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Maximal supergravity in D dimensions contains
generally p-form potentials (p = 1, 2, . . . , D)

which for 3 ≤ D ≤ 7 transform in representations rp
of a global symmetry group G, with a simple finite-
dimensional Lie algebra g = E11−D.

A[µ1···µp]
(rp)Aµ1···µp

(rp) =

D = 3 g = E8



D 7

g sl(5,R)

r1 10

r2 5

r3 5

r4 10

Aµ
M = Aµ

[ab]

Aµν
MN = Aµν

[abcd]

Aµνρ
MNP = Aµνρ

a

Aµνρσ
MNPQ = Aµνρσ

[abc]



D 7 6

g sl(5,R) so(5, 5)

r1 10 16c

r2 5 10

r3 5 16s

r4 10

Aµ
M = Aµ

α

Aµν
MN = Aµν

a

Aµνρ
MNP = Aµνρ

α̇
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D 7 6 5 4 3

g sl(5,R) so(5, 5) E6 E7 E8

r1 10 16c 27 56 248

r2 5 10 27 133

r3 5 16s 78

r4 10 45

r5 24

Hodge duality: p-forms (D − 2− p)-forms

rp = r̄D−2−p
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Two ways of deriving these representations, and
predicting which (D − 1)- and D-forms we can add

[de Wit, Nicolai, Samtleben]

[Henry-Labordère, Julia, Paulot, Henneaux, Levie]

In this talk I will relate them to each other.

Borcherds-Kac-Moody (BKM) superalgebras

Gauged supergravity (embedding tensor)



Gauge field: the vector field Aµ
M

Covariant derivative: Dµ = ∂µ − gAµ
MXM

transforming in a representation r1 of G

Gauge group: a subgroup G0 of G

Generators of G0:

Generators of G: tα

XM = ΘM
αtα

(dimG0 ≤ dim r1)

Embedding tensor: ΘM
α

r1

adj

index

index

Gauged supergravity

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]
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The embedding tensorΘ M
α transforms in a

subrepresentation of r̄1 × adj.

Supersymmetry constraint: not all of the
irreducible subrepresentations are allowed!

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]

But in general (XM)NP �= −(XN )MP

Closure constraint: [XM, XN ] = −(XM)NPXP



Problem:

Fµν
P = 2 ∂[µAν]

P + g(XM)N
PA[µ

MAν]
N

The field strength of Aµ
M
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Problem:

Fµν
P = 2 ∂[µAν]

P + g(XM)N
PA[µ

MAν]
N

The field strength of Aµ
M

δFµν
M = gΛP(XN )P

MFµν
N − 2g(X(P)Q)

MA[µ
PδAν]

Q

�= −gΛP(XP)N
MFµν

N

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]

is not covariant under gauge transformations:

δAµ
M = DµΛ

M = ∂µΛ
M + gAµ

P(XP)Q
MΛQ ⇒
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Add a term to δAµ
M involving a new parameterΛ µ

MN

δAµ
M → δAµ

M + 2g(X(M)N )
PΛµ

MN
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Fµν
P → Fµν

P − 2g(X(M)N )
PAµν

MN

Add a term to δAµ
M involving a new parameterΛ µ

MN

Add a term to Fµν
P involving a new tensor field Aµν

MN

Define the gauge transformations of Aµν
M appropriately

δAµ
M → δAµ

M + 2g(X(M)N )
PΛµ

MN

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]

Recipe to regain covariance:
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M, but

leads to the same problem for the field strength of Aµν
MN .

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]
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a new parameterΛ µν
MNP

and a new field Aµνρ
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.
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This solves the problem with the field strength of Aµ
M, but

leads to the same problem for the field strength of Aµν
MN .

Continuing in this way, we obtain a tensor hierarchy of
parameters, p-form fields and field strengths.

However, we can apply the same solution again: introduce

a new parameterΛ µν
MNP

and a new field Aµνρ
MNP

.

Aµ
M, Aµν

MN , Aµνρ
MNP , . . .

ΛM, Λµ
MN , Λµν

MNP , . . .

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]

Fµν
M, Fµνρ

MN , Fµνρσ
MNP , . . .



gY M1M2···MpN1N2···Np+1Λµ1···µp
N1N2···Np+1

The term that we add to δAµ1···µp
M1···Mp has the form

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]
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�M1M2···Mp�

Y P
MN = −(XM)N

P − (XN )M
P
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Y M1M2···MpN1N2···Np+1 = −δN1
�M1Y M2···Mp�N2···Np+1

− (XN1)N2···Np+1
�M1M2···Mp�

Y P
MN = −(XM)N

P − (XN )M
P

The intertwiners are defined recursively

gY M1M2···MpN1N2···Np+1Λµ1···µp
N1N2···Np+1

The term that we add to δAµ1···µp
M1···Mp has the form

The lower indices of Y M1···MpN1···Np+1 define rp+1.

projected
on rp

indices

[de Wit, Nicolai, Samtleben, ... 0801.1294, ...]
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g sl(5,R) so(5, 5) E6 E7 E8

r1 10 16c 27 56 248

r2 5 10 27 133 3875

r3 5 16s 78 912 3875+ 147250

r4 10 45 351 133+ 8645

r5 24 144s 27+ 1728

r6 15+ 40 10+ 126s + 320

r7 5+ 45+ 70

D-forms

(D − 1)-forms

(D − 2)-forms

supersymmetry constraint

closure constraint

adjoint representation
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even (bosonic)
simple roots
of length 2

odd (fermionic)
simple root
of length 0

Another way to obtain (almost) the same representations:

[Henry-Labordère, Julia, Paulot: hep-th/0203070, 0303178]
[Henneaux, Julia, Levie: 1007.5241]

Extend the Lie algebra En

to a BKM superalgebra Un+1



AIJ =





0 −1 0 · · ·

−1 2 −1 · · ·

0 −1 2 · · ·
...

...
...

. . .





Each row and column corresponds to two
generators eI and fI , which are odd elements
for the first row and column (I = 0), and
even elements for the others (I = i).

The Cartan
matrix Aij

of g = En

The Cartan matrix of the BKM superalgebra Un+1 :



[[hI , eJ ]] = AIJeJ

[[hI , fJ ]] = −AIJfJ

[[eI , fJ ]] = δIJhJ

{e0, e0} = {f0, f0} = 0

h0 = {e0, f0}
hi = [ei, fi]

(ad eI)
1−AIJ (eJ) = 0

(ad fI)
1−AIJ (fJ) = 0

The BKM superalgebra Un+1 is
the Lie superalgebra generated by
eI , fI and hI = [[eI , fI ]] modulo
the Chevalley-Serre relations

[Ray 1994] [Kac 1977]



[[hI , eJ ]] = AIJeJ

[[hI , fJ ]] = −AIJfJ

[[eI , fJ ]] = δIJhJ

{e0, e0} = {f0, f0} = 0

h0 = {e0, f0}
hi = [ei, fi]

Z2-grading: U = U(0) ⊕ U(1)

[[U(M), U(N)]] ⊂ U(M+N) mod Z2

e0, f0 ∈ U(1)

ei, fi ∈ U(0)

(ad eI)
1−AIJ (eJ) = 0

(ad fI)
1−AIJ (fJ) = 0

The BKM superalgebra Un+1 is
the Lie superalgebra generated by
eI , fI and hI = [[eI , fI ]] modulo
the Chevalley-Serre relations

[Ray 1994] [Kac 1977]



The odd generators e0 and f0 give rise to
a Z-grading of U

e0f0 fiei hI

U = · · ·+ U−2 + U−1 +
�
g+ R

�
+ U1 + U2 + · · ·

[[Up, Uq]] ⊆ Up+q



The odd generators e0 and f0 give rise to
a Z-grading of U

adj U = · · ·+ s̄2 + s̄1 +
�
adj g+ 1

�
+ s1 + s2 + · · ·

and a level decomposition of the adjoint of U

f0

U = · · ·+ U−2 + U−1 +
�
g+ R

�
+ U1 + U2 + · · ·

e0f0 fiei hI

[[Up, Uq]] ⊆ Up+q



It turns out that the representations sp coming from
the level decomposition coincide with rp coming
from the tensor hierarchy of gauged supergravity
(except for an additional part of s2 and s3 for D = 3)



It turns out that the representations sp coming from
the level decomposition coincide with rp coming
from the tensor hierarchy of gauged supergravity
(except for an additional part of s2 and s3 for D = 3)

How can we understand this?



For any k ≥ 0, define Ũ−k recursively as the
vector space of all linear maps Ũ1 → Ũ−k+1,
let Ũ+ = Ũ1 + Ũ2 + · · · be the free Lie super-
algebra generated by Ũ1 = U1, and extend the
Lie superbracket on Ũ+ suitably to the whole of

Ũ = Ũ− + Ũ0 + Ũ+ = · · ·+ Ũ−1 + Ũ0 + Ũ1 + · · ·

[Kantor 1970, Palmkvist 0905.2468]



For any k ≥ 0, define Ũ−k recursively as the
vector space of all linear maps Ũ1 → Ũ−k+1,
let Ũ+ = Ũ1 + Ũ2 + · · · be the free Lie super-
algebra generated by Ũ1 = U1, and extend the
Lie superbracket on Ũ+ suitably to the whole of

Ũ = Ũ− + Ũ0 + Ũ+ = · · ·+ Ũ−1 + Ũ0 + Ũ1 + · · ·

[Kantor 1970, Palmkvist 0905.2468]

From Ũ we can construct a graded Lie super-
algebra U by specifying a subspace U−1 ⊂ Ũ−1

(Not necessarily the same U and U−1 as above!)
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Ũ =



U− + U0 (= {U−1, U1}) + Ũ+
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Ũ =
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Ũ− + Ũ0 (= End U1) + Ũ+

U− + U0 (= {U−1, U1}) + U+

First, take the subalgebra
of Ũ generated by U1 and
a subspace U−1 ⊂ Ũ−1.

Second, factor out the
maximal graded ideal
contained in Ũ2 + Ũ3 + · · ·

Ũ =

= U



If U−1 is spanned by all operators FN : U1 → EndU1

given by FN (EM) = ad {EM, FN }, then we get back
the original BKM superalgebra, which we now call Us.



If U−1 is spanned by all operators FN : U1 → EndU1

given by FN (EM) = ad {EM, FN }, then we get back
the original BKM superalgebra, which we now call Us.

If U−1 is spanned by all operators Y : U1 → EndU1

given by Y (EM) = − adXM = − adΘM
αtα, then we

get a different Lie superalgebra, which we call Ur.



[[Y, EM1···Mp ]] = Y N1···Np−1M1···MpEN1···Np−1

The components Y N1···Np−1M1···Mp defining the tensor
hierarchy representations now reappear in the relation

It follows that rp is the En representation on (Ur)p.

where EM1···Mp ≡ [[EM1 , [[EM2 , . . . , [[EMp−1 , EMp ]] · · · ]]]]



The supersymmetry constraint on the embedding
tensor ΘM

α can now be written (Ur)2 ⊆ (Us)2 or
(Ur)+ ⊆ (Us)+, which implies that rp ⊆ sp for all p.



In fact, rp = sp at least up to p = D, for D �= 3.

The supersymmetry constraint on the embedding
tensor ΘM
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(Ur)+ ⊆ (Us)+, which implies that rp ⊆ sp for all p.



The closure constraint can be written {Y, Y } = 0.

In fact, rp = sp at least up to p = D, for D �= 3.

The supersymmetry constraint on the embedding
tensor ΘM

α can now be written (Ur)2 ⊆ (Us)2 or
(Ur)+ ⊆ (Us)+, which implies that rp ⊆ sp for all p.



The representations sp, up to p = D (or p = D − 1),
also appear in a corresponding level decomposition
of the indefinite Kac-Moody algebra E11 (or E10).
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The representations sp, up to p = D (or p = D − 1),
also appear in a corresponding level decomposition
of the indefinite Kac-Moody algebra E11 (or E10).

In the same way as

E11 ⊃ E10 ⊃ · · · ⊃ En+1 ⊃ En ⊃ · · ·

it can be shown that

U11 ⊃ U10 ⊃ · · · ⊃ Un+1 ⊃ Un ⊃ · · ·

[Work in progress with A. Kleinschmidt]

[Bergshoeff, Nutma, De Baetselier: 0705.1304] [Riccioni, West: 0705.0752]
[Henneaux, Julia, Levie: 1007.5241] [Palmkvist: 1110.4892, 1203.5107]



Maybe U11 or U10 can play a role in supergravity or
M-theory similar to the ones proposed for E11 and E10

[West, Riccioni, ...] [Damour, Henneaux, Nicolai, Kleinschmidt, ...]



Maybe U11 or U10 can play a role in supergravity or
M-theory similar to the ones proposed for E11 and E10

[West, Riccioni, ...] [Damour, Henneaux, Nicolai, Kleinschmidt, ...]

To be continued . . .


