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ABSTRACT. Let p be a prime. We provide examples which show that étale
endomorphisms of affine planes in characteristic p can have fibers of arbitrary finite
cardinal and hence are not always surjective. Let (I,m) € N x N*. We provide ex-
amples of such étale endomorphisms whose images have complements of cardinality
I and whose geometric degrees are pm. Several conjectures are disproved, and in
particular we provide a positive characteristic analogue of Kulikov’s counterexam-
ple to the ‘Generalized Jacobian Conjecture’ of Bass for surfaces. If e : X — X is
an endomorphism of a variety over an algebraically closed field, then we show that
there exists n € N such that Im(e") = Im(e" 1) provided either (i) e is quasi-finite
or (i) dim(X) < 2 and X \ Im(e) is finite. We provide examples of endomorphisms
of the affine planes of dimensions at least 3 whose images have complements of
cardinality [ and for all n € N we have Im(e™) # Im(e"*1). We prove that all affine
moduli schemes of étale endomorphisms of affine spaces with Jacobian matrices of
determinant 1 over a field are connected and classify all those that are smooth.
We prove that the classical Jacobian Conjecture and Adjamagbo’s analogue of it
in characteristic p hold for étale endomorphisms of affine spaces that are compos-
ites g o f, where f is quasi-finite and a locally closed embedding in codimension 1
outside a specific finite subset and ¢ is a projection that omits one coordinate.

KEY WORDS: affine space, automorphism, complete intersection, endomor-
phism, étale, field, hypersurface, invariant, Jacobian Conjecture, matrix, morphism,
prime number, quasi-finite, parametrization, p-bases, ring, scheme, smooth, surface,
surjective, torsor, variety, vector bundle, zeta function.

MSC 2020: 11M38, 13A35, 13A50, 13B02, 13B05, 13B10, 13B25, 13B40, 14E05,
14E08, 14E20, 14F35, 14G17, 14J26, 14J30, 14J50, 14J70, 14124, 14130, 14R05,
14R10, 14R15, 14R20, 14R25.

1. INTRODUCTION

The classical Jacobian Conjecture states that for an integer n > 1 if a collection
of n complex polynomials in n indeterminates has a non-zero constant Jacobian
determinant, then the corresponding polynomial map, usually called a (complex)
Keller map, has a polynomial inverse. In other words, every locally analytically
invertible polynomial self-map of an affine space over C is globally invertible, by a
polynomial map. This conjecture goes back to the 1939 paper of Keller ([Kel]) and
has received considerable attention, especially for n = 2, the first non-trivial case.
In fact, it is known to be a very tricky problem that has generated a large number
of incorrect proofs.
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On its face, the conjecture seems to be solely about characteristic 0, and, indeed,
many attempts to solve it use analytic methods. However, it is also known that
if it is false for a given m, one can construct a counterexample over the integers
that involves more indeterminates than n (see [CvdD], Subsect. 4.3). It has also
been well-known that if a polynomial map in question is injective then it must
be surjective and, moreover, its inverse must also be a polynomial map. That
injectivity implies surjectivity is a particular case of Ax—Grothendieck’s Theorem
(see [Ax], Thm., [Grod], Prop. (10.4.11); see also [Borel], Thm. 2.3 and Sect. 3),
whose original proof is by reduction to positive characteristic. Due to this, the
Jacobian Conjecture can be viewed as a strengthening of the following conjecture.

Conjecture 1.1 (Surjectivity Conjecture over C). Each complex Keller map is
surjective.

Let p be a prime number. If taken verbatim, the Jacobian Conjecture in charac-
teristic p is false already in dimension n = 1, as the polynomial x+ z? has derivative
1 but the function x — x + xP is not injective; however, it is surjective over alge-
braically closed fields. In fact, for n = 1 the Surjectivity Conjecture is clearly true
over all algebraically closed fields.

Generalizing the above example, one can consider in characteristic p a natural
class of Keller maps, that we call basic endomorphisms:

e(ry,...,xy) = (mlJrfl(zzl’,...,a:ﬁ),...,anrfn(zf,...,:rﬁ)).

It is natural to ask if over algebraically closed fields they are surjective.

Finding a preimage by e of the point (0,...,0) and, by a shift, of any other
point, leads to a system of equations of a particular kind, that we call a Frobenius
system:

(1) i+ fi(2,...;2aP) =0, i€ {l,...,n}.

Based on the case when the f;s have degrees at most 1 (see [V]], Thm. 2.4.1(b)) and
other explicit examples, the third author had conjectured that Frobenius systems
over algebraically closed fields are always consistent®. His persistent effort to prove
it was the original impetus and the starting point of our investigation.
Incidentally, if the p-th power is applied to the indeterminates of the first terms
rather than to the second terms of the left hand side of System ([l]), the system

xf+fi(x17"'7xn):07 ZG{l,,n}

is consistent if p is large enough (say greater than the degree of f; for each i €
{1,...,n}). Moreover, if the field is algebraically closed of characteristic p and
a dominant map (x1,...,x,) — (fl(xl, ces @)y ey [T, . ,xn)) is fixed, then
the union indexed by g € N* of the set of solutions of the system

qu""fi(xla"wxn):O? Ze{l’7n}

is Zariski dense in the affine space (e.g., see [BS], Thm. 1.4 for the partimélar case
of an algebraic closure of F,, and see [SV], Thm. 1.3 for the general casef). This
added to the hope that Frobenius systems are consistent, though the first author
considered this problem to be about as hard as the Jacobian Conjecture.

ITalk at the 60th Anniversary of Gerd Faltings, MPI, Bonn, Germany on June 13, 2014.
2The general case follows from the particular case via a standard specialization argument as
for ¢ >> 0 such systems define finite flat endomorphisms of affine spaces.
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The actual answer was opposite to_the initial expectation. Indeed, we have the
following particular case of Example form=1and f(y) =1—y+yP.

Example 1.2. Let i € {0,1,...,p — 1}. The Frobenius system

{ = (TP (1yy?)?) [1-a (- (l-yy? P (lgg?)?) 7 (2 (1y+y?))P-1)]7
y=i+al(l—y+y’)’
has no solutions in any field of characteristic p.

To show that the assumption that it has a solution leads to a contradiction, let

z:=x(1 —y+yP). Hence y = i + 2P and the first equation can be rewritten as
=142 1 -2 —y+ ") ((y—i)P~" = 1)]

(note that i = 4 in fields of characteristic p). Multiplying this by 1 —y + yP, we
get z = (14 2P) [1 —y+yP—(y— z)((y —q)pl— 1)], which simplifies to z = 1 + 2P.
Thus 1 — 2z 4+ 2P = 0. Taking this to the power p, we get 1 —y + y?» = 0. Hence
y = 1 by the second equation, which contradicts 1 —y + y? = 0.

This example implies that, in positive characteristic, the naive analog of the
Surjectivity Conjecture is false, even for basic endomorphisms in dimension 2.

An important work on the Jacobian Conjecture in positive characteristic was
done by Adjamagbo. In particular, he proposed the following conjecture as the
natural analog of the Jacobian Conjecture in characteristic p.

Conjecture 1.3 (Jacobian Conjecture in characteristic p, [Ad], Conj. 3.1). Every
Keller map over an algebraically closed field of characteristic p is an automorphism
if its geometric degree is not a multiple of p. [The geometric degree is the cardinality
of the preimage of a generic point or the degree of the corresponding field extension.]

While this conjecture seems to be weaker than the Jacobian Conjecture, it is
stronger in the following sense: its validity for infinitely many primes implies the
classical Jacobian Conjecture. At this time we cannot prove or disprove it. However,
we do disprove another conjecture by Adjamagbo ([Ad], Conj. 3.4, see Theorem @),
that was meant to be an analog of the ‘Generalized Jacobian Conjecture’ of Bass
in characteristic 0 (see [Ba2], Rm. after Prop. (4.3)) that was disproved by Kulikov
in dimension 2 (see [Kul], Sect. 3; the explicit equations of loc. cit. work over any
algebraically closed field of characteristic different from 2 and 3).

The main goal of this paper is to initiate a systematic study of several natural
invariants of basic endomorphisms and general Keller maps (étale endomorphisms)
over algebraically closed fields of characteristic p. For the sake of generality and for
including also the characteristic 0 case whenever possible, we often work with larger
classes of endomorphisms of affine spaces over arbitrary algebraically closed fields,
such as quasi-finite or even only dominant endomorphisms. Example above is a
particular case of one of several series of interesting étale endomorphisms that we
were able to construct, sometimes with the help of other smooth affine hypersurfaces
that contain affine spaces as open dense subvarieties. Note that while most of our
theorems are stated as existential results, our proofs are ultimately constructive,
even if it is not always possible to write down explicit formulas.

In the next section we give precise definitions and describe our main results,
that are proven in the subsequent sections. Finally, in the last section we propose a
number of open problems, questions and conjectures that naturally arose from our
work. Perhaps, the most interesting open problems and questions are the following.
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(1) Can some of our examples (resp. methods) be tweaked to disprove (resp.
prove) Conjecture [L.37? Note that a disproof of Conjecture would not necessarily
disprove the classical Jacobian Conjecture.

(2) Can some of our examples and methods be used to prove or disprove the
Surjectivity Conjecture over C?

(3) Classify all non-decreasing eventually constant sequences (a,)nen of natural
numbers with the properties that ag = 0, the first order difference sequence (a1 —
an )nen is non-increasing, and there exists an étale endomorphism e of an affine plane
over an algebraically closed field of characteristic p such that for each n € N, the
complement of the image of e™ has a,, points.

2. NOTATION, DEFINITIONS AND DESCRIPTION OF MAIN RESULTS

Let K be an arbitrary algebraically closed field and let char(K) be its charac-
teristic. For a polynomial f(t) € K[t] \ {0}, let z(f) € N be the number of roots
of f in K. Recall that p is a prime number. Let k be an algebraically closed field
with char(k) = p. For I,m € N, let

[I,m]] :={i e N[l <i<m}

(so [[I,m]] = 0 if Il > m). Let R be a commutative Z-algebra. Let R* be the
multiplicative group of units of R. Let n € N*. For indeterminates x1,...,z,, the
R-algebra R[x1,...,2,] is N-graded by deg(1) = 0 and deg(z;) = 1 for i € [[1,n]].

All the standard schemes or group schemes

An, SLQ7 C'}Lg7 Ga, Gm, etc.
are over Spec Z and we use their pullbacks
A%, SLa g, GL2 g, Go,r, Gm,R, etc.
to Spec R. Thus
A" = Spec (Z[z1, . ..,z,]), SLy = Spec (Z[w,x,y,z}/(u}z —xy — 1)),
GL: = Spec (Z[w, z,y, z, (wz — xy)~']), Ga = Spec (Z[t]),
G,n = Spec (Z[t,t7']), A% = Spec (R[z1,...,x,)), etc.

Let End,,(R) be the monoid of R-endomorphisms of A% under the composition
(denoted multiplicatively) and let GA,,(R) be its subgroup of invertible elements,
i.e., of R-automorphisms of A%.

If m € N* and (¢91,...,9m) € Rlz1,...,2,]™, by the degree of the m-tuple
(91,---,9m) or of the system V of m polynomial equations in n indeterminates

gi(x1,...,xn) =0, i €][1l,m]
it defines, we mean
7(g1. - gm) = (V) := max{deg(g)li € [[1,m]]} € NU {~o00} B

If m = n, by the endomorphism of A, over Spec R defined by (¢1, ..., g,) We mean
the endomorphism e(g,...,9,) € End,(R) defined by the R-algebra endomor-
phism of R[x1,...,z,] that maps z; to g; for each i € [[1, n]].

We use the following formalism of invariants for such endomorphisms.

3By convention, the degree of the zero polynomial is —oco.
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Definition 2.1. Let M be a subset of End,,(R) stable under left and right transla-
tions by elements of GA,(R). Let N be an arbitrary set. A function S: M — N
is called an N -valued:

(1) inner invariant for M if S(aea™1) = S(e) for each pair (a,e) € GA, (R)xM;

(2) left (resp. right) invariant for M if S(ae) = S(e) (resp. S(ea) = S(e)) for
each pair (a,e) € GA,(R) x M;

(8) invariant for M if S(aeb) = I(e) for each triple (a,b,e) € GA,(R)? x M.

In practice, M is a set in the chain of inclusions
GA,(R) C--- CEE,(R) C QFE,(R) C QF,(R) C D,(R) C End,(R),

where D,,(R) is the submonoid of all endomorphisms that are fiberwise dominant,
QF,,(R) is the submonoid of all quasi-finite endomorphisms of A%, QFE,, (R) is the
submonoid of all quasi-finite endomorphisms of A% that are fiberwise generically
étale, EE,, (R) is the submonoid of all étale endomorphisms (also called Keller maps)
of A%, and the dots stand for extra sets to be introduced in the case when R is an
F,-algebra. Often N is a subset of either NU {—o00, 00} (ordered as a subset of the
extended real line) or Py (N) (the set of finite subsets of N).

Though our emphasis is on the case when n < 3 and R = k, whenever possible
we work with an arbitrary n and R = K.

Definition 2.2. Assume that R is an Fy-algebra.

(1) By an F,-system (Frobenius system in n indeterminates) S over R we mean
a system of n polynomial equations in n indeterminates of the form

X +f1(x11)vax:z) =0, i€ HL”]L

where fi,...,fn € Rlz1,...,25]. If S is an Fp-subalgebra of R, we say that S
is defined over S if we have f; € Slx1,...,xy] for all i € [[1,n]]. By the en-
domorphism es € End,(R) defined by S we mean the endomorphism e(wl +
fi@l, . aR), L m, + fu(al, . 2R)). If R =k, let s(S) € N be the number
of solutions of S in k™.

(2) By a basic endomorphism of A, we mean an endomorphism e € End,,(R)
such that an element of GA,(R)eGA, (R) is defined by an F,-system over R.

From the very definitions, each basic endomorphism of A% is étale as, referring
to Definition @,(1)7 for the Ry1,...,yn]-algebra

Rlz1,y1, - @, Ynl/ (i — @i — fi(ah, .. ab)]i € [1,n]]) = Rz, ..., 2],
the 2n differentials
dyi, d(y; — x; — fi(al,...,2P)) = dy; — dzv; € QR 4,

are linearly independent even at all points of Spec (R[z1,y1,...,Tn,yn]) = AZ.
Thus for the set BE,,(R) of basic endomorphisms of A% we have inclusions

GA,(R) C BE,(R) C EE,(R).

Clearly, BE,,(R) is stable under left and right translations by elements of GA,,(R).
For a scheme W, let W,.q be its associated reduced scheme.
We study the following list of invariants or inner invariants of suitable sub-
monoids of End,, (K), formed by endomorphisms whose domain and codomain are

Znyyn]/R with 7 € [[1,?1”

.....
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denoted also as A% ; = Spec (Ks[z1,...,7,]) and A%, = Spec (Ki[z1,...,2,]) (re-
spectively), with the indexes s and t standing for source and target (respectively).

(i) The algebraic degree invariant
T =7k : End,(K) - NU{—o00}

is defined by the rule: m(e) is the minimum of the set of all 7(g1,...,g,) with
(915---59n) € Kslz1,...,2,]™ varying subject to the condition that it defines an
endomorphism in the double coset GA,, (K )eGA,, (K). We similarly define the inner,
left or right algebraic degree invariants by

i = Tinner,n, K ° Endy, (K) = NU {—o0},

T = Tleft,n,K Endn(K) —NU {700},

Ty = Tright,n,K - Endn(K) — NU {—OO}
(respectively) via the rules: mi(e), m(e) or m(e) is the minimum of the set of all
7(g1s- ., gn) With (g1,...,9n) € Ks[x1,...,2,]™ varying subject to the condition
that it defines an endomorphism in the conjugacy class {aea™t|a € GA, (K)}, in
the left coset GA, (K )e or in the right coset eGA,,(K) (respectively).

These types of algebraic degrees measure how efficient the n-tuple 7(g1, ..., gn)
defines suitable cosets of e from the perspective of computing other invariants.

(ii) The geometric degree invariant
deg = deg,, jc : Dn(K) — N*

is a multiplicative invariant defined by the rule: deg(e) is the separable degree
of the finite field extension Ki(x1,...,2z,) = Ks(z1,...,2z,) induced by e; so, if
e € QFE, (K), then deg(e) is the degree of the mentioned field extension.

(iii) The non-generic fibers set invariant
F =For : QF,(K) — Ps(N)
is defined by
F(e) := {s € [[0,deg(e) — 1]]|3P € A% (K) such that (e_l(P))red = Spec (K*)}.

We recall that if e € EE,, (K), then e is finite iff the set F(e) is empty by [Gro§],
Cor. (18.2.9).

In all that follows by a variety X over K we mean a reduced scheme of finite
type over Spec K. The identity automorphism of X is denoted as 1x. For a non-
empty variety, let Irr(X) be its set of irreducible components, let Sing(X) be its
singular locus, let Reg(X) := X \ Sing(X) be its regular locus, and let dim(X) be
its dimension; if X is affine, by its embedding dimension edim(X) we mean the
smallest n € N such that X is isomorphic to a closed subvariety of A%. If X is
regular, let T'x be the tangent bundle over X. If X is equidimensional of dimension
1 (resp. 2), we call X a curve (resp. surface) over K.

(iv) The iterate inner invariant
t=tnxk : End,(K) - NU{oo}

can be defined for each endomorphism e : B — B of a set B: if there exists m € N
such that Im(e™) = Im(e™™") for all n € N (equivalently, for n = 1), then c(e) is
the smallest such m; if no such m exists, then ¢(e) is co. By the complement of e
we mean the subset I'e := B\ Im(e). If d : X — X is an endomorphism of a variety



ON ENDOMORPHISMS OF AFFINE SPACES AND THE JACOBIAN PROBLEM 7

X over K, then ¢(d) = +(d(K)) and its complement I'y is endowed with its reduced
subscheme structure if it is locally closed.

Lemma @(2) recalls the well-known fact that for e € QF»(K) we have p(e) € N.
Note that for s € N* we have t(e) < si(e®).

(v) The gap (or missed points) invariant
¢ = ¢+ QF,(K) = NU {oo}
can be also defined for each endomorphism e : B — B of a set B: if I, is finite then
©(e) is the cardinality of T, and if ¢, is infinite then @(e) = co.
If t(e), p(e) € N, then ¢(e'(®)) is the smallest cardinality of a subset C C B with

the property that e induces a surjective endomorphism of B\ C.
To define the last invariant we first need a definition.

Definition 2.3. By a Jacobian variety over K of dimension n > 2 we mean an
endomorphism v : X — X of a normal connected variety X over K of dimension
n such that (X) is an open subvariety of X, the induced morphism X — (X) is
finite, and Y|(X) is étale. The Jacobian variety ¥ is called étale (resp. regular or
affine) if ¢ (resp. X ) is so. Let p(1)) be the number of irreducible components of T'y,
(i.e., the cardinality of Irrr, ). Let pgi () be the number of irreducible components of
I'y, whose generic points are in the étale locus X of . By an isomorphism (resp. a
quasi-isomorphism) between two Jacobian varieties 1 : X — X and 11 : X1 — X
over K we mean an isomorphism 1: X — X1 (resp. a pair (is,1) of isomorphisms
is,0t : X — X1) over K such that 1 o7 = 7o (resp. Y105 = i, oY and
is(Im(v)) = Im(y1)); we identify i with the quasi-isomorphism (i,7). Let J,(K)
(resp. JA(K)) be the set of isomorphism (resp. quasi-isomorphism) classes [¢] of
Jacobian varieties v over K of dimension n.

(vi) For n > 2, the Jacobian variety inner invariant
U =Ug:EE,(K)— J,(K)
and its associated class rank (resp. étale class rank) invariant
p=pKn:EE,(K)— N (resp. pss = pet, k. : EE,(K) = N)

are defined as follows. Let X, be the normalization of A"K’t in the field of fractions of
A’ ¢; we have an open embedding 7. : A ¢ — X, by Zariski’s Main Theorem. Let
1. be the composite of the finite morphism X, — Ay with e : A% = Al o — Xo;
so p(e) := p(1.) is the number of irreducible components (they have dimension n—1,
see [SGA2], Exp. V, Ex. 3.4) of the complement X, \Im(z.) = I'y, and we call it the
class rank of e and pgt(e) := pet (1) is the number of such irreducible components
whose generic ﬁoints are contained in the étale locus of 1. and we call it the étale
class rank of e.2 We call ¢, : X, — X, as the Jacobian variety associated to e and
define ¥(e) := [1]. If p(e) > 0 (i.e., € # 1), then (1)) = t(e) + 1.

Note that e and 1), determine each other and the image of ¥ is in natural bijection
to the quotient set of the conjugacy relation on EE, (K) defined by the conjugacy
action of GA,,(K) on it. Similarly, the image of the Jacobian variety invariant

U9 = 9% BE, (K) — J9(K)
defined by the same rule ¥9(e) := [¢).] is in natural bijection to the set of double
cosets GA,, (K)\EE,, (K)/GA,(K).

It is easy to see that the divisor class group Cl(X.) is isomorphic to ZP(¢).
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Note that 1), is finite flat in codimension at most 2 (see [SGA2], Exp. X, Lem.
3.5). Thus, if n = 2, then 1, is finite flat and we call ¥, a Jacobian surface.

The first goal of the paper is to study extensively the main six (inner) invariants
introduced above for e € EE,,(k); other invariants that help in or complement the
study of the main six ones are introduced When required. Our basic results for
n = 2 are three explicit examples (Examples [12 ! and l whose existential
essences are combined here as one theorem.

Theorem 2.4. (1) For each | € N, there exists an Fy-system U over k with
s(U) =1 < deg(ey) (i.e., there exists e € BEy(k) such that | € F(e)).

(2) Let (m,q,s) € (N*)2xN be such that p? > s+1. Then there exists e € EE(k)
defined over Fpa and with deg(e) = pm, p(e) = s, Y. étale, psi(e) = ple) =
(pm—1)(s+1), and w(e) < m(e) = m(e) = (3s +2)(pm — 1) — 1. Moreover, F(e)
is {1} if s=0 andpm =2, is F(e) ={0,1} if s > 1 and pm = 2, is {1,2,pm — 1}
if s =0 and pm > 2, and is {0,1,2,pm — 1} if s > 1 and pm > 2.

(8) Let (m,q) € (N*)? be such that p divides mq. Then there exists e € EE(k)
defined over F), with invariants deg(e) = mq, ¢(e) = mqg—1, F(e) ={0,1,mqg—1},
m(e) < m(e) = m(e) = mqg + max{(mqg — 1)qg,m} > 2mq, and . is regular. If
mq > 2 we have v(e) =1, psi(e) = mq — 1, p(e) = mq and . is non-étale, and if
mq =2 (sop =2)wehave t(e) = 2, pst(e) = p(e) = 2 and . is étale. Moreover, if p
divides both m and q then e € BEy(k) and if ¢ = 1 then mi(e) = m(e) = m(e) = 2m.

A key novelty of Theorem @(1) is the case [ = 0. To compute the number of
solutions in k? of an Fy-system = + fP = 0 = y + g” over k, so (f,g) € k[x,y]?, one
looks at the surjective étale (first projection) morphism

Spec (k[z,y]/(y + g")) — Spec (k[z])
and to get examples of inconsistent Fy-systems over k one needs to choose (f, g) so
that = + fP + (y + ¢*) € k[z,y]/(y + ¢P) is a unit.

First, one is led to identify integral curves C' on Spec (k[z, y] [ﬁ})
malizations have open subvarieties that map étale surjectively into the affine line
Spec (k[z]) via the natural first projection. There exist many Cs including the
ones given by equations y!(1 + y?™) = 1 with (I,m) € (N'\ pN) x N* (cf. Example

H). The simplest such curve C is defined by the equation y(x + y?) = 1 and is
isomorphic to Spec (k[t,t~1]) via the finite étale morphism

Y : G — AL = Spec (k[z1])

over Speck defined at the level of k-algebras by the rule: x; — t=! — ¢P. Sec-
ond, one is led to find ways to dominate such a ‘good’ curve C' via a morphism
Spec (k[x, y]ﬁ + gp)) — C that commutes with the first projections.

Theorem P.4(2) gives that for all m € N* we have an identity

whose nor-

{¢(e)le € EEa(k),deg(e) = pm, 1, is étale} = N

Theorem proves the identity {p(e)|e € EEa(k), ¢e_is non-étale} = N. Directly
from either one of these identities we get (see Section E) the following result.

Corollary 2.5. Let X be a non-empty affine variety over k and let | := edim(X).
Let q,n € N* with n > 1+ 2. Then there exist e € EE, (k) with 1(e) € N* and a
sequence ¢ = q1 < g2 < --- < qy(e) of integers such that for each i € [[1,i(e)]] the
complement Ui is a closed subvariety of Ay isomorphic to g; copies of X.
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E.g., if X = AL, then the inequality n > [+2 of Corollary @ cannot be improved
by Lemma P.1(2); moreover, if n =1+ 2 then one can exceptionally take e to be a
cartesian product d x 1x with d € EEz(k) such that ¢(d) = q.

If k is a field of characteristic p and e € End, (k) is defined by an n-tuple
(915---59n) € KlT1,...,2p). then it is well-known that the following three state-
ments are equivalent (see [Nd], Thm. (6.2); see also [Ni], Thm. 1.4).

(N1) We have e € EE, (k).

(N2) We have k[z1,...,z,] = klz), ..., 28,91, ..., gn)]-

(N3) The n-tuple (g1,...,9n) is a p-basis of k[z1,...,x,], i.e., its associated
family {[[\—, ¢/"";m; € [[0,p —1]] V i € [[1,n]]} is a basis of the s[z!,... 22]-
module k[z1,...,z,].

Based on the equivalence (N1) < (N3) we have the following interpretation of
the case (m,q,s) = (p,1,1) of Theorem m 2) or of the case mq = p of Theorem

(3) in terms of p-bases (see Subsection for the case mq = p that involves
smaller algebraic degrees).

Corollary 2.6. Let k be an arbitrary field of characteristic p, let n > 2 be an
integer and let R := k[x1,...,x,]. Then there exists a p-basis (g1,...,9n) of R
such that the degree of the finite field extension k(gi,...,gn) — K(T1,...,2Tpn) i
p and we have an equality (g1,...,9,) = (z1,...,2,) of ideals of R (resp. and
Yo Rg; = R, i.e., the n-tuple (g1, ...,9,) € R" is unimodular)

Conjecture [Ad], Conj. 3.4 is not properly formulated but it was meant to be the

positive characteristic analogue of the ‘Generalized Jacobian Conjecture’ of Bass in
characteristic 0 (see [Ba2], Rm. after Prop. (4.3)) which was disproved by Kulikov
in dimension 2 (see [Kul], Sect. 3). The following theorem is a 3- and 2-dimensional
non-units analogues of the étale morphism ¥ that disproves [Ad], Conj. 3.4 (in all
formulations), that is an output of the geometry of SLs j, that is closely related
o [Ki], Sect. 2, Ex. 1, i.e., the hypersurface of Spec (Clt,z,vy, 2]) defined by the
equation = + x?y + 22 + ¢ = 0 equipped with a G, c-action, and that refines
[Kam], Thm. in the particular cases of simply connected semisimple groups SLor,,
with ¢ € N and affine irreducible varieties A} and A%.

Theorem 2.7. The following properties hold for n € {2,3}.
(1) Let q € N*. There exists a finite Galois cover
M, X — AY

of Galois group SLo(Fpq) between rational affine varieties over k with group of
units equal to k* which is defined over Fpa. Hence M, factors through finite étale
morphisms

Yy — Ay and W} — A7
of degree p*1 — 1 and p? + 1 (respectively) between rational affine varieties over k
with group of units equal to k* which are defined over Fpq.

(2) If p=2 and g = 1, then M,, factors through a finite Galois cover Vi — Al
of degree 2 defined over Fy, where Vi is rational, has group of units equal to k*, and
has a finite Galois cover X7 — V7 of degree 3 (hence its prime-to-2 fundamental
group is non-trivial).
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(3) If p=3 and g = 1, then M,, factors through a finite Galois cover Vi — A}
of degree 3 defined over F3, where Vi is rational, has group of units equal to k*, and
has a finite Galois cover Xj? — V! with Galois group isomorphic to the quaternion
group Qg of order 8 (hence its prime-to-3 fundamental group is non-trivial).

(4) In dimension 2, the morphisms of (1) to (3) are obtained from the analogue
ones in dimension 3 via taking quotients through a left G r-action defined over Fpq
(i.e., we have X% = (Gayk\Xi, My = Gg 1\ Ms, etc.).

The proof of Theorem @ uses Nori’s idea (see [Kam]) to take M3 as the pullback
of Lang SLy(Fpq)-torsor SLo j, — SLsg j, via_a ‘good’ morphism A$ — SLj . The
finite Galois cover Vi — A} of Theorem 2) (resp. 2.7(3)) is of Artin—Schreier
type by either [Mil], Thm. 1.1 or Fact ; as YV} has group of units equal to
k*, the existence of a non-trivial cyclic cover of it of degree 3 (resp. 2) implies by
Kummer theory that it is non-factorial.

The classification of Jacobian varieties 1. with e € EE, (K) would implicitly
classify all finite covers of A% of the form X, with e € EE,(K). If e € EE, (K) is
such that is regular and non-étale, then X, is not a complete intersection (see
Theorem [/.3(5)) and it is not clear even how to begin the classification of such X_s.
Thus, to begin with we first consider hypersurfaces in A}?H. Let

IntRat, (K) := {(f,g9) € K[z1,... 7:1:n]2|g #0, g.cd.(f,g9) =1}
For (f,g) € IntRat,,(K), the zero locus

(2) flze, .. xn) +9(x1, .oy Tn)Tpe1 =0

is an integral rational hypersurface H% , x In A?(H but in general it is neither
smooth nor contains an open subvariety isomorphic to A% . Thus we are let to
consider the three subsets

NorIntRat, (K) := {(f, g) € IntRat,, (K)|H} , x is normal},

SmolntRat, (K) := {(f, 9) € IntRat, (K)[H} , ; is smooth},
AffIntRat, (K) := {(f, g) € IntRat,,(K)|3 an open embedding A% — HY  }.

The hypersurfaces HY} | ;- with (f, g) € IntRat,(K) such that g = [[}_, 2" with
(mq,...,my,) € N” (i.e., g is a primitive monomial) and with f of certain types
have been extensively studied in the literature from many points of views, includ-
ing automorphisms, group actions, invariants, cancellation problems, isomorphism
classes (more general types of fs are considered in [Du2] and [GG], e.g., in [GG],
Thm. B, f is a monic polynomial in one of the variables).

The main object of interest is the intersection NorIntRat, (K) N AffIntRat,, (K).
One would like to classify (up to isomorphisms) all open embeddings A% — H? K
with (f,g) € NorIntRat, (K) N AfflntRat, (K) and, when char(K) = p, all finite
étale covers HY | ;- — A% with (f,g) € SmolntRat, (K) N AffIntRat,, (K).

It does not suffice to study J,, (K) intrinsically via hypersurfaces. We note that
NorIntRat, (K)NAffIntRat,, (K) can be used to study complete intersections in A%
isomorphic to certain X.s with e € EE,(K) (e.g., see Examples P2.12 and P2.13).

In what follows we introduce a two polynomial parameters family of finite étale
covers of A?. For the sake of generality, we introduce them over Spec R as follows.

We say that a monic polynomial f(t) € R[t] is separable if its reduction modulo
each maximal ideal of R is so. Let

Or :={(f,9) € (R[t])?|f is monic separable, g is monic, f(0) € R*};
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e.g., for n > 2 we have (t"~" —1,1) € @z _1_;. For (f,g) € O we consider the

affine smooth surface
5% 4.1 = Spec (R[z,y, 2/ (xf(2) + yg(y)2))

over Spec R; so ST | 5 = A? and for n > 2 we single out the affine smooth surface

=

Sn :=Sm-1_117(1,] = Spec (Rlz,y,2]/(z" — x + y2))
over Z[—=]. We call
$* =83 = §7_1 12 = Spec (Z[z,y, 2]/(a? — 2 +yz))

>~

the arithmetic 2-dimensional sphere (over Spec Z) as we have isomorphisms S%H
2
Spec (Z[1][z,y, 2]/ (z* + y* — 22 — 1)) and, with i € C, i? = —1,

1
Sém[%} & Spec (Z[Z][§][$7y7 2/(a® +y* + 2% = 1)).

Over K, groups of automorphisms, group actions, and isomorphism classes re-
lated to certain subclasses of the surfaces Sy 4 x have been extensively studied in
the literature starting with [GD], especially when char(K) = 0. For instance, S%
is isomorphic to Pk Xgpec x Pk \ Api , where Api is the image of the diagonal
embedding P}, — P} Xgpec x Pk (e.g., see [BvS], Lem. 2.1); the ind-group scheme
Aut(S%) has been described as an amalgamated product in [GD], Sect. 10.1 if
char(K) # 2 and in [Lam], Thm. 4 in general.

For (f,t™) € Ok with m € N, the surfaces S¢;m g are called (often special or
classical) Danielewski surfaces in [FM-J], [Dull], etc. after the author of an unpub-
lished 1989 manuscript which was first quoted in [F] and in which the particular
case f(t) =t — 1 over C is studied in connection to the cancellation problem (by
Al); if m = 0 (resp. if m > 1), generators of their groups of automorphisms (resp.
generators of their groups of automorphisms and isomorphism classes) are described
in [M-L1}, Thm. (resp. in [M-L2], Thms. 1 and 2 for K = C and in [Cy], Thm. 4.2
and Cor. 4.3 applied to h(z) = —1). Generalized Danielewski surfaces are zero
loci L(z,y) + y"2 = 0 (hypersurfaces) in A3, with L(z,y) € K[z, y] such that
deg(L(m,O)) > 2; over C they were introduced and classified in [Po], Def. 2 and
Sects. 4 and 5. The terminology ‘generalized’ is supported by the two facts that (i)
forn > 1 and g € K[t] such that deg(g) < n the zero loci 2°+xg(y)+y"2 = 0 classify
surfaces that are non-trivial line bundles over the affine line over Spec K with the
origin doubled (see [Wi], Sect. 2), and (ii) over C, for n > 2 and (f,g) € K[t]* with
deg(f) > 2 and deg(g) < n — 1, the surfaces that are the zero loci f(z) +y"z =0
and f(z)g(y) + y"z = 0 are isomorphic by [FM-J], Thm. 2.

There exist many morphisms between these surfaces over Spec R, among which
two types are introduced here. We have an open embedding

. 2 2
tf9.r AR = St R

defined on valued points by the rule (z,y) — (zyg(y),y, —zf(zyg(y))); its com-
plement D} | p := Sf 4 r \ Im(sf,4 r) is the zero locus f(x) = yg(y) = 0. Over a
field K of characteristic not dividing n» — 1 that contains the n — 1-th roots of 1
and all zeros of g(y) in an algebraic closure of I, Dtlnflq,g,ic is a disjoint union of
(n — 1)z(tg) copies of Ak; e.g., D' :=D; |, ;= Al and Din,l_l,m is isomorphic
to n — 1 copies of AL. Thus for n < 2 and deg(g) € N we get the following fact.
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Fact 2.8. For m € N* (resp. m = 0), there exists a (monic) connected smooth
hypersurface in A3, which is the disjoint union of A% and of m copies of AL and
which is a finite flat cover of A3 of degree 2 (resp. 1).

The existence of the open embeddings 1 4 x imply that we have an inclusion
O C SmolntRate(K) N AffintRate (K).

If (f,g) € ©g is such that we have a product decomposition f = fifo of
monic polynomials, then (fi,g) € ©r and the rule on valued points (x,y,z) —
(z,y, f2(z)z) defines an open embedding 7, 4.1,r : $%, g.r = S} 4.z Whose comple-
ment is the zero locus fa(z)yg(y) = 0; note that 1, g.r,r O tf, g, = tf,g.R-

Let

. Q2 2
¢tg.r:Stgr = AR
be the finite flat morphism defined by the rule on valued points (z,y, z) — (y, 2);

the closed subscheme cf’gﬁ(]D)}’g’R) of A% is defined by z1g(z1) = 0.
If R is an Fp-algebra and m € N*, let

Ohm = {(f.9) € Or|f(t) +tf'(t) € R*,deg(f) = pm — 1}.

If (f,9) € O} ,,, then cs g : Sf ok A? is a finite étale cover of degree pm which
is Galois if ¢ f (t) is an additive polynomial; its composite with the open embedding
159k s A2 — S?c’g,k is a surjective non-finite endomorphism

€f,g.k = Cf,gk O1f gk € EE2(k)

with deg(ef,4,x) = pm which is defined over the Fp-subalgebra of k generated by
the coefficients of f(t) and g(¢) and is finite over the complement of the zero locus
z1g(xy) =0 in AZ .

For each (I,q) € N? we construct (see Corollary ) étale endomorphisms of
suitable affine open subvarieties of the surfaces S?yt’k whose images have comple-
ments that are disjoint unions of I copies of A} and of ¢ points (g copies of A?).

E.g., if (f,9) € ©},,, then the composite vfg1 0 crgr © S7,p — St 18
the étale Jacobian surface 9., , , associated to ef g, 50 I'y,  is isomorphic to
(pm—1)z(tg) copies of A} and we have pgi(efg.x) = plefgr) = (pm 1)z(tg). This
proves Theorem P.4(2) for s = 05 the proof for s > 0i 15 similar but using a different
open embedding A? s Sf o (see Proposition |l

If char(K) =0, then for each (f,9) € Ok the surface S?%K is simply connected
as it has an open subvariety isomorphic to A%. In contrast, for each (f,g) € Oy
there exists a finite étale cover S?c’ ok = A? (see Proposition (1)) and hence
S?{' g.x 18 not simply connected and (see Proposition ( )) there exists e € EEs (k)
such that 1. is étale and X, = SQ . (recall that S? ok = A?).

If (f,g) € SmolntRat, (K), then the tangent bundle Ty, , , is trivial, hence
each open _affine non-empty subvariety W of Ty, . is a complete intersection by
Theorem [7.2(2). If n = 2, (f,g9) € Ok, and W contains an open subvariety iso-
morphic to A%, then there exist examples in which W = Hf’g’ i for a suitable

pair (f, ) € SmolntRaty(K) and moreover either W = S?ﬁ i for a suitable pair
(f1,91) € Ok (for f = f1fo and (f,g) € Ok, see Im(thg;f,K)) or W # thgl, for
every (f1,41) € O (see Example )
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If e € EEo(K) is non-finite, then X, (resp. the étale locus X&' of 1) has a
canonical open affine cover associated to 2. formed by connected normal surfaces
that are disjoint unions Im(z.) UY with YV € Irr(I'y) (resp. ¥ € Irr(I'y) and
Y C X&) by Definition (1) (resp. Corollary (2)) This leads to the following
formalism of sphere-like surfaces.

Definition 2.9. An affine normal connected surface X over K is called a sphere-
like surface if it has an open subvariety U with the properties that U = A% and
X\ U is non-empty irreducible. A sphere-like surface X is called:

(1) a pseudo-sphere if it is not reqular;

(2) a quasi-sphere if it is reqular but its tangent bundle is non-trivial;

(3) an almost sphere if it is reqular with trivial tangent bundle and X % S3;
(4) a sphere if it is isomorphic to Si.

In this paper we develop the theory of sphere-like surfaces only as far as needed
for computing invariants and for relating to prior works. We recall that a morphism
Y : W — X of varieties over K is called an A'-fibration if for a general point = € X,
the fiber X ~!(z) is an affine line over the spectrum of the residue field of z. Each
sphere-like surface over K is an Al-fibration over P} and a disjoint union of an
open subvariety isomorphic to A% and a closed subvariety isomorphic to Al by
Theorem (1) and (5); if char(K) = 0 then the first property and, in the case
when X is regular, the second property were known and used before (e.g., see [Mi2],
Sect. 2 and Lem. 1) but the proofs we include are different. If e € EE5(K), then
the canonical open affine cover of X, associated to 1. consists of exactly |Sing(X.)|
pseudo-spheres, p(e)— pet(e)=|Sing(X.)| quasi-spheres, and of pet(€) almost spheres
or spheres (see Corollary @), in particular, v, is étale iff the canonical open
affine cover of X, associated to 1. consists only onf almost spheres and spheres (see
Proposition @6(2)) For pseudo-spheres see Example @)and Proposition @
For quasi-spheres see all e € EE5 (k) with X, regular and non-étale. If m > 1, then
S7_1 4m x is an almost sphere (see Example).

The geometries of SLo, S?, and A? are interrelated. E.g., S? is a quotient of SLo
and a line bundle over P! and we have an isomorphism A? — S? \ D! induced by
1t—1,1,z- The interrelations are explained and used in Section P3J.

Sections B to [LJ contain different set-theoretical, algebraic, complete intersection
and geometric preliminaries on iterates of functions, inner, left and right algebraic
degrees and cosets of endomorphisms e € End, (K), the submonoid of EE5(k)
formed by p-morphisms introduced in [Lang-J], Def. 2.2, normalizations of finite flat
extensions of k[[x1, z2]], complete intersection embedding dimensions, and rational
singularities. Though EE; (k) = BE;(k), the set EEo(k) \ BEo(k) is very large as,
for instance, it contains all endomorphisms constructed in [No]. Ex. (6.10) with
(a,b) € (k*)? (see also [Lang-J], Ex._4.1) and generalized in [Lang-J], Props. 4.5
and 4.8 and Rm. 4.9 by Proposition (.9(3).

Section [L1| presents properties of sphere-like surfaces and of the open embeddin
X& C X,.. Section [12 proves Theorem @(1) (see_Example ) Section @
proves Theorem @(2) (see Example ) Section [14 proves Theorem @(3) (see
Example ) and Corollary (see Subsection [14.1)

Section [LY constructs finite endomorphisms and ‘good’ extensions of endomor-
phisms of affine spaces; they are used extensively in the subsequent sections in order
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to compute geometric degrees, extend properties in dimension n to all dimensions
greater than n, and study moduli spaces of endomorphisms.

Properties of iterates are gathered in Section [L§. To describe them, lete: X — X
be an endomorphism of a variety over K. Theorem (1) proves that if e is quasi-
finite then t(e) € N, again by reduction to positive characteristic. Previously, this
was known only when K = C (hence when char(K) = 0), X is affine, and e is
universally open with T', finite (see [], Thm. 1; recall that if K = C, e is
universally open iff the holomorphic endomorphism e®* : X*"* — X2" is open by
[@}7 Thm. 1.1). If T, is a finite set and dim(X) < 2 (resp. and e is defined over
a finite field), then ¢(e) € N by Proposition (resp. Corollary ) Ifn>3
and K is not an algebraic closure of a finite field, then for each [ € N* there exists
d € End,,(K) such that ¢(d) =1 and ¢(d) = co by Proposition 16.13: if n = 3, then
deg(d) can be an arbitrary integer greater or equal to 3. Corollary m bounds ¢(e)
when I, is a finite set, char(K) = p and e is defined over a finite field.

Section [L7 proves Theorem ; for the passage from Theorem P.4/(3) to Theorem
17. we use over k the n = 2 case of the m-transitivity of the group of tame
automorphisms of affine spaces over fields (see Proposition [L7.1)).

Section proves Corollary based on a general lemma (see Lemma )
that gives large algebraic and geometric degrees and includes Example that
illustrates how one can work around to control these degrees.

Section [19 proves Theorem P.17.

Section P( provides examples of finite étale covers of AZ and applies them to show
that for each r € N and m € 2N* there exists e € EEq(k) such that p(e) = pgt(e) =7
and deg(e) = pm (see Corollary (1)) Example shows the Nollet-Xavier
Conjecture over C (see [Je|, Sect. 1 and [@]7 Quest. 6) becomes false over k even
for n = 2: for each | € N*, there exists e € EE5(k) such that the non-proper locus
of e is isomorphic to [ copies of A} (so for [ =1 it is smooth and integral).

Section R shows that the differential equation of [], Prop. 4.8 generalizes
to all » > 2 producing many examples of étale endomorphisms in EE,, (k) whose
invariants are studied in order to get applications and results that are in contrast
to the analogous results in characteristic 0 (see Remarks (1) and that
pertain to prior works [Gwl], [YD] and []) or for n > 2 are in contrast to results
for n = 2 (see Example P1.5). In particular we show that for each n > 3 there exist
plenty of e € EE,, (k) for which 9. is non-regular (see Example )

Section P2 gathers additional examples that are either required in the subsequent
sections or are of interest in their own.

Section PR3 proves variants of Theorem @(2) that often compute the non-generic
fibers set invariants.

Section studies moduli affine schemes of different types of étale endomor-
phisms or of automorphisms of A™ that were introduced in earlier works such as
[@], Sect. 7 and [@], Sect. I, Subsect. 1. E.g., we show that for each ¢ € N*
the moduli affine scheme SEE,, ;, x over Spec K that parametrizes étale endomor-
phisms defined by n-tuples (f1,..., fn) € R[x1,...,2,] with x(fy,..., fn) < ¢ and
with Jacobian determinants 1 are connected (see Corollary m and are smooth
iff either min{n, ¢} = 1 or n = ¢ = char(K) = 2 (see Theorem P4.13). Conjecture
[@], Conj. 3.4 (resp. 5.3(2)) is disproved in Example D4.5 (resp. Remark )

SectionE studies a conjecture of Adjamagbo (see []7 Conj. 3.1 or CJC(n,p);
see also Conjecture [1.3) over subrings of our fields & (i.e., over integral domains of
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characteristic p) but it suffices to prove it over the fields k. With our notation, this
conjecture over k can be reformulated as follows.

Conjecture 2.10 (Adjamagbo 1995). If e € EE,(k), then deg(e) € {1} UpN*.

Corollary proves the following positive characteristic analogue of classical re-
sults of Razar (see [Raz], Thm. 2) and Wright (see [Wrl], Thms. 3.2, 3.3 and 3.7)
in characteristic 0: if e € EE, (k) is such that either it induces a Galois field ex-
tension ki(x1,...,2,) — ks(z1,...,2,) of degree prime to p or it is finite with
deg(e) < p, then e is an isomorphism. Corollary proves that if charK = 0
(resp. char(K) = p) and e € EE,(K) factors as the composite of a quasi-finite
morphism A} — A"KH which is a locally closed embedding at points of codimen-
sion 1 outside a specific finite subset with a projection A’;{H — A" on the last
n coordinates, then the Jacobian Conjecture (resp. Conjecture ) holds for e.
This result generalizes [Fol], Thm. 1 which assumes that char(X) = 0 and that the
morphism A% — A’;‘{H is actually a closed embedding.

There exists no e € EEy(K) with deg(e) € {2,3,4,5} and char(K) = 0 by [Zd],
Thm. 6.12. We do not know other general results on geometric degrees at least
3. Section @ studies endomorphisms e € EE, (K) with deg(e) = 3 for all Ks,
including estimates of complete intersection dimensions as defined in Section [] and
their usage to get partial results on the non-existence of such es when char(K) # 3.

Section is a first appendix that introduces an ad-hoc notion of ‘weakly sep-
arated scheme’ that is used to give alternative proofs to parts of Section that
involve iterations of non-separated endomorphisms.

Section is a second appendix that refines and corrects Nori-Kambayashi’s
work on pullbacks of Lang torsors (see [Kam]) based on the more recent work
[CGP] on split unipotent groups.

Section @ is a third appendix that lists open problems, questions and conjectures
with a few examples, remarks and comments.

Theorem @ neither is implied by nor implies Conjecture (see also [vdH],
Part II, Ch. 10, Sect. 10.3, Subsect. (10.3.16), Conj. JC(F,, n, p)). But Conjecture
would imply that the geometric degrees parts of many of our results (such as
Theorem @(2) and (3) and Example @) are optimal.

In characteristic 0 there exist étale endomorphisms of surfaces that are not au-
tomorphisms (e.g., see [Mi3], Sect. 4, Exs. 1 and 3 and [DP|], Thm. B) but it seems
that all of them are surjective (and in most cases one even expects that they are
finite, see [Mif], Sect. 4). Replacing étaleness by the weaker quasi-finiteness, the
following general example improves [vdE], Part III, Ch. D, Sect. D.2, Ex. D.2.3.

Example 2.11. Let ¢ € N*. Let f(¢) € K[t] be a polynomial with f(0) # 0 and
z(f) = q. Let e € Endy(K) be given on valued points by the rule

(z,y) = (xf(xy) +y,2y).

Then we have e € QFE,(K) with ¢(e) = ¢, deg(e) = 2, and F(e) = {0,1}. More
precisely, the field extension Ki(x1,x2) — Ks(x1, 22) induced by e is isomorphic to
Ki(z1,22) = Ky(21,32)[2]/ (2% — TGzt %)
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For (a,3) € K2, the system of equations xf(zy) +y —a = 0 = xy — 3 has
no solution if & = 0 = f(5), has one solution if « 7é = af B) #0 =
a? — 4Bf(B), and has two solutions if f(3)[a? — 48f(B)] # 0.

For e € QFE,(K) we have deg(e) = 1 iff e € GAg(K ) (see Lemma @ 4)). From
this and the non-existence of e € EEo(K) with deg(e) = 2 and char(K) ;é 2, we
get that for @(e) > 0, the equalities deg(e) = 2 in characteristic_different from 2
of Example ﬁ and deg(e) = 2 in characteristic 2 of Theorem @(2) or (3) are
optimal in the sense that they give the smallest possible geometric degrees. We also
note that if char(K') # 2, then there exists no e € EEy(K) \ GA3(K) with w(e) =2
(see [Wa2], Thm. 62; see also [BCW2], Thm. (2.4) and Cor. (1.4)).

3. SET-THEORETICAL PRELIMINARIES

For a set B, let |B] € N U {oo} be its cardinality if it is finite and be oo if
it is infinite. We introduce notations and prove basic properties of iterates of
endomorphisms of sets.

Notation 3.1. Let e : B — B be an endomorphism of a set 5. Recall that
T'. := B\ Im(e) is the complement of e and ¢(e) = |T¢| is the gap invariant of e.
For I € N, let €! be the [-th iterate of e (so €” = 15 and e!*! := el o ¢), let
&(e) :=Im(e) \ Im(e'™) = {P € Im(e)|e ' (P) C Tt}
and let &} (e) :== {P € &(e)|le” (P)| = 1}. See Section E for v(e) € NU {oo}. Let
I = Uiene'(Te) and E'(e) := Up0&) (€).

Let g := [E'(e)]. If ge € N, let & € N be the smallest such that £'(e) = & (e).
Let ¢, := min{|e 1 (P)||P € B,e"}(P) # 0} € NU {c0}.
Lemma 3.2. Assume e : B — B is such that ', is finite. Then the following
properties hold.

(1) The sequence (p(e!™) — go(el))l>0 is a non-increasing sequence in N (thus

¢(e') €N for alll € N).

(2) For each 1 € N we have an inequality p(e') < lp(e

(3) For each 1 € N we have |&(e)| = p(e!Th) — p(e).

(4) For each | € N we have inclusions Im(e!) \ Im(e
El(e) C &le) C UL_jel(l,) C T,

(5) For all integers n. > 1 > 0 we have inclusions

Dot C Ty UUR e (Te)] C U pe'(Te).

(6) If T is a finite set, then v(e) < [TT\ Tl

(7) If se > 2, then for each | € N we have p(e!™!) — p(e) < L"agil)J < go(;});
hence (') <[220 e)j and if p(e) > 0 we have p(e!™t) < %_(i).

(8) If e = 1, then we have |&] (e)] = 2¢(e'*!) — p(e') — 2¢(e) > (e') — 2¢(e)
for each | € N.

().

1) c el(T'.) and therefore

5We have m;(e) = m(e) = 2deg(f) + 1 by Proposition @ and (2). Hence for deg(f) = ¢
we get that ¢(e) = ¢ and mr(e) = m(e) = 2¢g + 1 while Theorem @(3) (resp. Theorem ﬂ
provides for ¢ € pN* — 1 (resp. ¢ € N) endomorphisms e € EEx(k) with m:(e) = m(e) = 2¢ + 2
(resp. mr(e) = m(e) = 3(p — 1)g+2p — 3) and ¢(e) = q.
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(9) Assume v(e) = 0o. Then ¢es =1 for each s € N*,

(10) We have 1(e) = oo iff the subset EL(e) of T} is infinite.

(11) We have EY(e) = {P € T|le 1 (P)| = 1|} \ NienIm(e!).

(12) Assume e is not surjective, t(e) € N ands. = 1. Then p(e!) < 2¢(e)+0.—1
foreachl €N, &+ 1 <ile) < ple) + e < ple)(ée +1).

Proof. As e maps Im(e™) onto Im(e"*1) for n € N, it also maps Im(e!) \ Im(e!*1)
onto Tm(e!*1) \ Im(e*2). From this part (1) follows. As ¢(e’) = 0, we have
1 !
p(eh) = (p(e) —p(e™) <D (ele) — (e) = lp(e),
i=1 i=1
where the inequality follows from part (1). Part (3) is clear.

To prove part (4), let @ € Im(e!) \ Im(e!t!). Let P € B be such that Q = ¢'(P).
If P ¢ I, then there exists P’ € B such that P = e(P’), hence Q = e/*1(P’) €
Im(e'*1), a contradiction. Thus P € I',, hence Q € €!(I'.), and part (4) holds. Part
(5) is a standard application of part (4).

To prove part (6), we can assume that T, # (); hence [, # 'Y, For n € N* we
have inclusions €"(T'.) C e(T'Y) C T'F \ Te. Let m € [[1,|TF \ T'c|]] be the smallest
integer such that e™ (I \T,) = em T F\T,) for all ] € N. As for s € N
we have e™T5(T,) C e™ YT \ T.), we get that Tymei N e™+5(T,) = 0. Thus, by
taking (I,n) in part (5) to be (m,m +1 — 1) with [ € N*, it follows that we have
an inclusion Tymii C Tem. As Im(e™*!) C Im(e™) holds in general, we incur that
Im(e™*+!) = Im(e™) for all I € N* and hence for all [ € N, so t(e) < m < [TF\ T,/

For part (7) we note that we have a disjoint union decomposition Upeg,(eye ' (P)
of a subset of I'.; into sets that have at least ¢, elements, so ¢.|&(e)| < p(e!). Thus
the first part of part (7) follows from part (3). By induction on [ € N we get that
p(et!) < gp(e)(ZﬁzO . %), from which the second part of part (7) follows.

For part (8), let SlZQ(e) =& (e) \ &!(e). We have relations

(e ™) — ple) = €] ()| + €77 ()] < 1€ ()] + 27 ()] < (e

by part (3) and the mentioned disjoint union decomposition. Therefore we have
E7%(e)] < @le) + p(e) — p(e!t!) and thus

€1 ()] = (™) = ple) = [E7%(e)] = 20(e*) = p(e!) - 2¢(e).

If 1(e) = oo, then t(e®) = 0o, and hence part (9) follows from part (7).

As we have inequalities p(e!) — 2p(e) < |EL(e)] < p(e't1) — p(e) by parts (3)
and (8) and an inclusion & (e) C &}, (e) for each | € N, £'(e) is an infinite set iff
the non-decreasing sequence ¢(e!);en diverges to oo and hence iff t(e) = oco.

The ‘C’ of part (11) follows from definitions. For Q € {P € I'f|le"!(P)| =
1/} \MienIm(e!), let I € N be the smallest such that Q ¢ Im(e!*1). Thus Q € &} (e).
As [e71(Q)| = 1, we get that Q € &} (e) C E'(e) and the ‘D’ of part (11) holds.

Taking [ in part (8) to be ¢(e) — 1, we have ¢(e'(9)) — p(e®)~1) > 1 and hence
p(e!®) < 2¢(e) + |5L1(e)_1(e)| —1 < 2¢p(e) + g — 1. As for each | € N we have
p(e') < p(e®)), the first part of part (12) holds. As p(e) < p(e?) < -+ < p(e!®),
we have t(e) — 1 < p(e(®)) — p(e) < p(e) + |5}(e)_1(e)| — 1 and therefore we have
t(e) < go(e)—&—\é'bl(e)fl(eﬂ < p(e)+0.. To prove that £.+1 < i(e) we can assume that
€ > 0 and hence the set & (e) \ £, _;(e) makes sense and it is non-empty, which
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implies that the inclusion Im(e®¢ 1) C Im(es¢) is strict. Thus &.+1 < ¢(e). By parts
(2) and (3), we compute g. = |E (€)] < [&, ()] = p(esH1) — p(e) < &eple). O

4. POLYNOMIAL PRELIMINARIES

In this section we study affine coordinates in relation to algebraic degrees and
(left, right, or double) cosets of e.
Notation 4.1. If e € End, (K) is defined by (g1,...,9n) € Ks[x1,...,2Ts]", let
L K[z, ... 20 = Kslx1, ..., Tpl, Frac(e?) : Ky(z1,...,2n) = K(21,...,2,)

be the K-algebra endomorphisms such that we have e? (z;) = g; for each i € [[1,n]];
so e = Spec (e#). The elements of the set

An(K) = {{ylv,yn} CK[xla"'7xn]|K[y17'~'ayn] =K[m17...,xn]}

will be called affine coordinates of K[z1,...,x,].
The following lemma computes (left or right) algebraic degrees.

Lemma 4.2. Let e € End,,(K) be defined by (g1,...,9n) € Ks[z1,...,2,]". Then
m(e) is the smallest possible value one gets for

max{deg(hi(gl(yl, cesUn)se s Gn(Y1y ey yn)) li € [[1,n]]}
when ({h1, ..., hn}, {y1, .., yn}) varies through all elements of A, (K)?. Similarly,

m(e) = min{max{deg(hi(gl (2),... ,gn@)) li € [[1,n]]}|(h1,...,hy) € An(K)},

where x := T1,...,Ty, and
7 (€) = min{max{deg(g1(y1, -, ¥n)s s g (1, ¥n)) W1, -+ yn) € Ap(K) .

Proof. Let a,b € GA,(K). For i € [[1,n]] let h; := a¥(x;) and y; := b (x;). The
rule (a,b) — ({h1,...,hn},{y1,...,yn}) defines a bijection GA, (K)? — A, (K)?
and we compute
(aeb)¥ (z;) = (b% 0 e® o a®)(w;) = hi(g1 (Y1, s Yn)s s (Y1, 1 4n))-

Thus the first part of the lemma follows from the definition of w(e). The second
part of the lemma for m(e) (resp. m(e)) follows from its definition and the first
part of the lemma applied only with b (resp. a) being 1 a2, e, with y; = x; (resp.
h; = x;) for each i € [[1,n]]. O
Proposition 4.3. Let e € End,(K) be defined by an n-tuple (g1,...,9n) in
Ks[a1,...,2n]" such that for each i € [[1,n]] we can decompose gi = > 5L, jui,;
as a sum of non-zero monomials with d; € N*. We consider two conditions.

(i) Ifi € [[1,n]] and j € [[1,d;]], then p; ; divides pu; g, and deg(u; ;) < deg(pi.a,)-

(ii) The primitive monomials proportional to the p; q,s (i € [[1,n]]) are multi-
plicatively independent.

Let II := max{deg(f,q4;)

(1) If condition (i) holds, then m(e) =1I.

(2) If conditions (i) and (ii) hold, then m(e) = II.

(3) Fori € [[1,n]] let s; € N be the greatest such that x;*|p; 4, and let €; € {0,1}
be such that €; = 0 iff i g, € K*x;*. If condition (i) holds, then we have inequalities
min{deg(p:.q,)|? € [[1,n]]} < mi(e) <II and max{sy +€1,...,5n + €} < mile).

i €[[1,n]]}. Then the following properties hold.
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(4) Assume n =2, condition (i) holds, and (to fix the ideas) II = deg(p2,4,). If
either po 4, € K*x;leg(w’dz) or x1%2|p1,q4, and deg(p1 q,) =11 — 1, then m(e) = IL.
Proof. The ‘< II’ is clear for parts (1) to (3). To prove the ‘>’ for part (1), based
on Lemma @ it suffices to show that for each {y1,...,yn} € A,(K) and every
i € [[1,n]] we have deg(g;(y1,-..,yn)) > deg(yi,a,). As condition (i) holds, we have
an identity deg(gi(y1,...,¥n)) = deg(tia,(y1,--.,yn)). As deg(y;) > 1 for each
j € [[1,n]] and p; 4, is a monomial, deg(uia, (1, --,Yn)) = deg(ui,q,), and hence
deg(gi(y1,---»yn)) > deg(pia,)-

To prove the ‘>’ for part (2), based on Lemma @ it suffices to show that for
each {hy,...,h,} € A,(K) and every i € [[1,n]], there exists 7 € [[1,n]] such
that for L; = Lj(z1,...,2,) = hj(gl(xl, ces @)y ey gnl(T, . ,:cn)), we have an

TRi(0) #0. Let

inequality deg(L;) > deg(u;,q4,). We choose j such that

L;Op = L;Op(acl, v @y) = hy (g (T, Ty g, (T, X))

Condition (i) implies that each monomial of L; — L;Op divides a suitable monomial
of L;Op in such a way that the quotient has positive degree, and condition (ii)

implies that deg(LBOp) is the maximum of all degrees

deg(hj,s(/’cl,dl (.1?1, s 73771)7 <o Hngd, (mla s axn))a

where hj ¢s are the non-zero monomials of h;. Thus deg(L; — L;Op) < deg(L‘;Op),
hence deg(L;) = deg(LEOP). As Z—ZZ(O) # 0, one of the hj¢s is in K*x; and hence
deg(L;™) > deg(pi,a,). Thus deg(Ly(x1, ..., ,)) > deg(pia,)-

For parts (3) and (4), let a € GA3(K) and d := aea™! € Enda(K). Fori € [[1,n]]
let y; == (a=")#(z;). As d¥(yi) = [(a™)# o ¥ 0 a¥|(y;) = gi(y1,- .., yn), from
condition (i) it follows that

(3) deg(d#(yi)) = deg(ﬂi,di Wiy -+ 7yn))

Let ¢ € [[1,n]] be such that deg(y,) = min{deg(y;)|i € [[1,n]]}. For i € [[1,n]] let
fi=d¥(x;). Letl:=n(f1,..., fn). As deg(pq’ (y1,- .- 7yn)) > deg(piq,a,) deg(y,)
and deg(d#(y,)) < ldeg(y,), from Equation (g) applied to i = ¢ it follows that
Ideg(yq) > deg(tiq,a,) deg(yy), hence I > deg(iq,a,) > min{deg(y;a,)|i € [[1,n]]}.
Thus min{deg(y;,q4,)|i € [1,n]]} < mi(e). For i € [[1,n]], as deg(d# (y;)) < ldeg(y;)
and s; deg(y;) + ¢ < deg(uivdi (Yiy- .- ,yn)), we have s; + ¢; < | by Equation (é)
So part (3) holds. For part (4) it suffices to show that { > deg(u24,). We can
assume that ¢ = 1 and deg(y1) < deg(yz2). If 24, € K*xgeg(uz’dQ), then [ > s9 =

deg(pi2,a,). If 2125 divides p1 4, and deg(p1,q,) = I — 1, then deg(p1,q4, (y1,%2)) >
deg(p1,4,) deg(yr) and thus { > deg(p1,q4, ). Hence I > deg(p1,4,) +1 =11 O

Example 4.4. Let (i,7,1) € (N*)? with [ > 2. Let e € Endz(K) be defined by the
pair (z1 + p', 2o + p); if char(K) = p and (l4,5) € pN* (resp. (i,5) € pN*), then
e € EE3(K) (resp. e € BE2(K)). We have m,(e) = I deg(u) = I(i+7) by Proposition

(1). We have m(e) < (I —1)deg(p) +1 < m(e) as for a € GA3(K) defined by
the pair (z; — ), x2), ae is defined by the pair (z; — 22:1 (i)w’z =iag +p). If
char(K) = p and [ = p, then we have m(e) < max{i+j,p}. If p{, then Proposition

(2) applied to ae gives that m(e) = m(ae) = (I —1)deg(p) +1 < m(e). The last
two sentences imply that Proposition @(2) does not hold without its condition (ii).
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We have max{i+ j,il + 1} < m;(e) by the first and third inequalities of Proposition
[1.4(3). T char(K) = p, (i,5) € (pN*)? and p1 1, then e € BEy(K) and p { m(e).
Assume [ = 2. The endomorphisms ae, ¢~ !, and aea™" are defined by pairs
(z1—23—2mop, xa+p), (x1423, 22), and (1 —25—2x2(x1+23) 2d, 2o+ (z1423)'22))
(respectively). Therefore mi(e) < 2i + j if char(K) = 2 and m(e) < 2i 4+ j + 1 if
char(K) # 2. If j = 1, then for char(K) # 2 we get the following relations

me) =deg(p)+1=i4+2<2i+1<me) <2i+2=m(e)
and for char(K) = 2 we get the following relations
m(e) <deg(u) =i+1<2i+1=m(e) <2i+2=m(e).
Similarly, if 2 < j < 4, then for char(K) # 2 we get the following relations
me)=i+j+1<2i+1<me) <2i+j+1<2i+2j=m(e)
and for char(K) = 2 we get the following relations

me) <i+j<2i4+1<me) <2i+j<2i+2j=m(e).

5. FORMAL POWER SERIES PRELIMINARIES

We present regularity criteria for local complete normal spectra that are finite
flat over Spec (k[[z,y]]) and that are obtained by taken normalizations.

Lemma 5.1. Let ¢ € N*, R := k[[z,y]] and « € R*. For m € N* we consider
the R-algebra Ry, := k[[zw,y]] (so Ry = R). Fori e [[0,q—1]] let (I, m;,u;) €
N? x ({0} U R*) with ug € R*. Let
g—1
h(2) i= 2PT + 2P + Zuimliymizpi € R[z] and A:= R[z]/(h(2)).
i=0

Then the following properties hold for A and its normalization A™.

(1) The R-algebra A is generically étale.

(2) If p=2 and ¢ = 1, then the R-algebra A is étale (so A= A" = R?).

(3) Ifpq >2, then the non-étale locus of Spec A — Spec R is given by x'oy™0 = 0.

(4) Assume that pq — 1 divides mg and that for each i € [[0,q — 1]] with u; # 0
the inequalities m; > pqp—qil:lmmo and l; > ;oq;qil:lmlo hold. Then the R-algebra A™
is regular. If moreover pg — 1 and ly are relatively prime and l; > pq;zil:lpilo for
each i € [[0,q—1]] with u; # 0, then the R-algebra A™ is isomorphic to R X Rpq_1.

(5) If (lp,mo) € {(0,1),(1,0)}, then A is regular.

(6) If (Ip,mo) = (1,1), then A = A™ and the singular locus of Spec A is only
one point defined by xt =y =2z = 0.

Proof. Parts (1) to (3) follow directly from the fact that % = —qzPi72,
By substituting z := @z’ in a P9h(z) we can assume that o = 1.
For part (4), let dy be the greatest common divisor of pg — 1 and ly. Writing

mo = so(pg—1) and ly = dorg with s, 79 € N and r relatively prime to ng := %,

Fa=T 20 o .
for t :== uj" 'z y® € R,, we have tP4"! = ypzloy™o. Substituting w := tz~1 in



ON ENDOMORPHISMS OF AFFINE SPACES AND THE JACOBIAN PROBLEM 21

tzPlh(z) we get that the normalization (A®p Ry, )" of the R, -algebra A®pg Ry,
is isomorphic as an Ry,-algebra to the finite étale R, -algebra R, [t]/(g(w)) with

q—1
g(w) == wP? 4+ (Z uixliymitm*pq“wp(q*i)) +w+t € Ry, w].
i=1
This makes sense as w;zliy™itP*=Pi+tl € R, for i € [[0,q — i]]; more precisely, we
have u;xliymitP—Patl ¢ {0} U R*z"iy®, where r; == [; + p’zjﬁ)l lg € pq—lN and

s; = mj + piso —mg € N if u; # 0 by hypotheses. Therefore (A ®r Ry,)" = RbI.
From Galois theory we get that the only intermediate fields between Frac(R) and
Frac(Ry,) are Frac(R,) with n a divisor of ny. Hence each local direct factor of
A" is isomorphic to such an R,, and therefore A" is regular. We are left to prove
that if dg = 1, so ng = pg — 1, and r; > 0 if u; # 0, then A" = R x Rp,_;. Based
on part (2) we can assume pg > 2 and it suffices to show that there exist R-algebra
homomorphisms o1 : A — R and 02 : A — Rpq—1 which extend to R-algebra
homomorphisms o} : A* — R and o3 : A" = R,,—1 that are surjective.

There exists a unique R-algebra retraction oy : A — R that maps z + (h(z)) to
—1+ (z,y) by Hensel’s Lemma; as o7 is surjective, so is o7. Hensel s Lemma also
implies that there exists v € Ry, such that tvP9 4+ P9~ 4 [371° LTyt 4
1= 0 (recall ri > 0if u; # 0). For zp := tv € Rpq—1 we have 27 + 257 1y
Zz o wizhiymizht = * = 0, hence there exists an R-algebra homomorphism o5 : A —
Rpy—1 that maps z + (h(z)) to zg. As Iy is relatively prime to pg — 1, for a divisor
n of ng = pqg — 1 we have zy € Frac(R,,) iff n = pg — 1. Thus, as zp € Im(os),
03 @ lppac(r) is surjective and this implies that o3 is surjective.

Part (5) follows from Nagata Jacobian Criterion (see [Gro2], Prop. 22.7.2) as h
and its partial derivatives generate R|[z]. For part (6), h and its partial derivatives
generate the ideal (z,y, z) of R[z], so {(0,0,0)} is the singular locus of Spec A by
loc. cit. Due to this and the fact that A is a free module of finite rank over the
regular local ring R of dimension 2, properties (R;) and (Ss) hold for A; so A
is normal by Serre’s Criterion (see [Gro3d], Thm. (5.8.6) or [Mal], Ch. 8, Thm.
23.8). O

Lemma 5.2. Let S := Kk[[z]] and R := S[y]] = k[[z,y]]. For ¢ € N* and
firoooifq € S with fy # 0, let h(z) := 2+ > fi(x)zP" € S[z]. Assume that
either q is a power of p and h(z) is additive (i.e., and f; =0 ifi € [[1,q—1]] is not
a power of p) or g = 2. Then the normalization A of R in the étale k((x,y))-algebra
k((z,y))[2]/(y + h(2)) is regular.

Proof. 1f f,(z) € S*, then A = R[z]/(y+h(z)) is a finite étale R-algebra isomorphic
to RP9. So we can assume that f,(0) = 0.
Assume h is additive. Let Hf:l S; be the product decomposition into complete
discrete valuation rings of the normalization of S in Frac(S)[z]/(h(z)). For each
€ [[1,5]] let z; € Frac(S;) be the image of z + (h(z)) in Frac(S;); it generates the
separable field extension Frac(S) — Frac(S;) and we have h(z;) = 0. Let zp € R be
the only solution of the equation y+h(z9) = 0 with the property that zy € —y+ Ry?;
it exists by Hensel’s Lemma. As h is additive, y+h(zo+z;) = y+h(z0)+h(z;) = 0 for
each i € [[1,s]]. Hence for each ¢ € [[1, s]] there exists an R-algebra epimorphism
o; © A — S;i[[y]] under which at the level of rings of fractions z + (y + h(z)) is
mapped to zg + z;; it is surjective as z; generates Frac(S;). The resulting R-algebra
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homomorphism (o71,...,0,) : A = [[;_; Si[[y]] is an isomorphism as it is so after
tensoring with Frac(S) over S (one can see this by working modulo y).

Assume ¢ = 2. As h(z) is additive if p = 2, we can assume that p > 3. This
case is similar to the previous one except that under o;, z + (y + h(z)) maps to
20 + z; + t; for some t; € S;[[y]]yP?. We only show the existence of ¢;. As we have

y+ 20+ f1(z)zh + fg(.’L’)ng =0=12z+ fi(x)zl + fg(m)z?p, we get
Y+ 20+ 2+t + [1(2) (20 + 2 + )P + fo(z)(20 + 2 + ;)P

= 2fa(x)252] + ti + [fi(2) + 2fa(2)2f + 2f2(2) )t + folo)t]".
As 25 € RyP, the existence of ¢; follows from Hensel’s Lemma once we check that
f2(x)zl € S;. This is clear if z; = 0, hence we can assume that the index i € [[1, s]]
is such that 1+ f1(2)2""" + fo(2)z2?"" = 0. Thus —1 = 2P '[fi(z) + fa(z)2P],

hence z; *™! € S; and fo(x)2? = —z, 7T — fi(z) € S;. O

Lemma 5.3. Let R := k[[z,y]]. For g € N*, fo,...,fq—1 € R, and u € R*, let
h(z) :=z+( g:_ol fi(w,y)2P?) + uz2P? € R[z]. Then the normalization A of R in
the étale k((x,y))-algebra k((z,y))[z]/(h(z)) is regular.

Proof. Tf f(0,0) € k*. then using the substitution w := 27! in f5'27Ph(z), it
follows from Lemma @(5) that A is regular. So we can assume that f;(0,0) = 0.
Hensel’s Lemma implies that there exists a unique zg € —fy + RaP + RyP such
that h(zp) = 0. Using the substitution u := 2y + 2z, we can assume that fy =
0. It suffices to show that the normalization of R in the étale k((xz,y))-algebra
k((z,y))[z]/(g(2)) is regular, where g(z) := 1+ ( ;1:—11 filx,y)2P 1Y) + uwzPa—L,
Using the substitution w := 2! in 27P9t1g(z), it suffices to show that for f(w) :=
WPt 4 (N0 fi(, y)wP@=D) +uz € R[w], the R-algebra R[w]/(f(w)) is regular,
which is so as f and its partial derivatives f, and f,, generate R[w]. (]

6. PRELIMINARIES ON ENDOMORPHISMS OF AFFINE SPACES

In this section we include properties of several classes of endomorphisms of affine
spaces over K which are either of theoretical nature or pertain to new invariants.
In particular, for n > 2 the study of basic endomorphisms e € BE, (k) relates
closely to the study of endomorphism of the submonoid p-Mor, (k) C EE, (k) of
p-morphisms which for n = 2 were introduced in [Lang-J|.

We recall the argument for the fact that Im(ys ) C N in the following general
form, some part of which is only a variation of [Rag], Lem. 1.

Lemma 6.1. Let d € End,(K). Then d € QF,(K) iff d is flat. Moreover, if
d € QF,,(K), then the following properties hold.

(1) The endomorphism d is universally open.

(2) The complement T'y is closed and either empty or of codimension at least 2
(hence it is empty if n =1 and it is finite if n = 2).

(3) Viewing d* as an inclusion, we have

Ki[zy, ... ,xn] = K1, ..o, 20 N K (21, ..., 2p).

(4) We have d € GA,,(K) iff d is birational (i.e., deg(d) = 1 and, if char(K) = p,
d is generically étale).
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Proof. We have d € QF, (K) iff d is flat by [Mal], Ch. 5, Thms. 15.1 and 23.1.
Part (1) is a particular case of [Gro4], Cor. (14.4.3); so Im(d) is a non-empty open
in A% .

We show that the assumption that the reduced closed subvariety I'y has an
irreducible component of dimension n — 1 leads to a contradiction. We incur the
existence of a prime element h € Ki[z1,...,z,] such that the zero locus h = 0
does not intersect Im(d). This implies that d#(h) € Klry,...,2,]" = K*, a
contradiction with h being a prime element. Thus part (2) holds.

For part (3), the ‘C’ part is clear and to show the ‘D’ part let Oy be a local ring
of Azm which is a discrete valuation ring. From part (2) we get that there exists
a local ring Og of A};S which dominates Oy; so Oy is a discrete valuation ring. We
get that Kg[z1,...,2,] N K¢(x1,...,2,) is contained in Os N K¢(z1, ..., 2,) = Ok.
Thus, as Ki[z1,...,2z,] is the intersection of all such local rings Oy of AL (see
[Mal], Ch. 4, Thm. 11.5), we get that the ‘D’ part also holds. Thus part (3) holds.

For part (4), the ‘only if’ part is clear and the ‘if’ part follows from part (3) as
d birational implies Ky[z1,..., 2] N Ki(x1,. .., 20) = Ks[T1,...,2p]. O

Remark 6.2. Lemma @(2) implies that the rule (d, e) — de defines a composite
map [Do(K)\ QF5] x QF,(K) — Do(K)\ QF,. However, if n > 3, then there exists
(d,e) € [Dn(K)\ QF,,(K)] x QF,,(K) such that de € QF,,(K). To exemplify this
we can assume that n = 3. Let d be defined by the rule (z,vy, z) — (2y, 2z + ¥, 2),
so d71(0,0,0) = Ak Xspec i {(0,0)} is its only infinite fiber. Let e be such that its
image is contained in A%  \ [Af Xspec & {(0,0)}], say e is 1,1 times the translation
by (0,1) of an endomorphism in QF»(K) as in Example for f(x) =z +1 and
q = 1; concretely, e is defined by the rule (z,y,2) — (z,y%2 +y + z,yz + 1).

Let Der, (K) denote the free K[x1,...,x,]-module of K-linear derivations of
Kilz1,...,2,). Let {y1,...,yn} € An(K). For each i € [[1,n]] let D, € Der,(K)
be such that for every j € [[1,n]], Dy,(y;) is 1 if j = ¢ and is 0 otherwise. Then
{Dy,,..., D, } is a basis of the K[z1,...,z,|-module Der, (K). Moreover, the
commutator bracket [,] makes Der, (K) a Lie algebra over K[z%,...,zP] and we
have [D,,, D,.] = 0 for all 4, j € [[1,n]].

Lemma 6.3. Let e,d € D, (K) be defined by n-tuples (g1,...,9n) and (hi,..., hy,)
in Kg[zy,...,2,)" (respectively). Then the following properties hold.

(1) We have GA,(K)e = GA,(K)d iff Ks[g1,---,9n] = Ks[h1,..., hn].

(2) We have GA,(K)eGA,(K) = GA,(K)dGA, (K) iff there exits an iden-
tification Kglxy,...,xn] = K[y, -..,yn] that restricts to (i.e., there exist affine
coordinates y1, ...,y of Klx1,...,xy] that induce) an identification

(4) Kslgi(zn, )i € [[Ln]]] = Ks[hi(ya, - yn) i € [[1,n]]].

(3) Assume that e,d € EE, (K) and deg(e) = deg(d). Then part (2) holds with
the equality in Equation (Q ) replaced by an inclusion.

Proof. For a € GA,,(K) we have ae = d iff d# = e# o a#. Thus, such an a exists
iff Im(e#) = Im(d#) and part (1) follows.

For a,b € GA,(K) we have aeb = d iff bae = bdb~—!. As (bdb~1)# = (b=1)# o
d# ob?, for i € [[1,n]] we define y; := (b))~ (z;) = (b=1)# (). Thus (y1,...,Yn) €
A, (K) is defined by b~! and determines b= (hence also b) uniquely. So, as

Im((bdb™")#) = Ky[hi(y1,- s Un)s s hn (Y1, - yn)] C K[y, ynl,
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part (2) follows from the last paragraph applied to (a,e,d) = (ba, e, bdb™1).

For part (3) it suffices to show that if Ks[g1(x1,...,2n),...,qu(®1,...,2,)] is
included in Kg[h1(y1,---sYn)s-- -, Pn(y1,---,Yn)], then Equation (gg) holds. Due to
this inclusion we have a factorization e = cd, where the endomorphism ¢ : A% | —
A’ ; is birational (as deg(e) = deg(d)). As d and e are étale, the étale locus of ¢
contains Im(d) and thus (see Lemma @(2)) the non-étale locus of ¢ is either empty
or its codimension in A% , is at least 2. Thus, being the zero locus of the Jacobian
determinant, the non-étale locus of ¢ is empty, i.e., ¢ is étale; from Lemma @(4)
we get that ¢ is an isomorphism. Thus Equation (E) holds. O

Lemma 6.4. The following properties hold for e € D, (k).

(1) The k-vector subspace R := Im(e®) + k[z},... 28] of ky[z1,..., 2] is a
left invariant and a ky[zY, ..., zP]-module.

(2) Ife € BE,, (k), then there exists {y1,...,yn} € An(k) such that {y1,...,yn} C

€

(3) If there exists {y1,...,yn} € Apn(k) such that {y1,...,yn} C Re, then e €
EE, (k) and there exists d € End, (k) such that de € BE, (k).

Proof. Part (1) follows from definitions. To prove part (2), we can replace e by aeb
with (a,b) € GA,(k), and hence we can assume that e = e(z1 + f7,..., 2, + fP)
with (f1,..., fn) € (ks[z1, ..., 2,])". As {z1,...,2,} C Re, part (2) holds.

To prove part (3), for ¢ € [[1,n]] let v; € ks[z1,...,x,] be such that we write
yi—vl € Im(e?). If e; € BE, (k) is defined by the n-tuple (y; —7, ..., 4, —vP), then
we have a factorization e; = de with d# defined by the inclusion Im(e?) C Im(e#).
As de € EE,, (k) implies e € EE, (k), part (3) holds. O

Remark 6.5. If f(z1,...,2,-1) € ks[@1,...,2n_1] \ ks[z],..., 2P ], then the n-
tuple (xl, ey Tp—1, T+ f(21, ... ,xn,l)xﬁm) € ks|z1,...,x,)" defines e € EE, (k)
with =, ¢ R.. To show this, by substituting x; = 2% for i € [[1,n — 1]] with
g; € {1} UpN* such that f(z?,...,2% 1) € kg[x] \ ks[zP], we can assume that
n = 2. For n = 2 we show that (ks[xs] \ ks[z5]) N Re = 0. It suffices to show that
the assumption that there exists (g, h, F) € (ks[z,y])? x (ks[z2] \ ks[z}]) such that

(5) g(z1, 22 + fz1)ad™) = F(x2) + h(al, 2)
leads to a contradiction. Applying D,, to this identity, we get that

9o (21,22 + f(21)2h™) + gy (1, 22 + f(21)2h™) f/(21)25™ = 0.
If g, = 0, then also g, = 0. So g € ks[2P, y?] and the left-hand side of Equation (E)
is in kg[z?, 28] and cannot be equal to F(z2) + h(zf,25). So g, # 0 and
—ga (1,22 + f(x1)25™)
Gy ($17 T2 + f(xl)xgm)
belongs to the intersection of the field of fractions of ksx1,xe + f(x1)2™] with
ks[z1, 2] and hence (see Lemma @ (3)) it belongs to ks[x1,xe + f(x1)z5™]. The
relation f(z1) € kg[z1] \ ks[2}] implies that 0 < deg(f/(z1)) < deg(f(z1)), and it

is easy to see tha T1)T slr1, o + f(x1)xh""], contradiction.
is easy t that f'(z1)zs™ ¢ ks f(z1)28™], contradicti

fian)2g™ =

The following notions were either explicitly or in essence introduced in [Lang-J|,
Defs. 2.2 and 2.15 for n = 2.
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Definition 6.6. Assume n > 2. For f € k[z1,...,x,], let ey € EE, (k) be defined
by the rule (x1,...,x,) — (:cl, R e €2 TR mifl)) Let p-Mor,, (k) be the
submonoid of EE,, (k) generated by GA, (k) U {es € EE, (k)|f € k[z1,...,z,]}.

(1) The elements of p-Mor,, (k) are called p-morphisms and the elements in
GA, (k){es € EE,(k)|f € k[z1,...,2,|}GA, (k) are called elementary p-morphisms.

(2) Assume f ¢ k[z¥,... ,aP]. We decompose f = Z?i%(f) fi, where each f; is
either 0 or homogeneous of degree i. By the modulo p-th powers degree of f, to
be denoted as deg,(f), we mean m € [[1,deg(f)]] such that fu, ¢ k[z7,... ab] but
fi € k[l ..., aP] for each i € [[m + 1,deg(e)]].

(3) Assume f ¢ kla¥,...,af]. By a standard writing modulo p-th powers of F,
shortly a standard writing of f, we mean a decomposition f = gP +Zdegp(f) h; with
g € klz1,...,2,) and each h; € k[xl, ...,y either 0 or homogeneous of degree i.

A standard writing f = gP + Zdeg” f h; of f is called reduced if either p { deg,(p)
or p | deg,(f) and each primitive monomial in [2f,...,2%] of degree deg,(f) has
coefficient 0 in hdegp(f).

(4) Letr € N*. Assume f ¢ k[z%,...,2P]. We say that f has r points at infinity
modulo p, and we write co,(f) = r, if there exists one (equivalently, if in each)
reduced standard writing f = gP + Zdegp(f) h; of f such that hdegp(f) s a product
RP T, 657 with h € klz1,...,2,) \ {0}, (s1,....8) € [[Lp—1]]", and t1,... 05
non-associated forms (if n = 2, they are linear forms).

(5) Let e € EE,, (k). We say that e has 1 point at infinity modulo p if it is defined
by an n-tuple (g1,...,9n) € kslx1,...,2,)" with cop(g1) = -+ = 0op(gn) = 1.

Remark 6.7. Let f € k[z1,...,z,] \ k[z],...,22].

(1) If e(g1,92) € EEs(k), then it has 1 point at infinity modulo p iff 1 €
{o0p(g1),00p(g2)} by [Lang-J], Lem. 2.17.

(2) If ooy (f) = 1, then p t deg,(f).

(3) If p{ deg,(f) (resp. p | deg,(f)), then in each standard (resp. reduced stan-
dard) writing f =¢? + > ,_

(4) For each g € k[xq, .. .,xn], we have 0o, (f) = oo, (f + gP).

(5) If n = 2 and p { deg,(f), then oo,(f) is as in [Lang-J], Def. 2.15. But if
p | deg,(f), then oo, (f) is in general different from the one defined in loc. cit.: the
change is made so that part (4) holds. If p = 2 and f := z1x2(x1 + x2) (21 + Qx2)
with a € k\ {0,1}, then f = zfxs + (o + 1)2323 + ax123, deg(f) = deg,(f) = 4, in
the reduced standard writings of f we have hy = x?xg—i—axlx% = z122(x1 —|—\/ax2)2,
hence oos(f) = 2 while loc. cit. gives the value 4.

(6) If e € EE, (k) is a p-morphism which is not of the form adb with (a,b) €
GA,, (k) and d € EE, (k) an elementary p-morphism, then p? | deg(e). For such a
composite adb we have F(adb) C {1} U pN*.

degp(f ) h; of f, the form hdegp( #) is uniquely determined.

Lemma 6.8. Let f € klz,y] \ k[zP,y?]. Let | := max{deg(fs),deg(f,)} € N and
m = 0o, (f). For z € {x,y} let h, € klx,y] be the homogeneous component of f,
of degree l. Then co,(f) =1 iff | = m — 1 and one of the following two disjoint
conditions holds:
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(i) we have hyhy # 0 and kh, = khy = k(5hh with ho € klz,y], s € [[0,p — 2]],
and € klx,y] a linear fom;

(ii) we have hyhy = 0 and the non-zero factor h, with z € {z,y} is of the form
2°hb with hy € k[z,y] and s € [[0,p — 2]].

Proof. Assume 0o, (f) = 1. We consider a standard writing f = g? + Y ;" h; of
f; so each h; € k[z,y] is either 0 or homogeneous of degree i and h,, = ¢*h? with
h € klz,y]\{0}, s € [[1,p—1]] and £ = ax + By with («, 8) € k*\{(0,0)}. We have
m = s+ pdeg(h). If @ # 0 (resp. a = 0), then h, = sal>"1hP (resp. deg(h,) < 1).
Similarly, if 8 # 0 (resp. 8 = 0), then h, = 3¢5~ hP (resp. deg(h,) < ). Thus for
aff # 0 (resp. af = 0), condition (i) (resp. (ii)) holds and I = s—14+pdeg(h) = m—1.

Assume now that [ = m — 1 and one of the two conditions (i) and (ii) holds. Let
r = 00,(f) € N*. We consider a reduced standard writing f = g + > ', h; of f;
we have a product decomposition h,, = h? []\_, ¢;* with h € k[zy,...,z,] \ {0},
(s1,.-.,8) €[[1,p—1]]", and each ¢; a homogeneous polynomial of degree 1. Thus
l=m—1=pdeg(h)—1+>_,s;. Let F:=][;_, £;". We have f, = F,h? + L,
and f, = Fyh? + L,, with L, € k[z,y| such that deg(L.) < m — 2.

Assume condition (ii) holds. To fix the ideas we can assume that z = z, so
hy = z*h} and hy, = 0. Thus h, = 2°hf = F,h?, hence h|hy. Let go € k[z,y] be
such that h = hggo; the polynomials h, hy and gy are homogeneous polynomials.

Thus F, = 25¢gh. Hence F = x;:iqg + g1 (2P, y) with g1 € Ek[x,y] such that g, (2P, y)
is a homogeneous polynomial of degree s + 1 + pdeg(go) < p — 1 + pdeg(go). By
reasons of degree we get that g; = y*T1go with go € k[z,y] a homegeneous poly-
nomial deg (g2 (zP, y)) = pdeg(go). This implies that there exists a homogeneous

polynomial g3 € k[z, y] such that g2(2?,y) = g3(z,y)? and deg(gs) = deg(go); hence
s+1 _p
F= Z:Tf" + y*Tlgs(x,y)P. As hy, = 0, we get that deg(F,) < s+ pdeg(hg) =1 =
m — 1. This implies that g3 = 0. Hence gy =0 and F = 2:11 Thus r = 1.
Assume condition (i) holds. We write ¢ = az + By with («,8) € k2 \ {(0,0)}.
To fix the ideas we can assume that « # 0. By replacing ho with ¢/ahy we can

o . . . gstigp
assume that o = 1. As in the previous paragraph we argue that F = s+10
y*Tlgs(z,y)? with g3 € k[z,y] homogeneous. As F,h? = kf, = kf, = F,h? we get
that ky®gs(z,y)P C k°h{), thus g3 = 0, hence r = 1. O

Proposition 6.9. Let e € EEy(k). Then the following properties hold.

(1) If e has 1 point at infinity modulo p, then for each a € GAs(k) the endo-
morphism ae has 1 point at infinity modulo p.

(2) (Lang) If e € p-Mory(k), then e has 1 point at infinity modulo p.

(3) Fach e € BEy(k) has 1 point at infinity modulo p.

Proof. Let (f1, f2) € ks[z1,x2] be such that e = e(f1, f2); by definition we_have
00p(f1) = 00p(f2) = 1. Based on the amalgamated structure of GAz (k) (see [vdK],
Thms. 1 and 2; cf. also [K1], Sect. 5, Thm. 7), to prove part (1) we can assume that
a is defined by a pair (F1, Fy) € k[z1, 2] such that either n(Fy) = n(F3) = 1 or
Fy = z1. If F} = x4, then ae, being defined by a pair (f1, f3) with f5 € ks[x1, za],
has 1 point at infinity modulo p. We assume now that 7(Fy) = n(Fz) = 1;s0 J :=

J(F1, Fa)(z1,22) = Bi; xﬂ € GLa(k). So ae = e(v11f1 + ma2f2 vorf1 + Y22 f2).
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For i € {1,2}, let m; := deg,(fi) and a standard writing fi = gf + 7" hy
of f; with g; € kg[z1,22] and each h;j € kg[z1, 2] either 0 or homogeneous of
degree j. We write hi,,, = HP4;* with H; € kg[z1,x2] \ {0}, s; € [[0,p — 2]] and
l; = a1 + Biwg with (ay, 8;) € k2 \ {(0,0)}. To show that we have the relation
1 € {oop(m11f1 + 712f2), 00p (V21 f1 + Y22 f2)} we consider two cases as follows.

Case 1: my # may. To fix the ideas we can assume that m; > mso. This
implies that 111 + yi2f2 = Y1197 + 11295 + Z;-n:lfl ha,j + 11 H 7t with each
ha,j € ks[z1, 2] homogeneous of degree j. Thus oop(v11f1 +7112f2) = 1.

Case 2: my = mo. The case m; = 1 is trivial, thus we can assume that m; > 2.
Asm; = s; (mod p), we have s; = s5 and hence deg(H;) = deg(Hz). As ptmima,
from [Lang-J], Prop. 2.16 we get that we can assume that ¢; = ¢y. As J € GLy(k),
either y11HY + y12H] or v21HY + y22H} is H? with H, a non-zero homogeneous
polynomial of degree deg(H7). Thus 1 E@OP(Vnﬁ + Y12f2), 00p (121 f1 + Y22./2)}
as one can easily check based on Lemma [.§.

As1 S Oop(’Yllfl + "Yr)fg), OOp(’YQlfl + ’}/ngg)} in both cases, part (1) holds by
Remark p.7(1). See [Lang-J], Thm. 2.18 for part (2).

To prove part (3) we write e = bdc with (b, c) € GAz(k)? and d € EEy(k) defined
by a pair (331 +g1(2f, 28), za + ga (), :Cg)) with (g1, g2) € ks[z1, 72]?. Based on part
(1) we can assume that b = 1,2, thus e = dc. Let (y1,y2) € A2(k) be such that
¢ = e(y1,y2), then de = e(y1 + iyl ), ye + fg(y]f,yg)). As ¢ has 1 point at
infinity modulo p by part (2), we have cop,(y1) = 0op(y2) = 1 and therefore dc has
1 point at infinity modulo p. Thus part (c) holds. O

7. PRELIMINARIES ON COMPLETE INTERSECTIONS

For a scheme W, let Oy be its structure ring sheaf. Let O(W) := Oy (W).
For a variety W over K, the partial order on the set

Triv(W) := {Z C W|Z is affine open regular and T is trivial}
is the inclusion. After recalling two definitions, we introduce four more.

Definition 7.1. Let X = Spec R be a non-empty equidimensional affine variety
over K.

(1) Assume char(K) = p. A differential basis of R is a subset {f1,..., faim(x)}
of R such that {df1,...,dfqim(x)} is an R-basis of the R-module Qr = Qg of
(relative) differentials.

(2) A closed embedding X — A%, i.e., an identification R = K|x1,...,x,]/I of
K —algebras, is called a complete intersection if the ideal I is generated by n—dim(X)
elements.

(3) The complete intersection embedding dimension of X is ciedim(X) € NU{oo}
defined as follows. If there exists a complete intersection closed embedding X — A%
then ciedim(X) is the smallest possible value for N. If no such N exists, then
ciedim(X) := co. We say that X is a complete intersection iff ciedim(X) € N.

(4) Assume X is reqular. By the weak complete intersection embedding dimension
of X we mean wciedim(X) € NU {oo} defined as follows. If there exists a closed
embedding v : X — AR whose normal bundle N, is trivial, then wciedim(X) is the
smallest possible value for N. If no such N exists, then wciedim(X) := co.

(5) Assume ciedim(X) € N. By the strong complete intersection embedding
dimension of X we mean the smallest sciedim(X) € N such that the inequality
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ciedim(X) < sciedim(X) holds and each closed embedding X — Ai?edim(x)-’_m with
m € N is a complete intersection.

(6) Assume X is normal connected and contains an open subvariety isomorphic

to A?(im(x). Let pey(X) € N be the largest n such that there exists U € Triv(X) and

an open subvariety V of U such that V = A%m(x) and |Irr(U \ V)| = n.

If ciedim(X) € N, then for each m € N there exists a complete intersection closed
embedding X — A(;Edlm(XHm, hence sciedim(X) exists by [Sy], Thm. 2.

We first group together several results in the literature and then apply them in
the context of X, with e € EE, (K).

Theorem 7.2. Let X be a non-empty equidimensional affine reqular variety over
K. Then the following properties hold.

(1) We have edim(X) < 2dim(X) + 1.
(2) We have ciedim(X) € N iff Tx is trivial.

(3) Assume Tx is trivial. Then we have inequalities
edim(X) < weiedim(X) < ciedim(X) < sciedim(X) < 2dim(X) + 2

with ciedim(X) — weiedim(X) € {0,1}.

(4) Assume Tx is trivial. If edim(X) = 2dim(X) with dim(X) > 1, then
ciedim(X) < 2dim(X) + 1 if dim(X) > 3 and ciedim(X) = 2dim(X) i dim(X) €
{1,2}. If edim(X) = 2dim(X) — I with | € [[1,dim(X)]] and dim(X) > 1+1 and
if for dim(X) > 3 + 1 the factorial number (dim(X) — 1)! is invertible in K, then
we have inequalities ciedim(X) < 2dim(X) — min{1,l — 1} 4f dim(X) > 3+ and
ciedim(X) = 2dim(X) - ¢f dim(X) e {1+ 1,2+ 1}.

(5) Let R be a finitely generated K -algebra with equidimensional spectrum. If
char(K) = p, then R has a p-basis iff R is reqgular and has a differential basis.

Proof. Part (1) is well-known (e.g., see [Sy], Cor. 1). Clearly, edim(X) < ciedim(X).
If ciedim(X) € N, then sciedim(X) < 2dim(X)+2 by [Kum], Thm.2) (this inequal-
ity also follows from [Si], Thm. 2).

For a closed embedding j: X — A;?lm(x)“ with € € N we have a normal bundle
N, over X defined by a short exact sequence 0 — T'x — j*(TAZﬁm(xHe) — N, =0

of vector bundles over X. If 5 is a complete intersection, then the dual of N, (the
conormal bundle) is trivial and thus N, is trivial; thus T'x is stable free and hence
trivial by [Su], Thm. 1. Thus the ‘only if’ of part (2) holds.

To prove the ‘if” of part (2) and parts (3) and (4), we can assume that dim(X) >
0, X 2 A}i(lm(x) and Tx is trivial. We write edim(X) = 2dim(X) + 1 — ¢ with
i € [[0,dim(X)]] by part (1). As N, has rank dim(X)+ 1 — ¢+ e > 1 and is stable
free by the above short exact sequence, it is trivial if € > 4 by [Bal], Thm. 9.3,
if e =4¢—1 by [Su], Thm. 1, and if ¢ = i — 2 and for dim(X) > 4 the factorial
(dim(X) —1)! is invertible in K by [FRS], Thm. Thus wciedim(X) < edim(X) +4;
to refine this inequality let n(X) := wciedim(X) — edim(X). If i € {0,1}, then
n(X) =0. If i > 2, then n(X) < i — 1; if moreover either dim(X) € {2,3} or
dim(X) > 4 and (dim(X) — 1)! is invertible in K, then n(X) <i—2. If i > 2, then
in the second part (4) we have [ =i — 1.
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Let ¢+ : X — A%ﬁm(x)'ﬂl(x) be a closed embedding with trivial normal bundle
N,. Clearly, ciedim(X) > edim(X) + n(X). As the dual of N, is also trivial, X is
a connected component of a complete intersection X = X (2) in Ai?lm(X)Jrn(X).

If dim(X)—i4n(X) = 0, then X is a hypersurface in A}i{im(X)Jrl = A';?im(x)ﬂl(x)
and thus we can assume that X, = X. If dim(X)—i4+n(X) = 1, then we can assume
that X; = X by [Kum], Thm.1). Thus for dim(X) — ¢+ n(X) € {0,1} we have
Xt = X and ciedim(X) < edim(X) 4 n(X), hence ciedim(X) = edim(X) + n(X).
Similarly, if dim(X)—i4+n(X) > 2 and X; = X, then ciedim(X) = edim(X)+n(X).

Assume now that dim(X) — i+ n(X) > 2 and W = W) := X, \ X is non-
empty for each embedding ¢ (i.e., and ciedim(X) > edim(X) + n(X) + 1). For

(fioeo s Faim()—itn(x)+1:9) € K[T1, ., Tedim(x)pn(x)41) TE) 002 with
g(W) = {0}, g(X) = {1} and the ideal (f1,..., faim(x)—i+n(x)+1) defines X,
Spec (K[x1, ..., Zedim(X)4n(x)+1)/ (1 - - - fdim(X)—i4n(X)+1> L =9%edim(X)+n(X)+1))

is isomorphic to X, hence ciedim(X) = edim(X) 4+ n(X) + 1.

The last two paragraphs and the above relations on n(X) imply that ‘if” of part
(2) and parts (3) and (4) hold.

For part (5), if R has a p-basis then R is regular by [Kun], Cor. 2.7 applied to
local rings of R. Thus to prove part (5) we can assume that R is regular and, due to
the equidimensional hypothesis, an integral domain. Thus part (5) holds by either
[KN], Thm. or [Aba], Prop. 3.2 and Cor. 4.2. |

Theorem 7.3. Let e € EE,(K) withn > 2. Let Y = Spec R be an open affine
subvariety of Xe.

(1) Assume Im(z.) CY. Then the following statements are equivalent.
(i) We have Y C X,
(ii) The generic points of the irreducible components of Y\ Im(z.) belong to X¢.
(iii) We have Y = Reg(Y) and Ty is trivial.
(iv) The tangent bundle Treg(yy over Reg(Y') is trivial.
(v) We have Y = Reg(Y) and ciedim(Y") € N.
Moreover, if char(K) = p, then statements (i) to (v) are also equivalent to either
one of the following extra statements.
(vi) The ring R has a p-basis.
(vii) The ring (or the K-algebra) R has a differential basis.

(2) The open regular subset XS of X, is a mazimal element of Triv(X.,).

(3) Assume n =2, 1. is non-finite étale, and Im(1.) C Y. If edim(Y) € {3,4},
then ciedim(Y') = edim(Y). If edim(Y) = 5, then ciedim(Y) € {5,6}.

(4) We have relations pgi(€) = per(XE) < per(Xe).

(5) If ¥ is regular but non-étale, then ciedim(X,) = co.

Proof. To prove part (1), let Z := Reg(Y). As Y is normal, we have dim(Y \ Z) <
dim(Y) —2. Let ¢y : Y — A% and ¢z : Z — A be defined by 1. by restricting
the source and target; we have a functorial morphism T'(vz) : Tz — ¥Z(A% )
between bundles over Z whose target is trivial. Let Y := Y N X¢; it is the étale

e

locus of ¥y. See [Stacksl] or [GZ], Thm. 1 for the affineness of X¢* and hence also
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of Y. Thus the complement Y\ Y¢ is either empty or of pure codimension 1 (see
[SGA2], Exp. V, Ex. 3.4). Hence Y = Y iff dim(Y \ Y*) < dim(Y) — 2.

Clearly, (i) = (i1) and (i#) = (iv). Moreover, (iii) < (v) by Theorem @

If (i7), holds, then dim(Y \ Y*) < dim(Y) — 2 and hence Y = Y¢; thus Z = Y
1y is étale and therefore T'(¢)y) is an isomorphism. Hence (i7) = (i4i). If (w)
holds, then the morphism T'(¢z) is between trivial bundles of dimension n and an
isomorphism over Im(z.). Thus its determinant is a global function on Z that maps
to O(Im(ze)) = K* and hence T'(¢z) is an isomorphism, which implies that ¢ is
étale. Hence Z C Y. Thus dim(Y \ Y¢*) < dim(Y) — 2 and hence Y = Y¢*. Thus
(tv) = (i). We conclude that statements (i) to (v) are equivalent.

In this paragraph we assume that char(K) = p. Clearly, (i) = (vi). We have
(vi) < (vii) by Theorem @(5) To show that (vi) = (i) we consider the K-algebra
homomorphism Ki[z1,...,2,] — R that defines ¢y and we view it as an inclusion.
We also consider the RP-subalgebra S := 3. . cio -1 127 IT-, ;-] of R.
From the equivalence (N1) < (N3) of SectionE it follows that in fact we have a
direct sum decomposition S = D, ,...i,)e[0,p—1]" ¥ H;-L:l x;j of RP-modules. The
assumption that R has a p-basis implies that the RP-module R is free of rank p”.
The inclusion S — R is an RP-linear transformation between free modules of rank
p™; its determinant u € RP is uniquely determined up to multiplication by an
element in R* = K*. The mentioned equivalence also gives that u € (RP)* = K*.
Thus S = R, hence R has a p-basis formed by elements of Ki[z1,...,z,]. This
implies that ¥y is unramified and thus, being also flat in codimension at most 2
(as so is 9. ), it is étale in codimension at most 2, i.e., dim(Y \ V) < dim(Y) — 2.
Thus Y = Y and hence (vi) = (7). We conclude that part (1) holds.

As X& is an affine variety, we have X¢ € Triv(X,) by part (1) applied to
Y = X&. If W € Triv(X,) contains X¢*, then W C X& by part (1) applied to
Y := W, hence W = X¢. Thus part (2) holds.

Part (3) follows from Theorem [.9(4) and part (1). Based on part (2), the
inequality pe; (X&) < pet(X.) follows from definitions. For an open subvariety U of
X8 with U = A%, CI(XE) =z XD A [Irr (X0 \ U)| does not depend on U,
it is pes (XEY). When U = Im(,) we get that CI(X ) 22 7, (¢) and pgi(X,) = pei(e).
So part (4) holds. Part (5) follows from Theorem [f.2(2) and part (2). O

8. PRELIMINARIES ON MODELS OF Pj

Let D be a discrete valuation ring. Let D" be its henselization. Let K := Frac(D)
and K := Frac(D"). Let x be the residue field of D. In this section we study
normal projective flat models X of P} over Spec D; so X = P} and X is integral.
In practice, D is (the completion) of a local ring K[];—qa,) With ag € K and X is
a subscheme of some X, with e € EEo(K), but for the sake of generality, we work
over more general settings that involve contractions of curves and Stein factors.

Such a model X corresponds to finite non-empty sets of divisorial valuations of
the field of fractions K(¢) of Pk, which are (equivalent classes of) discrete valuations
coming from irreducible curves in the special fiber X,, of X. The terminology
‘divisorial valuations’ is more used and established and pertains to models X which
are known to be of finite type over Spec D. Without this restriction, i.e., in the
most general case, “Zariski prime divisor” terminology is used in [Gal], p. 108.
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So all divisorial valuation here are Zariski prime divisors of P}, i.e., are discrete
valuation rings of the field of fractions K(¢) that dominate D.

Remark 8.1. (1) Let A be a henselian local ring of residue field x. Let Y be a
proper algebraic space over Spec A of relative dimension < 1. The special fiber Y}
of Y is a proper algebraic space of dimension < 1 over Specx and hence it is a
proper scheme over Spec (k) by either [Stacks@] or [Kn], Ch. 5, Thm. 4.9 and Ch.
2, Cor. 6.16. Being proper and of dimension < 1, Y, is projective over Spec (né If
Y is a scheme, then Y is projective by [Gro5], Cor. (21.9.12) and Rm. 21.9.13.

(2) If Z is an algebraic space over Spec D with Zx = Pk and special fiber of
dimension at most 1 (e.g., if Zx is Zariski dense in Z) and Zpn := Z Xgpec p Spec D?
is a scheme, then we have an ample line bundle over Zpn by part (1); as the pullback
homomorphism Pic(Pi) — Pic(Py,) is an isomorphism, it descends to Z. The
descended line bundle is still ample and thus Z is projective.

(3) Following [BLR], Ch. 6, Sect. 6.7, assume & is algebraically closed but not an
algebraic closure of a finite field. Let D := &[t]. Let (f,g) € &[z,y, 2] be a pair
of non-zero non-proportional homogeneous polynomials of degree 3. We assume
that the zero locus f = 0 is smooth and has a k-valued inflection point P. The
zero locus f +tg = 0 is a cubic X in P4 and we endow the special fiber X,; of
X with the group law whose identity element is P. Let W be the blow up of X
at a k-valued point of infinite order modulo the subgroup generated by the zero
locus f = g = 0. The blow down f : W — Z of the proper transform of X, in
the category of algebraic spaces (see [Em], Cor. or [Pi], Cor. 4 for the pullback of f
to Spec D which is a morphism of projective schemes), gives a normal proper flat
algebraic space model Z of the generic fiber of W which is not a scheme.

Recall the following definition introduced in [KI], Sect. 5, Def. 2.

Definition 8.2. Let R be a local ring. Let W be a proper scheme over Spec R
of relative dimension < 1. By a Stein factor of W we mean a proper morphism
f:+ W =V of schemes over Spec R such that the homomorphism Oy — f.(Ow)
is an isomorphism. An isomorphism between two Stein factors fi : W — Vi and
fo : W = V5 of W is an isomorphism g : V1 — V5 over Spec R such that go f1 = fs.

Proposition 8.3. Let R be a local ring of residue field k. Let W be a proper scheme
over Spec R of relative dimension 1. Let B be the set of 1-dimensional irreducible
components of the special fiber Wy, of W. Then the following properties hold.

(1) Each Stein factor f : W — V of W is uniquely determined up to isomorphism
by the subset C; := {C € B|f(C) is one point} of B.

(2) Assume R = D is a discrete valuation ring and W is flat over Spec D with
integral generic fiber.

(2.a) For each subset C of B distinct from B there exists a Stein factor fé‘ :
Wpn = Vpn of Wpn such that Cy = C and its generic fiber is an isomorphism_and
thus f& descends to a morphism fc : W — V of algebraic spaces over Spec D.

6In general, one can lift an ample line bundle on Y, to an ample line bundle on Y as in the
proof of the proper base change theorem of étale cohomology (see [SGA4-3], Exp. XVIII, Cor.
3.2), hence Y is projective over Spec A and in particular it is a scheme.

"Based on Footnote E, the same holds without assuming that Zp, is a scheme.

8The Stein factor fz : W — V that contracts W, exists but V = O(W) is finite flat over
Spec D, so the generic fiber of fi is not an isomorphism.
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(2.b) If W is normal, then Vpu and V' are normal.

(2.¢) If W =Py, then fc : W — V is projective.

(2.d) Let Q C Z be of pure codimension 1 with non-empty general fiber. The
morphism Z \ Q — Spec O(Z \ Q) is proper and is an isomorphism iff Q meets all

irreducible components of the special fiber (hence if Zy is irreducible, then Z \ Q —
Spec O(Z \ Q) is an isomorphism,).

Proof. Part (1) is stated in [Sd], Sect. 2 when R is noetherian by just quoting [Grol],
Thm. (5.4.1) but the last reference does not suffice. If R is a discrete valuation ring
and W is flat over Spec R, then part (1) holds by [Pi], Prop. 4. Let f1 : W — W}
and fa : W — V5 be two Stein factors of W such that Cy, = Cs,. Let V3 be the
schematic image of the morphism f1 x fo : X — Vi Xgpecr V. For ¢ € {1,2}, the
i-th projection 7; : V3 — V; is finite on special fibers over Spec k, hence it has finite
fibers by Chevalley’s Semi-continuity Theorem (see [Grod], Thm. (13.1.3)). Thus
m; is finite; by the Stein property it is an isomorphism. So g :=m3 0 7rf1 V=V
is an isomorphism between f; : W — V; and fy : W — V5. Thus part (1) holds.
Part (2.a) holds by [Em], Cor. or [Pi], Cor. 4. Part (2.b) holds as Vpn is normal
by [Pi], Prop. 3. Part (2.c) follows from part (2) and Remark @(2) applied to
V over Spec D and the scheme Vpu over Spec D®. Part (2.d) follows from the
arguments i the proof of citeSc, Thm. 2.2. (]

Corollary 8.4. Let Model(]P’}C) be the set of isomorphism classes of normal proper
(equivalently projective) flat models of Pk. Let P?(Div(k(t)) be the set of mon-
empty finite sets of divisorial valuations of PL, (i.e., of Zariski prime divisors of
PL ) that dominate D. Then there exists a bijection

Uy : Model(Py) — P} (Div(k(t))

defined by the rule i ([X]) = Divx, where to a normal proper flat model X of
X = Pk we associate the set Bx of 1-dimensional irreducible components of X,
and the set of divisorial valuations

Divyx 1= {Ox4.|C € Bx,nc is the generic point of C}.

Proof. Let X’ be a normal proper flat model of Xx = Pk with Divy, = Divy.
Let Xt be the normalization of the Zariski closure in X Xgpec 0 X' of the diagonal
embedding of P — (X Xspeen X') Xspecp SpecK = IP’}C X Spec i ]P}C. The two
projections X* — X and X* — X’ are Stein factors of X . Thus. as Divyx =
Divy-, these two Stein factors of X+ are isomorphic by Proposition @(1)7 hence
there exists an isomorphism X — X’ that extends Lpr. Thus W is injective.
Given Div € 77]9 (Div(k(t)), let Y be an affine normal flat scheme of finite type
over Spec D such that Y Xgpec p Spec K is an open subvariety of IP’}C and the set of
local rings of Y at generic points of irreducible components of its special fibre Y, is
Div. Let Yt be the quasi-projective variety obtained by gluing ¥ and ]P%, and let
X be a projective normal scheme over Spec D that contains YT as an open Zariski
dense subscheme; so X is a normal proper flat model of IP’}C with Div C Divx. Let
f:X — V be a Stein factor such that V is a normal projective flat model of P}
with Divy = Div by Proposition B.3(2.a) to (2.c). Thus ¥ is surjective. O

Example 8.5. We take K to be an algebraic closure of K. Let D be the completion
of D. Let K := Frac(ﬁ). Let K be an algebraic closure of K. We fix a divisorial
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valuation O of K(t). Let o : K(t) — ') U {oo} be the discrete valuation that
defines it; so tv is surjective, its valuation ring is O and we have an isomorphism
[x(r) = 7Z of totally ordered groups. Let W : K (t) — I'g(;)U{oo} be a valuation that
extends tv; let O be its valuation ring. Let D := OgNK and let o : K — I'xU{oco}
and v : K — I'x U{oo} be induced by 10; so D is the valuation ring of v. We denote
also by b the valuation of the completion K of K with respect to v. We naturally

identify K with a subfield of K. We have
Ik KTk STre) =Tk =Tk ®2Q=Tky) @2 Q

(see [Epp], Thm. (2.0) and [Kuh] for the first equality).

Let k be the residue field of D; it is an algebraic closure of x. The residue field
k() of O has transcendental degree 1 over k, i.e., 1o is a residual transcendental
extension of v in the sense of [APZ1], Sect. 1; such extensions were classified in
[AP], [APZ1] and [APZ2]. In particular, there exists (ag,r) € K x 8(K*) such that

m(z 5;(z — ao)i) = inf{8(6;) + irli € [[0, ]} € Tge(ry U {00}

for all (s, do,...,0s) € Nx KT (see [AP], Prop. 2), equivalently the norm on K ()
is the sup norm on Bg (g, ) := {x € K[o(x — ag) > r} or on the (rigid analytic)
disk B (ao,r) :={z € Koz — ag) > r}.

The divisorial valuations of K(¢) are in bijection to those of K" (¢), which cor-
respond to Gal(K/K")-orbits of the action of Gal(K/K") on the set of such disks
(see [APZZ], Thm. 2.2; cf. [AP], Prop. 3).

Let 5y € K be of minimal degree [ over K such that Bz (Bo,7) = B (o, 7). We
approximate 3y by separable elements (if char(XC) = p, approximate a solution of
XP" =~ by a solutions of X?* +eX = v with € near 0). Then by Krasner’s Lemma
we can assume that 5y € K is separable over K of degree [; this was first proved in
[APZ2], Thm. 3.1. If 3 € K N Bg(ag,r) is algebraic over K of degree [, then there
exists a unique extension of v to K(f), the local degree (i.e., the degree after the
completion) is still /, hence the valuation ring of () is a finite D-module.

Theorem 8.6. Given a divisorial valuation O of K(t), let X = Xo be the flat
normal model of X = Pk with the property that Ui ([X]) = {O} (see Corollary
). Then the following properties hold.

(1) If Q is the closure of (1 : 0) € PL(K), then X \ Q is affine and it is
Spec K[t] N O.

(2) The flat model Spec K[t] N O of A has at most one singular point.

(3) The flat normal model X of Pk has at most two singular points.

Proof. Part (1) follows from Proposition @(2.d). For parts (2) and (3), we use
the notation of Example B.5, with the finite field extension K — K(ag) separable
of degree I. Let L € K[t] be the monic minimal polynomial of ag over K. Let
K' := K(ap) with valuation ring D’ a free D-module of rank I, residue field x/,
ramification index ip/. We have I'ix C 'y C I'r + Zr C T'x ®7 Q and incluEions
KP c K”  (K')*, where Gal((K')"/K") is the subgroup that fixes By (o, 7).

9The field extension K/ — (KM is an extension with trivial tame part, in particular if it is
non-trivial then char(k) = p and it has degree a power of p.
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For BFraC(ﬁ)(ao,r), where D’ is the completion of D’, the valuation group is
Tk + Zr. We have w(L) € I's + Zr; let m be the order of ro(L) mod I'g:.
Thus (L") = v(d) for some § € (K')*. We have a K-linear natural isomorphism
@é;lolCtj = . If 0 # v € K’ is represented by g, () € @é;%lCtj, then g, has no
zeros in the disk so it must be a constant v9 € K plus something with greater value
of v. Thus (L™ /gs) = 0. We have to compare the disk By (ao,r) and its ring
of polynomial functions KC[t] N O to B (0,10 (L)). Note that L™ /gs € O defines
an element ¢ € k(o) which is transcendental over £’ (see [APZ1], Thm, 2.1b)).

Let O be the discrete valuation ring of the ‘standard’ valuation w’ of XC'(t) with
the properties: (i) the restrictions of w’ and o to K’ coincide, and (ii) w’(T") = w(L).

For h € K[t] we consider its L-expansion h = > 7", h;jL7; so np, € N is the
smallest such that deg(h;) < for each j € [[0,n]]. By sending each h; to h;(ag) €
K’ and L to T we get a K-linear isomorphism K[t] — K'[T], which preserves the
sup norm on the relevant disks. It is not an algebra isomorphism in general but we
have equality of products modulo elements with higher sup norm. This gives an
isomorphism of associated graded rings

gr(K[t]NO) — gr(K'[T]NO"),

the filtrations being ((K[¢]L7)N O)jeN and ((K'[T)T7)N O’)jeN. This implies that
the residue field of O’ is £/(¢) and that the value group I'g(y) is I'xs + Zio(L).

We consider two cases as follows.

Case 1: tv € T's (i.e., m = 1). Then O' N K'[T] = D'[T/d] is regular. From
this and the information on graded rings we get that IC[t] N O is regular by [Mall],
Ch. 6, Thm. 17.10.

Case 2: w ¢ I'i (i.e., m > 1). Then we can still verify the regularity
after inverting L™ /gs. This leaves one possible singular point in the special fiber
Spec k'[¢] of Spec K[t] N O which is the zero locus ¢ = 0.

Part (1) follows from the two cases above. Part (2) follows from part (1) and
the union X = @ U [Spec K[t] N O]. O

Remark 8.7. We refer to the proof of Theorem @ Let C' := (Xg)rea- Let
(C' N Q)req define the closed point P of C at infinity.

(1) The special fiber C'\ {P} of Spec K[t] N O is Specr'[¢] =2 AL,.

(2) In Case 2, the point ¢ = 0 of Spec £’[(] lifts to a D’-valued point of Spec K[t]N
O given by evaluation at g, in fact we have a D-algebra surjection K[t]NO — D’
as a uniformizer v’ of D’ lifts to an element given by a polynomial h,, € K[t] of
degree < [. It follows that the ideal of the reduced special fiber is not principal at
this point (as otherwise it would be generated by h,, which does not have the right
valuation at the generic point of the special fiber), so the point is singular.

(3) From (1) and Case 1 we get that Spec K[t] N O is singular iff m > 1.
(4) The reduced fiber C of X = X is the pinching pushout

Spec k' —— Speck

L

Pl .C
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(5) The ideal of C at p is not principal if iprm > 1 and so we have a singularity.
It is principal generated by a uniformizer v of D if ipr = m = 1, but if &’ # k we
still have a singularity as the zero locus v = 0 is singular and v is not in the square
of the maximal ideal.

(6) If X' = K and m =1 in the proof of Theorem @, then X = PL,.

Corollary 8.8. Let R := k[[x]]. Let R — S be an extension of discrete valuation
rings which is generically finite Galois of Galois group G. If the action of G on S
extends to an action of G on S[y], then S[y]® has at most one singular point.

Proof. We take D := R, K = k(()) and O := Ogpec s[1]¢,n, Where 7 is the generic
point of Spec (S[t]¥/S[t]%x)rea. This makes sense as Spec S[t]“[1], being a form of
A}C((I)), is isomorphic to A,lc((w)) and thus we identify it with Spec k((x))[t]. We have
k=r' =k and K[t] 1O = S[t]. So the corollary holds by Theorem B.g(2). O

9. PRELIMINARIES ON RATIONAL SINGULARITIES

For (quasi-)excellent rings and schemes we refer to [Gro3|, Subsect. 7.8 and
[Travaux], Exp. 1. We recall the following general result

Lemma 9.1. Let W be a noetherian scheme. The following two properties hold.

(1) If W is normal, then it is quasi-excellent iff it is excellent.

(2) Let f:V — W be a finite surjective morphism. Then V is quasi-excellent
iff W is quasi-excellent.

Proof. The ‘if’ of part (1) is clear. For the ‘only if’ of part (1) it suffices show that
a quasi-excellent normal noetherian ring R is universally catenary. To check this
we can assume that R is local; its formal fibers are geometrically regular and thus
also geometrically normal and from [Stacks5] we get that R is universally catenary.
To prove part (2) we can assume that W is affine, hence V is also affine, and this
case was proved in [Gre], Thm. 3.1i). O

For rational singularities see [Lipl], Def. 1.1. Part (2) of the following result in
characteristic 0 is a particular case of either [Bout], Thm. or [Kem], Thm. 7.

Proposition 9.2. Let a finite group G act on a noetherian scheme W over
SpecZ[%Gl} in such a way that for each x € W the orbit G - x is contained in

an affine open subscheme of W. Then the following properties hold.

(1) The universal geometric quotient W — W/G in the sense of [MFK|, Ch. 0,
Defs. 0.6 and 0.7 exists and it is an affine morphism.

(2) If dim(W) = 2 and W is normal, excellent and has at most rational singu-
larities, then X/G has at most rational singularities.

Proof. We can assume that W = Spec R is affine. Taking W/G := Spec R®, clearly
W — W/G is surjective and G-invariant. If W is normal, so is W/G. The surjective
morphism W — W/G is finite by [Iravaux|, Exp. IV, Prop. 2.2.3(ii)(a). The com-
mutative Z-algebra R is noetherian due to the existence of the Raynolds operator
R — R, i.e., of the R%-linear retraction that maps = € R to ﬁ EgeG gr € RE
(e.g., see [Travaux|, Exp. IV, Prop. 2.2.3(i)(a)). The Reynolds operator implies
that for each RC-algebra S we have (R ®zc S)¢ = S. If S is an algebraically
closed field, then G acts transitively on Spec R ® e S as the restriction function
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Hom(R, S)/G — Hom(R%,S) is a bijection by [Bour], Ch. V, Subsect. 2.1, Cor. 4
after Thm. 1 and Subsect. 2.2, Cor. after Thm. 2. So W — W/G is a universal
geometric quotient and part (1) holds.

For part (2), RY is excellent by Lemma El(l) and (2). Being also normal, we
can strictly henselize by [Lipl], Prop. 16.5 and [Gre], Cor. 5.6, i.e., we can assume
that W = Spec R and W/G = Spec R® are affine normal strictly henselian local of
dimension 2 and that G acts trivially on the residue field of R. Let ¥ : V. — W/G be
a resolution of singularities by [Lip2], Thm. We can desingularize Z := (V xy W)’
(the 7 means that we take the schematic closure of the punctured spectrum of R,
equivalently the reduced scheme) by normalizations and blowing up of closed points.
This is G-equivariant. We consider a G-equivariant desingularization Z; — W that
maps to V. For the resulting morphism ¢ : Z;/G — V, the homomorphism of
ringed sheaves Oy — ¢.(Oz, /) is an isomorphism. Then a Cech computation
giVGS Hl(Zl/G,Ozl/G) = Hl(ZhOZl)G =0 and .[1[1(‘/7 Ov) — Hl(Zl/G, Ozl/c)
is injective by the Leray spectral sequence. Thus H(V,Oy) = 0, i.e., R/G has a
rational singularity. O

Proposition 9.3. Let D be a discrete valuation ring. Let R be a D-subalgebra of
Frac(D)[t] which is of finite type over D. Then the normalization R* of R has only
rational singularities.

Proof. We can assume that D # R # Frac(D); so Spec R® ® p Frac(D) 22 A%mc(D).
Hence the R-module R" is finite by [GLL], Prop. 7.6(a). We compactify Spec R to

a normal integral projective scheme X over Spec D with general fiber P}Trac (D) The
W 2 P!
. | —— P .
rational map Py, --» X becomes regular \ s after blowing up
x <

finitely many points. As X — Spec D is cohomologically flat by (the implication
(ii) = (iv) in) [Ray], Thm. 8.2.1, we have H*(X,Ox) = 0. As the blow-ups do
not change the cohomology of the structure sheaf, H' (W, Oy/) = 0 and R'¢.(Ow )
is a skyscrapped sheaf supported at finitely many closed points. To show a sin-
gular point P € X is rational we have to show that (Rl¢*((9w))P = 0. As
H°(X, R'¢.(Ow)) surjects to this, it suffices to show that H°(X, R'¢.(Ow)) = 0.
The differential H*(X, R'¢.(Ow)) — H?(X, ¢.(Ow)) vanishes by a general co-
homological dimension fact on proper schemes in terms of the dimension of fibers.
Thus H°(X, R*¢.(Ow)) = 0 as H'(W,Ow) = 0, hence (R1¢>*((’)W))P =0. O

10. GEOMETRIC PRELIMINARIES

For n,m € N* with n > m, a smooth morphism A% — A} is called a projection
if it is isomorphic to the one given on valued points by the rule (x1,...,x,) —
(1,...,Tm). We list the geometric notations for e € EE, (K).

Notation 10.1. For e € EE,(K), let the Jacobian variety ¢, : X, — X,, the
open embedding ¢ : A% . — X, the finite subset F(e) of N, and the numerical
invariants p(e), pei(e) and deg(e) be as in Section E We write X, = Spec A.. Let
N, := 9(T'y,) be the non-proper locus of e. Let v(e) := |[Irr(N,)|. Let X¢ be the
open subvariety of X, which is the étale locus of .. Let N2 = ¢ (X, \ X&).
Let vy_¢i(e) := |Trr(N2—¢t)| € N.
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We have N, = 0 iff I'y,, = () iff ¢. is an isomorphism (i.e., X, = A% ;) and iff
e is finite. If N, # (), then as v is quasi-finite and I'y, = X, \ Im(z.) is of pure
codimension 1 (see [SGAZ], Exp. V, Ex. 3.4), N, = ¢.(T'y,) is equidimensional of
dimension n— 1. In general, the inequalities v(e) < p(e) < v(e)[deg(e) —1] hold and
N is the smallest (hence reduced) closed subvariety of A%  such that e is finite
étale over A% \ N.. Similarly, NP~ is equidimensional of dimension n — 1, the
inequalities v(e)n_g < p(e) — per(e) < vu_ci(e)[deg(e) — 1] hold and N2~¢* is the
smallest closed subvariety of A% | such that v, is finite étale over A%\ N, n—ét,

Remark 10.2. Let e € QFE, (K). For | € F(e)U{deg(e)} we consider the reduced
locally closed subvariety N;(e) of A% ; defined by

Ni(e)(E) = {P € A (K)|le™(P)| =1}

If Ne is the smallest closed subvariety of A% ; such that e is finite étale over A% \ N,
then N = Ui r(e)Ni(e). As No(e) is either empty or of codimension at least 2 (see
Lemma [6.1/(2)) it follows that if e is not finite étale (i.e., if F(e) # 0). then F(e)NN*
is non-empty and hence ¢, = min(F(e) NN*) € N* (see Notation EI for ¢.). The
invariant v(e) := max(F(e) N N*) € N* helps in the study of N..

Example 10.3. Let e € EE,,(K) be non-finite. For [ € F(e), as the Zariski closure
of Ni(e) in A% ; (equivalently, in Ne) is contalned in Upe 7(e),m<iVm(e) by [Gro5],
Prop. (18.2.8), we have Irr( wie) (€ ) C Irr(N.), hence N,)(e) is equidimensional
of dimension n — 1. If v(e) = deg(e) — 1, then 1/)6 is étale above the generic points
of irreducible components of Ny (e) and thus peg(e) > 1; if moreover, F(e) =
{deg(e) — 1}, then X, is a finite étale cover of A% ; by the purity of the branch
locus (see [SGA2], Exp. X, Thm. 3.4 (i)) and we have v(e) = pst(e) = p(e) > 0.

Example 10.4. For e € EE,,(K), let W := A% (X an y. Xc. The first projection
f Wi — Al is a finite surjective generically étale morphism between normal
schemes which is flat in codimension at most 2 and has a section 147 X A?(VS —
W Let We := W\ Im(1ay,  x 2); it is a clopen subscheme of W equipped
with a finite surjective morphism f. : W, — A% | between normal schemes which
generically is étale of degree deg(e) — 1 and ﬁat in codimension at most 2. Note
that v, is regular (resp. étale) above Im(e) iff W, is regular (resp. iff f, is étale).

Recall the following well-known lemma.

Lemma 10.5. Let f : X — Y be a dominant morphism of irreducible separated
curves over K. For W € {X,Y}, let W™ be the normalization of W and let W€ be
the complete smooth connected curve having W™ as an open subvariety. Then the
following properties hold.

(1) If f is surjective, then | X\ X®| > Y\ Y™"|.
(2) If X is rational, then Y is rational.
(3) If I X\ X" =Y\ Y™, then f is finite surjective.

Proof. We can assume that X and Y are normal. The morphism f extends to a
finite surjective morphism f¢: X° — Y°. Hence f¢(X°\ X) has at least |[Y°\ Y]
elements and part (1) holds. Part (2) follows from Liiroth’s Theorem. For part (3),
the inequalities |[Y°\ Y| < [(f)~1(Y¢\Y)| < |X¢\ X| must be equalities, so the
inclusion (f¢)"1(Y°\Y) C X°¢\ X is a bijection. Thus (f¢)~}(Y) = X and the
finite surjective morphism (f¢)~}(Y) — Y is f. O



38 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

Example 10.6. The hypersurface X; := Spec (k[z,y, 2]/(zP™ + 2y + 2")) in A}
is regular for n = 1 and normal with Sing(X;) = {(0,0,0)} if n > 2. The non-
étale locus Y of the finite flat morphism ¢1 : X7 — A? defined by the projection
on the last two coordinates is the zero locus 2P + y = 0. The induced morphism
Y — ¢1(Y) is radicial and 9] " (¢1(Y)) has two irreducible components Y and W
with (Y N W)ea = {(0,0,0)}. If n =1, then X; = AZ. If n > 2, then the rule
(z,y) = (z,—a" 'y™ — 2P, xy) defines a birational morphism A? — X; which is
not an open embedding.

Ifp=21letl =3 andif p> 3let [ = 2. For the normal hypersurface X5 :=
Spec (k[z,y, z]/(aP' +zy — 2')) in A} we have Sing(X) = {(0,0,0)}. The non-étale
locus of the finite flat morphism ¢ : Xo — A? defined by the projection on the
last two coordinates is the zero locus y = 0 and has two irreducible components Y;
and Y2 with (Y] NY3)req = Sing(X) and with Y; as the zero locus 2P — z = 0. The
induced morphism Y; — ¢2(Y7) is radicial and the morphism A? — X, defined by
the rule (z,y) — (x, 2! 'y! — P!~ zy) is birational but not an open embedding.

Either one of the last two examples implies that the result [Je], Thm. 2.1 over C
does not hold in positive characteristic even when n = 2.

The hypersurface X3 := Spec (k[z,y, 2]/(2? 4+ zy + y2)) in A} is normal with
Sing(X3) = {(0,0,0)}. The non-étale locus W of the finite flat morphism ¢3 :
X3 — A% defined by the projection on the last two coordinates is the zero locus
y = 0, thus the induced morphism W — ¢3(W) is an isomorphism.

Example implies that the following regularity criterion, which is only a vari-
ation of Abhyankar’s Lemma, is the maximum one can get using local arguments.

Criterion 10.7. Assumen > 2. Let e € EE,(K). For Y € Irr(X. \ X&) let my
be the multiplicity of Y in 7 (¢e(Y)). Let

Ity (X A\XE) == {Y € Trr( X \XEY)|char(K) { my, Y — 1. (Y) is generically étale}.
Then the following properties hold.

(1) Assume that Y € Trry(X. \ X&). Let Q € Y(K) be such that 1¥.(Q) €
Reg(1e(Y)) and Q@ ¢ Uzenm(x.\xen i, (x\xe) Z (K).X Then Q € Reg(X.).
(2) If Irr( X, \ X&) = Irr (X \ XEY), then

Sing(Xe) C (7' (Uy cpepqnn—eySing(¥))) N (Xe \ X2°).
() If (V) =2 AL (son=2) and Y € Trry (X, \ X&), then Y C Reg(X.).

Proof. Let S and R be the completions of the local rings Ox, @ and Oar 4. (@)
(respectively); the R-algebra S is integral non-étale and normal. As ¢.(Q) €
Reg (v (Y)), we can identify R = K[[z1,...,2,]] in such a way that z; = 0 defines
the inverse image of ¥, (Y) to Spec R. The non-étale locus of Spec (S) — Spec R is
Spec (S/I) for some radical ideal I of S that contains = and that (by hypotheses)
defines the inverse image of Y to Spec (S). From this and the hypotheses of part
(1) we get that Spec (S/I) defines the inverse image of Y to Spec (S) for all n > 2.
Hence R, — A, is étale and the morphism Spec A — Spec R is tamely ramified in
codimension 1. From Abhyankar’s Lemma for regular divisors (see [Stacks?2]) we
get that S = R[t]/(t™ — x1), hence S is regular. So @ € Reg(X.) and part (1)
holds.

101f pp = 2, the second condition always holds by Corollary (1) below.
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Part (2) follows from part (1). If n = 2 and ¥.(Y) = Ak, then Y (K) C Reg(X,)
by part (1), hence part (3) holds. O

If char(K) = 0 and e € EE,,(K), then I'. C Sing(N,) by [Jq], Cor. 1.2. We have
the following version of loc. cit. which holds over all K and which is weaker (cf.
Example ) as it uses in essence local arguments.

Proposition 10.8. Let e € EE,,(K). Then the following properties hold.

(1) We have T, C Sing(N.) U [Reg(Ne) Ne(Xe \ XE)].
(2) If ¢, is étale, then T, C Sing(N,).

Proof. As (A% (\N.) C Im(e), we have I'. C N,. We show that the assumption that
there exists P € I', N Reg(NV,) such that ¢ 1(P) C X¢ leads to a contradiction.
Let Y € Irr(N.) be the unique irreducible component such that P € Y. Let
(1, s) € (N*)% be such that Irr (¢ 1 (Y)) = {Y;li € [[1,1]}U{Z;|j € [[1, s]]} with each
Y; a closed irreducible curve of A% _ and every Z; € Irr(I'y,). For each i € [[1,1]],
the Zariski closure Y; of Y; in X, maps onto Y, hence there exist j; € [[1,3]]
and Pj, € [Y; \ ;] N Z;, such ¢ (P;,) = P. As Pj, € Singﬁbe_l(}/)) N X& maps to
P € Reg(Y'), we reached a contradiction; so part (1) holds.®¥ Clearly, (1) = (2). O

For e € EEy(k) with T, C Sing(N.) (resp. I'. = Sing(N,)) see Example
with deg(f) =1 (resp. Example with deg(f) > 2 and Example )

11. ON SPHERE-LIKE SURFACES

The next lemma is also well-known (e.g., see [Mi2], Sect. 2 for the case char(K) =
0), but due to its importance in the paper we include a self-contained proof of it.

Lemma 11.1. Let X be a connected affine normal surface over K with an open
embedding 1 : A% — X. For a projection m : A% — AL let x(m) : A% — PL be its
composite with the open embedding AL- C PL-. Then the following properties hold.

(1) There exists a unique morphism x(7)x : X — Pk such that x(7) x o1 = x(m).
(2) For each Y € Irr(X \ Im(2)), the restriction of x(m)x to Y is constant.

Proof. We consider a second projection 7+ : A% — Al such that the morphism
Xt A%( — A}( X Spec K A}{ is an isomorphism. Let ¢ : A%{ — P}( X Spec K }P’}(
be the composite of m x m+ with the product open embedding Ak xgpec x Ak C
P}( X Spec K]P’}(. It suffices to show that ¢ extends uniquely to a morphism ¢x : X —
Pl Xspec k Pk and that for each Y € Irr(X \ Im(2)), the restriction ¢x [V : YV —
Pl Xgpec k P of ¢ to it is constant. As Pk Xgpec x Pk is projective, there exists
an open subvariety Xy of X such that X \ Xj is finite and we have a morphism
ox, : Xo — ]P’}( X Spec K ]P’}( that extends ¢.

Let W be the normalization of the Zariski closure of the diagonal embedding
X0 — X Xspec ik P Xspee k Pk in X Xspec kP Xspec k PL-. We have two projections
Y1 W —Xand X9 : W — IP’}( X Spec K P}{, with ¥; projective and birational as
Y1 x, : Wxx Xo — Xp is an isomorphism and with ¥, affine. Thus O(W) =
O(X) = O(Xp). Hence the fibers of ¥; are connected by properties of Stein
Factorization (see [Stacks3] or [H2], Ch. III, Cor. 11.5 and its proof).

Hif P € I'e NReg(Na) Ntpe (X \ XEY), then by reasons of multiplicities each W € Irr(we_l(Y))
passes through a unique point in ot (P).
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We show that the assumption that ¥; is not an isomorphism leads to a con-
tradiction. This assumption implies that, by enlarging Xy, we can assume that
Xy # X and that for each z € X \ Xo, the fiber ¥ !(x) is a connected curve. As
W — X Xgpeck IE”}{ X Spec K ]P’}( is quasi-finite, the restriction of the second projec-
tion W — Pk Xgpec k Pk to each irreducible component of %27 *(z) is non-constant.
Let C be the Zariski closure of Xo \ Im(z) in W. The open embedding W\ C — W
is affine by Nagata’s Theorem (see [H1], Cor. 3.3). Thus the resulting morphism
W\ C — Pk Xgpec k Pk is affine and quasi-finite, hence an open embedding (by
Zariski’s Main Theorem) which contains A}( X Spec K A}{ and whose complement is
a non-empty divisor. Therefore W \ C is either Pk Xgpec x Pk or isomorphic to
Pl Xspec x Ak. Thus the K-algebra O(W \ C) is either K or isomorphic to K[|
which contradicts the fact that it has a K-subalgebra isomorphic to O(X). Thus
Y1 is an isomorphism, hence we can take ¢x := 35 0 Efl X = ]P’}( X Spec K ]P’}(.
The uniqueness of ¢x and x(7)x holds as their targets are separated.

We show that the assumption that there exists Y € Irr (X \Im(z)) such that ¢ x|Y
is non-constant leads to a contradiction. By replacing X with its open subvariety
Xy = X\ (Uzenr(x\m(),z#y Z) which is affine by Nagata’s Theorem, we can
assume that Irr(X \ Im(z)) = {Y'}. As ¢x|Y is non-constant, ¢x is quasi-finite,
hence an open embedding by Zariski’s Main Theorem. This implies that X is
isomorphic to AL X Spec ik P} minus a finite number of points, hence the K-algebra
of global functions on X is isomorphic to K[t], a contradiction. (]

Theorem 11.2. Let X be a connected affine normal surface over K with an open
embedding 1 : A% — X. Assume that Y := X \ Im(2) is irreducible (i.e., X is a
sphere-like surface). Then the following properties hold.

(1) There exists an A'-fibration ¥ : X — Pk such that Im(:) = 71 (AL) (hence
Y = (27Y(1:0)),.,) and the induced morphism X' (A ) — Af is a line bundle.

(2) Let q(X) € N* be the multiplicity of Y in $7'((1:0)). We have ¢(X) = 1
iff X is a line bundle.

(3) Let X : X — Pk be an Al-fibration as in part (1) and let q := q(X). Then
there exists a finite flat morphism c : C — Pk with C' a smooth connected complete
curve over K such that the following properties hold.

(3.a) The normalization of X XS PL e C has an affine open cover formed by line
bundles over C.

(3.b) We can assume (as needed) that either |c=1(1: 0)| = 1 or the field extension
Frac(c) induced by c at the level of fields of fractions is separable (or Galois).

(3.c) If char(K) 1 q, then we can take c : Py . — Pp  to be defined by the rule
(z:y) = (29 :y?) (hence C =P, [¢c1(1:0)| =1, and Frac(c) is cyclic).

(4) The curve Y is rational with one point at infinity.

(5) We have Y = Al

(6) We have |Sing(X)| < 1.

(7) If char(K) 1 ¢ and |Sing(X)| = 1, then the singularity of X is a quotient
singularity by the cyclic group Z/qZ. If char(K)|q and |Sing(X)| = 1, then the
singularity of X is a quotient singularity by a finite group.

(8) Each singularity of X is rational. If char(K) = 0 and |Sing(X)| = 1, then
the singularity of X is log-terminal.
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Proof. We identify A} = Spec K[t] and K (t) with the field of fractions of P%.

For i € {1,2} let m : A% — AL be a projection such that the morphism
T X o ¢ A%( — A}( X Spec K A}( is an isomorphism. Let ¢ : Ag( — P}( X Spec K P}(
be the composite of m; X mo with the product open embedding A}( X Spec K A}( C
Pl Xspeese PL- and let ¢x : X — Pl Xgpec x Pk be its unique extension to X (see
Lemma 1)). The image ¢x(Y) is one point (Pi, P) € (Pk Xspeck Pk )(K)
by Lemma [L1.1(2). We write P; = (q; : ;) with (o, 8;) € K2\ {(0,0)}. As X
is separated, its local ring Ox ¢ at a point @ € Y (K) cannot dominate its local
1ing Ox y(v,,40) With (71,72) € K2, hence 182 = 0. If 3; = 0, then the composite
of ¢x with the i-th projection P}{ X Spec K IP’}{ — IP’}( is a flat surjective morphism
¥ X — Py whose generic fiber is isomorphic to Ag. ). For (o, 8) € K*\ {(0,0)},
the fiber £~ ((a : 8)) is isomorphic to Ak if 8 # 0 and its reduced variety is Y if
B =0. So ¥ is an Al-fibration on X. As the induced morphism $71(Ak) — A}, is
isomorphic to a projection A% — Al it is a line bundle. So part (1) holds.

The ‘if” of part (2) is clear. If ¢ =1, i.e., if 571 ((1:0)) is reduced (equivalently
integral), then ¥ is an Al-line bundle over A}, by [KM], Thm. 1 and thus a line
bundle by [BCW1], Thm. 4.4. So the ‘only if’ of part (2) holds, X is regular and
Y = AL which also follow directly from [KM], Lem. 1.3. So part (2) holds and
parts (3) to (8) hold for ¢ = 1; to prove (3) to (8) in general we assume g > 1.

For a finite field extension K of K(t), let C' := C(K) be the normalization of P},
in K; we have a finite flat morphism ¢ : C' — Pk Let X@ be the normalization of
X Xs Pl e C. We have two projections: a finite surjective morphism ¥; : X — X
and an Al-fibration ¥ : X& —C.

From [Epp], Thm. (2.0) and [Kuh] we get that we can choose K such that the
fiber c_1<(1 : 0)) is one point P, i.e., c_l((l : O))red >~ Spec K, with X5 '(P)
reduced (hence a curve over K). Let s := |Irr (X5 (P))| € [[1, [K : K(2)]]]; we write
Irr(251(P)) = {(V1,....Y;}. Fori € [[1,s]], let W; := UZGIH(E;(P))\{E}Z, and

let X; := X2\ W,. So X; is affine by Nagata’s Theorem and the fibers of the
restriction X5|X; : X; — C are integral. Thus as above we argue that Xo|X; is an
Al-line bundle over C. As (32| X;)"}(P) =Y;\ (YinW;) 2 AL and Y; is affine, we
have Y; N W; = () and Y; = AL.. We have X2 = U;_, X.

From [Stacks4] we get that we can choose K to be a separable extension of K (t)
such that for each P € ¢71((1:0))(K) the fiber ;' (P) is reduced. As above we
argue that X@ has an affine open cover formed by line bundles over C. Concretely,
if for 1 :=[¢71((1:0))(K)| € N* we write ¢~ ((1:0))(K) = {Py,..., P} and if for
each j € [[1,1]] we write Irr (35" (7)) = {Y1,5,... Y, i+ with s; € [[1, [K : K(1)]]],
then for A := (i1,...,4) € H;Zl[[l,sj]], let W;, ;= UZeIrr(Zgl(P,-))\{Yij,j}Z’ and

it follows that X := X3\ U§:1W¢j7j is a line bundle over C, Yij GNWi, 5= (0, and
Y, ; = A We have X = UAe]‘[;:l[[l,sj]]XA' By enlarging KC, we can assume it is
a Galois extension of K (t) of finite Galois group G; clearly, X = (X2)/G.

From the last two paragraphs we get that parts (3.a) and (3.b) hold. Note that
part (3.a) implies that 35 is smooth.

In this paragraph we assume that char(K) 1 ¢. We take K = K(té); the field
extension K(T) — K is cyclic (thus Galois) and the fiber ¢! ((1 : 0)) is one point
P with ¥;'(P) reduced. Clearly, ¢ : C' = Pj — Pk is defined by the rule
(x:y) = (29:y9) and s | ¢. Thus part (3c) holds. So part (3) holds.
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If ¢7*((1: 0)) is one point (resp. if K is a separable extension of K(t)), then
as the morphism AL 2V, - V (resp. Al = Yi,; — Y) induced by ¥ is finite
surjective, part (4) holds by Lemma (1) and (2).

To prove that parts (5) to (7) hold when char(K) 1 ¢, we choose ¢ as in part (3.¢),
s0 ¢ is a finite Galois cover over Py \ {(1:0),(0: 1)} of Galois group G = Z/¢Z.
Hence X : X2 — X is a finite Galois cover over the complement of X~1(0: 1) UB
in X, where B is a finite subset of Y (K). The group G acts on ¥; and we have
X = (X2)Y. As char(K) 1 g, all G-modules over K are semisimple and the functor
¢ on G-modules % over K is exact. Thus Y is the quotient of the action of G on
either X71(Y) or (as YV is reduced) 7Y )req = U5, Y;. Hence Y = (Y;)% with
G a cyclic group of order 4 which is a subgroup of Aut(Y;). Thus Y is normal and
hence regular; from this and part (4) we get that Y =2 Al.. Moreover, there exists
a unique point P; € Y;(K) such that the stabilizer of P; in G; is non-trivial, and in
fact this stabilizer is G; itself. So for Q; € Y;(K)\{P;}, the completions of the local
rings Ox v, (@) and Oxp, o, are naturally identified; hence ¥;(Q;) ¢ Sing(X). As
Y; = Y is surjective, it follows that Sing(X) C {X1(F;)} and hence |Sing(X)| < 1.
So parts (5) to (7) hold if char(K) 1 g. Note that we can take B = Sing(X) C Y/(K)
and, if X is singular, that X (P;) does not depend on i € [[1, ]].

To prove that parts (5) to (7) hold we could assume that char(K)|g but we
include arguments which actually work in general. For part (5), let R = K[[z]]
be the completion of OP}(ﬁ(lzo) and let ¥p : X X5 pL Spec R — Spec R be the

pullback of ¥ via the natural morphism Spec R — PL.. Let EE : X;tf — Spec R be
a projective morphism that extends ¥p with X;g an integral normal scheme that
contains X as an open subscheme. The K-algebra of global functions on Xy and
hence also on X;tf is R. From this and the fact that ZE is flat, we get that the
K-algebra of global functions on the special fiber X;( of E;g (over Spec K) is K.
As the generic fiber of Z}E (over Spec FracR) is isomorphic to A%\rac( R)’ it has a
divisor of degree 1. So X}, is cohomologically flat by (the implication (ii) = (iv)
in) [Ray], Thm. 8.2.1. Thus H'(X}, Ox+) =0, hence for the curve YT e (X))
that contains Y we have H (Y, Oy+) = 0. Thus Y+ = PL. From this and part
(4) we get that part (5) holds.

For parts (6) and (7), we chose ¢ such that K is a Galois extension of k() and
we use the above notation for the curves Y;, ; and the Galois group G. Fixing a
J € [[1,1]] and an i; € [[1,s,]], let H;, ; be the subgroup of G that stabilizes Y, ;.
Let S be the completion of the local ring Oc p;. If i; is the j-th component of A =
(i1,...,41), then Xy x¢ Spec S = Ay, H;, ; is a subgroup of Gal(Frac(S)/Frac(R))

and the morphism (X x¢ SpecS)/H;; j — X=X X5 p1_ Spec R induces isomor-
phisms at the level of completions of local rings of residue fields k. Thus \Sing()? )|
is the number of singular points of (X x¢ SpecS)/H;, ;. From this and Corollary
@ applied to R equal to S we get that [Sing(X)| < 1. Thus part (6) holds.
As X = (X2)/G, part (7) holds.

The first part of (8) follows from Proposition @(3) (resp. @) and part (7) if
char(K) 1 g (resp. in general). The second part of (8) follows from the first part of
(7) and [Kaw], Prop. 1.7 and the paragraph after it. a

I2Zpart (5) is also a particular case of Remark @(1)
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Remark 11.3. (1) For (I1,12,13) € (N*)? with g.c.d.(l1,l2) = 1 and min{ly,l5} >
2 the flat integral homomorphism k[t't, 2] — k[z, ¢, t2]/(x — )P has a non-
regular integral domain source and a non-reduced target whose reduction is regular.
Similarly, if p { n, for the non-regular integral domain R := k[z,y]/(z™ — y?), and
the flat R-algebra S := A[z]/(zP —x) whose reduction is isomorphic to k[x], the rule
t +— 2" — y defines an R-algebra homomorphism A ®y, k[t]/(t?) — S that makes S
a flat k[t]/(t?)-algebra. These examples explain why the proof of Theorem (5)
is not worked out using only schemes over Y.

(2) Theorem @(1), (4) and (6) in general and (5) in the case when X is regular
are proved in [Mi2], Sect. 2 and Lem. 1 provided char(K) = 0.

(3) If char(K) = 0 and [Sing(X)| = 1, then the fact that the singularity of X
is rational was first proved in [Mi2], Thm. 1(1) and it also follows from the more
general result [FZ], Thm. 0.3 or 1.12 which applies as X \ Y = Im(z) is a union of
closed AL curves in X that do not pass through the singular point of X in Y.

(4) If in the proof of Theorem (6) we have |H;, ;| = char(K) | g, then either
(Xx xc Spec S)/H;; j — Spec SHiii or X, x ¢ Spec S — (Xx xc SpecS)/H;; j is
a smooth morphism, hence X is regular; so X is also regular.

Corollary 11.4. Let X be a connected affine normal surface over K with an open
embedding v : A% — X which is not surjective. The following properties hold.

(1) Each connected component of X \Im(z) is irreducible and isomorphic to A};.
(2) Let Y € Irr(X \ Im(2)). The union S% := Im(:) UY is an open affine
subvariety of X and we have |Y N Sing(X)| < 1.

Proof. Let Y € Irr(X \ Im(z)). Let W := Uzelrr(x\lm(z))\{Y}Z' Then X \ W is

affine by Nagata’s Theorem and the union of Im(z) and Y\ (Y NW). Y NW #
0, then Y \ (Y N W) is an _irreducible curve with at least 2 points at infinity,
a contradiction to Theorem (4) applied to X \ W. Thus Y N W = . So the
connected components of X \Im(z) are irreducible. AsY =Y \(YNW), $2. = X\W
is affine. From these and Theorem (5) and (6) we get that corollary holds. O

Corollary 11.5. Let X be a connected affine normal surface over K. Then X is
a sphere-like surface iff there exists a surjective A'-fibration ¥ : X — P with all
fibers irreducible and with at most one non-reduced fiber.

Proof. The ‘only if” holds by Theorem (1) For the ‘if’ part assume that all
fibers of ¥ : X — PL except X7!(1 : 0) are integral. Thus X~1(AL) — Al is an
Al-bundle by [KM], Thm. 1 and hence a line bundle by [BCW1], Thm. 4.4. So
Y1 (Ak) = A% and the ‘if’ part holds as Irr(X\X 7' (A )) = {(X7'(1:0)) ). O

Definition 11.6. (1) Let X be a connected affine normal surface over K with
an open embedding 1 : A% — X which is not an isomorphism. We call the open

_ 2 . .
affine cover X = UYeIH(X\Im(l)) Sy as the canonical open cover of X by sphere-like

surfaces associated to 1, where S2, :=Im(1) UY .

(2) Given e € EE,(K), by an approxzimation of X, = Spec A, we mean an affine
variety Z. = Spec B, with B. a Ki[z1,. .., x,]-subalgebra of A.. The approximation
Z. of X, is called flat if Be is a free Ki|x1,...,x,]-module and is called a model
of X, if Frac(B.) = Frac(A.).
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(8) Let X be a sphere-like surface over K for which there exists an Al ﬁbmtion
Y X = PL such that S71(AL) — AL is a line bundle and the fiber X71(1:0) is
irreducible but non-reduced (so ¥ is as in Theorem (1) and (2) with q =q(X) >
2). For each such ¥ and every P € P1(K)\ {(1: 0} Xs, X\ X7YP) is an
affine pseudo-plane over K in the sense of [MM1], Def. 2. 1@

a standard affine pseudo-plane of X (of type q).

Remark 11.7. (1) Let e € EE,(K). For each approximation Z. = Spec B, of
X, the inclusion B, — A, defines a finite morphism X, — Z. and we have an
inequality p(e) > |Irr(Z. \ V.)|, where V, is the image of Im(z.) in Z.. Note that
X, is the normalization of each model of it.

(2) Let e € EEo(K). For two projections 7y, 7o : A%’S — AL let Z.(m1,m2)
be the Zariski closure in P}( X Spec K IP’}( X Spec K A%(’t of the image of the locally
closed embedding x(m1) x x(m2) x € : A% = Pi Xspee k P Xspec k& A% - Then
x(m1) X x(m2) X e extends to a finite surjective morphism X, — Z. (71, m2) defined
by Xe(m1) X Xe(m2) X 1. Note that Z.(m,m2) is an approximation of X.; if mp X 73 :
A%(’S — Al Xgpec k Ak is an isomorphism, then Z(my,m2) is a model of X..

(3) Referring to Definition (3)7 the Al-fibration ¥p : X5 p — P} \ {P}
Al induced by ¥ has only one non-reduced fiber =1(1: 0) = £5'(1 : 0) of mul-
tiplicity ¢ and has all fibers over K -valued pOlIltb such that their reduced varieties
are isomorphic to A}, (by Theorem |

and hence we call it

For e € EEy(K), the étale loci X¢* can be described as follows.

Corollary 11.8. For a non-finite ¢ € EEs(K) we consider the canonical open
affine cover X, = UyGIrr(Fwe)ng associated to 1.. The following properties hold.

(1) We write S3 = Spec Ay. Then the following three statements are equivalent.

(i) The open subvariety S3- is contained in the étale locus X of 1.
(ii) The generic point ny of Y belongs to X¢t.
(iii) The tangent bundle Tsz over S% is trivial.
Moreover, if char(K) = p, then statements (i) to (iii) are also equivalent to
either one of the following extra statements.
(iv) The ring Ay has a p-basis.
(v) The ring (or the K-algebra Ay has a differential basis.

(2) We have an zdentzty Xst = Im(le) UYEIrr(Fw )TSQ is a trivial bundle S%’ If
e/r7s3,
char(K) = p then the identity X" = Im(s,) Uy e, S% holds.

.),Ay has a p-basis
(3) The open subvariety XE* of X. is affine regular, contains Im(z.) = Im(¢).),
and the complement X\ Im(1.) is a disjoint union of pet(e) irreducible components
of Ty, isomorphic to Al
(4) The complement X \Im(z.) is a disjoint union of p(e) irreducible components
of 'y, isomorphic to Aj;.
(5) If Y C X& then S% is reqular, and if Y C X, \ X&' then |Sing(S%)| < 1.
(6) We have [Sing(X.)| < ple) — peale).

13Based on Theorem (5)7 the hypotheses F 2 Al in [MM1], Def. 2.1(2) is superfluous.
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Proof. Part (1) is a particular case of Theorem @ . Part (2) follows from part (1).
For part (3), X¢ is regular as Im(¢).) = A2 % s and is affine by Nagata’s Theorem as

X\ X¢ is a union of irreducible divisors of X, by part (2) and Corollary |l

The last statement of part (3) follows from part (2), Corollary [I m and the
definition of pg;(e). So part (3) holds. Similarly, part (4) follows from Corollary
(l) and the definition of p(e). The first part of (5) is clear and the second part
of (5) follows from Corollary @(2) Part (6) follows from part (5) as the number
of Y € Irr(T'y, ) with Ay not having a p-basis is p(e) — pet(e). O

Corollary (2) justifies the following definition.
Definition 11.9. Let e € EEy(K) be non-finite. We refer to the open affine cover
X =Tm(z) UYGIH(F%) Tos is a trivial bundle S2. as the canonical open cover of X&'
by sphere-like surfaces associated to 1.

The sphere class rank invariant (vesp. almost sphere class rank invariant)
P11 =P1K2: EEQ(K) — N (Tesp. P2 = pP2.K2: EEQ(K) — N)
is defined for e € EE2(K) by: if e is finite then p; (e ) := 0 and if e is non-finite then

pi(e) = {Y € Irr(Ty, )[ST = S},

If e € EE3(K), then pa(e) := pet(e) \ p1(e).
The quasi-sphere class rank invariant (resp. pseudo-sphere class rank invariant)

p3 = pa 2 EEa(K) = N (resp. ps = ps 2 EE2(K) — N)
is defined by the rule ps(e) := p(e) = pet(€) — |Sing(X.)| (resp. pa(e) := [Sing(Xe)|).
From definitions, Corollaries (2) and (4) and we get directly the follow-
ing result.

Corollary 11.10. Let e € EEy(K). Then the canonical open cover of X. by
sphere-like surfaces associated to 1. consists of exactly pi(e) spheres, p2(e) almost
spheres, ps(e) quasi-spheres, and p4(e) pseudo-spheres.

For e € EE5(k), all cases of ‘strictness-equality’ in the general inequalities 0 <
pet(e) < p(e) occur w1th the Jacob1an eurface e re r: (i) for 0 < psi(e) = p(e)
see ef g1 Of Sectlon with ( f, Example m Example for n = 2,
and the case p = 3 of Examples a for 0 = pst(€) < p(e) see Remark
4 and the case p > 5 of Examples 2 and ; (iii) for 0 < pet(e) < p(e) see
end of Example |14 I for mq > 2; (iv) for 0 = pe(e see Remark @)

12. PROOF OF THEOREM @(1)

We construct two families of examples. The easier one, Example , works for
almost all [, and the harder one, Example , works for all .

Example 12.1. Let m € N* and s € [[0,pm]]. Let p(m,s) := p*m — s(p —1). Let
g(x) € k[z] be a polynomial of degree m and let 1, ..., vpm € k be the pm distinct
zeros of the equation x + g(x)? = 0. Let f(x) € k[x] be such that for ¢ € [[1, pm]]
we have f(y;) =0 iff ¢ € [[1, s]]; thus deg(f) > s. Then the Fy-system W

z+g(x) =0=y+y"f(x)”

over k has s(OW) = s + p(pm — s) = p(m, s) solutions computed as follows: for
i € [[1,s]] we have the solution (v;,0) and for ¢ € [[1,pm]] \ [[1,s]] there exist



46 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASTU
precisely p solutions with the first coordinate equal to 7;. From Proposition @(1)
to (3) we get the second inequality and the first two equalities in
(6) pm <m(e) <m=m =n(W)=pmax{m,deg(f) + 1} > pmax{m,s+ 1}.
In particular, for s < deg(f) < m — 1 we have mi(e) = m = m, = 71(W) = pm.
Lemma 12.2. For D := {p(m, s)|m € N*, s € [[0,pm]]} we have inclusions
[0,p— 1] € N\D = {0} U{pg —rlg,r € [[1,p— 1]},¢ <7} C [0, (p — 1)?]].

Proof. Let r:=pm — s € [[0, pm]]. We have p(m, s) = pm + (p — 1)r with m € N*
and r € [[0,pm]]. Thus the set D is equal to

{pm + (p — Dr|m € N*,r € [[0,pm]]} = {pm + (p — V)r|(m,r) € N* x [[0,p — 1]]}.

]
]

Denoting ¢ := m + r, we have p(m,s) = pq — r with ¢ > r + 1. Therefore
D = {pqg—r|(q,r) € N* x [[0,p—1]],¢g > r+1}. For r = 0 we get 0 ¢ D D pN* and
for r € [[1,p — 1]] the smallest and the largest numbers in N\ D congruent to —r
modulo p are p —r and pr —r (respectively), which for r = p—1 are 1 and (p —1)?
(respectively). The lemma follows. O

Example 12.3. Let m,q € N*. Let f(y) € k[y] be such that f(0) # 0 and the
equation f(y) = 0 has ¢ distinct solutions in k, to be denoted as 71,...,7q; S0
deg(f) > q. Fori € [[1,q]], let &; := ¢/7; € k. We consider the k-algebra

A= k[z,y]/(y — 2" f(y)").

As f(0) # 0, we have u := f(y) + (y — 2P f(y)?) € A*. Moreover, u is a p-th power
of an element of A as so is y + (y — xpf(y)p) € A. So the inverse of u is a p-th

power. Thus there exists a polynomial g € k[z,y] such that f(y) (g(a@y))p —1is
divisible by y —a? f(y)?. If 2z := ¢/y, so y = 2P, we get that we have an isomorphism

A k[ [ﬁ]

i=1
induced by the k-algebra epimorphism
0 : k[z,y) — klz, f(2#) 7]

that maps y to 2P and z to zf(z?)~!; note that G(f(y)x) =z, 0(y — xpf(y)p) =0,
and 0(g(z,y)?) = f(z7)~".

We now study the solution set Jy C k2 of the Fy-system Uy

z = (9(x,9))" — 2" f(y)"" (9(z,y))" =y — 2" f(y)" =0

over k which satisfies
(7) (eu,) < m(Uo) = plm + mdeg(f) + deg(g)]-
As 0(z — (g(z, )P — a?™ f(y)P™ (9(x,y))?) = f(2*) " (=2"™ + z — 1), we have

To {(f(zp)’z |z € k\{eili € [[1,q]l}, 2™ — 2 + .
As the equation 2™ — z +1 = 0 has exactly pm solutions 41, ..., dpy in k, we have
s(Uo) = |To| = pm — r with

= [{eli € [[1,¢]1} N {dsfi € [[1, pm]]}| € [[0, pm]].
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Let o € k*; if deg(f) = m, we assume that —«f(y) is not monic. A similar
argument shows that the solution set of the Fh-system U,

z = (g(w,y)" — 2" f(y)"" (9(w,y))" —a=y —aPf(y)’ =0
is Jo = {(ﬁ,zpﬂz € k\{eili € [[1,q]]}, 2P™ —z+ 1 + af(2P) = 0}. We have
deg(2P™ — z 4+ 14 af(2P)) = pmax{m,deg(f)}. Hence, as &; with i € [[1,¢]] is a
zero of zP™ — z 4+ 1 iff it is a zero of 2P™ — z + 1 4+ af(2P), we get the identity
s(Ua) = |Ta| = pmax{m,deg(f)} —r.

Let now [ € N. We take m € N*, m > [%], r = pm — [, and we choose f(y) so
that {g;]7 € [[1,q]]} N {d;|i € [[1,pm]]} has precisely r elements; so deg(f) > ¢ > r.
We get that s(Uy) = 1. If deg(f) > m, then we have relations

sUp) =1l=pm —r < pdeg(f) —r =s(Ua) < deg(ey,) = deg(ew, );
see [Groj], Prop. (18.2.8) for the last (i.e., non-strict) inequality.
Assume | = 0. Wetake m =1, ¢ =r =p, and f(y) = y» —y + 1 € Fp[y]; note
1

that the set of zeros of f is {&;]i € [[1,p]]} = {67 ]i € [[1,p]]}-
Assume [ = 1 and p > 2. We choose m such that p|2™ — 1, i.e., 2 is a zero of
ZP™M — 2+ 1, say 2 = 6;. We take g to be r = pm — 1 and f(y) = [[}75(y — 67 ); as
1 pm _
{dli € [[L,pm]]} = {67 |i € [[L,pm]]} we have f(y) = ¥ =4 € F,[y).

y
If f(z) € Fp[z], then we can choose g(z,y) € Fplz,y], so Uy is defined over F,,.

Theorem @(1) follows from Example .

For | € D (see Lemma ), Equation (fj) gives simpler and smaller upper
bounds for algebraic degrees than Relations ([]) applied to an f with s(Up) = .

Remark 12.4. With m,q and f(y) as in Example , we can write everything
explicitly, which is how Example was obtained. Let fi(y) € k[y] be the unique
polynomial such that f( ) = f(0) + yfi(y). Working modulo (y — =¥ f(y)?) we get

(W) —yhi) = F0)T(fy) — 2P f )P f1(y))

=fO) fy )(1 l”pf( PH() = FO)THf(y) (L= f (2P F(y)?)P~ fi(a f(y)P))
i.e., we can take g(z,y)? to be f(0)~* (1 — aP f(aP f(y)P)P~* f1 (P f(y)?)). Thus

(@,y) = (2= FO) T A+ F ()P ) A= Fr (@ f (y)P)a? (@ F (y))' ™) y—aP £ (1))
is the rule that defines ey, .

If fly) =1 —y+yP, then ¢ = p, f(0) = L and fi(y) = —1+¢* 5 if m = 1,
then Uy is the Fh-system of Example [I.3. With m € N* arbitrary, let e =: e, (it
depends on m and f). To compute deg(e) we substitute z := zf(y). The system

z—(L+aP" f(y)"™) (L=a? (@ f(y)" )P~ fu(@? F(y)P) 21 = 0 = y—aP f(y)" — 2,

gives
z

2P° — 2P + 1+ hy
with hy := 25 — 29 € k[z1,22]. Substituting these expressions in f(y)? times the
first equation of the system and zf1(z) = f(z) — 1 we get that
2f (2P +ao)P T = wi f(2P A wa)? = (P A L)[f (2P A+ w2)? — 2P f(2P)P T fi(2P)]
= (2P D[f(2P +22)? = f(2P)P 4 f(P)P7Y] = (2P 4+ D[F(P)P + ).

y=2P+xo and x =



48 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

The left (resp. right) hand side is a polynomial in z of degree p® (resp. p® —p? +pm)
with leading coefficient —x; (resp. 1). Thus deg(e) = max{p> —p*+pm, p*} and the
field extension Frac(e#) is isomorphic to ki(z1,z2) — ki(z1,22)[2]/(h(2)), where

h(2) i= (P4 1)[(2F — 2P+ 1)P L BB 4wy (27 — 2P+ 14hp)P—2(27 — 2P+ 14hy)P !
is in k[zq, z2][z]. If m > p, then Spec (k¢(x1,22)[2]/(h(2))) is a flat model of X..

13. PROOF OF THEOREM @(2)

For the proof we need a new type of open embeddings of A% into the surfaces
S?@K = Spec (K[x, y, 2}/ (xf(z) + yg(y)z)) of Section E

Proposition 13.1. Let (f,g) € Ox with deg(f) > 1 and ¢g(0) # 0. Let § € K*
be such that f(5g(0)) = 0. Let h = h(z,y) := 6 + zy € K[z,y]. Then the rule on
valued points
ff(hg(yh)))
Y
defines an open embedding 3¢ g 15 © A% — Sg gk with the property that Sy gk \
Im(y5,4.5:6) is the disjoint union of deg(f)z(tg) curves isomorphic to Al .

Proof. As hg(yh) € 6g(0) + yK[z,y] and f(6g(0)) = 0, y divides — f (hg(yh)) and
hence the rule is well defined. By computing —f(hg(yh)) modulo y? we get

—f(hg(yh))
Y
As y (resp. h) are rational functions in the first and third (resp. second) co-
ordinates of the rule and x is a rational function in y and yh, jf 4 ks is bira-
tional. To show that it is an open embedding and to identify its complement, for
(o, B,7) € S?’,g,K(K)’ i.e., for (o, 8,7) € K3 with af(a) + Bg(8)y = 0, we solve in
K? the system of two equations

(z,y) (hg(yh% yh,

(8) € —f(69(0))g(0)z — 6 f'(59(0)) ¢’ (0) + yK [z, y].

—f(hg(yh)
hg(yh) — o= yh - = (y)—7=0
in the indeterminates x and y by considering three cases as follows.

Case 1: o = 0 (so Bg(B)y = 0). This implies that y # 0 and therefore
—f(hg(yh))
y
assume that v # 0. Thus y = %(0) and, as y(d + xy) = B, we get that x =

= 7’;(0) € K*y~'. So the system is inconsistent if v = 0. We now

77[@?05){(0)]. As hg(yh) = 7@%’3)7 =0=aq, (77[5}5‘5){(0)], —71;(0)) is the only solution
when v # 0.

Case 2: a # 0 and ¢(8) =0 (hence f(a) =0). As a # hg(f) = 0, the system
is inconsistent.

Case 3: ag(5) # 0. By replacing yh = § in hg(yh) = « we get that h = ) +
Bg(8) a—dg(8)

0,s0y==~~andzy=h—06= and we consider two subcases as follows.

Subcase 3.1: =0 (hence f(«a) = 0). The second equation gives y = 0. Thus,
if v is a zero of f different from h(x,0)g(0) = dg(0), then the system is inconsistent.

If « = 6¢(0), then the first equation and the equation zy = a;‘gggﬁ) =0 hold. As
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y = 0, the third equation becomes —f’(6g(0))g(0)z — 6%f'(9(0))g'(0) = ~ by
—y—82f"(59(0)) g’ (0) 0)
£ (59(0)) 9(0) '

Subcase 3.2: 3 # 0. Thus y # 0 and therefore x = W. The pair

(W, ﬁgT(ﬁ)) is indeed the only solution as af(a) + Bg(8)y = 0 implies that
—f(hg(yn))
y

Relation (E)7 so the only solution is <

the third equation — v = 0 also holds.

These cases imply that the birational morphism j7 4 x5 is also radicial, hence it
is an open embedding. The complement Sy, i \ Im(j7,4 k:5) is the disjoint union
of curves isomorphic to A}, and given by equations z = z = 0 (see Case 1) and
equations x — a =y — B with (o, 8) € K? satisfying f(a) = g(8) = 0 (see Case 2)
and equations f(a) = =0 with a # 6g(0) (see Subcase 3.1), their number being
1+ deg(f)z(g) + [deg(f) — 1] = deg(f)[2(g) + 1] = deg(f)z(tg). 0

The following concrete application of Proposition proves Theorem @(2)

Example 13.2. Let (m,s) e N* xN. Let ap:=0€ kand a; :=1€ k. If s > 2,
let ag, ..., as be distinct elements of k* \ {1}. If s =01et g(¢) := 1 and if s > 1 let
(Jis---,ds) € (N*)* and g(t) :=[];_,(t — ;)" € k[t]. So g is monic with g(0) # 0,
z(g) = s and deg(g) = >_;_, ji > s. Let (f,g) € @iym with deg(f) > 1; e.g., we can
take f(t) = t?"~! — 1. The smooth surface S?mk is equipped with the finite étale
projection cf g1 : Sfc’g’k — Ai’t on the last two coordinates (see Section E) Let
& € k* be such that f(ég(O)) = 0. For h = h(x,y) := § + 2y € kq[z,y], the degree

of M € ks[z,y] is (3deg(g) +2)(pm — 1) =1 > (35 +2)(pm — 1) — 1 with

equality iff for s > 1 we have j; = --- = j;, = 1. Let (see Proposition )
€:=CfgkOJ gk € Enda(k).

As e is the composite of an open embedding with a finite étale morphism of degree

pm, we have e € EEs(k) and deg(e) = pm. Clearly, X, = S?’g,k is a finite étale

cover of Aivt, S0 1. is étale. The last part of the proof of Proposition gives

Fl/’c(k) = {(07570”6 € k} U {(04,577) € kS‘f(a) = 59(5) =0, (avﬁ) # (59(0)70)}7
Lo ={(8,7) € K*[f a € k with (a, 8,7) € [SF 5 x NIm(11,9,1:5)] (k) }

={(8,0) € k*|g(8) = 0}
Thus pgi(e) = p(e) = deg(f)z(tg) = (pm — 1)(s+ 1) and p(e) = s.

For (B,7) € k2, from the three cases of the proof of Proposition we get that
le=1(B,7)| is 1 if either g(B) =0#yor B =7 =0, is 2if B =0 # v, is pm — 1 if
Bg(B) # 0 ==, and is pm otherwise; so for pm > 2 we have F(e) = {1,2,pm — 1}
if s=0and F(e) ={0,1,2,pm — 1} if s > 1 and for pm = 2 we have F(e) = {1}
if s =0and F(e) = {0,1} if s > 1. If deg(f) = 1, then N, = ¢y 4(I'y,) is the
zero locus g(x1)xe = 0, hence v(e) = s+ 1 and I'. = Sing(N,). If deg(f) > 2,
then N. = cf41(I'y,) is the zero locus z1g(z1)z2 = 0, hence v(e) = s+ 2 and
T C Sing(N.). As the conditions (i) and (ii) of Proposition @ hold for the pair

(yh7 LZ(ZJ}”)) that defines e, Proposition @(1) and (2) gives
m(e) < m(e) = m(e) = (3deg(g) +2)(pm — 1) =1 > (35 + 2)(pm — 1) — 1,

and the last inequality is an equality iff for s > 1 we have j; =--- = j, = 1.
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Let | € N* with p' > s+ 1. If we take f(t) = "™ 1 —1, ag....,as € Fi \ {0,1},
and 0 = g(0)~", then e is defined over F,i. Thus Theorem P.4(2) holds.

Fact 13.3. Let (f,g) € Ok with deg(f) > 1, g(0) # 0 and deg(f)+deg(g) > 2. Let
§ € K* be such that f(5g(0)) = 0. Then the two open embeddings i7,q x and 35, ks
are not isomorphic and we have an identity Im(vf g )\ Y1 = Im(y¢,9,x:5) \ Yo, where
Y7 and Ys are the zero loci x = z =0 and x —§g(0) = y = 0 (respectively) in S?,g,K'

Proof. The identity follows from the descriptions of the complements of the images
of the two open embeddings (see Section E and proof of Proposition ) We
have deg(f) > 1 and there exists a unique monic polynomial f(t) € K[t] such that

F(t) = (t = 6g(0)) f1(t). We write g(t) = g(0) + 109 ;' with ageg(q) = 1 and,
if deg(g) > 2, (a1, ., Qdeg(g)—1) € kdeg(@)=1  Thus

h(z,y)g(yh(z,y) — dg(0)

hi(z,y) := ) =
(9) deg(g) 4 _
x[g(yh(a:,y)) +6 Z ai[h(x,y) _6]2_1h($’y)2] € K[l‘,y]

The open embeddings 5 4 x — S?%K and j¢ ¢ K5 — S?,%K are given by the rules
(z,y) = (zyg(y),y, —xf(zyg(y))) and (z,y) — (hg(yh), yh, —h1(z,y) f1(hg(yh)))
with h = § 4+ zy (respectively). To show that these two open embeddings are not
isomorphic it suffices to show that exists no a € GAz(K) such that a¥ (B;) = B,
where B; and Bj are the K-subalgebras Kq[x122g(x2), za, xlf(:clxgg(wg))] and

K [h(zy, 22)g(x2h(x1, 2)), xoh(21, 22), ha (21, 22) f1 (h(21, 22)g(22h(21, 22))) ]

(respectively) of Kg[z1,x2] that define 251 x and j71,x.1 (respectively).

That no such a exists follows from the fact that there exists an element y; € By
that can be extended to {y1,y2} € A2(K) (e.g., y1 = x2) but no such element
exists in By. To check this we can enlarge the K-subalgebra By of K[z1, 2] and
hence, based on the definition of By and Equation (f]) we can assume that either
g=1or fi = 1. As the case f; = 1 is similar to the case ¢ = 1, in what follows
we assume that ¢ = 1. Thus By = K[d + x122, —21f1(0 + z122), 22(0 + z122)]
and deg(f1) > 1. Note that {1} U {(—z1f1(0 + z122))", (—22(1 + z122))'|i € N*}
is a basis of the K[d + x129]-module By. Thus for each irreducible polynomial
z1 € By \ K, the zero locus z; = 0 is an irreducible closed curve C; of A%S which
is not isomorphic to AL as the first or second projection C; — Al is a quasi-finite
non-finite morphism as z; is a non-monic polynomial in either z; or zo. Thus there
exists no zy € Kg[x1,x9] such that {z1, 22} € A3(K), hence indeed By % Bs. O

Example 13.4. The normal and general analogues of O over a field I are

OF := (N\{0,1})x {1} x{(f, 9) € (K[t])?|f are g are monic separable, f(0)g(0) # 0}
and OF" := (N\ {0,1}) x N* x {(f, ) € Ox|g(0) # 0} D O}. For (¢,l, f.g) € OF"
the affine surface

S?],l,f,g,K := Spec (K[z,y, 2]/ (7 f(x) + ylg(y)z))
is normal iff (¢,1, f, g) € OF; similarly, (0,0,0) is a normal point of it iff | = 1 and iff
(0,0,0) is a normal singular point of it. If (¢, 1, f,g) € ©%, then Sing(Sg’l’f’g’K) =
{(0,5,0)|8 € K,g(p) = 0}. The open embeddings t5 4 x Or jf,4,i;5 have analogues
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for the general context in many cases. To exemplify this, let (¢,1, f,g) € %"
with deg(f) > 1 and g = g7 with ¢1(¢) € K[t] monic. Let § € K* and fi1(t) €
K[t] be such that f(t) = (t — 6g1(0))f1(t). Let gg1,59.550 @ Ak — Sg,l,f,g,K
be given by the rule (x,y) — (hgl(th),th, M), where h := 6 + zy.
The proof of Proposition applies to give that j,1.¢¢,x;s is a birational quasi-
finite morphism and S? ; ;& \Tm(Jq,1,.1,x;5) is the disjoint union of deg(f)z(tg1)
closed subvarieties isomorphic to Ak, the zero locus x = z = 0 being the one that
contains the normal singular point (0,0,0). The birational morphism 4 1,7.¢,x:5 iS
an open embedding (i.e., is injective) iff either (¢, 1, f,g) € O% (i.e., g=¢1 =1) or
q = char(K)™ with m € N*. If f1(¢t) = g(t) =1, so (¢, 1, f,g) € ©%, then the rule
(z,y) = (h,y, —xh9) defines an open embedding 241 51.5 : A% — S2,, 51k
and we have 141¢—51,K © InvA%( = Invsi)lyt_myk O Jg.1,t—51,K:5, Where InvAi and

Invg: are the involutions of A% and S?,, 5, x (respectively) defined by
q,1,t [l '

the rulessklify) — (y,z) and (z,y,2) — (z,—2z, —y) (respectively).

Example 13.5. Let ¥ :S;1:-11.x — Pk be the morphism that maps (a, 8,7) €
Sg1,t-1,1;5 (K) to either (1 —a : B) or (v : a?) (whichever is defined; if both are
defined, they are equal). The multiplicity of (X~'(1:0)) . in X7'(1:0)is ¢ and
¥ is a surjective Al-fibration as in Corollary So Sq¢.1,t—1,1;kx is a sphere-like
surface with |Sing(Sq,1,t—1,1;x)| = 1 by Example 13.4; note that (¢,1,t—1,1) € ©%.

Proposition 13.6. Let m € N*. Let By, be the k-subalgebra of ks[x1, x2] generated
by x1 and z5(1 + z122)" 1 with i € [[0,m]]. Then the following properties hold.

(1) There exists no pair (g1,g2) € B2, such that (g1, g2) € EEa(k).

(2) Let (q,1, f,91) € OF" with deg(f) > 1 and ¢1(t) € k[t] monic. Then there
exists no e € EEy(k) such that 1. factors through the normalization Oqu,l,f,gg,k;a-

Proof. We have a chain of inclusions By C -+ C By, C ---. Let h := 1 + 2129
and we consider the k-linear derivations hQDOC1 and D,, of ks[z1,xq] and its k-
subalgebra By, := U;>1B;. Let D := h®D,, + D,,. One computes that D(z;) = h*
and D(h) = z1 + z2h?. For i € N*\ {1} we have

(10) D(zh 'h') = ighh™ ! + (20 — 1)z *h! — xR
It follows that D is a k-linear derivation of B,, iff pjm + 1.
We consider the normal affine surface

T?n := Spec (K[yo, ceey ym—i-l]/(y% - yf + yoyz,yf —Yi—1Yiy1]i € [[2,7”]])),

it is a complete intersection in A7"? with Sing(T2,) = {(0,...,0)}. The rule
(z,y) = (—z,h,yh?,y*h3,...,y™h™"1) defines a morphism 1, x : A% — T2
which is an open embedding as already the rule (—z, h,yh?) defines an open em-
bedding by Example applied to (z,z,y) instead of (x,y,z). For a point
P = (agy..,ams1) € T2 (K), if a9 = a; = 0, then we have o; = 0 for all
i € [[0,m]]; hence P is the singular point iff og = a1 = ayppy1 = 0.

To prove part (1) we can assume that p|m + 1; hence D is a k-linear derivation
of By,. Let Tp be the global section of the tangent bundle Treg(t2 ) defined by D.
We show that the assumption that T is zero at some point Q = (Bo, ..., Bmt1) #
(0,...,0) leads to a contradiction. Based on the formulas for D(z1) and D(h), this
assumption implies that 82 = By + B2 = 0 and thus, as we also have 3§ — 32 = 3932,
we get that Sy = f1 = 2 = 0 and therefore m > 1 and we have §; = 0 for all



52 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

i € [[0,m]]. From Equation (@) applied withi =m —12>1, as B;,—2 = Bm-1 =0,
we get that mf,,11 = 0. As pjm + 1, it follows that 8,,+1 = 0, so @ is the singular
point, a contradiction. Thus Tp is nowhere zero and it generates a direct summand
Of TReg(r2,) Which is free of rank 1. Based on this, as moreover the conormal
bundle of the complete intersection closed embedding T2, — A%*? is trivial and
the tangent bundle TA7£+2 is trivial, it follows that Treg(t2,) itself is trivial.

We show that the assumption that there exists a pair (g1,g92) € B2, such that
e(g1,92) € EE3(K) leads to a contradiction. This assumption implies that there
exists a morphism 1 : T2, — A% whose restriction to Im(e,, x) is étale.Let
o = 1|Reg(T?2,)/ As in the proof of the implication (iv) = (i) of Theorem E(l)
we argue that the functorial morphism Tr2 — P4 (Ty2,.) is an isomorphism, hence
1o is étale. By the purity of the branch locus (see [SéAQ], Exp. X, Thm. 3.4 (i))
we get that v itself is étale, which contradicts the identity |Sing(T2,)| = 1.

Part (2) follows from part (1) applied to m = 1 once we remark that up to iso-
morphism we can assume that § = 1 and that the k-subalgebra By1,f,97 K of klz, y]

generated by hgy (yh?), yh? and =f(hg1Wh?) 5 contained in B3 1,4—1,1,5 which, un-

der the identification (z,y) = (x1, z2), is Ba. O

14. PROOF OF THEOREM @(3)
Theorem @(3) follows from the following example.

Example 14.1. Let m,q € N* be such that p divides mq and let e € EEs(k) be
defined over IF,, by the rule on valued points

(2,y) = (2 + (L —a™y™ )ty —a™y™).
For (o, B) € k? let s(a, 8) € N be such that e~*(a, 8) = Spec (k*(*#). So s(a, B)
is the number of solutions in k2 of the system 7, s of equations
(11) x—i—(l—xmqu_l)q—azOzy—xmqu—ﬁ.
Let z:=1—2™y™4~ 1. Then J, 3 can be rewritten as
(12) x4+ 2z9=a and yz = f.

To compute every s(a, ), we first consider the case when 8 # 0. Thus y # 0
and z = By~ !. From this and the equation = 4+ 27 = o we get that x = a — 7y~ 9.
Thus zy? = ay? — B9. Hence J, g is equivalent to the system of equations

== Byt and y— B = (ey))™ = (ay" — BT
If « # 0, then p | mq implies that the equation y — 8 = (ay? — 9)™ in y has mq

distinct solutions in k, 0 being a solution of it iff 5 belongs to the set I} ,, ., where
Lpm,q = {z € klz = (1™ '™} and I m,g = Ipm,g NE" =Tpmq \ {0}

Thus for 8 ¢ I, , o and a # 0, we have s(«a, §) = mgq, which implies that deg(e) =
mq, and for 3 € I} |, and a # 0 we have s(a, 8) = mq— 1. Similarly, if 8 ¢ 1, . 4,
we have s(0, 8) = 1, the only solution being
(—[L+ (=)™ B+ (1) B™),
and if 3 € Iy ,, . we have s(0, 3) = 0.
We now consider the case § = 0. Thus yz = 0. If y = 0, then z = 1 and we get
one solution (o — 1,0) of J,.0 (see System ([L1))). If z = 0, then = = « (see System
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(@)) and hence z = 0 = 1 —a™y™?~! and we get no solutions if a = 0 and mq — 1
solutions of the form (a, ™"V a~™) if a # 0, all of them being different from the
prior solution (o — 1,0). We conclude that s(0,0) =1 and s(«,0) = mq if a # 0.
From the last two paragraphs we get first that F(e) = {0,1,mq — 1} and second
that T'c = {(0,8)|8 € I; ,,, ,}, hence ¢(e) = mq — 1. Moreover, N, is the zero locus
x1 Hﬁeﬂ* (1‘2 —B) =0, hence v(e) =1+ I} ,, .| = mq and ' = Sing(N,).
For ﬁ S ]Ipmq we have ¢(0,8) = (1,5) and s(1,8) = mqg — 1, and therefore
(1,8) \T¢] = mq — 2. Thus, for mq > 2 we have |E(e)| = 0 and from Lemma
@(3) we get that Im(e) = Im(e?); so t(e) = 1. Similarly, if mq = 2 (so p = 2), then
I5,m,q = Fa, Im(e) \ Im(e?) = {(1,1)} and thus ¢(e?) = 2; as e(1,1) = (1,0) and
s(1,0) = 2, we get Ex(e) = &1(e), so ¢(e?) = ¢(e?) by Lemma @(3) and v(e) = 2.
Clearly, if p divides both m and ¢, then e € BE5(k). Moreover, if ¢ = 1 we have
mi(e) = m(e) = m(e) = 2m and if ¢ > 2 we have mg+m < 7i(e) < m(e) = 7.(e) =
mq+ (mg — 1)q by Proposition .3(1) to (4). For r := mgq € pN* fixed, the smallest
possible value of m(e) = m,(e) is 2r = 2mgq obtained only for (m,q) = (r,1).
Recall X, = Spec A.; we have inclusions ki[z1,z2] C Ae C kg[x1,22] = klx, 3]
defined by e, with 1 = x + 29, 29 = yz, and z = 1 — 2™y™7~ 1. It follows that e
is the composite of birational quasi-finite morphisms A%S — X — Y with a finite
flat morphism Y — A7 | of degree mg, where X := Spec (ki[z1, z2][2]/(f(2))) with

fz) o= 2m9 — 2™ 4 () — 20!

and where Y := Spec (k¢[z1, z2]] is a flat model of X, with

w))
g(w) := w™ —w™™ 1+Z ( > T K G

in kq[21, 22][w] obtained from (14 (—1)”Lx?q_1)7nq_1f(z) through the substitution
w = z(1+ (—1)mmgﬁ”q71). Thus w € A.. If mg > 2, then for « € k* the mqg —1
points of A%S of the form (o, ™"V a~™) map to the same point of X and therefore
Y is not normal by Zariski’s Main Theorem, ie., Y # X.. If mqg =2 (so p = 2)
then 1,4 is Fo and g(w) is w? + w + zfza(zy + 1) if (m,q) = (2,1) and is
w?+w+ziz(29+1) if (M, ¢) = (1,2); hence Y = X, — A | is a finite Galois cover,
Ae = kylz1, 22][w]/(g(w)), and the complement of the open embedding Az,s =Y
consists of 2 disjoint A} curves given by the equations w =z =1 and w =1 =0
implying that pg(e) = p(e) = 2. For (m,q) = (1,2), e is e;41,4+1,% Of SectionE
Let € € {1,2} be 1 iff ¢ = 1. Similarly, e factors through a finite flat morphism
ez : Z — A}, where Z := Spec (ki[z1, 22][v]/(h(v))) is a flat model of X with

m—e

h(v) = 0™+ > hmg_iq™ ™ + hyv + ho € ky[zy, 2] (]
=1

obtained from xgn(q+e—2)x227mqf(z) via the substitution v := z$x2271; so each
hj € k¢[zq,z2] is uniquely determined by m, ¢, the index j and v € A.. E.g,
ho(x1,w2) = " mlgte= 2)1: and hy(xy,22) = —xT(q+€_2)_E; also, if ¢ > 2, then

hng—iq(z1,22) = 2" mxg(l)Z(T)xT L (2) 1M = (1)1<T> xil(q_l)xgi.
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As hy(z1,22) = —27" 727 becomes —1 when mq = 2 (so p = 2), it follows that
for mg = 2 the morphism ez is a finite Galois cover and thus X, = Z, and for
mq > 2 the étale locus of ez is where z; is invertible and therefore the k¢[x1, 23], -
algebra A. ;, = ki[z1, z2]s, [v]/(R(v)) is étale.

We show that A, is always regular and that . is non-étale iff mq > 2. It
suffices to show that for each 8 € k, by denoting R := ki[[x1,22 — (]] the com-
pletion of ki[z1, 2] at the point (0,3), the normalization A} of the R-algebra

Ag = R[w]/(g(w)) is isomorphic to the product R X Ryq_1, where Ryq_1 =

1 mq

k[T, x5]] is regular. We write g(w) = wmq—wmq_l—l—zizoil wih (zo—B)Miw?
with each u; € {0} U R* and with (I;,m;) € N?; this is possible as (7)w?™=% is 0
when p does not divide ¢i as in this case p divides both m and (72”) One computes
lo =mandifu; #0 then q divides pi and [; is the solution of the equation ¢(m—zx) =
piin z, hence [; = m—E > [ mfn _1’” If B(1+(—1)™p™a~1) # 0 then mg = 0 and
if u; # 0 the inequality m; > mzlqilplmo holds. If (1 + (—1)™B™4~1) = 0 (resp.
B = 0) then my = mg—1 and if u; # 0 then m; is the value of gr—1 computed at the
solution of the equation g(m—x) = pi in « and hence m; = mg—1—pi = mqﬁllmmo
(resp. m; =mg—1> mf_il_lpimo). Thus mq — 1 divides mq and the statement on
Aj follows from Lemma a( 4) if mq > 2 and from Lemma EI( 2) if mq = 2.

As for (o, B) € k* x k, s(a, B) € {mg—1,mq} ismg—1iff 3 €L}, . Spec Ac ., \
Im(z) is mq — 1 = [I} ,, | copies of G, ; thus pg(e) > mg — 1. From this,
the fact that s(0,08) € {O 1} is 0iff 3 € I ,, ,, and the above part on complete
local rings it follows that p(e) — pet(e) is 1 if mg > 2 and is 0 if mg = 2. Thus
0 <mg—1=psle) <mg=p(e)if mg>2and pg(e) = ple) =2 if mqg =2.

We say more in the following cases.

Case 1: m=p. As (!) =0ifi € [[1,p—1]], we compute g(w) = wP? —wPT~! +
2PN (1 — g9 Pa-1 If ¢ = 1 then h(v) = P — 22 20 + 2Pxo(1 — 257 1) and if
q > 2 then h(v) = vP4 — 2P Py 4 gPT Py (1 — 25971,

Case 2: m = 1. So p|q and € = 1. As in the prior paragraph we compute
g(w) = wl—w?™ 1—}—3:13:2 Y-zl 1)‘1 Vand h(v) := v?—z? 2v4a? teg(1—24 ).

14.1. Proof of Corollary @ To prove Corollary @ we can assume that n =2
as the passage from n = 2 to an arbitrary n > 2 is achieved by adding n — 2
indeterminates x3,...,z, and equations z; = 0 for i € {3,...,n}. We appl
Example [14.1 with mg = p; so deg(e) = p and I, , 4 = F,. For n = 2, Corollary
follows from the identity s(0,0) = 1 (resp. s(0,1) = 0). Concretely7 say m = p and
q =1, then we can take (g1,g2) to be (z — (z — 1)PyP~!,y — (x — 1)PyP) obtained
by replacing x with x — 1 (resp. (1 + x — 2PyP~1, y — 2PyP)). Similar examples can
be obtained based on Example @ by taking (m,q,s) = (p,1,1).

15. TWO GENERAL PROPERTIES OF ENDOMORPHISMS OF AFFINE SPACES

We include practical results on e € End,, (K) that are often used in what follows
and that either estimate deg(e) if e € QF,,(K) or provide a criteria on when e is
finite or, for inductive purposes, construct d € End,y1(k) from e that has a few
iteration properties that are identical to those of e.
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Fact 15.1. Let e := e(g1,...,¢en) € End,,(K) with (g1,...,9,) € Ks[z1,...,2,]"
such that q := [[;_, deg(g;) > 0. For i € [[1,n]], let h; € K[z1,...,x,] be the
homogeneous component of g; of degree deg(g;). Then the following properties hold.
(1) If e € QF,,(K), then deg(e) < q.
(2) If the homogeneous system of n equations
hi=--=h,=0

in the indeterminates yo, - . . , Yn has no solution in P"~1(K), then e is finite. More-
over, if e € QFE, (K), then deg(e) = q.

Proof. For i € [[1,n]] we write g; = E?i%(gi) hi j, with each h; ; € Kg[x1,..., 2]
homogeneous of degree j; 80 h; = hj deg(q,)- We consider the closed subscheme W

of ]P"}(t [£100mnrm] defined by the system of n homogeneous equations
deg(g:) J ) 4
hi,j (yl, o 7yn)yoeg(.‘]z)—] _ xiyoeg(gz) — O7 : c [[1’ TLH
=0

Let ¢ : W — A’ be the natural morphism. For P € K", ¢$7(P),eq has |e7(P)|

irreducible components of dimension 0 in A’;{t (21,0 and possibly other irreducible

components in P?(?[;h_“’%} =P o1, 2m] \A?Q[mh... 2]+ Thus part (1) follows from

Bézout’s inequality (see [Fu], Ch. Ex. 8.4.6).

,,,,,

SPECtrum of Kt[xla e Ty Y1y - ays](gl(ylv oo ,yn) —T1,-. .- 7gn(y17 cee ,yn) - xn)
Hence e is projective; being also affine, it is finite. If e € QFE, (K), then for a

generic P, ¢~ 1(P) = e~ '(P) = Speckd®8(®) so deg(e) = ¢ by Bézout’s Theorem
(see [Fu], Ch. 8, Prop. 8.4; see also [H2], Ch. I, Thm. 7.7 applied n — 1 times). O

Lemma 15.2. Let e € End,(K) be defined over a subfield K of K. Then the
following properties hold.

(1) There exists d € End,41(K) defined over K and such that for each m € N*
the sets U'em and I'gm are compatibly isomorphic under isomorphisms induced by a
projection AZIl — AL, defined over K and hence we have 1(d) = v(e).

(2) If char(K) = p and e € EE,(K) (resp. e € BE,(K)), then we can choose d
such that also d € EE,,11(K) (resp. d € BE,4+1(K)) and F(d) = F(e) U {deg(e)}.

Proof. Let (g1,...,9n) € Klz1,...,2,]" define e. For i € [[1,n]] let ¢; € N* be such
that ¢; > deg(g;). Let j € N*. We take d to be defined by the n + 1-tuple

(gl(xl, ey ) x‘lhxflﬂ, e Gn(T1, -, T) +x%“xi+1,a:n+1).

For P € K™ we have d(P,0) = (e(P),0) and |e~*(P)| = |[d~*(P,0)|. For a € K*,
the endomorphism d, € End,, (K) defined by the n-tuple

(g1(z1, - mp) + 2l gn(a, ..o 2n) + @l 2l)
is finite (see Fact (2)), so d(K™ x{a}) = K™ x{a}. From the last two sentences
we get that for each m € N the projection AZF — A} on the first n coordinates
is defined over K and induces bijections I'ym — I'em compatibly. Thus Im(d™) =
Im(d™*1t) < Im(e™) = Im(e™*!), hence ¢(d) = ¢(e) and part (1) holds.
To check part (2), we take ¢1,...,¢, (resp. q1,...,qn,J) to be in pN*; we have
d € EE,11(K) and d, € EE,(K) (resp. d € BE,+1(K) and d, € BE,(K)) for
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all @ € K*. For each a € K* we have deg(d,) = [[;—, ¢ by Fact ) As
[17_, ¢ is greater that [[;_, deg(g;) and hence than deg(e) by Fact (1), it
follows that deg(d) = [];_, ¢; and that F(d) is the set of cardinals of fibers of e.
Thus F(d) = F(e) U {deg(e)} and part (2) holds. O

Example 15.3. Let e := e(z; ab” T " —x’;m(pm“)) € BEx (k)
with m € N. Let a € GAa(k) be deﬁned by the pair (z +x’2""+1, x2). Then d := ea

is defined by the pair (z; + 2% 4 2% ' x5+ 2% ). Thus we have inequalities

m(d) < mln{m( ), m(d), m(d)} < wr(d) < p™ 41 and d is finite with deg(d) =
p™(p™ + 1) by Fact l . If 7(d) < p™, then there exists (b,c) € GAy(k)? such
that bdc = e(g1, g2) with (gl,gg) € k: [21,22)? satisfying 7(g1,92) < p™, hence we

have p™ (p" + 1) = deg(d) = deg(bde) < deg(g1) deg(g2) < (p™)? by Fact [15.1(1), a
contradiction. Thus p™ + 1 = 7(d) = 7;(d) = m(d) = m(d). Note that d € BEy(k)
and p™ 4+ 1 = m(e) = w(e) < min{m(e), mi(e)}.

16. ON ITERATE INNER INVARIANTS
We first include examples and applications of Section E using Notation @

Example 16.1. Let e : X — X be an endomorphism of a variety over K such that
p(e) € N*. If ¢, > 2, then p(elt!) < c::’—_(i) < 2¢(e) by Lemma é(?) and therefore
t(e) < max{1, ﬁel} < p(e) and p(e®)) < ge“’(e) < 2¢(e). Similarly, if there exists
s € N* such that ¢« > 2, then the mequahtles v(e®) < “a(e ) < S‘p(e) (the second

es—1 — Ges—
one by Lemma @ )) imply that ¢(e) < se(e®) < max{s, oy ‘0_61)}, thus t(e) € N.

Corollary 16.2. Lete: X — X be an endomorphism of a variety over k such that
T'e is finite. We assume that there exists ¢ € N* such that e is the pullback of an
endomorphism d 1Y —'Y over Fpqa. Then v(e) € N. More precisely, if we choose g
and d such that T'c C Y (Fpq), then t(e) < |Y(Fpa) \T¢|.

Proof. AsT ;) C Y (Fps) is finite, this follows from Lemma @(6) O
Example 16.3. Let e € QF,(k) be non-surjective (i.e., 0 € F(e) 0| e) > 0). If

e and I, are defined over Fyq, then ¢(e) < p? — w@) by Corollary [16.2 and hence
() < ple)ule) < p(e)[p™ — p(e)] by Lemma B.4(2).

For an endomorphism e : B — B of a set B and P € B we consider two conditions.

(te,p) The sequence (em(P))m>O has distinct elements and for i,j € N, we have
e (e?(P))] > 0 iff i < j and iff e~ (e (P)) = {e/~*(P)}.

(be,p) For each m € N, e™(P) ¢ Im(e™*1).

Notation 16.4. For a non-empty constructible subset V' of a variety W over K, let
V be its Zariski closure in W, (V) = F (V) := [{Y € Irr(V)| dim(Y) = dim(V)}|
and i(V) = AV = (dim(V), F (V) € N2 If W is irreducible, let ny € W be its
generic point. Endowing N? with the lexicographic order (so (0,1) < (1,0)), for a
dominant morphism W; — Wy of varieties over K we have (W) > R(Ws).

Lemma 16.5. Let e : X — X be an endomorphism of a variety over K. For
m € N, let ey, : Im(e™) — Im(e™) be the endomorphism of constructible sets
induced by e. Then the following statements are equivalent.
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(1) We have 1(e) = oc.
(2) There exists m € N and a point P € Im(e™) such that (4, p) holds.
(8) There exists m € N and a point P € Im(e™) such that (b.,, p) holds.

(4) There exists an algebraically closed field Ky that contains K, anm € N, and
a point P € Im(e™) (K1) such that (b(c,,),, .p) holds.

If T'. is finite, then the statements are also equivalent to the following two.
(5) There exists m € N and P € Im(e™)(K) such that (4, p) holds.
(6) There exists m € N and P € Im(e™)(K) such that (b.,, p) holds.

Proof. The implications (2) = (3) and (5) = (6) always hold. Clearly, (6) = (3).
We show that (1) = (2). For i € N the constructible set Z; := Im(e?) \ Im(e**1)
(by Chevalley’s Theorem, see [Gro2], Thm. (1.8.4)) is non-empty. Let Y; be the
Zariski closure of Z; in X. As e induces surjective morphisms Z; — Z;1, it also in-
duces dominant morphisms Y; — Y;;1. As (h(Yn))n>o is a non-increasing sequence

of the well ordered N2, there exists (m,q,1) € N3 such that A(Y;) = h(Y,,) = (g;1)
for each integer ¢ > m. For i > m let 0, := {ny|Y € Irr(Y;),dim(Y) = ¢}; so
Inil =1 > 0and n; C Z;. An induction on j € N gives that €’ (nm,) = Nmyj; S0
(fe.,,p) holds for each P € 1n,,.

If T, is finite, then ¢ = 0, Irr,,, C X(K), thus (1) = (5) by previous paragraph.

To show that (3) = (4), let K; be an uncountable algebraically closed field that
contains the residue field of P. If P is the Zariski closure in X of P, then P, is not
the union of its proper subvarieties Pg, N e;j) e (Im(ei;;lKl)) indexed by ! € N and
hence there exists a point @ € P(K;) such that (be, ;@) holds. Thus (3) = (4).

We show that (4) = (1). As t(e) = t(ek,) and t(e) = 00 < 1(ey,) = 00, we can
assume that K = K; and m = 0. As (b. p) holds, we have Im(e') # Im(e*!) for
all [ € N, hence i(e) = co. O

€m,

Remark 16.6. Assume I, is finite and ¢(e) = co. We use Lemma @ to show that
statement (5) of Lemma holds. Let (I, N) € N? be such that ¢(e"*!) —p(e”) =
[ for all integers n > N by Lemma B.4(1). By replacing e with ey we can assume
that N = 0; so ¢(e™) = nl for all n € N, with I € N* as 1(e) = co. For n € N, as
|UP, el(L.)] < l(n+1) = (™) = |Tent1], we get that Tentr = U7 e!(T) by
Lemma 5(5); s0 (fe,p) holds for each P € I'. C X(K).

Remark 16.7. Let e : X — X be an endomorphism of a non-empty variety over
K which is dominant (resp. which is dominant outside a closed subvariety of the
target of dimension m < dim(X)). A decreasing induction on i € [[0,dim(X)]]
(resp. i € [[m+1,dim(X)]]) gives that e permutes the generic points of irreducible
components of X of dimension i. So there exists N € N* such that eV fixes
the generic points of all irreducible components (resp. irreducible components of
dimension > m) of X. If d : X — X is quasi-finite, then 1 < f (Im(d)) < F (X); so
there exists i € [[0, F (X) — 1]] such that F (Im(d**7)) = F (Im(d")) € N for j € N.

Next theorem was first obtained in [PNCG], Thm. 1 under the extra hypotheses
that K = C, X is affine, e is universally open, and I', is finite.
Theorem 16.8. Let e : X — X be a quasi-finite endomorphism of a variety over

K. Then the following properties hold.
(1) We have t(e) € N.
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(2) There exists no P € X for which condition (be,p) (or (he,p)) holds.

Proof. Part (2) follows from part (1) and Lemma .
To prove part (1), let Z be the Zariski closure in X of a subset Z of X. The
decreasing sequence (Im(em))m cn is stationary. Thus, by replacing X with YV :=

Nm>olm(e™), we can assume that X = Im(e) (i.e., e is dominant). Note that if{ € N
is such that Y = Im(e!), then Im(e™*!) = e™(Y) C Im(e™), thus the decreasing
sequence (Im(em))meN is stationary iff the decreasing sequence (em(Y))meN is so.

By replacing e with eV for some N € N*, we can assume that e fixes each
generic point of an Y € Irr(X) (see Remark ); so e induces an endomorphism
ey 1Y =Y. If ((ey) € N for each Y € Irr(X), then ¢(e) € N as in fact we have
t(e) < max{ey|Y € Irr(X)}. Thus, by replacing e with the normalizations of eys
we can assume that X is normal irreducible.

To end the proof it suffices to show that the assumption that ¢(e) = oo leads to a
contradiction. From Lemma we get that, by replacing e with the endomorphism
it induces on the open subvariety Im(e™) for some m € N, we can assume that there
exists P € X such that condition (b p) holds.

Let R be a finitely generated Z-subalgebra of K such that e is defined over R
(see [Grod], Prop. (8.9.1)(iii)) and the Zariski closure Zp of P in X is defined over
K := Frac(R); let eg : Xr — Xg be an endomorphism of a Spec R-scheme Xg of
finite type such that its pullback to Spec K is e. The fiber ey : Xy — X of er over
K is quasi-finite and there exists Py € X with the property that the pullback of its
Zariski closure in X to X is Zp. As (b p) holds, (b, p,)_also holds. By localizing
R we can assume that Xp is normal irreducible and (see [Gro4], Thm. (8.10.5)(xi))
that e is quasi-finite; so eg is universally open by [Grod], Cor. (14.4.3).

Let @ be a closed point of the Zariski closure of Py in Xj; its residue field & is
finite and we have an inclusion {™(Q)|m € N} C Xo(k) of finite sets. Let (g,s) €
N x N* be such that ed(Q) = ed™*(Q). As €l(Q) belongs to the open subscheme
Im(ed ™) of Xo, ed(Py) € Tm(ed™) € Tm(el™), which contradicts (be,. g, )- O

Corollary 16.9. Let f : W — Y be a morphism of finite presentation between
quasi-compact schemes. Let e : W — W be an endomorphism of schemes over Y
(i.e., f = f oe) with the property that all its fibers e, : W,, — W, over geometric
pointsy of Y are quasi-finite. Then there existsn € N such that Im(e") = Im(e™ ).

Proof. For m € N, as Im(em) is a constructible subset of W, from [Grod4], Cor.
(9.5.2) we get that Y, := {y € Y|Im(e™), = Im(e™*!),} is a constructible subset
of Y. As Im(e™), Im( m), it follows first that Y C Yy for all m € N and
second that Uy, >0Y,, = Y by Theorem |l So there exists n € N such that
Y, =Y by [Gro2], Cor. (1.9.9); hence Im(e ) = Im(e"*?). O

Our examples of endomorphisms e : X — X with ¢(e) = oo are in essence based
on the notion ‘trap’ used in [Bori] and formalized here as follows.

Definition 16.10. Let e : X — X be an endomorphism of a non-empty variety
over K. By a trap of e we mean a non-empty closed subvariety Y of X such that
dim(Y) < dim(X), e(Y) C Y, the endomorphism ey : Y — Y induced by e is
dominant, and we have a strictly increasing sequence

({Z € Irr(e ™(Y))| dim(Z) > dim(Y) or dim(e"(Z)) < dim(Z) = dim(Y)}DneN*.
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Example 16.11. We list several examples of endomorphisms in D,,(K) \ QF,,(K)
with n € {2,3} whose iterate inner invariants are oo and often mention zero loci
that are traps of them. Let (I,m) € (N*)2. Let C,, C K? be the empty set if m = 1
and be {0} x K* if m > 2.

(1) The rule (z,y) — (zy,zy+y) defines e € Dy(K)\ QF5(K) which is birational
(i.e., generically étale with deg(e) = 1); the zero locus ©1 = x5 = 0 is a trap of
it of dimension 0. If K; is an algebraically closed field that contains K and a
transcendental element « over the prime field, then (heKI,(%a)) holds, therefore
u(e) = ileg,) = oo by Lemma . Similarly, if char(K) = 0 and 8 = 1 (resp.
char(K) = pand § € K is a transcendental element over F,,), then the rule (z,y) —
(xy, By + 1) defines d € Do(K) \ QF,(K) which is birational with «(d) = oo; the
zero locus x1 = 0 is a trap of it of dimension 1.

(2) Similarly to example (1), either one of the rules (z,y) — (aPy?, y? + aPyP)
and (z,y) — (z(z —y)P~ L, yP(z — y)p2’p) defines an e € Do(K) \ QF,(K) which is
generically radicial (i.e., deg(e) = 1) and defined over the prime field with ¢(e) = oo.

(3) The rule (z,y) — (:cmy,:rlmyl + xl(m’l)yl“) defines an endomorphism
€a,l,m € Da(K) \ QF4(K). If either y = 0 or x = 0 and m > 2, then (z,y) — (0,0).
If m =1, then (0,%) + (0,y'*!). If 2y # 0, then we have the additive property

xlmyl + xl(mfl)yl+1

(zmy)!
If char(K) { I +m and (a, 8) € (K*)? with 8 # !, then the ?éstem of equations

zy—a = 0 = 2!y 421Dyl 3 gives based on Equation ([L3) that g = 4+,
(8=al)a ol

ol B=al
hence the system of equations has | + m solutions, therefore deg(ea;m) =+ m
and e, is generically étale. If char(K) = 0, then deg(eaim) = I +m > 2,
t(€a,1,m) = 00 and the zero locus 1 = x2 = 0 is a trap of e, of dimension 0; more
precisely, we have t(e, ;,m) = 0o as for n € N*, one computes

Len o =A{(z,y) € (K*)*|z7"y € [[1,n]]} U G-

a,l,m
The case (I,m) = (1,2) is the “Additive Trap” of [Bori|, Ex. 1.

(4) The multiplicative analogue of part (3) works in all characteristics. Let
(q,8) € N2 Let h(t) € K[t] be such that deg(h) = s and the derivative of
tHa+D)+mp(t) is non-zero. Assume there exists § € K* of infinite multiplicative
order. Let e := €m 1 m.q,5,h,0 € D2(K) \ QF,(K) be defined by the rule

(z,y) = (2™y! (" — y)h(z), 62! Dyt (2! — y)'h(2)").

either (z* —y)h(x) =0orxz=0and m > 2 or y =0 and ¢ > 1, then (z,y) —
If either (2! h 0 0 and 2 0 and 1, th

,0). m = 1, then (0,y) — (0, (— Y . q = 0, then (z,0) —
0,0). If 1, then (0 0, (—1)'5h(0)lylar DI+ - 1f 0, th 0
T z),0). If zy(z' — y)h(z , then we have the multiplicative property

™h 0). If ! h 0, th h h ltipl
&Ul(mfl)quJrl(wl _ y)lh(w)l _ E

[zmya(z! — y)h(z)]! al’

Y

: substituting this in the first equation we get that z!*™ =

hence y =

(14)

For a generic (o, 8) € (K*)? with 8 # a! we consider the system of equations
Myl (z! — y)h(z) — a = 0 = sztm=Dyal+1 (gl — ) h(z)! — 5. From Equation (@)
we get that §% = %, hence y = ’%l Substituting this in the first equation we get

that z!(@tD+mp(z) = % From this and the assumptions [t/(@+)+mp(4)]" £ 0
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and («, 8) generic, we get that the system has I(q + 1) + m + s solutions. Thus
deg(e) = (¢ + 1) + m + s and e is generically étale. The zero locus x; = x2 = 0
is a trap of e of dimension 0. We have t(em 1,m,s) = 0o as for n € N* we have an
inclusion

Ten

foms ) D {(2yy) € (K*)?|z~y € {8 € [[L,n]]} } U G U (K x {0})
which in fact is an equality if h(¢) = 1 and ¢ > 1. The case (I, m,q,h) = (1,2,1,1)
is the “Multiplicative Trap” of [Bori], Ex. 3.

If k is an algebraic closure of F, (i.e., if k* has no element of infinite multiplicative
order), the rule (z,y,z) — (2my?(z! —y)h(z), 2" ™Dy +1 (2! — y)'h(2)'2, 2) defines
an endomorphism d = dmm,iqsh € Ds(k)\ QF3(k). For n € N*, I'y» contains
{(z,2'2%,2)|q € [[1,n]], (z,2) € (k*)?} and does not contain the generic point of
the zero locus y — 2'2"*1 = 0, so 1(d) = co. We have deg(d) =I(q+ 1) +m + s.

Corollary 16.12. If char(K) # 2 (resp. char(K) = 2) let N > 2 (resp. N > 3)
be an integer. Let n € {2,3} be such that we have n = 2 iff K* has an element
of infinite multiplicative order. Then there exists e € D,,(K) \ QF,,(K) such that
t(e) = oo, deg(e) = N and e is generically étale.

Proof. This follows from Example (4) as we can choose (I,q,m,s,h) such
that N = l(¢g+ 1)+ m+s. Eg., for Il = m = 1, if char(K) { N we can take
(g¢,s,h) = (N—2,0,1) and if char(K) | N we can take (¢,s,h) = (N—3,1,t+1). O

Proposition 16.13. If char(K) = p, we assume that K is not an algebraic closure
of Fp. Let n > 3 be an integer. Then there exists an endomorphism e € D, (K)
such that @(e') =1 for each | € N (thus 1(e) = 00). If n =3, then for each integer
s > 3 we can choose e such that moreover we have deg(e) = s.

Proof. We can assume that n = 3 by Lemma - .Letae K be 1 1f char(K) =0
and be transcendental over F, if char(K) = p. The rule (z,y) :cy, ﬁ— 1))
defines an element d € Dy(K) \ QF,(K) which is birational (cf. Exam 6.11)(1)).
As (14,(8,a)) holds for each 3 € K*, we have (d) = oo by Lemma I . Let Y be
the plane in A% defined by the equation z3 = 0 and let C be its curve defined by
the equations xo — a = 3 = 0. We have I'y x {0} = C'\ {(0,,0)} =2 AL \ {0}.

For (m, f,g) € N* x (K[z1,22,23] \ {0})? let €, 1y € End3(K) be defined by
the triple

(2122 + gz3(9 — T122 + 1), @923 — 1) (fs — 22) + a0, 25 (gas — 1)).

It extends d as e, f4(2,y,0) = (zy,a(y + 1),0). We have e;n}fyg(Y) =YUZz,
where Z is the surface defined by the equation gzs = 1. As e, f,4(Z) C C, we get

that if there exists Q € C(K) \ [{(0,«,0)} U emyf’g(Z)], then condition (fe,, ;,.Q)
holds and thus ¢(enm, f,4) = 00 by Lemma ||

Let P :=(1,c,0) and g := zozd. For each (m f) € N* x K[z1,z2,23] we have
Em,ﬁg(Z(K)) = {€m7fag(7757Q71a5)|(73 5) € K x K*}

={(67'+1,0,0)[0 € K*} = C(K) \ {P}.

We take either f = (o + 1)xo — azows with m > 1 or f = 1 with m > 2; for
€= € foapal WE show that we have

(15) C\[{(0,0,0)} Ue(Z)] = {P} =Te.
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We already know that the first identity of Equation (@) holds. To show that the
second identity of Equation (@) holds, let (3, av,d) € K% x K* and we consider
the system of equations (without the non-zero factor « of the second equation)

zy+yz2 T (y2l—zy+1)—B = (2" 1) (f(y, 2)z—y) +1—y = 2™ (y2T' =1)=6 = 0.

The third equation gives y = %. Based on this, the first equation gives xy =

B—yz"T (yz9+1)
1—yzett

K[z] we get by substituting y = 527 in (y29+! — 1)(f(y,2)2z —y) + 1 — v and
clearing the denominators. If f = (a+1)ze —axoxs with m > 1, then f(y,z)z—y =
(a+1)yz —ayz? —y = —y(z — 1)(az — 1) and

h(z) = (1 — 7)) 22t _ 5™ 4 §) (2 — 1)(az — 1).

. Moreover, z must be a root of the polynomial h(z) = hy, 1..6(2) €

If f =1 with m > 2 then h(z) = @22"”‘1“ — ZMTAaT2 oMy,

We show that the assumption that all roots of h(z) = 0 are m-th root of —9
leads to a contradiction. We can assume that there exists zgp € K such that h(z) =
0 =2zy"+ 0. Clearly, 2 # 0.

If f = (a+1)zy — azsxs with m > 1, then h(z) = (y — 1)z2" T = 0
implies 1 — v = 0 and hence h(z) = §(z™ 4+ §)(z — 1)(az — 1). Tt follows that
§4+1=0+a ™ =0, hence o = —1, a contradiction.

If f =1 with m > 2, then we can assume that v, := (Vgl) # 0. It follows
that '7162zg+1 + 5z8+2 = 0 and hence, as 2pd # 0, we have 29 = —v6. As m > 2,
we have 2m + ¢+ 1 > m + g + 2, hence h(z) has degree 2m + ¢ + 1. Thus
h(z) = —y1(z + 116)?™ T4t as 2y is the only possible root. By identifying the
coefficient of z, as m > 2 we get that 0 = (2m + ¢ + 1)72"T7H1§2m+4¢ hence
char(K) = p with p dividing 2m 4 g + 1. So all positive exponents of powers of
z that show up in h(z) with non-zero coefficients are divisible by p, i.e., p divides
also m and m + q + 2, a contradiction.

For a root of h(z) which is not an m-th root of —d, we have y # 0 and thus we
can solve for x and hence the system is consistent. From this and the descriptions
of T'q and ey, 7,4(Z(K)) = e(Z(K)) we get that the second identity of Equation
(IL) also holds. Note that it follows that Z is a trap of e of dimension 2.

If f = (a+1)ze —azoxws with m > 1, then for v = 1—9, the resulting polynomial
h(z) = §[z2mtatl — (2™ + §)(z — 1)(az — 1)] is separable of degree 2m + q + 1 for
all 0s outside a finite set, hence deg(e) = 2m + g + 1; for each integer s > 3, there
exist integers m > 1 and ¢ > 0 such that s = 2m + ¢ + 1.

Similarly, if f = 1 with m > 2, then for v = § + 1 the resulting polynomial
h(z) = z2mtatl . pmtat2 4 »m 4§ is separable of degree 2m + ¢ + 1 for all ds
outside a finite set, hence deg(e) = 2m + ¢ + 1; for each integer s > 5, there exist
integers m > 2 and ¢ > 0 such that s =2m + ¢+ 1.

As 1(e) = oo, the sequenceégp(el))leN is strictly increasing. As p(e) = 1 by
Equation (@), from Lemma B.2(2) we get that p(e!) < I. From the last two
sentences we get that ¢(e!) = [ for each [ € N. O

Proposition shows that Theorem (resp. Corollary ) is optimal, i.e.,

it does not hold in general for endomorphisms that are not quasi-finite (resp. not
defined over finite fields) in dimensions at least 3. In order to supplement Corollary
m for dimensions at most 2, we first prove the following general lemma.
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Lemma 16.14. Let e: X — X be an endomorphism of a variety over K with the
property that there exists P € X (K) such that (fe,p) holds. For (q,r) € N x N*
with g < r, let Yy, be the Zariski closure in X of the sequence (e‘”‘”(P))DO and
let Y, := Utyenr(y,,) dim(y)>0}Y - Then the following properties hold.

(1) The generic points of the irreducible components of Y, are permuted tran-
sitively by e” (hence Y. is equidimensional).

(2) There exists no n € N such that e™(P) belongs to two or more irreducible
components of Y,

(3) The number |Irr(Y,.)| does not depend on q € [[0,r — 1]].
(4) The number dim(Y,,.) does not depend on (q,7) € N x N* with ¢ < r.
(5) Each Y, is a union of irreducible components of Y.

6) If Z € Irr(Y,,) contains the sequence (e9" (P))._ , then Z is the Zariski
0,1 i>0

closure of this sequence.

(7) Let Z € Irr(Yy ;) and s € N* be such that e*(Z) C Z. Then the endomor-
phism d : Z — Z induced by e€® is dominant and generically radicial. Moreover,
there exists m € N such that ™ (P) € Z, condition (§4..mp)y) holds and the orbit
{d'(e™(P))|i € N} is Zariski dense in Z.

Proof. As e”(Yy, r) U {e?(P)} is Zariski dense in Y, ,, e induces a dominant en-
domorphism of Y~ and thus (see Remark [16.7) it permutes the generic points of
varieeties in Irr(Y:] o). Let Zy,Z> € Ire(1,,) Wlth Zy # Zy. For i € {1,2} let
m; € ¢+ rN be such that e™i(P) € Z;. We can assume that my < mo and that
e™2(P) does not lie in any other irreducible component of Y, different from Z».
So, as r divides mg — my, €2~ ™ (Z;) must be Z; and part (1) holds. Due to the
transitivity property of part (1), Z; is uniquely determined by m; and thus part
(2) follows by taking m; = n.

As Y. is equidimensional of some dimension [ € N*, from part (1) it follows that
for each Z € Irr(Y;,.), the Zariski closure of every e’(Z) with i € N is of dimension
I. Thus, as Y, , is the Zariski closure of e?(Yp ) and Yy 1 = U;;(l)ij,«, parts (3) to
(5) hold. Part (6) follows from part (4).

If m € N is the smallest such that e™(P) € Z, then (figem(py) holds as (e, p)
holds. For j € N* such that js > m, the sequence (em+jSi(P))i>O
of the orbit {d'(e™(P))|i € N}; thus from part (6) it follows that this orbit is
Zariski dense in Z. Let V be an open dense subvariety of Z such that dy :=
dxz1ly : e (V) — V is finite. By shrinking V' we can assume that dy is finite
flat of degree o € N with (see [Gro4], Cor. (9.7.9)) all geometric fibers of the same
cardinality osep € [[1,0]]. As V N {d'(e™(P))|i € N*} # 0 by the Zariski density of
the mentioned orbit, we have oscp = 1 by (§g,em(py). Thus dy is finite radicial; so
d is dominant and generically radicial. (I

is a subsequence

Proposition 16.15. Let e : X — X be an endomorphism of a variety over K of
dimension at most 2. If T, is finite, then t(e) € N.

Proof. We show that the assumption that ¢(e) = oo leads to a contradiction. We
can assume that there exists P € X (K) such that (4 p) holds by Lemma 16.5.
Let Yy ; be the closed subvariety of X obtained from P as in Lemma , it is
equldlmensmnal of dimension 1 or 2 and its irreducible components are permuted
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transitively by e by Lemma (1) Thus, if dim(Yj ;) = 1 then the endomorphism
of Yy induced by e is dominant hence quasi-finite, so (f¢,p) does not hold by
Theorem and Lemma [16.5, a contradiction.d Thus dim(Yy ;) = 2.

By replacing e with a power of it, we can assume that there exists Z € Irr(Y(fl) C
Irr(X) (so dim(Z) = 2) such that the endomorphism ez : Z — Z induced by e is
dominant and generically radicial, (f, .= (p)) holds for some m € N, and the orbit
{e};(e™(P))|i € N} is Zariski dense in Z (see Lemma (7))

Let W = Uzrcne(x)\{2}Z N Z'; we have e(W) C W by Remark and hence
the mentioned Zariski density gives that e}, (e™(P)) ¢ W for all i € N. If Q; €
(Z\W)(K) is e(Qo) for some Qo € X (K), then either Qo € (Z \ W)(K) or Q) is
one of the finitely many isolated points of X. Thus there exists a finite set Wy of
K-valued points of Z\W such that [Z\(WUW})] C Im(ez). Let Y C [Z\(WUW)]
be a dense open subset such that the morphism e,*(Y) — Y induced by ez (or e)
is finite radicial. Clearly, e,,'(Y) C Z\ W.

By counting points over finite fields (i.e., by considering a model eg of e over a
finitely generated Z-subalgebra of K and by reducing it modulo a maximal ideal
that has finite residue field) we see that the number of 1-dimensional irreducible
components of (Z\W)\ e, (Y) is equal to the number of 1-dimensional irreducible
components of (Z\ W)\ Y. But the generic points of irreducible components of
(Z\W)\Y lie in the image of ez. As e,*(Y) C e, (Z\W) C Z\ W, by counting
curves we see that (Z\W)\e,"(Z\W) has no 1-dimensional irreducible component
and no 1-dimensional irreducible component of e,,*(Z\ W)\ e,'(Y) is contracted.
In particular, the morphism d : e;'(Z \ W) — Z \ W induced by e is quasi-finite.

Let YV : Z" — Z be the normalization of Z and let ezn : Z® — Z™ be the
endomorphism induced by e. Let Wy := Y~1(W). Let Wa be the union of 1-
dimensional irreducible components of Wj. Let  := Z™\ Wy; the open embedding
Q — Z" is affine by Nagata Theorem (see [H1], Cor. 3.3). Thus e,1(Q) — Z" is
affine, so the complement Z™ \ e, () is purely of codimension 1 (see [SGA2], Exp.
V, Ex. 3.4). But by the above part we get that ezn sends Y~1(Z \ W) to itself
except for finitely many /K -valued points. So Z™\ e (£2) does not meet Y~1(Z\W),
hence does not meet ) which is obtained by adding the isolated points of Wj. Thus
ezn restricts to an endomorphism eq : €2 — Q) which is quasi-finite as, up to finitely
many points, it is the normalization of d.

Let Q € Q(K) that lifts e™(P). As (8¢, em(p)) holds, (be,.@) holds and hence
t(eq) = oo by Lemma 16.5, which contradicts Theorem [16.§. O

For a normal (possibly not connected) variety X over K, let px € N be the rank
of the Néron—Severi group NS(X) of X (e.g., see [Kah], Thm. 3 for the classical
result that NS(X) is finitely generated). If [ is a prime different from char(K), then
the Kummer sequence in the étale topos of X gives an injective homomorphism
NS(X)/I™NS(X) — H?*(Reg(X), wm) for all m € N, hence the homomorphism
1z * NS(X) 2 Q1 — H?(Reg(X),Qi(1)) = H?(Reg(X), Q) is injective L3

HMFor an alternative proof see Example of Section @

15The Kummer sequence applies as the group Pic (Reg(X))a of divisor classes algebraically
equivalent to zero is divisible. If X is projective, this group is in bijection to the group of K-
valued points of the dual of the Albanese variety Alb(X) of X (see [Lang-S1], Ch. VI, Sect. 1, Thm.
1; one verifies that the proofs in the projective case give in general a surjection Piv:(Alb(X))a —

Pic (Reg(X))a).
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The following supplement to Theorem also generalizes Lemma @(2)

Theorem 16.16. Let X be a non-empty variety X over K. Fori € {0,1} let r;(X)
be the number of irreducible components of X of dimension dim(X)—i. LetY be the
normalization of the union of irreducible components of X of dimension dim(X).
Let N(X) :=719(X) +r1(X) + p(Y) — 1. Then for each quasi-finite endomorphism
e: X = X and integer i > N(X) we have dim(Im(e’) \ Im(e™!)) < dim(X) — 2.

Proof. There exists iy € [[0,ro(X) — 1]] such that the number of irreducible compo-
nents of dimension dim(X) of the Zariski closure X, of e®°*7(X) in X is independent
on j € N by Remark [16.7. Similarly, there exists i; € [[0,71(X)]] such that the
number of irreducible components of dimension dim(X) — 1 of the Zariski closure
X1 of et ti(X) in Z is independent of j € N. For i € {0,1} let Y; be the nor-
malization of the union of irreducible components of X; of dimension dim(X) — 4.
It follows that e induces endomorphisms eg : Yo — Ypand ey : Y7 — Y1, AsYyisa
clopen of Y, we have py, < py. To end the proof, by replacing e by ey, it suffices to
show that if X is normal and equidimensional, then for each quasi-finite endomor-
phism e : X — X, the assumption that there exists » € N such that r > px and
dim(Im(e") \ Im(e"*!)) > dim(X) — 1 leads to a contradiction. This assumption
implies that there exists a quasi-finite morphism ¢ : X — X \ (Ul_,Y;), where
Y1,...,Y, are distinct irreducible closed subvarieties of X of dimension dim(X) —1
(say the one induced by e”, with Y; C Im(e’~!) \ Im(e?)). Let

Q= X\ [(Sing(X) U, Sing(¥:)) | J(Ur<i<j<r Vi N Y))];

it is an open subvariety of Reg(X) whose codimension in X is at least 2.
Let V :=Q\ (U/_,Y;). We have an exact complex

0 =@ Hy (2, Q) = H'(Q,Q) » H'(V,Q)

— @7 HE 10(2,Q) L5 H? (Reg(X), Q)
in the étale cohomology with Q;-coefficients; the last exactness follows from the
injectivity of tgeg(x), 2v and of the pullback homomorphism ¢* : NS(V) —
NS(¢~H(V) NReg(X)) = NS(Reg(X)).
As r > px, the divisor classes of the Y;s with ¢ € [[i,r]] are dependent over

Q. _hence from the compatibility of cycle classes with algebraic equivalence (see
[SGA4.5], Cycle, Rm. 2.3.10) it follows that Ker(¢*) # 0. Thus

(16) dimg, (H*(V,Q;)) > dimg, (H"(2,Q;)) = dimg, (H' (Reg(X),Q;))

with the equality by the purity of branch loci (see [SGA2], Exp. X, Thm. 3.4 (i)).
Let j : W — V be an open embedding such that ¢ is finite over W. The functorial
homomorphism ¢* : H'(W,Q;) — H(¢~'(W),Q;) is injective as it has a left
inverse which is deg(¢) ™! times the trace map H* (¢~ (W), Q;) — H*(W,Q;) (see
[SGA4-3], Exp. XVII, Thm. 6.2.3 and Ex. 6.2.6). The restriction homomorphism
HY(V,Q;) — HY(W,Q,) is injective as for finite coefficients A we have A = j,(A).
From the last two sentences we get that the composite of ¢* : HY(V,Q;) —
H'(¢=*(V),Q;) with the restriction H* (¢~ (V),Q;) — H'(¢~*(W), Q) is injec-
tive, hence ¢* : H*(V,Q;) — H* (qﬁ’l(V), Ql) itself is injective. Also, the restriction
HY(¢71(V), Q) — H* (¢~ (V)NReg(X), Q) = H"(Reg(X), Q) is injective. From
the last two sentences we get that Inequality (@) is false, a contradiction. [
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Remark 16.17. Let X, be the perfection of a variety X over k and we consider
an endomorphism e : Xperp — Xpers With finite fibers. Then the proof of Theorem
applies to give that ¢(e) € N and the proof of Theorem m applies to give
that for every integer i > N(X) we have dim(Im(e?) \ Im(e™!)) < dim(X) — 2. If
Froby : Speck — Speck is the Frobenius automorphism, then there exists m € Z
such that e is defined by a quasi-finite morphism X — (Frob;")*(X). If dim(X) < 2
and d : Xperg = Xperr is an endomorphism such that I'y is finite, then the proof of
Proposition @ applies to give that ¢(d) € N; there exists [ € Z such that d is
defined by a morphism d; : X — (Frobk)*(X) with (Frob})*(X) \ Im(d;) finite.

17. ON THE GAP INVARIANTS FOR n = 2

To compute the set {¢(e)|e € EEa(k), ¥, is non-regular} we apply in the context
of Example the following result which is in contrast to the n = 1 case where
only the strong 2-transitivity holds.

Proposition 17.1. Assume that n > 2. Let m € N* and let K be a field with
K| > W +1. If P,..., P, and Q1,...,Q., are two sequences of m distinct
points of Al ((K) and Al ((K) (respectively), then there exists a tame automorphism
a = e(fi, .., fn) € GAL(K) such that for all i € [[1,m]] we have a(P;) = Q;,
7(f1,. ., fu) < max{1, (m — 1)?} and n(Fy,...,F,) < max{1,(m — 1)%}, where
at=e(F,...,F,).

Proof. As |K| > W + 1, a vector space over K of dimension n — 1 is not

the union of at most Z2=1 affine subsets of dimension n — 2. Hence there exist

(a1y...yap),(B1,...,0n) € K™ such that a; = f2 = 1 and for the tame auto-

morphisms a; := e(Y i, ®T;, Ta,...,Ty) and ag = e(z1, Y ey Bi%is T3,y Tn),
by defining (a1, ..., ) = a1(P;) and (Bi1, ..., Bin) = a2(Q;) for i € [[1,m]],
Q11,..., Q1 and Bio,...,Bme are two sequences of m distinct elements of .
As |K| > m, there exist tame automorphisms by := 6(1?1,$2 —ga(x1), ...y —
gn(21)) and by := e(x1 — hi(22), T2, 23 — hs(22), ..., Tn — hy(x2)) defined by La-
grange interpolating polynomials ga, ..., gn, h1, ks, ..., h, € Klz] of degree at most

m — 1 such that for all ¢ € [[1,m]] we have by(a;1,Bi2,0,...,0) = a1(P;) and
ba(ai1, Bi2,0,...,0) = a2(Q;). Taking a := a;lbgbflal, soa ! = a;lblbglag, the
proposition holds. O

In Proposition , the existence of a over infinite fields is well-known (e.g., [S1],
Thm. 2), so the only new things it brings are the estimates given by inequalities.

Definition 17.2. Let n,q € N with n > 2. By the affine space of dimension n
punctured in q points over K we mean the quasi-affine smooth variety By ;- over K
obtained from A%, by removing q distinct K -valued points.

Proposition implies that, as the notation suggests, the isomorphism class of
B  over K depends only on n > 2 and ¢q. We have B ;- = A

Example 17.3. Let e € QF,(K) be such that ¢(e) > 0 and ¢. = 1. So the
& :={P € k?||le"L(P)| = 1} is non-empty. We assume that € is infinite. E.g., if e

is as in Example we have £ D K* x {a € K|f(a) =0}, if K =k and e is as
in Example @ with s > 1 we have £ = {ay,...,as} x k*, and if K =k and e is
as in Example [14.1 we have £ 5 {0} x (k\I%,, ).

P, m,q
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Let ' :=T.. Let (I,s) € [[0, |T'|]]] x N*. Let Ty be a subset of T" with |Tg| = I. Let
Iy :=T\Ty; we have [Ig| = ( ) — 1. Let a; s € GA2(K) be such that by defining
dis = eays € QFy(K) and T'; := dlé i 1 and [ = d (T ) for i € [[1,s]],
for each i € [[0,s — 1]] we have ars(T;) 5 NA\T and a;5(TF) Ne (&) = 0;
the existence of a; s follows from Proposmon applied to sp(e) points. We have
disjoint unions LI?_T"; and LI? OI‘J- with (s+1) l and (s+ 1)[p(e) — 1] (respectively)
elements. We have I C Im(d] ,) \Im(dl,t,l) for each ¢ € [[1,s]] as dlfnl@(lﬁj) =T,
for j € [[0,4]] implies that dl_,s_ (Ty) = d;sl(Fo) = (). Thus, with Notation
applied to d;s(K) : K?* — K? but using only d; s instead of d; s(K), we have
Eildis) C U;‘-:ld{;s(F) by Lemma @(4), so E(dy,s) € Ui_) (T;UT5). It follows that
El(dys) = U5_ T for each i € [[1,5]]. Thus gq4,, > Is, &4, , > 5, and ¢(dy,s) > s+ 1
but ¢(d; s) = p(e) and deg(d;,s) = deg(e) do not depend on either [ or s.

Directly from Example we get the following result.

Corollary 17.4. For each r € N* the sets {.(e)|e € EEa(k), p(e) = 7, 1. is étale},
{u(e)le € EEa(k), p(e) = 7,1, is non-étale} and {c(e)|le € QF4(K),p(e) = r} are
infinite.

Example 17.5. We refer to e € EE3(k) of Example ; hence p(e) = mqg — 1,
I. ={(0,8)8 €I ,,,} and the set B := {P € k*|e"!((e(P)) = {P}} is equal to
{(=(+ (=1)mpma=1)=9, 84 (~1)"p™7)[8 € k\ T, 4}. We apply Example [17.3
with [ € [[0,mg—1]] and s € N*; e.g., as F(e) = {0,1,mg—1},if mg > land s =1,
a;,1 € GAy(k) is subject to the only constraint that for I'g := {P € I'c|a;1(P) € B}
we have [[o| = 1. If P € &1(dy5) \ EL(dys) C dps(To) \ T, then P € I'{ is such that
e~1(P) is contained in I'\ Ty = I'g; as |Tg| = mg — 1 — 1 and F(d; ) = Fle) =
{0,1,mg — 1}, such a point P can exist only when [ = 0 and if it exists it is unique.
Thus for [ € [[1,mq —1]], the set & (d;s) = £ (di,s) = 'y has | elements. Moreover,

(17) o(d},) = (dis) +1 and (d;) > 2

by Lemma @(3) Based on Proposition applied to mg—1 points and Example
14.1), we can choose a;; such that we have

7(g1, 92) < max{mq + max{(mq — 1)g,m}, (mq — 2)*[mq + max{(mq — 1)q, m}]}.

We have @(d},, ) = 2¢(dmg-1,s). If mq = p” with r € N*, then I, g = Fpr;
thus for I € [[1,mq — 1]], a;.s is not defined over F,r

Theorem 17.6. We have identities {¢(e)|e € EEa(k), ¥ is non-étale} = N and
{p(e)|e € Do(K)\ QF5(K) defined over the prime field of K, v(e) € N} = NU{oo}.

Proof. Let r € N. To show that there exists e, € EEy(k) such that (e,) = r,
in order to compute the geometric degrees and estimate the algebraic degrees,
we consider four disjoint cases as follows. In all cases e, are composites of étale
endomorphisms among which at least one has a Jacobian surface which is non-étale
based on Theorem P.4(3) and hence 1), is automatically non-étale.

Case 1: r = 0. We take e to be a composite c¢d with d non-étale with deg(d) =
p, o(d) = p—1, and 7w(d) < 2p if p > 2 and with deg(d) = 4, p(d) = 3, and
m(d) < 8if p =2 (see Theorem P.4(3)) and with ¢ a finite étale endomorphism with
deg(c) = p and w(c) < p if p > 2 and with deg(c) = 4 and 7(c) <4 if p=2. As
o(d) < deg(c), eg = cd is surjective, i.e., p(eg) = 0.
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Case 2: r = po— 1 with o € N* and (p,0) # (2,1). We take e, to be the e
of Example with m = po and ¢ = 1, thus deg(e,) = mq = po, ¢(e,) = r, and
m(er) < 2mgq = 2po.

Case 3: po—1<r <p(o+1)—1 with o € N*. We take e, to be d%fpoﬂ’s of
Example ﬁ applied to m = po and ¢ = 1; as r — po + 1 € [[1,mgq — 1]] we have

(P(er) = (P(drfpo+1,s) +r—po+1l=r, deg(er) = dEg(drfpo+1,s)2 = (mQ)2 = p2027
and when s = 1 we have 7(e,.) < max{4p®0?,4p?0?(po — 2)*}.

Case 4: 7 € [[1,p—2]] or (p,r) = (2,1). Let ey € EEs(k) be such that
o(epr) = pr (see Case 3 with o = r); we have relations deg(e,.) = (pr)? and
m(epr) < max{dp?r?, 4p*r?(pr — 2)*}. Based on Proposition , let a € GAs(k)
be such that the set I'ye,, is Fp x I with I, a subset of k that has r elements.
If e, is the composite of ae,, : A} ; — A} with the finite étale endomorphism
A}, — AZ, which is identified naturally with the quotient epimorphism G , —
G2, /(F, x 0) = G2, then I'., = {0} x I, hence ¢(e,) = r; we have relations
deg(e,) = pdeg(epr) = p*r? and 7(e,) < max{4p®r? 4p*r?(pr — 2)*}. Asg., —1>
p—12>r, we have t(e;) = 1 by Example .

All endomorphisms of this paragraph are defined over the prime field of K. The
rule (z,y) — (2y,y) (resp. (x,y) — (zy,y+1)) defines e € Dy(K) \ QF5(K) with
mlex) =2, plex) = oo and t(ex) =1 (resp. and t(ex) equal to oo if char(K) =0
by Example (1) and equal to p if char(K) = p). The rule (z,y) — (zy,y> +y)
defines dg € D2(K) \ QF4(K) with ¢(dx) = t(dx) = 0 and 7(dg) = 2. If r € N*,
let e, x € QF,(K) be such that (e, k) < 2¢+ 1 and p(e, k) = r (see_Example
); we have p(e, xkdx) = 7, w(e, kdg) < 4q + 2, and Corollary m gives
t(er, kdk) € N* provided char(K) = p. If char(K) = 0, then for a finite surjective
endomorphism ¢ € Endy(K) with ¢, > 2, we have e, xdrxc € Do(K) \ QF4(K) by
Remark p.9, ¢(e, kdxc) = r and (see Example ) t(er kdic) € N. O

We have the following consequence of either Theorem @(2) or Theorem .

Corollary 17.7. Letl,q € N. Then there exist an affine connected smooth surface
Y over Speck that has an open subvariety isomorphic to A2 and that is equipped
with an étale endomorphism d :' Y — Y whose complement Y \ d(Y) is a disjoint
union of | copies of Al and of q points.

Proof. We can assume [ > 1 by either Theorem @(2) or Theorem . Let
e € EEs(k) be such that ¢(e) = ¢ and deg(e) > p. Let m € N* be such that
pm —1 > 1. Let (f,g) == (™! —1,1) € @,ﬁ)m. We take Y to be an open
subvariety of S?, g5 Which is the union of Im(uf,4x) and of I connected components
of D} ;. (see Section E; [rr(D} , )| = pm —1). Let oy : Y — S7 , be the open
embedding and let 1745y : A2 — Y be the factorization of v 4 x; as cf,g.k 0 25,9k
is surjective, so is ¢y g1 0 7y. Then the endomorphism

d:=17gryoeocsgroty Y =Y

is étale and Y \ d(Y) =Y \ Im(sf,4) UT, is a disjoint union of { copies of A}, and
of g points; we have deg(d) = pmdeg(e) > p(l + 1). For deg(e) = p (see Theorem
(2) for ¢ > 1) and m := V*Tl] we get the smallest value deg(e) = p2[l+71]. O

Corollary 17.8. For each (m,q) € N2, with the notation of Definition the
following properties hold.
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(1) There exists a surjective étale morphism dp g : BZ, ;. — By . which extends
(or which does not extend) to a finite étale cover of B .

(2) There exists a surjective quasi-finite morphism d, 4 : IB%E,LK — IB%;K.

Proof. The existence of dy 4 in part (1) follows from Theorem 2) in case we want
it to extend to a finite étale cover of IB%(QL . and from Theorem m in case we do not
want it to extend to a finite étale cover of IB%; x- The existence of dy 4 in part (2)
follows from Example . If ¢ > 0, then dj 4 is generically étale and non-birational.
For part (1) (resp. (2)), we choose dg o to be étale (resp. generically étale) and finite
non-birational. Hence there exists an infinite number of points P € Bg’k(k) (resp.
P € B? . (K)) such that |d0_7(11 (P)| > 2; by removing from each one of m such distinct
fibers one point, dy 4 restricts to a surjective morphism d,, 4 : I[B?mk — Bﬁ,k (resp.
dim.q : BE,  — B2 i) which is étale (resp. quasi-finite). O

18. PROOF OF COROLLARY @

Proof of Corollary @ Based on Lemma (2)7 to prove Corollary we can
assume that n = [+ 2. Let d € EEo(k) be such that ¢(d) = g by Theorem P.4(2) or

Theorem and let (g1, g2) € k[x1,22)? define d. Let (s, s2) € (N*)? be such that

ps1 > deg(g1) and psy > deg(gz). We write X = Spec (k[zs, ..., 2]/ (f1,.--, fm)),
with m € N and (f1,..., fm) a radical ideal of k[xs,...,2,]. Then the n-tuple

(gl + Z‘CE?(&—H_I)JCZ';QQ =+ ng(32+z_1)fi7x3a s 7xn) € k[xla cee axn]n
i=1 i=1
defines an endomorphism e € EE, (k) that induces the endomorphism d x 1x on
Ai Xspeck X and an étale endomorphism dp X 1p on Ai Xspeck P for each P €
[Spec (k[zs, ..., x,]) \ X](k) which is finite (hence surjective) by Fact (2) Thus
we have T'.i = Ty x X for every i € N*. Hence t(e) = ¢(d) and thus ¢(e) € N by
Theorem . Corollary @ holds by taking ¢; := ¢(d*) for each i € N* (so ¢; = q).

Newxt we use the proof of Corollary @ in a way that relates to the traps of
Example [16.11 in order to show that there exists e € QF5(K) such that ¢(e) € N
and I'} is infinite (cf. Lemma L1(6)).

Example 18.1. Assume K is not an algebraic closure of a finite field. Let o € K*
of infinite multiplicative order. If char(K) = 0 (resp. char(K) = p) let e € QF,(K)
(resp. ¢ € EE3(K)) be such that ¢(e) > 0. Let (g1,92) € k[r1,22]? define e
and let (s1,s2) € (N*)2 (resp. (s1,52) € p(N*)?) be such that s; > deg(g1) and
s9 > deg(gz2). Then the triple (91 + (zg — 1)ai*, g2 + (x5 — 1)x§27ax3) defines a
d € QF4(K) (resp. d € EE3(k)) such that ¢(d) = ¢(e), T'q is the finite set ', x {1}
with 't = U;end’(['y) infinite, and ¢(d) € N by either Theorem or Lemma
@(10) as it is easy to see that the set {P € I'J||d~1(P)| = 1} is finite. If p(e) =1,
then d induces a bijection I't — T'7 \ T'y.

Lemma (2) increases geometric and algebraic degrees considerably as n
grows: e.g., if p > 3 and e € EEy(k) is as in Example with deg(e) = pm
and deg(g) = 1 (hence s = 1), then for d € EE3(k) as in the proof of Lemma
(2) we have deg(d) > 5p*m and for a dy € EE4(k) obtained from d as in the
proof of Lemma @(2) we have deg(dy) > 2p3(5m + 1). We include an example

16r¢ char(K) = 0, then we can also take the triple (g1 +z3z]t, g2 + 3252, T3 + 1) to define d.
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that starts from two cases of Example , that pertain to Corollary @ with [ =1
and with either ¢ = p?> — p and e € BEy(k) or ¢ = p — 1 and e € EEy(k), and
that for n > 3 involve smaller geometric and algebraic degrees than what Lemma
(2) would give when 7 increases.

Example 18.2. Assume n > 3. Let e € BE, (k) be defined by the n-tuple

2 2-1 2 4p(i—a
(z1 — af xg(p ),xg—x’fxg —af w3 —af — Zmp prAp(i=4) T4, T5y ..., Ty
in ksz1,...,2n]" (cf. Example applied to m = ¢ =p and I, , , = F,2). For
a = (aq,...,0p) € k™, the number s(a) of solutions of the F3-system
2 2
ap—af 2B Y ) = gy —a? :v2 —ah—ag =x3—af — Zmp PP
i=4

equals the number of solutions of the Fj,-system obtained by adding to the Fj-
system the n — 3 equations z; — «; = 0 indexed by i € [[4,n]].
Case 1: there exists i € {4,...,n} such that a; # 0. Then the equation

xg —ah — E app+p ) =0

has at least p? dlstlnct zeros, hence it has a zero 8 such that P 4+ aq ¢ F* 52+ From
this and Example apphed as mentioned we get that s(a) > 0.

Case 2: a4y = a5 = = a,, = 0. If B € k is a zero of the equation x5 —2f —a3 =
O then {8 +ili € Fp} is the solution set of this equation. From this and Example
cas B+ ag €Fpe \Fp < {BP+iP + gt €Fp} C I, =F72 we get that

s(a) =0« [y =—1 and P +a € Fp2 \ Fpl.

Based on the two cases we get a disjoint union decomposition

T, = ua@ppz\Fp{(—l, —tP + o, —t? +¢,0,0,...,0)|t € k}

into p? — p curves isomorphic to A}.
If d € EE, (k) is defined by
bab=1 2y — aPab — x5, 23 72:17 xp(z 3) (T4, T, .., Tp) € KTy, @)
i=4

(xlfzv

cf. Example appliedtom =p,¢q=1and I, ,; =F,), then a similar argument
., P g
gives a disjoint union decomposition

I'y= I—'(XE]F;{(_17 —t+a,t,0,0,.. .,0)|t S k}

into p — 1 curves isomorphic to A,lﬂ.

19. PROOF OF THEOREM @

For ¢ € N*, we denote by Fj. all functorial endomorphisms of linear algebraic
group over Spec Fjqs which for GL,, r s is defined by the rule that maps each matrix
into the matrix whose entries are raised to the p?-th power. For Lang torsors we
refer to [Bore2], Ch. V, Thm. 16.3 and Cor. 16.4.

The Lang torsor for SLy ;, over SpecF,q is a morphism

L: SLQJC’S = SLQ’k — SLQ,kvt = SLQ,k
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defined by the following rule

w x w T w ]\ 7" wz?" — xy?" —wa?" + zw?”

P P B () B P et

Yy z Yy oz Yy z Yz Y yxt + zw
on valued points; so £ is a right SLg(F,q)-torsor under the right translation action
of SLy(F,q) on SLg i ¢ (cf. [Bore2], Ch. V, Cor. 16.4).

Let x € {+,—}. Let B* be the Borel subgroup scheme of SLs of 2 x 2 matrices of
determinant 1 that are upper triangular if x = 4+ and are lower triangular if x = —;
we have a short exact sequence 1 — U* - B* — G,,, — 1 of group schemes over
SpecZ, where U* = (g, is the unipotent radical of B*.

The product morphism

LT3 T + — ~ A3
T: Uk = Uk XSpeck Uk XSpeck Uk = Ak — SLg,k7t

is defined by the k-algebra homomorphism 77 : ki[w, z, z, v~ — k[z1, 22, 23] that
maps w, z, y and z to 1 + xoxs, T9, 1 + 3 + T12223 and 1 + x1x9 (respectively).
Thus 7T is birational; more precisely, it induces an isomorphism

(18) U2\ Dy = Spec (k[z1, 2o, 23,25 ']) = SLy s+ \ B, = Spec (k¢[w, =, z,271)),

where D := U~ Xspecz ly+ Xspecz U~ with 1+ as the identity element subgroup
scheme of UT. Hence Dj = ’T*I(Bk_l) and the pullback 7* on divisor groups
defined by T is bijective.

We view T and L as G, ;-invariant morphisms, the actions of G, ; on U,i’, SLo i ¢
and SLjy s being defined by the identification G, = U, and the respective rules
on valued points

(u, (w1, uz,uz)) = (w-ug,up, ug - Fpo(u) ™), (u,2) = w2 Fpa(u) ™!, (u,2) — u-a.

We consider the cartesian diagram of G, i-varieties

z
X —SLos

i/\/ls l[,
Up —T> 8L 1
which is defined over IFq; so Xi has a canonical model X3 which is a Ga ,o-variety

over SpecFpqa. Moreover, M3 : X3 — U2 is a right SLo(F,«)-torsor. From the rule
defining £ and the description of 7# we get that

Xi = Speck[zl,xg,:cg,w,x,y,z}/(J),

where J is the ideal generated by zoxs — w2z’ + xy?”" — 1, xo + wa?" — zw?”,
T1xox3 + 1 + x3 — yzpq + zypq, 122 + yaqu — zwP" — 1, and wz —yz — 1.
We have a disjoint union decomposition

1 ayq
B} = £7}(By) = LBy
where 71, ..., 7paq1 € SLa(F,q) are representatives of the quotient set
B™(Fpa)\SL2(Fpa).
For each i € [[1,p? + 1]] we have a disjoint union decomposition

By N LT (Dy)) = By N LUy ) = U Uy i
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where w1, ..., wpi—1 € B~ (Fpa) are representatives of the quotient set
U™ (Fpa)\B™ (Fpa).
. a 1 1 0
E.g., if we choose {7i,...,Tpay1} = {[ 10 } la € Fpa} U {[ 0 1 }} and

{w1,...,wpa_1} = {[ g 591 } |8 € Fr.}, it follows that B is the closed sub-

scheme of SLy j, defined by the equation wP"z = waP” and one computes that

Gak\[SL2 ks \ Bi] 22 A7\ [{(0,0)} U{(x1, z2)|(21 : 22) € P! (Fpa)}].

From the last two disjoint union decompositions we get that for each i € [[1, p?+
1]] we have a disjoint union decomposition into irreducible divisors
— — nd — _ _
I7Y(Bym) = W T (UL wym)

that are canonically isomorphic to the fiber product
— A2
D Xqp, vy cuy Us = Ak

Here T|Dy, : Dy, — U, and L|U,  : U, — U, are restrictions of 7 and L (respec-
tively) with codomains replaced by U, and the product morphism 7| Dy, is a trivial
line bundle. From these disjoint union decompositions and canonical isomorphisms
and the existence of the Isomorphism (@), we get that the pullback Z* on divi-
sor groups defined by Z is injective. From this and the identity O(SLg ¢)* = k*
implied by the existence of T, we get that O(X3)* = k*.

As M3 : X3 — U} is a right SLo(F,q)-torsor, by taking quotients through the
p-Sylow subgroup H* := U*(Fpq) of SLa(Fpq), we get a finite étale morphism

(19) Yo* o= X3/ H* — A}

of degree p? — 1 with O(Y*)* = k* and a birational morphism Z/H* : Y3™* —
SLo ks/H*, both defined over F,qs. To show that SLgj s/H* is rational we can
work only with x = — and this case follows from the fact that 7 is H ~-invariant
inducing a birational morphism

Ulg)/Hi = Uk_ XSpeck U;:_ XSpeck (U];/Hi) — SL27k7S/H7;

note that (U, /H™) 2 U, = Gg (see [SGA3-2], Exp. XVII, Props. 2.2 and 4.1.1).
Taking quotients through G* := B*(FF,q ), we similarly get a finite étale morphism

(20) Wt = X3 /G* — A}

of degree p? + 1 with (’)(Wi’*)* = k* and a birational morphism Z/G* : Wi’* —
SLs k.s/G*, both defined over Fpq. To show that WZ’* is rational we can work only
with SLj 1, s /G* and assume that x = +. As the product morphism U, XSpeCk:B]j —
SL, ;, is GT-invariant and an open embedding, it induces an open embedding

Uk_ ><Speck (B;/GJF) — SLQ,k,S/G+'

~

The Lang torsor for Blj over SpeclFps induces an isomorphism B,j JGT B,j =
A} Xspeck Gm g From the last two sentences we get that SLo  s/G™ is birational
to Ai X3peck Gm,k and thus it is rational.
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The morphism M3 and Morphisms (@) and (@) already give Theorem @(1)
for n = 3. To get it for n = 2, we recall that our varieties come with G, y-actions
by which we can quotient and define

Ej, := My (Dy) = Mz (T H(By)) = (T o M3) ! (By) = (Lo I) (B

=T (L7H(By)) = UieluprrpZ ™ (By ) = U jpelnpo+xinpr—L Uy @5mi).
The morphism Z induces an isomorphism

(21) X3 \ Ex, = SLo s \ B
We refer to Ej, and B? as the exceptional divisors.
Let

Ui == Gax\Up 2 UV 2 G2,
where V;! is the connected smooth subgroup of U? defined by the two equations
Fpa(ui)us = ug = [(1) (1)], recall that valued points of U,‘z’ are triples (ug,us,us3)

and G, 1 acts on U, 2 by multiplication by elements of V,!. The quotient morphisms
U — U? and SLa s — Gg . \SLo ks = [A? \ {(0,0)}] are geometric quotients and
principal fiber bundles in the sense of [MFK], Ch. 0, Defs. 0.6 and 0.10.

We have a natural dominant morphism G x\[SL2 s \ Bi] — U? defined by
M3 via the Isomorphism (@) and we define X7 to be the normalization of U?
in the field of fractions of G, ;\[SL2 i s \IB%%] We have a natural finite morphism
M : X3 — U} and O(X?) is the k-subalgebra of O(X3}) of G, ,-invariant functions.
Thus the inclusion between k-subalgebras of G, j-invariant functions induced by 7

O(Ga’k\SLg,k,s) = O(SLgyk’s)G“’k — O(X%) = O(X%)G“'k
defines a birational morphism
(22) My : X} = Spec (O(Gq i \SL2,k,s)) = Spec O(A} \ {(0,0)}) = Af;

more precisely, from Zariski’s Main Theorem we get that Gg j\[SLa ks \ BZ] is an
open subvariety of X2. Thus the natural morphism

(23) X} = Uy xp2 X§

between normal integral finite schemes over U} is birational and therefore it is a
Ggq,k-invariant isomorphism. This implies that the morphism

X} — X3
is a Gq -torsor. As the G, -action on X% commutes_with the right action of
SL>(Fpa), SLa(F,e) acts on X? and the Isomorphism (@) is SLg(F,q )-invariant.
Thus X; — U? is a right SLg(F,q)-torsor and we get morphisms
(24) Yi* = X2/H* — U and W™ :=X2/G* — UZ.
The Isomorphism (@) induces isomorphisms
Yot = U xp Yi* and Wi — U xp2 W

which imply that Yi’* and Wi’* are rational with group of units equal to &* and
that the morphisms
Yi* — Yi* and Wi* — Wi
are Gg ;-torsors.
Theorem @(1) for n = 2 follows from the existence of Morphisms (@) and (@)
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Assume p? = 2. Then SLy(F3) is the symmetric group S3 and it has a normal
cyclic subgroup C5 of order 3 generated by

101
= ]
We choose the ;s such that we have {;|i € [[1, 3]]} = C5. Let
V3 :=X3}/C3 and Vi :=X3/Cs;

they have canonical models V3 and V? (respectively) over SpecFy. Moreover, V3
is a G4 p,-variety. The morphisms Mg and My factor through finite Galois covers

(25) Vi — Ai = Spec (k[z1, 2, z3]) and Vi — Ai

(respectively) of degree 2 and as above we argue that we have an isomorphism Vi —
Up x U2 V? and that V3 — V% is the geometric quotient of the G, y-action on V3. As
C3 permutes the irreducible components of the exceptional divisors, we get that the
image of Ej. in Vi is an irreducible divisor Ji given by the equation x5 = 0; thus x5 is
a prime element of A := O(V%). As Z7Y(Uy) = Uk, Xspeck 1U;r Xspeck Up = Az is an
irreducible component of E;, A/Ax is a polynomial k-algebra in 2 indeterminates.
Moreover, Isomorphism (ﬁ) induces an isomorphism

Spec (4,,) = Vi \Jr = (SLo \Bi)/Cg = Spec (ks|w, z, 2], ) /C5

with v := wz(w + z), where the last identity follows from the facts that B~ is
defined by the equation = 0, B~ 7 is defined by the equation w = 0 and B~ 72
is defined by the equation w + x = 0. The k-automorphism of ks[w, z, 2], defined
1 1
2

by the right translation action of 77! = 7% = 1 0] on SLy i, i.e., by the rule

[Z ﬂ B (1)} — B}I: ;ﬂ, maps w to x +w, x to w, w+x to z, z to y =
(wz—1)x™1, ytoy+z, and y+2 to z. Thus A,, = ks[w, , 2]S? is the normalization
of its k-subalgebra B := ky[w1,ws, t,u, v],, where wy := y? +yz+22, wy = yz(y+2),
t =3 + 2%w + w3, and v := w? + wr + 2% (v and v are Dickson invariants, see
[Di], Sect. 1, Thm.). Let w := w(zx + w)z + x € A,,. The identity

(26) P+t +tv+ 02 =0
implies that we have a k-algebra homomorphism
0w C = k[t,u,v,w]/(u® + 12 + tv +v?) = A,,.

As the left-hand side of Equation (@) is the sum of two relatively prime homoge-
neous polynomials of degrees 3 and 2, Spec C' is an integral rational hypersurface
in A} (see, [Sh], Sect. 3.4, Exc. 5 or [Ram], Probl. 11.115); concretely, the rule
(z1,22,23) = (w1(2? + 2122 + 23), xﬁx% + @122 4 23), 23 + 2122 + 23, 73)) defines
a birational morphism A} — Spec C.1 As C is an integral domain, o, is injective
by reasons of dimension. As we have [k(w,x, z) : Frac(C)] = [k(z,w) : k(t, u,v)],

TLet (m,n) € [N*\ {1}]2. Let f € R := Fpa[z1,...,xs] be an irreducible homogeneous
polynomial of degree m. The hypersurface W := Spec (R[:cn+1}/(xm+1 - f)) in A]}ltl is factorial
p

n+1
by [Bal], Thm. or [Sa2], Ch. 1, Thm. 8.1 with O(W)* = Fy4 and it is regular iff the zero locus
f=0is. As the rule (z1,...,%n) = (z1f,...,znf, f) defines a birational morphism A}y =~ — W
P

which induces an isomorphism between principal opens defined by inverting f and z,+1, W has
the same zeta function as Ag .
P
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[k(w,z,2) : Frac(As,)] = 3, [k(z,w) : k(u,v)] = 6 by [Di], Sect. 1, Thm., and
[k(t,u,v) : k(u,v)] = 2, we conclude that Frac(o,,) is an isomorphism. Thus V3 is
rational. Similar arguments give that the inclusion k[t,u,v], — O(V3),, is bira-
tional and that V? is rational.

Theorem @(2) follows from the existence of Morphisms (@)

Assume p? = 3. The group SLy(F3) has order 24 and a unique normal subgroup
Qs of order 8 (it is the quaternion group). Let V§ := X3 /Qs and Vi := X?/Qs;
they have canonical models V3 and V? (respectively) which are G, p,-varieties over
SpecF3. The morphisms M3 and My factor through finite Galois covers

(27) Vi — A} and Vi — A}
of degree 3 and as above we have an isomorphism Vi — U} xy2 Vi and V§ — Vi
is the geometric quotient of the G, j-action on V3.

Liiroth’s analog theorem for surfaces (see [Za], Sect. 1) applied to the separable
composite morphism B} — U, \SLs — U, \SL2 1/Qs we get that U, \SLs 1/Qs
is rational, hence V% is also rational. As Vi = U} X2 V2, V3 is also rational.

Theorem R.7(3) follows from the existence of Morphisms (R7).

Theorem P.7(4) follows from constructions. Thus Theorem% holds.

Remark 19.1. We can assume that 7y is the identity element of SLo(FF,q). Let
A% := SpecZ. To simplify the notation, let ((y/) be the logarithm of the zeta
function of a variety / over Fpq. If a variety W over k has a well defined (natural)
model / over Fpq, let (W) := ¢(y/). For I € N, let

Cpr 1= C(A,,)-

Based on the mentioned canonical isomorphisms and Isomorphism (@) and their
well defined models over F,q«, we compute

C(X%) = C(XR\ Ex) + C(Ex) = ¢(SLaus \ (By L' By m) + C(Er)
= ((SLaks \ By) = p"C(By) + C(Ex) = C(UE \ D) = p?¢(By) + C(Bx) =
= Gp0 — Capr — P (C2pn — Cipa) + (P7 + 1) (p? — 1) (2 pe
= Gapr + (P = p? = 2)Copn + PIC1pr-

Thus

C(X%) = Copn + (0°! = * = 2)Cps + DTG0 pn.
We compute the zeta function of the canonical model Y~ of Yi’f. As U~ isnormal
in B~, via right translations, we have BTH~ = B~ and U~ w;m1H~ = U~ w;m for
each j € [[1,p?—1]], with U~ vy /H~ = U_/ij_vj_1 ~U~/H-=2U- =2 A2 As
the normalizer of U, (equivalently, of any non-identity element of U~ (k)) in SLo
is B, , H™ acts transitively on the set { B~ 7;|i € [[2,¢+1]]}. Thus the image of the
exceptional divisor B? (resp. E) in SLo ;/H ™ (resp. in Yi’_) is the disjoint union
of 2 (resp. of 2(p?—1)) irreducible divisors isomorphic to By, /H™ 2 A} Xspeck Gk
(resp. to A7) through isomorphisms defined over F,q, and we similarly compute

C(YS’i) = C3,p‘1 - C2,p‘1 - (CQ,p‘I - Cl,p‘l) +2(pq - 1)C2,p‘1 = CB,pq + (2pq - 4)(2,;0‘1 +C1,p‘17

C(Y2’7) = CQ,pq + (2pq — 4)Cg7pq + C07pq.
In particular, if p? = 2, then we have

C(X?) = (oo +2002 and ((Y*7) = (oo + oo
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Based on analogous computations over finite field extensions of Fp« = Fg, neither
X% nor Yi’7 has an open subvariety isomorphic to Ai. [Argument: if Ai is an open
subvariety of either X3 or Y;'~, then we can assume that it is defined over a finite
field, and this would contradict the zeta function computation as the complement
is either empty or of pure codimension 1 by [SGA2], Exp. V, Ex. 3.4.]

Remark 19.2. As B, is defined by the equation x = 0, from Equation (@) and
[Mal], Ch. 7, Thm. 20.2 we get that SLo j is factorial. Thus X3 is factorial iff Z*
is a bijection on divisor groups and hence, based on the Isomorphism (R1)) and the
formulas for the exceptional divisors, iff p? = 2.

For p? = 2, as H* is a 2-group and Xi is factorial, we get that YZ’* is also
factorial; similarly, as there exist no non-trivial homomorphisms Gg ; — Gy, 1 (see
[SGA3-2], Exp. XVIL, Prop. 2.4i)), we get that X3 and Yi’* are factorial. From
this, end of Remark , and [Ru], Thm. 2 and Lem. 1.8, we get that there exists
no separable dominant morphism A? — X7 or A7 — Yi’_. Hence also, there exists
no separable dominant morphisms AkN — Xi or AkN — Yiﬁ with NV > 3 an integer.

Remark 19.3. Assume p? = 2; so —1 = 1. Let t,u,v € kslw,x,z], be the
invariant polynomials that show up in Equation (Rf). Viewing the isomorphism
(T7) Y ¢ Kk[zy, 20, 23]0, — ki[w,z,y, 2]u/(wz + 2y + 1) and the localization with
respect to v of the k-algebra homomorphism L£# : ki[w, z,y, z]/(wx +yz + 1) —

ks|w, x,y, 2]/ (wx+yz+1) that defines L as identifications, then, as zy = zw+1, we

(wz+1)m+zw2+1
v

get that x1, x2, and x3 are equal to , the second Dickson invariant v,

2
’UJ22+ (wz:—l)

and — ! (respectively). Solving for 2 (resp. 2?) in terms of z; (resp. x3), =
-1
and w, we get that z = % and 22 = % From these identities we
2
get that % = x(z2w3+1+27 1), hence (z+z12241)? = zo(voz3+1+27 1)

or £+ (xia3+a3rs+ra+1)a+a2 = 0. Based on this and u = w?+wz+z? = L2422,
the first Dickson invariant is u = 2323 +x323+x2+1. The finite étale covers Y3+ —
A§ and Y>~ — A are defined by the normalization of Fa[x1, 22, 23] in the field
extensions Fo(z1, 7, 73) — Fa(z1, e, x3)[w]/(w? + vw +v) and Fa(z1, 22, 73) —
Fo(z1, 22, 23)[x]/ (23 + uz + v) (respectively). Equation (R€) implies that the finite
Galois cover V3 — A%Q is defined by the normalization of Fy[z1, 22, x3] in the field
extension Fo(x1, 10, 23) — Fo(x1, 0, 23)[t]/(t? + vt + v? + u?). Hence
V? = Spec Py, w2, 23][ty] /(12 +t, + 14 u,)
with u, = % € Falxy, 2, x3] and indeterminate ¢, := %

20. ON FINITE ETALE COVERS OF AFFINE SPACES AND APPLICATIONS

There exist many finite étale morphisms ¢ : X — Ai with X a connected
affine smooth surface over k which either is isomorphic to A7 (e.g., ® :=d x 1 Al
with d € EE;(k)) or does not have an open subvariety isomorphic to A? (e.g.,
k* € O(X)* or is the pullback via a projection A? — A} of a finite étale cover
C — A} with C a non-rational curve). E.g., we have the following general result.

Fact 20.1. Letl € N*. Ifp > 5 (resp. p < 3) we assume thatl > p (resp. 1 > p+1).
Then there exists a non-Galois finite étale cover cy, : H™ — A} of degree [.
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Proof. We can assume that n = 1 as we can take c14; := ¢1 X lAfc for i € N*. Let
C — A} be a finite Galois cover of Galois group G. If G has a non-normal subgroup
H of index [, then the finite étale cover C/H — A} is non-Galois of degree [. We
can take G to be the alternating group A; (resp. symmetric group S;) by [Abh],
Sect. 13 First (resp. Second) Cor. As the subgroup A;_; of A; (resp. S;—1 of S;) is
non-normal, by choosing H to be the subgroup A;_1 (resp. S;_1) the fact holds. O

If m € N*, fi(z,y,2) € k[z,y, 2] is a monic polynomial in = of degree m and
91(y, z) € kly, 2], then for A := k[z,y, 2]/ (f1(2P,y, 2)[z+91(y, 2)] — 1) we have k* C
A* and the projection on the last two coordinates defines a finite étale morphism
Spec A — A% of degree pm + 1.

To provide examples of finite étale morphisms ® : X — A? with A? C X we
recall that for (f,g) € O and a finite additive subgroup G of k that contains the
zeros of f(t), if m € N is such that |G| = pm and ha(t) = [lheq ap(ayzo(t — @)
then the product tf(¢)he(t) is a monic additive polynomial (e.g., see [Gd], Ch. 1,
Thm. 1.2.1); being also separable, we have (fhg,g) € 9,1%7”

Proposition 20.2. Assume n > 2. Let (f,g9) € Oy with deg(f) = n—1. Let
m € N* and h(t) € k[t] be such that (fh,g) € © .. Let ¢ € N* be such that
q> 2] and let (B1,...,B,) € k=1 x k*. Then the following properties hold.

(1) The rule on valued points (x,y, z) — (y, h(z)z+ Y71, Bl-zpi) defines a finite
étale cover @5 g p o S?qk — A? of degree pnq and hence the ring k[z, y, z]/(:rf(:v)—i—
yg(y)z) has a p-basis.

(2) The composite of the open embedding 154, of Section @ (resp. Jf.g.k:5 Of
Proposition @ if 9(0) # 0) with the morphism ®js 454 s a surjective endo-
morphism egghq € EEg( ) (resp. dfgnq € EEa(k)). For » € {e,d} we have
deg(*y,g,h.q) = Png, Xu =S gk, and pei(xf,g.h.q) = P(xf,9.h,9) = (n — 1)z(tg).

Proof. Tt is easy to see that ®f 45 4 is generically étale. Hence it suffices to show
that for each (o, B) € k2, the solution set J, s in k3 of the system of equations

y—a=h(x)z+ [Z Biz’”} —B=af(x) +yg(y)z=0

has png solutions. As (fh,g) € Gk s there exists (ap, a1, ..., Qm_1) € k* x k™71

such that tf(£)h(t) = aot + 327" it?’] + 7. So [tf(t)h(t )} ag € k* and tf(¢)
and h(t) do not have a common root. If ag(a) =0, then zf(z) =0, h(z) # 0, and

Jaﬁ:{(x,a,z)ek?"xf(x) 0=—-08+h(x z—l—Zﬁlz’”}

has png elements as all fibers of the surjective function J, 3 — {x € klzf(x) = 0}
have cardinality pq. If ag(a) # 0, then

jaﬂ—{(I o rf(x) )Ek ’xpm—i-aox—i-zl 1 ot Zﬂzx f B}

—ag(a) —ag(a)

has pnq elements as ag € k* and deg(quf ) = png > pm. Thus part (1) holds.
Part (2) follows from part (1) and Section P (resp. Proposition | ), the surjec-
tivity part follows from the fact that for each (o, 3) € k2, the solutlon set Jo.,5 is
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not contained in D} = S% , \Tm(zs,g1) (vesp. S}, \Tm(jys,g.1;5)) described in
Section E (resp. the proof of Proposition [L3.1). O

Example 20.3. Assume p does not divide n — 1. Thus for each monic polynomial

g(y) € kly] the surface S2,_, g% is smooth over Speck and there exists (I,m) €

(N*)2 such that pm = I(n — 1) + 1. For h(t) := Zi;é t(=11 ¢ E[t] we have
(t" —=t)h(t) = tP™ —t. Let ¢ € N* be such that ¢ > [ |. The rule on valued points

(z,y,2) = (y, h(x)z + 2P9)

defines a finite étale morphism @, 1, 4,95 : S?,L,l_l_g,k — A2 of degree png by
Proposition (1) Let e = €n.m,q,9.k := (pnﬂn,q’g’kolt/n—lfl’g’k € EE,(k); therefore
deg(e) = png, X. = an,l_l,g,k and pgi(e) = p(e) = (n — 1)z(tg) by Proposition
(2). Moreover, dp m.q.k = P m,q.1,k © IDVan7 Oyn-1o11 ) € EE (k) has

11,1,k

same listed invariants as €, m,q,1,k, where Invgz is the standard involution
tn—1—-1,1,k
of S?n,l_M,k defined by the rule (x,y,2) — (z, z,y).

E.g., if p= 3, then da 1 1 1 is defined by the rule (z,y) — (z — 2%y, y + y?z + 3°).

Let I € N. We take g such that z(tg) = . As D}, is the zero locus f(z) =
yg(y) = 0 (see Section E), N is the zero locus yg(y) = 0 and hence it is smooth and
isomorphic to I copies of A}. In particular, if [ =1 (i.e., if g(t) = ¢* with s € N),
then N, = A} is smooth and integral and therefore the Nollet-Xavier Conjecture
over C (see [Je], Sect. 1 and [NX|], Quest. 6) becomes false over k even for n = 2.

Remark 20.4. We refer to Example with mq > 2. As we have p(e) — pet(e) =
1, Y. := X, \ X& € Irr(Ty,). The union S? := Sy, = Ai’s UY, is an affine open
subvariety Spec Ay, of X, (see Corollary (2)) which is smooth over Speck (as
1. is regular) and for which Y, = A} (see Corollary (1)) and Ay, does not have
a p-basis (see Corollary (2)) In particular, there exists no étale morphism from
S? to affine surfaces over k that have p-bases such as 87  ; with (f,g) € Oy by

Proposition R0.4(1) if deg(f) > 1 and by §2 , , & AZ if deg(f) = 0 (i.e., if f = 1).
Corollary 20.5. For s € N* we consider the set
Op.s == {ple)le € EE3(k), p(e) = pet(€), deg(e) = ps}.

Then the following properties hold.

(1) If s is even, then Op s = N.

(2) If s odd, then (ps—1)N C O, s and for each divisor j of s such thatp{j—1
we have (j —1)N C O, 5 (e.g., (2s —1)N C Qg 5, and 2N C O, 3 if p > 3 and 3|s).

Proof. As there exists d € EEo(k) which is finite étale of degree ps, 0 € O, 5. The
inclusion (ps — 1)N* C O, s follows from the existence of the finite étale endomor-
phisms ¢ps—1_1,4 € EEg(k‘)ﬁe Section E)

If s is even, in Example P0.3 we take (n,l,m,q) = (2,p — 1,1,5/2); for e :=
€2,1,9,9,k We have deg(e) = ps and p(e) = pee(e) = z(tg) € N*, hence N* C O ;.

We are left to prove that if s and j are as in part (2), then (j — 1)N* C O, 5; we
have j7 > 3. In Example we take (n,q) = (j, §) and the unique m € [[1, j — 2]]
such that there exists | € N with pm = 1(j — 1) + 1. For e := €jm, 3,9k WE have
deg(e) = ps and p(e) = pst(e) = (j—1)z(tg) € (j—1)N*, hence (j—1)N* C O, ,. O
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Example 20.6. For i € {1,2}, let (n;,m;) € N? with n; > 2. Let (f;,t™) € Ok
with deg(f;) = n; — 1. The open embedding 1y, 4, k : A% — S?‘i,tmi,K is such that
the complement §%. ,m, g \ Tm(zy, g, i) is a disjoint union of n; curves isomorphic

to AL.. Thus the rank Ps2 = n,; — 1 of the Néron—Severi group of S?htmi, K

t™i K

is independent of m,;. Writing f;(t) = H;L:II(t — ; ;) with (01,...,0n,—1) €
(K*)i=t for j € [[1,n; — 1]] let f; ;(t) :=t — @; ;. From Theorem @(2) we get
that TS? _ is trivial. If my # mag, then S;_1 m1 g 2 Si—1,m2 x by [GG], Thm.

i —

B(i). We have an affine open cover 8%, ,m, ;- = szlllm(lfiwj,tmi;fﬁK) (see Section
for notation) with each Im(y, ; ¢mi,f i) = Sy_1,¢mi k; it consists of n; — 1 spheres
(resp. almost spheres) if m; = 0 (resp. m; > 0).

Case 1: char(K) = 0. Let g8; := Z?;Ilam-. If B; = 0 let g; := f; and if
Bi # 0 let g;(t) == (t + i—)fl(t + 2—) € K][t]; the coefficient of t"i=! in g; is 0. If
(ni,my) # (n2, ma) with mymge > 0, then Sg, ym1 g 2 Sy, ym2 x by [M-L2], Thm.
2 over C. If (n1,mq1) = (ng,mq), then Sy, ym1 g = Sy, 4mo i iff either nqy = 1 or
ny > 1 and there exists v € K* such that g2(t) = v~ " g1(v¢t) by [M-L2], Thm. 2
over C if m; > 0 and by [BD|], Thm. 5.4.5(1) if m; = 0.

Case 2: char(K) = p. Let e; € EEy(k) be such that X,, = S?i7tmi7K by
Proposition (2) applied to uy, ;m: k; we have p(e;) = pe(e;) = n; — 1 and
(p1(ei), p2(e;)) is (n;,0) if m; = 0 and is (0,n;) if m; > 0.

Example 20.7. Let f(t) € k[t] be monic separable of degree | € N*; so (f,t™) €
Oy for each m € N*. Let (my,mq) € (N*)2._For i € {1,2}, let e; € EEy(k)
be such that X, = S?p’tmi}k by Proposition (2) applied to 2 :m: ; we have
ple;) = pet(ei) = pa(e;) =1 (the last equality by Example ) If my # mo, then
X., % X,, by [GG], Thm. B(i).

Example 20.8. Let I € N*\ {1}. Let P;(K*) be the set of all finite subsets of K*
of cardinality I. For B € Pi(K*) let fs(t) := [[,e5(t — ). For a € GA{(K), let
a(B) := {a(a)|a € B}. For By,By € Pi(k*), we have S?‘sl,l,k = S?‘sz,l,k iff there
exists a € GA;(k) such that By = a(By) by [BD], Thm. 5.4.5(1). Let C;,Cy €
Pi(K*) be such that Co # a(Cy) for all a € GA;(K). If char(K) = p, then for
i € {1,2}, let e; € EEy(k) be such that X, = S, by Proposition (2)
applied to 1, 11; we have X., % X, and p(e;) = p;t(ei) = p1(e;) =1 (the last
equality by Example )

Example 20.9. Let (f,g) € Ok. Let (g1,92) € K[t]? be such that there exists

g3(t) € K[t] with g1 (t)gs(t) = tg(t). Let S} ., ., x = Spec (K[z,y,2]/(F)) where

F(z,y,2) =2 f(x) + y9(y)[91(y)z — 2g2(2)] € K[2,y,2].
The zero locus F' = F, = F, = F, = 0 in A:}{ is contained in the zero locus
y9()g1(y) = zf(z) = f(x) +2f'(x) —yg(y)[g2(z) + 2g5(x)] and thus, as g1(¢)[tg(t),
is contained in the zero locus zf(z) = f(z) + zf'(x) = yg(y) = 0 which is empty

as tf(t) is separable. Hence §% ., . is smooth. The rule

(z,9) = (zyg(v), v, —z f(zyg(y)) + vg3(y)g2(zyg(y)))

2
f:9591,92, K"

general of the form xf(x) + yg(y)z with (f, J) € Ok but even then it can happen

that S% ., ., x is isomorphic to an open subvariety of S? for some (f,g) € O.

defines an open embedding 1 4., 4.5 : A% — S Clearly, F' is not in

19, K
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If deg(f) =1, g(t) = t? with ¢ € N and deg(g2) = 0, then the ind-group scheme
Aut(Sfc’ g:01.90,5) 15 @ semidirect product of the ind-unipotent group scheme K[t]
and the cyclic group of order 2 by [Cif], Cor. 4.3; in such a case S?",g;gl,gg,K is not
isomorphic to any affine surface with a non-trivial G, g-action.

As a concrete example, we take f(t) =t + 1, g(t) = 1, g1(t) = —t, g2(t) = 2.
Thus F(z,y,2) = 2> + 2+ y(2r —y2) = (x+y+ )z +y) +yly(—2 — 1) — 1]
and hence §% . = Spec (K[z,y, 2]/ + 2 + y(yz — 1)). If char(K) = 2, then
St 11tk = Sti1 1. =S} 1,k is not isomorphic to §% by [GG], Thm. B(i). If
char(K) # 2, then 87, | 1., 5 i #S7_1 ym g for all m € N by the prior paragraph.

The open embedding g¢—1¢41,x:1 : A% — Sz?—l,t+1,K (see Proposition is
defined by the rule (z,y) — (h(yh+1),yh, —x—h?), where h := 14ay € K[z, y]. We
have a disjoint union decomposition S%—LHLK \NIm(ge—1,041,5;1) = Y1 U Ys, where
Y7 is the zero locus x = z = 0 and Yo_is the zero locus  — 1 =y +1 = 0 (see Cases
1 and 2 of the proof of Proposition ) Let R := K[z,y,2]/(z* =z +y(y +1)2).
By definition, S7_; ,, = Spec R. So we can identify R with the K-subalgebra
K[h(yh + 1),yh, —x — h?] of K[z,y]. Under this identification, we write S} :=
S7 1401k \ Ya—i = Spec S; for i € {1,2}. We have

S1 = Ruyht1)-1 N Ryny1 = K[h,yh,z] = K[z, h,yh] = Klw, z,y']/(w® — w + zy’)
under the substitution (w,y’) := (h, —yh). Thus S}, = S%. Similarly,

SZ = Rm—i—hz N Rh(yh+1) = K[yv yha z+ h2]

= K[y, y°z,x + 2zy + 2°y*) = Kw,y, 2]/ (F(w,y, %))

under the substitution (w,?2’) := (y?z,z + 2zy + 2%y?). Thus S?—&-l,l;—t,Q,K = 8%
s0 CU(S}, 11, t0x) = Z and S7{, 1., j is isomorphic to an open subvariety of
SP_1ee s thus, as {(f,9) € Ok |CUSE | () 2 Z} = {(t — a,t™)|a € K*,m € N},
for char(K) # 2 we have S}, | ., , x % S?QK for all (f,§) € ©x by the prior
paragraph and reasons of isomorphisms classes of divisor class groups.

Assume char(K) = p. Let e € EEo(K) be such that ¢ = %_1 441,k (see Propo-
sition (2)) Then {S3,,S3,} is the canonical open cover of X, = §7 |, g
defined by e (see Definition E) From the non-isomorphisms of the last two para-
graphs we get that pi(e) = pa2(e) = 1 and p(e) = pe(e) = 2; if p # 2, then 3, is
an almost sphere that did not show up priorly in the paper.

Example 20.10. Let ¢ € N*\ {1}. Let ¥ :S? | .., — P} the the A' fibration
defined by the rule rule (z,y,2) — (—x : y9) or (z : © — 1) (whichever is defined;
if both are defined, then they are equal). For each standard affine pseudo-plane
Stz—l,tq—l,k;E,P of Sf_l,tq_17k of type ¢ in the sense of Definition (3), there exist

2

a1l gmp A? that are composites of the open embedding

étale morphisms S

S?—l,trl,k;x, — S?—l,trl,k with finite étale covers S?—l,trl,k;z,P — Ai as in
Proposition (2) For instance, if P = (0 : 1) € Pi(k), then ©71(P) is the

zero locus ¢ = z = 0 and the action of G, ; on S?_l sa—1 , defined by the rule
a-(z,y,2) = (z,ay,a”2) for a € k* restricts to an action of G, , on SZ_, 14 gy P
50 87 44 .z p 15 Of type (¢, ¢) in the sense of [MMI], Def. 2.1 (3) (cf. [MM2], Thm.

1.1). The case ¢ > 3 (resp. ¢ = 2) is in contrast to the situation in characteristic



80 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

zero in which, with char(K) = 0, for an affine pseudo-planes X over K with non-
trivial G, action of type (g, r) with r € N* there exists no étale morphism from X
to A% if r # 2 and d { r — 2 by cite [Mid], Thm. 3.6 (resp. the classical Jacobian
Conjecure for n = 2 implies that there exists no étale morphism from X to A%
even if either r =2 or d | r — 2; cf. proof of [Mi4], Thm. 3.3).

21. DIFFERENTIAL EQUATIONS AND APPLICATIONS

In this section we generalize [No], Ex. (6.10) with (a,b) € (k*)? and the recent
work and differential equation of Lang (see [Lang-J], Props. 4.5 and 4.8) to all n > 2
in order to get more examples of endomorphisms e € EE,, (k) that have interesting
invariants and properties. We begin with a general lemma on determinants.

Lemma 21.1. Let R be an arbitrary commutative Z-algebra. For i € [[1,n]] let
(as, Bi, i) € R3. Let I\ be the diagonal n x n matriz whose i,i entry is o; for
i € [[1,n]]. Let Ay be the n xn matriz whose i, j entry is Byy; for each i, j € [[1,n]].
Then the following identity holds

n n
det(A + Al) = (H Oéi) + Z(ﬁl’n H Oéj) € R.
i=1 i=1 JEl1n]\{i}
Proof. Note that /A, has rank at most 1. For a subset O € P¢([[1,n])\ {[[1, n]]}, let
A1 o be the square matrix obtained from A; by removing all i-th rows and columns
with i € OQ; if n — 2 > |0, then det(A; g) = 0. By convention det(Aq 1 ny) == 1.
We compute

det(A+A01) = D (det(Dio) [T eu)

0ePy([[1,n]) icO
= (det(AL@) H ai) = (H ai) + Z(,Bi%‘ H Ozj).
0€Py([[1,n]]),|0l€{n—-1,n} ic0 i=1 i=1 JElLnIN{i}

O

Corollary 21.2. Let n > 2. Let (I1,...,ln) € (N, (f1,...,fn) € E[t]™ and
L € kl[z},... 28], Let w := L(z1,...,x,) |-, =% € k[z1,...,x,]. Then the
determinant of the Jacobian matriz J(xlfl(w), . 7Jvnfn(w)) (T1,...,2p) 18

H filw) + Z Liwfi(w) -« fimi(w) fi(w) firr(w) - fr(w).

i=1

Proof. Let (o, Bi,vi) == (fi(w),xiwfi’(w),lixi_l) € (klz,... ,mn][i%])?’ fori €

[[1,n]]. Then %;j(w) is B;y; if j # i and is oy + B4, if j = i. Thus the corollary

follows from Lemma applied over R = k[z1,... ,xn][n%:lxl} to the Jacobian

matrix J(gclfl(w)7 o ,xnfn(w))(xl, R AN AC O
We have the following generalization of [Lang-J], Prop. 4.8.

Proposition 21.3. Let (I1,...,1,) € [[1,...,p—1]]", L € ks[z},...,22] and o € k*.
Let (f1,..., fa) € k[t]™ be such that the product [[\, f; # 0 is a non-zero solution
of the differential equation

(28) (eI =al] £
=1 1=1
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By defining w:= LT[, xi, the rule

(T1,. .y Tp) — (a:lfl(w), . ,xnfn(w))

defines an €étale endomorphism elfll”'.'."”l}ln;L € EE,.(k) of Jacobian determinant .

Proof. Dividing Equation (@) by TT7, filifl7 based on Corollary we get that
det(J(z1 fr(w), ..., znfo(w))(z1,...,3,)) is equal to

H fi(w) + Z Liwfi(w) -+ ficr(w) fi(w) figr(w) -+ fulw) = a,

from which the proposition follows. O

For each non-zero solution (f1,..., fn) € k[t]™ of Equation (@), the polynomial
t 17, fi(t) € k[t] is separable; but only in the case l; = --- =, we are able to get
a nice description of the solution set of Equation (@‘) as follows.

Example 21.4. Let (I,a) € [[1,p — 1]] x k*. Assume that Iy = --- =1, = [. Let
s € [[1,p —1]] be such that Is = —1 (mod p). By defining fo := [\, f; € k[t],
Equation (@) is equivalent to the differential equation

(29) fo+1tfy = a.

As for each_m € N*, we have ™ + lt(2™) = (1 + lm)a™, the solution set of
Equation (@) is o + t°k[t?]. Thus from Proposition we get that for every
n-tuple (fi,..., fn) € (ks[t])™ with [[\_, fi € a+t°k[t?] and L € ks[al, ... a2], by
defining z := H?:l x; and w := 2'L, the rule

(331, s axn) = (‘Tlfl(w)v s 7xnfn(w))
defines an étale endomorphism elfl’m’ .1 € EEq (k) of Jacobian determinant a.

We generalizes the case ¢ = 1 of Example by elaborating on the case
(l,a,L) = (1,1,1) of Example .
Example 21.5. For m € N* and (a,...,q,) € k™! x k* we define polynomials
f):=1+3" it ! and F(t) := tf(t); we have F'(t) = 1 and thus F (or f) is
separable. Assume n > 2 and let z := [[\_, ; € kg[z1,...,2,]. Let fi(t),..., fn €
k[t] be such that f1(0) =--- = f,(0) =1 and []}, f;(t) = f(¢). Let

K% . 4. = Spec (k[xo,xl, cors Zp) [ (F(zo) — z))

The projection

.....

on the last n coordinates is a finite étale morphism of degree pm.
Let vf,,.. 5, : Af s = K% be the morphism defined by the rule

(xlv o ';zn) = (Zaxlfl(z)v cee 7xnfn(z))

Clearly, 14, ..., is birational; to show that it is in fact an open embedding, it suffices
to show that for each (B, ..., 3,) € k"1, the system S of equations

z—Po=x1f1(2) —B1 =" =znfn(z) — Bn
in the indeterminates z1,...,x, has at most one solution in k™. If f(5y) # O,
then the only solution of S is (%, cee %) Assume now that f(8p) = 0

thus By # 0. As the roots of f are distinct, there exists a unique j € [[1,n]] such
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that f;(8) = 0. Thus for i € [[1,n]] \ {j} we have z; = fi?é()). If there exists
i € [[1,n]] \ {j} such that ; = 0, then z; = 0, hence z = 0 which contradicts
Bo # 0, therefore in such a case S inconsistent. If for each i € [[1,n]] \ {j} we have
B;i # 0, then x; = By Hie[[l,n]]\{j} % and S has a unique solution. We conclude

that 27, .. 7, is an open embedding and that

n—1 . wn _ n—1
By =KE g \NImGgp) = Ujeqnng YUsen, s, (8)=0 Yiel1,n\ G ES,

where Eg;l is the closed subvariety of K% . (or of APTY) defined by the equations
xo9 — B = x; = 0; we have Eg;l = Azfl. It follows that

(30) Ler(E} )] = Z deg(f;)(n—1) = (n —1)(pm —1).

Thus
€frrofn =T 00 5, € EE,(K)

is defined by the n-tuple (z1f1(2), z2f2(2), ..., @nfn(2)) € (ks[z1, ..., 2p])" and we
have deg(ey,,...f,) = pm and X¢, . =K} .. Also, e, ., becomes finite
étale after inverting z € k¢[x1,...,x,]. For each point P of the zero locus z = 0, we
have (0,P) € Im(zf,, .. ,), hence P € Im(ey, . . ). The last two sentences imply
that ey, . ¢, is surjective. So @(eyf, . f.) = tlef, .. t.) = 0. Note that es, . ¢,
is e}l ’’’’’ f,..10f Example P1.4 and has 1 point at infinity modulo p in the sense of
Definition B.6(5) iff n = 2 and p | deg(f1) deg(f2)-

If n > 3, then, for distinct elements iy, 2,7 of [[1,n]] and 8 € k with f;(8) =0,
the intersection Eg_hl ﬂEg;; =~ A7~? is non-empty, in contrast to Corollary %%

We consider the particular case n = 2. Let (g,h) := (f1, f2). Equation (BQ)
gives pet(egn) = plegn) = pm — 1. From the description of E;,h we get that

69_}1(0, 0) = {(0,0)} and that for each 8 € k* we have eg_,}l((),ﬂ) = {(Zhéz), hfz))|z €

k, g(z) = 0} and e;}t(ﬂﬂ) = {(g(ﬁz), zgﬁ(z))\z €k, h(z) =0}. If 1 ¢ {g,h}, then
Flegn) = {1l.deg(g) +1,deg(h)+1}. If 1 € {g, h}, then F(eg ) = {1}. Also, from

Proposition @(1) to (3) we get that for x € {1,r} we have
2min{deg(g),deg(h)} + 1 < mi(eg,n) < mi(€g,n) = 2max{deg(g),deg(h)} + 1;

so m(egn) = melegn) > 2[E%-L]+1. E.g., if p is odd and deg(g) = deg(h) = 2%,
then mi(egn) = mi(egn) =m(egn) =pm. If 1 ¢ {g,h} let e :=2 and if 1 € {g,h}
let € := 1; Proposition @(3) also gives that max{deg(g),deg(h)} + ¢ < mi(eg.pn)-
As N, is the zero locus z = 0 we have v(e) = 2.

To give a concrete general example independent of any product decomposition
for n = 2, in this paragraph we assume that p = 20+ 1 is odd. Let r € N. We
take g(t) = 1+ f(t), h(t) = 1 — f(t), where f(t) == >_I_, BitP"™° € k[t] with
Bo,---,Br—1 € k and B, € k*. Then deg(g) = deg(h) = pr + o, and

r L2 2r+1 )
tg(t)h(t) =t — P (Z ﬂiﬂ”) =t+ ) athh
i=0 i=1
soa; = —f33, a0 = =280, ..., 211 = —3?2 are quadratic forms in fy, ..., 3, and

m = 2r + 1. Denoting ey := €1+1f,17f7 we get that deg(ef) = pm = p(2r + 1) and
Fleg) ={1,pr+o+1} ={1, % + pr}.
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Remark 21.6. (1) Referring to Example P1.5 vefr g € BE, (k)\GA,, (k) fixes all
points (a1, ..., a,) € k™ with " ; oy = 0’ so it maps injectively each hyperplane
z; = 0 onto a smooth closed hypersurface, which is in contrast to the char(K) =0
situation: if d € EE(K) is injective on one line of AKS (resp. maps one line to a
smooth curve), then d € GA3(K) by [Gw|, Thm. 1.1 (resp. [YD], Thm. 2.4).

(2) Referring to ef 4 of Example , if 1 ¢ {g,h} and p{m then ey, is not a
p-morphism by Remark (.7(6).

Next we generalize [Lang-J], Prop. 4.5, Case a = b = 1 (mod p) to all n > 2
by elaborating on the case (I,«,L) = (1,1,]], /%) with (q1,...,¢s) € N™ of
Example P

Example 21.7. Let n > 2, m € N*| (ai,...,am,) € k™1 x k*, f(t), F(t),

J1(t),..., fu(t), and z = []]_, @; be as in Example E Recall that ey, . 7, is

defined by the n-tuple (g1, ...,9n), where g;(x1,...,2,) := xz; fi(2) for ¢ € [[1,n]].
Let (q1,...,qn) € N™. Let L := [[;_, 2" € ky[zf,...,a]. For i € [[1,n]] let

m; == pg; + 1. Let w := [[I_, 2["; we have divisibilities z|w|z™ma{m1:-ma} and
w = zL. For i € [[1,n]] let h;(z1,...,z,) := z; fi(w).

Let eql’ ’q" " € End,, (k) be defined by the n-tuple (h1,...,h,) € (ks[z1,...,za])";
as e%‘}: 1s efl,...,fn;L of Example , we have efl"%" € EE, (k). Note that

0,...
Cfrynfn = C€f1 i fn
As in the case of ey, j, (see Example P - it is easy to see that eq“ ‘J]c:
becomes finite étale after inverting z (equivalently, w).
Let

K4 .= Spec (klzo, @1, ..., @)/ (F(x0) H Filwo)P% — w)).

.....

The projection
mo KGO0 = A
on the last n coordinates is a finite flat morphism of degree pm + Y .- | pg; deg(f;).
Let of %"« AR - — K09 be the morphism defined by the rule
(1, ooy 2pn) — (w hi(xy, .., @)y ooy hn(T1, ...y xn)) = (w x1 f1(w), ... xnfn(w))

Clearly, 14 s ‘}: is birational. As ef 7___’3@" =7y o zf ,--::f:’ it follows that z‘}}””_:?c" is

quasi-finite, deg(e,79") = pm+ 37| pg; deg(f;) and K% is a flat model of
X, w . As in Example P - we argue that K901 \Im(zfl"”fjiz) = ]E?l1

€ )
1ndependent on (q1,...,qn) and therefore p(e) > ( - 1)(pm — 1) by Equation (@)
and Remark [L1.7(1). Moreover, ofrdr s injective iff g1 = - = g, = 0.

Example 21.8. We take g1 = -+ = ¢,—1 = 0 and ¢ := ¢, € N* and assume that
deg(fn) > 1; let v, € k* be such that f, (o) = 0. We have

pm +pg(pm — 1) > deg(e}; " ) = pm + pgdeg(fn) > p(m + q).

Using the substitution v := g — a,, it follows that
Ky i0: = Spec (k[v,z1,...,2,)/ (0P g(v) — 220! H ;)

with g(v) € k[v] such that g(0) # 0 and deg(g) = p[m + qdeg(fn) —q] — 1.
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Let R be the normalization of the local ring of K % at the point (0,...,0) €
K3 i0,- fo 1(k); it is a localization of the k¢[zq,..., = ] algebra (’)(X 0. 0.0 ) Let

EERRENED)

Rn,q,k = k[[w,xl,..., wpq+1 Hmz

As g(0) # 0 it is easy to see that we have a homomorphlsm R — Ryqk of
ki[z1,...,xy]-algebras that maps v+ (vP7Tg(v) — 224+ Hl | ;) into a unit times
wy, + (WPt =TT 11 x;) and this implies that the completion of R at a suitable

maximal ideal of it is isomorphic as a k[[z1,...,zy,]]-algebra to R, 4. Thus for

n > 3 we get that R is a non-regular ring and hence v, 0.0 is a non-regular

Jacobian variety. If n = 2, we only get that 1o, 01, is non—etale and one can easily

f1
check that it is in fact regular; moreover, if deg(f2) = 1, i.e., fo(t ) t — ao, then
2;0,q

a1 isomorphic to S?

pa+1,pg+1,(t+oz) f1 (t+a2) 1,k of Example

Remark 21.9. The additive version of Example uses sums instead of products.
If n > 1 and fi(t),...,[n(t) € k[t] are such that > ;| fi(t) = D" at?" with
m € N* and (o, ..., am) € k™! x k*, then, by defining z := Y"1 | z;, the n-tuple
(z1+ f1(2),..., @y + fn(z)) defines €%, . € EE,(k) of Jacobian matrix

1+f1() fl() f1()

that has determinant 1 as one can easily check based on the fact that for each col-
umn, its entries add up to 1. For (51, ..., B,) € k™, the fiber (ef ) Y B,y Br)
has pm elements as it equals

{(Br = f1(8), -+, B = fa(D)[6 € k6 + Y cid” =" B}
i=1

i=0
Thus deg(e%, ;) =pmande} . isfinite étale; hence Pes
pét(e?‘l,...,fn) = P(e?l ,,,,, fn) = ‘P(e?‘l ,,,,, fn) (ef ..... ) =0.
Remark 21.10. In Example we take n = 2 and deg(f1) < deg(f2); the pair
(91,92) == (J;lfl(xlxg),ngg(mlxg)) defines ey, 5, € EEy(k) with deg(ey,,z,) = pm
and inequalities
deg(g1) = 2deg(f1) +1 < pm < 2deg(f2) + 1 = deg(g2) = 2pm — deg(g1);

note that m € N* and de € [[1,pm]] N (2N* — 1) are arbitrary.

Similarly, in Example we take n = 2 with deg(f1) < deg(f2). The pair
(ha,ha) = (21 fr(@f0 T 2b=T0) wy fo (a1 2B2 ) defines 4% € EE,(k) with
deg(e} %) = pm + pq1 deg(f1) + pge deg(fg) and we have inequalities

deg(h1) = (pa1 + pgz + 2) deg(f1) + 1 < deg(e§' %) < (pa1 + pg2 + 2) deg(f2) + 1

= deg(h2) = 2deg(ef /%) — deg(h1) +p(q1 — g2) (deg(f2) — deg(f1)).-
If p, g1 and g5 are odd, then deg(h;) and deg(h) are even.

Let (gq,s) € (N*\ {1}) x N* and [ € [[ps,2ps — 1]]. The pair (z1 + 22, o + 2*)
defines d € EE,(k) which is finite with deg(d) = pgs by Fact(2). Ifa € GAy(K)
is defined by the pair (21, xo+2}), then e := ad € EEy(k) is finite with deg(e) = pgs.
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Moreover, ae is defined by the pair (g3, g4) := (21 + 29, 22 + 2}° + (21 + x3)!) for
which we have inequalities

deg(gs) = ¢ < pgs = deg(e) < gl = deg(g4) < 2pgs — g;
if ¢ € 2N*, | = 2ps — 1 and m = ¢s we get an even analogue of the particular
deg(gq)|m of the first paragraph.
The examples of the last three paragraphs are in contrast to the char(K) = 0
situation: if ¢ € EE(K) is defined by a pair (g,h) € K|z, zo] with deg(g) <
deg(h), then deg(c) < deg(g) by [Zh], Introd., Thm. or [Kat], Thm. 1.

22. ADDITIONAL EXAMPLES AND PROPERTIES

Example 22.1. Let m > 2 and ¢ > 1 be integers with char(K) { q. The rule
(z,y) = = + 2™y? defines a smooth morphism e : A% — Al which is not a
projection as |Irr(e~1(0))| > 2; if ¢ = 1, then for each a € K*, e~ !(a) = A} \ {0}.

Example leads to_the following definition that is used in connection to
Conjecture in Section R3.

Definition 22.2. Let n € N*, e € EE, (K), and m € [[0,n]]. We say that e has
type (resp. strong type or weak type) < m if there exists a smooth morphism (resp.
a projection or a morphism) m : A . — AR such that the quasi-finite morphism
mxe: A, — AR Xspeck Al is birational to the Zariski closure Im(m X e)
of its image and has the property that for each irreducible component Y of the
closed subvariety (m x €)= (Sing(Im(r x ¢€)) of A% s of dimension n — 1 we have
e He(Y)) =Y. We say that e has type (resp. strong type or weak type) m if it
has type (resp. strong type weak type) < m but, if m > 1, does not have type (resp.
strong type or weak type) < m — 1.

Example 22.3. Let ¢ € EE,(K). Then e has (weak or strong) type 0 iff e €
GA,(K) by Lemma @(4) If via e#, the Ki[z1,...,z]-algebra Kg[zy,... 2] is
generated by 1 element, then e has weak type < 1.

Lemma 22.4. Each e € EE, (K) has weak type < 2.

Proof. Let z € A, be such that the approximation Z, = Spec B, of X, defined by
the K¢[z1,...,z,]|-subalgebra B, of A. generated by z is a model of X.. Let Y be
the smallest closed subvariety of A% , such that the birational morphism X, — Z,
is an isomorphism above Z,\ (Z, XA?,{:t Y). Let I € N be such that Y has [ irreducible
components of dimension n — 1. Let Oy,...,0; be the local rings of A%, at the
generic points of these s irreducible components. For i € [[1,(]], the normalization
O;s of O; in K¢(z1,...,2,) is a free O;-module. Denoting by 51 the completion of
O;, the tensor product O; s®o, 62 is a product 611 X @,2 such that the factors of 61-’1
(resp. 612) are completions of local rings of X, at points in Im(z.) (resp. at points
in X, \ Im(¢.)). Thus 6i71 is an étale O;-algebra. As the residue field K; of O; is
infinite, each étale IC;-algebra is generated by 1 element. Hence there exists y; € 61'71
that generates the ai—algebra 61‘71- From the theory of non-equivalent valuations
of Frac(Kslx1,...,zy]) we get that there exists y € Frac(Ks[z1,...,zy]) such that
that y —y; belongs to Jacobson radical of O; 1 for each i € [[1,1]]. As Ky[x1, ...,z
is a unique factorization domain, we can assume that y € Ky[z1,...,z,]. If Ce is
the B.-subalgebra of Kg[x1,...,x,] generated by y, it follows that the morphism
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A% s — Ce induces an open embedding outside a closed subvariety W of A% . of
codimension at least 2. As for the morphism 7 : A% & — A% defined by the rule
(@1, n) = (Y, 2), Tx e A o — A Xspee i Al s a locally closed embedding
outside W it follows that e has weak type < 2. O

Example 22.5. For m,l € N* with [ prime to p, we consider the morphism
Em,l : Gm,k = Spec (k[tﬂtil]) - Allc

defined by the k-algebra homomorphism k[z;] — k[t,¢~!] that maps z; to ¢! —P™;
it is defined over F,. As d(t=! —tP™) = —lt~1=1dt € k[t,t~1]*dt, we get that %,
is étale. As for o € k, the equation 37! — o — fP™ = 0 with 8 € k* is equivalent to
the equation AP+ 4 af! — 1 = 0 with 3 € k and as the polynomial

f@) =t 4ot — 1=t (P +a) — 1
is separable because for its derivative f/(t) = I#'=1(tP™ + a) we have an identity
F&) =17t f'(t) = —1, it follows that X,,, is finite étale of degree pm + I. Also,
¥, is induced by the endomorphism of P}, defined on valued points by the rule

(20 : 1) — (—xB™ T 4 g2 FL s gl gy,
Therefore, for | = 1, we denote simply X,, := X,, 1, and we conclude that >,
extends to a surjective non-finite étale morphism
>t AL = PL

of degree pm + 1 which is finite over the ‘finite part’ open subvariety A} of ]P’,lc. We
have (3;)7!(1 : 0) = 0 and %; is the morphism ¥ of Section E Moreover, ¥}
extends to a finite flat endomorphism P : P} — P}.

Example 22.6. If p = 20+1 is odd, then the pair (z+2°T1y°+ 2P, y—x°y°tL —yP)
defines an endomorphism e € EE5 (k) with 7(e) < p and Jacobian matrix
1+ (O+ 1)xoyo O.’EO+1yO_1
_Oxo—lyo-‘rl 1— (0 + 1)xoyo

Using the indeterminate z := Q’ so y = xz, the system
T

v+ 20 +y°) =0 =y — T (2% +y°) — o

: o+1 _ _ _ozz®t 4, w2ty
gives —z°T(z — x14)_ =y — Ty = zx — 2, hence ¥ = LRy = HEE2
—T121TI2

and r — 1 = ST Substituting these expressions in the equation z — x; =
—x°T (2% +9°) = —aP(2° + 1) we get that
(112°T1 + 29)P (112°TL + 29)P

= — o 1 = — .
(" +1) zP(z° + 1)P zP(z° + 1)p~1

—X12 + X2
zotl 4+ 2

So the k¢ (1, 22)-algebra ks(z1,22) is isomorphic to ki (z1,22)[2]/(h(2)), where

h(z) = h(z1, T, 2) = 2P 2P 4 271 (20 L 1)P=2 (g 2 4 @9) + b € ky[z1, 22][2].

Thus z € (Ae)uy, 271 € (Ae)s, and deg(e) = p(o + 1). The group
G:={ackla?' =1} x {a € kla® =1}

of order o(p — 1) = 20% acts on the morphism X, — Ai,t defined by 1. via the

following rule at the level of k-algebras: (o, 8) - (x1,x2,2) = (awy, afxa, 82). The
group G is cyclic iff o = 1.
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It is convenient to also use # and 2! (or y and y~!) as indeterminates generating
the field extension k¢(z1,22) — ks(z,y). The system of equations x + z°t1y® +

x1—x—aP

aP —xy = 0=y —x°yY°T! — yP — x5 gives y° = L2 = 21— L 40 from the
first equation. From this and the equation y(1 — 2°y° — y%°) = 25 we get that
1 2x T
20 1 20 1 1 o
2 2 2
and hence y(& — —5 + 28y — k) = y*”“*”;:;i toiz? . So
_ £E21'20+2
y= —? 4+ 2z — 22 + T2P
e o-th power of last expression equalized to the prior expression y° = z—zoxh
The o-th f last lized to th ° = BT

gives 23?0t — (z) — 2 —aP) (=23 + 2212 — 2® +212P)° = 0 in ks(z,y). By defining
g(x1, 20, 2) := 252 — (21 — 2 — 2P)(—2? + 2212 — 2% + 212P)° € ke[xy, 20][],

we get that the k¢ (z, y)-algebra ky(z,y) is isomorphic to k¢ (21, x2)[2]/ (g(z1, x2, )
as well. As 20 = —1 in k, we compute that g,(x1,x2,x) is

(=22 + 2210 — 2 + 212P)° 7 =22 + 2210 — 2% + 212P — o(x) — 2 — 2P) (22, — 27)]
= (=22 4 2z12 — 2% + 212P)° 7 =22 4 202 — 2 4 2P + (21 — 2)% — 2P + 2P
= 2Pt (=22 4 222 — 2% + z2P)° 7L

Working with y instead of x, a similar computation shows that for the polynomial
f(@1,2,y) == 29yPOTD) — (—zy +y —yP) (2] — 2z0y + ¥2 + 229P)° € e[z, 22][y] we
have f(z1,22,y) =0 in ks(z,y) and f,(z1,22,y) = —yPTH (23 — 220y + y* + z2y?)°.

We show that e71(0,0) = {(o,0)|a € k,a = —aP} U{(0,8)|8 € k,8 = BP}. Tt
suffices to show that the assumption that the system of equations 1+ x°(y° +°) =
0 =1—y°(x° + y°) has a solution in k? leads to a contradiction. By subtracting
the two equations we get that (z° + y°)? = 0, so 2° + y° = 0, and by substituting
in the first equation we get that 1 = 0, a contradiction. Thus |e=1(0,0)| = 2p — 1.

We show that for (o, 8) € k? with a3(a°+°) # 0 we have |e~!(a, 8)| = p(o+1).
The coefficient of 2P(°+1) in g(z1, z9, x) is ¢ +29, hence g(a, 8, x) € k[x] has degree
p(o+ 1) and we have g(a, 3,0) = (=1)°T1aP # 0. From these and the expressions
of g.(«, 8,0) it follows that g(«, 8, z) is separable. Hence

71 Bx20+2
€ (aﬂﬂ) - {(x’ _a2+2ax_x2+axp
has p(o + 1) elements.

Let (a, B) € k? be such that a®+ 3° = 0 # a3. In this case g(a, 3, z) has degree
po + 2 and a similar argument shows that it is separable and |e~*(a, 8)| = po + 2.

If o > 2 let (o, B) € k2\ {(0,0)} be such that a3 = 0. By the similarity of g and
f and their partial derivatives, we can assume that a # 0 and § = 0. We know
that e~!(a, 0) is the solution set in k* x k of the system of equations

)g(a, B,x) =0}

oa—z—aP
Yy’ — T ert = y(—a? + 20z — 2% + axP) = 0.
As —a? + 20z — 2% + ax? + a(a — x — 2P) = (o — x) and a # 0, the polynomials
—a? + 20 — 22 + ax? and o — x — zP are separable of degree p and do not have a
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common root. Therefore the fiber

a,0) = {00l € k.o + 8 =a} U o, § 0|

T a2_2a6+(52 :Oé(sp}

has po+ p = p(o + 1) elements.

We conclude that, regardless of the value of o, N, is the zero locus x¢ + 2§ = 0,
hence v(e) = o, and F(e) = {2p — 1, po + 2}.

If o =1, i.e., p=3, then g(x1,72,7) = (x1 + 22)2°% — 2% + (1 — 1)a® + 23 =0,
N, is the zero locus z1 + 22 = 0, v(e) = 1, F(e) = {5} and deg(e) = 6; hence
pet(e) = ple) = 1 and 1), is regular, being in fact finite étale of degree 6 by either
Example [10.3 or by remarking that the rules (z,y) — (x —y,3), (z,y) = (2 +y,y)
and (z,y) — (y,z) define automorphisms a, b and ¢ (respectively) in GAy(k) with
the property that bea = cdy 1 e (see Example P0.3 for dq 1 x); thus X, = S2.

From now on we assume that o > 2 (ie., if p > 5). For vyel:={ac€ k\ao =
—1} C I, let £, be the line given by the equation x1 — yry = 0 and let 67 be the
completion of the local ring O of Ai)t at the generic point of £,. As these lines are
permuted transitively by G, the Oys are also permuted transitively by G.

Each irreducible component of X, \ Ai’s maps onto one line £, with v € I. So
to show that p(e) = o it suffices to show that there exists a unique irreducible
component Y, of X, \ Ai,s that maps onto ¢, and it maps onto £, isomorphically.

As (myz0)™1 € 677 Ae Xklzy 2] 6w is the normalization of O [z ]/(h(z)) in
Frac(a.y)[z]/(h(z)) and we show that it is a product Oﬂ, 1 X O.Y o with O — O.Y 1
finite étale of degree po + 2 and O — O 2 a finite flat totally ramified homomor-

phism of degree p — 2. We Compute

ho(xy,@0,2) = 2P72(2° + 1)P3[—(2° 4+ 1) (—z1 2+ 20) + 2° (212 +22) — 1 2(2° +1)]
= 2P72(20 4 1)P 3 (—ap — 21 2°Th).

Therefore, after inverting x1z5, the multiple roots of h(z) occur precisely when

2°4+1 =x12°T! + 25 = 0; so above the open subset of £, defined by z1x2 # 0, the

only multiple root of h(z) is z = v~ with multiplicity p — 1. For the uniformizer

1

Ty 1= Ty — vyl €k [x1, 2] of 67 and the substitution ¢ := z — v, we compute

o+1
T\ .
h t):=h t4y ) =P p[}/ O+ 1) piy—plo+1-i)
(w1, 22,1) (z1, 22, +797 ) =7k + 2y ; gl

i=1

e (A L [zo: (‘;) tw*(ofi)} p_2(fx1t + 7).

i=1

Under the additional substitution v := 7 It we can write

h(x1,22,v) := h(z1, 22, V) = 7r§_1(7r7 + ugvP 2 + ugvP ),

with uy, ug € 67 [v] N 67[[0}]* As the normalization of 67 in
Frac(O,)[[v]]/ (7 + u10?~2 4+ ugn? )

has a factor which is a finite flat totally ramified av—algebra 5%2 of degree p—2 and
has a factor which is a an integral étale O,-algebra of degree at least po — 2 (recall
that [e~! (o, B)| = po+2if (v, B) € £,(k)\{(0,0)}), we conclude that Ae X[z, 2,] O~
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is a product O,.1 x O, 5 of the type mentioned. Hence p(e) = o and pg(e) = 0. As
the finite morphism Y, — ¢, is birational, it is an isomorphism.

As p(e) — pst(e) = o, from Corollary (6) it follows that the singular locus
of X, has at most o points. If X, has a non-regular k-valued point P that maps
to a point in the set {(a, ) € (k*)?|a® + B° = 0} on which G acts freely, then
the G-orbit of P has o(p — 1) points and thus X, has at least o(p — 1) non-regular
points, a contradiction. From Criterion (3) we get that X, is actually regular.

Example 22.7. We have the following variant of Example with smaller geo-
metric degrees. If p = 20+ 1 is odd, then the pair

(a: + yo(mo-i-l + yo-i-l)’y _ LL‘O(CCO+1 T yo+1))
defines an endomorphism e € EEq (k) with 7(e) < p. Using the same substitution
z := £ we have the analogous expressions = = Q;Qf:ffll andy = %ﬁglz and poly-
nomial h(z) = h(z1, 22, 2) := 252P° + (—x12 + 22)(2°T + 1)P72 + 2l € ky[z1, 22][2]
whose degree in z is po, the coefficient of 2P° being —x; + 25; thus deg(e) = po.
As we have po+0=20(0+1)=(p—1)(0+1) = # it follows that the cyclic
group G := {«a € k|aP°T® = 1} acts on the morphism X, — Ai,t defined by 1), via
the following rule at the level of k-algebras: a - (x1,x9,2) := (01%261, ozxg,app;lz).
Arguments similar to the ones of Example give that e becomes a finite étale
morphism after inverting 27 + 257!, that |e=1(0,0)| = 1, that for (a,3) € (k*)?
with @t 4 o1 = 0 we have |e™!(a, B)| = po—p+2, that F(e) = {1,po—p+2},
and that for o > 2 we have pgi(e) =0, p(e) = 0+ 1, and X, is regular.
If o = 1, so p = 3, then, using the substitution ¢ := z? 4+ 3% and noting that
[z +y(@® +y?))? + [y — x(2? + y?)]? =t + 13, we easily get that F(e) = {1,2} and
in fact that for (o, 3) € k? the solution set of the system of 2 polynomial equations
ety +y’) —a=y—a(@®+y’) -8
is {(0,0)} if & = 8 = 0, has 2 elements if a? + 3% = 0 # a3, and for o + 3% # 0 is
e Bt B+ at
24+17t2+1

The morphism X, — Ai)t is the projection on the first two coordinates

)’tek, t+t=a’+ B}

Spec (klz1, 22, t]/(t* +t — 27 — 23)) — Spec (k[z1, z2])

and thus it is a finite Galois cover isomorphic to ¢;21 ¢ 5, of Section E Foreachi € k
with 4 = —1 there exists a unique irreducible component (affine line) of X, \ Af |
that maps isomorphically onto the line x; + ixy = 0 of A%t; so pet(e) = ple) = 2.

Example 22.8. For x € {s,t} let I, be the ideal (z1,22) of ki[x1,z2]. Let e €
EE2(k) be defined by a pair (x1 + g1,%2 + g2) € (ks[x1,72])? with (g1,92) € I2.
We assume that there exist o € k and h € k[t]t? such that ¢ + g1 (¢,h(t)) and
h(t)+ g2 (¢, h(t)) have a as a common root with the same multiplicity m € N*; thus
a # 0. If C is the irreducible curve of A%,s which is the zero locus x5 — h(z1) =0,

then the Zariski closure e(C) of e(C) in A%t is the zero locus of an irreducible
polynomial f(xz1,22) € ki[x1, z2] such that f(t4g1(t, h(t)), h(t)+g2(t, h(t))) = 0 for
allt € k. Let (81, 32) € k% be such that f(z1,20)—f121—B220 € I2. We have 31 =0
as By is the coefficient of ¢ in f (t+g1 (¢, h(t)), h(t)+g2(t, h(t))) = 0. We have 82 =0
as there exists y € k* such that f(t+ g1 (¢, h(t)), h(t) + g2(t, h(t))) — yB2(t — )™ €
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k[t](t — a)™Tt. Thus (0,0) € Sing(e(C)). If d € EEy(k) is such that C € Irr(Ny)

with Ny C A | = AZ ,, then e(C) € Irr(N,q) is a singular irreducible component.
As a concrete example, if p = 20+1 is odd, (g1, g2) = (x‘l"*'lngQx’{(OH), —x929™h),

h(t) = t*™! and a € {6 € k|6°P+2) = 1}, then t + ¢, (t,h(t)) = t(l _ tO(PJrQ)) and

h(t) + g2 (t, h(t)) = P71 (1 — t°®+2)) and hence m = 1 is the same multiplicity.

Proposition 22.9. Let m,q € N*. Let U C {1,p,2p,3p,...,(m —1)p} be a subset
with 0 < |U| < p9. Then there exists e € BEo(k) with deg(e) = pm and F(e) =U
(so e is surjective) which is defined over Fpq.

Proof. We write U = {ry,...,r;} with m <--- <r;;s0j€[[1,m]]. As p? > j, we
consider j distinct elements o, ..., a; of Fpa. Let f1(t),. .., fm(t) € Fpa[t] \ {0} be
subject to the following property.
®) I L; := {a € k| fi(a) = 0} for i € [[1,m]], then we have a chain of inclusions
I Cly € Cl = {oqli € [[1,4]]}

defined recursively as follows. We define I; ;=0 if 1 ¢ Uand I; := {an} if 1 € U.
For s € [[1,m — 1]], Ls41 \ L is empty if ps ¢ U and is {a,} if ps =7, € U.

The elementary p-morphism e € p-Mor, (k) defined by the pair
(. y+ ) filz)y™)
i=1

is defined over Fpq. Property (f) implies that for each (o, 8) € k? the fiber e~ (o, B)
has pm points if f,,(a) # 0 and has r, points if @ = «,, 7, being the degree of the
polynomial y + ;" | fi(ay)y?® € Fpe[y]. Thus we have F(e) = U. Note that if we
chose f1(t),..., fm(t) € Fpa[tP] \ {0}, then e € BEy(k). O

Example 22.10. Generalizing the endomorphisms in EEs(k) that are defined
by the rules (z,y) — (:c + g(x)P,y + ypf(:r)p) (see Example ) or (x,y +
S fi(z)yPt) (see Propositionﬁ) or that are as in Example 1.7 for (nyq1, f1) =
(2,1,1), let e € EEy(k) be defined by a pair (g1,92) € klz1] x k[z1,z2]. So
e = dids, with do 1= e(xhgg(a:l,xg)) € EE, (k) surjective and dy := e(gl (331),:102) IS
EEz (k) finite, and there exist pairs (a1, 2) € (k*)? and (g,h) € k[z1] X k[z1, x2]
such that (g1,92) = (alml + g(ah), —aomg — h(wl,xg)). Both d; and ds have
strong type < 1 in the sense of Deﬁnition@ and (e,d;,ds) € p-Mory(k)3. As
deg(dy) = max{1,pdeg(q)} and deg(d2) = max{1,pm}, where m is the degree of
h in x5, Conjecture ﬁ holds for e. As A, is the normalization of k[z1,xs] in
Frac(A.) = Frac(k[zy, z2][y]/(coy + h(z1,yP) + x2)), to study it, using the substi-
tution x, := x9 + h(x1,0), we can assume that h(x1,0) = 0; som # 0. If m = —o0,
then ds is an isomorphism; so we can assume m > 1. We write

h(zy,w2) =Y fila1)zh
i=1
with (f1,..., fm) € k[z1]™, fm # 0. Substituting z := f,,(z1)y, Ae is the normal-

ization of the k[zq, xo]-algebra B, := k[z1, x2][z]/ (h(2)), where

m—1

h(z) := 27" + Z fi(@1) fon ()PP g fr (20)P 22 A fr(0)P™ T g,

=1
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Multiplying h(z) by fo(x1)z5™ " and substituting w := f,,(x1)z227 1, A, is the
normalization of the k[x1, xo]-algebra

By = klay, xa][w]/ (0™ + agwP™ T Zfi(zl)xgi’lwp(mfi)).
i=1

If m is a power of p and h(z1,x2) is additive in zo (i.e., and f;(x1) = 0 if
i € [[1,m]] is not a power of p), then G,y is a subgroup scheme of the group ind-
scheme of automorphisms of the morphism X, — A%’t defined by .: at the level
of k-algebras, they are parametrized by 5 € k via the rule

B (x1,22,y) = (21,22 — a2ff — Zfi(xl)ﬂm,y +8),

=1

where we identify y with y + (a2y + h(z1,y?) + x2) € Frac(A,).

Assume that m = 1. For p = 2 we have A, = B, = B/ and e and dy are
étale with 0 < psi(e) = p(e) = pet(da) = pl(ds) = z(fn,) while for p > 2 we have
ple) > z(fm) and A, is regular by Lemma 5.1(4).

If m = 2, then A, is regular by Lemma

If m > 3, then A, is regular in many cases including the following ones: (i) fp,
is a separable polynomial by Lemma E; (ii) m is a power of p and h(x1,x2) is
additive in x5 by Lemma @yor as a direct consequence of the existence of the G, j,
group scheme of automorphisms; (iii) Criterion (3) or Lemma applies.

As e is finite étale above the complement of the union of lines of A%t given by
equation 1 = v with v € k such that f,,,(v) =0, v(e) = z(fm)-

Example 22.11. We refer to Example with p =2, m =2, and h(x1,x2) =
r123; so fi(xy) = 0, fo(wy) = z1, ¢ = 1, and h(z) = 2* + 222 + z325. Denot-
ing also by z the element z + (h(2)) € ki[z1,22][2]/(h(2)) C A. and introducing

new indeterminates and elements w := %, v o= :—f + 1, and t := v 4+ xow, we
get that A, is also the normalization of either one of the three ki[z1, x2]-algebras
ki[z1, z2][w]/(wh+wzy +2323), ki1, 22][v]/ (v + 03 +2228), and ke[, 2] [t]/ (¢4 +
t3 + z123), but with only one generator we cannot get better than this (cf. Corol-
lary below). We have z,w,v,t € A, satisfying z = w? + x122 and v = t2. As
w3 4+ z1xow + 1t + 1 = 12 + t + zow = wt + wizs + xlxg = 0, we have a natural
k¢[z1, x2)-algebra homomorphism

Te @ ki[xy, x2][w, t]/(w3 + T1Tow + 1t + 21, 82 4+ t 4+ ow, wt + wire + mlxg) — A,

The domain B, of 7. is a k¢[21, x2]-module generated by {1, w,w?,t} and by tensor-
ing with ky(x1, 22) it follows that it is free of rank 4. By computing the ranks of the
3 x 4 Jacobian matrices at points of Spec B, we get that it is a smooth k-algebra.
It follows that 7. is an isomorphism and we reobtain the fact that A, is regular.
Either from this last isomorphism or from the proof of Lemma applied with
p=m =2 we get that pg(e) =0, p(e) = 1. Hence Y := X, \ X& = X_ \ Im(z.) is
irreducible and its multiplicity in 1. ! (¢.(Y")) is 3 and (see Corollary (1) and
(2) and its notation) Ay = A. does not have a 2-basis.

Example 22.12. Let ((fl,gl), (fg,gg)) € ©%. We have a complete intersection

S21791;f27g27K := Spec (K[wa z,y, Z]/(xlfl ("T) +ya (y)z, wa(w) + xgz(y))
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in A%. The projection A}, — A% on the last three coordinates induces a finite
flat morphism ¢ : S?ﬁ,gl;fz,gz,K — S?ﬁ,gl,K' Let g := g192 € K[t]. The cartesian
diagram

SZ Jf1.91:f2,92. K 2
f2,9,K f1,915f2,92,K
1f K
2 1,91, 2
AK thghK

is defined by the identification %, | , = Spec (K[w, z,y]/(wf2(w) + zyg(y))) with
7 induced by the projection on the last two variables and gives an open embedding

N L A2 2
Yf1,915f2,92,K = Jf1,915f2,92,K O Ufa,g * A — Sf17g1;f27g27K

defined by the rule (z,y) — (zyg(y), Fyg1(y),y, —F f1(Fygi1(y)) for the polynomial
F(z,y) == —xf2(2yg(y)) € K[z,y]. The flatness of ¢ and the integrality of S?%%K
imply that S?ﬁ,qufquﬂ is integral.

Note that if for ¢ € {1,2} we have deg(f;) > 1 and there exists m; € N* such
that g;(t) = t™i, then the resulting surfaces S?‘-hgl;f%g%K form a subclass of the
class of double Danielewski surfaces introduced and studied in [GS], Sect. 3 (they
are integral by [GS], Lem. 3.3 and [GS], Thm. 3.11 lists their isomorphism classes).

Assume char(K) = p. Let m € N*. We assume that (fo, g2) € 9,1€7m. Thus ¢ is
a finite étale cover of degree pm. Let ® := @y, g, n,q, : S, 4 x — A% be a finite
étale cover as in Proposition (1) The composite € := ® o P oy g .f0.9.. K €
EE,(K) is such that X, = S%lygl;f2,g27K and p? divides deg(e) = pmdeg(®); we
have edim(X,.) < 4 and the equality holds in general.

Example 22.13. Let s € N*\ {1}. Let ((f1,01),...,(fs,95)) € O%. Let
s+1

it’s a complete intersection in A%?H of dimension s 4+ 1 equipped with a finite
flat morphism S?;%gl;...;fs,gs),l( — A1 defined by the projection A2+ — AsH!
on the last s + 1 coordinates. One can use the open embeddings ¢, 4, k and,
when deg(f;) > 1 and g;(0) # 0, 77, 4:.k:5, to get open embeddings A% —

?J—‘tlgr---'f 9) K E.g., using only ¢y, 4, x, we have an open embedding

. s+1 s+1
Y(f1,g155fs,9s), K Ay — S(fl,gl;...;fs,gs),K

defined by the rule

(@1, zey) = (21991 (Y), - 2y9s (), v, —21 fL (21991 (1)), - - - —2s fo (21995 (1))

If char(K) and n; := deg(f;) —1 > 1 for each ¢ € [[1, s]], then the proof
0.2

of Proposition (1) applies to show that S‘E’;“llgl_m_ f..9.).K s a finite étale cover

of AST! of degree p® [[;_, gini, where for each i € [[1,s]] the integer ¢; € N* is
associated to (f;, g;) as in Proposition R0.2.

Proposition 22.14. For each | € [[1,|2%]]] there ezists e € EEs(k) with
deg(e) = pm, p(e) =0, and F(e) = {1,14+1,pm—1}. Moreover, we can chose e to be
defined over each finite field Fpa that contains l zeros of the equation zP™~1 —1 =10
(e.g., we can take ¢ € N* such that pm — 1 divides p? — 1), or over each Fpa with

g € N* such that p? > 1+ 1 if l € [[1,m — 1]], or over F, if | divides pm — 1.
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Proof. We apply Example for n = 2 as follows. If g € Ek[t] is such that
deg(g) = [, then deg(h) = pm—I1—1, deg(eg n) = pm and F(eq ) = {1,1+1,pm—I}.
If tg(t)h(t) =t —tP™, then we can choose g and h and hence also e, ;, to be defined
over each finite field Fps which contains [ zeros of the equation 2P™~1 —1 =0 (e.g.,
we can take ¢ € N* such that pm — 1 divides p? — 1).

If I divides pm — 1, then we can choose g(t) = 1 —t! and h(t) =

Ifl e[[1,m—1]],let B,...,5 € k* be distinct and we take

l
g(t) :== H(l + Bit) € k[t];

i=1

1_tp'm71
1—¢t

in F,[t].

clearly deg(g) = I. As the determinant of the generalized Vandermonde [ x | matrix
whose columns indexed by s € [[1,1]] are (3;7,8;%,...,8;P) is in k* (being
Hizl B; " times a non-zero Vandermonde determinant), there exists a unique [-
tuple (g, ..., ;) € k! such that tg(t) divides F(t) =t + (Eizl atPt) 30 L P

If p? > I + 1, then by taking B1,. .., 5 € F%, we get that g,h = % €Fft]l. O

Proposition 22.15. Let S be an Fy-system over k such that w(S) < 2p. Then es
is surjective, i.e., p(es) = 0.

Proof. We can assume that e := es € EE5(k) is defined by a pair
(41 + ég + g{),gg + fﬁ + gg) S k[l‘l,xg]Q,

where ¢1 to {4 are linear forms and g; and g, are quadratic forms. As e is étale,
{1 and {5 are linearly independent over k. If the system of homogeneous equations
g1 = 0 = go has no solution in P}, then e is finite surjective and deg(e) = 4p? by
Fact (2) Hence we can assume that there exist linear forms /g, £5 and ¢g such
that ¢y # 0, g1 = lol5 and go = €ols. Let LCCy (resp. LCCY) denote a linear
change of coordinates in the source (target) space. We consider two disjoint cases
as follows, and we also compute deg(e) in all subcases except one.

Case 1: /5 and /3 are linearly dependent. Performing LLC} we can arrange
that €5 = 0; s0 g1 = 0. If /3 = 0, then by performing LLC; we can assume that ¢{; =
x1 and fy = x9; so for each a € k, the equation zo + 04 (a, 22)P + go(v, z2)P = B in
x2 has solutions in k and deg(e) is the degree in 9 of xo+ 4 (a, 2)? 4 g2 (v, 22)P; s0
deg(e) € {1,p,2p}. Thus we can assume that ¢35 # 0. If {5 # 0 and 3 ¢ k*loUk* g,
then e is finite surjective and deg(e) = 2p? by Fact (2) Thus we can assume that
{3 = ly. By performing LLCy we can also assume that ¢1 = x; and {3 € {x1, —x2}.
If /5 = x1, then the system of equations z1 + 2§ —a=0=10ls+ 0§ + 2705 — =0
has solutions in k2, so e is surjective, and deg(e) is p times the degree in xo of
Uy + 05 + 2008 so deg(e) € {p,p?,p3}. If £3 == x5, then the system of equations
zy—ab—a=0="{ly+ 4 — 2% — B =0 over k is equivalent to the equation
Fy(xo) = B with Fy := l3(2h + o, ma) + Ly (ah + o, m2)P — 2hl6(2h + o, 22)P € kg[wa],
hence e is finite with deg(e) = deg(Fy) € {1, p, 2p, p?,p* + p}.

Case 2: /5 and /4 are linearly independent. Let 7 : Ai)t — A}m be the
first projection. We have ¢(es) = 0 iff for each v € A}, (k), the étale morphism

€a * (Wle)_l(a) - Wfl(a) ={a} XSpeck AIlc,t = Allc

is surjective. By performing LLCy we can assume that £y = x1, g1 = 2% and

g2 = xPah. The plane curve (m1€)~ () is the zero locus ¢4 4 £ 4+ 27" —a = 0. Let

(71,72, 61,02) € k* be such that ¢; = y121 + Y229 and £3 = 5121 + dows.
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If 99 = d2 = 0, then 73 # 0 and (me) () is isomorphic to 2p copies of A}
indexed by the roots of the equation x?p + 612) + 9121 — @ = 0 and for each such
A} copy the resulting étale morphism A} — 71 '(«) is finite surjective by Lemma
(3) of degree p for each a € k outside a finite set; thus deg(e) = 2p?.

If 4982 = 0 # 72 + 02, then (me)~!(a) = AL. The resulting étale morphism
(mie)~*(a) — w7 () is finite surjective by Lemma (3) of degree deg(e) =
2p? + p if 42 # 0 and of degree deg(e) = 3p? if 65 # 0.

If v202 # 0, then (me) () is either isomorphic to p copies of A} or is a
connected finite Galois cover of A}c of Galois group Z/pZ and thus, as ]P’}C is simply
connected, it has 1 point at infinity; as (7€) () is a disjoint_union of smooth
affine curves with 1 point at infinity, e, is surjective by Lemma (3) [

23. ETALE ENDOMORPHISMS OF A? VIA LINE BUNDLES

We have the following moduli interpretation of S2. With Bt and B~ as in

Section [1Y, the intersection
T:=B"nNnB~

is the maximal torus of SLy formed by diagonal 2 x 2 matrices of determinant 1.
The centralizer of T' in GLs is the maximal torus GT of GLs formed by invertible
diagonal 2 x 2 matrices. The moduli scheme M over Spec Z that parametrizes 2 x 2
matrices that are projectors of rank 1, equivalently, have trace 1 and determinant

Y
1—
identified with S2. The action by conjugation

GL, X Spec (Z) M — M

0 and hence can be put in the form [i x] with 22 — 2 4+ yz = 0, is naturally

1 0} is GT, we identify

is transitive. As the stabilizer (centralizer) of [0 0

SL,/T = GLy/GT = M = 2,

If wz — xy = 1, then we compute

e 1 e A A 1 P

Thus the composite morphism SLy — SLo/T — S? is given by the following rule
. w T
on valued points: [y z} — (wz, —wz,yz).

Let Q : S? = SLy/T — SLy/B* = P! be the natural quotient morphism that
defines a line bundle over P! and that allows us to identify D! = Q~1(1: 0). So, on
valued points, Q is defined by the rule: (z,y, z) maps to either (—z : y) or (z: z—1)
(whichever one is defined; if both are defined, then they are equal).

For m € N* we consider the cartesian diagram

2 nat 1
Ak Ak:

\Lzm,z lzj;

S? = SLy o/ Thy — 2 SLy /B = P},
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where X is as in Example and we are using the fact that each line bundle over
A} is trivial; so nat : A% — A,lc is the first projection and the diagram is defined
over F,. Thus X,, o is surjective étale of degree pm + 1 as so is X}t We get that

AL = nat™(0) = nat ™} ((SH) 71 (1:0)) = T4 (QF1(1 1 0)) = B5L,(DY)
maps via ,, o isomorphically onto D} = Q;*(1 : 0).
Remark 23.1. Using the definition of ;11 7z (see Section E), the morphism
Ymat Ai — Si
is, in suitable coordinates, given by the following rule on valued points
(z,y) — ((xpm+1 + 1) (—zy + 1),z — 22y, (2®P™ 4 22P" 1) (2%y — 2) + 2P + y).
We have %, 2({0} Xspeck A}) = Dj.

Proposition 23.2. Letm € N and (f, g) € ©y with deg(f) > 1. Let (a, 8) € k* xk
be such that f(a) = Bg(B8) = 0 # g(B) + Bg'(B). Let Y =Y, p € Irr(S%%k\
Im(zf,g,k)) be the zero locus © — a = y — = 0 (see Section |4). For the open
subvariety S%g’k,y =TIm(efg5)UY ofS%ng there exists a non-finite surjective étale
morphism X g my : AL — S?",g,k,Y of degree pm + 1 with the following properties.

(1) It is defined over each subfield of k that contains all roots of fg.

(2) It is finite over Im(us 4 %) and E;;my(Y) ~ AL

(3) It is the composite of an open embedding i1f,g my : A7 — ch’g}m’y and a finite
flat morphism T?,g,m,y — Sig’k of degree pm + 1, with T?‘,g,m,Y a smooth surface
over k which is a line bundle over Py and for which (T% , . v \ 25 g.my) = Aj.

Proof. The proofs of parts (1) and (2) are as in the case of S7, we only have to
define Qy ;1 that generalizes Q. Let Qy 41 : S?,g,k — P1 be defined by the rule:
(z,y,2) maps to either (—a : yg(y)) or (z : f(z)) (whichever one is defined; if
both are defined, then they are equal). As g(8) + 8¢'(8) # 0, Y is a connected
component of Q7 ¢ (1 :0) = Spec (k[z,y, 2,27 ']/(zf(x),y9(y))). Let Qrgny =
Qf gk S?’g’k)y : S?c,g’k’y — Py so Q;;,k7y(0 : 1) =Y and hence Qfgky is a
line bundle by Theorem (2) applied to ¢ = 1. So parts (1) and (2) hold by
taking Y 4.,y to be the pullback of ¥ via Qf,xy. Part (3) holds by taking
T% g.my =57 4 to be the pullback of the finite flat morphism XP7°7 : P — Py of

Example via Qf g1,y O
Remark 23.3. Let T}, — §% ; be the pullback of X5 via the flat morphism

Qfgk 874 — Pp. Then T} . 5 is an open subvariety of T}, and the resulting
morphism T?,gm \']I‘%g’m’y — S?%k \ S%g’,“y is an isomorphism between reduced

affine varieties isomorphic to deg(f)z(tg) — 1 copies of Aj.

Remark 23.4. Let n := deg(f) + 1 > 2. The composite of X¢ g,y with the
inclusion 87, y — 8%, and with a finite étale morphism ®f 44 : %, , — A}
as in Proposition (1), is a surjective non-finite endomorphism e = €¢ g m.h,q €

EEs (k) of degree png(pm + 1) such that X, = T?:;m is the normalization of T?‘,g,m

and 1. factors through the composite of T?-’,‘gl,m — S?mk with @ g 4,45 sO ']I‘%gm isa

flat model of X,. If tg(t) is separable, then Qf ;i is smooth and thus X, = T%gm
is smooth over P} and hence regular. As T7 \Tm(w) = (T}, \ Tfgmy) U
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(T% 4.y \Im(2c)), we have p(e) > deg(f)z(tg) by Remark (1) and the equality
holds if tg(t) is separable. As the étale locus of XP™ is Al if tg(t) is separable we
get that X&' = A? | and thus pg(e) = 0.

Remark 23.5. Assume char(K) = 0. For I € N, we do not know if there exist
étale morphisms A% — Sffl,tl,K with finite complements (cf. [Mi4], Lem. 1.9(2)
which proves that generically Galois étale morphisms A% — Sf,l’ oK with finite
complements do not exist).

24. AFFINE MODULI SCHEMES

Let ¢ € N*. Recall the affine scheme End,, ; = Spec (A, ) over SpecZ and its
subsheaves F'E, , and GA,, 4 of sets defined by the rules on R-valued points:

End, ¢(R) :={(f1,..., fn) € R[z1,...,z]"|7(f1,.... fn) < g},

EE,4(R) == {(f1,.., fa) € Endyq(R)|e(f1,..., fa) is étale},
GAng(R) :={(f1,..., [n) € Endy q(R)|e(f1,..., fn) is an automorphism}.
For (I1,...,1n) € N" let deg(ly, . ..,ln) := 3 _;_; li. We endow the set
Log:={(l,...,ln) e N?|deg(ls,...,l,) < q}

with the lexicographic order: its smallest and greatest elements are the n-tuples
(0,...,0) and (g,0,...,0) (respectively). Let N(n,q) := |L,, 4| € N*.
For (f1,..., fn) € End, (R) and i € [[1,n]] we write

n
fi(xl,...,a:n): Z ag\i)Hxéj,

A=(l1,esln)€ELn o j=1
where each af\i) € R, and the rule
(oo ) = (o) oy 2O,y Ao 0y Y,..)
allows us, by viewing ag\i) as indeterminates, to identify
Apg = Z[agé?“_70), e O‘EZ,)...,O)] and End, = AN ()

For (f1,...,fn) € End, 4(R) we have (f1,...,fn) € EE, ((R) iff its Jacobian
determinant belongs to R[z1,...,x,]".

There exists an N-bigradation on each A, ; ®z R that comes from the natural
Gp-actions on Z[xy, ..., x,] and Zg[z1, . . ., z,] defined by the rule (¢, x;) — tax; for
each ¢ € [[1,n]]. So for A € L, 4, each indeterminate af\l) has bidegree (deg()),1).

We have truncation closed embeddings

Eng: Endy g = End, g1

that forget all coefficients of degree ¢ + 1, i.e., are defined by ring homomorphisms

=# .
—n,q * An7q+1 — A”aq

that are surjective and map each ag\i) to itself if deg(A) < ¢ and to 0 if deg(\) =
q + 1. This allows us to define the projective limit A, of the projective system
Ap g+1 = Ap 4 indexed by ¢ € N* (in each bidegree the inverse limit stabilizes).
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Let SEE, 4 be the closed subscheme of End,, 4 defined by the following rule on
R-valued points:

SEEn,q(R) = {(fl7 ey .fn) € Endn,q(R)\ det(J(fl, ey fn)) = 1}

Proposition 24.1. Let |l € N. Let SA, 4 be the closed subscheme of the product
SEE, ¢ Xspecz SEE,, gn-14; whose R-valued points are pairs

((fh LR fn)v (glv cee 7gn)) € SEETL,q(R) X SEEn,qn*Url(R)

with the property that we have e(f1,..., fn)e(g1, -, 9n) = e(x1,...,2n). If R is
reduced, then the first projection induces an identity

SA,.q1(R) =GA,(R)NSEE, 4(R)
and thus the reduced scheme SA,. 4 = (SAn.q.1)rea does not depend onl € N.

Proof. To show that such endomorphisms e(f1, ..., f,) and e(g1,...,gn) are auto-
morphisms we can assume that R is a finitely generated Z-algebra. As e(g1,...,gn)
is injective, a classical theorem of Ax—Grothendieck’s implies that it is surjective
(see [Ax], Thm., [Grod], Prop. (10.4.11); see also [Borel], Sect. 3). So e(g1,---,gn)
is a bijective étale endomorphism of A’ and thus it is an isomorphism. This implies
that e(f1,..., fn) = e(g1,...,9n) ! is also an automorphism.

Thus the first projections SEE, 4(R) x SEE,, jn-14(R) = SEE, 4(R) induce
functorial maps

Yhgi(R): SA, 41(R) — GA,(R) N SEE, 4(R)

which are injective for every R, and to end the proof it suffices to prove that
T,.q.1(R) are in fact surjective if R is reduced. To show this, we can assume that
R is a finitely generated Z-algebra, let (f1,...,fn) € GAL(R) N SEE, 4(R) and
let (g1,...,9n) € GA,(R) be such that e(gy,...,9n) = e(f1,..., fn) L. We are left
to show that actually we have (g1,...,9n) € SEE, jn-1(R). As R is reduced, by
replacing it with fields that are direct factors of the total ring of fractions of R, to
show that (g1,...,9n) € SEE, 4n-1(R) we can assume R is a field and in this case
the relation follows from the proof of [BCW2], Cor. (1.6). O

Remark 24.2. The R-valued points rule
EE;, ((R):=={(f1.---. fn) € EEyq|det(J(f1,. .., fa)) € R"}

defines a locally closed subscheme FE; . of End, . As the group monomorphism
R* C Rlz1,...,x,]" is an isomorphism iff R is reduced, the functorial inclusion
EE; (R) C EE, (R) is an identity iff R is reduced. Note that

EE}; = G, Xspeer, SEEn

(e.g., by multiplying 2 in the source or the target by invertible scalars). If in Propo-
sition we replace SEE by EE* we obtain affine schemes GA}, , over SpecZ

whose reductions do not depend on [ and define GA},  ; we have isomorphisms

GA% 112 Gy Xspecz SAngy and GA% = Gy Xspeez SAn -

n,q,l =
Remark 24.3. The scheme SA,, 4k is not a priori reduced but its reduction is
canonically identified with (SA, 41,5 )rea for all [ € N.

The injective maps T, 4 ;(R) define natural morphisms SA, ,; - SEE, , and
thus also a natural morphism SA, , =+ SEE, 4.
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Fact 24.4. The morphism SA, ; — SEE, 4 is a closed embedding.

Proof. The image S := Im(O(SEE, ) — O(5A,,)) is reduced. As T, 4.(S)
are isomorphisms, from [vdE], Part I, Ch. 1, Prop. 1.1.7 applied to the inclusion
S — O(SA, ) we get that this inclusion is an isomorphism. |

We view the injective maps =, ,(R) : End, (R) = End, +1(R) as inclusions
and we also speak about SA, ((R) C SA, ¢+1(R), SEE, (R) C SEE, 4+1(R),
etc. E.g., we identify SA, 4; with a closed subscheme of SA,, 4,41 for all { € N.

We write SEE,, , = Spec(B,,q), where B,, ; = Ay q/Inq is a quotient of A, 4
compatible with the bigradings. As Eﬁq(ln,q_l’_l) C I,4, the inverse limit B,, =

A, /I, of the projective system By, 441 — By 4 indexed by ¢ € N* is well-defined.

Let Spec (B, q,0) and Spec (B, g) be the schematic closures in Spec (Bnyqyz(p))
and Spec (Byz,,,) (respectively). The natural closed embedding

Spec (By,q) — Spec (By)
induces a closed embedding

C,.q : Spec (Bn,q,0) = Spec (By,g) N Spec (Bn,qu(p))

which is not always an isomorphism, as the next example shows.

Example 24.5. The pair (z1 — 2%, 22) € EE5 ,(F,) can be lifted to a formal pair
(331 —a o (1—pal _1)_1) over Z;, whose Jacobian matrix has determinant 1, hence

(71 — Y, m2) € [Spec (Bz,g) N Spec (Bzpz,, )] (Fp).

But if p is small, say p = 2 by [Wa2], Thm. 62 (based on [Moh], Sect. 6 and [Wall],
one could take p < 97), then

(z1 — 2%, w2) & Spec (B2,p,0) (Fp)
which implies that &5 ,, is not an isomorphism. This disproves the equivalence used
in [MR], Def. 3.3 within parentheses and implicitly disproves [MR]], Conj. 3.4 if the
first part (not within parentheses) of [MR], Def. 3.3 is used.

The following general lemma helps in keeping track of ¢ in mixed characteristic
(0,p) in the case when ¢ € pN*.

Lemma 24.6. Fori € [[1,n]] let r; € N and let g;(x1,...,2,) € K[z1,...,2,] be
homogeneous of degree r;. We consider the set X of n-tuples (o, ..., ap) € (K*)™
with the property that the homogeneous system of n equations

Tn

(31) g1(1,. . yxn) Foqa = = gn(z1, .., 20) + @t =

has no solution in P"~1(K). Then X is Zariski dense in A7.

Proof. If there exists i € [[1,n]] such that r; = 0, so g; € K, by taking ; € K\{—g;}
the lemma holds. Thus we can assume that we have r; € N* for all i € [[1,n]].

For i € [[1,n]] let t; be an indeterminate and let H € Klty,...,t,] be the
normalized resultant of the n homogeneous polynomials =" + ¢;g;(z1....,2,) (see
[vdW], Ch. XI, Sect. 82, p. 14 or [Jo2], Sect. 2, Prop. 2.3 (i) or [Dem)], Sect. 4,
Def. 3); we have H(0,...,0) = 1. Thus, as K is infinite, there exists (81,...,08n) €
(K*)™ such that H(B1,...,0,) # 0. Properties of resultants show that the system

181 [MR], Conj. 3.4, if the second part (within parentheses) of [MR], Def. 3.3 is used, is false
in characteristic p and is only a reformulation of the Jacobian Conjecture in characteristic 0.
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of homogeneous equations z;* + B;gi(z1,...,2,) = 0 indexed by i € [[1,n]] has
no solution in P"~1(K) (see [vdW], Ch. XI, Sect. 82, p. 15 or [Jo2], Sect. 1 or
[Dem], Sect. 4, Sch.). Hence, if o; := B;* for all i € [[1,n]], the System (@)
has no solution in P*~'(K), and thus we have an inclusion {(8;*,...,3.") €
(K*)"|H(B1,- .., Bn) # 0} C X from which the lemma follows. O

Let g4 := p[%} € pN*; s0 ¢ < ¢+, and we have ¢ = ¢4 iff ¢ € pN*.
Proposition 24.7. With q,q+ € N* as above, the following properties hold.

(1) Each e € EE,, ((K) (resp. e € SEE,, ((K)) can be deformed to an element
a € GAp1(K) C GA, 4(K) (resp. a € SA,1(K) C SA, ((K)) using polynomials
in Kq[z1,...,2n,t] of degree at most 2¢ — 1 and of total degree in x1,...,2, at
most q. Moreover, if e € GA,, 4(K) (resp. e € SA, 4(K)), then we can assume
that the deformation, by evaluating t at arbitrary elements of K, defines elements
of GA,, 4(K) (resp. SA, ((K)).

(2) Each d € EE, 4(k) C EEy, ¢, (k) (resp. d € SEE, 4(k) C SEE, 4, (k)) is the
specialization of a finite endomorphism in EE, o (k(t)) (resp. in SEE, 4, (k(t)))
of geometric degree q'} .

Proof. If e is defined by an n-tuple (f1,..., fn) € Kslz1,...,2,]", then let

(tr1, ...t t—1)f:(0,...,0
hi7t:hi($1,...,$n7t) = fz( L1 ’ In) +t( ),fz( ! ! ) EKS[Qfl,...,J?n,t];

its degree is at most 2¢ — 1 and its total degree in z1,...,x, is at most ¢q. For
a fixed ty € K we get ¢;, € EE,, ,(K) defined by the n-tuple (h1,4y,---,Rnt,) €
K[z1,...,x,], with e; = e and, as 7w(eg) = 1, with eg € GA,1(K) C GA, ((K).
If e € GA, 4(K) (resp. e € SA,, ((K)), then we have e;, € GA,, 4(K) (resp. e, €
SA, ¢(K)) for all t; € K. So part (1) holds.

For part (2), let d be defined by an n-tuple (fi,..., fn) € ks[z1,...,2,] and for
each i € [[1,n]] let g; € ks[x1,...,2,] be 0 if deg(f;) < ¢+ (e.g., if ¢ < ¢1) and be
the homogeneous of f; of degree gy if deg(f;) = ¢ = ¢4+. From Fact (2)

and from Lemma P4.§ applied to ry = -+ = r,, = ¢4 and (g1,...,9,) we get that
there exists (aq,...,ay) € (K*)™ such that
dl = e(fl + Oélngra R fl + anxg;r) € EETL,q+ (k)
is finite with deg(d;) = ¢’t. Then
E:=e(fi +tarzi", ..., fo + tayalt) € EE, .+ (K[t])

specializes for ¢ = 0 to d and for ¢t = 1 to d;. The last specialization implies
that the generic fiber Ej ) € EE, 4, (k(t)) of E is also finite of degree ¢7. Also,
d € SEE, (k) = E € SEE,, 4+ (k[t]). As Ej ) specializes to d, part (2) holds. O

Remark 24.8. The existence of E of the proof of Proposition (2) disproves
[MR]], Conj. 5.3(2) for each integral k-algebra that contains k[t] and has k as a
quotient ring.

Corollary 24.9. Let ¢ € N*. Then the affine schemes SA, qx and SEE, 4 k

(hence also EE}, | 1c) over Spec K are connected.

Proof. As SA, 1 k is connected (being the smooth group of affine transformations
of K™ of determinant 1), this follows from Proposition (1) O
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Proposition 24.10. Let ¢ € N*. Let deg, ., € N* (resp. deg;,qyn € N*) be the
largest such that there exists an (resp. a finite) endomorphism e € SEE, ,(k) such
that deg(e) = deg,, , , (resp. deg(e) = deg;’q)n). Then the following properties hold.

(1) We have inequalities deg;q’n <deg, ., <q"
(2) [fp | q, then deg;)q,n = degp,q,n — qn

-1 f
(3) If ptq and g > p, then pg"~* 1] < deg, ;.

(4) There exists an open non-empty subscheme SEEEe;k of SEE, 41 such that

SEES" (k) ={e € SEE, 4x(k) = SSE, (k)| deg(e) = deg, o n}-

n,q.k

(5) There exists a constructible subset SEEfL)q’k of SEEy, 41 formed by points
P over whose residue fields k(P) we get finite étale endomorphisms of A:(P).

(6) There exists a constructible subset SEEiTq%Zn of SEE,, 41 contained in
SEEwaC and formed by points P over whose residue fields k(P) we get finite

étale endomorphisms of AZ(P) of degrees deg;qm,

(7) Ifp | q, then SEErf;jzn is a constructible subset of SEE) which is Zariski
dense in (SEE;, g.k)red-

Proof. The inequalit deg;q,n < deg, ., is clear and the inequality deg, , , < ¢"
follows from Fact (1); so part (1) holds.

If p| g, then e :=e(z; —2f,...,2, — 2%) € SEE, ,(k) is finite by Fact (2)
with deg(e) = ¢™. From this and part (1) we get that part (2) holds.

If pt g with ¢ > p, then e :=e(xy —2%,... 21 — 2%, 2, — meEJ) € SEE, 4(k)
is finite by Fact [L5.1(2) with deg(e) = pg"~" L], so part (3) holds.

We consider the universal étale endomorphism el = A%, Engns > ASEE, ot
From either [Grod], Prop. (15.5.1)(i) or [Gro5], Prop. (18.2.8) we get that there

exists an open subscheme Up g of App . whose k-valued points are those P

for which |(e%?¢;j’p)_1 (P)| = deg,, , ,; it is non-empty by the definition of deg, , ,,. As

the projection ASpp art SEE, 4 is flat, the image of U,, 4 » under it is an open
non-empty subscheme SEEE:;k of SEE, ¢ = SEE, 4k by [Gro3], Thm. (2.4.6).
We have SEE; ) (k) = {e € SEE, 4 1(k) = SSE, (k)| deg(e) = deg, , ,}, so part
(4) holds. Part (5) is a particular case of [Grod], Prop. (9.6.1)(vi).

For part (6), if deg;’q,n = deg,, , ,, then SEE,flgqer;i = SEEX) . NSEE]

n.q,k SO We

can assume that deg;q’n < deg, , ,- From either [Grod], Prop. (15.5.1)(i) or [Gro3],
Prop. (18.2.8) we get that there exists an open subscheme Ufl’q’k of ASpp, .t

whose k-valued points are those P for which |(efV)~1(P)| > degl,, +1; as in

the previous paragraph we argue that its image in SEE, ;1 = SEE, 4+ is open,
<deg!

so it has a reduced closed complement SEE qe,f P4 Repeating the arguments for

. f
the pullback of e;"", via the closed embedding SEE?T;E”""” — SEy.q.k, We get

—=deg! <deg
that there exists an open subscheme SEEn)q?,f”'q’" of SEE;;S”"“‘ whose k-valued

points are those P for which we get étale endomorphisms of A} of degrees deg; an

—degt
as SEES?:% = SEE;;SP"?’" N SEEfI’q’k, part (6) holds.
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For part (7), the inclusion SEE" ok CSEER, follows from part (2) and the
Zariski density follows from Proposition (2) O

Example 24.11. Assume that p = n = ¢ = 2. Then an arbitrary pair (fi, f2) €
SEE; 2 ;(R) is of the form

fiwr, 22) = Q) + (g7 + a{gy72 + af3ly 7t + a7z + a7

and, as 1 = —1, one computes that J(f1, f2)(x1,x2) is equal to

(1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (2)
A1,0)%0,1) T%0,1)%(1,0) +( Qo)X T, 0))3:1—5—( (1,1)%0,1) T%0, 1), 1))

Thus (4) (2) (2) (2) (2) (4)
Az @z k = Kl o) 10y ¥(0,1) X2,00 Y11y Yo,y [ € {1523]
and Im(Jz o — A2 2 @z k) is the ideal

(1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (2)
(@0 %0y T oo T 1o @i T %oy 40 %o T Yo i)
Therefore By o ®z k = (Az2/122) ®z k is 1somorphic to a polynomial algebra in 6

indeterminates (they are a(%, aé%, and o’} with i € {1 2}) over the k-algebra

which is isomorphic to k[z,y, ', y']/(z2’ +yy' +1) as 2/ = 2 = 0, L.e. agli = ag i

0. Thus SEFE3 2, is an affine smooth irreducible variety over k of dlmensmn 9.
We show that SAj; 5, has dimension 6 and 3 irreducible components. As SAj ; i
has dimension 5 and is irreducible and as SAj 1 ; acts on SAs o ) via left or right
translations, it suffices to show that the affine scheme W over k that involves the
eight indeterminates y; to y4 and 2; to z4 and is defined by the composite equation

2 2 2 2 2 2 2 2
e(x1 + Y127 + Y23, To+ysx] +yaxs)e(z1 + 2127 + 2005, To + 2327 + 2225) = e(x1, T2)

has dimension 1 and 3 irreducible components. This composite equation implies,
as 1 = —1, that we have z; = y; for all ¢ € [[1,4]] and that

W = Spec (k[y1, y2. ys, yal/ (1 + y203, ¥3 + Y1y, y1(y2 +ya)*, ya(y1 +y3)?))
is non-reduced. The irreducible components of W are given by the equations y; =
Ya=y2=0, 1 =ya=y3 =0, and y1 =y = Y3 = ya.

As SA900.6 = SAs 1k Xspeck W, SAa2.0k is also non-reduced.

Based on Remark and the identities a(lli = a(z) = 0 we get that if e €
EEs (k) is such that 7(e) = 2, then e € BEQ(k),, and from the proof of [V], Thm.
2.4.1(b) we get that F(e) = 0, i.e., e is finite, and deg(e) € {2,4}. Thus we have
identities SEE} , . = SEE3 2 and SEE} o = SEESS, of constructible sets.

Example 24.12. Assume p = 2. The rule (z,y) — (z.y +zy?) defines d € EE3 (k)
with deg(d) = 2, F(d) = {1}. From Proposition {.3(1) to (3) we get relations
m(d) < m(d) = m(d) = m(d) = 3. From the previous paragraph we get that
7w(d) # 2. As d ¢ GAa(k), we have w(d) # 1. We conclude that 7(d) = 3.

For a n x n matrix [J with entries in R and i € [[1,n]], let tr;(J) € R be the

trace of the (7') x () matrix which is the i-th exterior power \"(0) of 0. If 1,, is
the identity matrix of size n x n, then we have the following formula

n

(32) det(l, +0) =14 try(0)

i=1



102 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

which follows from the fact that O is similar to an upper triangular matrix.

Theorem 24.13. Let g € N*. Then SEE, 4k (equivalently, EE;, | i) is smooth
over Spec K iff either n = q¢ = char(K) = 2 or min{n, ¢} = 1, in which case it is
also irreducible.

Proof. If char(K) = 2, then SEEs 2 g is smooth and irreducible (see Example
p4.11)). Clearly, SEE, 1 = SAp1 2 SL,, Xgpecz A" If char(K) = 0, then

SEE 4 = SEEy 1 i = SA1 1k = Spec (K[al)]) = Ak

If char(K') = p, then
. q ~ o lElt
SEB1qx = SEBypi3.5 = Spec (Klaghli € [0, ]1]) = A
We are left to prove that if min{n, ¢} > 2 and for n = ¢ = 2 we have char(K) # 2,
then SEE, 4 i is not smooth. It suffices to show that there exists m € {2,3} and a
Kt]/(t™)-valued point P, of SEE, ,  which does not lift to a K[t]/(t™+1)-valued
point of EE} ;- (hence also of SEE, ; k).
We consider an n-tuple (f1,...,fn) € EE, ¢k (K[t]/(t™T)) whose reduction
modulo (¢)/(t™*1) is (21,...,,) and whose reduction modulo (?)/(t™*!) is a
point P, € SEE, 4 k (K[t]/(t*)). For i € [[1,n]] we write

m
fi(.’,El, e ,I’n) = T; + thgi,j(xla e 7l‘n)
Jj=1

with each ¢, ; € Kg[z1,...,x,] of degree at most ¢. Let hq, ..., hy, € Kglz1,..., 25
be such that

det(J(fi, ... fn)) =14+ > thj(x1,...,2p);
j=1
as Py € SEE, . x(K[t]/(t?)), we have h; = 0. From Equation (@) applied to
O= E;"Zl t7J(g1j,- - -, gn;) We get identities

n 9 :
(33) hl(l‘l,...,fbn) :trl(J(gl,l,...,gn,l)) = Z égmv-l (xl,,..,mn),
i=1 ¢

n

(34) ha(z1, ... an) = tra(J (91,1, -, gn1)) + ; 8897;;2(3:1, e T

We show that we can choose m € {2,3} and g; ; with j € [[1,m — 1]] such that
hi1=-+- = hy_1 = 0 but, no matter what g1 s, ..., gnm are, we have h,, ¢ K: P,
is the reduction of (f1,..., f,) modulo (#™)/(t™*1).

We first consider three non-disjoint cases with m =2 and ¢;1 = 0 if i € [[3,n]].

Case 1: char(K)tq. We take g1, = —¢ ‘2% and go1 = 27 '25. Equations
(@) and (@) give that indeed by = 0 but hg = —237 > +3°" | 889;2 (x1,...,7,) ¢ K
(each %g—;f has degree at most ¢ — 1 and thus less than 2¢g —2 as ¢ > 2); with m = 2,
P; has the desired property.

Case 2: n > 3. By taking g;1 = —xlxg:l and go1 = xgngl, this case is
similar to the previous one: hy = —37 > + Y7, 85’;12 (1,...,2n) ¢ K.
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Case 3: char(K){g¢—1and ¢ > 4. By taking g1.; = —(¢—1)"'2? " and g5 ; =
297225 it follows that we have relations hy = —z37 > + Y7, 857;;2 (T1,...,mp) & K
(we have 2g —3 >qg—1lasq>4).

The only case not covered by the first three ones is the following one.

Case 4: n = 2 and ¢ = char(K) = 3. We take m = 3, g11 = 23, g1.2 = 0,
g2,1 = 122 and ga 2 = 1229, As

det(J (w1 + o], x + ta1mg + t2aiws)) = 1 4 3tay + 3t%27 + 26%27 = 1+ 2t%23,

hi = hy = 0 but hz = 225 + 689;’13 + %9—;;’ ¢ K as deg(g;3) < 3 for ¢ € {1,2}; so the

reduction P3 of (fi,..., f,) modulo (¢3)/(t*) has the desired property. O

25. ON CONJECTURE

Artin—Schreier equations define connected finite Galois covers of A} of degree p.
We show that [Mil], Thms. 1.1 and 1.2 hold for affine schemes over SpecF,,.

Fact 25.1. Let W be a connected F,-scheme such that H'(W,Ow) =0 (e.g., W
is affine). Then we have a functorial isomorphism of groups

(35) coby : O(W) /(2 — z|z € O(W)) = HL (W, Z/pZ)

which for f € O(W) maps f + (a2 — x|z € O(W)) to the Z/pZ-torsor V over W
defined by the homomorphism Z/pZ — Autoy, —algebra (OW[x]/(xp —x — f)) that
maps 1 + pZ to the automorphism defined by x — x + 1.

Proof. The first cohomology coboundary of the short exact sequence

0— (Z/pZ)W — GQ’W —H Ga,W —0

in the étale topos of W is the functorial isomorphism of Equation (@) The iden-
tification of H (W, Z/pZ) with the non-abelian H'(W,Z/pZ), defined as the set of
isomorphism classes of (Z/pZ)w-torsors as in [Gi|, Ch. III, Rm. 3.5.4, gives that V
is the pullback

via the section sy that defines f, from which the fact follows. O
We also include a proof of the following likely known result.

Proposition 25.2. There exists no connected finite étale cover X of A} which is
either of degree m € [[2,p — 1]] or Galois of degree at least 2 and prime to p.

Proof. We show that the assumption that there exists an n € N* such that A} has
a connected finite étale cover X of the type mentioned leads to a contradiction. We
choose the smallest such n. If n = 1, the connected finite Galois cover X+ of A}C
generated by X has a degree m™ > 1 which either divides m! and hence (p —1)! or
is prime to p; so X T — Al is a non-trivial tamely ramified finite Galois cover of the
curve A} and this contradicts [SGA1], Exp. XIII, Cor. 2.12. If n > 2, from Bertini
Theorem (see [Joll], Part I, Thm. 6.3(4)) we get that there exists a hyperplane
H C A} such that X x AT H is a connected finite étale cover of H = AZ‘I of the
type mentioned, and this contradicts the minimality assumption. [
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One could view the following direct consequence of Proposition M as classical
‘finite’ and ‘Galois field extension’ contexts evidence for Conjecture R.10

Corollary 25.3. Let e € EE, (k) be such that one of the following conditions holds:
(1) we have deg(e) < p and e is finite;
(ii) the field extension ky(z1,...,Tn) — ks(z1,...,2,) induced by e* is Galois
with Galois group of order prime to p.

Then we have e € GA,, (k).

Proof. Based on Lemma @(4), it suffices to show that deg(e) = 1. If condition (i)
holds, then deg(e) = 1 by Proposition D5.9. Assume now that condition (ii) holds.
If O is a local ring of A} | which is a discrete valuation ring, from Lemma (2)
we get that there exists a local ring Oy of A} which dominates O¢ and hence it
is a discrete valuation ring. As A} ¢ is an open subvariety of X, by Zariski’s Main
Theorem, Oy is a local ring of X, which is an étale Oi-algebra. From this, as
the finite field extension ki(z1,...,2,) — ks(21,...,z,) is Galois, we get that the
morphism X, — A} is étale above all points of A . of dimension at most 1 and
hence, based on the purity of the branch locus (see [SGAQ}, Exp. X, Thm. 3.4 (i)),
it is étale. Thus deg(e) = 1 by Proposition @ applied to X,. O

It is a standard piece of algebraic geometry to show that the classical results
of Razar (see [Raz], Thm. 2) and Wright (see [Wrl], Thms. 3.2, 3.3 and 3.7) in
characteristic zero follow also directly from Corollary @

Directly from Corollaries ( ) and ] we get the following result.

Corollary 25.4. If ¢ € N* is such that ¢" < p, then deg;n’q =1.

Next we generalize the part of Example that pertains to Conjecture .

Proposition 25.5. If e € EE, (k) has weak type 1 in the sense of Definition ,
then Conjecture - ( holds for e.

Proof. Let  : Al _ — A} be a morphism such that the condition for weak type
< 1 of Definition holds for w x ¢ : AZ)S — A}C X Speck Az,v The Zariski clo-
sure Z of Im(w X e) in Ai X Spec k AZ,t is an irreducible hypersurface in A}ﬂ’s X Speck

A} = AZ‘H and hence the zero locus of an irreducible polynomial f(zg,...,z,) €
klxo,...,x,] whose degree in xzq is deg(e). Let (g1,...,9n) € ks[z1,...,2,]" de-
fine e and let g9 € ks[z1,...,2,] define w. For all (aq,...,a,) € k™ we have

f(go(cul7 ces @)y ey gnlar, .. an)) = 0. Taking partial derivatives we get that
for each i € [[1,n]] we have

Zfa:j (go(ah . .,Oén), s 7gn(a17 ce '7an))gj,xi(a17 N '7aﬂ) =0.

Note that go + pt1 € ks[x1, ..., Zpe1] defines a smooth morphism 7’ : AZ’:l —
Aj. Thus for ¢’ := e x 141 € EE,11(k) we have deg(e’) = deg(e) and 7’ x ¢’ is
isomorphic to (m o m,11) X €, where m, 41 : AZ:l — A} is the projection on the
first n coordinates. It follows that e’ has type < 1. Hence by replacing (e, w) with
(¢/,7") we can assume that 7 is smooth.

As the determinant of the Jacobian matrix J(91 (1, s Tn)y ey gnl(T1, - .- ,xn))
is in k* and for each (aq,...,ay) € k™ there exists an index j € [[1, n]] such that
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9o,z (a1, .., ) # 0, both systems of equations f = f,, = --- = fz, = 0 and
f = fzo = 0 along Im(m x ) define Sing(Z) NIm(m x e). Thus the zero locus of the
image of fu,(go(a1,..., o), ..., gn(a1,..., o)) in kg[z1,..., 2,] via the k-algebra
homomorphism k[zg, ..., z,] = k[z1,...,z,] that maps z; to g; for each i € [[0, n]]
is an effective divisor Zle q;Y; of AZVS, where s € N, ¢1,...,¢9, € N*and Y7,...,Y,
are distinct irreducible divisors, such that e~!(e(Y;)) =Y; for each i € [[1, s]]. Thus
for each i € [[1, s]] there exists an irreducible polynomial h; € ki[z1,...,z,] such
that the zero locus e#(h;) = 0 is Y;. It follows that there exists 8 € k* such that
fzo — BIIi_, Y is divisible by f and by reasons of degrees in o it follows that
fzo = BI1;_; b has degree 0 in zy. Thus deg(e) € {1} UpN*. O

Corollary 25.6. Let e € EE, (k). Then the following properties hold.

(1) If the kilay.. .., x¢]-algebra A, is generated by 1 element, then . is étale
and Conjecture holds for e.

(2) If A. does not have a p-bases, then the kilxi,...,x¢]-algebra A. is not
generated by 1 element.

(3) If A, is regular and does not have a p-bases, then ciedim(X,) = oo.

Proof. To prove part (1), let m: A & — A} be a morphism defined by an element in
A C kg[z1,. .., x] that generates the ki[z1,. .., x|-algebra A.. The Zariski closure
of Im(7 x e) in A}v X Speck A};t is X, itself; so e is of weak type < 1 and Conjecture
holds for e by Proposition . To prave that 1. is étale we can replace e by
e x 151 and thus (see proof of Proposition P5.5) we can assume that 7 is smooth.
With its notations, the mentioned proof gives that f;, = 8 € k*, hence 1. is étale.

If A, does not have a p-bases, then 1, is non-étale and hence part (2) follows from
part (1). Part (3) follows from part (2) and Theorem B(l) appliedtoY = X,. O

Corollary 25.7. Let e € EE, (K)\ GA, (K). If either char(K) = 0 or Conjecture
0 does not hold for e, then e has weak type 2.

Proof. Based on Lemma and Example , it suffices to show that the as-
sumption that e has weak type 1 leads to a contradiction; as e ¢ GA,,(K), we have
deg(e) > 1 and n > 2. We can assume that char(K) = 0 by Proposition .

Let m : Ak  — Al be a morphism such that the condition for weak type
< 1 of Definition holds for e x m : A — Aj Xgpecx A%, Let R be a
finitely generated regular Z-subalgebra of K such that e and 7 are pullbacks of an
endomorphism er € EE, (R) and a morphism 7g : A% — AL (respectively); thus
er is universally open by [Gro4], Cor. (14.4.3). As w x e is a birational quasi-finite
morphism, so is the fiber of 7 X eg : A?‘c,s — A}% X Spec R A}f—m over Frac(R). By
shrinking Spec R we can assume that all fibers of e X mg are birational quasi-
finite by [Gro4], Prop. (9.6.1)(vii) and (x) and all geometric fibers of er have
geometric degrees deg(e) by a direct application of [Grod], Prop. (15.5.1)(i). By
shrinking Spec R we can also assume that the Zariski closure Z of Im(mg X eg)
in AL Xspecr A%, has a singular locus Sing(Z) equal to the Zariski closure of
the singular locus of Zpacr) in Z and (see [Grod], Thm. (9.7.7)) the geometric
fibers of Z — Spec R are integral varieties. Let Yoy be the union of irreducible

components of (mp X eR)_l(Sing(Z))ch(R) of dimension n — 1. Let Wgyac(r) be

the reduced closed subscheme of A ) such that e}:rlac( R) (Werac(r)) = Yevac(R);
it exists as e has weak type 1. Let Y (resp. W) be the Zariski closure of Ygyac(r)
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in A% (vesp. of Wiyae(r) in A% (). By shrinking Spec R we can assume that the
morphisms Y — Spec R and W — Spec R have equidimensional geometric fibers
of dimension n — 1, that e (W) =Y C (7 x eg) ! (Sing(Z)), and that all fibers
of (mr x eg)™*(Sing(Z)) \' Y — Spec R have dimension at most n — 2. Thus the
reductions of eg modulo maximal ideals of R have weak type 1. Hence deg(e) is
divisible by infinitely many primes p by Proposition , a contradiction. (I

26. ON GEOMETRIC DEGREES 3

Proposition 26.1. Lete € EE, (K) be such that deg(e) = 3. Let R := K[z1,...,%x],
S = Kx1,...,2,). Let (ho,h1) € R? be such that N*~¢ = Spec R/Rho and
N. = Spec R/Rhy (so hg € K* iff ¢, is étale and hy € K* iff 1. is an isomor-
phism). Let h € R be such that ho | h | hy. We consider the following conditions.

(1) The Rp-module (A¢)n/Rh is free (of rank 2).

(15,) Eithern > 3 and there exists (Y1, - .., yn) € An(K) such that each irreducible
factor of h is a polynomial in an indeterminate in K ®}_; Ky; orn = 2.

(S3) The field extension Frac(e?) : Frac(R) — Frac(S) is non-Galois.

(Ly) Let he € R be such that h = hohy. For each irreducible component Z of
the zero locus hy = 0, e~1(Z) is irreducible.

Then the following properties hold.

(1) If condition (S3) does not hold, then char(K) = 3.
(2) Assume (Ss) holds.
(2.a) The field extension Frac(e?) generates a Galois extension Frac(R) — Ko
of Galois group G = S3.
(2.b) There exists a finite morphism
¢ : Y. = Spec B, — Al = Spec R

between integral normal varieties which is generically étale of degree 2 and such that
the normalization W, = SpecC, of X, in Ky is the normalization of Xe xan Y.

(so Ko = Frac(Ce)).

(2.c) We have dim(Sing(Y.)) < n—2 and the finite morphism W, xy, Reg(Y.) —
Reg(Ye) is Galois.

(2.d) The non-étale locus of ¢ is the zero locus hg = 0 in Y.

(2.€) The R-module B, is free of rank 2.

(2.f) If char(K) # 2, then B. = R[z]/(2% — ho) and hence hg ¢ K*.

(2.g) If char(K) = 2, then (Be)n, = Ry, [2]/(22 + 2+ fo) for a suitable fo € Ry, .

(2.h) If char(K) = 2, then there exists a triple (go,g1,1) € R* x N such that
g1 | h and Be = R[2]/(* + hogiz + go).-

(2.i) We have ciedim(Y,) <n + 1.

(2.j) If dim(Sing(Ye)) < n — 3, then ¢ is étale.

(3) If ¢, is étale and condition (Ss) holds, then char(K) = 2.

(4) We have (1) = (f5)- Even more, if condition (1) holds then for each
m € N, every finitely generated projective Rp[Tpi1,. .., Tnym]-module is free.

(5) Assume condition (t),) holds. Then there exists a unimodular quadruple
(o, B,7,6) € R} such that by denoting L(z,y) := ax®+Bx?y+yzy?+8y> € Rylx,y],
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for each Ry-algebra A, the A-algebra (A.)rn ®r, A is generated by 1 element iff there
exists (u,v) € A% such that L(u,v) € A*.

(6) If conditions (1,) and (L) hold, then there exists a pair (vi,vs) € (Ae)?
such that L(vi,v2) € R}.

(7) If condition (L) holds and the Rp-algebra (A.)y is generated by 1 element,
then char(K) = 3.

(8) If condition (Ss3) holds, then we have inequalities ciedim(Spec Rp) < n +
1, ciedim(Spec(Be)h) < n+2 if char(K) = 2, Ciedim(Spec (Be)h) <n+1i
char(K) # 2, ciedim(Spec (Ae)n) < 2n + 2 and ciedim(Spec (C)p) < 2n + 2.

(9) Assume condition (%)) holds. We consider an Rp-algebra presentation
(A)n = Ruly1,y2]/I such that {1+ hyy1 + I,ys + I} is an Rp-basis of (Ae)p.
Then the ideal I is generated by 3 polynomials of degree 2 in y; and yo. Moreover,
if condition (1) holds, then I is generated by 2 elements iff the Rp[y1,y2]-module
Ext}%h[yhyz](I, Ryly1,y2]) is cyclic, and in such a case, if condition (Ss) also holds,
we have inequalities ciedim (Spec (Ac)n) < n+ 3 and ciedim(Spec (Ce)p) < n + 3.

(10) Assume that char(K) # 3 and condition (S3) holds. Let

< ey >€ H} (Spec (Be)n, (Z/3Z) k)
be the class that defines the Galois cover Spec(C.)n — Spec (Be)n. Let My, be a
finitely generated projective (B.)n-module of rank 1 whose class

< M, >¢ H}, (Spec (Be)h,Gm’K)
is the image of < ey, > via the monomorphism (Z/3Z)k — G k-

(10.a) Assume that My = (B.)n. Then there exists u € (B.)} such that
(Ce)n = (Be)alt]/(t? — u) and we have inequalities ciedim(Spec (Ce)p) < n+2 and
ciedim(Spec (A¢)p) < m+3 if char(K) # 2 and an inequality ciedim(Spec (Ce)p) <
n+ 3 if char(K) = 2.

(10.b) There exists a finitely projective Be-module M of rank 1 such that the
notations match, i.e., M, = M ®p, (Be)n, iff there exists a closed subvariety Z of

the zero locus h = 0 of Y. and a line bundle over Y. \ Z such that dim(Z) <n —4
and the line bundle restricts to line bundle over Spec (Be)p\ Z that defines < My, >.

(10.c) If dim(Sing(Ye)) < n — 3, then the class < ep, > is the image of a
class < e >¢ Hét (Spec Be, (Z/SZ)K) and hence there exists a finitely projective
Be.-module M of rank 1 such that the notations match, i.e., M, = M ®p, (Be),.

(11) Assume that conditions (;,) and (S3) hold and char(K) # 3.

(11.a) The (R.)n-module My, is free of rank 2.

(11.b) The (B.)n-module My, is generated by 2 elements and My, @ M2% = (B.)3.

(11.c) Assume char(K) # 2. Then there exists (8:,7:,05) € (Re)s such that
(B2,7:) € (Re)? is unimodular, the identity 62 + 8.y, = h holds, by defining

La(z,y) == 72552 + 26,7y — ﬂzy2 € (Ae)nlz, yl,

we have My, = (B.)p, iff there exists (u,v) € (B.)? such that Lay(u,v) € (B.)}, and
the cocycle that defines the class < My, > is the unit z+ 0, € (Be);;ﬁz%.

(12) Assume that char(K) # 3, condition (S3) holds, and there exists a finitely
projective Be-module M of rank 1 such that M = M ®p, (Be)n.-

(12.a) The R.-module M is free of rank 2.
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(12.b) The B.-module M is generated by 2 elements. If dim(Sing(Y.)) < n-—3,
then we can choose M such that M & M®? = B2,

(12.c) Assume char(K) # 2. Then there exists (8.,7.,0.) € R> such that
(B2,72) € R? is unimodular, the identity 62 + B.y. = h holds, for Ly(xz,y) as in
part (11.c) we have M = B, iff there exists (u,v) € B2 such that La(u,v) € B},
and the cocycle that defines the class < M > is the unit z + 6, € (Be)}gz'yz'

Proof. Part (1) holds as we have char(K) # 0 by [Raz], Thm. 2 and char(K) # p
with p a prime different from 3 by Corollary @

Parts (2.a) and (2.b) are standard Galois theory. To show that the morphism
We xy, Reg(Ye) — Reg(Ye) is Galois (equivalently, is étale) we can assume that
X, # X8 thus hg ¢ K. Let Y € Irr(NP~®) and let n be its generic point; so
(z/Je_l(n))er consists of 2 points 7; € Im(z.) and 172 € X\ X& C X, \ Im(z).
Thus e~ (YY) is irreducible and 7, is ramified over . Also (dfl(n))red is one point
1o of Y, which is ramified over n. The inverse image of 7y in W, is at least 2
points and hence it is 3 points, thus W, — Y, is étale at these 3 points. As
deg(e) = 3 implies that the generic points of ¢! (¢ (XS \ Im(z).)) are contained
in Xst, it follows that W, — Y, is étale in codimension 1 and hence it is étale
outside a codimension at least 2 closed subset of W,. Thus, as the non-étale locus
of W, xvy, Reg(Y,) — Reg(Y.) is either empty or of pure codimension 1 by the
affineness of étale loci (see [Stacksl] or [GZ], Thm. 1), we get that it is empty.
So W, xy, Reg(Y.) — Reg(Ye) is a finite étale cover. As Y, is normal, Sing(Y,)
has codimension at least 2 in Y.. So part (2.c) holds. The images in A% ; of the
non-étale loci of ¢ and W, — AJ  are Spec R/ Rhg. From this and the ramification
of ¢ at nos we get that part (2.d) holds.

For part (2.e), we have a direct sum decomposition B, = R @ B; of R-modules
by [Hq], Thm. 2. The R-module B is torsionfree and the coherent Ogpec g-module
it defines is normal (as B, is normal) in the sense of Barth and hence it is reflexive
by [H3], Prop. 1.6 and Def. before it. From this, as B; has rank 1, it follows that
B; = R by [H3], Prop. 1.9. Thus part (2.e) holds.

If char(K) # 2, then we can identify B, = R[z]/(2% — ho) with hg € R\ K
a product of non-associated irreducible polynomials. The non-étale locus of ¢ is
defined by hg. From this and part (2.d) we get that the zero loci hg = 0 and ho =0
in A% ; coincide. Thus we can assume that ho = ho, hence part (2.) holds.

Part (2.g) follows from part (2.d) and Fact .

To prove part (2.h), let z € B, be such that B = R® Rz. Thus we can identify
Be = R[z]/(2*+ f1z+g0) with (f1,90) € R*. We have f; € R by part (2.g). From
part (2.d) we get that hg | f1 in R, i.e., there exists g1 € R such that f; = hog.
As g1 = fihy' € Ry, , the existence of [ € N follows. Thus part (2.h) holds.

Part (2.i) follows from definitions and parts (2.f) and (2.h). Part (2.j) follows
from part (2.i) and [SGA2], Exp. X, Thm. 3.4(ii).

Part (3) follows from part (2.f).

Based on Quillen—Suslin Theorem (e.g., see [Lang-S2], Ch. XXI, Sect. 3, Thm.
3.7) and [Roi], Prop. 2, to prove part (4) we can assume that m = 0. The case
n = 2 follows from the fact that each vector bundle over Spec R}, extends to a vector
bundle over Spec R = A%,t by [SGAZ2], Exp. X, Lem. 3.5 and hence it is trivial by
[Ses], Thm. The case n > 3 is proved in [Ga2], Thm. 2.1. Thus part (4) holds.
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To prove part (5), we consider an Rp-basis {1, w;,ws} of (A.)n. The A-algebra
(Ae)n @R, A is generated by 1 element iff there exists (u,v) € A? such that A is
generated by w1 ® u + ws ® v and iff, by writing

(w1 @u+wy @0)2 =1ty + 1wy @ uy + wy ® vy

u

with (t2, v, w2) € A3, the matrix A, , := { U} is invertible, i.e., is in GLg(A).

Uz V2
As uy and v are homogeneous polynomials in v and v of degree 2 with coefficients
in Ry, that do not depend on A, there exists («, 8,7,9) € Ri such that by defining
L(z,y) == ax® + B2y + yoy? + §y® € Rulz,y] we have det(Ay,) = L(u,v). As
(A¢)n modulo each maximal ideal of Ry, is generated by 1 element, («, 8,7,8) € R}
is unimodular. We conclude that part (5) holds.

If condition (L) holds, then e~!(Y) is irreducible for each Y irreducible com-
ponent of the zero locus h = 0 (for Y € TIrr(N2~¢") see the proof of part (2.c)).
Hence the homomorphism Rj, — (A¢);, induces an isomorphism R} — (A.);.

For part (6), the (A.)p-algebra (A¢)n ®r, (Ae)n is a product (Ae)p x A with A
as an (A.)p-algebra which as an (A.)p-module is free of rank 2 and for which the
(Ae)p-module A/(A.)p is free of rank 1. So the (A.)p-algebra (Ae)s ®@r, (Ae)p is
generated by (0,wg) € (Ae)p x A such that A/(Ae)n = (Ae)n[wo + (Ae)n]. Thus
there exists (v1,v2) € (Ae)p such that L(vi,vs) € (Ae); = R;; and part (6) holds.
To prove part (7), let z;, € A, be such that its image in (A.); generates the Rj,-
algebra (A.)p. Let 7y, : Ay — Al be defined by xj,. From the previous paragraph
we get that e is of weak type 1 by Definition @ applied to 7, x e. From this and
Corollary we get that char(K) = 3. Thus part (7) holds.

We have ciedim(Spec Ry) <n+1as Ry, =2 K[z1,...,Znt1]/(Tnr1h — 1). Based
on this, the inequality ciedim(Spec (Be)h) < n+ 2 (resp. ciedim(Spec (Be)h) <
n + 1) follows from part (2.g) (resp. part (2.f) and the isomorphism (B.);, =
K[z1,...,zn41]/(z21h—1)). For « € {A,C} the morphism Spec (<), — Spec Ry,
is étale. So Tspec(q.), 18 trivial, thus ciedim(Spec (<e)h) < 2n + 2 by Theorem
@(2) and (2.f). Hence part (8) holds.

For part (9), note that the ideal I = (y7 — £1(y1,42), 192 — fr2(y1,42), ¥5 —
Kg(yl,yg)) of Rp[y1,y2] is defined by polynomials ¢1, 12,02 € Rply1,y2] of degree
1 (it is easy to see that the 3 polynomials cannot be of degree 0). As locally in
the Zariski topology of Spec R;, the Rj-algebra (A.)y is generated by 1 element
(e.g., this follows from part (5)), locally in the Zariski topology of Spec Ry, the ideal
I is generated by 2 elements and hence, as Rp[y1,y2] and (A.) are regular, the
homological dimension of I is at most 1. Based on this, part (9) follows from [Serl|,
Part IT, Sect. 4, Cor.; note that if I is generated by 2 elements f and g, then (A.), =
Klz1,...,xny3]/(@ns1ih — 1, f,9) and (Ce)p = Klz1, ..., xp43)/ (22 1h — 1, f, ).

For part (10), as char(K) # 3, there exists w € K that generates Ky over
Frac(B.) and such that u := w3 € Frac(B,) by Kummer theory; we can assume that
w € C, and that u € B, is cubic free. As Spec (C.), — Spec (B, ) is a finite Galois
cover between regular varieties of degree 3, for each point P € Spec (B.)n(K),
there exists an affine open subvariety Up of Spec (B.); which contains P and an
element up € Frac(B.) such that uu? is an invertible global function on Up. The
set {(Up,uu)|P € Spec (B.)n(K)} is a Cartier divisor that defines < M, >. As
M), = (B.)p, we can assume that u € (B.)}, hence (Ce)p = (Be)nlt]/ (12 — u). If
char(K) = 2, then from this and part (2.g) we get that ciedim(Spec (Ce);) < n+3.
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In this and the next two paragraphs we assume that char(K) # 2. We have
ciedim(Spec (Ce)n) <n+2as (Ceo)p = Kz, ..., @nyo]/ (22 h — 1,25 5 — u).

As char(K) # 2, we write u = f + zg with (f,g) € R? by part (2.f). Let 7 € G
be the unique element of order 2 that fixes A.. Then 7(z) = —z, x := wr(w) € A,
and v :=ur(u) = f*—hg®> € RNR;. As 2> = v, Frac(R) — Frac(4.) is non-Galois,
it follows that « € Frac(R) N A = R and there exists ¢ € N such that z|h?.

We have 7(w) = £ and 7(u) = 2. As u € (B.)}, {12, w, wz,w? w?z} is an
Ryp-basis of (C)n. As 7 interchanges Rw @ Rwz and Rw? ® Rw?z and 7(R® Rz) =
R®Rzand (Ae)p := {z € (Ce)n|r(x) = 2}, it follows that {1, w+7(w), wz+7(wz)}
is an Rp-basis of (A.)p and condition (f;) holds. We apply parts (5) and (9) to
(wi,wa) = (w+ 7(w),wz + T(wz)). As w = % + %22 generates the (Be)s-
algebra (C.)p, we have L(3, %) € (B.);. As (C. )h = (Be) [t]/(t> — u) under the
isomorphism that maps w to t + (t3 — u), the (Be)n[y1, y2]-module

ExXt(5,), 1y o] (L @R, @(Be)ns (Be)nly, y2]) = Exti, 1, 401 (L Ruly1, v2]) @ g, (Be)n

- EXtR;L[yl y2] (I Rh[y1,y2]) ®Rh [y1,y2] ( ) [ ]
is cyclic isomorphic to (Be)r[y1,yz2]/I. for some ideal I, of (B Ynly1,yz2]. As there
exists an (Be)n[y1, y2]-linear isomorphism (Be)n [y, y2]/T= = (Be)nlyn, y2l/7(12), we

~

have 7(I.,) = I, and Galois descend implies that the Ry, [y1, y2]-module Exty, nlvioa] =
Ruly1,y2)/{y € L|7(y) = y} is cyclic. So ciedim(Spec (A.)s) < n+ 3 by part (9),
and part (10.a) holds.

Part (10.b) follows from part (2.i) and [SGAZ], Exp. XI, Thm. 3.13(ii). Part
(10.c) follows from part (2.j): we can take < e >€ H} (Spec Be, (Z/3Z)k) to define
the Galois cover SpecC, — Spec B, and < M >¢€ Hélt (Spec Be,Gm’K) to be the
image of < e > via the monomorphism (Z/3Z)x — G, k-

Part (11.a) is a particular case of part (4). The first part of (11.b) follows
from part (11.a). As M), is generated by two elements by part (11.a), there exists a
projective (Be)p-module MY such that M,@&M," = (B,)?. Taking determinants, we
get that M)’ is the dual of Mj. As < M), > is a class of order 1 or 3, M,‘??’ > (Be)n,
hence M) = M?? and part (11.b) holds. We identify M, = R7 as Rj-modules.

Assume char(K) # 2. As (B.)n = Ru[z]/(2% — h), we have M), = (B,)) as
(Be)p-modules iff there wy, € Mj, such that {wp,, zwp} is an Ry-basis of M},. Let

{w1,ws} be the standard basis of R2. Let the matrix A, = {az ?Z] € GL3(Ry)

h 0
0 h
a simple computation gives identities a, = —4, and 62 + 8,7, = h. The (B.)s-
module M}, is projective iff the zero locus 8, = v, = 0 in Spec R}, is the empty
set and iff (8,,7,) is unimodular. For (u,v) € Ry, by taking wy := uwy + vws,
B 527;; 8o %ui 520} € GLy(Ry,) and iff
Ly(u,v) € R}. The cocycle part follows from the identities (Be)py, w1 = (Mp)s.,
(Be)np. wa = (Mp)p, and we = %wl. Thus part (11.c) holds.

The proof of part (12) is entirely the same as of part (11) once we note that the
R-module M is free by Quillen—Suslin Theorem. (I

define the action of z on Mj. We have A2 = { } . As h is not a square in Ry,

{wp, zwp} is an Ry-basis of M, iff

Remark 26.2. Assume p = 2. Let R = k[x1,...,z,]. Conjecture predicts
that there exists no e € EE5(k) such that deg(e) = 3, . is étale and condition (S3)
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holds for K = k. Based on [MW], Cor. 2.2(b;) and Thm. 3.1 it suffices to show
that there exists no F' € Frac(R) such that the following properties hold:

(i) The polynomials ¢* + ¢ + F,t? + Ft + 1 € Frac(R)][t] are irreducible and the
normalizations of R in Frac(R)[t]/(t>+t+ F) and Frac(R)[t]/(t* + Ft +1) are étale
R-algebras A and B (respectively).

(ii) The affine variety Spec A contains an open subvariety isomorphic to A}.

Note that for n > 2 there exists F' € Frac(R) such that property (i) holds, prop-
erty (i) does not hold, A* = k*, Spec (A) is rational and moreover A is factorial.
To check this we can assume that n € {2.3} and this case follows from Theorem
@(1) and (2) and Remarks and for n € {2,3}) based on [MW], Cor.
ﬁbl) and Thm. 3.1. Explicit F's for n = 3 can be computed based on Remark
I )

27. APPENDIX: WEAK SEPARATIONS

Definition 27.1. Let X be a normal scheme of finite type over a field K. Let
Ax be the closure in X Xspeck X of the tmage Ax of the diagonal immersion
X — X Xgpeck X, and let U C Ax be the (open) locus where both projections to
X are quasi-finite. We say that X is weakly separated if U = Ax.

Note that U is open in Ax by Chevalley’s Semi-continuity Theorem (see [Grod4],
Thm. (13.1.3)).

Proposition 27.2. With notation of Definition , the following properties hold.

(1) Both projections w1 : U — X and 73 : U — X are local isomorphisms.
(2) The morphism U — X Xgpecic X is an equivalence relation.

Before proving this proposition, we first make a second definition and prove a
lemma needed in the proof.

Definition 27.3. Let X be a normal scheme of finite type over a field IC. By the
weak separation of X we mean the quotient Xy, := X/U of X by the equivalence
relation U (quotient by an equivalence relation of big Zariski sheaves or quotient in
the category of ringed spaces).

Lemma 27.4. Assume we have a commutative diagram X \
f

integral schemes of finite type over a field K with Y normal, f dominant quasi-finite
and g birational. Then h(X) is contained in an open subscheme Q of Z such that
the morphism Q —'Y induced by g is a local isomorphism.

Proof. Tt suffices to show that for each z € X, the homomorphism Oy ;) —
Oz h(x) of local rings induced by g is an isomorphism. To show this we can assume
that X, Y and Z are affine and we can replace X and Z by their normalizations.
Then X is open in the normalization W of Z in the field of fraction of X by Zariski’s
Main Theorem. By the going down property h(X) is open in Z. So h(X) — Y is
quasi-finite birational and thus an open embedding by Zariski’s Main Theorem. [

Proof of Proposition . Part (1) follows from Lemma applied to h = 1p.
The relation defined by the monomorphism U — X Xgpecxc X is clearly reflexive
and symmetric by definition. To show that it is transitive we can assume X is
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integral and we consider the factorization h : U X, x =, U — Ax of the morphism
U Xpy x,m U — X Xgpeck X defined by the following rule on valued points (u,v) —
(7r1 (u), 7o (v)) From Lemma applied to g equal to one of the two projections
of Ax on X it follows that h factors through an open subscheme € of Ax with
the property that both projections from it to X are local isomorphisms. Hence €2
is contained in U. Thus the relation is also transitive, so part (2) also holds.

Lemma implies that the association X +— U is functorial with respect to
dominant quasi-finite morphisms between integral normal schemes of finite type
over K. So dominant quasi-finite morphisms between integral normal schemes of
finite type over K induce morphisms on weak separations. One verifies that Ax
is the inverse image under the morphism X Xgpecx X — Xw Xgpeck Xw of the
diagonal closure ZXW in Xy Xspeck Xw of the image of the diagonal immersion
Xw = Xw Xspeck Xw. It follows that weak separations are weakly separated.

Example 27.5. Let d : C — C be an endomorphism of a curve over K that
permutes the generic points of its irreducible components. Then d™ (' fixes
these generic points and hence induces dominant endomorphisms of its irreducible
components. So to prove that ¢(d) € N we can assume that C is irreducible.
The weak separation Cy, of C' is the integral separated curve obtained from C by
identifying the points whose local rings coincide inside the field of fractions of C.
The functorial endomorphism d,, : Cy — Cy induced by d is finite surjective by
Lemma (3) By considering an open non-empty subset U of C,, isomorphic to
its inverse image in C, we have U C Im(d?) for all i € N. Thus «(d) < |C'\ U]|.

For an endomorphism e : X — X of a variety over K and P € X (K) we consider
the following condition.

(whe,p) The condition (be,p) holds and for each n € N* the Zariski closure of
the set {e™(P)lm € N,m > n,e"!(e™(P)) = {e™ " (P)}} contains a non-empty
open subvariety Q of an irreducible component of positive dimension of the Zariski
closure Yy.1 of the orbit {¢*(P)]i € N}.

Note that if (wi,, p) holds and m € N* is such that e™(P) € €, then (Wlgcm(py)
holds for which endomorphism d : ¥ — Y induced by e with Y a locally closed
subvariety of X that contains e™(P). Clearly, (. p)= (wh. p)= (be,p) and hence
the following proposition is a weaker form of Theorem (2)

Proposition 27.6. Let e : X — X be a quasi-finite endomorphism of a variety
over K. Then there exists no P € X (K) for which condition (wl p) holds.

Proof. We show that the assumption that there exists P € X (K) for which con-

dition (whe,p) holds leads to a contradiction. We can assume that Yp, = X.
Let s € N* be such that e® fixes the generic points of irreducible components of
the equidimensional variety X~ := Uy cp(x),dim(yv)>0Y by Lemma (1) Let

Z € Irr(X7) and let d : Z \ Z be induced by e®. Let | € N be the smallest such
that €!(P) € Z. As (whe,p) holds, so do (Whgei(py) and (bgem(p)). We choose
Z such that each point €™ (P) in some non-empty open subvariety of Z satisfies
d='(e™(P)) = {e™~*(P)}. In particular, d : Z — Z is dominant (being quasi-finite
with Z irreducible) and generically radicial, and the same holds for its normaliza-
tion d" : Z™ — Z". From Zariski’s Main Theorem we get that the functorial weak
separation db : Z%, — Z3 is a bijection. By considering an open non-empty subset
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Q of Z naturally isomorphic to (d*)~1(U) and its image in Z2, we have U C Im(d")
for all i € N, which contradicts (bg em(py)- O

Corollary 27.7. Let f : X — Y be a birational morphism between irreducible
varieties over K. Assume there exist endomorphismse : X — X andd:Y — Y
such that do f = foe. Let Q € Y(K) be such that its orbit {d*(Q)|i € N} is Zariski
dense in Y. Let i € N be the smallest such that there exists P € X (k) such that
f(P)=d"(Q). If (whaq) holds, then e is not quasi-finite.

Proof. As (whq q) holds, so does (whq, p); so corollary holds by Proposition . O

Remark 27.8. In the proof of Proposition , instead of its last paragraph,
from Corollary applied to the birational composite morphism 2 — Z" — Z|
the endomorphisms eq : @ — Q and ez : Z — Z, and the point €™(P) € Z(K), we
get that that eq is not quasi-fine, a contradiction.

28. APPENDIX: ON PULLBACKS OF LANG TORSORS

Let x be a subfield of k£ such that the field extension x — k is algebraic. Let
X = Spec R be an integral affine scheme of finite type over Spec x and of dimension
at least 1. To construct Galois covers over X that are pullbacks of Lang torsors,
we first prove the following general proposition.

Proposition 28.1. Let K be a subfield of K such that the field extension K — K is
algebraic. Let G be a smooth connected linear algebraic group over K. Let R, (Gr)
be the unipotent radical of Gi. Then the following properties hold.

(1) Assume there exists N € N* and a dominant morphism ¥ : AR — G whose
general fibers are geometrically integral. Then Gk /Ry (Gk) is a simply connected
semisimple group.

(2) Assume R, (Gk) is defined over K (i.e., the unipotent radical R, (G) of G is
defined) and G /Ry (Gk) is a simply connected semisimple group. We also assume
that R, (G) is K-split (e.g., this holds if K is perfect) and G/R,(G) is quasi-split
(e.g., this holds if IC is finite). Then there exists N € N* and a surjective morphism
Y AN — G whose general fibers are geometrically integral.

Proof. To prove part (1), we can assume that K = K. By composing ¥ with the
quotient morphism G — G/R,(G), we can assume that R, (G) is trivial, i.e., G is a
reductive group. By reasons of units, each morphism AY — G, ¢ is constant. So
G,k is not a quotient of G and thus G is semisimple. If G*¢ is the simply connected
semisimple group cover of G, then its center is of multiplicative type (see [SGA3-3],
Exp. XXII, Cor. 4.1.7), hence the kernel Ker of the central isogeny G — G is finite
of multiplicative type. As HJ (A}, pm k) = for each m € N* and Ker is a finite
product of such finite group schemes p,,, x over Spec K, the Ker-torsors on A¥ are
trivial. So ¥ factor through G*¢ and thus, as its general fibers are geometrically
integral, it follows that Ker is trivial, i.e., G = G so part (1) holds.

To prove part (2), let G = R,(G) x G/R,(G) be an isomorphism of schemes
defined over SpecC by [Ros2], Thm. 1. By very definition of a KC-split unipotent
group, R,(G) has a composition series whose factors are G, i, hence there exists
m € Nsuch that R, (G) = A. Based on the last two sentences, we can assume that
R.(G) is trivial. As G is a simply connected semisimple group which is quasi-split,
it has a Borel subgroup and hence it has a pair of opposite Borel subgroups B; and
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Bg . For x € {+,—}, let U be the unipotent radical of B§. From [CGP], Part I,
Ch. II, Props. 2.2.9 and 2.1.10 and Cor. 2.2.5 we get that Ug is K-split. Hence each
product over Spec K of a finite number of copies of either U; or Ug is isomorphic
to an affine space over K. Let G’ be the subgroup of G generated by U_Cj’ and Ug .
To prove that G’ = G, in this paragraph we assume that X = K. As G is a
product of simply connected semisimple groups that have simple adjoints by the
classification theorem [SGA3-3], Exp. XXV, Thm. 1.1, we can assume that the
adjoint group of G is simple. As G’ is normalized by UJ , Ug and by the maximal

Q

torus Bg N Bg of G, it is a normal subgroup of G and hence G’ = G.

As G = @', there exists a smallest ¢ € N such that we have a surjective product
morphism ¥ : V; — G with Vg := [[{_, U; where U; is Ug if i is odd and is Ug if
i1 is even. E.g., if G = SLs ¢ then we have ¢ < 5 as one can check easily based on
the analog of Equation (@)C over K. For i € [[1.n]], let 1; be the identity element
of U;. An induction on j € [[1, ji] based on [Rosl], Thm. 10 gives that the product
morphism ¥; : V; — X(V;) induced by ¥ has a rational section (called cross-section
in loc. cit.), where V; := [T/_; U; Xspeck Hg:j—s-l 1;. So the general fibers of ¥ = 3,
are geometrically integral. [

Let ' be the algebraic closure of £ in Frac(R); let X’ be a Zariski dense open
subscheme of X which is geometrically irreducible over Specx’. Let G®" be the
abelianization of an abstract group G. The following result refines [Kam], Thm.
and Item 2 of p. 640 from several points of view (e.g., the case p? = 2 is not excluded,
when k infinite we do not requite either G to have trivial unipotent radical or X to
be geometrically integral over Spec k).

Theorem 28.2. Let g € N*. Let G be a smooth connected linear algebraic group
over Fpa such that G/R,(G) is simply connected semisimple. Then there exists a
Galois cover Y = SpecS — X of Galois group G := G(Fpa) such that S is an
integral domain and &' is algebraically closed in Frac(S) (hence, if Y ==Y xx X',
the Galois cover Y — X' is geometrically irreducible over ).

Proof. Let Fpqa be as in the beginning of Section E For the Weil restriction of
scalars G’ := Resy ,/r,G (see [CGP], Part IV, App. A.5) we have G'(F,) = G =
G(Fpe) and G;, = G}. Thus by replacing G with G’ we can assume that ¢ = 1. Let
L : G — G be the Lang torsor; it is a G-torsor defined on valued points by the rule
O+ O- F,(0)"'. To prove the theorem we can assume that |G| > 2, i.e., that
dim(G) > 1. Recall that G/R,(G) is _quasi-split (e.g., see [Bore2], Ch. V, Prop.
16.6) and R, (G) is Fy-split (e.g., see [Bore2], Ch. V, Prop. 15.5 (ii)).

Following [Kam], we consider two disjoint cases as follows.

Case 1: k is a finite field. Based on Proposition (2), there exists N € N*
for which there exists a surjective morphism ¥ : UN := Aﬁ) — G whose general
fibers are geometrically integral. Thus the pullback My : XN — UV of £ via ¥ is
a G-torsor with XV geometrically irreducible over SpecF,.

For each irreducible G-torsor Y/ — X', let k" be the algebraic closure of x in
the field of fractions of Y’. The inclusion x’ C " is a finite Galois extension and
we have a surjective homomorphism G(F,)** — Gal(x”/x’). In particular, if m is
the exponent of G(F,)*® and k' — &, is the field extension of degree m, for Y’ to
be geometrically irreducible over «’ it suffices that Y,,:;y ) is irreducible.
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Let ], C k4 be a finite field extension. By a version of Chebotarev density
theorem (cf. [Del], Thm. 3.5.3 in the case of finite monodromy), we can assume that
k4 is large enough so that the following two properties hold: (i) for each conjugacy
class conj of G there exist closed points of Aﬁ) with residue field k1 and Frobenius
conjugacy class (defined by My) conj; (ii) the number of closed points of X’ with
residue field k4 is at least equal to the number of conjugacy classes of G. It follows
that there exists a morphism Yx : X — U with prescribed values on certain
k-valued closed points, and using Jordan’s Theorem (e.g., see [Ser2], Thm. 4’ or 4
and [Kam], Lem. 1) as in [Kam], Sect. 2, the G-torsor Y := XV x ( pv 5, X = X
is such that the G-torsor Y, — X[ is irreducible. Thus Y}, is also irreducible
and the theorem holds in this case.

Case 2: « is an infinite field. Let m € N* be such that there exists a closed
embedding ¢ : X — A}’ so ¢y = ¢ X 1yn is a closed embedding. We show that
there exists a linear (not necessarily homogeneous) morphism ¥ : X — U, such
that the G-torsor YV := XY XMy, UN £x X — X is such that the induced torsor
Y’ — X' is geometrically irreducible over «’. This is equivalent to cutting with
a general subspace of codimension N of the affine space A} Xgpecw U, ,iv = AZH‘N .
As dim(X’ Xgpecw XN) > N + 1, the existence of Lx follows from [Jol], Part
I, Cor. 6.7(3) applied (or from [Jolf], Part I, Thm. 6.3(4) applied N times) to
CN © (1X X ./\/lNﬁ) . ¢ X Spec k! Xiv — AZ? X Spec k! Ué\,} = AZ—’_N. U

29. APPENDIX: OPEN PROBLEMS, QUESTIONS, AND CONJECTURES

P1. For all integers n > 2 and [ > 0 compute the smallest 7, ,; € {1} UpN* such
that there exists an F,,-system S over k with 7(S) = mp »; and s(S) = [. Clearly,
Tp.n1 = 1 and the sequences (mp n1)n>2 are decreasing.

Remark 29.1. Each F),-system S over k is equivalent to an F},-system over k of
the form x; + P = 0 for ¢ € [[1,m]], where m € N* depends only on n and 7(S)
and the partial degree of f; € k[z1,...,2n] in x; is at most 1 for all 4, j € [[1,m]].

Example 29.2. (1) Clearly, for | € N we have mp,; = 1 iff I = 1 and (see [V],
Thm. 2.4.1(b)) we have 7, ,; = p iff | € {p"|m € [[1,n]]}. Thus 7,0 > 2p.

(2) We have 7,29 > 3p by Proposition . The system of equations x —
xPyP(P—1 41 =y — 2y? — 1 = 0 over k has no solutions by Example applied
to (m,q) = (1,p) and it is equivalent to the Fp-system z — zPyP®P~1 + 1 = 4 +
yP — x”y”z — 1 = 0 over k, hence mp209 < p? + p, and also to the F3-system
z—aPyP®P) 4 1=y +yP —aP2P — 1 =0= 2z — y? over k, hence 7, 3 < p®. Part
(1) and the last two sentences imply that 7320 =6, 320 € {9,12}, and T2 0 =4
and 73,0 € {6,9} for n > 3.

P2. Identify properties of the finite sets F(e) € P;(N) with e € BEy(k).

Remark 29.3. If F(e) # () for e € BEo(k), then the union F(e) U {deg(e)} has a
‘midpoint’ [deg(e) + min{F(e)}]/2 but_in general it is not symmetric with respect
to it (e.g., this is so if in Proposition D2.9 we have 1 € U and |U| > 2).

P3. Describe the inclusions {¢(e!®))[e € BEa(k)} C {p(e!®))|e € EEy(k)} and
{t(e)le € BE2(k)} C {t(e)|e € EE2(k)} and the set {deg(e)|e € BEa(k), p(e) > 0}.
In particular, does there exists e € BEo(k) with deg(e) = p and ¢(e) > 0?7
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P4. For n € N* compute the smallest ¥,(n) € N* for which there exists e € BEy (k)

with ¢(e) = n and deg(e) = ¥p(n). E.g., we have J5(4n — 1) < 4n by Theorem
(3)-

P5. Classify the sequences ((cp(e”))neN with e € QF,(K).

P6. Let d € EE,(K). For n > 2, classify the sequences (pet(d™)) and

n,
(p(d"))neN, decide if per(Xg) is or is not equal to pgt(d) (cf. Theorem [7.3(4)).
For n = 2, how do the invariants p;(d) or p2(d) vary with d when the isomorphism
class Xy is fixed?

Example 29.4. If ¢ € EE;(k), then for all n,m € N*, the identity e"t™ = e"e™
induces a finite flat morphism X n+m — X¢n such that the inverse image of the
open subvariety A} | of Xen is Xem and therefore p(e" ™) > p(e™) + p(e™).

P7. Given e € EE,(K) and an open embedding ¢ : A% — X, is it true that
Im(z) C X&? If it is not true, does there exist d € EE, (K) such that 14 is
isomorphic to d?

Let X be an affine connected smooth surface over k that has an open subvariety
isomorphic to Ai. Does there exist e € EE5 such that X is isomorphic to an open
subvariety of X,.? If yes, can we actually choose e € EE5(k) such that X = X.? If
not, is it true that there exists a non-surjective étale endomorphism d : X — X7
P8. Study other invariants of e € EE,(K) such as the reduced locally closed
subvariety N;(e) with | € F(e) U{deg(e)} of Remark or the isomorphism class
of the Galois group of the finite Galois extension of Ky(z1,...,z,) generated by
Frac(e®), or the number v(e) of irreducible components of N..

P9. For e € EE5(k), describe relations such as inequalities or values of polynomial
expressions between invariants of its iterates. E.g., the set {2 ée()e) le € EEo(k)} is
unbounded (see Theorem @(2))

P10. Use special polynomials as in [Wr2], Defs. 1.3 to 1.7 to provide more examples
of moduli spaces of endomorphisms e € EE,, (R) that have relevant properties. E.g.,
for integers n,q > 2 we have a closed subscheme HEE},  of EE}  whose R-valued
points are those n-tuples of the form

(fiyeo s fn) = (1 +1f, .. zn +12) € Rlz1,. .. 20]"

with [y, ...,[, linear forms. Of particular interest is to describe the set

vn,q,char(K) = {deg(e(fh RN fn)>|(f17 RN fn) € HEE:;q(K)}

Example 29.5. (1) We have V3,0 = {1}, i.e., (HEE2 g K)rea = SA; , i is a
closed embedding if char(K) = 0 (see [vdE], Part I, Ch. 2, Sect. 2.1, Exc. 4 due to
Furter).

(2) We have V.1, = {1,p,p%,...,p"} (the part ‘C’ follows from [V], Thm.
2.4.1(b); the part ‘D’ can be seen by taking I; € {0,x;} for all i € [[1,n]]).

(8) For t € N* we have Vg e 11, = V3 pri1, = {1}, i.e., we have closed embed-
dngS (HEE2,1+p‘,k:)red — SA;,pt+17k and (HEEB,pt+1,k)red — SAg,pt+l,k'

P11. Classify all SEE, 4k that are irreducible. Compute the dimensions of
SEE, ¢k and SA} | .

P12. Prove an analogue of Theorem with SEFE replaced by SA.

P13. Is it possible to define moduli schemes BE,, ,r, and SBE,, 4F,”
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P14. For each integer ¢ > 3, classify all surfaces that are non-trivial torsors under
the line bundle OP}{ (—q) over P.. In particular, classify the isomorphism classes

defined by S?‘,q,k,y or T?,q,m,y of Proposition .

Remark 29.6. Torsors under Op}((—q) are parametrized by H' (P}(,(’)p}((—q)).
As H' (P}, O]P}((—2)) = K, the group of automorphisms of Op: (—2) acts transi-
tively on the non-trivial torsors under OP}{ (—2) and thus, as schemes over Spec K,
they are all isomorphic to S%. By Serre duality for P (see [H2], Ch. III, Thm.
7.1(b)), for each non-zero class in H' (P}, Op1. (—q)) there exists a homomorphism
Op1_(—q) = Op1 (—2) that maps it to a non-zero class in H'(P, Op1_ (=2)). Thus
the non-trivial torsors under Op:_(—q) are affine as they are affine schemes over S%.

P15. Identify more smooth affine surfaces over K that have proper open sub-
varieties isomorphic to_A% and compute their embedding dimensions (in the set
{3,4,5}, see Theorem [7.2(1)) and decide if they are or are not complete intersec-
tions. For (ni,n2,n3) € N3 with ny + ny +n3 > 0 and ¢ € {3,4,5} classify all
e € EEy(k) with (p1(e), p2(e), ple) — par(€)) = (n1,n2,n3) and edim(X,) = q.
P16. Classify all Galois field extensions Z of k(z,y) which are of degree p and
unirational in a way that one can decide if Z is rational or if Z has the property that
the spectrum X of the normalizations of k[x,y] in Z has an affine open subvariety
Y which is étale over A? and: (i) isomorphic to A%; (ii) finite over A%; (iii) such
that O(Y) = k*; (iv) factorial.

P17. If k is an algebraic closure of F),, does there exist do € Ds(k) which is
generically étale with deg(dz) > 1 and ¢(d3) = 00?

P18. Do there exist affine regular varieties X over k with trivial tangent bundles
but without p-bases? In particular, do there exist étale morphisms SLo j, — A2?
P19. Let e € EEn(K) Is it true that Sing(Xe) C U(y rr(Xe\XS")Q,Y#ZY NnZ?
For n = 2, if this is true then Sing(X.) = () by Corollary (1), so X, is regular. If
n = 2, then for m € N with p™ > ¢(e) and a d € EE5(k) which is a finite étale cover
of degree p™, de € EEy(k) is surjective with X4 = X.. So there exists e € EF5(k)
with X, singular iff there exists a surjective e € FFEy(k) with X, singular.

P20. Let e € EE, (K). Is it true that, with the notations of Criterion , we
have Irr(X, \ X&) = Trry (X, \ X&)?

P21. Describe the submonoid MBE,, (k) of GA,,(k) generated by BE,, (k). Describe
the set oo, (M) := {(c0p(f), 00p(9))|(f, 9) € ks[z1,x2], e(f, g9) € M} C (N*)2, where
M € {EE;(k), MBEs(k)}.

P22. If n > 2 and m € N*, is the set {e € p-Mor,, (k) \ BE,,(k)| deg(e) = pm} non-
empty? Note that if n > 2 and e € BE, (k) is non-surjective, then e ¢ p-Mor,, (k).
P23. If e € EE2(k) has 1 point at infinity modulo p and a € GA3(k), is it true
that ea has 1 point at infinity modulo p?

P24. Is it true that there exists no e € EE, (k) with 2 < deg(e) < p or at least
that deg, , , = 1if ¢" < p? [An affirmative answer implies the classical Jacobian
Conjecture. If such an e exists, then is non-étale by Corollary ] Do there
exist counterexamples to Conjecture ﬁ with deg(e) > p? Do there exist examples

with deg;;n’q # deg, ,, , or with SEEZ_;;ZH not Zariski dense in SEE, ,;?

The following conjecture is our expectation of what [Zh], Introd., Thm. for n = 2
would become for n > 3.



118 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

Conjecture 29.7. Assume char(K) =0 and n > 3. Ife(g1,...,9n) € EE,(K),
then deg(e(gl, . ,gn)) < H?:_ll deg(g;)-

For n > 3, note that Conjecture @ neither implies the classical Jacobian Con-
jecture for n nor is implied by [Fo2], Thm. 2. It is a weakening of The n-Degree
Conjecture of Moskowicz (see [Mog], Conj. 3.1) which does imply the classical Ja-
cobian Conjecture for n by [Mogd], Prop. 3.8.

The next conjecture is a natural extrapolation of Corollaries & and , [Wa2],
Thm. 62, Section R1|, and moduli considerations.

Conjecture 29.8. Ifn >2, ¢ >3 and /p < q < p, then 5;,%(1 =1.
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