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 Importance of boundary conditions at == — $oc
* Presence of second class constraints
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* Torre(1986) — canonical formulation in the metric formalism

* Goldberg,Robinson,Soteriou(1991) — canonical formulation )  Gonstraint
in the complex Ashtekar variables algebra

* Inverno,Vickers(1991) — canonical formulation in the complex " becomes
Ashtekar variables adapted to the double null foliation | a Lie algebra

* Veneziano et al. (recent) — light-cone averaging in cosmology
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Motivation

Can the light front formulation be useful in quantum gravity
(black holes, spin foams...)?

* One needs the real first order formulation

on the light front — was not analyzed yet

« Can one find constraint free data in the first order formulation?
(preferably without using double null foliation)

|

Exact path integral
(still to be defined)

* The issue of zero modes in gravity was not studied yet

* In the first order formalism the null condition can be controlled
by fields in the tangent space
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Technical motivation

3+1 decomposition of the tetrad shift
C = aXi apse
60 t‘|'XZEad':E \—)Na:Na+EfxiN/ "

G = ( —gN? + gop N*N® gy N )
py =

i spatial
Gab = M1s€q€h =|(5i; — Xix; ) Eo By metric

Used in various approaches to

quantum gravity determines the nature of the foliation

(covariant LQG, spin foams...) spacelike lightlike timelike
Y2 <1 Y2 =1 Y2 > 1
What happens at y? =17 {}

light front formulation

Perform canonical analysis for the real first order
formulation of general relativity on a lightlike foliation



Plan of the talk

Canonical formulation of field theories on the light front
A review of the canonical structure of first order gravity
Canonical analysis of first order gravity on the light front

The issue of zero modes
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Massless scalar field in 2d
S =5 [ dtde ((00)° ~ (0297

Solution:  ¢(t,z) = f(z™) + g(z™)

Light front formulation

Primary constraint Hamiltonian
_ + 3,
S—/dx dx 8+¢8¢~[®*W_8¢%01 H:/dx_)@

{/da:_ )@,/dy— A’@} — /d:t:_ (No_X—Xo_)\) ==y O is of second class

Stability condition: 0, ={® H} = -20_A=0 first
Py = /(I)daf— |
Identification: ¥ C1ass
¢(0,27) = g(z™) A= X(zT) | zeromode
Ao = f’(39+)

Conclusions: -« the phase space is one-dimensional
» the lost dimension is encoded in the Lagrange multiplier
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Massive theories
2
S — /dx+d:c— (a+¢a_¢ _ m? ¢2>

One generates the same constraint but different Hamiltonian

_ m2 9
. inh
Stabilty 9, & = —m2p—20_A=0 °emﬁg§2ﬁ°“3
condition: ‘ q

\ m? [* SN N 1  The existence of the
2 ) ¢dr +o(z7) | zero mode contradicts
+ B to the natural boundary

2z ’ 019 =10, H} =A conditions
In massive theories the light front constraints
y‘\\y\ do not have first class zero modes
In higher mZg = m* + k7
dimensions:

behave like massive 2d case
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Dimensionality of the phase space

On the light front
dim. phase space = num. of deg. of freedom

Fourier decompositions

b(a*,27) = f dk™ [b(k—)e‘i“—iJZ—z“*] o(t, ) = / dk [a(k)eikw—iwt+a*(k)e—ikx+iwt
b(—k) = b (k)

1 _ m?
NG (k » Qk——) 16 b(k™) = a(k)

RT — R b(—k™) = a*(k)

Symplectic structure is non-degenerate

Dirac bracket

{¢(z7),0(y")}p=0""6(z,y")

Second class constraint & ===p
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Cartan equations

1 A
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Cartan equations AI J
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Lagrange multipliers

12 constraints fix 3 components fix 2 components
Gry of wy’ of wy’ and the lapse N

(25Gry — 2d class) | |
1% (ﬁa log N — ngxj) =0

We expect that the Hamiltonian

constraint becomes second class
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Hamiltonian analysis on the light front

1
4
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Light front condition z7 =0
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Hamiltonian analysis on the light front

1 A
Suple, w| = 1/ ersxre’ Nel A (FKL(w) + ﬂeK /\eL>
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Hamiltonian analysis on the light front

Surle,w] =

= (N + ElL;N%) dt + ;ELdz®
el = NeE!dt + E'da®

~ 1
1J a abc
Wq PIJ_Z&-

Light front condition z7 =0

a __
Hamiltonian is a linear combination of constraints I —¢1J
7¢ A where z_ =
~a ™ KL D
= Eplpbj (F b T 12 Eabee’’ PIC{L) pf = —(zy —a?

71ba,b _ EIJKLpE_afﬁcJ D. Pb)

secondary constraints
+

equation fixing the lapse

E? %(8 log N — w! xj) 0

1 A
—/ EIJKLBI/\BJ/\(FKL( )—|——€ /\6)
4 Jm 24

Canonical variables:

K L

EIJKLE} €,

¥

Linear simplicity constraints
KLyl Py =0



Tertiary constraints
The crucial observation:

{0, Grs} = {9, Ca} = 0

and induced metric
{0, S} ~ Mabed = glacf gy " on the foliation

has 2 null eigenvectors



Tertiary constraints
The crucial observation:

(v, Grs} =~ {9®,Co} ~ 0

and induced metric
{2, ¢} ~ Moabed — glacfbdgy .« on the foliation
has 2 null eigenvectors Projector on the
- / null eigenvectors
: d
There are two Yoy = Hopeafv, H)

tertiary constraints 1
~d
Sl ap,cae ™ IFf ] (w)z— D5




Tertiary constraints
The crucial observation:

(v, Grs} =~ {9®,Co} ~ 0

and

induced metric

{2, ¢} ~ Moabed — glacfbdgy .« on the foliation
has 2 null eigenvectors Projector on the
- f/ null eigenvectors

: d
T_here are two Tos = Hapea{v®®, H}
tertiary constraints 1

1J ~d
= 5 Map cac™ O F ] (w)z 1

Stabilization procedure stops due to

det{T,(Illp)} #0  det{(Ily), (IIy))} # O
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Summary

List of constraints:

Gauss Gauss

spatial
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First class
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Lie algebra

Hamiltonian
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Summary

List of constraints:

Gauss Gauss spatial

primary secondary
. T . T .
preserving x rotating x  diffeos

simplicity  simplicity tertiary

Hamiltonian

First class Second class
gyj Ca gf_J 7-[ (I)f; wab Tab
4 3 2‘/1\2 2 2
_ 1 37
Lie algebra 4 e
2

dim. of phase space = 2x18 — 2(4+3)-(2+1+9+6+2)=2

as it should be on the light front



Zero modes

The zero modes of constraints are x" = const X~ = const
determined by equqtiqns fixing 5 &2
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Zero modes

The zero modes of constraints are x¥ = const X~ = const
determined by equations fixing 5 ©
Lagrange multipliers 2.
Y S
Potential first class constraints: z: NS
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Zero modes

The zero modes of constraints are xY = const X~ = const

determined by equations fixing
Lagrange multipliers

Potential first class constraints:

/dx_H

/ A e e (7 ] ) 5

L}

E?Xié’aN — Nﬁfxingxj

8, (KEMXY) = —kEXx'wdx;

[ & @)
f dx™ (I11)) s

dx™ T

\

Evz-a’xié’a)\ = (-

inhomogeneous

I+

terms

homogeneous equations



Conjecture
D

A zero mode can exist only if
the corresponding Lagrange multiplier satisfies
a homogeneous equation

In our case there are two homogenous equations
for N and K

One may expect only two zero modes
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A zero mode can exist only if
the corresponding Lagrange multiplier satisfies
a homogeneous equation

In our case there are two homogenous equations
for N and K

One may expect only two zero modes

do not
exist

exist

Initial data on one
null hypersurface fix
the solution

Gravity behaves like
2d massless theory



Open problems

* Do the zero modes in gravity really exist?
If yes, what is the geometric meaning of the zero modes?

« What are the appropriate boundary conditions along =~ ?
« How do singularities appear in this formalism?

« Can one solve (at least formally) all constraints?

« What is the right symplectic structure (Dirac bracket)?

 Can this formulation be applied to quantum gravity problems?



