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\Periods" is the generi term used to designate the numbers arising as integrals of algebrai fun tions over domains des ribed by algebrai equations or inequalities
with oeÆ ients in Q . This lass of numbers, far larger and more mysterious than the
ring of algebrai numbers, is nevertheless a essible in the sense that its elements are
onstru tible and that one at least onje turally has a way to verify the equality of any
two numbers whi h have been expressed as periods. Most of the important onstants of
mathemati s belong to the lass of periods, and these numbers play a riti al role in the
theory of di erential equations, in trans enden e theory, and in many of the entral onje tures of modern arithmeti al algebrai geometry. The paper gives a survey of some of
these onne tions, with an emphasis on expli it examples and on open questions.
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Introdu tion

As beginning students of mathemati s, we learn su essively about various kinds of
numbers. First ome the natural numbers:
N

= f1; 2; 3; : : : g :

Adding zero and negative numbers, we get the integers:
Z=

f: : : ; 2; 1; 0; 1; 2; : : : g :

Then adding inde omposable fra tions gives the rational numbers:
 p
Q =
p 2 Z; q 2 N ; g. .d.(p; q ) = 1 :
q
Taking limits of sequen es of rational numbers, we get the real numbers. Finally, we
extend the lass of real numbers adding formally a symbol \i' whose square is 1 to get
the omplex numbers:
C = fx + i  y j x; y 2 R g :
Among the many remarkable advantages oming from the introdu tion of omplex numbers is Gauss's Fundamental Theorem of Algebra: Any polynomial equation

a0 + a1 x +    + an 1 xn

1 + xn

= 0; n > 0

with omplex oeÆ ients has a solution x 2 C . In parti ular, we

an onsider the set of
all x 2 C su h that x satis es an algebrai equation with rational oeÆ ients. In this
way we obtain the set of algebrai numbers
, usually denoted by Q  C . The simplest
p
irrational real algebrai number is 2 = 1:4142135 : : : , whose irrationality is proved
in Eu lid's Elements. Trigonometri fun tionsqof any rational angle are also algebrai
p
p
numbers, e.g. sin(60Æ ) = 3=4 ; tan(18Æ ) = 1 2= 5 :
Traditionally, numbers are lassi ed a ording to their position in the hierar hy
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Numbers whi h are not algebrai are alled trans endental. There is a huge di eren e
in size between algebrai and trans endental numbers (Cantor, 1873): the set Q of
algebrai numbers is ountable and the set of trans endental numbers is un ountable.
This means that one annot really des ribe a \generi " trans endental number using a
nite number of words. A trans endental number usually ontains an in nite amount
of information. Also, if we meet a number for whi h there is no apparent reason to be
algebrai , then it is most natural to assume that this number is trans endental.
There is, however, one further important lass of numbers, lying between Q and C ,
whi h is missing in the above lassi ation. This \new" lass of numbers, the periods,
seems to be the next most important lass in the hierar hy of numbers a ording to
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their arithmeti properties. The periods form a ountable lass and in some sense
ontradi t the above \generi " prin iple: periods are usually trans endental numbers,
but they are des ribed by, and ontain, only a nite amount of information, and (at
least onje turally) an be identi ed in an algorithmi way. Periods appear surprisingly
often in various formulas and onje tures in mathemati s, and often provide a bridge
between problems oming from di erent dis iplines. In this survey arti le we try to
explain a little what periods are and to des ribe some of the many pla es where they
o ur.
Remark. This arti le is an expanded version of a talk with the same title given by the
rst author at the 1999 Journee Annuelle of the So iete Mathematique de Fran e and
distributed on that o asion as part of a bro hure entitled \Mathematique et Physique".
The expansion onsists in the in lusion of many more examples, the addition of a hapter
on the relation to di erential equations, and a more detailed dis ussion of the onje ture
of Bir h and Swinnerton-Dyer. The last hapter, whi h is at a more advan ed level and
also more spe ulative than the rest of the text, is by the rst author only.
Chapter 1. First Prin iples

1.1. De nition and rst examples.

Here is an elementary de nition of a period:

De nition. A period is a omplex number whose real and imaginary parts are values
of absolutely onvergent integrals of rational fun tions with rational oeÆ ients, over
domains in R n given by polynomial inequalities with rational oeÆ ients.

We will denote the set of periods by P . It is obviously ountable. In the above
de nition one an repla e the words \rational fun tion" and \rational oeÆ ients" by
\algebrai fun tion" and \algebrai oeÆ ients" without hanging
p the set of numbers
whi h one obtains. For example, the irrational algebrai number 2 an be represented
by
Z
p
2 =
dx ;
2x2 1
and similarly algebrai fun tions o urring in the integrand an be repla ed by rational
fun tions by introdu ing more variables. Indeed, using the fa t that the integral of any
real-valued fun tion is equal to the area under its graph one an write an arbitrary period
as the volume of a domain de ned by polynomial equalities with rational oeÆ ients, so
we never need to integrate any fun tion more ompli ated than the onstant fun tion 1.
In pra ti e, however, we often prefer to allow ourselves more freedom rather than less,
as follows: Let X be a smooth quasiproje tive variety, Y  X a subvariety, and ! a
losed algebrai n-form on X vanishing on Y , all de ned over Q , and letR C be a singular
n- hain on X (C ) with boundary ontained in Y (C ); then the integral C ! is a period.
(Roughly speaking, the reason that this apparently more general de nition is equivalent
to the naive one given before is that we an deform C to a semi-algebrai hain and
then break it up into small pie es whi h an be proje ted bije tively onto open domains
in R n with algebrai boundary.)
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The simplest non-algebrai example of a period is the number  , the ir umferen e
of the ir le of unit diameter:

 = 3:1415926 : : : :
This number, the most famous onstant of mathemati s, is ubiquitous. For example,
4
the volume of the 3-dimensional unit ball is  (Ar himedes). Also  appears in for3
mulas for volumes of higher-dimensional balls, spheres, ones, ylinders, ellipsoids et .
Trigonometri fun tions are periodi with period 2 . We an express  as a period by
any of the following integrals:
ZZ
Z 1 p
Z 1
Z 1
dx
dx
2
p 2=
=
dx dy = 2
(1)
1 x dx =
1 + x2
1
x
1
1
1
x2 +y2 1
or also, after multipli ation by the algebrai number 2i, by the ontour integral
I

dz
z
in the omplex plane around the point z = 0. The trans enden e of the number  was
proved by F. Lindemann in 1882.
Two other famous numbers whi h have spe ial notations are
1 n
e = nlim
1
+
= 2:7182818 : : : ;
!1
n
the basis of the natural logarithms, and Euler's onstant,

1
1
= nlim
1
+
+



+
log
n
= 0:5772156 : : : ;
!1
2
n
but these two numbers ( onje turally) are not periods. (However, see x4.3.) It is known
only that e is trans endental (Ch. Hermite, 1873).
However, there are many examples of periods besides  and the algebrai numbers.
For example, logarithms of algebrai numbers are periods, e.g.
2i =

log(2) =

Z 2

1

dx
:
x

Similarly, the perimeter of an ellipse with radii a and b is the ellipti integral
2

Z b r

b

1+

a2 x2
dx
b4 b2 x2

and it annot be expressed algebrai ally using  for a 6= b; a; b 2 Q >0 . Many in nite
sums of elementary expressions are periods. For example,

 (3) = 1 +

1
1
+ 3 +    = 1:2020569 : : :
3
2
3
4

has the following representation as an integral:

 (3) =

ZZZ

0<x<y<z<1

dx dy dz
;
(1 x)yz

(2)

and more generally, all values of the Riemann zeta fun tion
X 1
 (s) :=
s
n1 n

at integers s  2 are periods, as are the \multiple zeta values"
X
1
(si 2 N ; sk  2)
(3)
 (s1 ; : : : ; sk ) :=
sk
s
1
0<n1 <<nk n1    nk
( f. [32℄) whi h have been widely studied in re ent years. Spe ial values at algebrai
arguments of hypergeometri fun tions and of solutions of many other di erential equations are periods ( f. x2.2). So are spe ial values of modular forms at appropriate
arguments ( f. x2.3) and of various kinds of L-fun tions atta hed to them (Chapter 3).
The (logarithmi ) Mahler measure
Z
Z
dxn
1



(4)
(P ) =
   log jP (x1; : : : ; xn)j dx
x1
xn
jx1 j==jxn j=1
of a Laurent polynomial P (x1 ; : : : ; xn ) 2 Q [x1 1 ; : : : ; xn 1 ℄ is a period. Also, periods
form an algebra, so we get new periods by taking sums and produ ts of known ones.
It an also happen that the integral of a trans endental fun tion is a period \by
a ident". As an example, the reader an verify that
Z 1
x
(5)
1 dx = log 2 :
0 log 1 x
R

(Hint: make the substitution x 7! 2x x2 in 21" "2 (log(1 x)) 1 dx.) Similarly, values
of the gamma fun tion
Z 1
ts 1 e t dt
(s) =
0

at rational values of the argument s are losely related to periods:

p=q q 2 P
(p; q 2 N ) :
(6)
(This follows from the representation ofZ (p=q )q as a beta integral.) For instan e,
1
3
4
=
3
1
=
2
2
p dx 3 : In general, there seems to be
(1=2) =  and (1=3) = 2 3 
1 x
0
no universal rule explaining why ertain in nite sums or integrals of trans endental
fun tions are periods. Ea h time one has to invent a new tri k to prove that a given
trans endental expression is a period.
It an be said without mu h overstret hing that a large part of algebrai geometry is
(in a hidden form) the study of integrals of rational fun tions of several variables. We
therefore propose the following prin iple for mathemati al pra ti e:
Prin iple 1. Whenever you meet a new number, and have de ided (or onvin ed yourself) that it is trans endental, try to gure out whether it is a period.
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1.2. Identities between periods. In the introdu tion, we listed some of the most

familiar lasses of numbers, summarized in the diagram (0), and emphasized a major
di eren e between the two rows of this diagram: the sets in the rst row are ountable
and ea h of their elements an be des ribed by spe ifying a nite amount of information,
whereas the individual elements of the sets in the se ond row do not in general have
su h a des ription. Indeed, be ause of this some mathemati ians [27℄ would have us
believe that we have no right to work with these sets at all! For periods the situation is
intermediate and not entirely lear. On the one hand the set P is ountable and ea h
element of it an be des ribed by a nite amount of information (namely, the integrand
and domain of integration de ning the period). On the other hand, a priori there are
many ways to write a omplex number as an integral, and it is not lear how to he k
when two periods given by expli it integrals are equal or di erent. The problem is
exa erbated by the fa t that two di erent periods may be numeri ally very lose and
yet be distin t, examples being

p

 163
and log(640320);
3
both of whi h have de imal expansions beginning 13:36972333037750 : : : , or, even more
amazingly, the two periods [23℄
4
q
Y

p
3502 and log 2
xj + x2j 1
6
j =1





p
p
p
p
1071
1553
627
x1 =
+92 34 ; x2 =
+133 34 ; x3 = 429+304 2 ; x4 =
+221 2 ;
2
2
2
whi h agree numeri ally to more than 80 de imal digits and nevertheless are di erent!
For algebrai numbers there may, of ourse, also be apparently di erent expressions
for the same number, su h as





q

p

r

p

q

p

11 + 2 29 + 16 2 29 + 2 55 10 29 =

p

q

p

5 + 22 + 2 5

([22℄), but we an he k their equality easily, either by nding some polynomial satis ed
by ea h number and omputing the g. .d. of these polynomials or else by al ulating
both numbers numeri ally to suÆ iently high pre ision and using the fa t that two
di erent solutions of algebrai equations with integer oeÆ ients of given degree and
height annot be too lose to ea h other.
Can we do something similar for periods? From elementary al ulus we have several
transformation rules, i.e., ways to prove identities between integrals. For integrals of
fun tions in one variable these rules are as follows.
1) Additivity (in the integrand and in the domain of integration):
Z b

a

(f (x) + g (x)) dx =

Z b

a

6

f (x) dx +

Z b

a

g (x) dx ;

Z b

a

f (x) dx =

Z

a

f (x) dx +

Z b

f (x) dx :

2) Change of variables: if y = f (x) is an invertible hange of variables, then
Z f (b)

f (a)

F (y ) dy =

Z b

a

F (f (x)) f 0(x) dx :

3) Newton-Leibniz formula:
Z b

a

f 0 (x) dx = f (b) f (a) :

In the ase of multi-dimensional integrals one puts the Ja obian of an invertible
hange of oordinates in rule 2) and repla es the Newton-Leibniz formula by Stokes's
formula in rule 3).
A widely-held belief, based on a judi ious ombination of experien e, analogy, and
wishful thinking, is the following
Conje ture 1. If a period has two integral representations, then one an pass from one
formula to another using only rules 1), 2), 3) in whi h all fun tions and domains of
integration are algebrai with oeÆ ients in Q .
In other words, we do not expe t any mira ulous oin iden e of two integrals of
algebrai fun tions whi h will be not possible to prove using three simple rules. This
onje ture, whi h is similar in spirit to the Hodge onje ture, is one of the entral
onje tures about algebrai independen e and trans endental numbers and is related to
many of the results and ideas of modern arithmeti algebrai geometry and the theory
of motives.
Conje ture 1 suggests a useful adjun t to the prin iple stated at the end of x1:
Prin iple 2. When you wish to prove a onje tured identity between real numbers, rst
try to express both sides as periods (Prin iple 1) and then try to transform one of the
integrals into the other by means of the rules 1) { 3).
Whenever the rst part of this prin iple applies, i.e., when we have already expressed
the identity to be proved as an equality between two periods and \merely" have to
verify that Conje ture 1 works, we will speak of an a essible identity. We will give
a simple example at the end of the se tion, and several others later in the paper.
Returning to the questions dis ussed at the beginning of the se tion, we an state:
Problem 1. Find an algorithm to determine whether or not two given numbers in P
are equal.
Note that even a proof of Conje ture 1 would not automati ally solve this problem,
sin e it would only say that any equality between periods possesses an elementary
proof, but might not give any indi ation of how to nd it. Problem 1 therefore looks
ompletely intra table now and may remain so for many years. Nevertheless, we an
ask for more. For the lass of rational or algebrai numbers, one annot only test the
equality of two given elements of the lass, as already mentioned, but an even test
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algorithmi ally whether a given number, known only numeri ally, belongs to the lass.
(To re ognize whether a numeri ally given real number  is rational, one omputes its
ontinued fra tion expansion and he ks whether there is a very large partial quotient.
To he k whether it is the root of a polynomial equation of degree n with not-too-large
integral oeÆ ients, one uses a latti e redu tion algorithm like \LLL" to determine
whether there is a ve tor (a0 ; : : : ; an ) 2 Zn+1 r f0g for whi h the quadrati form
(an  n +    + a1  + a0 )2 + "(a20 +    + a2n ) is very small, where " is a very small positive
number.) By analogy with this, we an set the presumably impossibly hard:
Problem 2. Find an algorithm to determine whether a given real number, known numeri ally to high a ura y, is equal (within that a ura y) to some simple period.
Here the \simpli ity"|the analogue of the height in the ase of algebrai numbers|
should be measured in terms of the dimension of the integral de ning the period and
the omplexity of the polynomials o urring in the des ription of the integrand and
domain of integration (or, if one wishes, simply by the amount of ink or the number of
TEX keystrokes required to write down the integral).
Finally, we state a problem whi h is in some sense the onverse of Problem 2:
Problem 3. Exhibit at least one number whi h does not belong to P .
Of ourse su h numbers exist, sin e P is ountable. Solving Problem 3 would be the
analogue of Liouville's a hievement in the 19th entury when he onstru ted the rst
expli it example of a number whi h ould be proved to be trans endental. Even more
desirable, of ourse, would be to emulate the a hievements of Hermite and Lindemann
and prove that some spe i numbers of interest, like e or 1= , do not belong to P .
Ea h of these problems looks very hard and is likely to remain open a long time. We
end the se tion on a more optimisti note by giving the promised simple example of a
situation where Prin iple 2 leads to su ess, namely the formula  (2) =  2 =6 proved
by Euler in 1734. Sin e both  (2) ( f. eq. (2)) and  are periods, this is an \a essible
identity." Here we show how to prove it (starting with a slightly di erent integral representation) using only the rules 1){3), by suitably rewriting a proof originally due to
Calabi and reprodu ed in the paper [5℄. Set

I =

Z 1Z 1

0

0

dx dy
:
1 xy pxy
1

Expanding
) as a geometri series and integrating term-by-term, we nd that
P1 1=(11 xy
2
I = n=0 (n + 2 ) = (4 1) (2), providing another \period" representation of  (2).
Now making the hange of variables

x = 2

1 + 2
;
1 + 2

y = 2

1 + 2
1 + 2

(1 xy ) pxy
d(x; y )
4 (1  2  2 )
=
with Ja obian
= 4
; we nd
d(;  )
(1 +  2 )(1 +  2 )
(1 +  2 )(1 +  2 )
Z 1
ZZ
Z 1
d
d
d
d
I = 4
=
2
2
2 ;
1 + 2 1 + 2
0 1+
0 1+
; >0;  1
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the last equality being obtained by onsidering the involution (;  ) 7! ( 1 ;  1 ); and
omparing this with the last integral in (1) we obtain I =  2 =2.
As another example, the reader may like to try proving the a essible identity

11
 x + y + 5 + 1=x + 1=y ;
6

 x + y + 16 + 1=x + 1=y ) =

where (P ) denotes the Mahler measure as de ned in x1.1, using only the rules 1){3).
Chapter 2. Periods and Differential Equations

By de nition, periods are the values of integrals of algebrai ally de ned di erential
forms over ertain hains in algebrai varieties. If these forms and hains depend on
parameters, then the integrals, onsidered as fun tions of the parameters, typi ally
satisfy linear di erential equations with algebrai oeÆ ients. The periods then appear
as spe ial values of the solutions of these di erential equations at algebrai arguments.
This leads to a fas inating and very produ tive interplay between the study of periods
and the theory of linear di erential equations. We annot begin to do justi e to this
huge theme here, and will ontent ourselves with giving a few general properties and
examples, referring the reader to the extensive literature, e.g. [1℄, for more details.
The di erential equations o urring in the way just indi ated are alled (generalized)
Pi ard-Fu hs di erential equations or (members of) Gauss-Manin systems. The rst
point to be emphasized is that these di erential equations are of a very spe ial type,
and that it is not known in general how to determine whether a given linear di erential
equation (say, with oeÆ ients in Q [t℄) is of Pi ard-Fu hs type. There are several onje tural riteria. We mention three of them brie y, and without de ning all of the terms
involved. One, due to Bombieri and Dwork, says that these are pre isely the equations
for whi h the power series expansion of every solution at a hosen (rational) base point
t0 has oeÆ ients whose numerators and denominators grow at most exponentially (soalled \G-fun tions"). Another (Siegel, Bombieri, Dwork) gives as a ne essary and
suÆ ient ondition that the di erential operator has nilpotent p- urvature for almost
every prime p. A third says that the di erential equation should have only regular
singular points and a monodromy group ontained in SL(n; Q ), where n is the order of
the equation. Note, however, that these riteria are not only not proved, but that it is
also not lear whether there is any general algorithm to determine whether they hold
for a given di erential equation.
We now des ribe some examples of Pi ard-Fu hs equations and their relations to
periods.

2.1. Example 1: Families of ellipti urves. This is the simplest and most lassi al
example of the situation we have des ribed. If E is an ellipti urve over C , say given
by an equation of the form y 2 = f (x) with f (x) a ubi polynomial, then the integral of
the holomorphi 1-form dx=y over a losed path in E (C ) depends only on the homology
lass of the path, so by pi king a basis of H1 (E (C ); Z) 
= Z2 we obtain two basi period
integrals. If f (x) depends rationally on a parameter t, these will be the solutions of a
9

se ond-order di erential equation with monodromy group ontained in SL(2; Z). For
instan e, for the Weierstrass family

EtW :

(t 2 C ) ;

y 2 = x3 3tx + 2t

the period integrals satisfy the di erential equation
3t 1 
W (t) = 0 :
+
16 36
Another frequently en ountered family is given by the Legendre equation

t2 (t 1) W 00 (t) + t(2t 1) W 0 (t) +
EtL :

(t 2 C ) ;

y 2 = x(x 1)(x t)

whose period integrals

Z 1

dx
p
;
1 (t) =
x(x 1)(x t)
t
are solutions of the di erential equation

2 (t)

=

1

Z

(7)

dx
x(x 1)(x t)

p

1

(8)

1
t(t 1) 00 (t) + (2t 1) 0 (t) +
(t) = 0 :
4
A third example is the family of ellipti urves with a distinguished 2-torsion point

EtP :

(t 2 C ) ;

y 2 = x3 2x2 + (1 t)x

whose period integrals an be given by
Z 1 pt
dx
p
;
P1 (t) =
x3 2x2 + (1 t)x
0

P2 (t) =

Z 0

1

p

x3

dx
2x2 + (1 t)x

and satisfy the di erential equation
3
P (t) = 0 :
16
2.2. Example 2: Hypergeometri fun tions. The di erential equation satis ed
by the Euler-Gauss hypergeometri fun tion
1 (a) (b)
X

n n xn
j
xj < 1; ( )n := ( + 1)    ( + n 1)
F (a; b; ; x) =
n=0 ( )n n!

t(t 1) P 00 (t) + (2t 1) P 0 (t) +

is of Pi ard-Fu hs type whenever the parameters a, b, are rational. The last two of
the three di erential equations just given are of this type. For instan e, substituting
x = ot2  into the de nition of P2 (t) and expanding by the binomial theorem gives
Z =2
1 2n tn Z =2
X
d
p
sin4n  d
P2 (t) = 2i
= 2i
n
4
4
n
0
0
1 t sin 
n=0




1
X 2n

4n tn
1 ; 3 ; 1; t
= i
=
i
F
j
t
j
<
1
;
4 4
2n 64n
n=0 n
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and a similar al ulation gives 2 (t) = F ( 21 ; 21 ; 1; t).
Note that in these examples, the values of the hypergeometri fun tion at an algebrai
value of its argument is 1= times a period. The same holds for F (a; b; ; x) for any
rational values of a, b, . To see this, one an start with Euler's integral representation

F (a; b; ; x) =

()
(a) ( a)

Z 1

0

ta 1 (1 t) a 1 (1 xt) b dt

and then use the re e tion formula (x) (1 x) = = sin x and the beta integral to
write
Z 1
1 a sin(a) sin( (a ))
1
()
= 

t a 1 (1 t)a dt 2 P :
(a) ( a)

sin( )

0
(An alternative proof is obtained
by writing F (a; b; ; x) as the residue at z = 0 of the
R1
a
fun tion ( a)(1 xz ) 0 (1 t=z ) b (1 t) 2 dt and then representing this residue
by a Cau hy integral, with denominator 2i.) Also, the fa tor 1= really is needed, as
we see by observing that F ( 21 ; 21 ; 2; 1) = 4 1 , whi h belongs to  1 P but (presumably)
not to P . Similar remarks hold also for generalized hypergeometri fun tions. For many
purposes it is onvenient to widen our previous de nition and onsider also elements of
the extended period ring Pb = P [1= ℄ (= P [1=2i℄). From a motivi point of view
( f. Chapter 4), it is more natural anyway to onsider Pb than P , be ause multiplying
by a power of 2i orresponds to performing a \Tate twist" of the orresponding motive
and su h twists are onsidered as elementary res aling operations.
The spe ial values of hypergeometri fun tions at algebrai arguments are usually
trans endental, but sometimes an assume unexpe ted algebrai values, an example
being the evaluation [7℄
1 5 1 1323 
3p
F ; ; ;
= 4 11 :
12 12 2 1331
4
What makes this example even more surprising is that the same hypergeometri series
also ponverges in the eld of 7-adi numbers (sin e 1323 = 33 72 ) and that its value there
is 41 4 11 [4℄ ! (A simpler example of the same behavior is given by the hypergeomet1 n!2 3n
P
4
, whi h onverges to p in R but to 0 in Q 3 [31℄.) Similarly,
ri sum
3 3
n=0 (2n + 1)!
the hypergeometri fun tions themselves are usually trans endental fun tions, but an
o asionally be algebrai . The ases where this o urs for the lassi al Gauss hypergeometri fun tion F = 2 F1 were determined by S hwarz in 1873, and the orresponding
values for generalized (balan ed) hypergeometri fun tions n Fn 1 were determined by
Beukers and He kman [6℄. Examples are the three fun tions
1
1
1 (6n)!n!
X
X
X
(10n)!n!
(20n)!n!
n
n
x ; B=
x ; C=
xn ;
A=
2
n=0 (5n)!(4n)!(2n)!
n=0 (10n)!(7n)!(4n)!
n=0 (3n)!(2n)!
ea h of whi h is algebrai , but in a rather ompli ated way; for instan e, the equation
satis ed by B has the form (1 3125x; B 2 ) = 0 where (X; Y ) is a polynomial
3 (15X 11 + 266X 10 )Y 13 +    .
beginning X 12Y 15 + 154 X 11 Y 14 + 128
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2.3. Example 3: Modular forms. Modular forms will play an important role in
many of the remaining examples in this paper. We re all their de nition. For k 2 Z,
a modular form of weight k is a fun tion f de ned in the omplex upper half-plane
H = fz 2 C j =(z) > 0g whi h transforms under the a tion of all matri es a db
in SL(2; Z) or in a subgroup of nite index in SL(2; Z) a ording to the formula
f ((az + b)=( z + d)) = ( z + d)k f (z ), and also satis es suitable onditions of holomorphy

or meromorphy and growth onditions at in nity. A modular fun tion is a modular form
of weight 0, i.e., a holomorphi or meromorphi fun tion on H whi h is invariant under
the a tion of . A basi prin iple whi h is unfamiliar to a surprising number even of
experts in the eld, although it has been known sin e the end of the 19th entury, is
the following:
Fa t 1. Let f (z) be a (holomorphi or meromorphi ) modular form of weight k > 0 and
t(z ) a modular fun tion. Then the many-valued fun tion F (t) de ned by F (t(z )) = f (z )
satis es a linear di erential equation of order k + 1 with algebrai oeÆ ients.
Here is a brief indi ation of the proof. One he ks easily by indu tion on i that the
a tion (in weight 0) of an element 2 on Di f~(z ) for any i  0, where D = t0 (z ) 1 d=dz
(\= d=dt") and f~ : H ! C k+1 is the ve tor-valued fun tion with omponents z n f (z )
(n = k; k 1; : : : ; 0), is given by the onstant matrix Symk ( ). It follows that the
oeÆ ients of the linear relation among the k +2 ve tors Di f~ (i = 0; 1; : : : ; k +1) are invariant fun tions of z and hen e algebrai fun tions of t = t(z ), and this is the desired
di erential equation. We see also that the full set of solutions of the di erential equation
is the spa e spanned by the fun tions z n f (z ) (0  n  k) and that the monodromy
group is the image of  SL(2; R ) under the kth symmetri power representation
SL(2; R) ! SL(k + 1; R ).
We give a few examples illustrating this and then des ribe the orresponding statement for spe ial values and the relationship with the ellipti integrals dis ussed in x2.1.
The simplest modular forms on the full modular group SL(2; Z) are the Eisenstein
series
X
1
1
Ek (z ) =
2 m; n 2 Z (mz + n)k
m, n oprime

of weight k for ea h integer k = 4, 6, : : : (we need k > 2 to make the series onverge and
k even to make it non-zero). Sin e the fun tional equation de ning modularity in ludes
the periodi ity statement f (z ) = f (z + 1), any modular form has a Fourier expansion
as a power series in q = e2iz . For the rst two Eisenstein series these expansions are
1
1
X
X
E6 (z ) = 1 504 5 (n) q n ;
E4 (z ) = 1 + 240 3 (n) q n ;
n=1

n=1

where  (n) denotes the sum of the  th powers of the positive divisors of n. (There are
similar formulas for all Ek .) Another famous modular form is the dis riminant fun tion
1
Y

1
3
2
(z ) =
E (z ) E6 (z ) = q (1 q n )24 = q 24q 2 + 252q 3   
1728 4
n=1
12

P

of weight 12, whi h has a Fourier expansion  (n)q n with the remarkable property that
the Fourier oeÆ ients are multipli ative in n (for instan e,  (6) = 6048 =  (2) (3));
forms with this property, the so- alled He ke eigenforms, are known to span the spa e of
all modular forms and will be important in the onje tures about L-fun tions dis ussed
in Chapter 3. Finally, the simplest and best known example of a modular fun tion
is the j p
-fun tion j (z ) = E4 (z )3 =(z ) = q 1 + 744 + 196884q +    . If we now take
f (z ) = 4 E4 (z ) (whi h is multivalued and hen e not a true modular form, but Fa t 1
still applies) and t(z ) = 1728=j (z ), then the F (t) de ned in Fa t 1 is a hypergeometri
fun tion:
p
1728 
1 5
4
E4 (z ) = F ; ; 1;
;
12 12
j (z )
a formula already given by Fri ke and Klein at the turn of the last entury.

As a se ond example, we onsider the subgroup (2) of matri es a db 2 SL(2; Z)
ongruent to the identity matrix modulo 2. Here we an take for f (z ) the modular form
(z )2 of weight 1, where

(z ) =

X

n2Z

ein z = 1 + 2q 1=2 + 2q 2 + 2q 9=2 +   
2

is the lassi al theta fun tion (whose modularity is a onsequen e of the Poisson summation formula) and for t(z ) the -fun tion, de ned by

(z ) = 16

 (z=2)8  (2z )16
= 1
 (z )24

 (z=2)16  (2z )8
= 16q 1=2 128q + 704q 3=2
24
 (z )

Q

 ;

where  (z ) = (z )1=24 = q 1=24 (1 q n ) is the Dedekind eta-fun tion. Then one nds
that f (z ) = F ( 21 ; 21 ; 1; (z )), giving another illustration of Fa t 1.
The observant reader will have noti ed that the hypergeometri fun tion F ( 21 ; 12 ; 1; t)
relating (z )2 to (t) is the same as the one whi h was mentioned in x2.2 as giving
the power series expansion near t = 0 of  1 2 (t), where 2 (t) is the ellipti integral
de ned in (8). This is not a oin iden e. We an asso iate to any z 2 H the ellipti
urve C =(Zz + Z). Two values of z equivalent under SL(2; Z) give isomorphi ellipti
urves, so that any invariant of an ellipti urve is automati ally a modular fun tion.
The \t" of the ellipti urve given by (7) is not quite an invariant of the ellipti urve,
sin e by writing the equation in this way we have hosen a numbering of the three
roots of the ubi polynomial o urring in the Weierstrass equation for the urve, but
it is still a modular fun tion for the subgroup (2) of index 6 in SL(2; Z), and this
modular fun tion is just (z ). This implies that the latti e generated by 1 (t) and
2 (t) is homotheti (i.e., equal up to s alar multipli ation) to the latti e generated by
z and 1. We hose the basis of the latti e in su h a way that z = 1 (t)= 2 (t), and
the transformation properties under the modular group now tell us that 2 ((z )) is a
modular form of weight 1, whi h is in fa t just (z )2 . The same applies to any other
family of ellipti urves, e.g. the family EtP of x2.1 has a modular parametrization by
t = 64(2z )=((z ) + 64(2z )) and P2 (t) the square root of an Eisenstein series of
weight 2 on the subgroup 0 (2) onsisting of matri es a db in SL(2; Z) with even.
The reader an nd the modular parametrization of the family EtW as an exer ise.
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Fa t 1 was stated on the level of fun tions. There is an analogous fa t on the level of
spe ial values. To state it, we need one further de nition. We will say that a modular
form or modular fun tion is de ned over a sub eld K of C if all of its Fourier oeÆ ients
belong to K . Then we have:
Fa t 2. Let f (z) be a modular form of weight k > 0 and t(z) a modular fun tion, both
de ned over Q . Then for any z0 2 H for whi h t(z0 ) is algebrai , f (z0 ) belongs to Pb .
In fa t, we have that  k f (z0 ) belongs to P . The proof at this stage is trivial: we
pi k one modular form f1 (z ) of weight 1, say (z )2 , and one modular fun tion t1 (z ), say
(z ), for whi h we already know that the assertion holds (in the ase given, be ause if
t0 = (z0 ) is algebrai , then f1 (z0 ) equals the 2 (t0 ), a period). Sin e any two modular
fun tions are algebrai ally dependent, both f (z )=f1 (z )k and t1 (z ) are algebrai fun tions
of t(z ), and the fa t that f , t, f1 and t1 are all de ned over Q implies that the oeÆ ients
of these algebrai dependen es also belong to Q . It follows that f (z0 )=f1 (z0 )k and t1 (z0 )
belong to Q , and this implies in turn that f1 (z0 ) and  k f (z0 ) are in P . Noti e that the
same argument an be used to give a di erent proof of Fa t 1 as well: having veri ed
it for one pair (f1 , t1 ), as we did in x2.2 in the ase of 2 and , we dedu e the general
ase by observing that if F1 (t) satis es a se ond order linear di erential equation with
algebrai oeÆ ients, then F1 (t)k satis es a di erential equation of order k + 1 with
algebrai oeÆ ients, and that this latter property is not a e ted if we repla e t by an
algebrai fun tion of t or multiply the fun tion F1 (t)k by an algebrai fun tion of t.
A spe ial ase of Fa t 2 is worth mentioning separately. A point z0 2 H is alled a
CM point if it is the solution of a quadrati equation with oeÆ ients in Q . (This is
be ause the orresponding ellipti urve C =(Zz + Z) then has non-trivial endomorphisms
given by Multipli ation with ertain Complex numbers, namely, elements of an order in
the imaginary quadrati eld Q (z0 ).) In this ase it is known by the theory of omplex
multipli ation that j (z0 ), and hen e also t(z0 ) for any modular fun tion t de ned over
Q , is an algebrai number, so Fa t 2 tells us that  k f (z0 ) is a period for any modular
form f of (positive) weight k de ned over Q . In this ase there is an expli it formula (the
so- alled Chowla-Selberg formula; f. [W℄), for the value of this period, up to algebrai
numbers and a power of  , as a produ t of rational powers of values of the gamma
fun tion at rational arguments. As an example, (i) = 2 24  18 (1=4)24.
2.4. Example 4: Apery's di erential equation. In 1986, Roger Apery reated a
sensation by proving the irrationality of the number  (3) = 1 + 2 3 + 3 3 +    . More
pre isely, what he did was to onstru t two sequen es

a0 = 1; a1 = 5; a2 = 73; a3 = 1445; a4 = 33001; : : :
351
6253
11424695
b0 = 0; b1 = 6; b2 =
; b3 =
; b4 =
; :::
4
36
288
whi h have the following properties:
(i) an 2 Z, Nn3 bn 2 Z for all n  0, where Nn = l. .m.f1; 2; : : :; ng ;
p
(ii) 0 < an  (3) bn < A n for some A > 0 and all n  0, where = 17+12 2.
Sin e Nn3 grows like e3n (by the prime number theorem) and > e3 , these two statements together immediately imply that  (3) annot be a rational number. Apery
gave the numbers an and bn by expli it formulas in terms of binomial oeÆ ients (e.g.
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P



2

an = k nk 2 n+k k ; the formula for bn is similar but more ompli ated) whi h made
statement (i) obvious. He then proved that both sequen es satis ed the re urren e
(n + 1)3 un+1 = (34n3 + 51n2 + 27n + 5) un

n 3 un

1

(n  1) :

(9)

Statement (ii) follows easily from this. (Any solution of (9) must either grow or de ay
exponentially like C n =n3=2 , and the expli it formulas showed that bn =an !  (3).)
However, the proof that the sequen es de ned by the expli it formulas satis ed the
re urren e (9) was ompli ated and unilluminating. Fairly soon afterwards, Beukers
found two other mu h more enlightening proofs whi h are both related to the ir le of
ideas we are dis ussing.
The rst of these proofs is dire tly based on the use of period integrals and the
prin iple stated in x1.2. For n  0 de ne
1
In =
2

Z1 Z1 Z1

0 0 0

pn (x)pn (y )
dx dy dt ;
1 t + txy

where pn (x) = (d=dx)n (xn (1 x)n )=n! (essentially the nth Legendre polynomial). For
integersRRR
k and l between 0 and n one nds by a dire t (but ingenious) al ulation
1
that 2
xk y l (1 t + txy ) 1 dx dy dt is the sum of Æk;l  (3) and a rational number
with denominator dividing Nn3 , so, sin e pn has integral oeÆ ients, In has the form
an  (3) bn with an and bn satisfying property (i). On the other hand, by applying the
rules of al ulus as in x1.2 (spe i ally, by integrating by parts n times with respe t to
x and then, after a suitable hange of variables, n times with respe t to y ), one obtains
2In =

Z1 Z1 Z1 

0 0 0


xyz (1 x)(1 y )(1 z ) n dx dy dz
;
1 (1 xy )z
1 (1 xy )z

and the estimate In = O( n ) in (ii) now follows be ause the maximum of the expression
in square bra kets is 1= .
The se ond, even ni er, proof is based on giving modular interpretations of the sequen es fan g and fbn g. We indi ate only what happens for fan g, sin e this is a dire t
appli ation of \Fa t 1" from x2.3. If we de ne

t(z ) =



 (z )  (6z )
 (2z )  (3z )

12

= q

12q 2 + 66q 3

220q 4 + : : :

( (z ) = Dedekind eta-fun tion) and


 (2z )  (3z ) 7
2
3
4
f (z ) =
5 = 1 + 5q + 13q + 23q + 29q + : : : ;
 (z )  (6z )
whi h are, respe tively, a modular
fun tion and a modular form of weight 2 on the group
a b  in SL(2; Z) with divisible by 6 (and in fa t on the slightly
(6)
of
all
matri
es
0
d
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p 
larger group 0 (6) obtained by adjoining the matrix p06 1=0 6 to 0 (6)), then Fa t 1
tells us that the power series F (t) = 1 + 5t + 73t2 +    expressing f (z ) (near z = i1) in
terms of t(z ) satis es a linear di erential equation of order 2 + 1 = 3 with (in this ase)
polynomial oeÆ ients. Cal ulating this di erential equation expli itly, one nds that
the oeÆ ients of F (t) satisfy the re ursion (9), and their integrality is obvious sin e
both f (z ) and t(z ) have q -expansions with integral oeÆ ients.
This se ond proof highlights an aspe t of Pi ard-Fu hs equations whi h was mentioned at the beginning of this hapter as one of the ( onje tural) hara terizations of
this lass of di erential equations, namely the \G-fun tion" property of having Taylor
oeÆ ients with (numerators and) denominators of at most polynomial growth. The
re urren e (9) plainly has two linearly independent solutions over Q (take any initial
values of u0 and u1 in Q and ontinue from there), but sin e in omputing un+1 from
its two prede essors one has to divide by (n + 1)3 , one would a priori expe t that ea h
of these has denominators (and hen e also numerators) growing roughly like n!3 , i.e.,
more than exponentially. The property found by Apery that in fa t both solutions have
denominators at most Nn3 (of only exponential growth) and that there is even one solution fan g with no denominators at all, is surprising and, indeed, is the rux of Apery's
proof. This type of property is very rare. For an example, one of the authors has made
a sear h over 108 parameter values (A; B; ) (B (A2 4B ) 6= 0) of the re ursion

u0 = 1;

(n + 1)2 un+1

An(n + 1)un + Bn2 un

1

= un

(n  0)

(whi h for (A; B; ) = (11; 1; 3) is the re ursion o urring in a proof of the irrationality
of  (2) exa tly parallel to the  (3) proof) and found only 6 ases in whi h the un 's are
integral. In a ordan e with the onje tural hara terization, all six were indeed of
Pi ard-Fu hs type, in fa t asso iated with families of ellipti urves as in x2.1.
As a nal remark in onne tion with Apery's proof we mention that many, if not
almost all proofs of irrationality and trans enden e results use periods and their assoiated di erential equations in one form or another. As salient examples we mention
Wustholz's 1983 theorem (in luding several previous results of trans enden e theory as
spe ial ases) that the integral of any meromorphi 1-form on a Riemann surfa e (both
de ned over Q ) over any losed y le is either 0 or else trans endental, and Nesterenko's
more re ent theorem that  , e and (1=4) are algebrai ally independent, whose proof
makes essential use of the representation of spe ial values of modular forms as period
integrals.

2.5. An appli ation. We end this hapter by a simple appli ation demonstrating that

the prin iple formulated in x1.2 (prove an identity by rst re asting it in an \a essible"
form as an equality between period integrals and then applying the transformation rules
for su h integrals) an also be applied at the level of fun tions satisfying Pi ard-Fu hstype equations (prove an identity by rst writing it as an equality between values of
fun tions satisfying di erential equations and then showing that both satisfy the same
equation with the same boundary ondition). In favorable ases the freedom oming
from the extra variable makes the proofs easier than if we just looked at xed values of
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the variables. The example we onsider is the formula

 (1| ; 3; 1; 3{z
; : : : ; 1; 3}) =
2m terms

2  4m
(4m + 2)!

(m  1)

for ertain spe ial values of the sum (3). This identity, whi h was onje tured in [32℄,
is a essible, sin e both multiple zeta values and powers of  are periods, but it is far
from lear how to prove it by applying the transformation rules given in x1.2, and it
remained unsolved for several years. It was then proved by Broadhurst by an argument
whi h, in a streamlined form, is as follows: For jxj  1 and any t we have
1+

1
X

( 4t4 )m xbm
3    a b3 = F (t; t; 1; x) F (it; it; 1; x)
a
b
m m
1
1
m=1 0<a1 <b1 <<am <bm
X

be ause both sides are power series in x starting 1 + O(x2 ) and are annihilated by the
d 2 d 2
di erential operator (1 x)
x
+ 4t4 . Now setting x = 1 gives
dx
dx
1 2  4m
1
X
sin t sinh t X
4
m
=
( 4t4 )m :
1+
 (1| ; 3; 1; 3{z
; : : : ; 1; 3}) ( 4t ) =
t
t
m=0 (4m + 2)!
m=1
2m terms

Chapter 3. Periods and L-Fun tions

The most striking way that periods appear in arithmeti is in onne tion with the
spe ial values of L-fun tions. This onne tion, still onje tural in most ases, has been
one of the main unifying themes of number theory and arithmeti algebrai geometry in
re ent de ades and seems destined to ontinue to be so for a long time. We will dis uss
it in some detail in this hapter. The rst two se tions of the hapter give a survey of the
L-fun tions arising in number theory and of the onje tured relationship between their
spe ial values at ertain values of the argument and periods. The next three se tions
des ribe a number of examples oming from algebrai number theory and the theory
of modular forms. In x3.6 we dis uss the onje ture of Bir h and Swinnerton-Dyer in
some detail and explain how the \right-hand side" of the onje tural formula it gives
for a derivative of the L-series of an ellipti urve over Q an be written in terms of
period integrals on this urve. The nal se tion des ribes a onje ture due to Colmez
whi h extends the onje tures about leading Taylor oeÆ ients of an L-fun tion to a
statement about the se ond term in its Taylor expansion at a spe ial point.

3.1. L-fun tions. One of the most important and most mysterious dis overies of the

last entury is that one an asso iate to many of the basi obje ts of arithmeti |
number elds, Galois representations, algebrai varieties, and modular forms| ertain
analyti fun tions alled L-fun tions whi h en ode in some deep way the properties
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of thesePobje ts and the relations between them. These fun tions are Diri hlet series
L(s) = an n s ( onvergent for <(s)  0) with the following hara teristi properties:
Q
(i) They have Euler produ ts of the form Pp (p s ) where the produ t runs over
p

all prime numbers p and the Pp (T ) are polynomials with (algebrai ) integer
oeÆ ients and xed degree n (ex ept for a nite number of p where it drops)
whi h des ribe in some way the behaviour of the arithmeti obje t over nite
elds of hara teristi p.
(ii) They have or are onje tured to have meromorphi ontinuations (with only
nitely many poles, at integral values of s) and fun tional equations of the form
L (s) = L (k s) for some positive integer
k, where L (s) = (s)L(s) for
Q
n
some \gamma fa tor" (s) of the form As j =1 ( 21 (s + j )) (A > 0, j 2 Z).
(More generally, the fun tional equation may have the form L1 (s) = wL2 (k s)
where L1 and L2 are the L-fun tions asso iated to dual arithmeti obje ts like
a Galois representation and its ontragredient and w is an algebrai number of
absolute value 1, but in our examples L1 and L2 will always oin ide.)
(iii) They satisfy or are onje tured to satisfy the lo al Riemann hypothesis, saying
that the zeros of Pp (p s ) lie on the line <(s) = (k 1)=2.
(iv) They are onje tured to satisfy the global Riemann hypothesis, saying that the
zeros of L(s) are either integers or lie on the line <(s) = k=2.
(v) They have interesting spe ial values, related to periods, at integral values of s.
The last aspe t is the one we are interested in and will be dis ussed in the rest of this
hapter. First, however, we des ribe some examples of L-fun tions and their properties.
The rst example, of ourse, is the \Riemann" (a tually Euler) zeta fun tion  (s).
In this ase (i) holds with n = 1 and Pp (T ) = 1 T for all p (Euler); (ii) holds with
k = 1 and (s) =  s=2 (s=2) (Riemann); the lo al Riemann hypothesis (iii) is trivial,
while the global one (iv) is a million-dollar question; and the spe ial values mentioned
in (v) are the evaluations
4
6
8
2
;  (4) =
;  (6) =
;  (8) =
; :::
(10)
 (2) =
6
90
945
9450
and (after analyti ontinuation of  (s))
1
1
1
1
 (0) =
;  ( 1) =
;  ( 3) =
;  ( 5) =
; :::
(11)
2
12
120
252
found by Euler in 1734 and 1749, respe tively. Various generalizations of the Riemann
zeta fun tion oming from algebrai number theory were dis overed and studied in the
19th and early 20th enturies, in luding in parti ular (in in reasing order of generality)
the L-fun tion L(s; ) asso iated to a Diri hlet hara ter  (here n = 1 and k = 1), the
Dedekind zeta fun tion F (s) of a number eld F (with n = [F : Q ℄, k = 1), and the
Artin L-fun tion L(s; ) asso iated to a representation  of Gal(Q =Q ) (with n = dim 
and k = 1). We will dis uss some of the results and onje tures on erning the spe ial
values of these fun tions in x3.3.
A major development in 20th entury arithmeti was the realization that these
number-theoreti al L-fun tions are merely the zero-dimensional ase of far more general Diri hlet series asso iated to algebrai varieties, as follows. Let X be a smooth
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proje tive variety de ned over Q , given as the set of solutions of a nite olle tion of
multivariate polynomials with oeÆ ients in Q . We atta h to X a zeta fun tion by
setting

 X X
p rs
r
(12)
X (s) := exp
N (p )
r
p prime r1
where N (pr ) is de ned for almost all primes p and all r  1 by ounting the number
of solutions of the equations de ning X over the nite eld of pr elements. If X is the
0-dimensional variety de ned by f (x) = 0, where f is an irredu ible polynomial with
rational oeÆ ients, then X (s) oin ides with the Dedekind zeta fun tion of the eld
obtained by adjoining to Q a root of f . If X is a 1-dimensional variety ( urve), then
it is known (by results of Hasse if X is an ellipti urve and of Weil for X of arbitrary
genus g ) that X (s) has the form  (s) (s 1)=L(X; s), where L(X; s), the Hasse-Weil
L-fun tion of X , has an Euler produ t of the form des ribed in (i) (with k = 2 and
n = 2g ) and satis es the lo al Riemann hypothesis (iii). If X has arbitrary dimension d,
then by the work of Weil, Grothendie k, Dwork, Deligne and others we know that X (s)
has a anoni al representation as an alternating produ t

X (s) = L0 (s)L1(s)

1 L

2d 1 (s)

1L

2d (s)

where ea h Lj (s) is a Diri hlet series whi h has an Euler produ t having the properties
in (i) and (iii) above, with k = j + 1 and n equal to the j th Betti number of X . More
generally, in analogy with the way that Artin L-fun tions arise as the primitive pie es
into whi h the Dedekind zeta fun tions of number elds split, one an de ne a motivi
L-fun tion L(M; s) having an Euler produ t with the properties (i) and (iii) for any
natural summand M (\motive") of the ohomology of X .
The properties just given justify the de nition of the individual fa tors, i.e., the
summation over r in (12). On the other hand, the justi ation for multiplying these
Euler fa tors together, i.e., for the summation over p in (12), is almost entirely onje tural, sin e none of the desired properties (analyti ontinuation, fun tional equation,
Riemann hypothesis, or spe ial values) an be proved in general for varieties of dimension bigger than 0. There is, however, a se ond lass of L-fun tions for whi h
global properties an sometimes be established,Pnamely the automorphi L-fun tions.
s
The prototype this P
time is the Diri hlet series 1
m=1  (m)m asso iated to the mod1
ular form (z ) = m=1  (m)q m de ned in x2.3. This fun tion has an Euler produ t as in (i) with n = 2 and Pp (T ) = 1  (p)T + p11 T 2 (this was onje tured by
Ramanujan and proved by Mordell), satis es a fun tional equation as in (ii) with
k = 12 and (s) = (2 ) s (s) (He ke), and satis es the lo al Riemann
P hypothesiss
(iii) (Deligne). Similar propertiesPhold for the He ke L-series L(f; s) = 1
m=1 am m
1
m
of any He ke eigenform f (z ) = m=0 am q (with n = 2, k equal to the weight of f ,
and Pp (T ) = 1 ap T + pk 1 T 2 ). One an also asso iate to f other L-fun tions like
the symmetri square L-fun tion L(Sym2 f; s) (whi h has an Euler fa tor with n = 3
and Pp (T ) = (1 pk 1 T )(1 (ap2 pk 1 )T + p2k 2 T 2 ) ) or higher symmetri power
L-fun tions. These all orrespond to the spe ial ase G = GL(2) of the general Langlands L-fun tions asso iated to automorphi representations of algebrai groups G over
the adeles. The entral onje ture of the whole eld is the Langlands program, whi h in
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its rudest form is the predi tion that the lass of motivi L-fun tions should oin ide
pre isely with an appropriate lass of these automorphi L-fun tions. The relatively
few known ases of this in lude some of the deepest results of twentieth entury number theory: lass eld theory, the theorem (proved by Ei hler and Shimura for k = 2,
by Deligne for k > 2, and by Deligne and Serre for k = 1) that the He ke L-series
L(f; k) of a weight k He ke eigenform f is motivi , and the theorem proved by Wiles
and his ollaborators (previously the Taniyama-Weil onje ture) that the L-series of
any ellipti urve over Q is equal to the He ke L-series of a modular form of weight 2.
The Langlands program not only provides a grand uni ation of all the mainstreams
of number theory, but also permits us to verify some of the properties (i){(v) for Lfun tions where they annot be proved dire tly. In parti ular, the only known proof
of the lo al Riemann hypothesis (iii) for He ke L-series (\Ramanujan-Petersson onje ture") omes from identifying them with motivi L-fun tions, and the only motivi
L-fun tions for whi h one an prove the analyti ontinuation and fun tional equation
of motivi L-fun tions are those whi h are known to be automorphi .

3.2. Spe ial values: the onje tures of Deligne and Beilinson. The formulas
found by Euler for spe ial values of  (s) were already stated in equations (10) and (11).
Analogous results for Diri hlet series L(s; ) were proved in the 19th entury and for

the Dedekind zeta fun tions of totally real elds in the 1960's (Klingen-Siegel theorem).
In a di erent dire tion, results of Ei hler, Shimura, and Manin, also in the 1960's, led
to formulas des ribing the values of the He ke L-fun tion L(f; s) of a modular form
of weight k for s = 1; 2; : : : ; k 1, and in the subsequent years analogous results for
ertain spe ial values of the symmetri square L-fun tions L(Sym2 f; s) and of some
higher symmetri power L-fun tions were either proved or else obtained experimentally.
In 1979, Deligne [13℄ made a very general onje ture whi h ontained all of these as
spe ial ases. He began by asking where spe ial values of this type should be expe ted.
The arguments o urring in (10) and (11) are (apart from s = 0, whi h orresponds
under the fun tional equation of  (s) to the pole at s = 1 and hen e is ex eptional)
the positive even integers and the negative odd integers. In other words, the values for
whi h one does not have a ni e formula of this sort are the negative even integers and
the positive odd integers. If we re all that the fun tional equation of  (s) has the form
  (s) =   (1 s), where   (s) is the produ t of  (s) with (s) =  s=2 (s=2), then
we see that these forbidden integers are pre isely the ones where either (s) or (1 s)
has a pole. Based on this and the other examples, Deligne de ned the riti al values
of a (motivi ) L-fun tion L(s) to be the integer arguments of s at whi h neither (s)
nor (k s) has a pole, where now (s) and k are de ned as in (ii) of the last se tion,
and formulated a onje ture saying that the value of L(s) (or L (s)) at any su h riti al
value is a non-zero algebrai multiple of the determinant of a ertain matrix whose
entries are periods. The a tual statement of the onje ture is far more pre ise and
not only des ribes the period matrix exa tly (in terms of the Hodge ltration on the
ohomology group or pie e of a ohomology group de ning the L-fun tion), but also
spe i es in what number eld the unknown algebrai fa tor lies and how it transforms
under the a tion of the Galois group of Q over Q .
Deligne's onje ture has been proved or experimentally veri ed in many ases, some
of whi h will be indi ated in the next two se tions. Nevertheless, there were several other
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results about spe ial values of L-fun tions whi h were not subsumed in this pi ture, most
notably Diri hlet's lass number formula, whi h des ribes the residue at s = 1 of the
Dedekind zeta fun tion of a number eld, and the onje ture of Bir h and SwinnertonDyer, whi h des ribes the rst non-vanishing derivative at s = 1 of the L-series of an
ellipti urve over Q . In both of these, the known or onje tured formula for the value in
question involves a quantity alled the \regulator" whi h is de ned as the determinant
of a ertain square matrix (of logarithms of units in the rst ase, and of heights of
rational points in the latter). In the early 1980's, Beilinson made a huge generalization
of Deligne's onje ture whi h in luded not only these two spe ial ases, but all values of
motivi L-fun tions and their leading non-zero derivatives at all integral values of the
argument, giving these values (again up to a non-zero algebrai number with known
behavior under the Galois group) in terms of periods on the variety de ning the Lfun tion and of a regulator generalizing the ones in the Diri hlet lass number formula
and the Bir h{Swinnerton-Dyer onje ture. A few years later, S holl [21℄ observed
that this regulator an itself be expressed in terms of periods (some part of this an
also be found in earlier work of Blo h and of Beilinson). This led to a reformulation of
Beilinson's onje ture whi h is again far too te hni al to state here, but whose essen e is
aptured by the following beautiful ( onje tural) statement, whose wider dissemination
was one of our main motivations for writing the present paper:
Conje ture (Deligne{Beilinson{S holl). Let L(s) be a motivi L-fun tion, m an
arbitrary integer, and r the order of vanishing of L(s) at s = m. Then L(r) (m) 2 Pb.
In the next two se tions we give a number of illustrations of the Deligne and Beilinson
onje tures, while in x3.5 we illustrate S holl's reformulation of the latter in some detail
in the ase of the Bir h{Swinnerton-Dyer onje ture.

3.3 Examples oming from algebrai number theory. We already gave Euler's

formulas for the spe ial values of the Riemann zeta fun tion in equations (10) and
(11). The ase of Diri hlet L-fun tions L(s; ) is similar ex ept that the riti al values
are at positive odd and negative even integers when  is an odd hara ter (i.e. when
( 1) = 1) rather than at positive even and negative odd integers as happens for
 (s) or for even hara ters, be ause the gamma fa tor (s) in this ase has the form
As ((s + 1)=2) rather than As (s=2).
The next ase is the Dedekind zeta fun tion F (s) of a number eld F , say F = Q ( )
where is the root of an irredu ible polynomial f (X ) 2 Z[X ℄. This zeta fun tion
was de ned in x3.2 by formula (12) with N (pr ) (for p not dividing the dis riminant of
f ) equal to the number of roots of the equation f (x) = 0 in the eld of pr elements.
An easy al ulation shows that this is equivalent to saying that F (s) has an Euler
produ t of the form given in (i) of x3.1 with Pp (T ) = (1 T n1 )    (1 T nr ) if f is
ongruent modulo p to the produ t of irredu ible polynomials of degrees n1 ; : : : ; nr
in F p (X ). Equivalently, the pth Euler fa tor of F (s) des ribes the splitting of the
prime p in F , whi h explains the interest atta hed to these fun tions. The fun tional
equation of F (s) was proved by He ke (following Riemann's approa h of writing these
fun tions as the Mellin transform of a theta fun tion, in a ordan e with the laim
made at the end of x3.1 that all known fun tional equations of motivi L-fun tions are
based on modular forms or their generalizations) and has k = 1 and a gamma fa tor
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of the form As (s=2)r1 (s)r2 where r1 and 2r2 denote the number of real and non-real
roots, respe tively, of the polynomial f . We therefore have the same riti al values (viz.,
positive even and negative odd integers) as for the Riemann zeta fun tion if F is totally
real (r2 = 0), and no riti al values otherwise. In the former ase (F totally real) the
theorem of Klingen and Siegel mentioned in the last se tion provides the analogue of
formulas (10) and (11). In parti ular, the values of F (s) at negative odd values of s
are non-zero rational numbers.
The rst non- riti al ase is s = 1. Here the Diri hlet lass number formula mentioned
in the last se tion expresses the residue of F (s) as an algebrai number (in fa t, the
square root of a rational number) times the produ t of  r2 with a regulator whi h is the
determinant of an (r1 + r2 1)  (r1 + r2 1) matrix whose entries are logarithms of
units of F . The algebrai fa tor is also known pre isely and ontains the lass number
of F , when e the name of the theorem, but is not relevant at the level of the dis ussion
here.
Diri hlet's theorem was proved in the mid-19th entury. It has two generalizations,
both onje tural ex ept in spe ial ases. On the one hand one an repla e F (s) by
an Artin L-series L(s; ), where  is an irredu ible representation of the Galois group
of F . (This is more re ned than looking at F (s) sin e every Dedekind zeta fun tion
fa tors into nitely many Artin L-series and onversely every Artin L-series L(s; ) is a
fa tor of some Dedekind zeta fun tion. The meromorphi ontinuation and fun tional
equation of L(s; ) are known, while its holomorphy is in general only onje tured.)
The generalization of Diri hlet's formula is then the Stark onje ture, whi h says that
L(1; ) an always be written as the produ t of an algebrai number, a ertain power
of  , and the determinant of a matrix whose entries are logarithms of units. (For more
details, f. [24℄ and [25℄.) This onje ture has been proved in some ases and veri ed
numeri ally in many others, but we are far from a proof in general, the main ase known
being the Krone ker limit formula whi h uses methods from the theory of modular forms
to prove the assertion in question for ertain two-dimensional representations asso iated
to imaginary quadrati elds.
In a di erent dire tion, we an look again at F (s), but now at other non- riti al
values s = m (say positive odd integers when F is totally real, or arbitrary positive
numbers when it is not). Here an expression for F (m) as a regulator oming from
algebrai K -theory was found by Borel in 1975 [10℄. This expression is a period, in
a ordan e with the general set-up explained in the last se tion, but it is not very expli it
sin e the higher K -groups of a eld do not have a known algorithmi des ription. A
more al ulable, but onje tural, formula for the spe ial values F (m) was given by one
of the authors [30℄ in terms of spe ial values at algebrai arguments (morePpre isely, at
n m
arguments belonging to F ) of the mth polylogarithm fun tion Lim (z ) = 1
n=1 z =n .
Note that this onje ture in any on rete ase is \a essible" in the sense of x1.2, sin e
both Borel's regulator and the values of the polylogarithm fun tion belong to the ring P .
The onje ture has been proved for m = 2 and 3 (the latter, mu h harder, result is due
to A. Gon harov) and he ked numeri ally to high pre ision in many examples.
One an also ombine these two generalizations of the lass number formula by looking
at the values of Artin L-fun tions at integral values s = m > 1, whi h are again
onje tured to be expressible in terms of determinants of matri es of polylogarithms.
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For the same representations as in the Krone ker limit formula this statement an be
made mu h more pre ise and predi ts that the value at s = m of the Epstein zeta
fun tion
X0
1
Q (s) =
(13)
s
Q
(
x;
y
)
x; y 2 Z
asso iated to a positive de nite binary quadrati form Q with integer oeÆ ients is equal
(up to an algebrai fa tor and a power of  ) to a linear ombination of values of the
mth polylogarithm evaluated at ertain algebrai arguments (in an abelian extension of
the imaginary quadrati eld de ned by Q). As a typi al example, we have
X0

64 3
1
=
Li ( )
2
2 3
235=2 3
x; y 2 Z (2x + xy + 3y )

3
1
Li3 ( 3 ) + Li3 (
3
2

4 ) + Li

3(

5 );

(14)

where = 0:75487 : : : is the real root of 3 + 2 = 1. The onje ture has been he ked
in many ases and has been proved for m = 2 by A. Levin. (For details, see [33℄.)

3.4. Examples oming from modular forms. Again we treat riti al values rst.
As was already mentioned in x3.2, these were among the main
examples
P motivating
n
for the onje tures in [13℄. Consider a modular form f (z ) = an q (say, on the full
modular group SL(2; ZP
)) of weight k. We suppose that f is a He ke eigenform, so that
s
its L-series L(f; s) = 1
n=1 an n has an Euler produ t as des ribed in x3.1. (The
reader an think of the ase f = , k = 12.) The fun tional equation has the form
L (f; s) = L (f; k s), where L (f; s) = (2 ) s (s)L(f; s), so the riti al values in the
sense of Deligne are s = 1; 2; : : : ; k 1. One an show (using either the theory of period
polynomials as developed by Ei hler, Shimura and Manin or else Rankin's method) that
there are two real numbers C+ and C , depending on f , su h that the values of L (f; s)
at even (resp. odd) values of s are algebrai ally proportional Rto C+ (resp. C ) and su h
that the produ t C+ C is an algebrai multiple of (f; f ) = H= jf (x + iy )j2y k 2 dxdy ,
the square of the Petersson norm of f . For instan e, for f =  we have
s
L (; s)

6

1
30 C+

7

1
28 C

8

1
24 C+

9

1
18 C

10

2
25 C+

11

90
691 C

for two onstants C+ = 0:046346 : : : , C = 0:045751 : : : with C+ C = 211 (; ). In
[13℄, Deligne showed that his onje ture not only orroborates these results, with C
being ertain period integrals atta hed to , but that it also predi ts that the spe ial
values of L(Symr ; s), for any r  1 and for s belonging to a ertain nite set of
values depending on r, will be rational multiples of some expli itly given monomials
in  , C+ and C . These results were known for r = 2, where the riti al values are
s = 12; 14; : : : ; 22 and the numbers L(Sym2 ; s) are rational multiples of  2s 11C+ C ,
but no examples for higher r had been omputed; the subsequent numeri al al ulations
for r = 3 (where the riti al values are s = 18; 19; : : : ; 22 and the spe ial values are
proportional to  2s 11 C3 C ) and r = 4 (where s = 22; 24; : : : ; 32 and the L-values
are proportional to  3s 33C+3 C 3 ) on rmed Deligne's predi tion to high pre ision and
provided onvin ing eviden e for the validity of his onje ture.
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Deligne's earlier proof that the L-series L(; s) is motivi had identi ed it with the
L-fun tion of a ertain 2-dimensional pie e of the 11th ohomology group of a ertain
( omplex) 11-dimensional algebrai variety alled the Kuga variety, de ned as the 10th
bre power of the universal ellipti urve over the modular urve of level 1. In a ordan e
with his general onje ture, the expressions for the numbers C should therefore be
integrals of algebrai 11-forms over appropriate (real) 11-dimensional y les on this
variety. This sounds ompli ated, but in fa t an be written inR quite an elementary
way. To do this, we start with the integral formula L (; s) = 01 (iy ) y s 1 dy . We
then hoose one of the families of ellipti urves dis ussed in x2.1 (for de niteness, say
the se ond one, given by equation (7)) and use it to reparametrize our modular urve.
As we saw in x2.3, if we substitute the modular fun tion (z ) (z 2 H) for t in (8), we
obtain 2 (t) = (z )2 and 1 (t) = z 2 (t), where (z )2 is a ertain modular fun tion
of weight 1. The fun tion (z ), being a modular form of weight 12, an be written as
the produ t of the 12th power of (z )2 and a rational fun tion (whi h turns out to be
t2 (t 1)2 ) of (z ) (= t). Similarly, the weight 2 modular form dt=dz is the produ t of
((z )2 )2 with another rational fun tion of t, and using this one nds
1
L (; n) = n 1 11
i 

Z 1

1 (t)

0

n 1

2 (t)

11 n t(1

t) dt

(n = 1; 2; : : : ; 11) :

The same substitutions also give
(; ) =:

Z Z
C

C

d(x)
jx(x 1)(x t)j

10

jtj2 j1 tj2 d(t) ;

where d(x) ( = dx0 dx1 if x = x0 + ix1 ) denotes Lebesgue measure in C and =: denotes
equality up to a omputable fa tor in Q   Z. This shows expli itly that (; ) 2 Pb.
We now turn to non- riti al values. The following spe ial ase of the onje ture
stated in x3.2 seems not to be widely known, even to spe ialists in the eld.

Theorem. Let f be a modular form of weight k  2, de ned over Q . Then L(f; m) 2 Pb
for all m  k (as well as for the riti al values 0 < m < k).
This was proved by Beilinson [2℄ for m = k = 2 by a ombination of Rankin's method

and ohomologi al manipulations and in the general ase by Deninger and S holl [14℄
by an extension of the same method. If one unravels Beilinson's proof (not an entirely
trivial exer ise), one nds that L(f; 2) is Rexpressed, up to a power of  , as a rational
linear ombination of integrals of the form ab log jA(x)j B (x) dx with A(x); B (x) 2 Q (x)
and a; b 2 Q . On the other hand, the Mahler measure (P ) ( f. (4)) of a two-variable
Laurent polynomial P (x; y ) is also equal to an integral of this form ((P ) is de ned
as a double integral, but one of the two integrations an be arried out using Jensen's
formula). In many ases, in luding the two examples given at the end of x1.2, it turns
out that the Mahler measure of a polynomial whose vanishing de nes an ellipti urve
over Q is equal, up to a power of  , to a rational multiple of the value at s = 2 of the
L-series of this urve. We refer the reader to [11℄ and [20℄ for more details and many
examples of this beautiful onne tion.
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For k = 1, Beilinson's method no longer applies, sin e it begins by using Rankin's
method to get an integral representation of L(f; m)L(f; n), where n is riti al for f , and
in weight 1 there are no riti al values. If f is an eigenform of weight 1, a theorem of
Deligne and Serre tells us that L(f; s) is equal to the Artin L-series of a 2-dimensional
Galois representation , so we are ba k in the situation of x3.3 and the onje tures
dis ussed there say that L(f; m) should be expressible in terms of values of the mth
polylogarithm fun tion at algebrai arguments. Equation (14) is an instan e of this,
sin e the
number appearing on the left is just L(f; 3) for the weight 1 theta-series
P
2
2
f (z ) = x;y q 2x +xy+3y . In general, whenever the modular form f is the theta series
asso iated to a binary quadrati form Q, so that L(f; s) = Q (s) (these are the so- alled
CM forms, and orrespond to 2-dimensional representations  whose image in GL(2; C )
is a dihedral group), then a al ulation Rwhi h is des ribed in x7 of [33℄ lets one write
L(f; m) as a sum of integrals of the form E2m (z ) Q(z )m 1 dz , where and are CM
points ( f. x2.3) and E2m (z ) is the holomorphi Eisenstein series of weight 2m. The
same method as used above for L(; n) then lets us rewrite these integrals expli itly as
periods. This proves the above theorem for forms of this type, and at the same time
implies that the higher Krone ker limit formulas dis ussed in the last se tion, though
still onje tural, are at least \a essible identities" in the sense of x1.2.
Applying the above theorem (or the above dis ussion if k = 1) to the ase when f (z )
is the theta-series atta hed to a quadrati form in 2k variables, we obtain the following
Corollary. Let Q(x1; : : : ; xn) be a positive de nite quadrati form in an even number
of variables with oeÆ ients in Q . Then the values of the Epstein zeta fun tion
X0
1
Q (s) =
s
x1 ;::: ;xn 2 Z Q(x1 ; : : : ; xn )
at all integers s > n=2 belong to Pb.
Question. Does this hold also for forms in an odd number of variables? In parti ular,
does the number
X0
1
2 + y 2 + z 2 )2 = 16:532315959761669643892704592887851743834129 : : :
(
x
x; y; z 2 Z

belong to Pb ?
As our nal example, we onsider the ase when the L-series L(f; s) of a He ke
eigenform of even weight k vanishes at the entral point s = k=2 of the fun tional equation. This is of parti ular interest in the ase of the Bir h{Swinnerton-Dyer onje ture
( f. x3.5), where k = 2 and the order of vanishing is onje tured to be equal to the rank
of the Mordell-Weil group of the urve under onsideration, but an o ur in arbitrary
weights if the fun tional equation of L(f; s) has a sign 1. In this situation we have:
Theorem. Let f be a He ke eigenform of even weight k, with L (f; s) = L (f; k s).
Then L0 (f; k=2) 2 Pb.
This theorem follows from the results of [15℄, though it is not expli itly stated there.
The main obje t of [15℄ was to prove the Bir h{Swinnerton-Dyer onje tural formula up
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to a rational number for ellipti urves where both the order of vanishing of the L-series
and the Mordell-Weil rank are equal to 1, but the analyti part of the proof applied
to forms of arbitrary even weight k and gave an expression for L0 (f; k=2) as a nite
sum of logarithms of algebrai values and spe ial values at CM points of ertain higherweight Green's fun tions Gk=2 (z1 ; z2 ). These spe ial values an in turn be expressed
as periods. Besides the theorem just stated, this has another onsequen e. In [15℄
and [16℄ a onje ture was formulated saying that in ases where there are no usp
forms of weight k, the values of the Green's fun tion at arbitrary CM points should be
algebrai multiples of logarithms of algebrai numbers. The fa t that these values an
be expressed as periods now makes this onje ture \a essible." An example of this (in
whi h the
p left-p and right-hand sides represent the provable and the predi ted value of
G2 (i; i 2)= 2 for the full modular group) is the onje tural identity
p
Z 1
27
+
19
E
(
iy
)(
iy
)
20G
2
?
4
p
+ 1728 2 p
(y 2 2) dy = log
;
2

E6 (iy )
27 19 2
2
where G = 1 3 2 + 5 2    is Catalan's onstant (itself a period). The same
transformation t = (iy ) as was used for the riti al values of L(; n) lets us write the
integral on the left-hand side of this formula as a simple multiple of the period integral
Z 3 p2
t2 (t 1)2 (t2 t + 1)
2 + 2 (t)2  dt ;
(
t
)
1
2
(t + 1)2 (t 2)2 (2t 1)2
0
with i (t) as in (8), after whi h one ould at least attempt to give an elementary proof
of the identity using only the rules of al ulus, as dis ussed in Chapter 1.
3.5. The onje ture of Bir h and Swinnerton-Dyer. The Bir h{Swinnerton-Dyer
(BSD) onje ture, originally formulated in the mid-1960's on the basis of numeri al
experiments, is one of the most beautiful and most intriguing open questions in number
theory and, as already mentioned in x3.2, was the starting point and motivating example
for Beilinson's general onje tures about L-series at non- riti al arguments. In this
se tion|the longest in this paper and the only one to ontain a omplete proof|we
shall re all its statement and show how it an be rewritten in a form involving only
periods, thereby illustrating in a on rete ase the general reformulation of Beilinson's
onje ture due to S holl whi h was mentioned in x3.2. The al ulations of this se tion
an also be seen as an elementary and expli it realization of the version of the BSD
onje ture given by Blo h in [8℄. We would like to thank A. Gon harov for pointing out
the possibility of this elementary statement.
We rst re all the BSD onje ture in its lassi al form. Let E be an ellipti urve
de ned over Q , given by a Weierstrass equation y 2 = x3 + Ax + B with A; Q
B 2 Z. Its Lfun tion L(E; s) is de ned for <(s) > 23 by an Euler produ t of the form p Pp (p s ) 1
where Pp (X ) (for all but nitely many p) equals 1 (Np p)X + pX 2 , where Np is
the number of solutions of y 2 = x3 + Ax + B modulo p. If r denotes the rank of the
Mordell-Weil group E (Q ) (known to be nitely generated by Mordell's theorem), then
the onje ture is that the fun tion L(E; s) vanishes to order pre isely r at s = 1 and
that
L(r) (E; 1) =?   R ;
(15)
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R

where = E (R) dx=y is the real period, R (the regulator) is the determinant of the
height pairing ( ; ) de ned below with respe t to a Z-basis of E (Q )=(torsion), and
is a ertain non-zero rational number whose pre ise form is spe i ed by the onje ture
but will be of no on ern to us. Of ourse, to make sense of this, we must rst know
that L(E; s), de ned initially for <(s) > 23 , extends holomorphi ally to all s (or at least
to s = 1). This is guaranteed if the ellipti urve E is modular, whi h an be he ked
in an elementary way for any given urve and is now known un onditionally thanks to
the theorem of Wiles et al.
The statement we want to prove is:
Theorem. The right-hand side of (15) belongs to P .
What about the left-hand side? We formulate the following
Problem 4. Show that if f is a He ke eigenform of even weight k, and r is the order
of vanishing of L(f; s) at s = k=2, then L(r) (f; k=2) 2 P :
The results stated in the last se tion do this for the ases r = 0 or r = 1. If one ould
prove it in general|whi h may not be out of rea h|then ombining it with the theorem
above would turn the equality of the BSD onje ture into an \a essible identity" in the
sense of Chapter 1 and would thus give one, if not a proof, then at least a way to prove
the truth of the onje tured equality for any given ellipti urve. We emphasize that
so far there is not a single ellipti urve of rank r  2 for whi h (15) is known exa tly,
though many ases have been he ked numeri ally to high pre ision.
Before proving the theorem, we illustrate its statement with a numeri al example.
Let E be the ellipti urve y 2 = 4x3 4x + 1 of ondu tor 37, the urve of smallest
ondu tor with in nite Mordell-Weil group. Spe i ally, E (Q ) is in nite y li , with
generator P = (0; 1) and ontaining as its next few elements the points
2
3
4
5
6
7
n
1
5
43 )
1
nP (1; 1)
( 1; 1)
(2; 5)
(4; 4)
(6; 29)
( 9 ; 27
The regulator equals (P; P ) = 2h(P ), where h(P ), the anoni al height, an be de ned
as limn!1 (log Nn )=n2 , where Nn is the maximum of the absolute values of the numerator and denominator of the x- oordinate of nP . (A more useful de nition of the height
pairing will be given below when we prove the theorem.) Numeri ally we have
=

Z

E (R)

dx
= 5:98691729 : : : ;
4x3 4x + 1

p

R = (P; P ) = 0:0511114082 : : :

and the Bir h-Swinnerton-Dyer formula (proved in this ase) says that
L0 (E; 1) = R = 0:305999773 : : : :
The promised representation of the right-hand side of (15) as a period is given here by
R0

p 3 dx
R = R21 4x 4x + 1
p 3 dx
4x + 1
1 4x

R0



1

R2

1
27

1

1



dx
4x + 1 2x :
dx
p 3 1
4x 4x + 1 2x

p

4x3

1

(16)

We now turn to the proof. The regulator in (15) is de ned as the determinant of
the r  r matrix (Pi ; Pj ), where fPi g is a basis of the free Z-module E (Q )/(torsion).
We somewhat perversely denote this latti e by both the letters R and L (for Regulator
Latti e or Right and Left) and onsider the height pairing ( ; ), although it is symmetri ,
as a pairing from L  R to R . The reason for introdu ing this asymmetry is that we
are going to extend L and R to larger latti es Lb and Rb , related to L and R by
0 ! Z ! Lb ! L ! 0 ;

0 ! Z ! Rb ! R ! 0

(17)

and to ea h other by the existen e of an extended height pairing Lb  Rb ! R , and the
new latti es Lb and Rb are not (in any anoni al way) isomorphi to one another. Our
goal, more pre ise than the statement of the theorem as given above, is to show that
the produ t R in (15) is equal to the extended regulator Rb de ned as the determinant
of the extended height pairing with respe t to Z-bases of Lb and Rb .
First we re all the de nition of the usual height pairing. Ignoring torsion from now
on, we an write L = R as the quotient of Div0 (E=Q ), the group of divisors of E
of degree 0 de ned
over Q , by the subgroup Prin(E=Q ) 
= Q (E ) =Q  of prin ipal
P

divisors.
i ni (xi ) (ni 2 Z, xi 2 E (Q ), D = D for all  2 Gal(Q =Q )) and
P If 0 D 0=
0
D = j nj (xj ) are two divisors of degree 0, assumed for simpli ity to have disjoint
support, then the (global) height pairing (D; D0 ) is equal to the sum of the lo al height
pairings (D; D0 )v where v runs over the pla es of Q , i.e., the nite primes and the \pla e
at in nity." The lo al height pairing is de ned by the requirements that it is symmetri
in D and D0 , extends to a ontinuous fun tionP
of the xi in the p-adi or omplex topology
of E , and is given by the formula (D; D0 )v = i ni log jf (xi )jv if D0 = (f ) is a prin ipal
0
divisor. The latter formula shows that the sum
Q (D; D ) vanishes if one of the divisors
is prin ipal (be ause of the produ t formula v j  jv = 1) and therefore is well de ned
on the regulator latti e L = R, and at the same time that the lo al pairings ( ; )v
are unique (be ause the di eren e of any two hoi es would be a ontinuous bilinear
fun tion from the p-adi or omplex points of the Ja obian, a ompa t group, into R
and hen e vanish). For the existen e, one has to nd a lo al formula satisfying the
onditions. This is done for nite primes by setting (D; D0 )p = (D  D0 )p log p 2 Z log p
(here (D  D0 )p , the lo al interse tion number, is an integer measuring to what extent the
points of D and D0 are ongruent to one another modulo p or powers
P of p, and vanishes
for all but nitely many p), and at in nity by setting (D; D0 )1 = j n0j GD (x0j ). Here
GD (x) is the Green's fun tion atta hed to D, de ned as the unique (up to an additive
onstant whi h drops out under the pairing with D0 ) harmoni fun tion on E (C ) r jDj
whi h satis es GD (x) =R ni log
jx xi j + O(1) in lo al oordinates near xi . We an
x 
onstru t GD (x) as < a !D , where a 2 X (Q ) is an arbitrary basepoint and !D a
meromorphi 1-form (di erential) on X satisfying
(i) !D has a simple pole of residue ni at xi and no other poles;
(ii) !DRis de ned
 over R ;
(iii) < E (R) !D = 0 .
The last ondition, whi h is possible be ause onditions
(i) and
(ii) x !D only up to

R
the addition of a real multiple of !0 = dx=y and < E (R) !0 = 6= 0, and ne essary
R
R
be ause the integral ax !D is de ned only up to a half-integral multiple of E (R) !D
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(by (ii) and be ause the homology lass of E (R ) is 1 or 2 times the generator of the
part of H1 (E (C ); Z) xed by omplex onjugation), is the ru ial one for us. It implies
that GD (x) for x 2 E (Q ) belongs to 1 P . Indeed, let !D be a se ond meromorphi
1-form satisfying ondition (i) and ondition (ii) with \R " repla ed by \Q ," whi h is
possible be ause the divisor D is de ned over Q . (If we want to get a latti e rather than
merely a Q -ve tor spa e when we de ne Lb below, we in fa t have to require !D to be
de ned over Z in a Neron model, but this is a minor point and will be ignored.) Then
!D = R!D + !0 for some  R2 R by what
was said before. The oeÆ ient  is al ulated


by < E (R) !D +  = < E (R) !D = 0, so


R

R



x
1
1 < E (R) !0 < a !0
P
GD (x) =

Rx   2
R

< E(R) !D < a !D

if x 2 E (Q )

(18)

as laimed. This shows also that (D; D0 ), whi h is the sum of nitely many terms GD (x)
and log p, belongs to 1 P .
We an now onstru t the latti es Lb and Rb and the pairing between them. For Lb
we take the group of all meromorphi 1-forms on E , de ned over Q (or rather Z) and
having only simple poles with integral residues, divided by the subgroup of 1-forms
df=f with f 2 Q (E ) P
. The map Lb ! L in (17) is given by asso iating to a 1-form !
the divisor Res(! ) = i ni (xi ) 2 Div0 (E=Q ), where fxi g are the poles of ! and fni g
the orresponding residues, while the map Z ! Lb sends 1 to !0 . The other latti e Rb
is de ned as the group of homology lasses of (oriented) 1- hains C on E (C ) de ned
over R (i.e., invariant up to homology under omplex onjugation) whose boundary is
de ned over Q , divided by the subgroup of uts. Here C is alled a \ ut" if we an nd
a holomorphi fun tion ' on E (C ) r jC j whose value jumps by m as we ross (from
left to right, everything being oriented) a omponent of C of multipli ity m, and su h
that f = e2i' is meromorphi on E ; then f has divisor C , so C is prin ipal, and
onversely any f 2 Q (E ) =Q  has an asso iated ut whi h is unique up to homology, so
the boundary map C 7! C indeed gives a well-de ned map Lb ! E (Q )=(torsion) = L .
The remaining map Z ! Lb is de ned by 1 7! E (R ), and the pairing Lb  Rb ! R by
(!; C ) =

<

R





C ! + Res(! ); C f ;

(19)

P
where (D; D0 )f = p (D; D0 )p 2 log(Q >0 ) denotes the nite part of the height pairing
of two divisors D and D0 . We leave to the reader the task of he king that this pairing
is well-de ned (i.e., that it vanishes if ! = df=f or if C is a ut) and, using (18), that
its determinant with respe t to bases of Lb and Rb is (possibly up to a simple rational
multiple oming from the normalizations) equal to the produ t of and R. This ends
the proof of the theorem. The matrix in (16) is a spe ial ase of the (Lb  Rb )-pairing,
with the bases !0 = dx=y and !1 = ((y 1)=2x)!0 of Lb and [ 3P; P ℄ and [2P; 4P ℄ of
Rb arefully hosen to make the nite height ontributions in (19) vanish.
We make two nal remarks. The rst is that everything said above would go through
un hanged if E were repla ed by a urve of arbitrary genus g , but with both Z's in (17)
repla ed by Zg , so that the extended regulator in this ase would be the determinant
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of an (r + g )  (r + g ) matrix. The se ond is that the number = E (R) !0 , and more
generally the entries in the period matri es entering into Deligne's onje tural formula
for L-values at riti al values, is a \pure period," while the matrix elements in (16),
and more generally the entries in the period matri es entering into the Beilinson-S holl
onje tural formula for non- riti al L-values, are \mixed periods." The words \pure"
and \mixed" here are meant to suggest that the numbers in question are the periods
of pure and mixed motives, respe tively ( f. the remarks at the end of x4.2). They are
a little hard to de ne pre isely in an elementary way. Among the examples in x1.1,
the number  , the ellipti integral and (p=q )q are pure periods, while logarithms of
algebrai numbers, multiple zeta values and Mahler measures are (in general) mixed. A
ne essary but not suÆ ient ondition for a period to be pure is that one an represent
it as an integral over a losed y le (i.e. hain without boundary) of a losed algebrai
di erential form on a smooth algebrai variety de ned over Q .
3.6 Subleading oeÆ ients: the Colmez onje ture. The Beilinson onje tures
on ern only the leading oeÆ ient in the Laurent expansion of L(s) at integer values
s = m 2 Z. In general, one does not expe t any interesting number-theoreti property
for subleading oeÆ ients. Still, there are some remarkable ex eptions. For example,


1
1
 (s) =
+ log p
 s + O(s2); s!0
2
2
or, in a more suggestive form,
log  (s) = log( 12 ) + log(2 )  s + O(s2 ) :

Conje ture [12℄. Let

 : Gal(Q =Q ) ! GL(n; Q )
be a representation of the absolute Galois group su h that
( omplex onjugation) = 1nn :
Then the logarithmi derivative of the Artin L-fun tion L(; s) at s = 0 is a nite
linear ombination with oeÆ ients in Q of logarithms of periods of abelian varieties
with omplex multipli ation.
If K2 is a totally imaginary
quadrati extension of a totally real number eld K1
p
(i.e., K1 = Q ( ) and K2 = Q ( ) for some algebrai number all of whose onjugates
are negative), then the ratio of Dedekind zeta-fun tions K2 (s)=K1 (s) is an L-fun tion
of the type onsidered in the above onje ture. In this ase the logarithmi derivative
at s = 0 is the logarithm of a single period. For K1 = Q this is a onsequen e of the
Chowla-Selberg formula mentioned at the end of x2.3.
Colmez himself proved his onje ture in the ase of abelian representations (when
all elds entering the game are y lotomi elds). In essen e, it redu es to known
identities between values of the gamma fun tion at rational points and periods. It
seems that today nobody has any idea how to prove the identity predi ted by the
Colmez onje ture for any nonabelian representation. Quite re ently H. Yoshida has
formulated re nements of Colmez's onje ture and arried out some highly non-trivial
numeri al veri ations in various nonabelian ases [28, 29℄.
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Chapter 4. Periods and Motives

4.1. The algebra of abstra t periods. In the nal se tions of this paper we present

an elementary approa h to motives in terms of periods. In order to do this, we need a
more \s ienti " de nition of periods than the one given in Chapter 1.
Let X be a smooth algebrai variety of dimension d de ned over Q , D  X a divisor
with normal rossings (i.e. lo ally D looks like a olle tion of oordinate hypersurfa es),
! 2 d (X ) an algebrai di erential form on X of top degree (so ! is automati ally
losed), and 2 Hd (X (C ); D(C ); Q ) a (homology lass of a) singular hain on the
omplex
manifold X (C ) with boundary on the divisor D(C ). We say that the integral
R
! 2 C is the period of the quadruple (X; D; !; ). One an always redu e onvergent
integrals of algebrai forms over semi-algebrai sets de ned over the eld of algebrai
numbers Q to the form as above, using the fun tor of restri tion of s alars to Q and the
resolution of singularities in hara teristi zero.

De nition. The spa e P of e e tive periods is de ned as a ve tor spa e over Q generated by the symbols [(X; D; !; )℄ representing equivalen e lasses of quadruples as

above, modulo the following relations:
(1) (linearity) [(X; D; !; )℄ is linear in both ! and :
(2) ( hange of variables) If f : (X1 ; D1 )!(X2 ; D2 ) is a morphism of pairs de ned
over Q , 1 2 Hd (X1 (C ); D1 (C ); Q ) and !2 2 d (X2 ) then
[(X1 ; D1 ; f !2 ; 1)℄ = [(X2; D2 ; !2 ; f ( 1 ))℄ :

(3) (Stokes formula) Denote by D~ the normalization of D (i.e. lo ally it is the
disjoint union of irredu ible omponents of D), the variety D~ ontaining a divisor
with normal rossing D~ 1 oming from double points in D. If 2 d 1 (X ) and
2 Hd (X (C ); D(C ); Q ) then
~ D~ 1 ; jD~ ;  )℄
[(X; D; d ; )℄ = [(D;
where  : Hd (X (C ); D(C ); Q )! Hd 1 (D~ (C ); D~ 1 (C ); Q ) is the boundary operator.
R

Then the image of the evaluation homomorphism [(X; D; !; )℄ 7! ! from P to C
is pre isely the set P of numeri al periods, and Conje ture 1 from x1.2 is equivalent to
Conje ture. The evaluation homomorphism P ! P is an isomorphism.
For example, the (known) fa t that the number  is trans endental follows from this
onje ture and Deligne's theory of weights.
The spa e of e e tive periods forms an algebra be ause the produ t of integrals is
again an integral (Fubini formula). It is onvenient to extend the algebra of e e tive
b by inverting formally the element whose evaluation in C is
periods to a larger algebra P
b is P[(2i) 1 ℄.
2i. Informally, we an say that the whole algebra of abstra t periods P
The periods whose logarithms appear in the Colmez onje ture are invertible elements
b.
in the extended algebra P
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b is an in nitely generated algebra
4.2. The motivi Galois group. The algebra P

over Q , but like any algebra it is an indu tive limit of nitely generated subalgebras.
b ) is a proje tive limit of nite-dimensional aÆne s hemes over
This means that Spe (P
b ) arries a natural stru ture of a pro-algebrai torsor over Q .
Q . We laim that Spe (P
A stru ture of a set-theoreti torsor (i.e. a prin ipal homogeneous spa e of a group G)
on a given set S an be en oded in a map, S 3 !S , whi h after any identi ation of S
with the G-set G looks like
(x; y; z ) 7! x  y 1  z :
If X is a pro-algebrai torsor, then the triple produ t on X gives rise to a triple oprodu t
on the algebra of fun tions O(X ).
b of abstra t periods. Let
We now des ribe the triple oprodu t on the algebra P
(X; D) be a pair onsisting of a smooth algebrai variety and a divisor with normal
rossings in X , both de ned over Q , as above. Let us assume for simpli ity that X is
aÆne. (Using a well-known tri k of Jouanolou [19, Lemme 1.5℄, we an always redu e

to this ase.) The algebrai de Rham ohomology groups Hde
Rham (X; D ) an then

be de ned as the ohomology groups of the omplex (X; D) onsisting of algebrai
di erential forms on X vanishing on D. The period matrix (Pij ) of the pair (X; D)
onsists of pairings between lasses running through a basis ( i ) in H (X (C ); D(C ); Q )

and a basis (!j ) in Hde
Rham (X; D ). It an be shown using several results from algebrai
geometry
that the period matrix is a square matrix with entries in P, and determinant
p
in Q   (2i)Z0 . This implies that the inverse matrix has oeÆ ients in the extended
b = P[(2i) 1 ℄.
algebra P
b by the formula
We now de ne the triple oprodu t in P
(Pij ) :=

X

k;l

Pik

(P 1 )kl

Plj

for any period matrix (Pij ).
As an example, onsider the pair X = A 1Q r f0g and D := f1; 2g  X . The basis
of H1 (X (C ); D(C ); Q ) onsists of the homology lasses of a ounter- lo kwise path 1
1
of small radius around zero, and the interval 2 := [1; 2℄. The basis of Hde
Rham (X; D )
1
onsists of ohomology lasses of forms !1 = z dz and !2 = dz where z is the standard
2i 0 . From this one an then
oordinate on X = A 1 . The period matrix is log(2)
1
dedu e the following formulas for the triple oprodu ts:
(2i) = 2i

1
2i

2i ;




log(2)
1
2i
1
2i + 1 1 log(2) :
2i
2i
It is not lear why the de nition of triple oprodu t given above is onsistent, beause it is not obvious why the triple oprodu t preserves the de ning relations in the
b . This follows more or less automati ally from the following result whi h was
algebra P
re ently proved by M. Nori:

(log(2)) = log(2)
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Theorem. The algebra Pb over Q is the algebra of fun tions on the pro-algebrai torsor of isomorphisms between two ohomology theories, the usual topologi al ohomology
theory
 : X 7! H  (X (C ); Q )
HBetti
and the algebrai de Rham ohomology theory




Hde
Rham : X 7! H (X; X ) :
The motivi Galois group in the Betti realization GM;Betti is de ned as the prob ) from the side of Betti ohomology. Analogously,
algebrai group a ting on Spe (P
one de nes the de Rham version GM;de Rham . The ategory of motives is de ned as
the ategory of representations of the motivi Galois group. It does not matter whi h
realization one hooses be ause the ategories for both realizations an be anoni ally
identi ed with ea h other. The following elementary de nition also gives a ategory
anoni ally equivalent to the ategory of motives:

De nition. A framed motive of rank r  0 is an invertible (r  r)-matrix (Pij )1i;j;r
b , satisfying the equation
with oeÆ ients in the algebra P
(Pij ) =

X

k;l

Pik

(P 1 )kl

Plj

(20)

for any i; j . The spa e of morphisms from one framed motive to another, orresponding
to matri es
b ); P (2) 2 GL(r2 ; P
b );
P (1) 2 GL(r1 ; P
is de ned as

T 2 Mat(r2  r1 ; Q ) j T P (1) = P (2) T :
The ohomology groups of varieties over Q an be onsidered as obje ts of the ategory of motives. From omparison isomorphisms in algebrai geometry it follows that
there are also l-adi realizations of motives, on whi h the Galois group Gal(Q =Q ) a ts.
One an de ne a (framed) motive with oeÆ ients in Q as a solution of the equab
Q over Q . The olle tion of all L-fun tions in number
tion (20) in the algebra P
theory an be onsidered as a homomorphism from the Grothendie k group K0 of the
ategory of motives with oeÆ ients in Q to the multipli ative group of meromorphi
fun tions on C .
Originally, A. Grothendie k introdu ed the so- alled \pure motives," the natural
summands of ohomology spa es of smooth proje tive varieties. Every pure motive has
a ertain weight j 2 Z (the degree of the orresponding ohomology group). The lo al
fa tors of the L-fun tion asso iated to a pure motive of weight j have zeroes on the
line <(s) = j=2. Conje turally, the ategory of pure motives is semi-simple and it is
equivalent to the ategory of representations of a redu tive pro-algebrai group Gpure
M
(see the survey arti les in [18℄).
By ontrast, the ohomology spa es of non- ompa t or of singular varieties, or of
pairs of varieties, should be \mixed" motives, with a natural weight ltration su h
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that the asso iated graded pie es are pure motives. For mixed motives there is no ni e
de nition a la Grothendie k, but one still expe ts that they are given by representations
of a pro-algebrai group, one of the onje tural des riptions of whi h was given above.
The motivi Galois group GM for mixed motives is expe ted to be an extension of the
redu tive motivi Galois group Gpure
M of pure motives by a pro-unipotent group.
At the end of x3.5 we mentioned that periods of pure motives an be written as
integrals of losed forms over losed y les. This fa t is an immediate orollary of
the Jouanolou tri k, and it also makes sense in the framework of abstra t periods. In
general, let us de ne losed periods as abstra t periods orresponding to integrals over
losed y les. It is easy to see that these are exa tly the periods of motives of smooth
non- ompa t varieties. Pure periods are losed, but not every losed period is pure, i.e.,
it is mixed in general. However, it seems that one annot exhaust the olle tion of all
mixed periods by onsidering only losed ones. In other words, there are mixed motives
whi h annot be realized as subquotients of motives of smooth non- ompa t varieties.
In parti ular, in the same spirit as the questions raised in x1.2, we pose:
Problem 5. Let us assume Conje ture 1, or, equivalently, let us work within the framework of abstra t periods. Show that the (abstra t period orrresponding to) the number
log 2 or even  n log 2 for n 2 Z, annot be represented as the integral of a losed algebrai
form over a losed y le.
There is now a well-established theory of Voevodsky whi h gives not an abelian
ategory but merely a triangulated ategory of \ omplexes of mixed motives." It is not
lear whether Voevodsky's ategory (with rational oeÆ ients) should be equivalent to
the derived ategory of representations of the motivi Galois group introdu ed in this
hapter, but at least it should have a t-stru ture whose ore is equivalent to the ategory
of representations of GM .

4.3. Exponential periods. One an imitate the de nition of the motivi Galois group

and motives by onsidering a larger lass of trans endental numbers, whi h we all
exponential periods. These numbers are also onsidered in the preprint [9℄ by S. Blo h
and H. Esnault.

De nition. An exponential period is an absolutely onvergent integral of the produ t
of an algebrai fun tion with the exponent of an algebrai fun tion, over a real semialgebrai set, where all polynomials entering the de nition have algebrai oeÆ ients.
For a triple (X; D; f ) where (X; D) is as above and f 2 O(X ) is a regular fun tion on X , one an de ne period matri es onsisting of exponential periods. The
Betti homology spa es are de ned for (X; D; f ) as the singular homology of the pair
(X (C ); D(C ) [ f 1 (fz 2 C j <(z ) > C g)) where C 2 R is suÆ iently large. The de
Rham ohomology is de ned as the ohomology of the omplex  (X; D) endowed with
the di erential df (! ) := d!R df ^ ! . The elements of the period matrix for the triple
(X; D; f ) are the integrals i exp( f ) !j , where the i are real analyti hains representing the elements of a basis of Betti homology and the !j represent a basis of de
Rham ohomology. One an showpthat these
period matri es are square matri es and
p

that their determinants belong to Q  ( )Z0  exp(Q ).
As a simple example, if X = A 1 , D = ; and f (x) = x2 , then the period matrix has
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size 1  1 and its only element is

p =

Z +1

1

exp( x2 ) dx :

In the algebra of exponential periods there are many ni e numbers, in luding the
number e, all algebrai powers of e, values of the gamma fun tion at rational arguments,
values of Bessel fun tions, et . The abelian part of the onne ted omponent of unity in
the exponential Galois group is losely related with the so- alled Taniyama group, and
with its extensions onsidered by G. Anderson. Conje ture 1 of x1.2 an be extended
in an appropriate way to the ase of exponential periods.
There have been some re ent indi ations that one an extend the exponential motivi Galois group still further, adding as a new period the Euler onstant , whi h is,
in identally, the onstant term of  (s) at s = 1. Then all lassi al onstants are periods
in an appropriate sense.
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