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The general context:
What is the statistical interpretation of black hole entropy ?

or, what is the relation between:

microscopic/statistical entropy <«—>»
macroscopic/field-theoretic entropy

3¢ microstate counting —> entropy  Swmicro = Ind(q,p)

3¢ supergravity: Noether surface charge  waio, 1993
first law of black hole mechanics (BH thermodynamics)

STRING THEORY and SUPERSYMMETRY Strominger, Vafa, 1996
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|deal testing ground: supergravities with 8 supercharges

two obvious theories

m D=4 space-time dimensions with N=2 supersymmetry
m D=5 space-time dimensions with N=1 supersymmetry

here: near-horizon analysis in D=5 dimensions

To clarify previous results and to further the understanding
of the connection with four-dimensional results.

New features:

¢ Chern-Simons terms

+ both black holes and black rings

Castro, Davis, Kraus, Larsen, 2008
dW, Katmadas, 2009

Further work in progress with Nabamita Banerjee and Stefanos Katmadas
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BPS black holes and rings
In five space-time dimensions

two different supersymmetric horizon topologies !

& S (SPINNING) BLACK HOLE
& St % S?  BLACKRING

Breckenridge, Myers, Peet, Vafa, 1996

Elvang, Emparan, Mateos, Reall, 2004

with near-horizon geometry: AdSs X S or AdSsz x S?

(this result does not depend on the specific Lagrangian)
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superconformal multiplet calculus

= off-shell irreducible supermultiplets
in superconformal gravity background
= extra superconformal gauge invariances

= gauge equivalence (compensating supermultiplets)
dW, van Holten, Van Proeyen, et al., 1980-85
Bergshoeff, Vandoren, Van Proeyen, et al., 2001-04

Fujita, Ohashi, 2001
Hanaki, Ohashi, Tachikawa, 2006

scalar fields: O'I

vector fields: WMI
E.,=owW oW,

vector supermultiplets contain

supergravity (Weyl) multiplet contains T
e 01
(auxiliary) tensor 1), — T4 <

v? = (To1)? + (Ta3)?
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supersymmetry + partial gauge choice

o ! — constant (remain subject to residual (constant) scale transformations!)

1., conformal Killing-Yano tensor
DpTyw = 59p[u &) =0

Killing vector associated with the fifth dimension
M oc e ghvpoT Ty, Tor

AdS, x S?
ds® = ﬁ ( — r2dt? + i—r; + d#? + sin? 9d902> + e%9 (dw + 0)2
1
o= 1.2 e I (ng rdt — Ty COSHdgp)
Horizon area Az = fEhor = w2y 2 ed

Horizon bi-normal €51 = =1
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Two distinct cases:

T()l # 0 Breckenridge, Myers, Peet, Vafa, 1996
123

angular momentum X ——
101

T01 =0 Elvang, Emparan, Mateos, Reall, 2004

Additional horizon condition and ‘magnetic’ charges

F.'=40'T,, Q. =090, 0,0,

I __
FQQO r P _4v2T23

0
Q@gp — P 4,02
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Scale invariance (residue of conformal invariance)
ol T ,v.,e 9 scale uniformly

the metric is scale dependent

Action in 5 space-time dimensions consists of two cubic
invariants, each containing a Chern-Simons terms.

VpOT 1 J K
EO(C[JKE’LL P W'u F,/p Fm-
VpOT I ab
L x Cr gHv’pP WN Rz/p RO‘T ab

Hanaki, Ohashi, Tachikawa, 2006

4D analogue
D]JKYIYJYK -+ d]YI Y
YO

T = —64 Yi=1(¢"+ip"

F(Y,T) =
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Gauge fields

on S” the gauge fields are globally defined

g d
Wﬂfdx“ - —Z—v2 (Tm rdt + Tss (p—qf — cos@dgp)>

on S' x S% the gauge fields are not globally defined

hence we must describe the gauge fields in sections!
this requires the use of Dirac two-branes
(generalizations of the Dirac string)

Bekaert, Gomberoff, 2003
Kalkkinen, Stelle, 2003
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Sections for the ring

trivial Dirac brane non-trivial Dirac brane

W, dat = —p' cosfdo £d(p+ 29)] + aldy

AN
/ / Wilson line modulus

black hole potential =~ gauge transformation defined up to integer

in agreement with explicit black ring solutions Gauntlett, Gutowski, 2005
Elvang, Emparan, Mateos, Reall, 2004
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The Noether potential

For any continuous symmetry there exists a Noether current,
which is conserved by virtue of the equations of motion:

8MJ“(¢, 5§¢) X equations of motion
~

only when the Lagrangian is strictly invariant
For a continuous variety of solutions of the equations of
motion, one may define a two-form, the so-called
Noether potential, @" (¢, &), by

H _ 0y
JNoether B a’/ anuge

The Noether potential is ambiguous. The relevant expression
Is usually fixed by imposing a suitable requirement on the
current. In the case at hand one requires
7
JN

oether X 5§§b , even when the Lagrangian is not strictly invariant.
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for 5§¢ =0
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An example: 5D electromagnetism with CS term

Etotal _ £inv (F,ul/7 va,ul/7 w’ vuw) + glul/pgTA,qupFaT

The Noether potential associated with the abelian gauge
symmetry takes the form

Q1Y o(0,8) = 2LWE — 2V LUV E + 6e e P7T €A, F,,

~_ 1 _—

local gauge parameter

where L™ = LI 6F,, + LY 6(V yFuy) + Ly 09 + L1 6(V 1))

Dy Qe = JE ier = 0

vV <gauge oether

definition ‘for 5§§b =0
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sk
anuge is then a closed (d-2)-form for symmetric configurations!

Electric charge is defined as

q = /E Epv anyuge(¢7£)

h .
or TN bi-normal

This definition coincides with the definition based on the
field equations!

Reconsider now the CS term. Obviously the electric charge
now contains the integral over a 3-cycle of the CS term!
This poses no difficulty for black holes for which the gauge
fields are globally defined. However, the mixed CS term will
lead to a 3-cycle of the gravitational CS term! And, as it
turns out, that one is problematic.
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The Noether potential for diffeomorphisms:
contribution from metric and tensor fields

QMY (EP) = —2LMPON &, + 4V ,LIEP7 ¢,
(LR T g+ LT T L T — (0o v,

adding gauge field contributions

87’(‘2 6“,/Q’10“/ = 2801 ngpI T01 [—6 C]JKO'JO'K -+ 36[(T232 -+ 2T012)}

contributions from CS terms

8m? QLG = sie eI Oy EWNW, T F N

1. —1 I A
+ 55ie” e T e W, R " Vil + -+

NOTE: also here one has to insist on a certain form of the current,
So that the (relevant) ambiguities are under control !
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Entropy and angular momentum

Entropy (based on first law of black hole mechanics

Smacro = —7T/ € nv QHY (f)’ Wald, 1993
2hor v[ﬂg’/] :E:{“/; gH:O

£H0,, = 0/0t timelike Killing vector bi-normal

Angular momenta

J(§) =/E e QM (&)

hor

&M periodic Killing vector
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Black ring:

gauge fields not globally defined:
m jntegrals over gauge fields defined in patches
m contributions from Chern-Simons terms subtle

Indeed: blindly using the results from the black hole analysis leads
to incorrect results for the entropy, the electric charges and the
angular momenta !

For the mixed Chern-Simons term one makes use of two forms which
differ by a total derivative

for the black hole:
LCS ~ CC:'LWPUTCI W,LLIRVpab RO‘TCLb

for the black ring:
I b 2
£CS ~ 4 htrPoT CIF,LLI/ wpa (aawTab — 3Woac WTCb)

In this case one has to deal with both diffeomorphisms and local
Lorentz transformations! Tachikawa, 2007
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Identical expressions for the black hole
and the black ring:

g .
SBH/BR _ Z—Z’z (Crixolo?oX +dcio! Tos?]  universal !

To obtain the same result for BH and BR is non-trivial and depends on
how one deals with the mixed CS term!

Forthe ring, we have Tp1 = 0 —— v° = Th3?

The integration of the contributions from the CS terms to the electric charges
and the angular momenta, is very subtle. This aspect is crucial for the results.

Hanaki, Ohashi, Tachikawa, 2007
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Evaluating the CS terms for black rings
The correct evaluation of the CS term for the ring geometry yield

?Socjg C’IJKWJ/\FKocCIJKaJpK
>

Hence, integer shifts of the Wilson line moduli induce a shift
in the integrated CS term

For concentric rings, one finds
7 —6Crx PP = -12C1 K Z(a‘] +1p7)i "™,
with P! = iji '
The integrated Cé terms are not additive! Hanaki, Ohashi, Tachikawa, 2007

Confirmed by explicit results for global solutions.
Gauntlett, Gutowski, 2004

Additive charges take the following form
(upon solving the Wilson line moduli in terms of the charges)

qr — 6 Cryr p’p™
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The evaluation of the integrals with terms quadratic in the
gauge fields, which appear for the angular momenta, is much
more involved. Here there is a global feature that has to be
taken into account in establishing the correct result.

J, = —12C1sp'(a’ + Lp”)
e29

Jyp — Jo C(o) +4cro' Tss] +6Cry(a’ + ip")(a” + Lp”)

Hanaki, Ohashi, Tachikawa, 2007

e_g
4153

Introducing a scale invariant variable: P =

and making use of the definitions: Cr7 = Crrrp™

IJ Ki1—1
C* = Cryjgp"]
the results can be summarized as follows.
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5D black ring versus 4D black hole:

47t 1
SI];D)l]Ei{CI‘O — 0 CIJK pIpJpK + _CIpI]
0, 4
qr = —12Crx p’a™
1 2
Jw — Jp — ﬂC”(CH - 6CIKPK)(QJ — GCJLPL) — W [CIJKP

D=5
J K 1 I
p'p” +crp
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5D black ring versus 4D black hole:

47 1
Sr]?lgbcro — ¢0 C1IJK pIpJpK + ZC Ip ] D — 5
qr = —12Crx p’a™
1 1J K L 2 I _J K 1
Jw_J¢_ﬂO (qr —6Crxp” )(qs —6CyLp )Zp Crogp'p°p ‘|'ZCIp
BH 2m I.J. K
Sip 50 [DIJKP p'p" +256dpp } D=4
4D 6 D
q = @ [JKD™ @
. 1
Q""" = q@*” + D" q1q; = — [DIJKP p™ + 256 drp }
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5D black ring versus 4D black hole:

@Y 1
qr = —12Cryr p’a™

47 1
Sr]?lgbcro — 0 C1IJK pIpJpK + _CIpI] D — 5

1 2
Jyp — Jp — ﬂC”(CH — 6Crxp™)(qs —6CyLp”) = 502 [CIJK p'p’p*

2
Sip = —¢—7§ [ 17k P p’p" + 256 dlpl} D=4
0
T @D JE D@
. 1
Go*” = q0"” + 5D qrqs = e [DIJK p'p” p¥ + 256 d;p! }
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COMMENTS:

This It is the first confirmation from near-horizon analysis in the presence of
higher-derivative couplings. Partial results were already known

(but somewhat disputed at the time).
Bena, Kraus, etc

The Wilson line moduli are defined up to integers. This implies that the
electric charges and angular momenta are shifted under the large gauge
transformations (spectral flow) induced by these integer shifts.

Indeed, under Bena, Kraus,Warner, Cheng, de Boer, etc
I I I
a —a +k
one finds,

qr — qr — 12Cryxp’ k"
Jgp — Jgo — 12 C[JKpIkaK
Jo — Jy —aqrk! —6Crixp' p’ k"™ +6Cryxp' k"

These transformations are in agreement with the corresponding
4D black holes where the above transformations correspond to
a duality invariance!
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Spinning black hole:

p
med
Sr]?lljcro — 4—2}2 [CIJKO-IO-JO_K + 4(3[0_[ T232}
6 eY
U= Crixo’ o™ —crTo”]
01
—g
g €
P = 4—/02T01
[543 29
J¢: ;_? 5 [C]JKO'IO'JO'K—ZLC O'IT012}
01
\

choose scale invariant variables

¢I

T AT,

e 9To3  p’Ths

O pu— p—
¢ N 41}2 T()l
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47rpY 2 1 2
BH __ 0 I, J K | X T .,0
Smacro — (¢02 +p02)2 [p CIJK¢ Qb ¢ + A CICb ¢ }
B 6 p" J K 1 -
qr = gbog +p02 [CIJK¢ ¢ — 16 CI} D=5
4% 1.k 1
Jy = (0% 1 o7y [CIJKQb ¢ 9" — qcud }
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GBH  _ 47Tp0

macro (¢O2 _l_p02)2

[pO2CIJK¢I¢J¢K + % cr¢’ ¢02}

qr = gbOQGiOpOQ {CIJK¢J¢K — 1_16 CI} D=5
Jy = (gbogi)];;)? { IJK¢I¢J¢K - %Cﬂb[}
Sip = (¢0221p;02)2 [PO2DIJK¢I¢J¢K + 256 d1¢1¢02}
g’ = _quQS—ZEOpOQ {DIJK¢J¢K -2 dl} D=4
g " = (¢Ogi)i(;2)2 [DIJKCbIQbJCbK — 256 dlﬁbl}

Tuesday 12 April 2011



_ 02 I,J K 1 I ;02
macro (¢02+p02)2 [p C(IJKQ5 Qb ¢ +4CI¢ ¢ }

B 6 p" J K 1 -
qr = 502 1 02 [CIJK¢ ¢ — 16 CI} D=5
4% 1.k 1
Jy = (0% 1 o7y { IJKP 9" 9" — L1 }
looks similar but calibration is subtle
27Tp0 2 2
Sip = (¢02 —I—p02)2 [po Drjxd’ ¢” o™ + 256 dre’ ¢° }
4D _ 3p" Dy xd? ¢ — 256 ¢ D—4
ar = ¢02 +p02 IJK —3 ar —
2¢°p"
q0*" = (97 1 p07)2 [DIJKCbIQbJCbK — 256 dlﬁbl}
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SBH 4 po

macro (¢02 +p02)2

[pO2CIJK¢I¢J¢K + % cr¢’ ¢02}

B 6 p" J K 1 -
qr = 502 1 02 [CIJK¢ ¢ — 16 CI} D=5
4% 1,0,k N1
Jy = (0% 1 o7y [CIJKQb NG L }
looks similar but calibration is subtle relative factor %
27Tp0 2 2
Sip = (¢0% 4 po?)2 [po Dryx ¢’ ¢” ¢ +256 dro' ¢° }
4D _ 3p° D J K _ 256 g D—4
qr __qb02+p02 [IK®™ @ — —3 ar —
2¢Op0
go*" = (607 + p2)2 [DIJKCbIQbJCbK — 256 dlﬁbl}
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0

d7tp 2 1 2
BH - 0 I .,J K - I 0
Smacro — (¢02 +p02)2 [p CIJK¢ Qb ¢ + A CICb ¢ }

6 p° 1
d1 = gbOQ +p02 [CIJK¢J¢ T 16 CI} D=5
4% T
looks similar but calibration is subtle relative factor -
27rp0 agrees!
SIB = i [P Drsrcdt 67 6 +/256 1! |
Spo
4D J K 2
qr -~ = — [DIJK¢ ¢
¢02 4 p02
2¢°p°
4D J
' = | Drke’¢? % — 256d;0")
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Comments:

Agrees with microstate counting for J,;, = 0

Vafa, 1997
Huang, Klemm, Marifio, Tavanfar, 2007

The 4D and 5D results are rather similar!

4D/5D connection? Gaiotto, Strominger, Yin, 2005
Behrndt, Cardoso, Mahapatra, 2005

The most obvious discrepancy concerns the expression for the electric
charges. Only for J,, = 0 there is agreement with the literature. The
direct relation between Jw and (o is impressive but not in agreement
with alternative results.

Castro, Davis, Kraus, Larsen, 2007
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The discrepancy is related to the mixed CS term, which contributes to
the charges through a gravitational CS term integrated over the horizon.
Upon reinvestigating this CS term, it turns out to that its evaluation is
considerably more subtle than originally participated.

The discrepancy:

The alternative result takes the form:

_ C _ } 4L
qr gbOQ p02 [JK® @ 19 Cr 3 0

Castro, Davis, Kraus, Larsen, 2007

For zero angular momentum the two results coincidel!
If the second result is correct, then one can absorb the last term into
the charge, so that the 4D result is obtained.
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The CS term is not a covariant density! Let us evaluate it in a regular
metric (¢,7,6, p, 1) :

( —(1 - a)r? F1 0 —rcosf/a(l—a) —rya(l-— Oé)/PO\

-1 0 0 0 0

1
g,ul/ — 16 U2 O O L O O
—rcosf/a(l—a) 0 0 1 —acos?d (1 - a)cost/p’
\ —rvall=a)/p® 0 0 (-a)jestfi®  (1-a)/")
T
where o = %

The horizon is located at 7 = 0.

To1” Toy
CS(I') x
/horizon ( ) pO (T012 + T232)2

which vanishes for 1p1 orilsg ~ 0
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The CS term is a composite 3-form potential C uvp Satisfying

ab
Dy, Cypoy o Ry Bpo) ab

The right-hand side vanishes for 11 or 153 ~ 0

Consistent!

The integral over the 3-form is ill defined and one must describe it in
different patches. Upon dimensional reduction it is a priori unclear which
patch to choose. With zero angular momentum the CS term does not
contribute and this causes a discrepancy in the charge with the four-
dimensional result. Accepting this fact, the corresponding difference for
the case of non-vanishing angular momentum must depend non-trivially
on the value of the momentum. The result shown earlier does exhibit
this feature, unlike alternative results in the literature!
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One explanation, at the time, was that the of the D=5
theory with higher derivatives is given by the usual D=4 action,
because it contains an additional vector multiplet that originates
from the D=5 Weyl multiplet, which is now expected to contain
higher-derivative couplings. Therefore, electric charges may be
subject to change. This explanation seems no longer tenable in
view of the fact that these new higher-derivative couplings are
subject to a non-renormalization theorem.

dW, Katmadas, van Zalk, 2010

In general, it seems the open questions concern the case of black
holes with non-zero angular momentum. Also the comparison with
microstate counting for small black holes shows discrepancies.
These questions are further pursued at the moment, as well as the
more general problem of dimensional reduction in the presence of
higher-derivative couplings.
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