion of A} / K*
where

Ak = topological ring of “adéles” of K,
A} = topological group of invertible elements of Ag.

Remark. — The proof constructs an explicit equivalence

- finite Galois extensions
finite sets endowed KL
with a transitive = L
continuous action of Az /K* e Ga!0|s group At/
is abelian
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Adéele rings:

Definition. —
(i) If K is a "number field” canonically written as
K = Frac(Ak)

for Ax = finite normal extension of 7,
its adéle ring is the topological ring
Ag = Al x A with
A(;(o =K ®Q R,

Al = < Im AK/I> ®a K.
I = non zero ideal
(ii) If K is a “function field” canonically written as
K = function field of Sk
for Sk = smooth projective curve over some Fy,

its adele ring is the topological ring

Ii_)m (, li AK/I>®AKK

H
Uy =Spec (Ak ) on zero ideal
= open affine subscheme of Sy
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Basic properties of adele rings:

Proposition. —
Let K be a global field.
(i) The canonical morphism
K — AK
is an embedding. Furthermore,
e K is a discrete subring of the topological ring Ak,
e the quotient Ak /K is compact.

(if) The induced embedding

KXC—>A;§

makes K* a discrete subgroup of the topological group Ay .
The quotient is naturally endowed with a surjective morphism

{Af( JK* 22, R ifK is a number field,

AX/K* 257, ifK is a function field

whose kernel 0
X X
. AZ°/K
is compact.
ion L prog July 18-22,2022  65/85




Back to the central question:

If K is a global field,
how to get knowledge on the Galois group

Aut(K/K)
besides its abelian part?

Grothendieck’s direct geometric approach:
In the case K = Q,
Grothendieck proposed to get information on

(and possibly determine?) Aut(Q/Q)
by studying its actions on categories of finite étale covers

Covx (— category of finite topological covers of X(C))

of “natural” algebraic varieties
X over Q,
and exploiting the fact that they have to respect the pull-back functors

u* : Covy — Covy
defined by morphisms X —— Y of algebraic varieties over Q.

L. Lafforgue ion L prog July 18-22,2022 66 /85




The indirect approach through linear representations:

e Introduce “natural” algebraic varieties over global fields K
Xk — Spec(K)
or more generally “natural” schemes over a base scheme S
X258,
endowed with natural actions by algebras of correspondences
H,
so that their ¢-adic cohomology spaces or sheaves
HI(YK)@(/,) or Rip*@@
can be seen as linear representations of
Aut(K/K) or m(S,3)
endowed with an action of H.
e Study, using in particular the Grothendieck fixed points theorem,
the pairs (o, 7t) consisting in
o = irreducible representation of Aut(K/K) or my(S,3),
7t = irreducible representation of #,
such that o ® 7t appears as an irreducible component of some
H'(Xk,Q:)  or  Rp.Q.
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How to define “natural” algebraic varieties or schemes?

Grothendieck’s general principle: start from “moduli” problems.

e Consider a base scheme S (in general, a finitely presentable integral
scheme whose function field may be for instance a global field)
and the category Sch/S of finitely presentable schemes over S

(8" — 8.

e Define a presheaf M : (Sch/S)°P — Set
by a“moduli” problem, i.e. a classification problem
of some type of geometric structures over objects of Sch/S

(S-S — M(S' — 85
set of isomorphism classes
of geometric structures over S’
o c'—- 8 ’
of some prescribed type

S, — S
$ /| — mapM(S] = S) = M(S]— S)]
S
defined by pull-back (C' — ) - (C’ xs; S5 — Sj).
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Moduli problems and “meaningful” schemes:
Definition. — A moduli problem incarnated as a presheaf

M (Sch/S)°p —  Set,
(S8 — S) — set M(S' — S),
S — 8
N N — map [M(S{ = S) - M(S] — S)]
S

has a “geometric solution”, if it is representable by a scheme M — S.
Remarks : —
o If a moduli problem M has a geometric solution M,
it is unique up to unique isomorphism.
e Inthat case, for any (S’ — S), the set of morphisms
S — M
N vd
S
identifies with the set M(S’ — S) of isomorphism classes
of geometric structures C’ — S’ of the prescribed type.
e Schemes that are solutions to moduli problems

can be considered “meaningful”.
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A key example: the modular schemes classifying curves

Theorem (stated in a simplified almost correct way). —
For any integer g > 0,
there is a finitely presentable scheme

Mg — Spec(Z)
such that, for any scheme S,
My(S)

identifies with the set of isomorphism classes
of “relative curves” of genus g

cC— S,
meaning

e the structure morphism C — S is projective and smooth,
e for any geometric point's of S, the associated fiber

Cs; = C xgS is aconnected curve of genus g.

v
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The derived family of schemes classifying curves with chosen points:
Corollary. —
For any integers g > 0 and n > 0, there is a finitely presentable scheme

Mg n — Spec(Z)
such that, for any scheme S,

Mg,n(S)
identifies with the set of isomorphism classes
of “relative curves” of genus g

cts

endowed with n sections x;
c——* _g
W
whose images do not meet.
Remarks. —
e For any geometric point s of such S,
Cg =C Xg S

is just a (smooth projective) curve of genus g with n chosen points.

o My 4 identifies with P' —{0,1, oo}
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The geometric diagram of modular schemes of curves:

e The modular schemes M, ,, (including Mg o = My)
are related by morphisms

Mgn— Mgm (for m < n)

defined by forgetting n — m of the chosen points.
e On the other hand, one can prove that
they have natural compactifications

Mgn & Mg

which are also defined as solutions of moduli problems.
e As a consequence of the moduli interpretations, the boundaries

Mgn—Mgn

split into boundary strata

a Mgvn
which are endowed with natural projections

aMg)n — Mg/’n/ .
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A question of Grothendieck about the Galois group:
e Consider the algebraic varieties over Q

Mgny Mgn, 3Mgp

deduced from the schemes Mg p, Mg, p, O Mg 5
as the fibers over Spec(Q) — Spec(Z).
e The Galois group _
Aut(Q/Q)

embeds (thanks to Belyi’s theorem and Mg 4 = P' —{0,1, 00})

into the group of families of self-equivalences of categories

Covx (— category of finite topological covers of X(C))

for X € (M3 ,, Mg,, Mg,

which respect the pull-back functors induced by the natural morphisms
MG, = MIn,
Mg)n Mg?n )

My,  — MZ,.

Grothendieck’s question. — Is this embedding an isomorphism? [
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Picard and Jacobian schemes

This is another natural family of moduli schemes.
Theorem. — Let C — S be a smooth projective morphism of schemes
such that, for any geometric point's of S,
Cs = C xgS s aconnected curve of genus g. Then:
(i) The presheaf
(Sch/S)® —  Set
(558 { set of isomorphism classes }
of rank 1 vector bundles on C xg S’
is representable by a scheme over S

: . d
Picc/s = [ [ Picg /s
deZ

whose components Pic% /s are projective
and smooth of relative dimension g over S.

(ii) The tensor product of rank 1 vector bundles

defines a commutative group structure on Picg,s
which is compatible with the “degree” morphism

Picc/s = | [ Pict,s — Z.
deZ

In particular, Pic} s = Jacc,s is an “abelian scheme” over S.




Drinfeld’s moduli of rank 1 “shtukas”:

o Consider a smooth projective curve C over a finite field I,
such that C = C ®p, Fq is connected.

o For any scheme S over I, consider the canonical Frobenius morphism
Frg: S§— S

which is defined on any affine scheme Spec(A) — S by
A — A,

a — al.
Definition. — Consider a scheme S over F4 and two morphisms 0,00: S = C
whose graphs are denoted Ty — S x C and T, — S x C.
(i) A rank1 “shtuka” over S of zero 0 and pole ~o
is arank1 vectorbundle E on S x C
endowed with an isomorphism well-defined on S x C — (Ty U Tw)
(FI’S X idc)*g — &
which has a simple “zero” on Ty and a simple ‘pole” on T,.
(ii) Ifl — C is a finite closed subscheme and oo, 0 take values in C — I,
a “level I structure” on such a rank 1 shtuka is an isomorphism
Esx) — trivial rank 1 vector bundle on S x |

which is compatible with (Frg x id))*Ejsx; — &sx /-
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Moduli schemes of rank 1 “shtukas’:

We still consider a smooth projective curve C over Fy,.
Theorem. —
(i) The presheaf
(Sch/C x C)°p —  Set

- set of isomorphism classes
(§=2L,CxC) — of rank 1 shtukas over S

of zero 0 and pole oo

is representable by a scheme over C x C
Shtg = [[Shtg? — Cx C
dez
whose components Shtz® —; C x C are finite étale covers.
(ii) Similarly, for any finite closed subscheme | — C,
the presheaf of rank 1 shtukas endowed with a level | structure
is representable by a scheme over (C— 1) x (C—1)
Shtc,_ ]_[Shtc, — (C—-Nx(C—1
deZ

whose components Shtc 1 — (C— 1) x (C— 1) are finite étale covers.
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Actions of groups of invertible bundles:

Lemma. —
(i) The tensor product defines an action on Shty, — C x C of the group
PiCC/]Fq (Fq)
of rank 1 vector bundles on C.

(ii) Similarly, for any finite closed subscheme | — C,
the tensor product defines an action on Sht};’  — (C=N)x(C—1
of the group

Picc/r, (Fq)i
of rank 1 vector bundles £ on C endowed with an isomorphism
& — trivial rank 1 bundle on |.

Remarks. —
e The group Piccr,(Fq) acts simply transitively on the geometric fibers of

Shty, — C x C.

e Similarly, the group Picc r,(Fq),

acts simply transitively on the geometric fibers of
Shtg ,— (C— 1) x (C—1).
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-
Drinfeld’s geometric “meaningful realization”
of abelian fundamental groups of curves:
Let K be the field of rational functions of C

and € = Spec(K) be a geometric point of C defined by K c K.
Proposition. —

(i) The morphism defined by the cover Sht}, — C x C
m1(C x C, ¢ x ¢) — Piccr, (Fq)
canonically factorises through a morphism

m(C,€)*® x m1(C,¢)*® — PicC//Fq\(IFq) (= profinite completion)

whose two components are related by the isomorphism g — g~
(ii) Similarly, for any finite closed subscheme | — C
the morphism defined by the cover Sht};» | — (C—=N)x (C—1)
m((C—1) x (C—1),¢ x ¢) — Picg/r,(Fq)i
canonically factorises through a morphism

71(C — 1,6)™ x 111 (C — 1, 6)™ — Piccym, (Fq);

whose two components are re/ated byg— g .
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The class field isomorphism revisited by Drinfeld:

We still denote K’ the function field of C, -
and ¢ is the geometric point defined by an algebraic closure K C K.
Lemma. — There is a canonical isomorphism
Aut(K/K) — unjm (C—17c)
and a fortiori J
Aut(K/K)® = limmy(C — 1,€)®.

—
/

Lemma (which comes back to André Weil). —
There is canonical isomorphism

A;/KX ;> HﬁPicC/Fq(Fq),.
i

Theorem. — The induced morphism .
Aut(K/K)® — (Ag/K*)
is an isomorphism.
It is none other than the “class field isomorphism”.
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Drinfeld’s moduli of rank r “shtukas”:

We keep on considering a smooth projective curve C over F,,.

Definition. — Consider a scheme S over F4 and two morphisms 0,00 : S — C
whose graphs are denoted Ty — S x C andT,, — S x C.

(i) Arankr “shtuka” over S of zero 0 and pole
is a rank r vector bundle £ on S x C

endowed with an isomorphism well-defined on S x C — (Ty U Tw)

(Frs X idc)*g — £

which has a simple “zero” on Ty and a simple “‘pole” on T,.
(if) Ifl — C is a finite closed subscheme
and oo, 0 take values in C — |,
a “level | structure” on such a rank r shtuka is an isomorphism

Esx1 — trivial rank r vector bundle on S x |
which is compatible with (Frg x id))*Ejsx; — &sx /-

v
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Moduli schemes of rank r “shtukas”:

Theorem (stated in a simplified essentially correct form). —
(i) The presheaf
(Sch/C x C)®*  —  Set,
set of isomorphism classes}

(SR of rank r shtukas over S
of zero 0 and pole ~o

is representable by a (locally finitely presentable) scheme over C x C

Shtz — Cx C

which is smooth of relative dimension 2r.

(ii) Similarly, for any finite closed subscheme | — C,
the presheaf of rank r shtukas endowed with a level | structure
is representable by a (locally finitely presentable) scheme

St — (C— 1) x (C— 1)

which is smooth of relative dimension 2r.
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Actions of Hecke correspondences:

Proposition. —
For any finite closed subscheme | — C, the moduli scheme

Shty, — (C—1) x (C—1)

is endowed with a natural action by correspondences
of the Hecke algebra

M
of compactly supported functions
GL,(Ak) — Q

which are invariant on both sides
by some compact open subgroup

H, — GLr(AK)

defined by | — C.

Remark. —
The multiplication law on #7 is defined
by convolution relatively to an invariant measure on GL,(Ak).
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-
Induced actions on (-adic cohomology spaces:

We still consider a geometric point ¢ of C defined by
an algebraic closure K O K of the function field K of C.

Proposition. —
For any finite closed subscheme | — C,
the {-adic cohomology spaces

H'(Shtf | X (c—1yx (c—1 (C,C), Q¢)

are canonically endowed with commuting actions of

e the square profinite group

m(C—1,¢) xm(C—1c),

e the Hecke algebra

Hj = {compactly supported functions H\GL,(Ax)/H, — Q}
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A cohomological realization of Langland’s correspondence:

Theorem. —
(i) The colimits of cohomology spaces
lim H'(Shtz | X (c—1yx (c—1 (C,C), Q¢)
1—C
are canonically endowed with commuting actions of

e the square profinite group
Aut(K/K) x Aut(K/K),
e the Hecke algebra

convolution algebra of
lim Hj =H" = ¢ compactly supported locally constant p .
I=C functions GL(Ak) — Q

(ii) In middle degree i = 2r,
there appear irreducible components of the form oc® §®@m  where
e o = irreducible t-adic representation of Aut(K/K) of dimension r,
e G = dual representation,
e 7 = irreducible representation of H"
which is “automorphic” in the sense that
it can be realized in a space of functions on GL,(Ak)/GL;(K),
e 0o and T are related by a precise rule predicted by Langlands.
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Concluding remarks:

e In the case of the function field K of a curve C over Fq,
the whole geometric and cohomological construction
can be generalized from linear groups GL,
to arbitrary (quasi-split) reductive groups G over K,
realizing Langland’s correspondence

irreducible representations

of the convolution algebra of

“irreducible” morphisms GlAx)
2 A K
Aut(K/K) — G(Qc) — which are “automorphic”,

for G = "dual” group of G i.e. can be realized in spaces of
functions on G(Ak)/G(K)

e Inthe case K D Q is a number field,
an analoguous geometric and cohomological construction
is possible only for some number fields K
and some reductive groups closely related to Sp,,.
The moduli schemes of Drinfeld shtukas are replaced by
“Shimura varieties”
which classify “abelian varieties”

endowed with different types of extra structures.
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