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Abstract. We show that two natural approaches to quantum gravity coincide.
This identity is nontrivial and relies on the equivalence of each approach to
KdV equations. We also investigate related mathematical problems.

1. Witten’s Conjecture

1.1. Two-Dimensional Gravity(ies). Quantum gravity, although not well-de-
fined, looks like integration over the (infinite-dimensional) space of rieman-
nian metrics on manifolds modulo diffeomorphisms. There are at least two
mathematically consistent approaches to two-dimensional gravity.

The first one was developed by [KB, DS, GM] and can be called “enu-
meration of triangulations.” Any triangulation of the surface determines
some singular metric obtained from the arrangement of equilateral triangles.
One can imagine that when the number of triangles tends to infinity these
singular metrics approximate “random metrics” on surfaces. Thus we are led
to the problem of finding the asymptotics of the number of triangulations of
surfaces of fixed genus into the given growing number of triangles. It was
shown (using Feynman diagram techniques) that this problem together with
some modifications is equivalent to describing the asymptotic behaviour of
the integrals | exp(tr P(X)) dX ) where X runs over the space of hermitian
N x N-matrices, N— o0 and P is a polynomlal depending (in some way) on
N. These integrals were evaluated using orthogonal polynomials. It turns out
that discrete Toda lattice equations hold. In the limit the Korteweg-de Vries
equation arises. The partition function of the two-dimensional gravity for
this approach is a series in an infinite number of variables and coincides with
the logarithm of some 7-function for KdV-hierarchy.

Another approach is to choose some specific action. Using supersymmetry
the integral over the space of all metrics reduces to the integral over the finite-
dimensional space of conformal structures. The last integral has a cohomolo-
gical description as an intersection theory on the compactified moduli space of
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complex curves (see the next subsection for precise definitions). Again some
series in an infinite number of variables arises. All number related to surfaces
of genus less than or equal to 3 were computed using algebraic geometry.

E. Witten conjectured [W1] that the partition functions for both approaches
coincide. The reason for this conjecture is an irrational (for mathematicians)
idea, that gravity is unique.

Our way to compute the partition function for the second approach (and
thus to check Witten’s conjecture) uses Feynman diagram techniques and
matrix integrals but in another way. Our matrix integral does not look like
the standard matrix integral from the first variant of gravity. The coincidence
of the two integrals is a nontrivial identity and was proven (in several ways)
using the equivalence of noth integrals to KdV equations.

1.2. Notations. Let g and n be integers satisfying the conditions
g=20, n>0, 2-29g-n<0.

Denote by .#, , the moduli orbispace (for this notion see Appendix A) of
smooth complete complex curves of genus g with » distinct marked points
Xi,...,X,, and ., , the Deligne-Mumford smooth compactification (see
[M], footnote on page 285). It is the moduli orbispace of complete connected
curves C with » distinct marked points x; satisfying the following conditions:

(1) all singularities of C are ordinary double points,
(2) the marked points are smooth,

(3) the Euler characteristic of any connected component of C\(Sing(C)u
{x1, ..., x,}) is negative and the sum of these numbers is equal to 2 — 2g — n.

Both spaces .#,,, and .4, , will be endowed with the usual (Hausdorff) topol-
ogy of an analytic space.

Let %, i=1,...,n be line bundles on .#,,. The fiber of %, at (C;
X1, ..., X,) is the cotangent space T;*C.

Introduce the infinite sequence of indeterminates t4,7,.... Let d,, ..., d,
be non-negative integers satisfying

M=

d; = dim¢ M, , =39 —3 +n.

]

i=1

Denote by <1y, ... 14,) the intersection index

| e

M,

g,n

For example, {17970y =1, {1,) = 3 (see [W1]). By Arakelov’s theorem all
the numbers (1,, ... 7, > are non-negative ([M]).
We set {7y, ... 14,> equal to zero if the “genus” g, defined by the formula

1 n
g=‘(2 di“”+3),
3I\=

is not an integer or if # = 0. In this way we have defined a linear functional
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The generating function proposed by E. Witten is a formal series in another
sequence of indeterminates ¢, f;, ...:

8

thi

F(to,ty,...) = <exp<i§0 titi>> =3 (gkogkr.. S [

(k) i

Witten’s conjecture asserts that the series F coincides with the partition
function in the standard matrix model theory and, in particular, obeys the
Korteweg-de Vries hierarchy, the first equation of which is the classical KdV

equation
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Recently E. Witten proposed a generalization of this conjecture (see Sect.
4.3).

1.3. Statements. Let A be a positive definite hermitian N x N matrix. Denote
by du,(X) the probability measure on the vector space of hermitian N x N
matrices given by the density

XZ 1/2
C4 exp(—tr 5 A)dX, 'cA"———det(ﬁ(A®1+1®A)> .

The constant ¢4 is chosen so that the condition [ dpu,(X) = 1 is satisfied.
Define functions ¢;, i = 0,1, ... of the matrix A:

L(A) = —QRi— DN tr A~@I+D]
where Qi — D!!'=1-3....-2i-1).
Theorem 1.1. The formal series F(to(A), t1(A), ...) is an asymptotic expansion of
=1
log (j exp <T tr X3> duA(X))
when A~ 0.

The proof of this theorem is contained in Sect. 3.2. For any fixed size of
matrix A the functions ¢;(A), for i=0,..., N—1 are algebraically indepen-
dent. So, to obtain from Theorem 1.1 the terms in the series F up to any fixed
order, we have to take the integral over the space of matrices of sufficiently

large size.
Using Theorem 1.1 we prove

Theorem 1.2. The series exp(F) in variables Ty;,1:=t;/2i + 1)!! is a t-func-
tion for the KdV-hierarchy.

It follows from Theorem 1.2 that Witten’s conjecture is true. At the mo-
ment we know at least 3 different proofs of Theorem 1.2. The shortest proof
is contained in Sects. 4.1 and 4.2. Other proofs (see [K2, W2]) are more com-

plicated.
One can easily deduce from Theorem 1.1 that for any » = 0 the integral

f tr X" dps(X)

is a polynomial in variables ¢;. The following theorem generalizes this fact:






