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Abstract. We introduce a sharp trace Tr*.# and a sharp determinant Det (1 —
zM) for an algebra of operators .# acting on functions of bounded variation
on the real line. We show that the zeroes of the sharp determinant describe the
discrete spectrum of .#. The relationship with weighted zeta functions of inter-
val maps and Milnor-Thurston kneading determinants is explained. This yields
a result on convergence of the discrete spectrum of approximated operators.

1. Introduction

In the present paper we discuss a special case of the general problem of defining
Fredholm-like determinants Det(1 — z.#) where the operator ® — .# ® acts
on a Banach space # of functions @ : X — C. (More generally, ¢ may be a
section of a vector bundle over X.)
We assume that .# is a finite or countable linear combination
M=%,

of simple operators of the form ¢

LP(x) = g(x) - P(px) . (1.1)
Under suitable conditions on the g : X — € and ¢ : X — X, the operators of
type £ form a semi-group and the operators of type .# form an algebra .o7.

We may use the natural formula
m

Det(l —z4)=exp— S ~ Tr. "
m=1 M

to define the determinant in terms of a trace Tr on .oZ. A successful definition
should be such that Det(1 —z.#) has a nontrivial radius of convergence in z,
and that its zeroes 4! correspond to eigenvalues A of ./.
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Note that the operators .# need not be of trace class, and that the choice
of a definition of Tr will in general depend on the fact that .# is a functional
operator. If X is a smooth finite dimensional manifold, and the graph of ¥ is
transversal to the diagonal in X x X, a natural definition is that of the flat
trace (see Atiyah and Bott [1967, 1968])

g(x)
2 det(1— D)

This leads to a satisfactory definition of flat determinants if the  are contract-
ing and the g, Y are smooth or analytic. Under the same contraction assumption,
when X is only a metric space and the degree of smoothness is only Holder,
the flat trace is replaced by the counting trace
TTZ= > gkx).
x€Fix

(See Ruelle [1976,1990] and Fried [1993] for a discussion of these cases and
further references.)

Here we do not assume that the y are contracting, and we shall use a
different trace, which we may call sharp trace:

Tt' % = 3 Lxy)gx), (1.2)

x€eFix

where L(x,y) is a Lefschetz index which takes the values 0,£1 (and the defi-
nition will be modified to accommodate situations where Fix i is not finite, the
sum in (1.2) being replaced by an integral). Taking X to be IR, and functions
@ of bounded variation, we shall obtain a sharp determinant closely related
to the kneading determinant of Milnor and Thurston [1988] (see also Baladi—
Ruelle [1994], Ruelle [1993], Baladi [1995]) and the Fredholm determinant of
Mori ([1990, 1992]).

The specific functional theoretic situation in which we place ourselves in
the present paper is described in Sect. 2. Our main result is that the sharp de-
terminant Det”(1 —z.#) can be expressed (by resummation of power series) as
a more ordinary functional determinant (in fact, a mildly regularized Fredholm
determinant)

'Y =

Det*(1 — z.#) = Det +(1 + %(2)),
where the kneading operator 9 = ;@(z) is almost of trace class. Using this,
one shows that Det *(1—z.#) is analytic in a disc where its zeroes are precisely
the inverses A~' of the discrete eigenvalues A of the quasicompact operator .#
(with the same multiplicity). This is the content of Sect. 3.
Using (1.2), we may write

=expd ® ¥ >
m=1 M

@1 ey Om xEFIX u//wmo-non//w1
L(x, e, ©---0 %1 )gwl(x)ng(%lx) e 'gwm(lpwm,l ©---0 lpwlx)
_ 1
"~ Det*(1 —z.)’
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where {(z) is a dynamical zeta function. This formula relates the present paper
and the above mentioned work on kneading determinants. In particular the
kneading operators introduced here correspond to the kneading matrices of
Milnor and Thurston, and to the matrices introduced later by Baladi and Ruelle.
This relationship will be further discussed in the Appendix.

2. Definitions, background, sharp trace

Let g : R — € be continuous, of bounded variation, and with compact support.
(It would be sufficient to assume that g tends to zero at infinity, using a
homeomorphism IR — (—1,1), to revert to the compact support situation.)
Note that allowing discontinuities in g is an interesting generalisation. (This
can be handled by inserting intervals in IR at the location of the discontinuities
and their images by the ), or ! and extending the g,, continuously in the
inserted intervals. We shall however not explore this approach in the present
paper.) Let yy be a homeomorphism of an interval J, containing the support
of g, to an interval of R. We define . by (1.1). (Note that since iy can be
extended arbitrarily outside of the support of g without modifying ¥, we may
assume that J = IR.) We write

Tr'% = [d(g(x)) ysgn (Y(x) —x), (2.1)
where
+1 ifé&>0
sgn(&)=40 if £€=0
-1 ifé<o0,

and d(g(x)) is by assumption a finite (signed) nonatomic measure with compact
support.

Let now .o/ be the algebra of operators .# acting on the Banach space 4
of functions of bounded variation on IR, such that

MD(x) =3 go(x)P(YoX) , (2.2)

where @ varies over a countable set, and ) Varg, < oo (Var denotes the
total variation on IR). We define ||.#||, to be the infimum of the )  Var g, for
all representations (2.2) of .#. It is easily seen that .o/ is a Banach algebra
with respect to the norm || - ||, and that [Tr*Z| < || Z||.,. We provisionally
define Tr#.# = Zw Tr*¥,,. We will see that the value of Tr”.# does not
depend on the representation (2.2) of .# used, but first we introduce a dual
operator;%\ to M.

Given the families (g ), (Yy) used for the definition of .# in (2.2), we let
&, = *1 depending on whether ), is increasing or decreasing. We can then
introduce new (dual) families (g,,), (lﬁw) such that

A 17 ~1
gw:gw'gwol//w 5 lrb(o:l//w s
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and define %\ such that
D)= 6o - gl )P ' x) . (2.3)

(0]

Note that the operation " is an involution and that
(M M) =AM

Let y, be the characteristic function of {y}. We associate with .# the
functions F* on IR x IR such that

F+(x, y)= Z gu)(x)Xy(lpwx) s

w:ep=+1

F (x,y)= > lgw(x)Xy(l//wx) .

If F* are similarly associated with v , we have
F+(x9y):F+(yax)a F_(x:y):_F_(yax)‘ (24)

Since y, is of bounded variation, the sum F* + F~ is uniquely determined by
the operator .# (independently of the particular choice of the representation
(2.2)). Let us show that both F and F~ are determined by .#, i.e., FT+F~ =
0 implies F* = F~ = 0. Indeed, if F* = —F~, then F*(x,y) = 0 implies
that there exist w and @’ so that y = yY,x with &, = +1, and y = Y x
with ¢, = —1, hence {(x,y) : F'(x,y) = 0} is at most countable. But
since the g, are continuous, {x : 3y with F™(x,y) = 0} is open, proving
our contention.

Lemma 2.1. The adjoint A and the function Tr*.4 are uniquely deter-
mined by the operator M, independently of the choice of the representation
(22)

Proof. For . this results from (2.4).
Let us now write

Tr*.ll = [ m(dxdy)isgn(y —x),
where the bounded measure m on IR x R is defined by

m(dx dy) =3 d(go(x))(y — Yu(x)) dy .

If the functions @, ¥ are of bounded variation, continuous, and of compact
support, we have

[ m(dx dy)¥(x)P(y) = Zf P (x)d(gow(x)) P x)
= _f d(P(x)) D g ()P x)
— [ gy ' YW, y)dD(y)

= — [ APNAP)x) — [ CHP)»)d(B(y)) .
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By the theorem of Stone-Weierstrass, the linear combinations of products
Y(x)®P(y) are dense in the continuous functions vanishing at co on R x R.

Therefore the knowledge of ./Z, A determines uniquely m(dxdy) hence
Tr* .

Note that an operator .# € .o/ also has an operator norm |.#|4 with
respect to the Var norm on 4, and that ||./#||y < ||.#| ., and |Tr*.#| <
||.#|| - Note also that if

A D(x) =3 o, ()P, X)

A D(x) =3 G, (X) P X)

the product .#, - .#, is given by

A AD(x) =32 Gor, ()G, W, )P (Wi, Yo, (X)) -

W] M
Lemma 2.2. Tr” is a continuous trace on <.

Proof. Tt suffices to check the trace property Tr*( %, %,) = Tr¥ (£, 2)).

First assume that Y, is increasing, and let ¢ = +1 depending on whether
Y and Y, are increasing or decreasing. Since y/; and y, are continuous, the
set {x : Yoyyx = x} is the union of at most countably many open intervals
(ai,b;). Correspondingly, {y : 1Yoy = y} is the union of intervals (a’,b})
where

ai =Ynar =y 'an b =ynbi = b,
if e=1 and
ap =nb; =y b, b =vha =y lay

if ¢ = —1. If 0, is the sign of Y,;x —x on (a;,b;), then o/ = &0, is the signof
Y12y — y on (a.,b!). We have

T 4125 = [ d(g1(x)g2(1(x)) 3 sgn (Yahrx — x)
=22 _bf d(g1(x)g2(Y1(x))o;
= 3 Sailorbga(hib) — gi(@)g(ha)]
=) Z ailg1(Y2b))ga(b)) — g1(Y247)g2(a;)]
= 2 2 0ilg2(5D91 (¥25)) = g2(a))g1 (V2a))]

= [d(g2(0)9:1(Y2(»)),sgn Y12y — »)
= Tr#fzfl .
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If Yoyh; is decreasing, either it has no fixed point and i, has no fixed
point either, or it has a unique fixed point ¢ and

d =yia=y;"a

is the unique fixed point of ¥ ,. Then

Tt 2125 = gi(a)g2(Y1a)
= g2(a")g1(Ya")
= Tr#,?zfl

concluding the proof.

Remark. From the proof of Lemma 2.2, one sees that whenever there are
finitely many fixed points, the sharp trace takes the form presented in (1.2).
In particular, one easily checks that if the , are the finitely many contracting
inverse branches of a piecewise monotone interval map, one obtains an expres-
sion of the type (1.2) where the Lefschetz numbers L(x,is) are all equal to
+1, thus recovering the usual formula for the dynamical zeta function.

The formulae (2.2), (2.3) define ., A also as bounded operators on the
space of bounded functions on R, with the uniform norm || - o (instead of %

with the norm Var ); we denote the corresponding norms of .#, .# by ||.# o,
|-# || and define

R= lim_ ([.4"]o)""

R= tim (|- o).

Theorem 2.3.

a) The spectral radius of M acting on B is < max(R,ﬁ) and = R.

b) The essential spectral radius of M acting on A is < R

¢) If g = 0 for all w, the spectral radius of M acting on # is = R. If
Sfurthermore R < R, then R is an eigenvalue of M and there is a corresponding
eigenfunction g = 0.

Proof. This is Theorem B.1 of Ruelle [1993] (in the special case where the
ge are continuous).

Proposition 2.4. We have identically
Te*  +Te'd = 0. (2.5)
Proof. Indeed
Tr* 2 = [ed(g oy~ () )sgn (Y~ (x) —x)
= [d(g(»))3sgn(y — ¥(»))

=— [d(g(»))ssgn(Y(y) — »)
=_-Tr*¥,
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which proves the proposition. (We have not used the compact support property
or the continuity of g.)

Note the duality between the pairs (.#,R) and (%\ ,ﬁ). This duality can be
formalised by introducing the bilinear form (#, : .#,) = Tr#( .4 5), which
is antisymmetric (i.e. (A : M2) = —( M, : M1)), and for which

(M1 2 Ay = (U My M)
(We shall not need to use this bilinear form.)

Remark. We shall use later the derivation property

d(g1-92) = (dg1) - 92 + g1(dg2) (2.6)
which holds if ¢g;,g, are of bounded variation and at least one of the g; is
continuous.

The property (2.6) remains true if gy, g, have only regular discontinuities
(i.e. g(x+) + g(x—) = 2¢g(x)). However, functions with regular discontinuities
do not form an algebra. This is why we assume that the weights g; in the
definition of .# are continuous. This assumption was avoided in the papers
of Baladi and Ruelle [1994] and Ruelle [1993], by making use of different
Lefschetz numbers, but (among other things) (2.5), and its consequence (3.3),
were replaced by a more complicated functional equation in Ruelle [1993]. In
Baladi [1995], where the case of the finitely many inverse branches of a single
map was considered, the weights g were only assumed to be continuous at the
periodic points of the dynamical system, but a strong assumption of constancy
on homtervals was also needed.

3. Sharp determinants, kneading operator

The sharp determinants of ./, A are defined by the following formal power
series in z:

Az) = Det*(1 —z.tl) =exp— 5.~ Te*um (3.1)
m=1 M
—~ o~ oo m —~m
Az) =Det*(1 —zdl y=exp— S~ Te*u " . (3.2)
m=1 M
In view of Proposition 2.4 we have thus the following functional equation
Az)=47'), (3.3)
where we have used
"=l
It is natural to define
= o
z) = R z) = ~ .
A(z) A(z)

Note that (3.3) implies that {(z) = Z(z) = l/f(z).
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We shall now define the kneading operators & = 9(z), 9 = @(z) as
operators on L?(u) where the bounded nonatomic measure u on R is defined
by

wdx) = Z ‘d(gwx)| + Z |d(gw o lﬁa_]]x)l .

The Radon—Nikodym derivative of dg,,(x) with respect to p(dx) is a bounded
function which we shall denote by ¢/ (x), i.e. dgu(x) = ¢,,(x)u(dx). Similarly
for d(ge, o, 'x). In fact the measure u is an auxiliary device and will mostly
be omitted from the notation. Assuming |z| < R~!, we introduce the bounded
operator ¥ = Z(z) : L*(n) — L*(u) by

(Zo)y) =2 [ 9()d(zg0x)(1 —z.4)"" Jsgn (- — ¥)](hx)

= [ u(dx)Z.,(x) , (34)
with the kernel

Dy = 3 2 A U R IR

2Sgn(¢wk Yo x = ). (3.5)

Replacmg o lﬁw, M, and R by Ewfo © ol ot % and R we obtain an

operator 9 = @(z) with kernel @xy The kernels %, @ xy are in L*(p x p)
hence these operators are Hilbert—Schmidt. We define a determinant

x 1
Det*(l +9) =1+ Z m f:u(dxl) o f,u(dxm)Am(xl’---axm)
m=1 .

= (exp [ w(dx)Zy) - Detr(1 + Z),

(and similarly for 9 ) where 4, is the determinant of the n X n matrix with el-
ements Qxixj (i,j = 1,...,n); the integral f w(dx)D,, is well-defined and plays
the role of a trace even though Z is not of trace class; Det, is a regularized
determinant defined by the power series

x (=1t m
Dety(1+2) =exp Y, Tr 9
m=2 m

(see Simon [1979]).

Remark. In an earlier version of this paper it was stated that & is a trace
class operator on L'(u), so that its Fredholm determinant Det(1 + Z) ex-
ists in the sense of Grothendieck [1956]. This is incorrect but it is the case
that Dety(1 + &) has nearly the same properties as a Fredholm determi-
nant.

Proposition 3.1. We have identically
A(z) = Det*(1 — z.4) = Dety(1 + Z(z)) (3.6)

A(z) = Det’(1 — z.4 ) = Dety(1 + 9(2)) . (3.7)
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Proof. 1t suffices to prove one of these dual formulas. We shall check (3.7),
considered as an identity between formal power series. For this we shall use

the expression
0o (__ )m

Dety(1 + 2) = exp — Z * 2",

with
Tra 2" = f:u(dxl)' e ,u(dxm)@x]xz SR

Xm—1Xm

D, -

Taking the logarithmic derivative of (3.7), it suffices to prove that

DE VAN SR 3 ( ! ) (@@ = 5 (1" Tr[77" ],
n=1 m=1 m dz m=1
(3.8)
where Z°'(z) = (d/dz)%(z) has the kernel
Ty= Sk S
k=1 w10y
(g:ul(x))ng(l//wlx) e g(uk(wwk_l T l//wlx) ; sgn (w(uk o lpwlx - Y) .
(3.9)

Using (3.5) and (3.9) we expand the right-hand-side of (3.8) in powers of z:

(o]

S (=)"Tre (272" '] = Zz'” SY Y 0. 610

m=1 O ey M=1X] o0y Xoy [n,m, w1, ...,0n]

where a — sign is affected to each factor g, in " or Z. Each product [], o
begins with one of the factors —k - g:ul “go, of (3.9); and is followed by
m—1 strings, containing each exactly a —g(’ul_ followed by a product of g, and
ending with a ésgn. We view the ésgn as “markers” separating the strings
(the sum > is over the different possibilities of constructing the m — 1 strings,
i.e., of placing the markers). We shall see that it is more convenient to write
the very last marker at the very beginning of the product. One integrates each
Hn,m,w,- over the variables xi,...,x,, with respect to u(dx;) (replacing therefore
each —g;, by —dgy,).

The case n = 1 being trivial, we consider n = 2. To make the book-keeping
more systematic, we perform a preliminary operation, expressing the multiplic-
ity k£ (coming from the initial factor —k - gQJ] “*+fgu,) as a sum over the first k
cyclic permutations on {wy,...w,}, and redistributing the permutated expres-
sions in the corresponding term of the sum over the ordered w; (renumbering
the variables x; accordingly). After this operation, at the /™ position (not count-
ing markers) of each new product H there may be either a —dg,,

(preceded by a marker) or a g,,. Summing over Y. and ) ", we obtain for
each fixed wy,...,w, exactly 2" — 1 possibilities (because there is at least one
factor —dg., since m = 1). We shall perform the sum over these 2" — 1 terms
in n — 1 steps. All the terms which differ only in the first / factors, and have
at least one —dy,, factor will be lumped together at the (£ — 1)-th step. We
shall see that the first / factors are replaced by —d(product of ¢ factors g, ).

n,M, 07, ...y Oy
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Writing ¢ = ;sgn and g;,¥;, &, instead of g.,, Yo, €v;, We first do the
case / = n = 2, using an easy integration by parts explained below to get the
first equality:

[ o(axa —x1)dgi(x1)a(Y1x1 — x2)dga(x2)

X1,X

— [o(athix) — x1)dgi(x1)g2(Y1x1) — [ g1(Yax2)a(Yaxs — x2)dga(x2)
= [ g1(2x2)o(Y1haxs — x2)dga(x2) — [ a(apry — ¥)g1(¥)dga(Y1 y)

y

— [ o(ahrxy — x1)dgi(x1)g2(Y1x1) — [ g1(Yax2)a(Yihaxs — x2)dga(x2)
= [ o(Wahix — x)(—d(g1(x)g2(Y1x))) . (3.11)

Since ¢ only has regular discontinuities and g is continuous, we can apply
(2.6) and integrate by parts:
[ o(u—x1)dgi(x)o(Yrx1—x2) = g1(w)o(Yru—x;) —e10(u—; 'x)g1 (Y7 'x2)
X1
the change of variable y = lpflxz then yields the first equality of (3.11).

We use now a similar calculation to treat the case / = 2 and n = 3.

The second factor is either followed by a marker or a factor g;(-), we only
consider the first situation (the other being similar):

S o(u—x1)dgi(x1)o(Y1x1 — x2)dga(x2)o(Yoxs — x3)

X1,X

— [ o(u—x1)dgi(x1)g2(Y1x1)o(Y2if1x1 — x3)

— [ 91(w)a(r1u — x2)dg2(x2)o(Yax2 — x3)

X2

= [ gi(w)o(Y1u — x2)dga2(x2)a(Yaxz — x3)

X2

— [o(u—»)g1(»)dg(Y1 y)o (Y21 y — x3)
y
— [ o(u—x1)dgi(x1)g2(Y1x1)o (Y2 1x1 — X3)

— [ 91(w)a(Yr1u — x2)d g2 (x2)o(Yax2 — x3)

X2

= [ a(u—x1)(=d(g1(x1)g2(1x1)))a(Pah1x) — x3) . (3.12)

The reason why the same expression u (which only depends on w; for i = 3,
and on some x, for » = 3) appears in all lines of (3.12) is because the factors
coincide after the /th position. (When the second term is followed by a g3( )
factor, the situation is not exactly the same, but analogous.)
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We continue in this way. Before the /-th step we regroup terms as follows

Jod(g1---gs—1)odg; — [od(g\---9,-1)91— [ g1 gr—10dg, ,
and a calculation like (3.12) yields

=—[od(gi---gs).
The final step is like (3.11) and we obtain:

f (—1)"Tra[2° 2" ]

sz'” S [ —d(gi(x) - ga(Wnr - Y1x))a (W - - - Y1x — x)

Wy
= Z N =Te )
n=1

—n

=Yt
n=1

which proves (3.8) and therefore the proposition.
Note that the compact support assumption on g is essential when applying
integration by parts to get rid of the boundary term.

Corollary 3.2. The function A(z) = {(z) is holomorphic for lz| < RV If
R <R, A(z) extends to a function holomorphic in |z| < R ! except maybe
for isolated singularities at points z = =" where /. is an eigenvalue of .M

acting on . If . is a simple eigenvalue, Z(z) has at most a simple pole at
L

Proof. If |z] < R™!, we use the fact that 1 — z.# is invertible on bounded
functions. The inverse can hence be applied to sgn(- — y). Therefore Z(z)
and Z(z) = Det,(1 + Z(z)) depend holomorphically on z.

To proceed, it is convenient to regularize the kernel

D(2) = Y 2g,(OI(1 = z.4)" Jsgn (- — )W)
(0]

by convolution (to the right) with y,(-) = ny(n-) where y is smooth, posi-
tive, and [ y(»)dy = 1. This amounts to replacing sgn by a smooth function
sgn * y, tending pointwise to sgn, and Z(z) by a new operator Z,,(z) which
we may assume to be of trace class on L?*(u). Now Dety(l + Z,,(2)) =
Det(1 + Z.u(z)) is a true Fredholm determinant (see e.g. Simon [1979])
when z ¢ [spectrum .#]~", analytic there in z with poles corresponding to the
eigenvalues of .Z. If 1 is a simple eigenvalue of .# it yields a contribu-
tion 4, - (1 — Az)~' to Z,,(z), where 4, is at most of rank 1, and therefore
Det(1 + Z.,(z)) has at most a simple pole at A~!.

The kernels (Z.,)xy(z) and %, ,(z) are uniformly bounded functions of x,
y when z is in a compact set K disjoint from [spectrum .#]~". It follows that
the sequence Det, (1 + Z.,(z)) is uniformly bounded for z € K. Furthermore,
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for |z| < R™!, the functions (Z.,).y(z) tend pointwise to Z,,(z) when n —
00, so that Dety(1 + Z.,(z)) — Dety(1 + Z(z)) in this disc. In conclusion
Det(1+ Z.,(2)) tends to Dety(1+ %(z)) when z ¢ [spectrum .#]~!, uniformly
on compact sets. When / is an eigenvalue of .# with |A| > R then 47! is an
isolated singularity of Det,(1 + Z(z)) or a regular value, and if 4 is a simple
eigenvalue of .#, then A~! is at most a simple pole of Det,(1 + Z(2)).

The following result will be useful below:

Lemma 3.3. If ¢ € # satisfies Mo =l for R < |A| < R then ¢ tends to
zero at infinity and is continuous.

Proof. The first assertion is true because each g, tends to zero at infinity. Let
@(x) = lim, | @(y) — lim 1, @(y) for all x. Then

Z Swgu)(x)(ﬁ(wwx) = /ﬂ“(f)(x) :
(&3]
For bounded @ we may define

(,0) = > 2(x)P(x) .

Writing
M P = Ew: E0fo(X)P(Yorx)
we have
(- M:0) = (M ®,)
and we find
(@,¢) =3\ (M 8,5).
Therefore

(®,() = ."(M "D, ).

Since |4| > R we have /1*"||//%\”||0 — 0 for n — oo, hence (@, ) =0 for all
® so that ¢ =0, i.e., ¢ is continuous.

Corollary 3.4. Ifﬁ > R and /. is an eigenvalue of v acting on B (with
R<|i] £ R) then 17" is a zero of Z(z) = Det*(1 727%).

Proof. 1f ¢ € # C L*(u) tends to zero at infinity and only has regular discon-
tinuities, we have

(1 +Dp)») = [ = dop@x){;sgn (x — »)

+ 22001 —2.4)7" Jsgn (- — »I(Yox)}

+ [ X d(zgo)e )1 —z.4)"" Jsgn (- — »)I(ox)
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= [ —de@)[(1 +z4(1 —z4)"") Jsgn(+ — »)I(x)
+ f d (Z Z e(,,gw(lﬁglx)qo(lﬁ;lx)>

X [(1—z)™" Jsgn (- — p)]x)
= — [ d(p(x) = (M @)1 = z4)~" Jsgn (- — (x) .

If we take z = / l and assume %\go = }tgo (by the dual Lemma 3.3 ¢ is
continuous and tends to zero at infinity), the right-hand-side vanishes, hence
(I1+2)p =0, ie,, —1 is an eigenvalue of Z(z) hence the regularized de-
terminant Dety(1 + Z(z)) vanishes (see Simon [1979]), and therefore also
A(z) = Dety(1 + Z(z)) = 0.

Theorem 3.5. The determinant A(z) = Det”(1—z.4) is holomorphic for |z| <
R, vanishes only at points 2~ where R < |A| < R, and A is an eigenvalue
of M acting on B. The multiplicity of =" as a zero of A(z) is the multiplicity
of A as an eigenvalue of M.

Proof. The dual of Corollary 3.2 shows that A(z) is holomorphic for |z| < R~".
In this region, Corollary 3.2 shows that the inverse A~ '(z) = Z(z) either
is everywhere holomorphic (if R > R) or holomorphic except for isolated
singularities occuring only at points A~! where R < 2] < R, and A is an
eigenvalue of ./ (ifﬁ < R).

In fact, if 4 is an eigenvalue of .#, A(z) vanishes at A~! by the dual of
Corollary 3.4. If 4 is a simple eigenvalue of .#, then A~! is a simple zero of
A(z) because (by Corollary 3.2) it is at most a simple pole of Z(z).

Finally, if 4 is an eigenvalue of multiplicity k£ of .#, a small perturbation
of .# (with respect to ||-|.,) will replace 1 by k simple eigenvalues, and
therefore a small perturbation of A(z) will have k£ simple zeroes. Therefore
A(z) itself has a zero of order k at A~!, so that A(z) = A~'(z) has in fact a

pole of order k at A7,

Remark. In Theorem 3.5 we recover in particular, by the means of a totally
different proof, a previous result on weighted zeta functions of positively expan-
sive piecewise monotone maps (Baladi—Keller [1990]), but only in the special
case when the weight is continuous and vanishes at the endpoints of the inter-
vals of monotonicity. See also Mori [1992]. See Ruelle [1994] for more general
results.

Corollary 3.6. The function
M — Det* (1 — )

is holomorphic in
{il € .o - R <1},
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and meromorphic without zero in
{# € o :R<1}.
Proof. This is because, for R < 1 the maps
M — A — D(1)— Dety(1 + Z(1)) = Det*(1 — .4)
are holomorphic, while for R < 1 the maps

1

M — (1) — Dety(1 4+ 2(1)) = Det'(1 — .40)

are holomorphic. Here we consider 2(1) as an element of the Banach space
of bounded Kernels &y, (with the uniform norm), and similarly for Z(1).

Appendix

In this appendix we see how the sharp determinant Det*(1 — z.#) of a fixed
operator .4 of the form (2.2) can be obtained as a limit of determinants
of finite kneading matrices (Milnor—Thurston [1988], Baladi-Ruelle [1994],
Ruelle [1993]). From this, we obtain convergence of the discrete spectrum
of approximations of ./.

We use the assumptions and notations of Sect. 2, considering only the case
where the set of indices w is finite (the countable case can be treated by con-
sidering finite approximations, see e.g. Ruelle [1993]). The idea is to approach
each ¢, by a sequence of finite linear combinations ¢, of functions

T(T) = ; (_X(Uw,x) + X(xﬂvw)) 5

where J, = (uq,V,) contains the support of g, and y. ) is the character-
istic function of (a,b). More precisely, at the n™ step we decompose the
interval [u,,,v,] into a finite number of intervals [t;—1,#] = [¢2 .22 ] (with

. 1,
lim,,_, oo Max,, x \t:’u’k - t(’j)’k71| = 0), and place the mass ¥, |, = ftk’il dgy,(x) =
9(t) — g(tx—1) at Xy = X} ; € (&, t—1). This amounts to taking gy, = >, 0

Ti,(k, and produces an approximation of dg.,(x) by dg’ (x) in the weak sense
(in the dual of the space of continuous functions). Also, the g7, tend uniformly
to g, because ¢, is of bounded variation and continuous, and vanishes at the
endpoints of J,,:

1. .
fdgtu(x) T(f;(y) = 7fdgm(x) T(ﬁ(x) = 2 1\}%} gw(x) + {Clgjl Jo(x)| = gw(y) .
We may consider the following operators, acting on 4:
My P(x) =3 o (x) PP x)
w

M, B(x) =Y eng (Yo )P, 'x) . (A.1)
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Using the atomic measures dg?,, we may define the sharp traces of .#,, M, n
and their powers by (2.1) and linearity, and Proposition 2.4 still holds. (We do
not claim that all results of Sects.2 and 3 hold in this discontinuous setting.)

Consider an approximation g, = », 4/ | T as described above, and
construct a corresponding sequence #" of families, indexed by n = (w,k, +):

J’;,k,f = (uw=X£,k) > f),k,+ = (X£,kvvw) >

n — N . n _ 1L gn
l//w,k,:i: - lpw|(J:)ki) s Cor+ = o> Gw,k,:l: - izg(u,k .

Since each Gy is constant, we are in the setting considered by Ruelle [1993].
The operators defined by (A.1) can also be written:

My ®(x) =3 Gy (x)P()'x)
"

(similarly for , »)- Note that the sharp trace of .#, (%\ ») can also be com-
puted from the above decomposition.
Using for m = 1 the notation 1 = (1,...,7m), and | 1 | = m, we define

Ty = )Ty D) T )T

and Y7 : J5 — R by x//i:%’;o”.o%':. IfJﬁzk@ we also write Ji :(u’}i,v’i .

Finall;, we set
In] [ ]

G"m=116G,, en)=1Ie¢,.
i=1 i=1

The first important observation is that, for all m, n,

Ty = S LG,

|1 |=m

T, = Y LG, (A2)

|1 |=m

where the Lefschetz numbers L;(y), for ¥ : (a,b) — R are as defined in
Ruelle [1993]:

Li(¥) = j[sgn (Y(a) — a) — sgn (Y(b) — b)] ,
with  the extension of ¥ to [a,b] by continuity. (To see this, we apply as we
may the definition of the trace to .#% and .# :1 written as sums over /].)

The zeta function associated with the families #” (Ruelle [1993]) is

1

'(2) = eXPZ’; L(y)G" (1) (A3)

1]
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with Lefschetz numbers L(y) = Lo(y) + L1 (), where, writing ¢ = +1 if  is
increasing, ¢ = —1 otherwise,

Lo(y) = [del (F(a) — @) + del (§(b) — b)].

and L ife—o
+1 1 =
del (&) = { .
el () 0 otherwise .
Considering .#, acting on bounded functions we set R, = lim,_

(|l.#™ o)™, and similarly R,. Ruelle [1993] proved that the spectral radius
of .4, acting on # is not bigger than max(R,,,]A?,, ), that its essential spectral
radius is not bigger than R, (using the duality between .#, and ;%\n we may
assume that R, < R,), and that the zeta function {"(z) is holomorphic in the
disc of radius R; !, and coincides in this disc with the kneading determinant
which we now define. Consider the set {a; < --- < a;,} of all endpoints of
the intervals Jy'. The L, x L, kneading matrix is:

_ m [ y(m)+ (m)—
Dij(z) = oy + Elz (D" = D]
where

DIt =1lim Y GiLar" (Ssen( - — a)] [y ()]

xXla; .
1 iy =a;

DI =lim Y Gy (bsen( - —a)1[Yy()] -

xTa; vy =a;

The kneading determinant is det [le_'j(z)] = {"(z). Ruelle also proved that the

zeta function ("(z) admits a meromorphic extension to the disc of radius 1 /ﬁn,
and that in the disc of radius min(1/R,, 1/R, ), where R, . is obtained by
considering the operator

M P(6) = 2oy )Py, ' x)
w
the poles of {"(z) coincide (including multiplicities) with the inverses of the
eigenvalues A of .#, with max(R,,R, ;) < || < R,.

Replacing the families 7, by the dual families, we may define a dual zeta
function {"(z) (Lo(¥) + L1(¥) being replaced by eLo(y) — Li(¥) in (A.3) and
a dual kneading matrix Dj;(z). We have ("(z) = det[Dj;(z)], and the function
f”(z) is analytic in the disc of radius 1 /AIAQ,,. In general, (" - f” *1, but Ruelle
proves that in the disc of radius min(1/R,, 1/R, ) the zeroes of {"(z) coincide
with the inverses of eigenvalues of .#, (including multiplicities). We have:

Theorem. The approximations ¢, of the g, may be chosen in such a way that
the holomorphic functions f”(i) converge to the holomorphic function Det*(1—
z.) in the disc of radius 1/R. In particular, if R < R, the set of eigenvalues
of M, acting on B (counted with multiplicities) in R < || £ R converges
to the set of eigenvalues of M acting on % (counted with multiplicities) in
the same annulus.
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Proof. Defining R; by analogy with ﬁ,,,,;, we first remark that R; —R. Indeed,
for any fixed m, let the function @ with ||®|p = 1 satisfy ||%m<1>||0 = H,/%mHo,
and consider the set Z,, = {x : zpw (x)= zp(;}(x)with lo|=|o'|=m, ()=
—&(w’)} (the complement of Zm is open) If the set of points x¢ such that

7" D(xo)| = ||.#" D||o is a subset of Z,, we modify the function @ to en-
sure that ®(y,, ' (x0)£) = P, '(x0)), for one of the points xo and all | | = m
(without char:ging the uniform norm or the value D(Y, 'x0)). Since the g,
are continuous, for each y > 0, we may thus find x ¢ ZNm with \%\ m<I>(x)| >
||;%\m<1§||ofy, and construct @, with ||®@,[lo = 1 and ®,(y,,' y) = e(0)P(Y, ' )

for [w| = m and all y in a small neighborhood of x. Then H%\?QHO =

||</%\m¢||o — 7 so that ||;%\:1||0 = ||,;%\m||0 By symmetry we obtain the other
inequality.

Using the submultiplicativity of the sequence ||//%\ :,”HO for m = 0, and the
uniform convergence of the g to the g,, one obtains lim supn_mR < IAQ,
and limsup,_, Rn , <R, =R, in particular for any y > 0 & is holomorphic
in the disc of radius (R +9)~! for large enough n.

By the definitions and the observation (A.2), to prove the convergence of
f”(z) to Det”(1 — z.) it suffices to show that for all m,

lim Tr*.4™ = Te*um (A4)
and
lim > e(M)Lo(Yy)G"(M) =0, (A5)
Sl KTEC R

together with a uniform bound on |{"(z)| for all |z| £ (R+7y)~!. Convergence
of the discrete spectrum then follows from the above-mentioned results of
Ruelle [1993].

It will suffice to prove that for every fixed My, the approximations g7, of
the g, may be chosen such that (A.4) and (A.5) hold for all m = M,. We
first consider (A.4). We must see that, for all m < M,

> Jd(ge, (g6, (hx) - g5, (Y, © 0ty X))

W] yeees Oy

X ésgnlﬁwm ©---0 lpwl(x) *X)

converges to

> fd(gwl(x)ng(wlx) T gwm(%m,l ©---0 ‘//mlx))

@] yoers D,

X %Sgn(l//wm 00y (x) —x)

when n — oco. We fix a sequence o = (o1,...,0,), and write g;, g}?, and
y;, for ooy gﬁ)j, and 1//wj. The main observation is that (2.6) holds for m = 2
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because the g_;? are regular, and that for m = 3 the correction is of the form
d(g1(x)g5($1x) - - Gy (Ym—1 0 - - - 0 Ynx))

_ id(g?(%fl 0-+-0 lpl-x)) [/E[g?(l//ll 0--+0 IMX)}

m—2
=1

i

i-1
[ng_?(lﬁj—l 0.0 Wlx)] d(gi(Yi—1 0 oyax))
j=

I=i+1

x {[ I giWiso---o s - )] () — [ i gmlm--omx)” ,
I=i+1 reg

where @o(x) = é((p(x%—) — @(x—)). (Because for general ¢, ¢, of bounded
variation d(@192) = (@1 )reg d(P2)+(P2)reg d(¢1).) Since the g; are continuous,

¢y = sup >

B0 yees@f Dy ] yeres®i

[ IT 6, (oy_, 0+ 0 Yo - )] )
reg

/=i+1

m
- H gZ)/(Ww/,l ©---0 lpw]x)

I=i+1
tends to zero as n — oo, so that the sum of all corrections

s %

W1 sy =1

i—1
fd(gZ)i(lpw,;l ©---0 wwlx)) [ngz)](‘/fwjl ©---0 lpw]x)‘|
j=

° { |: ﬁ gZ)/(!//(”lfl ©---0 l//(ul . ):| (x)
=it

reg

L 1
- [ ngful(%,,l 0-“0%126)]} " 5880 (Yo (x) —x)

=i+

Cnm—Z i—1
3PS [ lsupwg,ﬂ J1d(g,)

i=1 01,0 |j=

m—2 i m—2 i
57 T fvara, = £ (Svara. )
i=1

W1 e j=1 i=1 [0}

tends to zero as n — oo. Fixing again a sequence o, it thus suffices to verify

that

1y = S [l s o0 i) | a1 -+ )| Lsm (o) =)
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converges to

Ly = 35 Jdaior o+ 1) | T 0+ )| sen G s) )

{Fi
when n — oco. We introduce the set S, = {a : Y, = o}. Since the g? only

have finitely many discontinuities and tend uniformly to the g;, we obtain the
desired convergence as follows: By making good choices of the division points
t; we may avoid intervals [f;_1,#] such that their images by compositions
lpl—' e '1 intersect on Sg only at an endpoint. In the intervals containing u,,

and v,,;, we may assume g; and g; to vanish. In the other intervals we arrange
that if xpl“ ~--lpl._]1 [tx—1,t] contains a point of Sw, then also lﬁl_l ~-~lﬁi__lle €
S(,) With such a choice, the contribution to L”

o coming from an open inter-

valwhere ¥,x > x or ,x < x tends to the corresponding contribution to L.
(Note that S, is closed and {a : Yoo > a}, {x: Yoo < a} are open. To
ensure convergence of L7 to L(,, for a finite family of w s we have to ensure

that in each small 1nterval (tx— 1,tk) a point Xj is chosen such that X; belongs
to each of a finite number of closed sets 7, = Vi), | - V), Sw) With

T, N [ti_1,t]+0. This can be achieved by subdividing the intervals [#;_1, #].
Indeed, for any two 7, 7, so that 7, N [t_1,4]+0 and 7, N [tr_1, 4]0
either 7, N 7, N [tk,l,tk]:HZ) or we can divide [#;_1,%] 1nt0 finitely many
subintervals, each of which intersects only one of the 7; or .7,. Repeating
a similar construction we can arrange that if an interval [f;_,f;] intersects
certain 7,’s, it contains a point of their common intersection, which we may
take as Xj.)

Finally, when choosing the X;, we may in fact remove from Sw the points

with an at most countable neighbourhood in S(,) At most countably many

points are thus excluded, since the g; are continuous, a countable set is negli-
gible for d(g;(y;—10---ox)). Using this remark we see that we can require
that X" Y =Xoi if and only if k =k’ and v = o'.

We now check (A.5). For m = 1, the fact that the ¢/, vanish at u, and v,
and that the Gy have opposite signs on opposite sides of all other endpoints
of the intervals J;' yields Zn enLo(Yy)G" () = 0. For m = 2, a composition
Yy, 0oy, can send an endpoint of J;' to an endpoint of Jy,., and make the
sum nonzero. We note that we may modify slightly each ,, outside of the sup-
port of g, (which contains the support of g/, for all n) to ensure that the sets
S, for |cg| < M, do not contain any u,, or v,, (therefore, the endpoints of J,

of the form u, or v, cannot contribute to the function L, we call them trivial
endpoints). Fixing some m = 2, we observe that for each cyclic permutation
n* of 1 we have

o1 Mo(Wy)G"(1*) = s(DLo(V)G"(1).
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We choose a representative #7* of the equivalence class [#] (for the equiva-

lence relation generated by the cyclic permutations) such that if there exists a
composition ¥ o --- oy, sending the non trivial endpoint of J; to the non
trivial endpoint of J:H»l then #* is obtained from # by applying the circular
permutation sending j + 1 to m (for one of the possible i < j satisfying the
requirement). Then

ST sDLWDG | S m - | 3 s Lo(y )G (1)

| |=m [n:| 1 |=m

lIA
3

> 1G] - sup |Gyl
]

[n!|l=m—1

A

m—1
< m - sup|Gyl - <Z|G,’il>
n n

lIA

Mo—1
Mo- (Gl - (Svara,) (A0
n )

Indeed, if n* is the representative of a class with a non-cancelled contribu-

tion, then for some 0 < k, the map (//,1'1 0---0 lkn’i sends the non trivial
m—1 m—1—k

endpoint of Sy to the non trivial endpoint of Sy Since the non-trivial

m—1—k

endpoints are pairwise distinct, if the first m—1 components of #* are specified,
the last one is unambiguously defined. The right hand-side of (A.6) tends to
zero when n — oo, because continuity of the g,, implies that each Gy tends to
Zero.

We must still verify that the Cﬂn(z) = det [lA)Z-(z)] are uniformly bounded
when |z| < (ﬁ +9)~'. We shall check that the condition of the main lemma
in Baladi [1993] is satisfied.

The index set 4, = {dy,...,dr,} can be partitioned into two subsets 4, =
A%0AL, where 49 is the set of endpoints of the original dual intervals [, 8] =

‘pw-]w-
For a; € AS and all large enough n, we have for 1 < j < L,.

~(m . . —~m—1 R _
D" =lim 53 aGild, Gsen(- = @)y, )]
L nup=aj

=lim 3 8(,)giL(l//(u)’1(X)[//%\:_l(§Sgn( - = a)IY, ()] =0,

Xbi gy:tigy=d;

because the g/ vanish near u,, and v,,. Similarly lA)l(-;")* = 0, so that for q; € Ag
we have 13{’/-(2) = 0jj.
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Each d; € 4} is of the form d; = ¢w(X£,k(w,i))= for w in some set (i) and
uniquely defined k(w,i)s. Thus

~N(m g?u k(w,i . —m—1 N _
DYt = % e, ONOT dimld, (hsen( - —d)] [ )]
weQ(i) 2 x|d;

Aim)— 9. k(w,i . —m—1 ~ _
D" = 3 —eo "3 lmld, Gsgn (= @i ().
wEQ(D) xla;

Hence, for all large enough n and all 1 < j < L,

~ 2} . —~m—1 n
D) =0y S 3 [@huup| T [l @, sen( - =]
m= i

w€eQ(i)

+ IchiTIg[f%\;n_lisgn( =@, ()

n = m —m—1
é Z |gw,k(m,i)| Z |Z‘ . H’ﬂn HO
weQ(i) m=1
2]
< 2 Fokwnl ~ :
oédn 1=z - R4y

Since the sets (/) are pairwise disjoint and the points X ., ;

we have Zd,EA}, ZweQ(z’) |G o, k(.| = D, Var g, so that

Z sup |B?/(Z) — 6
i

) are all different,

is uniformly bounded for |z| < (R + y)~!, which concludes the proof of the
theorem.

Remark. We recover in particular the results in Baladi [1995] when each weight
g 18 continuous and vanishes at the endpoints of the intervals J,. However,
our method really requires the nonfunctional setting of Ruelle [1993]. In Baladi
[1995], the limitations of the functional setting imposed a certain choice of the
subdivision points (for which the contribution of the Ly remained constant) and
an assumption of constancy of the weight on homtervals. See Mori [1994] for
related results.

Note. In Sharp determinants and kneading operators for holomorphic maps
by V. Baladi, A. Kitaev, D. Ruelle and S. Semmes (IHES preprint, 1995) a
variation on the theme of the present paper is discussed, where homeomor-
phisms of intervals of R are replaced by holomorphic homeomorphisms of
domains of C; the results obtained there are less complete however.
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