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Abstract. We show that two natural approaches to quantum gravity coincide.
This identity is nontrivial and relies on the equivalence of each approach to
KdV equations. We also investigate related mathematical problems.

1. Witten's Conjecture

1.1. Two-Dimensional Gravity (ies). Quantum gravity, although not well-de-
fined, looks like integration over the (infinite-dimensional) space of rieman-
nian metrics on manifolds modulo diffeomorphisms. There are at least two
mathematically consistent approaches to two-dimensional gravity.

The first one was developed by [KB, DS, GM] and can be called "enu-
meration of triangulations." Any triangulation of the surface determines
some singular metric obtained from the arrangement of equilateral triangles.
One can imagine that when the number of triangles tends to infinity these
singular metrics approximate "random metrics" on surfaces. Thus we are led
to the problem of finding the asymptotics of the number of triangulations of
surfaces of fixed genus into the given growing number of triangles. It was
shown (using Feynman diagram techniques) that this problem together with
some modifications is equivalent to describing the asymptotic behaviour of
the integrals Jexp(tr P(X)} dX, where X runs over the space of hermitian
N x TV-matrices, N -»oo and P is a polynomial depending (in some way) on
N. These integrals were evaluated using orthogonal polynomials. It turns out
that discrete Toda lattice equations hold. In the limit the Korteweg-de Vries
equation arises. The partition function of the two-dimensional gravity for
this approach is a series in an infinite number of variables and coincides with
the logarithm of some τ-function for KdV-hierarchy.

Another approach is to choose some specific action. Using supersymmetry
the integral over the space of all metrics reduces to the integral over the finite-
dimensional space of conformal structures. The last integral has a cohomolo-
gical description as an intersection theory on the compactified moduli space of
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complex curves (see the next subsection for precise definitions). Again some
series in an infinite number of variables arises. All number related to surfaces
of genus less than or equal to 3 were computed using algebraic geometry.

E. Witten conjectured [Wl] that the partition functions for both approaches
coincide. The reason for this conjecture is an irrational (for mathematicians)
idea, that gravity is unique.

Our way to compute the partition function for the second approach (and
thus to check Witten's conjecture) uses Feynman diagram techniques and
matrix integrals but in another way. Our matrix integral does not look like
the standard matrix integral from the first variant of gravity. The coincidence
of the two integrals is a nontrivial identity and was proven (in several ways)
using the equivalence of noth integrals to KdV equations.

1.2. Notations. Let g and n be integers satisfying the conditions

0^0, n>0, 2 - 2g - n< 0.

Denote by M^n the moduli orbispace (for this notion see Appendix A) of
smooth complete complex curves of genus g with n distinct marked points
Xι,...,xn9 and Λg^n the Deligne-Mumford smooth compactification (see
[M], footnote on page 285). It is the moduli orbispace of complete connected
curves C with n distinct marked points xt satisfying the following conditions:

(1) all singularities of C are ordinary double points,
(2) the marked points are smooth,

(3) the Euler characteristic of any connected component of C\(Sing(C)u
{%!,..., xn}) is negative and the sum of these numbers is equal to 2 — 2g — n.

Both spaces Jtg^ and M9tlΛ will be endowed with the usual (Hausdorff) topol-
ogy of an analytic space.

Let <gi9 / = ! , . . . , « be line bundles on M^n. The fiber of J^ at (C;
*ι , . . . , xn) is the cotangent space 7̂ * C.

Introduce the infinite sequence of indeterminates τ 0 ,τ l 9 . . . . Let dl9...,dn

be non-negative integers satisfying

Σ di = dwic^g.n = 3g - 3 + n.
t = l

Denote by <τdl . . . τdn) the intersection index

ί Π

For example, <τ0τ0τ0> = 1, <T!> = -L (see [Wl]). By Arakelov's theorem all
the numbers <τdl . . . τdn> are non-negative ([M]).

We set <τdl . . . τdn) equal to zero if the "genus" g, defined by the formula

0 = τ Σ rf,-/ι+
3\ί=ι

is not an integer or if n = 0. In this way we have defined a linear functional
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The generating function proposed by E. Witten is a formal series in another
sequence of indeterminates t0,t1 , . . . :

F(t0,tl9...) = exp ttτ = Σ <^τk^ > Π
\ \ί = 0 ) I (k) i = Q Ki\

Witten's conjecture asserts that the series F coincides with the partition
function in the standard matrix model theory and, in particular, obeys the
Korteweg-de Vries hierarchy, the first equation of which is the classical KdV
equation

dt1 dt0 12

Recently E. Witten proposed a generalization of this conjecture (see Sect.
4.3).

1.3. Statements. Let A be a positive definite hermitian N x N matrix. Denote
by dμA(X} the probability measure on the vector space of hermitian NxN
matrices given by the density

^/2
I VA + *. J. Λ. I Ί -

CΛ exp - —^— dX,

The constant CΛ is chosen so that the condition j dμΛ(X} = 1 is satisfied.
Define functions ti9 i = 0, 1, . . . of the matrix Λ:

where (2i - 1)!! = 1 - 3 . . . - (21 - 1).

Theorem 1.1. The formal series F(t0(A), t± (A), . . . ) is an asymptotic expansion of

logί jexpί^—trJ

when Λ~l ->0.

The proof of this theorem is contained in Sect. 3.2. For any fixed size of
matrix A the functions ti(Λ), for / = 0, . . . , TV — 1 are algebraically indepen-
dent. So, to obtain from Theorem 1.1 the terms in the series Fup to any fixed
order, we have to take the integral over the space of matrices of sufficiently
large size.

Using Theorem 1.1 we prove

Theorem 1.2. The series Qxp(F) in variables 7^ ί + 1:= t i / ( 2 i + 1)!! is a τ-func-
tionfor the KdV-hierarchy.

It follows from Theorem 1.2 that Witten's conjecture is true. At the mo-
ment we know at least 3 different proofs of Theorem 1.2. The shortest proof
is contained in Sects. 4.1 and 4.2. Other proofs (see [K2, W2]) are more com-
plicated.

One can easily deduce from Theorem 1.1 that for any n ̂  0 the integral

S (tr X3)" dμΛ(X)

is a polynomial in variables tt. The following theorem generalizes this fact:
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Theorem 1.3. There exists a linear map

such that for any positive definite hermitian matrix A and for any
P £ Q [*ι •> X3 •> - ] one has

This theorem is proven in Sect. 3.3. Some conjectures concerning 7 are
presented in Sect. 3.4.

2. Reduction to the "Combinatorial" Problem

2.1. Strebel Differentials and Ribbon Graphs. In this section we will describe
an equivalence, due to R. Penner, J. Harer, D. Mumford and W. Thurston be-
tween the "decorated" moduli space of algebraic curves and the moduli space
of ribbon graphs (see Th. 2.2). We choose here the version of this equivalence
based on conformal geometry and results of K. Strebel.

A quadratic differential φ on a Riemann surface C of finite type is a holo-
morphic section of the line bundle (Γ*)®2. A nonzero quadratic differential
defines a flat metric on the complement of the discrete set of its zeroes accord-
ing to a formula in a local coordinate z:

I φ (z) I I dz 1 2 , where φ = φ (z) dz2.

A horizontal trajectory of a quadratic differential is a curve along which
φ(z)dz2 is real and positive. Jenkins-Strebel quadratic differentials are those
for which the union of nonclosed trajectories has measure zero.

Nonclosed trajectories of a JS differential decompose the surface into the
maximal ring domains swept out by closed trajectories. These ring domains
can be annuli or punctured disks. All trajectories from any fixed maximal
ring domain have the same length, the circumference of domain. In late 60's
K. Strebel proved the following theorem:

Theorem 2.1. For any connected Riemann surface C and n distinct points
*!,..., xn ε C, n > 0, n > χ (C) and n positive real numbers p±,..., pn there
exists a unique JS quadratic differential on C\{x1 ? . . . , xn] whose maximal ring
domains are n punctured disks Dt surrounding points xt with circumference pt.

This theorem is essentially Theorem 23.2 (for n = 1) and Theorem 23.5 (for
n ^ 2) in [S]. The reader can also see a recent exposition of StrebeΓs theory in
[Z]. In this section we consider only compact surfaces.

The union of all nonclosed trajectories and zeroes of a JS differential φ is
a finite graph (= 1-dimensional CJΓ-complex) Γφ embedded in the surface.
A vertex of Γφ which is a zero of φ of kth order has valency k + 2 ̂  3. The
complement to Γφ consists of open disks, hence we obtain a cell decomposi-
tion of C. The graph Γφ carries two additional structures

(1) for each vertex a cyclic order on the set of germs of edges meeting this
vertex is fixed, (we say that Γφ is a ribbon graph),

(2) to each edge is attached a positive real number, its length (a metric on the
graph).


