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ABSTRACT. Let p be a prime. We provide examples which show that étale
endomorphisms of affine planes in characteristic p can have fibers of arbitrary finite
cardinal and hence are not always surjective. Let (l,m) ∈ N× N∗. We provide ex-
amples of such étale endomorphisms whose images have complements of cardinality
l and whose geometric degrees are pm. Several conjectures are disproved, and in
particular we provide a positive characteristic analogue of Kulikov’s counterexam-
ple to the ‘Generalized Jacobian Conjecture’ of Bass for surfaces. If e : X → X is
an endomorphism of a variety over an algebraically closed field, then we show that
there exists n ∈ N such that Im(en) = Im(en+1) provided either (i) e is quasi-finite
or (ii) dim(X) ≤ 2 and X \ Im(e) is finite. We provide examples of endomorphisms
of the affine planes of dimensions at least 3 whose images have complements of
cardinality l and for all n ∈ N we have Im(en) 6= Im(en+1). We prove that all affine
moduli schemes of étale endomorphisms of affine spaces with Jacobian matrices of
determinant 1 over a field are connected and classify all those that are smooth.
We prove that the classical Jacobian Conjecture and Adjamagbo’s analogue of it
in characteristic p hold for étale endomorphisms of affine spaces that are compos-
ites g ◦ f , where f is quasi-finite and a locally closed embedding in codimension 1
outside a specific finite subset and g is a projection that omits one coordinate.
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1. Introduction

The classical Jacobian Conjecture states that for an integer n ≥ 1 if a collection
of n complex polynomials in n indeterminates has a non-zero constant Jacobian
determinant, then the corresponding polynomial map, usually called a (complex)
Keller map, has a polynomial inverse. In other words, every locally analytically
invertible polynomial self-map of an affine space over C is globally invertible, by a
polynomial map. This conjecture goes back to the 1939 paper of Keller ([Kel]) and
has received considerable attention, especially for n = 2, the first non-trivial case.
In fact, it is known to be a very tricky problem that has generated a large number
of incorrect proofs.
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On its face, the conjecture seems to be solely about characteristic 0, and, indeed,
many attempts to solve it use analytic methods. However, it is also known that
if it is false for a given n, one can construct a counterexample over the integers
that involves more indeterminates than n (see [CvdD], Subsect. 4.3). It has also
been well-known that if a polynomial map in question is injective then it must
be surjective and, moreover, its inverse must also be a polynomial map. That
injectivity implies surjectivity is a particular case of Ax–Grothendieck’s Theorem
(see [Ax], Thm., [Gro4], Prop. (10.4.11); see also [Bore1], Thm. 2.3 and Sect. 3),
whose original proof is by reduction to positive characteristic. Due to this, the
Jacobian Conjecture can be viewed as a strengthening of the following conjecture.

Conjecture 1.1 (Surjectivity Conjecture over C). Each complex Keller map is
surjective.

Let p be a prime number. If taken verbatim, the Jacobian Conjecture in charac-
teristic p is false already in dimension n = 1, as the polynomial x+xp has derivative
1 but the function x 7→ x + xp is not injective; however, it is surjective over alge-
braically closed fields. In fact, for n = 1 the Surjectivity Conjecture is clearly true
over all algebraically closed fields.

Generalizing the above example, one can consider in characteristic p a natural
class of Keller maps, that we call basic endomorphisms:

e(x1, . . . , xn) =
(
x1 + f1(x

p
1, . . . , x

p
n), . . . , xn + fn(x

p
1, . . . , x

p
n)
)
.

It is natural to ask if over algebraically closed fields they are surjective.
Finding a preimage by e of the point (0, . . . , 0) and, by a shift, of any other

point, leads to a system of equations of a particular kind, that we call a Frobenius
system:
(1) xi + fi(x

p
1, . . . , x

p
n) = 0, i ∈ {1, . . . , n}.

Based on the case when the fis have degrees at most 1 (see [V], Thm. 2.4.1(b)) and
other explicit examples, the third author had conjectured that Frobenius systems
over algebraically closed fields are always consistent1. His persistent effort to prove
it was the original impetus and the starting point of our investigation.

Incidentally, if the p-th power is applied to the indeterminates of the first terms
rather than to the second terms of the left hand side of System (1), the system

xpi + fi(x1, . . . , xn) = 0, i ∈ {1, . . . , n}
is consistent if p is large enough (say greater than the degree of fi for each i ∈
{1, . . . , n}). Moreover, if the field is algebraically closed of characteristic p and
a dominant map (x1, . . . , xn) 7→

(
f1(x1, . . . , xn), . . . , fn(x1, . . . , xn)

)
is fixed, then

the union indexed by q ∈ N∗ of the set of solutions of the system
xp

q

i + fi(x1, . . . , xn) = 0, i ∈ {1, . . . , n}
is Zariski dense in the affine space (e.g., see [BS], Thm. 1.4 for the particular case
of an algebraic closure of Fp and see [SV], Thm. 1.3 for the general case2). This
added to the hope that Frobenius systems are consistent, though the first author
considered this problem to be about as hard as the Jacobian Conjecture.

1Talk at the 60th Anniversary of Gerd Faltings, MPI, Bonn, Germany on June 13, 2014.
2The general case follows from the particular case via a standard specialization argument as

for q >> 0 such systems define finite flat endomorphisms of affine spaces.
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The actual answer was opposite to the initial expectation. Indeed, we have the
following particular case of Example 12.3 for m = 1 and f(y) = 1− y + yp.

Example 1.2. Let i ∈ {0, 1, . . . , p− 1}. The Frobenius system{
x=

(
1+xp(1−y+yp)p

)[
1−x

(
1−x(1−y+yp)+xp(1−y+yp)p

)p−1(
(x(1−y+yp))p−1−1

)]p
y = i+ xp(1− y + yp)p

has no solutions in any field of characteristic p.

To show that the assumption that it has a solution leads to a contradiction, let
z := x(1− y + yp). Hence y = i+ zp and the first equation can be rewritten as

x = (1 + zp)
[
1− xp(1− y + yp)p−1

(
(y − i)p−1 − 1

)]
(note that ip = i in fields of characteristic p). Multiplying this by 1 − y + yp, we
get z = (1+ zp)

[
1− y+ yp− (y− i)

(
(y− i)p−1− 1

)]
, which simplifies to z = 1+ zp.

Thus 1 − z + zp = 0. Taking this to the power p, we get 1 − y + yp = 0. Hence
y = i by the second equation, which contradicts 1− y + yp = 0.

This example implies that, in positive characteristic, the naive analog of the
Surjectivity Conjecture is false, even for basic endomorphisms in dimension 2.

An important work on the Jacobian Conjecture in positive characteristic was
done by Adjamagbo. In particular, he proposed the following conjecture as the
natural analog of the Jacobian Conjecture in characteristic p.

Conjecture 1.3 (Jacobian Conjecture in characteristic p, [Ad], Conj. 3.1). Every
Keller map over an algebraically closed field of characteristic p is an automorphism
if its geometric degree is not a multiple of p. [The geometric degree is the cardinality
of the preimage of a generic point or the degree of the corresponding field extension.]

While this conjecture seems to be weaker than the Jacobian Conjecture, it is
stronger in the following sense: its validity for infinitely many primes implies the
classical Jacobian Conjecture. At this time we cannot prove or disprove it. However,
we do disprove another conjecture by Adjamagbo ([Ad], Conj. 3.4, see Theorem 2.7),
that was meant to be an analog of the ‘Generalized Jacobian Conjecture’ of Bass
in characteristic 0 (see [Ba2], Rm. after Prop. (4.3)) that was disproved by Kulikov
in dimension 2 (see [Kul], Sect. 3; the explicit equations of loc. cit. work over any
algebraically closed field of characteristic different from 2 and 3).

The main goal of this paper is to initiate a systematic study of several natural
invariants of basic endomorphisms and general Keller maps (étale endomorphisms)
over algebraically closed fields of characteristic p. For the sake of generality and for
including also the characteristic 0 case whenever possible, we often work with larger
classes of endomorphisms of affine spaces over arbitrary algebraically closed fields,
such as quasi-finite or even only dominant endomorphisms. Example 1.2 above is a
particular case of one of several series of interesting étale endomorphisms that we
were able to construct, sometimes with the help of other smooth affine hypersurfaces
that contain affine spaces as open dense subvarieties. Note that while most of our
theorems are stated as existential results, our proofs are ultimately constructive,
even if it is not always possible to write down explicit formulas.

In the next section we give precise definitions and describe our main results,
that are proven in the subsequent sections. Finally, in the last section we propose a
number of open problems, questions and conjectures that naturally arose from our
work. Perhaps, the most interesting open problems and questions are the following.
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(1) Can some of our examples (resp. methods) be tweaked to disprove (resp.
prove) Conjecture 1.3? Note that a disproof of Conjecture 1.3 would not necessarily
disprove the classical Jacobian Conjecture.

(2) Can some of our examples and methods be used to prove or disprove the
Surjectivity Conjecture over C?

(3) Classify all non-decreasing eventually constant sequences (an)n∈N of natural
numbers with the properties that a0 = 0, the first order difference sequence (an+1−
an)n∈N is non-increasing, and there exists an étale endomorphism e of an affine plane
over an algebraically closed field of characteristic p such that for each n ∈ N, the
complement of the image of en has an points.

2. Notation, definitions and description of main results

Let K be an arbitrary algebraically closed field and let char(K) be its charac-
teristic. For a polynomial f(t) ∈ K[t] \ {0}, let z(f) ∈ N be the number of roots
of f in K. Recall that p is a prime number. Let k be an algebraically closed field
with char(k) = p. For l,m ∈ N, let

[[l,m]] := {i ∈ N|l ≤ i ≤ m}

(so [[l,m]] = ∅ if l > m). Let R be a commutative Z-algebra. Let R∗ be the
multiplicative group of units of R. Let n ∈ N∗. For indeterminates x1, . . . , xn, the
R-algebra R[x1, . . . , xn] is N-graded by deg(1) = 0 and deg(xi) = 1 for i ∈ [[1, n]].

All the standard schemes or group schemes
An, SLSLSL2, GLGLGL2, Ga, Gm, etc.

are over SpecZ and we use their pullbacks
AnR, SLSLSL2,R, GLGLGL2,R, Ga,R, Gm,R, etc.

to SpecR. Thus
An = Spec (Z[x1, . . . , xn]), SLSLSL2 = Spec

(
Z[w, x, y, z]/(wz − xy − 1)

)
,

GLGLGL2 = Spec
(
Z[w, x, y, z, (wz − xy)−1]

)
, Ga = Spec (Z[t]),

Gm = Spec (Z[t, t−1]), AnR = Spec (R[x1, . . . , xn]), etc.
Let Endn(R) be the monoid of R-endomorphisms of AnR under the composition

(denoted multiplicatively) and let GAn(R) be its subgroup of invertible elements,
i.e., of R-automorphisms of AnR.

If m ∈ N∗ and (g1, . . . , gm) ∈ R[x1, . . . , xn]
m, by the degree of the m-tuple

(g1, . . . , gm) or of the system V of m polynomial equations in n indeterminates
gi(x1, . . . , xn) = 0, i ∈ [[1,m]]

it defines, we mean
π(g1, . . . , gm) = π(V) := max{deg(gi)|i ∈ [[1,m]]} ∈ N ∪ {−∞}.3

If m = n, by the endomorphism of AnR over SpecR defined by (g1, . . . , gn) we mean
the endomorphism e(g1, . . . , gn) ∈ Endn(R) defined by the R-algebra endomor-
phism of R[x1, . . . , xn] that maps xi to gi for each i ∈ [[1, n]].

We use the following formalism of invariants for such endomorphisms.

3By convention, the degree of the zero polynomial is −∞.
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Definition 2.1. Let M be a subset of Endn(R) stable under left and right transla-
tions by elements of GAn(R). Let N be an arbitrary set. A function = : M → N
is called an N -valued:

(1) inner invariant for M if =(aea−1) = =(e) for each pair (a, e) ∈ GAn(R)×M ;
(2) left (resp. right) invariant for M if =(ae) = =(e) (resp. =(ea) = =(e)) for

each pair (a, e) ∈ GAn(R)×M ;
(3) invariant for M if =(aeb) = =(e) for each triple (a, b, e) ∈ GAn(R)

2 ×M .

In practice, M is a set in the chain of inclusions
GAn(R) ⊂ · · · ⊂ EEn(R) ⊂ QFEn(R) ⊂ QFn(R) ⊂ Dn(R) ⊂ Endn(R),

where Dn(R) is the submonoid of all endomorphisms that are fiberwise dominant,
QFn(R) is the submonoid of all quasi-finite endomorphisms of AnR, QFEn(R) is the
submonoid of all quasi-finite endomorphisms of AnR that are fiberwise generically
étale, EEn(R) is the submonoid of all étale endomorphisms (also called Keller maps)
of AnR, and the dots stand for extra sets to be introduced in the case when R is an
Fp-algebra. Often N is a subset of either N∪ {−∞,∞} (ordered as a subset of the
extended real line) or Pf (N) (the set of finite subsets of N).

Though our emphasis is on the case when n ≤ 3 and R = k, whenever possible
we work with an arbitrary n and R = K.

Definition 2.2. Assume that R is an Fp-algebra.
(1) By an Fn-system (Frobenius system in n indeterminates) S over R we mean

a system of n polynomial equations in n indeterminates of the form
xi + fi(x

p
1, . . . , x

p
n) = 0, i ∈ [[1, n]],

where f1, . . . , fn ∈ R[x1, . . . , xn]. If S is an Fp-subalgebra of R, we say that S
is defined over S if we have fi ∈ S[x1, . . . , xn] for all i ∈ [[1, n]]. By the en-
domorphism eS ∈ Endn(R) defined by S we mean the endomorphism e

(
x1 +

f1(x
p
1, . . . , x

p
n), . . . , xn + fn(x

p
1, . . . , x

p
n)
)
. If R = k, let s(S) ∈ N be the number

of solutions of S in kn.
(2) By a basic endomorphism of AnR we mean an endomorphism e ∈ Endn(R)

such that an element of GAn(R)eGAn(R) is defined by an Fn-system over R.

From the very definitions, each basic endomorphism of AnR is étale as, referring
to Definition 2.2(1), for the R[y1, . . . , yn]-algebra

R[x1, y1, . . . , xn, yn]/
(
yi − xi − fi(x

p
1, . . . , x

p
n)|i ∈ [[1, n]]

)
= R[x1, . . . , xn],

the 2n differentials
dyi, d

(
yi − xi − fi(x

p
1, . . . , x

p
n)
)
= dyi − dxi ∈ ΩR[x1,y1,...,xn,yn]/R with i ∈ [[1, n]]

are linearly independent even at all points of Spec (R[x1, y1, . . . , xn, yn]) ∼= A2n
R .

Thus for the set BEn(R) of basic endomorphisms of AnR we have inclusions
GAn(R) ⊂ BEn(R) ⊂ EEn(R).

Clearly, BEn(R) is stable under left and right translations by elements of GAn(R).
For a scheme W , let Wred be its associated reduced scheme.
We study the following list of invariants or inner invariants of suitable sub-

monoids of Endn(K), formed by endomorphisms whose domain and codomain are
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denoted also as AnK,s = Spec (Ks[x1, . . . , xn]) and AnK,t = Spec (Kt[x1, . . . , xn]) (re-
spectively), with the indexes s and t standing for source and target (respectively).

(i) The algebraic degree invariant
π = πn,K : Endn(K) → N ∪ {−∞}

is defined by the rule: π(e) is the minimum of the set of all π(g1, . . . , gn) with
(g1, . . . , gn) ∈ Ks[x1, . . . , xn]

n varying subject to the condition that it defines an
endomorphism in the double coset GAn(K)eGAn(K). We similarly define the inner,
left or right algebraic degree invariants by

πi = πinner,n,K : Endn(K) → N ∪ {−∞},

πl = πleft,n,K : Endn(K) → N ∪ {−∞},
πr = πright,n,K : Endn(K) → N ∪ {−∞}

(respectively) via the rules: πi(e), πl(e) or πr(e) is the minimum of the set of all
π(g1, . . . , gn) with (g1, . . . , gn) ∈ Ks[x1, . . . , xn]

n varying subject to the condition
that it defines an endomorphism in the conjugacy class {aea−1|a ∈ GAn(K)}, in
the left coset GAn(K)e or in the right coset eGAn(K) (respectively).

These types of algebraic degrees measure how efficient the n-tuple π(g1, . . . , gn)
defines suitable cosets of e from the perspective of computing other invariants.

(ii) The geometric degree invariant
deg = degn,K : Dn(K) → N∗

is a multiplicative invariant defined by the rule: deg(e) is the separable degree
of the finite field extension Kt(x1, . . . , xn) → Ks(x1, . . . , xn) induced by e; so, if
e ∈ QFEn(K), then deg(e) is the degree of the mentioned field extension.

(iii) The non-generic fibers set invariant
F = Fn,K : QFn(K) → Pf (N)

is defined by
F(e) := {s ∈ [[0,deg(e)− 1]]|∃P ∈ AnK,t(K) such that

(
e−1(P )

)
red

∼= Spec (Ks)}.

We recall that if e ∈ EEn(K), then e is finite iff the set F(e) is empty by [Gro5],
Cor. (18.2.9).

In all that follows by a variety X over K we mean a reduced scheme of finite
type over SpecK. The identity automorphism of X is denoted as 1X . For a non-
empty variety, let Irr(X) be its set of irreducible components, let Sing(X) be its
singular locus, let Reg(X) := X \ Sing(X) be its regular locus, and let dim(X) be
its dimension; if X is affine, by its embedding dimension edim(X) we mean the
smallest n ∈ N such that X is isomorphic to a closed subvariety of AnK . If X is
regular, let TX be the tangent bundle over X. If X is equidimensional of dimension
1 (resp. 2), we call X a curve (resp. surface) over K.

(iv) The iterate inner invariant
ι = ιn,K : Endn(K) → N ∪ {∞}

can be defined for each endomorphism e : B → B of a set B: if there exists m ∈ N
such that Im(em) = Im(em+n) for all n ∈ N (equivalently, for n = 1), then ι(e) is
the smallest such m; if no such m exists, then ι(e) is ∞. By the complement of e
we mean the subset Γe := B \ Im(e). If d : X → X is an endomorphism of a variety
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X over K, then ι(d) = ι
(
d(K)

)
and its complement Γd is endowed with its reduced

subscheme structure if it is locally closed.
Lemma 6.1(2) recalls the well-known fact that for e ∈ QF2(K) we have φ(e) ∈ N.

Note that for s ∈ N∗ we have ι(e) ≤ sι(es).
(v) The gap (or missed points) invariant

φ = φn,K : QFn(K) → N ∪ {∞}
can be also defined for each endomorphism e : B → B of a set B: if Γe is finite then
φ(e) is the cardinality of Γe, and if φe is infinite then φ(e) = ∞.

If ι(e), φ(e) ∈ N, then φ
(
eι(e)

)
is the smallest cardinality of a subset C ⊂ B with

the property that e induces a surjective endomorphism of B \ C.
To define the last invariant we first need a definition.

Definition 2.3. By a Jacobian variety over K of dimension n ≥ 2 we mean an
endomorphism ψ : X → X of a normal connected variety X over K of dimension
n such that ψ(X) is an open subvariety of X, the induced morphism X → ψ(X) is
finite, and ψ|ψ(X) is étale. The Jacobian variety ψ is called étale (resp. regular or
affine) if ψ (resp. X) is so. Let ρ(ψ) be the number of irreducible components of Γψ
(i.e., the cardinality of IrrΓψ). Let ρét(ψ) be the number of irreducible components of
Γψ whose generic points are in the étale locus Xét

e of ψ. By an isomorphism (resp. a
quasi-isomorphism) between two Jacobian varieties ψ : X → X and ψ1 : X1 → X1

over K we mean an isomorphism ı̃ : X → X1 (resp. a pair (̃ıs, ı̃t) of isomorphisms
ı̃s, ı̃t : X → X1) over K such that ψ1 ◦ ı̃ = ı̃ ◦ ψ (resp. ψ1 ◦ ı̃s = ı̃t ◦ ψ and
ı̃s
(
Im(ψ)

)
= Im(ψ1)); we identify ı̃ with the quasi-isomorphism (̃ı, ı̃). Let Jn(K)

(resp. Jq
n(K)) be the set of isomorphism (resp. quasi-isomorphism) classes [ψ] of

Jacobian varieties ψ over K of dimension n.
(vi) For n ≥ 2, the Jacobian variety inner invariant

Ψ = ΨK : EEn(K) → Jn(K)

and its associated class rank (resp. étale class rank) invariant
ρ = ρK,n : EEn(K) → N (resp. ρét = ρét,K,n : EEn(K) → N)

are defined as follows. Let Xe be the normalization of AnK,t in the field of fractions of
AnK,s; we have an open embedding ıe : AnK,s → Xe by Zariski’s Main Theorem. Let
ψe be the composite of the finite morphism Xe → AnK,t with ıe : AnK,t = AnK,s → Xe;
so ρ(e) := ρ(ψe) is the number of irreducible components (they have dimension n−1,
see [SGA2], Exp. V, Ex. 3.4) of the complement Xe\Im(ıe) = Γψe and we call it the
class rank of e and ρét(e) := ρét(ψe) is the number of such irreducible components
whose generic points are contained in the étale locus of ψe and we call it the étale
class rank of e.4 We call ψe : Xe → Xe as the Jacobian variety associated to e and
define Ψ(e) := [ψe]. If ρ(e) > 0 (i.e., e 6= ψe), then ι(ψe) = ι(e) + 1.

Note that e and ψe determine each other and the image of Ψ is in natural bijection
to the quotient set of the conjugacy relation on EEn(K) defined by the conjugacy
action of GAn(K) on it. Similarly, the image of the Jacobian variety invariant

Ψq = Ψq
K : EEn(K) → Jq

n(K)

defined by the same rule Ψq(e) := [ψe] is in natural bijection to the set of double
cosets GAn(K)\EEn(K)/GAn(K).

4It is easy to see that the divisor class group Cl(Xe) is isomorphic to Zρ(e).
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Note that ψe is finite flat in codimension at most 2 (see [SGA2], Exp. X, Lem.
3.5). Thus, if n = 2, then ψe is finite flat and we call ψe a Jacobian surface.

The first goal of the paper is to study extensively the main six (inner) invariants
introduced above for e ∈ EEn(k); other invariants that help in or complement the
study of the main six ones are introduced when required. Our basic results for
n = 2 are three explicit examples (Examples 12.3, 13.2 and 14.1) whose existential
essences are combined here as one theorem.

Theorem 2.4. (1) For each l ∈ N, there exists an F2-system U over k with
s(U) = l < deg(eU ) (i.e., there exists e ∈ BE2(k) such that l ∈ F(e)).

(2) Let (m, q, s) ∈ (N∗)2×N be such that pq ≥ s+1. Then there exists e ∈ EE2(k)
defined over Fpq and with deg(e) = pm, φ(e) = s, ψe étale, ρét(e) = ρ(e) =
(pm− 1)(s+ 1), and π(e) ≤ πl(e) = πr(e) = (3s+ 2)(pm− 1)− 1. Moreover, F(e)
is {1} if s = 0 and pm = 2, is F(e) = {0, 1} if s ≥ 1 and pm = 2, is {1, 2, pm− 1}
if s = 0 and pm > 2, and is {0, 1, 2, pm− 1} if s ≥ 1 and pm > 2.

(3) Let (m, q) ∈ (N∗)2 be such that p divides mq. Then there exists e ∈ EE2(k)
defined over Fp with invariants deg(e) = mq, φ(e) = mq−1, F(e) = {0, 1,mq−1},
π(e) ≤ πl(e) = πr(e) = mq + max{(mq − 1)q,m} ≥ 2mq, and ψe is regular. If
mq > 2 we have ι(e) = 1, ρét(e) = mq − 1, ρ(e) = mq and ψe is non-étale, and if
mq = 2 (so p = 2) we have ι(e) = 2, ρét(e) = ρ(e) = 2 and ψe is étale. Moreover, if p
divides both m and q then e ∈ BE2(k) and if q = 1 then πi(e) = πl(e) = πr(e) = 2m.

A key novelty of Theorem 2.4(1) is the case l = 0. To compute the number of
solutions in k2 of an F2-system x+ fp = 0 = y+ gp over k, so (f, g) ∈ k[x, y]2, one
looks at the surjective étale (first projection) morphism

Spec
(
k[x, y]/(y + gp)

)
→ Spec (k[x])

and to get examples of inconsistent F2-systems over k one needs to choose (f, g) so
that x+ fp + (y + gp) ∈ k[x, y]/(y + gp) is a unit.

First, one is led to identify integral curves C on Spec (k[x, y]
[

1
x+yp

]
) whose nor-

malizations have open subvarieties that map étale surjectively into the affine line
Spec (k[x]) via the natural first projection. There exist many Cs including the
ones given by equations yl(1 + ypm) = 1 with (l,m) ∈ (N \ pN)× N∗ (cf. Example
22.5). The simplest such curve C is defined by the equation y(x + yp) = 1 and is
isomorphic to Spec (k[t, t−1]) via the finite étale morphism

Σ : Gm,k → A1
k = Spec (k[x1])

over Spec k defined at the level of k-algebras by the rule: x1 7→ t−1 − tp. Sec-
ond, one is led to find ways to dominate such a ‘good’ curve C via a morphism
Spec

(
k[x, y]/(y + gp)

)
→ C that commutes with the first projections.

Theorem 2.4(2) gives that for all m ∈ N∗ we have an identity
{φ(e)|e ∈ EE2(k),deg(e) = pm,ψe is étale} = N.

Theorem 17.6 proves the identity {φ(e)|e ∈ EE2(k), ψe is non-étale} = N. Directly
from either one of these identities we get (see Section 18) the following result.

Corollary 2.5. Let X be a non-empty affine variety over k and let l := edim(X).
Let q, n ∈ N∗ with n ≥ l + 2. Then there exist e ∈ EEn(k) with ι(e) ∈ N∗ and a
sequence q = q1 ≤ q2 ≤ · · · ≤ qι(e) of integers such that for each i ∈ [[1, ι(e)]] the
complement Γei is a closed subvariety of Ank,t isomorphic to qi copies of X.
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E.g., if X = Alk, then the inequality n ≥ l+2 of Corollary 2.5 cannot be improved
by Lemma 6.1(2); moreover, if n = l + 2 then one can exceptionally take e to be a
cartesian product d× 1X with d ∈ EE2(k) such that φ(d) = q.

If κ is a field of characteristic p and e ∈ Endn(κ) is defined by an n-tuple
(g1, . . . , gn) ∈ κ[x1, . . . , xn], then it is well-known that the following three state-
ments are equivalent (see [No], Thm. (6.2); see also [Ni], Thm. 1.4).

(N1) We have e ∈ EEn(κ).
(N2) We have κ[x1, . . . , xn] = κ[xp1, . . . , x

p
n, g1, . . . , gn].

(N3) The n-tuple (g1, . . . , gn) is a p-basis of κ[x1, . . . , xn], i.e., its associated
family {

∏n
i=1 g

mi
i ;mi ∈ [[0, p − 1]] ∀ i ∈ [[1, n]]} is a basis of the κ[xp1, . . . , x

p
n]-

module κ[x1, . . . , xn].

Based on the equivalence (N1) ⇔ (N3) we have the following interpretation of
the case (m, q, s) = (p, 1, 1) of Theorem 2.4(2) or of the case mq = p of Theorem
2.4(3) in terms of p-bases (see Subsection 14.1 for the case mq = p that involves
smaller algebraic degrees).

Corollary 2.6. Let κ be an arbitrary field of characteristic p, let n ≥ 2 be an
integer and let R := κ[x1, . . . , xn]. Then there exists a p-basis (g1, . . . , gn) of R
such that the degree of the finite field extension κ(g1, . . . , gn) → κ(x1, . . . , xn) is
p and we have an equality (g1, . . . , gn) = (x1, . . . , xn) of ideals of R (resp. and∑n
i=1Rgi = R, i.e., the n-tuple (g1, . . . , gn) ∈ Rn is unimodular)

Conjecture [Ad], Conj. 3.4 is not properly formulated but it was meant to be the
positive characteristic analogue of the ‘Generalized Jacobian Conjecture’ of Bass in
characteristic 0 (see [Ba2], Rm. after Prop. (4.3)) which was disproved by Kulikov
in dimension 2 (see [Kul], Sect. 3). The following theorem is a 3- and 2-dimensional
non-units analogues of the étale morphism Σ that disproves [Ad], Conj. 3.4 (in all
formulations), that is an output of the geometry of SLSLSL2,k, that is closely related
to [Kr], Sect. 2, Ex. 1, i.e., the hypersurface of Spec (C[t, x, y, z]) defined by the
equation x + x2y + z2 + t2 = 0 equipped with a Gm,C-action, and that refines
[Kam], Thm. in the particular cases of simply connected semisimple groups SLSLSL2,Fpq
with q ∈ N and affine irreducible varieties A3

k and A2
k.

Theorem 2.7. The following properties hold for n ∈ {2, 3}.

(1) Let q ∈ N∗. There exists a finite Galois cover

Mn : Xnk → Ank
of Galois group SLSLSL2(Fpq ) between rational affine varieties over k with group of
units equal to k∗ which is defined over Fpq . Hence Mn factors through finite étale
morphisms

Ynk → Ank and Wn
k → Ank

of degree p2q − 1 and pq + 1 (respectively) between rational affine varieties over k
with group of units equal to k∗ which are defined over Fpq .

(2) If p = 2 and q = 1, then Mn factors through a finite Galois cover Vnk → Ank
of degree 2 defined over F2, where Vnk is rational, has group of units equal to k∗, and
has a finite Galois cover Xnk → Vnk of degree 3 (hence its prime-to-2 fundamental
group is non-trivial).
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(3) If p = 3 and q = 1, then Mn factors through a finite Galois cover Vnk → Ank
of degree 3 defined over F3, where Vnk is rational, has group of units equal to k∗, and
has a finite Galois cover Xnk → Vnk with Galois group isomorphic to the quaternion
group Q8 of order 8 (hence its prime-to-3 fundamental group is non-trivial).

(4) In dimension 2, the morphisms of (1) to (3) are obtained from the analogue
ones in dimension 3 via taking quotients through a left Ga,k-action defined over Fpq
(i.e., we have X2

k = Ga,k\X3
k, M2 = Ga,k\M3, etc.).

The proof of Theorem 2.7 uses Nori’s idea (see [Kam]) to take M3 as the pullback
of Lang SLSLSL2(Fpq )-torsor SLSLSL2,k → SLSLSL2,k via a ‘good’ morphism A3

k → SLSLSL2,k. The
finite Galois cover Vnk → Ank of Theorem 2.7(2) (resp. 2.7(3)) is of Artin–Schreier
type by either [Mi1], Thm. 1.1 or Fact 25.1; as Vnk has group of units equal to
k∗, the existence of a non-trivial cyclic cover of it of degree 3 (resp. 2) implies by
Kummer theory that it is non-factorial.

The classification of Jacobian varieties ψe with e ∈ EEn(K) would implicitly
classify all finite covers of AnK of the form Xe with e ∈ EEn(K). If e ∈ EEn(K) is
such that ψe is regular and non-étale, then Xe is not a complete intersection (see
Theorem 7.3(5)) and it is not clear even how to begin the classification of such Xes.
Thus, to begin with we first consider hypersurfaces in An+1

K . Let
IntRatn(K) := {(f, g) ∈ K[x1, . . . , xn]

2|g 6= 0, g.c.d.(f, g) = 1}.
For (f, g) ∈ IntRatn(K), the zero locus
(2) f(x1, . . . , xn) + g(x1, . . . , xn)xn+1 = 0

is an integral rational hypersurface Hnf,g,K in An+1
K but in general it is neither

smooth nor contains an open subvariety isomorphic to AnK . Thus we are let to
consider the three subsets

NorIntRatn(K) := {(f, g) ∈ IntRatn(K)|Hnf,g,K is normal},
SmoIntRatn(K) := {(f, g) ∈ IntRatn(K)|Hnf,g,K is smooth},

AffIntRatn(K) := {(f, g) ∈ IntRatn(K)|∃ an open embedding AnK → Hnf,g,K}.
The hypersurfaces Hnf,g,K with (f, g) ∈ IntRatn(K) such that g =

∏n
i=1 x

mi
i with

(m1, . . . ,mn) ∈ Nn (i.e., g is a primitive monomial) and with f of certain types
have been extensively studied in the literature from many points of views, includ-
ing automorphisms, group actions, invariants, cancellation problems, isomorphism
classes (more general types of fs are considered in [Du2] and [GG], e.g., in [GG],
Thm. B, f is a monic polynomial in one of the variables).

The main object of interest is the intersection NorIntRatn(K)∩AffIntRatn(K).
One would like to classify (up to isomorphisms) all open embeddings AnK → Hnf,g,K
with (f, g) ∈ NorIntRatn(K) ∩ AffIntRatn(K) and, when char(K) = p, all finite
étale covers Hnf,g,K → AnK with (f, g) ∈ SmoIntRatn(K) ∩ AffIntRatn(K).

It does not suffice to study Jn(K) intrinsically via hypersurfaces. We note that
NorIntRatn(K)∩AffIntRatn(K) can be used to study complete intersections in AnK
isomorphic to certain Xes with e ∈ EEn(K) (e.g., see Examples 22.12 and 22.13).

In what follows we introduce a two polynomial parameters family of finite étale
covers of A2

k. For the sake of generality, we introduce them over SpecR as follows.
We say that a monic polynomial f(t) ∈ R[t] is separable if its reduction modulo

each maximal ideal of R is so. Let
ΘR := {(f, g) ∈ (R[t])2|f is monic separable, g is monic, f(0) ∈ R∗};
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e.g., for n ≥ 2 we have (tn−1 − 1, 1) ∈ ΘZ[ 1
n−1 ]

. For (f, g) ∈ ΘR we consider the
affine smooth surface

S2f,g,R := Spec
(
R[x, y, z]/(xf(x) + yg(y)z)

)
over SpecR; so S21,1,Z ∼= A2 and for n ≥ 2 we single out the affine smooth surface

Sn := Stn−1−1,1,Z[ 1
n−1 ]

= Spec
(
R[x, y, z]/(xn − x+ yz)

)
over Z[ 1

n−1 ]. We call

S2 := S22 = S2t−1,1,Z = Spec
(
Z[x, y, z]/(x2 − x+ yz)

)
the arithmetic 2-dimensional sphere (over SpecZ) as we have isomorphisms S2Z[ 12 ]

∼=
Spec

(
Z[ 12 ][x, y, z]/(x

2 + y2 − z2 − 1)
)

and, with i ∈ C, i2 = −1,

S2Z[i][ 12 ]
∼= Spec

(
Z[i][

1

2
][x, y, z]/(x2 + y2 + z2 − 1)

)
.

Over K, groups of automorphisms, group actions, and isomorphism classes re-
lated to certain subclasses of the surfaces Sf,g,K have been extensively studied in
the literature starting with [GD], especially when char(K) = 0. For instance, S2K
is isomorphic to P1

K ×SpecK P1
K \ ∆P1

K
, where ∆P1

K
is the image of the diagonal

embedding P1
K → P1

K ×SpecK P1
K (e.g., see [BvS], Lem. 2.1); the ind-group scheme

Aut(S2K) has been described as an amalgamated product in [GD], Sect. 10.1 if
char(K) 6= 2 and in [Lam], Thm. 4 in general.

For (f, tm) ∈ ΘK with m ∈ N, the surfaces Sf,tm,K are called (often special or
classical) Danielewski surfaces in [FM-J], [Du1], etc. after the author of an unpub-
lished 1989 manuscript which was first quoted in [F] and in which the particular
case f(t) = t − 1 over C is studied in connection to the cancellation problem (by
A1

C); if m = 0 (resp. if m ≥ 1), generators of their groups of automorphisms (resp.
generators of their groups of automorphisms and isomorphism classes) are described
in [M-L1], Thm. (resp. in [M-L2], Thms. 1 and 2 for K = C and in [Cr], Thm. 4.2
and Cor. 4.3 applied to h(x) = −1). Generalized Danielewski surfaces are zero
loci L(x, y) + ynz = 0 (hypersurfaces) in A3

K with L(x, y) ∈ K[x, y] such that
deg

(
L(x, 0)

)
≥ 2; over C they were introduced and classified in [Po], Def. 2 and

Sects. 4 and 5. The terminology ‘generalized’ is supported by the two facts that (i)
for n ≥ 1 and g ∈ K[t] such that deg(g) < n the zero loci x2+xg(y)+ynz = 0 classify
surfaces that are non-trivial line bundles over the affine line over SpecK with the
origin doubled (see [Wi], Sect. 2), and (ii) over C, for n ≥ 2 and (f, g) ∈ K[t]2 with
deg(f) ≥ 2 and deg(g) ≤ n− 1, the surfaces that are the zero loci f(x) + ynz = 0
and f(x)g(y) + ynz = 0 are isomorphic by [FM-J], Thm. 2.

There exist many morphisms between these surfaces over SpecR, among which
two types are introduced here. We have an open embedding

ıf,g,R : A2
R → S2f,g,R

defined on valued points by the rule (x, y) 7→
(
xyg(y), y,−xf(xyg(y))

)
; its com-

plement D1
f,g,R := Sf,g,R \ Im(ıf,g,R) is the zero locus f(x) = yg(y) = 0. Over a

field K of characteristic not dividing n − 1 that contains the n − 1-th roots of 1
and all zeros of g(y) in an algebraic closure of K, D1

tn−1−1,g,K is a disjoint union of
(n− 1)z(tg) copies of A1

K; e.g., D1 := D1
t−1,1,Z

∼= A1 and D1
tn−1−1,1,K is isomorphic

to n− 1 copies of A1
K. Thus for n ≤ 2 and deg(g) ∈ N we get the following fact.
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Fact 2.8. For m ∈ N∗ (resp. m = 0), there exists a (monic) connected smooth
hypersurface in A3

K which is the disjoint union of A2
K and of m copies of A1

K and
which is a finite flat cover of A2

K of degree 2 (resp. 1).

The existence of the open embeddings ıf,g,K imply that we have an inclusion

ΘK ⊂ SmoIntRat2(K) ∩ AffIntRat2(K).

If (f, g) ∈ ΘR is such that we have a product decomposition f = f1f2 of
monic polynomials, then (f1, g) ∈ ΘR and the rule on valued points (x, y, z) 7→(
x, y, f2(x)z

)
defines an open embedding ıf1,g;f,R : S2f1,g,R → S2f,g,R whose comple-

ment is the zero locus f2(x)yg(y) = 0; note that ıf1,g;f,R ◦ ıf1,g,R = ıf,g,R.
Let

cf,g,R : S2f,g,R → A2
R

be the finite flat morphism defined by the rule on valued points (x, y, z) 7→ (y, z);
the closed subscheme cf,g,R(D1

f,g,R) of A2
R is defined by x1g(x1) = 0.

If R is an Fp-algebra and m ∈ N∗, let

Θ1
R,m := {(f, g) ∈ ΘR|f(t) + tf ′(t) ∈ R∗,deg(f) = pm− 1}.

If (f, g) ∈ Θ1
k,m, then cf,g,k : S2f,g,k → A2

k is a finite étale cover of degree pm which
is Galois if tf(t) is an additive polynomial; its composite with the open embedding
ıf,g,k : A2

k → S2f,g,k is a surjective non-finite endomorphism

ef,g,k := cf,g,k ◦ ıf,g,k ∈ EE2(k)

with deg(ef,g,k) = pm which is defined over the Fp-subalgebra of k generated by
the coefficients of f(t) and g(t) and is finite over the complement of the zero locus
x1g(x1) = 0 in A2

k,t.
For each (l, q) ∈ N2 we construct (see Corollary 17.7) étale endomorphisms of

suitable affine open subvarieties of the surfaces S2f,t,k whose images have comple-
ments that are disjoint unions of l copies of A1

k and of q points (q copies of A0
k).

E.g., if (f, g) ∈ Θ1
k,m, then the composite ıf,g,k ◦ cf,g,k : S2f,g,k → S2f,g,k is

the étale Jacobian surface ψef,g,k associated to ef,g,k, so Γψef,g,k is isomorphic to
(pm−1)z(tg) copies of A1

k and we have ρét(ef,g,k) = ρ(ef,g,k) = (pm−1)z(tg). This
proves Theorem 2.4(2) for s = 0; the proof for s > 0 is similar but using a different
open embedding A2

k,s → S2f,g,k (see Proposition 13.1).
If char(K) = 0, then for each (f, g) ∈ ΘK the surface S2f,g,K is simply connected

as it has an open subvariety isomorphic to A2
K . In contrast, for each (f, g) ∈ Θk

there exists a finite étale cover S2f,g,k → A2
k (see Proposition 20.2(1)) and hence

S2f,g,K is not simply connected and (see Proposition 20.2(2)) there exists e ∈ EE2(k)

such that ψe is étale and Xe
∼= S2f,g,k (recall that S21,g,k ∼= A2

k).
If (f, g) ∈ SmoIntRatn(K), then the tangent bundle THf,g,K is trivial, hence

each open affine non-empty subvariety W of THf,g,K is a complete intersection by
Theorem 7.2(2). If n = 2, (f, g) ∈ ΘK , and W contains an open subvariety iso-
morphic to AnK , then there exist examples in which W ∼= Hf̃ ,g̃,K for a suitable
pair (f̃ , g̃) ∈ SmoIntRat2(K) and moreover either W ∼= S2

f̃1,g̃1,K
for a suitable pair

(f̃1, g̃1) ∈ ΘK (for f = f1f2 and (f, g) ∈ ΘK , see Im(ıf1,g;f,K)) or W 6∼= S2
f̃1,g̃1,K

for
every (f̃1, g̃1) ∈ ΘK (see Example 20.9).
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If e ∈ EE2(K) is non-finite, then Xe (resp. the étale locus Xét
e of ψ) has a

canonical open affine cover associated to ıe formed by connected normal surfaces
that are disjoint unions Im(ıe) ∪ Y with Y ∈ Irr(Γψ) (resp. Y ∈ Irr(Γψ) and
Y ⊂ Xét

e ) by Definition 11.6(1) (resp. Corollary 11.8(2)). This leads to the following
formalism of sphere-like surfaces.

Definition 2.9. An affine normal connected surface X over K is called a sphere-
like surface if it has an open subvariety U with the properties that U ∼= A2

K and
X \ U is non-empty irreducible. A sphere-like surface X is called:

(1) a pseudo-sphere if it is not regular;
(2) a quasi-sphere if it is regular but its tangent bundle is non-trivial;
(3) an almost sphere if it is regular with trivial tangent bundle and X 6∼= S2k;
(4) a sphere if it is isomorphic to S2k.

In this paper we develop the theory of sphere-like surfaces only as far as needed
for computing invariants and for relating to prior works. We recall that a morphism
Σ :W → X of varieties over K is called an A1-fibration if for a general point x ∈ X,
the fiber Σ−1(x) is an affine line over the spectrum of the residue field of x. Each
sphere-like surface over K is an A1-fibration over P1

K and a disjoint union of an
open subvariety isomorphic to A2

K and a closed subvariety isomorphic to A1
K by

Theorem 11.2(1) and (5); if char(K) = 0 then the first property and, in the case
when X is regular, the second property were known and used before (e.g., see [Mi2],
Sect. 2 and Lem. 1) but the proofs we include are different. If e ∈ EE2(K), then
the canonical open affine cover of Xe associated to ıe consists of exactly |Sing(Xe)|
pseudo-spheres, ρ(e)−ρét(e)−|Sing(Xe)| quasi-spheres, and of ρét(e) almost spheres
or spheres (see Corollary 11.10); in particular, ψe is étale iff the canonical open
affine cover of Xe associated to ıe consists only onf almost spheres and spheres (see
Proposition 11.8(2)). For pseudo-spheres see Example 13.4 and Proposition 13.6.
For quasi-spheres see all e ∈ EE2(k) with Xe regular and non-étale. If m ≥ 1, then
S2t−1,tm,K is an almost sphere (see Example 20.6).

The geometries of SLSLSL2, S2, and A2 are interrelated. E.g., S2 is a quotient of SLSLSL2

and a line bundle over P1 and we have an isomorphism A2 → S2 \ D1 induced by
ıt−1,1,Z. The interrelations are explained and used in Section 23.

Sections 3 to 10 contain different set-theoretical, algebraic, complete intersection
and geometric preliminaries on iterates of functions, inner, left and right algebraic
degrees and cosets of endomorphisms e ∈ Endn(K), the submonoid of EE2(k)
formed by p-morphisms introduced in [Lang-J], Def. 2.2, normalizations of finite flat
extensions of k[[x1, x2]], complete intersection embedding dimensions, and rational
singularities. Though EE1(k) = BE1(k), the set EE2(k) \ BE2(k) is very large as,
for instance, it contains all endomorphisms constructed in [No], Ex. (6.10) with
(a, b) ∈ (k∗)2 (see also [Lang-J], Ex. 4.1) and generalized in [Lang-J], Props. 4.5
and 4.8 and Rm. 4.9 by Proposition 6.9(3).

Section 11 presents properties of sphere-like surfaces and of the open embedding
Xét
e ⊂ Xe. Section 12 proves Theorem 2.4(1) (see Example 12.3). Section 13

proves Theorem 2.4(2) (see Example 13.2). Section 14 proves Theorem 2.4(3) (see
Example 14.1) and Corollary 2.6 (see Subsection 14.1).

Section 15 constructs finite endomorphisms and ‘good’ extensions of endomor-
phisms of affine spaces; they are used extensively in the subsequent sections in order
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to compute geometric degrees, extend properties in dimension n to all dimensions
greater than n, and study moduli spaces of endomorphisms.

Properties of iterates are gathered in Section 16. To describe them, let e : X → X
be an endomorphism of a variety over K. Theorem 16.8(1) proves that if e is quasi-
finite then ι(e) ∈ N, again by reduction to positive characteristic. Previously, this
was known only when K = C (hence when char(K) = 0), X is affine, and e is
universally open with Γe finite (see [PNCG], Thm. 1; recall that if K = C, e is
universally open iff the holomorphic endomorphism ean : Xan → Xan is open by
[MB], Thm. 1.1). If Γe is a finite set and dim(X) ≤ 2 (resp. and e is defined over
a finite field), then ι(e) ∈ N by Proposition 16.15 (resp. Corollary 16.2). If n ≥ 3
and K is not an algebraic closure of a finite field, then for each l ∈ N∗ there exists
d ∈ Endn(K) such that φ(d) = l and ι(d) = ∞ by Proposition 16.13; if n = 3, then
deg(d) can be an arbitrary integer greater or equal to 3. Corollary 16.2 bounds ι(e)
when Γe is a finite set, char(K) = p and e is defined over a finite field.

Section 17 proves Theorem 17.6; for the passage from Theorem 2.4(3) to Theorem
17.6 we use over k the n = 2 case of the m-transitivity of the group of tame
automorphisms of affine spaces over fields (see Proposition 17.1).

Section 18 proves Corollary 2.5 based on a general lemma (see Lemma 15.2)
that gives large algebraic and geometric degrees and includes Example 18.2 that
illustrates how one can work around to control these degrees.

Section 19 proves Theorem 2.7.
Section 20 provides examples of finite étale covers of A2

k and applies them to show
that for each r ∈ N and m ∈ 2N∗ there exists e ∈ EE2(k) such that ρ(e) = ρét(e) = r
and deg(e) = pm (see Corollary 20.5(1)). Example 20.3 shows the Nollet–Xavier
Conjecture over C (see [Je], Sect. 1 and [NX], Quest. 6) becomes false over k even
for n = 2: for each l ∈ N∗, there exists e ∈ EE2(k) such that the non-proper locus
of e is isomorphic to l copies of A1

k (so for l = 1 it is smooth and integral).
Section 21 shows that the differential equation of [Lang-J], Prop. 4.8 generalizes

to all n ≥ 2 producing many examples of étale endomorphisms in EEn(k) whose
invariants are studied in order to get applications and results that are in contrast
to the analogous results in characteristic 0 (see Remarks 21.6(1) and 21.10 that
pertain to prior works [Gw], [YD] and [Zh]) or for n > 2 are in contrast to results
for n = 2 (see Example 21.5). In particular we show that for each n ≥ 3 there exist
plenty of e ∈ EEn(k) for which ψe is non-regular (see Example 21.8).

Section 22 gathers additional examples that are either required in the subsequent
sections or are of interest in their own.

Section 23 proves variants of Theorem 2.4(2) that often compute the non-generic
fibers set invariants.

Section 24 studies moduli affine schemes of different types of étale endomor-
phisms or of automorphisms of An that were introduced in earlier works such as
[No], Sect. 7 and [BCW2], Sect. I, Subsect. 1. E.g., we show that for each q ∈ N∗

the moduli affine scheme SEEn,q,K over SpecK that parametrizes étale endomor-
phisms defined by n-tuples (f1, . . . , fn) ∈ R[x1, . . . , xn] with π(f1, . . . , fn) ≤ q and
with Jacobian determinants 1 are connected (see Corollary 24.9) and are smooth
iff either min{n, q} = 1 or n = q = char(K) = 2 (see Theorem 24.13). Conjecture
[MR], Conj. 3.4 (resp. 5.3(2)) is disproved in Example 24.5 (resp. Remark 24.8).

Section 25 studies a conjecture of Adjamagbo (see [Ad], Conj. 3.1 or CJC(n, p);
see also Conjecture 1.3) over subrings of our fields k (i.e., over integral domains of
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characteristic p) but it suffices to prove it over the fields k. With our notation, this
conjecture over k can be reformulated as follows.

Conjecture 2.10 (Adjamagbo 1995). If e ∈ EEn(k), then deg(e) ∈ {1} ∪ pN∗.

Corollary 25.3 proves the following positive characteristic analogue of classical re-
sults of Razar (see [Raz], Thm. 2) and Wright (see [Wr1], Thms. 3.2, 3.3 and 3.7)
in characteristic 0: if e ∈ EEn(k) is such that either it induces a Galois field ex-
tension kt(x1, . . . , xn) → ks(x1, . . . , xn) of degree prime to p or it is finite with
deg(e) < p, then e is an isomorphism. Corollary 25.7 proves that if charK = 0
(resp. char(K) = p) and e ∈ EEn(K) factors as the composite of a quasi-finite
morphism AnK → An+1

K which is a locally closed embedding at points of codimen-
sion 1 outside a specific finite subset with a projection An+1

K → AnK on the last
n coordinates, then the Jacobian Conjecture (resp. Conjecture 2.10) holds for e.
This result generalizes [Fo1], Thm. 1 which assumes that char(K) = 0 and that the
morphism AnK → An+1

K is actually a closed embedding.
There exists no e ∈ EE2(K) with deg(e) ∈ {2, 3, 4, 5} and char(K) = 0 by [Żo],

Thm. 6.12. We do not know other general results on geometric degrees at least
3. Section 26 studies endomorphisms e ∈ EEn(K) with deg(e) = 3 for all Ks,
including estimates of complete intersection dimensions as defined in Section 7 and
their usage to get partial results on the non-existence of such es when char(K) 6= 3.

Section 27 is a first appendix that introduces an ad-hoc notion of ‘weakly sep-
arated scheme’ that is used to give alternative proofs to parts of Section 16 that
involve iterations of non-separated endomorphisms.

Section 28 is a second appendix that refines and corrects Nori–Kambayashi’s
work on pullbacks of Lang torsors (see [Kam]) based on the more recent work
[CGP] on split unipotent groups.

Section 29 is a third appendix that lists open problems, questions and conjectures
with a few examples, remarks and comments.

Theorem 2.4 neither is implied by nor implies Conjecture 2.10 (see also [vdE],
Part II, Ch. 10, Sect. 10.3, Subsect. (10.3.16), Conj. JC(Fp, n, p)). But Conjecture
2.10 would imply that the geometric degrees parts of many of our results (such as
Theorem 2.4(2) and (3) and Example 21.5) are optimal.

In characteristic 0 there exist étale endomorphisms of surfaces that are not au-
tomorphisms (e.g., see [Mi3], Sect. 4, Exs. 1 and 3 and [DP], Thm. B) but it seems
that all of them are surjective (and in most cases one even expects that they are
finite, see [Mi5], Sect. 4). Replacing étaleness by the weaker quasi-finiteness, the
following general example improves [vdE], Part III, Ch. D, Sect. D.2, Ex. D.2.3.

Example 2.11. Let q ∈ N∗. Let f(t) ∈ K[t] be a polynomial with f(0) 6= 0 and
z(f) = q. Let e ∈ End2(K) be given on valued points by the rule

(x, y) 7→
(
xf(xy) + y, xy

)
.

Then we have e ∈ QFE2(K) with φ(e) = q, deg(e) = 2, and F(e) = {0, 1}. More
precisely, the field extension Kt(x1, x2) → Ks(x1, x2) induced by e is isomorphic to
Kt(x1, x2) → Kt(x1, x2)[z]/

(
z2 − x1

f(x2)
z + x2

f(x2)

)
.
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For (α, β) ∈ K2, the system of equations xf(xy) + y − α = 0 = xy − β has
no solution if α = 0 = f(β), has one solution if α 6= 0 = f(β) or f(β) 6= 0 =
α2 − 4βf(β), and has two solutions if f(β)[α2 − 4βf(β)] 6= 0.5

For e ∈ QFE2(K) we have deg(e) = 1 iff e ∈ GA2(K) (see Lemma 6.1(4)). From
this and the non-existence of e ∈ EE2(K) with deg(e) = 2 and char(K) 6= 2, we
get that for φ(e) > 0, the equalities deg(e) = 2 in characteristic different from 2
of Example 2.11 and deg(e) = 2 in characteristic 2 of Theorem 2.4(2) or (3) are
optimal in the sense that they give the smallest possible geometric degrees. We also
note that if char(K) 6= 2, then there exists no e ∈ EE2(K) \GA2(K) with π(e) = 2
(see [Wa2], Thm. 62; see also [BCW2], Thm. (2.4) and Cor. (1.4)).

3. Set-theoretical preliminaries

For a set B, let |B| ∈ N ∪ {∞} be its cardinality if it is finite and be ∞ if
it is infinite. We introduce notations and prove basic properties of iterates of
endomorphisms of sets.

Notation 3.1. Let e : B → B be an endomorphism of a set B. Recall that
Γe := B \ Im(e) is the complement of e and φ(e) = |Γe| is the gap invariant of e.
For l ∈ N, let el be the l-th iterate of e (so e0 = 1B and el+1 := el ◦ e), let

El(e) := Im(e) \ Im(el+1) = {P ∈ Im(e)|e−1(P ) ⊂ Γel}
and let E1

l (e) := {P ∈ El(e)||e−1(P )| = 1}. See Section 2 for ι(e) ∈ N ∪ {∞}. Let
Γ+
e := ∪i∈Ne

i(Γe) and E1(e) := ∪l≥0E1
l (e).

Let ϱe := |E1(e)|. If ϱe ∈ N, let ξe ∈ N be the smallest such that E1(e) = E1
ξe
(e).

Let ςe := min{|e−1(P )||P ∈ B, e−1(P ) 6= ∅} ∈ N ∪ {∞}.

Lemma 3.2. Assume e : B → B is such that Γe is finite. Then the following
properties hold.

(1) The sequence
(
φ(el+1) − φ(el)

)
l≥0

is a non-increasing sequence in N (thus
φ(el) ∈ N for all l ∈ N).

(2) For each l ∈ N we have an inequality φ(el) ≤ lφ(e).
(3) For each l ∈ N we have |El(e)| = φ(el+1)− φ(e).
(4) For each l ∈ N we have inclusions Im(el) \ Im(el+1) ⊂ el(Γe) and therefore

E1
l (e) ⊂ El(e) ⊂ ∪li=1e

i(Γe) ⊂ Γ+
e .

(5) For all integers n ≥ l ≥ 0 we have inclusions
Γen+1 ⊂ Γel ∪ [∪ni=lei(Γe)] ⊂ ∪ni=0e

i(Γe).

(6) If Γ+
e is a finite set, then ι(e) ≤ |Γ+

e \ Γe|.
(7) If ςe ≥ 2, then for each l ∈ N we have φ(el+1) − φ(e) ≤ bφ(e

l)
ςe

c ≤ φ(el)
ςe

;
hence φ(el+1) ≤ b ςeφ(e)ςe−1 c and if φ(e) > 0 we have φ(el+1) < ςeφ(e)

ςe−1 .
(8) If ςe = 1, then we have |E1

l (e)| ≥ 2φ(el+1) − φ(el) − 2φ(e) ≥ φ(el) − 2φ(e)
for each l ∈ N.

5We have πr(e) = πl(e) = 2 deg(f) + 1 by Proposition 4.3(1) and (2). Hence for deg(f) = q

we get that φ(e) = q and πr(e) = πl(e) = 2q + 1 while Theorem 2.4(3) (resp. Theorem 2.4(2))
provides for q ∈ pN∗ − 1 (resp. q ∈ N) endomorphisms e ∈ EE2(k) with πr(e) = πl(e) = 2q + 2

(resp. πr(e) = πl(e) = 3(p− 1)q + 2p− 3) and φ(e) = q.
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(9) Assume ι(e) = ∞. Then ςes = 1 for each s ∈ N∗.
(10) We have ι(e) = ∞ iff the subset E1(e) of Γ+

e is infinite.
(11) We have E1(e) = {P ∈ Γ+

e ||e−1(P )| = 1|} \ ∩l∈NIm(el).
(12) Assume e is not surjective, ι(e) ∈ N and ςe = 1. Then φ(el) ≤ 2φ(e)+ϱe−1

for each l ∈ N, ξe + 1 ≤ ι(e) ≤ φ(e) + ϱe ≤ φ(e)(ξe + 1).

Proof. As e maps Im(en) onto Im(en+1) for n ∈ N, it also maps Im(el) \ Im(el+1)
onto Im(el+1) \ Im(el+2). From this part (1) follows. As φ(e0) = 0, we have

φ(el) =

l∑
i=1

(
φ(ei)− φ(ei−1)

)
≤

l∑
i=1

(
φ(e)− φ(e0)

)
= lφ(e),

where the inequality follows from part (1). Part (3) is clear.
To prove part (4), let Q ∈ Im(el) \ Im(el+1). Let P ∈ B be such that Q = el(P ).

If P /∈ Γe, then there exists P ′ ∈ B such that P = e(P ′), hence Q = el+1(P ′) ∈
Im(el+1), a contradiction. Thus P ∈ Γe, hence Q ∈ el(Γe), and part (4) holds. Part
(5) is a standard application of part (4).

To prove part (6), we can assume that Γe 6= ∅; hence Γe 6= Γ+
e . For n ∈ N∗ we

have inclusions en(Γe) ⊂ e(Γ+
e ) ⊂ Γ+

e \ Γe. Let m ∈ [[1, |Γ+
e \ Γe|]] be the smallest

integer such that em−1(Γ+
e \ Γe) = em−1+l(Γ+

e \ Γe) for all l ∈ N. As for s ∈ N
we have em+s(Γe) ⊂ em−1(Γ+

e \ Γe), we get that Γem+l ∩ em+s(Γe) = ∅. Thus, by
taking (l, n) in part (5) to be (m,m + l − 1) with l ∈ N∗, it follows that we have
an inclusion Γem+l ⊂ Γem . As Im(em+l) ⊂ Im(em) holds in general, we incur that
Im(em+l) = Im(em) for all l ∈ N∗ and hence for all l ∈ N, so ι(e) ≤ m ≤ |Γ+

e \ Γe|.
For part (7) we note that we have a disjoint union decomposition tP∈El(e)e

−1(P )

of a subset of Γel into sets that have at least ςe elements, so ςe|El(e)| ≤ φ(el). Thus
the first part of part (7) follows from part (3). By induction on l ∈ N we get that
φ(el+1) ≤ φ(e)(

∑l
i=0 ς

−i
e ), from which the second part of part (7) follows.

For part (8), let E≥2
l (e) := El(e) \ E1

l (e). We have relations

φ(el+1)− φ(e) = |E1
l (e)|+ |E≥2

l (e)| ≤ |E1
l (e)|+ 2|E≥2

l (e)| ≤ φ(el)

by part (3) and the mentioned disjoint union decomposition. Therefore we have
|E≥2
l (e)| ≤ φ(e) + φ(el)− φ(el+1) and thus

|E1
l (e)| = φ(el+1)− φ(e)− |E≥2

l (e)| ≥ 2φ(el+1)− φ(el)− 2φ(e).

If ι(e) = ∞, then ι(es) = ∞, and hence part (9) follows from part (7).
As we have inequalities φ(el) − 2φ(e) ≤ |E1

l (e)| ≤ φ(el+1) − φ(e) by parts (3)
and (8) and an inclusion E1

l (e) ⊂ E1
l+1(e) for each l ∈ N, E1(e) is an infinite set iff

the non-decreasing sequence φ(el)l∈N diverges to ∞ and hence iff ι(e) = ∞.
The ‘⊂’ of part (11) follows from definitions. For Q ∈ {P ∈ Γ+

e ||e−1(P )| =
1|}\∩l∈NIm(el), let l ∈ N be the smallest such that Q /∈ Im(el+1). Thus Q ∈ E1

l (e).
As |e−1(Q)| = 1, we get that Q ∈ E1

l (e) ⊂ E1(e) and the ‘⊃’ of part (11) holds.
Taking l in part (8) to be ι(e)− 1, we have φ

(
eι(e)

)
− φ

(
eι(e)−1

)
≥ 1 and hence

φ
(
eι(e)

)
≤ 2φ(e) + |E1

ι(e)−1(e)| − 1 ≤ 2φ(e) + ϱe − 1. As for each l ∈ N we have
φ(el) ≤ φ

(
eι(e)

)
, the first part of part (12) holds. As φ(e) < φ(e2) < · · · < φ

(
eι(e)

)
,

we have ι(e)− 1 ≤ φ
(
eι(e)

)
− φ(e) ≤ φ(e) + |E1

ι(e)−1(e)| − 1 and therefore we have
ι(e) ≤ φ(e)+|E1

ι(e)−1(e)| ≤ φ(e)+ϱe. To prove that ξe+1 ≤ ι(e) we can assume that
ξe > 0 and hence the set E1

ξe
(e) \ E1

ξe−1(e) makes sense and it is non-empty, which



18 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

implies that the inclusion Im(eξe+1) ⊂ Im(eξe) is strict. Thus ξe+1 ≤ ι(e). By parts
(2) and (3), we compute ϱe = |E1

ξe
(e)| ≤ |Eξe(e)| = φ(eξe+1)− φ(e) ≤ ξeφ(e). �

4. Polynomial preliminaries

In this section we study affine coordinates in relation to algebraic degrees and
(left, right, or double) cosets of e.

Notation 4.1. If e ∈ Endn(K) is defined by (g1, . . . , gn) ∈ Ks[x1, . . . , xn]
n, let

e# : Kt[x1, . . . , xn] → Ks[x1, . . . , xn], Frac(e#) : Kt(x1, . . . , xn) → Ks(x1, . . . , xn)

be the K-algebra endomorphisms such that we have e#(xi) = gi for each i ∈ [[1, n]];
so e = Spec (e#). The elements of the set

An(K) := {{y1, . . . , yn} ⊂ K[x1, . . . , xn]|K[y1, . . . , yn] = K[x1, . . . , xn]}
will be called affine coordinates of K[x1, . . . , xn].

The following lemma computes (left or right) algebraic degrees.

Lemma 4.2. Let e ∈ Endn(K) be defined by (g1, . . . , gn) ∈ Ks[x1, . . . , xn]
n. Then

π(e) is the smallest possible value one gets for
max{deg

(
hi(g1(y1, . . . , yn), . . . , gn(y1, . . . , yn)

)
|i ∈ [[1, n]]}

when ({h1, . . . , hn}, {y1, . . . , yn}) varies through all elements of An(K)2. Similarly,
πl(e) = min

{
max{deg

(
hi(g1(x), . . . , gn(x)

)
|i ∈ [[1, n]]}|(h1, . . . , hn) ∈ An(K)

}
,

where x := x1, . . . , xn, and
πr(e) = min

{
max{deg

(
g1(y1, . . . , yn), . . . , gn(y1, . . . , yn)

)
}|(y1, . . . , yn) ∈ An(K)

}
.

Proof. Let a, b ∈ GAn(K). For i ∈ [[1, n]] let hi := a#(xi) and yi := b#(xi). The
rule (a, b) 7→ ({h1, . . . , hn}, {y1, . . . , yn}) defines a bijection GAn(K)2 → An(K)2

and we compute
(aeb)#(xi) = (b# ◦ e# ◦ a#)(xi) = hi

(
g1(y1, · · · , yn), . . . , gn(y1, · · · , yn)

)
.

Thus the first part of the lemma follows from the definition of π(e). The second
part of the lemma for πl(e) (resp. πr(e)) follows from its definition and the first
part of the lemma applied only with b (resp. a) being 1A2

K
, i.e., with yi = xi (resp.

hi = xi) for each i ∈ [[1, n]]. �
Proposition 4.3. Let e ∈ Endn(K) be defined by an n-tuple (g1, . . . , gn) in
Ks[x1, . . . , xn]

n such that for each i ∈ [[1, n]] we can decompose gi =
∑di
j=1 µi,j

as a sum of non-zero monomials with di ∈ N∗. We consider two conditions.
(i) If i ∈ [[1, n]] and j ∈ [[1, di]], then µi,j divides µi,di and deg(µi,j) < deg(µi,di).
(ii) The primitive monomials proportional to the µi,dis (i ∈ [[1, n]]) are multi-

plicatively independent.
Let Π := max{deg(µi,di)|i ∈ [[1, n]]}. Then the following properties hold.
(1) If condition (i) holds, then πr(e) = Π.
(2) If conditions (i) and (ii) hold, then πl(e) = Π.
(3) For i ∈ [[1, n]] let si ∈ N be the greatest such that xsii |µi,di and let ϵi ∈ {0, 1}

be such that ϵi = 0 iff µi,di ∈ K∗xsii . If condition (i) holds, then we have inequalities
min{deg(µi,di)|i ∈ [[1, n]]} ≤ πi(e) ≤ Π and max{s1 + ϵ1, . . . , sn + ϵn} ≤ πi(e).
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(4) Assume n = 2, condition (i) holds, and (to fix the ideas) Π = deg(µ2,d2). If
either µ2,d2 ∈ K∗x

deg(µ2,d2
)

2 or x1x2|µ1,d1 and deg(µ1,d1) = Π− 1, then πi(e) = Π.

Proof. The ‘≤ Π’ is clear for parts (1) to (3). To prove the ‘≥’ for part (1), based
on Lemma 4.2 it suffices to show that for each {y1, . . . , yn} ∈ An(K) and every
i ∈ [[1, n]] we have deg

(
gi(y1, . . . , yn)

)
≥ deg(µi,di). As condition (i) holds, we have

an identity deg
(
gi(y1, . . . , yn)

)
= deg

(
µi,di(y1, . . . , yn)

)
. As deg(yj) ≥ 1 for each

j ∈ [[1, n]] and µi,di is a monomial, deg
(
µi,di(y1, . . . , yn)

)
≥ deg(µi,di), and hence

deg
(
gi(y1, . . . , yn)

)
≥ deg(µi,di).

To prove the ‘≥’ for part (2), based on Lemma 4.2 it suffices to show that for
each {h1, . . . , hn} ∈ An(K) and every i ∈ [[1, n]], there exists j ∈ [[1, n]] such
that for Lj = Lj(x1, . . . , xn) := hj

(
g1(x1, . . . , xn), . . . , gn(x1, . . . , xn)

)
, we have an

inequality deg(Lj) ≥ deg(µi,di). We choose j such that ∂hj
∂xi

(0) 6= 0. Let

Ltop
j = Ltop

j (x1, . . . , xn) := hj
(
µ1,d1(x1, . . . , xn), . . . , µn,dn(x1, . . . , xn)

)
.

Condition (i) implies that each monomial of Lj −Ltop
j divides a suitable monomial

of Ltop
j in such a way that the quotient has positive degree, and condition (ii)

implies that deg(Ltop
j ) is the maximum of all degrees

deg
(
hj,s(µ1,d1(x1, . . . , xn), . . . , µn,dn(x1, . . . , xn)

)
,

where hj,ss are the non-zero monomials of hj . Thus deg(Lj − Ltop
j ) < deg(Ltop

j ),
hence deg(Lj) = deg(Ltop

j ). As ∂hj
∂xi

(0) 6= 0, one of the hj,ss is in K∗xi and hence
deg(Ltop

j ) ≥ deg(µi,di). Thus deg
(
Lj(x1, . . . , xn)

)
≥ deg(µi,di).

For parts (3) and (4), let a ∈ GA2(K) and d := aea−1 ∈ End2(K). For i ∈ [[1, n]]
let yi := (a−1)#(xi). As d#(yi) = [(a−1)# ◦ e# ◦ a#](yi) = gi(y1, . . . , yn), from
condition (i) it follows that
(3) deg

(
d#(yi)

)
= deg

(
µi,di(yi, . . . , yn)

)
.

Let q ∈ [[1, n]] be such that deg(yq) = min{deg(yi)|i ∈ [[1, n]]}. For i ∈ [[1, n]] let
fi := d#(xi). Let l := π(f1, . . . , fn). As deg

(
µq,dq (y1, . . . , yn)

)
≥ deg(µq,dq ) deg(yq)

and deg
(
d#(yq)

)
≤ l deg(yq), from Equation (3) applied to i = q it follows that

l deg(yq) ≥ deg(µq,dq ) deg(yq), hence l ≥ deg(µq,dq ) ≥ min{deg(µi,di)|i ∈ [[1, n]]}.
Thus min{deg(µi,di)|i ∈ [[1, n]]} ≤ πi(e). For i ∈ [[1, n]], as deg

(
d#(yi)

)
≤ l deg(yi)

and si deg(yi) + ϵi ≤ deg
(
µi,di(yi, . . . , yn)

)
, we have si + ϵi ≤ l by Equation (3).

So part (3) holds. For part (4) it suffices to show that l ≥ deg(µ2,d2). We can
assume that q = 1 and deg(y1) < deg(y2). If µ2,d2 ∈ K∗x

deg(µ2,d2
)

2 , then l ≥ s2 =
deg(µ2,d2). If x1x2 divides µ1,d1 and deg(µ1,d1) = Π− 1, then deg

(
µ1,d1(y1, y2)

)
>

deg(µ1,d1) deg(y1) and thus l > deg(µ1,d1). Hence l ≥ deg(µ1,d1) + 1 = Π. �

Example 4.4. Let (i, j, l) ∈ (N∗)3 with l ≥ 2. Let e ∈ End2(K) be defined by the
pair (x1 + µl, x2 + µ); if char(K) = p and (li, j) ∈ pN∗ (resp. (i, j) ∈ pN∗), then
e ∈ EE2(K) (resp. e ∈ BE2(K)). We have πr(e) = l deg(µ) = l(i+j) by Proposition
4.3(1). We have πl(e) ≤ (l − 1) deg(µ) + 1 < πr(e) as for a ∈ GA2(K) defined by
the pair (x1 − xl2, x2), ae is defined by the pair (x1 −

∑l
i=1

(
l
i

)
xi2µ

l−i, x2 + µ). If
char(K) = p and l = p, then we have πl(e) ≤ max{i+j, p}. If p ∤ l, then Proposition
4.3(2) applied to ae gives that πl(e) = πl(ae) = (l− 1) deg(µ)+ 1 < πr(e). The last
two sentences imply that Proposition 4.3(2) does not hold without its condition (ii).
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We have max{i+ j, il+1} ≤ πi(e) by the first and third inequalities of Proposition
4.3(3). If char(K) = p, (i, j) ∈ (pN∗)2 and p ∤ l, then e ∈ BE2(K) and p ∤ πl(e).

Assume l = 2. The endomorphisms ae, a−1, and aea−1 are defined by pairs
(x1−x22−2x2µ, x2+µ), (x1+x22, x2), and

(
x1−x22−2x2(x1+x

2
2)
ixj2, x2+(x1+x

2
2)
ixj2)

)
(respectively). Therefore πi(e) ≤ 2i + j if char(K) = 2 and πi(e) ≤ 2i + j + 1 if
char(K) 6= 2. If j = 1, then for char(K) 6= 2 we get the following relations

πl(e) = deg(µ) + 1 = i+ 2 ≤ 2i+ 1 ≤ πi(e) ≤ 2i+ 2 = πr(e)

and for char(K) = 2 we get the following relations

πl(e) ≤ deg(µ) = i+ 1 < 2i+ 1 = πi(e) < 2i+ 2 = πr(e).

Similarly, if 2 ≤ j < i, then for char(K) 6= 2 we get the following relations

πl(e) = i+ j + 1 < 2i+ 1 ≤ πi(e) ≤ 2i+ j + 1 < 2i+ 2j = πr(e)

and for char(K) = 2 we get the following relations

πl(e) ≤ i+ j < 2i+ 1 ≤ πi(e) ≤ 2i+ j < 2i+ 2j = πr(e).

5. Formal power series preliminaries

We present regularity criteria for local complete normal spectra that are finite
flat over Spec (k[[x, y]]) and that are obtained by taken normalizations.

Lemma 5.1. Let q ∈ N∗, R := k[[x, y]] and α ∈ R∗. For m ∈ N∗ we consider
the R-algebra Rm := k[[x

1
m , y]] (so R1 = R). For i ∈ [[0, q − 1]] let (li,mi, ui) ∈

N2 × ({0} ∪R∗) with u0 ∈ R∗. Let

h(z) := zpq + αzpq−1 +

q−1∑
i=0

uix
liymizpi ∈ R[z] and A := R[z]/

(
h(z)

)
.

Then the following properties hold for A and its normalization An.

(1) The R-algebra A is generically étale.
(2) If p = 2 and q = 1, then the R-algebra A is étale (so A = An ∼= R2).
(3) If pq >2, then the non-étale locus of SpecA→ SpecR is given by xl0ym0 = 0.
(4) Assume that pq − 1 divides m0 and that for each i ∈ [[0, q − 1]] with ui 6= 0

the inequalities mi ≥ pq−1−pi
pq−1 m0 and li ≥ pq−1−pi

pq−1 l0 hold. Then the R-algebra An

is regular. If moreover pq − 1 and l0 are relatively prime and li >
pq−1−pi
pq−1 l0 for

each i ∈ [[0, q− 1]] with ui 6= 0, then the R-algebra An is isomorphic to R×Rpq−1.
(5) If (l0,m0) ∈ {(0, 1), (1, 0)}, then A is regular.
(6) If (l0,m0) = (1, 1), then A = An and the singular locus of SpecA is only

one point defined by x = y = z = 0.

Proof. Parts (1) to (3) follow directly from the fact that ∂h
∂z = −αzpq−2.

By substituting z := αz′ in α−pqh(z) we can assume that α = 1.
For part (4), let d0 be the greatest common divisor of pq − 1 and l0. Writing

m0 = s0(pq−1) and l0 = d0r0 with s0, r0 ∈ N and r0 relatively prime to n0 := pq−1
d0

,

for t := u
1

pq−1

0 x
r0
n0 ys0 ∈ Rn0

we have tpq−1 = u0x
l0ym0 . Substituting w := tz−1 in
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tz−pqh(z) we get that the normalization (A⊗RRn0
)n of the Rn0

-algebra A⊗RRn0

is isomorphic as an Rn0 -algebra to the finite étale Rn0 -algebra Rn0 [t]/
(
g(w)

)
with

g(w) := wpq +
(q−1∑
i=1

uix
liymitpi−pq+1wp(q−i)

)
+ w + t ∈ Rn0 [w].

This makes sense as uixliymitpi−pq+1 ∈ Rn0 for i ∈ [[0, q − i]]; more precisely, we
have uixliymitpi−pq+1 ∈ {0} ∪ R∗xriysi , where ri := li +

pil0
pq−1 − l0 ∈ 1

pq−1N and
si := mi + pis0 −m0 ∈ N if ui 6= 0 by hypotheses. Therefore (A⊗R Rn0)

n ∼= Rpqn0
.

From Galois theory we get that the only intermediate fields between Frac(R) and
Frac(Rn0

) are Frac(Rn) with n a divisor of n0. Hence each local direct factor of
An is isomorphic to such an Rn and therefore An is regular. We are left to prove
that if d0 = 1, so n0 = pq − 1, and ri > 0 if ui 6= 0, then An ∼= R × Rpq−1. Based
on part (2) we can assume pq > 2 and it suffices to show that there exist R-algebra
homomorphisms σ1 : A → R and σ2 : A → Rpq−1 which extend to R-algebra
homomorphisms σn

1 : An → R and σn
2 : An → Rpq−1 that are surjective.

There exists a unique R-algebra retraction σ1 : A→ R that maps z +
(
h(z)

)
to

−1 + (x, y) by Hensel’s Lemma; as σ1 is surjective, so is σn
1 . Hensel’s Lemma also

implies that there exists v ∈ R∗
pq−1 such that tvpq + vpq−1 + [

∑q−1
i=1 uix

riysivpi] +

1 = 0 (recall ri > 0 if ui 6= 0). For z0 := tv ∈ Rpq−1 we have zpq0 + zpq−1
0 +∑q−1

i=0 uix
liymizpi0 = 0, hence there exists an R-algebra homomorphism σ2 : A →

Rpq−1 that maps z +
(
h(z)

)
to z0. As l0 is relatively prime to pq − 1, for a divisor

n of n0 = pq − 1 we have z0 ∈ Frac(Rn) iff n = pq − 1. Thus, as z0 ∈ Im(σ2),
σn
2 ⊗ 1Frac(R) is surjective and this implies that σn

2 is surjective.
Part (5) follows from Nagata Jacobian Criterion (see [Gro2], Prop. 22.7.2) as h

and its partial derivatives generate R[z]. For part (6), h and its partial derivatives
generate the ideal (x, y, z) of R[z], so {(0, 0, 0)} is the singular locus of SpecA by
loc. cit. Due to this and the fact that A is a free module of finite rank over the
regular local ring R of dimension 2, properties (R1) and (S2) hold for A; so A
is normal by Serre’s Criterion (see [Gro3], Thm. (5.8.6) or [Ma1], Ch. 8, Thm.
23.8). �

Lemma 5.2. Let S := k[[x]] and R := S[[y]] = k[[x, y]]. For q ∈ N∗ and
f1, . . . , fq ∈ S with fq 6= 0, let h(z) := z +

∑q
i=1 fi(x)z

pi ∈ S[z]. Assume that
either q is a power of p and h(z) is additive (i.e., and fi = 0 if i ∈ [[1, q−1]] is not
a power of p) or q = 2. Then the normalization A of R in the étale k((x, y))-algebra
k((x, y))[z]/

(
y + h(z)

)
is regular.

Proof. If fq(x) ∈ S∗, then A ∼= R[z]/
(
y+h(z)

)
is a finite étale R-algebra isomorphic

to Rpq. So we can assume that fq(0) = 0.
Assume h is additive. Let

∏s
i=1 Si be the product decomposition into complete

discrete valuation rings of the normalization of S in Frac(S)[z]/
(
h(z)

)
. For each

i ∈ [[1, s]] let zi ∈ Frac(Si) be the image of z +
(
h(z)

)
in Frac(Si); it generates the

separable field extension Frac(S) → Frac(Si) and we have h(zi) = 0. Let z0 ∈ R be
the only solution of the equation y+h(z0) = 0 with the property that z0 ∈ −y+Ryp;
it exists by Hensel’s Lemma. As h is additive, y+h(z0+zi) = y+h(z0)+h(zi) = 0 for
each i ∈ [[1, s]]. Hence for each i ∈ [[1, s]] there exists an R-algebra epimorphism
σi : A → Si[[y]] under which at the level of rings of fractions z +

(
y + h(z)

)
is

mapped to z0+ zi; it is surjective as zi generates Frac(Si). The resulting R-algebra
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homomorphism (σ1, . . . , σs) : A →
∏s
i=1 Si[[y]] is an isomorphism as it is so after

tensoring with Frac(S) over S (one can see this by working modulo y).
Assume q = 2. As h(z) is additive if p = 2, we can assume that p ≥ 3. This

case is similar to the previous one except that under σi, z +
(
y + h(z)

)
maps to

z0 + zi + ti for some ti ∈ Si[[y]]y
p. We only show the existence of ti. As we have

y + z0 + f1(x)z
p
0 + f2(x)z

2p
0 = 0 = zi + f1(x)z

p
i + f2(x)z

2p
i , we get

y + z0 + zi + ti + f1(x)(z0 + zi + ti)
p + f2(x)(z0 + zi + ti)

2p

= 2f2(x)z
p
0z
p
i + ti + [f1(x) + 2f2(x)z

p
0 + 2f2(x)z

p
i ]t

p
i + f2(x)t

2p
i .

As zp0 ∈ Ryp, the existence of ti follows from Hensel’s Lemma once we check that
f2(x)z

p
i ∈ Si. This is clear if zi = 0, hence we can assume that the index i ∈ [[1, s]]

is such that 1 + f1(x)z
p−1
i + f2(x)z

2p−1
i = 0. Thus −1 = zp−1

i [f1(x) + f2(x)z
p
i ],

hence z−p+1
i ∈ Si and f2(x)z

p
i = −z−p+1

i − f1(x) ∈ Si. �

Lemma 5.3. Let R := k[[x, y]]. For q ∈ N∗, f0, . . . , fq−1 ∈ R, and u ∈ R∗, let
h(z) := z + (

∑q−1
i=0 fi(x, y)z

pi) + uxzpq ∈ R[z]. Then the normalization A of R in
the étale k((x, y))-algebra k((x, y))[z]/

(
h(z)

)
is regular.

Proof. If f0(0, 0) ∈ k∗, then using the substitution w := z−1 in f−1
0 z−pqh(z), it

follows from Lemma 5.1(5) that A is regular. So we can assume that f0(0, 0) = 0.
Hensel’s Lemma implies that there exists a unique z0 ∈ −f0 + Rxp + Ryp such
that h(z0) = 0. Using the substitution u := z0 + z, we can assume that f0 =
0. It suffices to show that the normalization of R in the étale k((x, y))-algebra
k((x, y))[z]/

(
g(z)

)
is regular, where g(z) := 1 + (

∑q−1
i=1 fi(x, y)z

pi−1) + uxzpq−1.
Using the substitution w := z−1 in z−pq+1g(z), it suffices to show that for f(w) :=
wpq−1+

(∑q−1
i=1 fi(x, y)w

p(q−i))+ux ∈ R[w], the R-algebra R[w]/
(
f(w)

)
is regular,

which is so as f and its partial derivatives fx and fw generate R[w]. �

6. Preliminaries on endomorphisms of affine spaces

In this section we include properties of several classes of endomorphisms of affine
spaces over K which are either of theoretical nature or pertain to new invariants.
In particular, for n ≥ 2 the study of basic endomorphisms e ∈ BEn(k) relates
closely to the study of endomorphism of the submonoid p-Morn(k) ⊂ EEn(k) of
p-morphisms which for n = 2 were introduced in [Lang-J].

We recall the argument for the fact that Im(φ2,K) ⊂ N in the following general
form, some part of which is only a variation of [Raz], Lem. 1.

Lemma 6.1. Let d ∈ Endn(K). Then d ∈ QFn(K) iff d is flat. Moreover, if
d ∈ QFn(K), then the following properties hold.

(1) The endomorphism d is universally open.
(2) The complement Γd is closed and either empty or of codimension at least 2

(hence it is empty if n = 1 and it is finite if n = 2).
(3) Viewing d# as an inclusion, we have

Kt[x1, . . . , xn] = Ks[x1, . . . , xn] ∩Kt(x1, . . . , xn).

(4) We have d ∈ GAn(K) iff d is birational (i.e., deg(d) = 1 and, if char(K) = p,
d is generically étale).
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Proof. We have d ∈ QFn(K) iff d is flat by [Ma1], Ch. 5, Thms. 15.1 and 23.1.
Part (1) is a particular case of [Gro4], Cor. (14.4.3); so Im(d) is a non-empty open
in AnK,t.

We show that the assumption that the reduced closed subvariety Γd has an
irreducible component of dimension n − 1 leads to a contradiction. We incur the
existence of a prime element h ∈ Kt[x1, . . . , xn] such that the zero locus h = 0
does not intersect Im(d). This implies that d#(h) ∈ Ks[x1, . . . , xn]

∗ = K∗, a
contradiction with h being a prime element. Thus part (2) holds.

For part (3), the ‘⊂’ part is clear and to show the ‘⊃’ part let Ot be a local ring
of Ank,t which is a discrete valuation ring. From part (2) we get that there exists
a local ring Os of Ank,s which dominates Ot; so Os is a discrete valuation ring. We
get that Ks[x1, . . . , xn] ∩Kt(x1, . . . , xn) is contained in Os ∩Kt(x1, . . . , xn) = Ot.
Thus, as Kt[x1, . . . , xn] is the intersection of all such local rings Ot of Ank,t (see
[Ma1], Ch. 4, Thm. 11.5), we get that the ‘⊃’ part also holds. Thus part (3) holds.

For part (4), the ‘only if’ part is clear and the ‘if’ part follows from part (3) as
d birational implies Ks[x1, . . . , xn] ∩Kt(x1, . . . , xn) = Ks[x1, . . . , xn]. �
Remark 6.2. Lemma 6.1(2) implies that the rule (d, e) 7→ de defines a composite
map [D2(K)\QF2]×QF2(K) → D2(K)\QF2. However, if n ≥ 3, then there exists
(d, e) ∈ [Dn(K) \ QFn(K)] × QFn(K) such that de ∈ QFn(K). To exemplify this
we can assume that n = 3. Let d be defined by the rule (x, y, z) 7→ (xy, xz + y, z),
so d−1(0, 0, 0) = A1

K ×SpecK {(0, 0)} is its only infinite fiber. Let e be such that its
image is contained in A3

K,t \ [A1
K×SpecK {(0, 0)}], say e is 1A1

K
times the translation

by (0, 1) of an endomorphism in QF2(K) as in Example 2.11 for f(x) = x+ 1 and
q = 1; concretely, e is defined by the rule (x, y, z) 7→ (x, y2z + y + z, yz + 1).

Let Dern(K) denote the free Ks[x1, . . . , xn]-module of K-linear derivations of
Ks[x1, . . . , xn]. Let {y1, . . . , yn} ∈ An(K). For each i ∈ [[1, n]] let Dyi ∈ Dern(K)
be such that for every j ∈ [[1, n]], Dyi(yj) is 1 if j = i and is 0 otherwise. Then
{Dy1 , . . . , Dyn} is a basis of the Ks[x1, . . . , xn]-module Dern(K). Moreover, the
commutator bracket [, ] makes Dern(K) a Lie algebra over Ks[x

p
1, . . . , x

p
n] and we

have [Dyi , Dyj ] = 0 for all i, j ∈ [[1, n]].
Lemma 6.3. Let e, d ∈ Dn(K) be defined by n-tuples (g1, . . . , gn) and (h1, . . . , hn)
in Ks[x1, . . . , xn]

n (respectively). Then the following properties hold.
(1) We have GAn(K)e = GAn(K)d iff Ks[g1, . . . , gn] = Ks[h1, . . . , hn].
(2) We have GAn(K)eGAn(K) = GAn(K)dGAn(K) iff there exits an iden-

tification Ks[x1, . . . , xn] = Ks[y1, . . . , yn] that restricts to (i.e., there exist affine
coordinates y1, . . . , yn of K[x1, . . . , xn] that induce) an identification
(4) Ks[gi(x1, . . . , xn)|i ∈ [[1, n]]] = Ks[hi(y1, . . . , yn)|i ∈ [[1, n]]].

(3) Assume that e, d ∈ EEn(K) and deg(e) = deg(d). Then part (2) holds with
the equality in Equation (4) replaced by an inclusion.
Proof. For a ∈ GAn(K) we have ae = d iff d# = e# ◦ a#. Thus, such an a exists
iff Im(e#) = Im(d#) and part (1) follows.

For a, b ∈ GAn(K) we have aeb = d iff bae = bdb−1. As (bdb−1)# = (b−1)# ◦
d#◦b#, for i ∈ [[1, n]] we define yi := (b#)−1(xi) = (b−1)#(xi). Thus (y1, . . . , yn) ∈
An(K) is defined by b−1 and determines b−1 (hence also b) uniquely. So, as

Im
(
(bdb−1)#

)
= Ks[h1(y1, . . . , yn), . . . , hn(y1, . . . , yn)] ⊂ Ks[y1, . . . , yn],
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part (2) follows from the last paragraph applied to (a, e, d) = (ba, e, bdb−1).
For part (3) it suffices to show that if Ks[g1(x1, . . . , xn), . . . , gn(x1, . . . , xn)] is

included in Ks[h1(y1, . . . , yn), . . . , hn(y1, . . . , yn)], then Equation (4) holds. Due to
this inclusion we have a factorization e = cd, where the endomorphism c : AnK,t →
AnK,t is birational (as deg(e) = deg(d)). As d and e are étale, the étale locus of c
contains Im(d) and thus (see Lemma 6.1(2)) the non-étale locus of c is either empty
or its codimension in AnK,t is at least 2. Thus, being the zero locus of the Jacobian
determinant, the non-étale locus of c is empty, i.e., c is étale; from Lemma 6.1(4)
we get that c is an isomorphism. Thus Equation (4) holds. �

Lemma 6.4. The following properties hold for e ∈ Dn(k).
(1) The k-vector subspace <e := Im(e#) + ks[x

p
1, . . . , x

p
n] of ks[x1, . . . , xn] is a

left invariant and a kt[x
p
1, . . . , x

p
n]-module.

(2) If e ∈ BEn(k), then there exists {y1, . . . , yn} ∈ An(k) such that {y1, . . . , yn} ⊂
<e.

(3) If there exists {y1, . . . , yn} ∈ An(k) such that {y1, . . . , yn} ⊂ <e, then e ∈
EEn(k) and there exists d ∈ Endn(k) such that de ∈ BEn(k).

Proof. Part (1) follows from definitions. To prove part (2), we can replace e by aeb
with (a, b) ∈ GAn(k), and hence we can assume that e = e(x1 + fp1 , . . . , xn + fpn)
with (f1, . . . , fn) ∈ (ks[x1, . . . , xn])

n. As {x1, . . . , xn} ⊂ <e, part (2) holds.
To prove part (3), for i ∈ [[1, n]] let vi ∈ ks[x1, . . . , xn] be such that we write

yi−vpi ∈ Im(e#). If e1 ∈ BEn(k) is defined by the n-tuple (y1−vp1 , . . . , yn−vpn), then
we have a factorization e1 = de with d# defined by the inclusion Im(e#1 ) ⊂ Im(e#).
As de ∈ EEn(k) implies e ∈ EEn(k), part (3) holds. �

Remark 6.5. If f(x1, . . . , xn−1) ∈ ks[x1, . . . , xn−1] \ ks[x
p
1, . . . , x

p
n−1], then the n-

tuple
(
x1, . . . , xn−1, xn+ f(x1, . . . , xn−1)x

pm
n

)
∈ ks[x1, . . . , xn]

n defines e ∈ EEn(k)
with xn /∈ <e. To show this, by substituting xi = xqi for i ∈ [[1, n − 1]] with
qi ∈ {1} ∪ pN∗ such that f(xq1 , . . . , xqn−1) ∈ ks[x] \ ks[x

p], we can assume that
n = 2. For n = 2 we show that (ks[x2] \ ks[x

p
2]) ∩ <e = ∅. It suffices to show that

the assumption that there exists (g, h, F ) ∈ (ks[x, y])
2 × (ks[x2] \ ks[x

p
2]) such that

(5) g
(
x1, x2 + f(x1)x

pm
2

)
= F (x2) + h(xp1, x

p
2)

leads to a contradiction. Applying Dx1
to this identity, we get that

gx
(
x1, x2 + f(x1)x

pm
2

)
+ gy

(
x1, x2 + f(x1)x

pm
2

)
f ′(x1)x

pm
2 = 0.

If gy = 0, then also gx = 0. So g ∈ ks[x
p, yp] and the left-hand side of Equation (5)

is in ks[x
p
1, x

p
2] and cannot be equal to F (x2) + h(xp1, x

p
2). So gy 6= 0 and

f ′(x1)x
pm
2 =

−gx
(
x1, x2 + f(x1)x

pm
2

)
gy
(
x1, x2 + f(x1)x

pm
2

)
belongs to the intersection of the field of fractions of ks[x1, x2 + f(x1)x

pm
2 ] with

ks[x1, x2] and hence (see Lemma 6.1 (3)) it belongs to ks[x1, x2 + f(x1)x
pm
2 ]. The

relation f(x1) ∈ ks[x1] \ ks[x
p
1] implies that 0 ≤ deg

(
f ′(x1)

)
< deg

(
f(x1)

)
, and it

is easy to see that f ′(x1)xpm2 /∈ ks[x1, x2 + f(x1)x
pm
2 ], contradiction.

The following notions were either explicitly or in essence introduced in [Lang-J],
Defs. 2.2 and 2.15 for n = 2.
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Definition 6.6. Assume n ≥ 2. For f ∈ k[x1, . . . , xn], let ef ∈ EEn(k) be defined
by the rule (x1, . . . , xn) 7→

(
x1, . . . , xn+f(x1, . . . , xn−1, x

p
n)
)
. Let p-Morn(k) be the

submonoid of EEn(k) generated by GAn(k) ∪ {ef ∈ EEn(k)|f ∈ k[x1, . . . , xn]}.

(1) The elements of p-Morn(k) are called p-morphisms and the elements in
GAn(k){ef ∈ EEn(k)|f ∈ k[x1, . . . , xn]}GAn(k) are called elementary p-morphisms.

(2) Assume f /∈ k[xp1, . . . , x
p
n]. We decompose f =

∑deg(f)
i=0 fi, where each fi is

either 0 or homogeneous of degree i. By the modulo p-th powers degree of f , to
be denoted as degp(f), we mean m ∈ [[1,deg(f)]] such that fm /∈ k[xp1, . . . , x

p
n] but

fi ∈ k[xp1, . . . , x
p
n] for each i ∈ [[m+ 1,deg(e)]].

(3) Assume f /∈ k[xp1, . . . , x
p
n]. By a standard writing modulo p-th powers of F ,

shortly a standard writing of f , we mean a decomposition f = gp+
∑degp(f)

i=1 hi with
g ∈ k[x1, . . . , xn] and each hi ∈ k[x1, . . . , xn] either 0 or homogeneous of degree i.
A standard writing f = gp +

∑degp(f)

i=1 hi of f is called reduced if either p ∤ degp(p)
or p | degp(f) and each primitive monomial in [xp1, . . . , x

p
n] of degree degp(f) has

coefficient 0 in hdegp(f).
(4) Let r ∈ N∗. Assume f /∈ k[xp1, . . . , x

p
n]. We say that f has r points at infinity

modulo p, and we write ∞p(f) = r, if there exists one (equivalently, if in each)
reduced standard writing f = gp +

∑degp(f)

i=1 hi of f such that hdegp(f) is a product
hp

∏r
i=1 ℓ

si
i with h ∈ k[x1, . . . , xn] \ {0}, (s1, . . . , sr) ∈ [[1, p − 1]]r, and ℓ1, . . . , ℓs

non-associated forms (if n = 2, they are linear forms).
(5) Let e ∈ EEn(k). We say that e has 1 point at infinity modulo p if it is defined

by an n-tuple (g1, . . . , gn) ∈ ks[x1, . . . , xn]
n with ∞p(g1) = · · · = ∞p(gn) = 1.

Remark 6.7. Let f ∈ k[x1, . . . , xn] \ k[xp1, . . . , xpn].

(1) If e(g1, g2) ∈ EE2(k), then it has 1 point at infinity modulo p iff 1 ∈
{∞p(g1),∞p(g2)} by [Lang-J], Lem. 2.17.

(2) If ∞p(f) = 1, then p ∤ degp(f).
(3) If p ∤ degp(f) (resp. p | degp(f)), then in each standard (resp. reduced stan-

dard) writing f = gp +
∑degp(f)

i=1 hi of f , the form hdegp(f) is uniquely determined.
(4) For each g ∈ k[x1, . . . , xn], we have ∞p(f) = ∞p(f + gp).
(5) If n = 2 and p ∤ degp(f), then ∞p(f) is as in [Lang-J], Def. 2.15. But if

p | degp(f), then ∞p(f) is in general different from the one defined in loc. cit.: the
change is made so that part (4) holds. If p = 2 and f := x1x2(x1 + x2)(x1 + αx2)
with α ∈ k \ {0, 1}, then f = x31x2+(α+1)x21x

2
2+αx1x

3
2, deg(f) = degp(f) = 4, in

the reduced standard writings of f we have h4 = x31x2+αx1x
3
2 = x1x2(x1+

√
αx2)

2,
hence ∞2(f) = 2 while loc. cit. gives the value 4.

(6) If e ∈ EEn(k) is a p-morphism which is not of the form adb with (a, b) ∈
GAn(k) and d ∈ EEn(k) an elementary p-morphism, then p2 | deg(e). For such a
composite adb we have F(adb) ⊂ {1} ∪ pN∗.

Lemma 6.8. Let f ∈ k[x, y] \ k[xp, yp]. Let l := max{deg(fx),deg(fy)} ∈ N and
m := ∞p(f). For z ∈ {x, y} let hz ∈ k[x, y] be the homogeneous component of fz
of degree l. Then ∞p(f) = 1 iff l = m − 1 and one of the following two disjoint
conditions holds:
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(i) we have hxhy 6= 0 and khx = khy = kℓshp0 with h0 ∈ k[x, y], s ∈ [[0, p − 2]],
and ℓ ∈ k[x, y] a linear fom;

(ii) we have hxhy = 0 and the non-zero factor hz with z ∈ {x, y} is of the form
zshp0 with h0 ∈ k[x, y] and s ∈ [[0, p− 2]].

Proof. Assume ∞p(f) = 1. We consider a standard writing f = gp +
∑m
i=1 hi of

f ; so each hi ∈ k[x, y] is either 0 or homogeneous of degree i and hm = ℓshp with
h ∈ k[x, y]\{0}, s ∈ [[1, p−1]] and ℓ = αx+βy with (α, β) ∈ k2 \{(0, 0)}. We have
m = s+ pdeg(h). If α 6= 0 (resp. α = 0), then hx = sαℓs−1hp (resp. deg(hx) < l).
Similarly, if β 6= 0 (resp. β = 0), then hy = sβℓs−1hp (resp. deg(hy) < l). Thus for
αβ 6= 0 (resp. αβ = 0), condition (i) (resp. (ii)) holds and l = s−1+p deg(h) = m−1.

Assume now that l = m− 1 and one of the two conditions (i) and (ii) holds. Let
r := ∞p(f) ∈ N∗. We consider a reduced standard writing f = gp +

∑m
i=1 hi of f ;

we have a product decomposition hm = hp
∏r
i=1 ℓ

si
i with h ∈ k[x1, . . . , xn] \ {0},

(s1, . . . , sr) ∈ [[1, p− 1]]r, and each ℓi a homogeneous polynomial of degree 1. Thus
l = m− 1 = p deg(h)− 1 +

∑r
i=1 si. Let F :=

∏r
i=1 ℓ

si
i . We have fx = Fxh

p + Lx
and fy = Fyh

p + Ly, with Lz ∈ k[x, y] such that deg(Lz) ≤ m− 2.
Assume condition (ii) holds. To fix the ideas we can assume that z = x, so

hx = xshp0 and hy = 0. Thus hx = xshp0 = Fxh
p, hence h|h0. Let g0 ∈ k[x, y] be

such that h = h0g0; the polynomials h, h0 and g0 are homogeneous polynomials.
Thus Fx = xsgp0 . Hence F =

xs+1gp0
s+1 + g1(x

p, y) with g1 ∈ k[x, y] such that g1(xp, y)
is a homogeneous polynomial of degree s + 1 + pdeg(g0) ≤ p − 1 + p deg(g0). By
reasons of degree we get that g1 = ys+1g2 with g2 ∈ k[x, y] a homegeneous poly-
nomial deg

(
g2(x

p, y)
)
= p deg(g0). This implies that there exists a homogeneous

polynomial g3 ∈ k[x, y] such that g2(xp, y) = g3(x, y)
p and deg(g3) = deg(g0); hence

F =
xs+1gp0
s+1 + ys+1g3(x, y)

p. As hy = 0, we get that deg(Fy) < s+ p deg(h0) = l =

m− 1. This implies that g3 = 0. Hence g1 = 0 and F = xs+1

s+1 . Thus r = 1.
Assume condition (i) holds. We write ℓ = αx + βy with (α, β) ∈ k2 \ {(0, 0)}.

To fix the ideas we can assume that α 6= 0. By replacing h0 with p
√
αh0 we can

assume that α = 1. As in the previous paragraph we argue that F =
ℓs+1gp0
s+1 +

ys+1g3(x, y)
p with g3 ∈ k[x, y] homogeneous. As Fxhp = kfx = kfy = Fyh

p we get
that kysg3(x, y)p ⊂ kℓshp0, thus g3 = 0, hence r = 1. �

Proposition 6.9. Let e ∈ EE2(k). Then the following properties hold.

(1) If e has 1 point at infinity modulo p, then for each a ∈ GA2(k) the endo-
morphism ae has 1 point at infinity modulo p.

(2) (Lang) If e ∈ p-Mor2(k), then e has 1 point at infinity modulo p.
(3) Each e ∈ BE2(k) has 1 point at infinity modulo p.

Proof. Let (f1, f2) ∈ ks[x1, x2] be such that e = e(f1, f2); by definition we have
∞p(f1) = ∞p(f2) = 1. Based on the amalgamated structure of GA2(k) (see [vdK],
Thms. 1 and 2; cf. also [Kr], Sect. 5, Thm. 7), to prove part (1) we can assume that
a is defined by a pair (F1, F2) ∈ k[x1, x2] such that either π(F1) = π(F2) = 1 or
F1 = x1. If F1 = x1, then ae, being defined by a pair (f1, f3) with f3 ∈ ks[x1, x2],
has 1 point at infinity modulo p. We assume now that π(F1) = π(F2) = 1; so J :=

J(F1, F2)(x1, x2) =

[
γ11 γ12
γ13 γ14

]
∈ GLGLGL2(k). So ae = e(γ11f1 + γ12f2, γ21f1 + γ22f2).
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For i ∈ {1, 2}, let mi := degp(fi) and a standard writing fi = gpi +
∑mi
j=1 hi,j

of fi with gi ∈ ks[x1, x2] and each hij ∈ ks[x1, x2] either 0 or homogeneous of
degree j. We write himi = Hp

i ℓ
si
i with Hi ∈ ks[x1, x2] \ {0}, si ∈ [[0, p − 2]] and

ℓi = αix1 + βix2 with (αi, βi) ∈ k2 \ {(0, 0)}. To show that we have the relation
1 ∈ {∞p(γ11f1 + γ12f2),∞p(γ21f1 + γ22f2)} we consider two cases as follows.

Case 1: m1 6= m2. To fix the ideas we can assume that m1 > m2. This
implies that γ11f1 + γ12f2 = γ11g

p
1 + γ12g

p
2 +

∑m1−1
j=1 ha,j + γ11H

p
1 ℓ
s1
1 with each

ha,j ∈ ks[x1, x2] homogeneous of degree j. Thus ∞p(γ11f1 + γ12f2) = 1.
Case 2: m1 = m2. The case m1 = 1 is trivial, thus we can assume that m1 ≥ 2.

As mi ≡ si (mod p), we have s1 = s2 and hence deg(H1) = deg(H2). As p ∤ m1m2,
from [Lang-J], Prop. 2.16 we get that we can assume that ℓ1 = ℓ2. As J ∈ GLGLGL2(k),
either γ11Hp

1 + γ12H
2
p or γ21Hp

1 + γ22H
2
p is Hp

a with Ha a non-zero homogeneous
polynomial of degree deg(H1). Thus 1 ∈ {∞p(γ11f1 + γ12f2),∞p(γ21f1 + γ22f2)}
as one can easily check based on Lemma 6.8.

As 1 ∈ {∞p(γ11f1 + γ12f2),∞p(γ21f1 + γ22f2)} in both cases, part (1) holds by
Remark 6.7(1). See [Lang-J], Thm. 2.18 for part (2).

To prove part (3) we write e = bdc with (b, c) ∈ GA2(k)
2 and d ∈ EE2(k) defined

by a pair
(
x1+g1(x

p
1, x

p
2), x2+g2(x

p
1, x

p
2)
)

with (g1, g2) ∈ ks[x1, x2]
2. Based on part

(1) we can assume that b = 1A2
k
, thus e = dc. Let (y1, y2) ∈ A2(k) be such that

c = e(y1, y2), then dc = e
(
y1 + f1(y

p
1 , y

p
2), y2 + f2(y

p
1 , y

p
2)
)
. As c has 1 point at

infinity modulo p by part (2), we have ∞p(y1) = ∞p(y2) = 1 and therefore dc has
1 point at infinity modulo p. Thus part (c) holds. �

7. Preliminaries on complete intersections

For a scheme W , let OW be its structure ring sheaf. Let O(W ) := OW (W ).
For a variety W over K, the partial order on the set

Triv(W ) := {Z ⊂W |Z is affine open regular and TZ is trivial}
is the inclusion. After recalling two definitions, we introduce four more.

Definition 7.1. Let X = SpecR be a non-empty equidimensional affine variety
over K.

(1) Assume char(K) = p. A differential basis of R is a subset {f1, . . . , fdim(X)}
of R such that {df1, . . . , dfdim(X)} is an R-basis of the R-module ΩR = ΩR/K of
(relative) differentials.

(2) A closed embedding X → AnK , i.e., an identification R = K[x1, . . . , xn]/I of
K–algebras, is called a complete intersection if the ideal I is generated by n−dim(X)
elements.

(3) The complete intersection embedding dimension of X is ciedim(X) ∈ N∪{∞}
defined as follows. If there exists a complete intersection closed embedding X → ANK ,
then ciedim(X) is the smallest possible value for N . If no such N exists, then
ciedim(X) := ∞. We say that X is a complete intersection iff ciedim(X) ∈ N.

(4) Assume X is regular. By the weak complete intersection embedding dimension
of X we mean wciedim(X) ∈ N ∪ {∞} defined as follows. If there exists a closed
embedding ı : X → ANK whose normal bundle Nı is trivial, then wciedim(X) is the
smallest possible value for N . If no such N exists, then wciedim(X) := ∞.

(5) Assume ciedim(X) ∈ N. By the strong complete intersection embedding
dimension of X we mean the smallest sciedim(X) ∈ N such that the inequality
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ciedim(X) ≤ sciedim(X) holds and each closed embedding X → Asciedim(X)+m
K with

m ∈ N is a complete intersection.
(6) Assume X is normal connected and contains an open subvariety isomorphic

to Adim(X)
K . Let ρét(X) ∈ N be the largest n such that there exists U ∈ Triv(X) and

an open subvariety V of U such that V ∼= Adim(X)
K and |Irr(U \ V )| = n.

If ciedim(X) ∈ N, then for each m ∈ N there exists a complete intersection closed
embedding X → Aciedim(X)+m

K , hence sciedim(X) exists by [Sr], Thm. 2.
We first group together several results in the literature and then apply them in

the context of Xe with e ∈ EEn(K).

Theorem 7.2. Let X be a non-empty equidimensional affine regular variety over
K. Then the following properties hold.

(1) We have edim(X) ≤ 2 dim(X) + 1.
(2) We have ciedim(X) ∈ N iff TX is trivial.
(3) Assume TX is trivial. Then we have inequalities

edim(X) ≤ wciedim(X) ≤ ciedim(X) ≤ sciedim(X) ≤ 2 dim(X) + 2

with ciedim(X)− wciedim(X) ∈ {0, 1}.
(4) Assume TX is trivial. If edim(X) = 2 dim(X) with dim(X) ≥ 1, then

ciedim(X) ≤ 2 dim(X) + 1 if dim(X) ≥ 3 and ciedim(X) = 2 dim(X) if dim(X) ∈
{1, 2}. If edim(X) = 2 dim(X) − l with l ∈ [[1,dim(X)]] and dim(X) ≥ 1 + l and
if for dim(X) ≥ 3 + l the factorial number

(
dim(X) − 1

)
! is invertible in K, then

we have inequalities ciedim(X) ≤ 2 dim(X)−min{1, l − 1} if dim(X) ≥ 3 + l and
ciedim(X) = 2 dim(X)− l if dim(X) ∈ {1 + l, 2 + l}.

(5) Let R be a finitely generated K-algebra with equidimensional spectrum. If
char(K) = p, then R has a p-basis iff R is regular and has a differential basis.

Proof. Part (1) is well-known (e.g., see [Sr], Cor. 1). Clearly, edim(X) ≤ ciedim(X).
If ciedim(X) ∈ N, then sciedim(X) ≤ 2 dim(X)+2 by [Kum], Thm.2) (this inequal-
ity also follows from [Sr], Thm. 2).

For a closed embedding ȷ : X → Aedim(X)+ϵ
K with ϵ ∈ N we have a normal bundle

Nȷ over X defined by a short exact sequence 0 → TX → ȷ∗(TAedim(X)+ϵ
K

) → Nȷ → 0

of vector bundles over X. If ȷ is a complete intersection, then the dual of Nȷ (the
conormal bundle) is trivial and thus Nȷ is trivial; thus TX is stable free and hence
trivial by [Su], Thm. 1. Thus the ‘only if’ of part (2) holds.

To prove the ‘if’ of part (2) and parts (3) and (4), we can assume that dim(X) >

0, X 6∼= Adim(X)
K and TX is trivial. We write edim(X) = 2 dim(X) + 1 − i with

i ∈ [[0,dim(X)]] by part (1). As Nȷ has rank dim(X) + 1− i+ ϵ ≥ 1 and is stable
free by the above short exact sequence, it is trivial if ϵ ≥ i by [Ba1], Thm. 9.3,
if ϵ = i − 1 by [Su], Thm. 1, and if ϵ = i − 2 and for dim(X) ≥ 4 the factorial(
dim(X)− 1

)
! is invertible in K by [FRS], Thm. Thus wciedim(X) ≤ edim(X)+ i;

to refine this inequality let n(X) := wciedim(X) − edim(X). If i ∈ {0, 1}, then
n(X) = 0. If i ≥ 2, then n(X) ≤ i − 1; if moreover either dim(X) ∈ {2, 3} or
dim(X) ≥ 4 and

(
dim(X)− 1

)
! is invertible in K, then n(X) ≤ i− 2. If i ≥ 2, then

in the second part (4) we have l = i− 1.
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Let ι : X → Aedim(X)+n(X)
K be a closed embedding with trivial normal bundle

Nı. Clearly, ciedim(X) ≥ edim(X) + n(X). As the dual of Nı is also trivial, X is
a connected component of a complete intersection X+ = X+(ı) in Aedim(X)+n(X)

K .
If dim(X)−i+n(X) = 0, then X is a hypersurface in Adim(X)+1

K = Aedim(X)+n(X)
K

and thus we can assume thatX+ = X. If dim(X)−i+n(X) = 1, then we can assume
that X+ = X by [Kum], Thm.1). Thus for dim(X) − i + n(X) ∈ {0, 1} we have
X+ = X and ciedim(X) ≤ edim(X) + n(X), hence ciedim(X) = edim(X) + n(X).
Similarly, if dim(X)−i+n(X) ≥ 2 andX+ = X, then ciedim(X) = edim(X)+n(X).

Assume now that dim(X) − i + n(X) ≥ 2 and W = W (ı) := X+ \ X is non-
empty for each embedding ı (i.e., and ciedim(X) ≥ edim(X) + n(X) + 1). For
(f1, . . . , fdim(X)−i+n(X)+1, g) ∈ K[x1, . . . , xedim(X)+n(X)+1]

dim(X)−i+n(X)+2 with
g(W ) = {0}, g(X) = {1} and the ideal (f1, . . . , fdim(X)−i+n(X)+1) defines X+,

Spec
(
K[x1, . . . , xedim(X)+n(X)+1]/(f1, . . . , fdim(X)−i+n(X)+1, 1−gxedim(X)+n(X)+1)

)
is isomorphic to X+, hence ciedim(X) = edim(X) + n(X) + 1.

The last two paragraphs and the above relations on n(X) imply that ‘if’ of part
(2) and parts (3) and (4) hold.

For part (5), if R has a p-basis then R is regular by [Kun], Cor. 2.7 applied to
local rings of R. Thus to prove part (5) we can assume that R is regular and, due to
the equidimensional hypothesis, an integral domain. Thus part (5) holds by either
[KN], Thm. or [Aba], Prop. 3.2 and Cor. 4.2. �

Theorem 7.3. Let e ∈ EEn(K) with n ≥ 2. Let Y = SpecR be an open affine
subvariety of Xe.

(1) Assume Im(ıe) ⊂ Y . Then the following statements are equivalent.
(i) We have Y ⊂ Xét

e .
(ii) The generic points of the irreducible components of Y \ Im(ıe) belong to Xét

e .
(iii) We have Y = Reg(Y ) and TY is trivial.
(iv) The tangent bundle TReg(Y ) over Reg(Y ) is trivial.
(v) We have Y = Reg(Y ) and ciedim(Y ) ∈ N.

Moreover, if char(K) = p, then statements (i) to (v) are also equivalent to either
one of the following extra statements.
(vi) The ring R has a p-basis.
(vii) The ring (or the K-algebra) R has a differential basis.

(2) The open regular subset Xét
e of Xe is a maximal element of Triv(Xe).

(3) Assume n = 2, ψe is non-finite étale, and Im(ıe) ⊊ Y . If edim(Y ) ∈ {3, 4},
then ciedim(Y ) = edim(Y ). If edim(Y ) = 5, then ciedim(Y ) ∈ {5, 6}.

(4) We have relations ρét(e) = ρét(X
ét
e ) ≤ ρét(Xe).

(5) If ψe is regular but non-étale, then ciedim(Xe) = ∞.

Proof. To prove part (1), let Z := Reg(Y ). As Y is normal, we have dim(Y \Z) ≤
dim(Y )−2. Let ψY : Y → AnK,s and ψZ : Z → AnK,s be defined by ψe by restricting
the source and target; we have a functorial morphism T (ψZ) : TZ → ψ∗

Z(AnK,s)
between bundles over Z whose target is trivial. Let Y ét := Y ∩Xét

e ; it is the étale
locus of ψY . See [Stacks1] or [GZ], Thm. 1 for the affineness of Xét

e and hence also
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of Y ét. Thus the complement Y \Y ét is either empty or of pure codimension 1 (see
[SGA2], Exp. V, Ex. 3.4). Hence Y = Y ét iff dim(Y \ Y ét) ≤ dim(Y )− 2.

Clearly, (i) ⇒ (ii) and (iii) ⇒ (iv). Moreover, (iii) ⇔ (v) by Theorem 7.2(2).
If (ii), holds, then dim(Y \ Y ét) ≤ dim(Y ) − 2 and hence Y = Y ét; thus Z = Y ,
ψY is étale and therefore T (ψY ) is an isomorphism. Hence (ii) ⇒ (iii). If (iv)
holds, then the morphism T (ψZ) is between trivial bundles of dimension n and an
isomorphism over Im(ıe). Thus its determinant is a global function on Z that maps
to O

(
Im(ıe)

)
= K∗ and hence T (ψZ) is an isomorphism, which implies that ψZ is

étale. Hence Z ⊂ Y ét. Thus dim(Y \ Y ét) ≤ dim(Y )− 2 and hence Y = Y ét. Thus
(iv) ⇒ (i). We conclude that statements (i) to (v) are equivalent.

In this paragraph we assume that char(K) = p. Clearly, (i) ⇒ (vi). We have
(vi) ⇔ (vii) by Theorem 7.2(5). To show that (vi) ⇒ (i) we consider the K-algebra
homomorphism Kt[x1, . . . , xn] → R that defines ψY and we view it as an inclusion.
We also consider the Rp-subalgebra S :=

∑
(i1,...,in)∈[[0,p−1]]n R

p
∏n
j=1 x

ij
j of R.

From the equivalence (N1) ⇔ (N3) of Section 2 it follows that in fact we have a
direct sum decomposition S = ⊕(i1,...,in)∈[[0,p−1]]nR

p
∏n
j=1 x

ij
j of Rp-modules. The

assumption that R has a p-basis implies that the Rp-module R is free of rank pn.
The inclusion S → R is an Rp-linear transformation between free modules of rank
pn; its determinant u ∈ Rp is uniquely determined up to multiplication by an
element in R∗ = K∗. The mentioned equivalence also gives that u ∈ (Rp)∗ = K∗.
Thus S = R, hence R has a p-basis formed by elements of Kt[x1, . . . , xn]. This
implies that ψY is unramified and thus, being also flat in codimension at most 2
(as so is ψe), it is étale in codimension at most 2, i.e., dim(Y \ Y ét) ≤ dim(Y )− 2.
Thus Y = Y ét and hence (vi) ⇒ (i). We conclude that part (1) holds.

As Xét
e is an affine variety, we have Xét

e ∈ Triv(Xe) by part (1) applied to
Y := Xét

e . If W ∈ Triv(Xe) contains Xét
e , then W ⊂ Xét

e by part (1) applied to
Y :=W , hence W = Xét

e . Thus part (2) holds.
Part (3) follows from Theorem 7.2(4) and part (1). Based on part (2), the

inequality ρét(X
ét
e ) ≤ ρét(Xe) follows from definitions. For an open subvariety U of

Xét
e with U ∼= AnK , Cl(Xét

e ) ∼= Z|Irr(Xét
e \U)|. As |Irr(Xét

e \U)| does not depend on U ,
it is ρét(X

ét
e ). When U = Im(ıe) we get that Cl(Xét

e ) ∼= Zρét(e) and ρét(Xe) = ρét(e).
So part (4) holds. Part (5) follows from Theorem 7.2(2) and part (2). �

8. Preliminaries on models of P1
K

Let D be a discrete valuation ring. Let Dh be its henselization. Let K := Frac(D)
and Kh := Frac(Dh). Let κ be the residue field of D. In this section we study
normal projective flat models X of P1

K over SpecD; so XK = P1
K and X is integral.

In practice, D is (the completion) of a local ring K[x](x−α0) with α0 ∈ K and X is
a subscheme of some Xe with e ∈ EE2(K), but for the sake of generality, we work
over more general settings that involve contractions of curves and Stein factors.

Such a model X corresponds to finite non-empty sets of divisorial valuations of
the field of fractions K(t) of P1

K, which are (equivalent classes of) discrete valuations
coming from irreducible curves in the special fiber Xκ of X. The terminology
‘divisorial valuations’ is more used and established and pertains to models X which
are known to be of finite type over SpecD. Without this restriction, i.e., in the
most general case, “Zariski prime divisor” terminology is used in [Ga1], p. 108.
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So all divisorial valuation here are Zariski prime divisors of P1
D, i.e., are discrete

valuation rings of the field of fractions K(t) that dominate D.
Remark 8.1. (1) Let A be a henselian local ring of residue field κ. Let Y be a
proper algebraic space over SpecA of relative dimension ≤ 1. The special fiber Yκ
of Y is a proper algebraic space of dimension ≤ 1 over Specκ and hence it is a
proper scheme over Spec (κ) by either [Stacks6] or [Kn], Ch. 5, Thm. 4.9 and Ch.
2, Cor. 6.16. Being proper and of dimension ≤ 1, Yκ is projective over Spec (κ). If
Y is a scheme, then Y is projective by [Gro5], Cor. (21.9.12) and Rm. 21.9.13.6

(2) If Z is an algebraic space over SpecD with ZK = P1
K and special fiber of

dimension at most 1 (e.g., if ZK is Zariski dense in Z) and ZDh := Z×SpecDSpecDh

is a scheme, then we have an ample line bundle over ZDh by part (1); as the pullback
homomorphism Pic(P1

K) → Pic(P1
Kh) is an isomorphism, it descends to Z. The

descended line bundle is still ample and thus Z is projective.7

(3) Following [BLR], Ch. 6, Sect. 6.7, assume κ is algebraically closed but not an
algebraic closure of a finite field. Let D := κ[t](t). Let (f, g) ∈ κ[x, y, z]2 be a pair
of non-zero non-proportional homogeneous polynomials of degree 3. We assume
that the zero locus f = 0 is smooth and has a κ-valued inflection point P . The
zero locus f + tg = 0 is a cubic X in P2

D and we endow the special fiber Xκ of
X with the group law whose identity element is P . Let W be the blow up of X
at a κ-valued point of infinite order modulo the subgroup generated by the zero
locus f = g = 0. The blow down f : W → Z of the proper transform of Xκ in
the category of algebraic spaces (see [Em], Cor. or [Pi], Cor. 4 for the pullback of f
to SpecDh which is a morphism of projective schemes), gives a normal proper flat
algebraic space model Z of the generic fiber of W which is not a scheme.

Recall the following definition introduced in [Kl], Sect. 5, Def. 2.
Definition 8.2. Let R be a local ring. Let W be a proper scheme over SpecR
of relative dimension ≤ 1. By a Stein factor of W we mean a proper morphism
f : W → V of schemes over SpecR such that the homomorphism OV → f∗(OW )
is an isomorphism. An isomorphism between two Stein factors f1 : W → V1 and
f2 :W → V2 of W is an isomorphism g : V1 → V2 over SpecR such that g◦f1 = f2.
Proposition 8.3. Let R be a local ring of residue field κ. Let W be a proper scheme
over SpecR of relative dimension 1. Let B be the set of 1-dimensional irreducible
components of the special fiber Wκ of W . Then the following properties hold.

(1) Each Stein factor f :W → V of W is uniquely determined up to isomorphism
by the subset Cf := {C ∈ B|f(C) is one point} of B.

(2) Assume R = D is a discrete valuation ring and W is flat over SpecD with
integral generic fiber.

(2.a) For each subset C of B distinct from B there exists a Stein factor fh
C :

WDh → VDh of WDh such that Cf = C and its generic fiber is an isomorphism and
thus fh

C descends to a morphism fC :W → V of algebraic spaces over SpecD.8

6In general, one can lift an ample line bundle on Yκ to an ample line bundle on Y as in the
proof of the proper base change theorem of étale cohomology (see [SGA4-3], Exp. XVIII, Cor.
3.2), hence Y is projective over SpecA and in particular it is a scheme.

7Based on Footnote 6, the same holds without assuming that ZDh is a scheme.
8The Stein factor fB : W → V that contracts Wκ exists but V = O(W ) is finite flat over

SpecD, so the generic fiber of fB is not an isomorphism.
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(2.b) If W is normal, then VDh and V are normal.
(2.c) If WK = P1

K, then fC :W → V is projective.
(2.d) Let Q ⊂ Z be of pure codimension 1 with non-empty general fiber. The

morphism Z \Q→ SpecO(Z \Q) is proper and is an isomorphism iff Q meets all
irreducible components of the special fiber (hence if Zκ is irreducible, then Z \Q→
SpecO(Z \Q) is an isomorphism).

Proof. Part (1) is stated in [Sc], Sect. 2 when R is noetherian by just quoting [Gro1],
Thm. (5.4.1) but the last reference does not suffice. If R is a discrete valuation ring
and W is flat over SpecR, then part (1) holds by [Pi], Prop. 4. Let f1 : W → V1
and f2 : W → V2 be two Stein factors of W such that Cf1 = Cf2 . Let V3 be the
schematic image of the morphism f1 × f2 : X → V1 ×SpecR V2. For i ∈ {1, 2}, the
i-th projection πi : V3 → Vi is finite on special fibers over Specκ, hence it has finite
fibers by Chevalley’s Semi-continuity Theorem (see [Gro4], Thm. (13.1.3)). Thus
πi is finite; by the Stein property it is an isomorphism. So g := π2 ◦ π−1

1 : V1 → V2
is an isomorphism between f1 :W → V1 and f2 :W → V2. Thus part (1) holds.

Part (2.a) holds by [Em], Cor. or [Pi], Cor. 4. Part (2.b) holds as VDh is normal
by [Pi], Prop. 3. Part (2.c) follows from part (2) and Remark 8.1(2) applied to
V over SpecD and the scheme VDh over SpecDh. Part (2.d) follows from the
arguments i the proof of citeSc, Thm. 2.2. �

Corollary 8.4. Let Model(P1
K) be the set of isomorphism classes of normal proper

(equivalently projective) flat models of P1
K. Let P0

f

(
Div(k(t)

)
be the set of non-

empty finite sets of divisorial valuations of P1
D (i.e., of Zariski prime divisors of

P1
D) that dominate D. Then there exists a bijection

ΨK : Model(P1
K) → P0

f

(
Div(k(t)

)
defined by the rule ΨK([X]) = DivX , where to a normal proper flat model X of
XK = P1

K we associate the set BX of 1-dimensional irreducible components of Xκ

and the set of divisorial valuations
DivX := {OX,ηC |C ∈ BX , ηC is the generic point of C}.

Proof. Let X ′ be a normal proper flat model of XK = P1
K with DivX′ = DivX .

Let X+ be the normalization of the Zariski closure in X ×SpecDX
′ of the diagonal

embedding of P1
K → (X ×SpecD X ′) ×SpecD SpecK = P1

K ×SpecK P1
K. The two

projections X+ → X and X+ → X ′ are Stein factors of X+. Thus, as DivX =
DivX′ , these two Stein factors of X+ are isomorphic by Proposition 8.3(1), hence
there exists an isomorphism X → X ′ that extends 1P1

K
. Thus ΨK is injective.

Given Div ∈ P0
f

(
Div(k(t)

)
, let Y be an affine normal flat scheme of finite type

over SpecD such that Y ×SpecD SpecK is an open subvariety of P1
K and the set of

local rings of Y at generic points of irreducible components of its special fibre Yκ is
Div. Let Y + be the quasi-projective variety obtained by gluing Y and P1

Y and let
X be a projective normal scheme over SpecD that contains Y + as an open Zariski
dense subscheme; so X is a normal proper flat model of P1

K with Div ⊂ DivX . Let
f : X → V be a Stein factor such that V is a normal projective flat model of P1

K

with DivV = Div by Proposition 8.3(2.a) to (2.c). Thus ΨK is surjective. �

Example 8.5. We take K to be an algebraic closure of K. Let D̂ be the completion
of D. Let K̂ := Frac(D̂). Let K̂ be an algebraic closure of K̂. We fix a divisorial
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valuation O of K(t). Let w : K(t) → ΓK(t) ∪ {∞} be the discrete valuation that
defines it; so w is surjective, its valuation ring is O and we have an isomorphism
ΓK(t)

∼= Z of totally ordered groups. Let w : K(t) → ΓK(t)∪{∞} be a valuation that
extends w; let Ow be its valuation ring. Let D̄ := Ow∩K and let v : K → ΓK∪{∞}
and v : K → ΓK∪{∞} be induced by w; so D is the valuation ring of v. We denote
also by v the valuation of the completion K̂ of K with respect to v. We naturally
identify K̂ with a subfield of K̂. We have

ΓK 6 ΓK(t) 6 ΓK(t) = ΓK = ΓK ⊗Z Q = ΓK(t) ⊗Z Q

(see [Epp], Thm. (2.0) and [Kuh] for the first equality).
Let k be the residue field of D̄; it is an algebraic closure of κ. The residue field

k(w) of Ow has transcendental degree 1 over k, i.e., w is a residual transcendental
extension of v in the sense of [APZ1], Sect. 1; such extensions were classified in
[AP], [APZ1] and [APZ2]. In particular, there exists (α0, r) ∈ K×v(K∗) such that

w
( s∑
i=0

δi(x− α0)
i
)
= inf{v(δi) + ir|i ∈ [[0, s]]} ∈ ΓK(t) ∪ {∞}

for all (s, δ0, . . . , δs) ∈ N×Ks+1 (see [AP], Prop. 2), equivalently the norm on K(t)
is the sup norm on BK(α0, r) := {x ∈ K|v(x − α0) ≥ r} or on the (rigid analytic)
disk BK̂(α0, r) := {x ∈ K̂|v(x− α0) ≥ r}.

The divisorial valuations of K(t) are in bijection to those of Kh(t), which cor-
respond to Gal(K/Kh)-orbits of the action of Gal(K/Kh) on the set of such disks
(see [APZ2], Thm. 2.2; cf. [AP], Prop. 3).

Let β0 ∈ K̂ be of minimal degree l over K̂ such that BK̂(β0, r) = BK̂(α0, r). We
approximate β0 by separable elements (if char(K) = p, approximate a solution of
Xpq = γ by a solutions of Xpq + ϵX = γ with ϵ near 0). Then by Krasner’s Lemma
we can assume that β0 ∈ K is separable over K of degree l; this was first proved in
[APZ2], Thm. 3.1. If β ∈ K ∩ BK̂(α0, r) is algebraic over K of degree l, then there
exists a unique extension of v to K(β), the local degree (i.e., the degree after the
completion) is still l, hence the valuation ring of K(β) is a finite D-module.

Theorem 8.6. Given a divisorial valuation O of K(t), let X = XO be the flat
normal model of XK = P1

K with the property that ΨK([X]) = {O} (see Corollary
8.4). Then the following properties hold.

(1) If Q is the closure of (1 : 0) ∈ P1
K(K), then X \ Q is affine and it is

SpecK[t] ∩O.
(2) The flat model SpecK[t] ∩O of A1

K has at most one singular point.
(3) The flat normal model X of P1

K has at most two singular points.

Proof. Part (1) follows from Proposition 8.3(2.d). For parts (2) and (3), we use
the notation of Example 8.5, with the finite field extension K → K(α0) separable
of degree l. Let L ∈ K[t] be the monic minimal polynomial of α0 over K. Let
K′ := K(α0) with valuation ring D′ a free D-module of rank l, residue field κ′,
ramification index iD′ . We have ΓK ⊂ ΓK′ ⊂ ΓK′ + Zr ⊂ ΓK ⊗Z Q and inclusions
Kh ⊂ K′′ ⊂ (K′)h, where Gal

(
(K′)h/K′′) is the subgroup that fixes BK(α0, r).9

9The field extension K′′ → (K′)h is an extension with trivial tame part, in particular if it is
non-trivial then char(κ) = p and it has degree a power of p.
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For BFrac(D̂′)
(α0, r), where D̂′ is the completion of D′, the valuation group is

ΓK′ + Zr. We have w(L) ∈ ΓK′ + Zr; let m be the order of w(L) mod ΓK′ .
Thus w(Lm) = v(δ) for some δ ∈ (K′)∗. We have a K-linear natural isomorphism
⊕l−1
j=0Ktj ∼= K′. If 0 6= γ ∈ K′ is represented by gγ(t) ∈ ⊕l−1

j=0Ktj , then gγ has no
zeros in the disk so it must be a constant γ0 ∈ K plus something with greater value
of v. Thus w(Lm/gδ) = 0. We have to compare the disk BK(t)(α0, r) and its ring
of polynomial functions K[t] ∩ O to BK̂′(0,w(L)). Note that Lm/gδ ∈ Ow defines
an element ζ ∈ k(w) which is transcendental over κ′ (see [APZ1], Thm, 2.1b)).

Let O′ be the discrete valuation ring of the ‘standard’ valuation w′ of K′(t) with
the properties: (i) the restrictions of w′ and w to K′ coincide, and (ii) w′(T ) = w(L).

For h ∈ K[t] we consider its L-expansion h =
∑nh
j=0 hjL

j ; so nh ∈ N is the
smallest such that deg(hj) < l for each j ∈ [[0, nh]]. By sending each hj to hj(α0) ∈
K′ and L to T we get a K-linear isomorphism K[t] → K′[T ], which preserves the
sup norm on the relevant disks. It is not an algebra isomorphism in general but we
have equality of products modulo elements with higher sup norm. This gives an
isomorphism of associated graded rings

gr(K[t] ∩O) → gr(K′[T ] ∩O′),

the filtrations being
(
(K[t]Lj)∩O

)
j∈N and

(
(K ′[T ]T j)∩O′)

j∈N. This implies that
the residue field of O′ is κ′(ζ) and that the value group ΓK′(t) is ΓK′ + Zw(L).

We consider two cases as follows.
Case 1: w ∈ ΓK′ (i.e., m = 1). Then O′ ∩ K′[T ] ∼= D′[T/δ] is regular. From

this and the information on graded rings we get that K[t] ∩O is regular by [Ma1],
Ch. 6, Thm. 17.10.

Case 2: w /∈ ΓK′ (i.e., m > 1). Then we can still verify the regularity
after inverting Lm/gδ. This leaves one possible singular point in the special fiber
Specκ′[ζ] of SpecK[t] ∩O which is the zero locus ζ = 0.

Part (1) follows from the two cases above. Part (2) follows from part (1) and
the union X = Q ∪ [SpecK[t] ∩O]. �

Remark 8.7. We refer to the proof of Theorem 8.6. Let C := (Xκ)red. Let
(C ∩Q)red define the closed point P of C at infinity.

(1) The special fiber C \ {P} of SpecK[t] ∩O is Specκ′[ζ] ∼= A1
κ′ .

(2) In Case 2, the point ζ = 0 of Specκ′[ζ] lifts to a D′-valued point of SpecK[t]∩
O given by evaluation at α0, in fact we have a D-algebra surjection K[t] ∩O → D′

as a uniformizer v′ of D′ lifts to an element given by a polynomial hv′ ∈ K[t] of
degree < l. It follows that the ideal of the reduced special fiber is not principal at
this point (as otherwise it would be generated by hv′ which does not have the right
valuation at the generic point of the special fiber), so the point is singular.

(3) From (1) and Case 1 we get that SpecK[t] ∩O is singular iff m > 1.
(4) The reduced fiber C of X = XO is the pinching pushout

Specκ′ //

��

Specκ

��
P1
κ

// C.
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(5) The ideal of C at p is not principal if iD′m > 1 and so we have a singularity.
It is principal generated by a uniformizer v of D if iD′ = m = 1, but if κ′ 6= κ we
still have a singularity as the zero locus v = 0 is singular and v is not in the square
of the maximal ideal.

(6) If K′ = K and m = 1 in the proof of Theorem 8.6, then X = P1
D.

Corollary 8.8. Let R := k[[x]]. Let R → S be an extension of discrete valuation
rings which is generically finite Galois of Galois group G. If the action of G on S
extends to an action of G on S[y], then S[y]G has at most one singular point.

Proof. We take D := R, K = k((x)) and O := OSpecS[t]G,η, where η is the generic
point of Spec (S[t]G/S[t]Gx)red. This makes sense as SpecS[t]G[ 1x ], being a form of
A1
k((x)), is isomorphic to A1

k((x)) and thus we identify it with Spec k((x))[t]. We have
κ = κ′ = k and K[t] ∩O = S[t]G. So the corollary holds by Theorem 8.6(2). �

9. Preliminaries on rational singularities

For (quasi-)excellent rings and schemes we refer to [Gro3], Subsect. 7.8 and
[Travaux], Exp. 1. We recall the following general result

Lemma 9.1. Let W be a noetherian scheme. The following two properties hold.
(1) If W is normal, then it is quasi-excellent iff it is excellent.
(2) Let f : V → W be a finite surjective morphism. Then V is quasi-excellent

iff W is quasi-excellent.

Proof. The ‘if’ of part (1) is clear. For the ‘only if’ of part (1) it suffices show that
a quasi-excellent normal noetherian ring R is universally catenary. To check this
we can assume that R is local; its formal fibers are geometrically regular and thus
also geometrically normal and from [Stacks5] we get that R is universally catenary.
To prove part (2) we can assume that W is affine, hence V is also affine, and this
case was proved in [Gre], Thm. 3.1i). �

For rational singularities see [Lip1], Def. 1.1. Part (2) of the following result in
characteristic 0 is a particular case of either [Bout], Thm. or [Kem], Thm. 7.

Proposition 9.2. Let a finite group G act on a noetherian scheme W over
SpecZ[ 1

|G| ] in such a way that for each x ∈ W the orbit G · x is contained in
an affine open subscheme of W . Then the following properties hold.

(1) The universal geometric quotient W →W/G in the sense of [MFK], Ch. 0,
Defs. 0.6 and 0.7 exists and it is an affine morphism.

(2) If dim(W ) = 2 and W is normal, excellent and has at most rational singu-
larities, then X/G has at most rational singularities.

Proof. We can assume that W = SpecR is affine. Taking W/G := SpecRG, clearly
W →W/G is surjective and G-invariant. If W is normal, so is W/G. The surjective
morphism W →W/G is finite by [Travaux], Exp. IV, Prop. 2.2.3(ii)(a). The com-
mutative Z-algebra RG is noetherian due to the existence of the Raynolds operator
R → RG, i.e., of the RG-linear retraction that maps x ∈ R to 1

|G|
∑
g∈G gx ∈ RG

(e.g., see [Travaux], Exp. IV, Prop. 2.2.3(i)(a)). The Reynolds operator implies
that for each RG-algebra S we have (R ⊗RG S)G = S. If S is an algebraically
closed field, then G acts transitively on SpecR ⊗RG S as the restriction function
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Hom(R,S)/G → Hom(RG, S) is a bijection by [Bour], Ch. V, Subsect. 2.1, Cor. 4
after Thm. 1 and Subsect. 2.2, Cor. after Thm. 2. So W → W/G is a universal
geometric quotient and part (1) holds.

For part (2), RG is excellent by Lemma 9.1(1) and (2). Being also normal, we
can strictly henselize by [Lip1], Prop. 16.5 and [Gre], Cor. 5.6, i.e., we can assume
that W = SpecR and W/G = SpecRG are affine normal strictly henselian local of
dimension 2 and that G acts trivially on the residue field of R. Let Σ : V →W/G be
a resolution of singularities by [Lip2], Thm. We can desingularize Z := (V×W/GW )′

(the ′ means that we take the schematic closure of the punctured spectrum of R,
equivalently the reduced scheme) by normalizations and blowing up of closed points.
This is G-equivariant. We consider a G-equivariant desingularization Z1 →W that
maps to V . For the resulting morphism ϕ : Z1/G → V , the homomorphism of
ringed sheaves OV → ϕ∗(OZ1/G) is an isomorphism. Then a Čech computation
gives H1(Z1/G,OZ1/G) = H1(Z1,OZ1

)G = 0 and H1(V,OV ) → H1(Z1/G,OZ1/G)

is injective by the Leray spectral sequence. Thus H1(V,OV ) = 0, i.e., R/G has a
rational singularity. �

Proposition 9.3. Let D be a discrete valuation ring. Let R be a D-subalgebra of
Frac(D)[t] which is of finite type over D. Then the normalization Rn of R has only
rational singularities.

Proof. We can assume that D 6= R 6= Frac(D); so SpecRn ⊗D Frac(D) ∼= A1
Frac(D).

Hence the R-module Rn is finite by [GLL], Prop. 7.6(a). We compactify SpecRn to
a normal integral projective scheme X over SpecD with general fiber P1

Frac(D). The

rational map P1
D 99K X becomes regular W P1

D

X

ϕ

after blowing up

finitely many points. As X → SpecD is cohomologically flat by (the implication
(ii) ⇒ (iv) in) [Ray], Thm. 8.2.1, we have H1(X,OX) = 0. As the blow-ups do
not change the cohomology of the structure sheaf, H1(W,OW ) = 0 and R1ϕ∗(OW )
is a skyscrapped sheaf supported at finitely many closed points. To show a sin-
gular point P ∈ X is rational we have to show that

(
R1ϕ∗(OW )

)
P

= 0. As
H0

(
X,R1ϕ∗(OW )

)
surjects to this, it suffices to show that H0

(
X,R1ϕ∗(OW )

)
= 0.

The differential H0
(
X,R1ϕ∗(OW )

)
→ H2

(
X,ϕ∗(OW )

)
vanishes by a general co-

homological dimension fact on proper schemes in terms of the dimension of fibers.
Thus H0

(
X,R1ϕ∗(OW )

)
= 0 as H1(W,OW ) = 0, hence

(
R1ϕ∗(OW )

)
P
= 0. �

10. Geometric preliminaries

For n,m ∈ N∗ with n ≥ m, a smooth morphism AnR → AmR is called a projection
if it is isomorphic to the one given on valued points by the rule (x1, . . . , xn) 7→
(x1, . . . , xm). We list the geometric notations for e ∈ EEn(K).

Notation 10.1. For e ∈ EEn(K), let the Jacobian variety ψe : Xe → Xe, the
open embedding ıe : AnK,s → Xe, the finite subset F(e) of N, and the numerical
invariants ρ(e), ρét(e) and deg(e) be as in Section 2. We write Xe = SpecAe. Let
Ne := ψe(Γψe) be the non-proper locus of e. Let ν(e) := |Irr(Ne)|. Let Xét

e be the
open subvariety of Xe which is the étale locus of ψe. Let Nn−ét

e := ψe(Xe \Xét
e ).

Let νn−ét(e) := |Irr(Nn−ét
e )| ∈ N.
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We have Ne = ∅ iff Γψe = ∅ iff ıe is an isomorphism (i.e., Xe = AnK,s) and iff
e is finite. If Ne 6= ∅, then as ψe is quasi-finite and Γψe = Xe \ Im(ıe) is of pure
codimension 1 (see [SGA2], Exp. V, Ex. 3.4), Ne = ψe(Γψe) is equidimensional of
dimension n−1. In general, the inequalities ν(e) ≤ ρ(e) ≤ ν(e)[deg(e)−1] hold and
Ne is the smallest (hence reduced) closed subvariety of AnK,t such that e is finite
étale over AnK,t \ Ne. Similarly, Nn−ét

e is equidimensional of dimension n − 1, the
inequalities ν(e)n−ét ≤ ρ(e) − ρét(e) ≤ νn−ét(e)[deg(e) − 1] hold and Nn−ét

e is the
smallest closed subvariety of AnK,t such that ψe is finite étale over AnK,t \Nn−ét

e .
Remark 10.2. Let e ∈ QFEn(K). For l ∈ F(e)∪{deg(e)} we consider the reduced
locally closed subvariety Nl(e) of AnK,t defined by

Nl(e)(K) := {P ∈ AnK,t(K)||e−1(P )| = l}.
IfNe is the smallest closed subvariety of AnK,t such that e is finite étale over AnK,t\Ne,
then Ne = ∪l∈F(e)Nl(e). As N0(e) is either empty or of codimension at least 2 (see
Lemma 6.1(2)) it follows that if e is not finite étale (i.e., if F(e) 6= ∅), then F(e)∩N∗

is non-empty and hence ςe = min(F(e) ∩ N∗) ∈ N∗ (see Notation 3.1 for ςe). The
invariant υ(e) := max(F(e) ∩ N∗) ∈ N∗ helps in the study of Ne.
Example 10.3. Let e ∈ EEn(K) be non-finite. For l ∈ F(e), as the Zariski closure
of Nl(e) in AnK,t (equivalently, in Ne) is contained in ∪m∈F(e),m≤lNm(e) by [Gro5],
Prop. (18.2.8), we have Irr

(
Nυ(e)(e)

)
⊂ Irr(Ne), hence Nυ(e)(e) is equidimensional

of dimension n− 1. If υ(e) = deg(e)− 1, then ψe is étale above the generic points
of irreducible components of Nυ(e)(e) and thus ρét(e) ≥ 1; if moreover, F(e) =
{deg(e) − 1}, then Xe is a finite étale cover of AnK,t by the purity of the branch
locus (see [SGA2], Exp. X, Thm. 3.4 (i)) and we have ν(e) = ρét(e) = ρ(e) > 0.
Example 10.4. For e ∈ EEn(K), let W+

e := AnK,s×e,Ank,t,ψeXe. The first projection
f+e : W+

e → AnK,s is a finite surjective generically étale morphism between normal
schemes which is flat in codimension at most 2 and has a section 1AnK,s × ıe : A

n
K,s →

W+
e . Let We := W+

e \ Im(1AnK,s × ıe); it is a clopen subscheme of W+
e equipped

with a finite surjective morphism fe : We → AnK,s between normal schemes which
generically is étale of degree deg(e) − 1 and flat in codimension at most 2. Note
that ψe is regular (resp. étale) above Im(e) iff We is regular (resp. iff fe is étale).

Recall the following well-known lemma.
Lemma 10.5. Let f : X → Y be a dominant morphism of irreducible separated
curves over K. For W ∈ {X,Y }, let W n be the normalization of W and let W c be
the complete smooth connected curve having W n as an open subvariety. Then the
following properties hold.

(1) If f is surjective, then |Xc \Xn| ≥ |Y c \ Y n|.
(2) If X is rational, then Y is rational.
(3) If |Xc \Xn| = |Y c \ Y n|, then f is finite surjective.

Proof. We can assume that X and Y are normal. The morphism f extends to a
finite surjective morphism f c : Xc → Y c. Hence f c(Xc \X) has at least |Y c \ Y |
elements and part (1) holds. Part (2) follows from Lüroth’s Theorem. For part (3),
the inequalities |Y c \ Y | ≤ |(f c)−1(Y c \ Y )| ≤ |Xc \X| must be equalities, so the
inclusion (f c)−1(Y c \ Y ) ⊂ Xc \ X is a bijection. Thus (f c)−1(Y ) = X and the
finite surjective morphism (f c)−1(Y ) → Y is f . �
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Example 10.6. The hypersurface X1 := Spec
(
k[x, y, z]/(xp+1 + xy + zn)

)
in A3

k

is regular for n = 1 and normal with Sing(X1) = {(0, 0, 0)} if n ≥ 2. The non-
étale locus Y of the finite flat morphism ϕ1 : X1 → A2

k defined by the projection
on the last two coordinates is the zero locus xp + y = 0. The induced morphism
Y → ψ1(Y ) is radicial and ψ−1

1

(
ψ1(Y )

)
has two irreducible components Y and W

with (Y ∩W )red = {(0, 0, 0)}. If n = 1, then X1
∼= A2

k. If n ≥ 2, then the rule
(x, y) 7→ (x,−xn−1yn − xp, xy) defines a birational morphism A2

k → X1 which is
not an open embedding.

If p = 2 let l = 3 and if p ≥ 3 let l = 2. For the normal hypersurface X2 :=
Spec

(
k[x, y, z]/(xpl+ xy− zl)

)
in A3

k we have Sing(X) = {(0, 0, 0)}. The non-étale
locus of the finite flat morphism ϕ2 : X2 → A2

k defined by the projection on the
last two coordinates is the zero locus y = 0 and has two irreducible components Y1
and Y2 with (Y1 ∩ Y2)red = Sing(X) and with Y1 as the zero locus xp − z = 0. The
induced morphism Y1 → ϕ2(Y1) is radicial and the morphism A2

k → X2 defined by
the rule (x, y) 7→ (x, xl−1yl − xpl−1, xy) is birational but not an open embedding.

Either one of the last two examples implies that the result [Je], Thm. 2.1 over C
does not hold in positive characteristic even when n = 2.

The hypersurface X3 := Spec
(
k[x, y, z]/(xp + xy + yz)

)
in A3

k is normal with
Sing(X3) = {(0, 0, 0)}. The non-étale locus W of the finite flat morphism ϕ3 :
X3 → A2

k defined by the projection on the last two coordinates is the zero locus
y = 0, thus the induced morphism W → ϕ3(W ) is an isomorphism.

Example 10.6 implies that the following regularity criterion, which is only a vari-
ation of Abhyankar’s Lemma, is the maximum one can get using local arguments.
Criterion 10.7. Assume n ≥ 2. Let e ∈ EEn(K). For Y ∈ Irr(Xe \Xét

e ) let mY

be the multiplicity of Y in ψ−1
e

(
ψe(Y )

)
. Let

Irrt(Xe\Xét
e ) := {Y ∈ Irr(Xe\Xét

e )|char(K) ∤ mY , Y → ψe(Y ) is generically étale}.
Then the following properties hold.

(1) Assume that Y ∈ Irrt(Xe \ Xét
e ). Let Q ∈ Y (K) be such that ψe(Q) ∈

Reg
(
ψe(Y )

)
and Q /∈ ∪Z∈Irr(Xe\Xét

e )\Irrt(Xe\Xét
e )Z(K).10 Then Q ∈ Reg(Xe).

(2) If Irr(Xe \Xét
e ) = Irrt(Xe \Xét

e ), then
Sing(Xe) ⊂

(
ψ−1
e (∪Y ∈Irr(Nn−ét

e )Sing(Y ))
)
∩ (Xe \Xét

e ).

(3) If ψe(Y ) ∼= A1
K (so n = 2) and Y ∈ Irrt(Xe \Xét

e ), then Y ⊂ Reg(Xe).
Proof. Let S and R be the completions of the local rings OXe,Q and OAnK,t,ψe(Q)

(respectively); the R-algebra S is integral non-étale and normal. As ψe(Q) ∈
Reg

(
ψe(Y )

)
, we can identify R = K[[x1, . . . , xn]] in such a way that x1 = 0 defines

the inverse image of ψe(Y ) to SpecR. The non-étale locus of Spec (S) → SpecR is
Spec (S/I) for some radical ideal I of S that contains x and that (by hypotheses)
defines the inverse image of Y to Spec (S). From this and the hypotheses of part
(1) we get that Spec (S/I) defines the inverse image of Y to Spec (S) for all n ≥ 2.
Hence Rx → Ax is étale and the morphism SpecA→ SpecR is tamely ramified in
codimension 1. From Abhyankar’s Lemma for regular divisors (see [Stacks2]) we
get that S ∼= R[t]/(tmY − x1), hence S is regular. So Q ∈ Reg(Xe) and part (1)
holds.

10If n = 2, the second condition always holds by Corollary 11.4(1) below.
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Part (2) follows from part (1). If n = 2 and ψe(Y ) ∼= A1
K , then Y (K) ⊂ Reg(Xe)

by part (1), hence part (3) holds. �
If char(K) = 0 and e ∈ EEn(K), then Γe ⊂ Sing(Ne) by [Je], Cor. 1.2. We have

the following version of loc. cit. which holds over all K and which is weaker (cf.
Example 10.6) as it uses in essence local arguments.

Proposition 10.8. Let e ∈ EEn(K). Then the following properties hold.
(1) We have Γe ⊂ Sing(Ne) ∪ [Reg(Ne) ∩ ψe(Xe \Xét

e )].
(2) If ψe is étale, then Γe ⊂ Sing(Ne).

Proof. As (AnK,t\Ne) ⊂ Im(e), we have Γe ⊂ Ne. We show that the assumption that
there exists P ∈ Γe ∩ Reg(Ne) such that ψ−1

e (P ) ⊂ Xét
e leads to a contradiction.

Let Y ∈ Irr(Ne) be the unique irreducible component such that P ∈ Y . Let
(l, s) ∈ (N∗)2 be such that Irr

(
ψ−1
e (Y )

)
= {Yi|i ∈ [[1, l]]}∪{Zj |j ∈ [[1, s]]} with each

Yi a closed irreducible curve of AnK,s and every Zj ∈ Irr(Γψe). For each i ∈ [[1, l]],
the Zariski closure Yi of Yi in Xe maps onto Y , hence there exist ji ∈ [[1, s]]
and Pji ∈ [Yi \ Yi] ∩ Zji such ψe(Pji) = P . As Pji ∈ Sing

(
ψ−1
e (Y )

)
∩Xét

e maps to
P ∈ Reg(Y ), we reached a contradiction; so part (1) holds.11 Clearly, (1) ⇒ (2). �

For e ∈ EE2(k) with Γe ⊊ Sing(Ne) (resp. Γe = Sing(Ne)) see Example 13.2
with deg(f) = 1 (resp. Example 13.2 with deg(f) ≥ 2 and Example 14.1).

11. On sphere-like surfaces

The next lemma is also well-known (e.g., see [Mi2], Sect. 2 for the case char(K) =
0), but due to its importance in the paper we include a self-contained proof of it.

Lemma 11.1. Let X be a connected affine normal surface over K with an open
embedding ı : A2

K → X. For a projection π : A2
K → A1

K , let χ(π) : A2
K → P1

K be its
composite with the open embedding A1

K ⊂ P1
K . Then the following properties hold.

(1) There exists a unique morphism χ(π)X : X → P1
K such that χ(π)X◦ı = χ(π).

(2) For each Y ∈ Irr
(
X \ Im(ı)

)
, the restriction of χ(π)X to Y is constant.

Proof. We consider a second projection π⊥ : A2
K → A1

K such that the morphism
π × π⊥ : A2

K → A1
K ×SpecK A1

K is an isomorphism. Let ϕ : A2
K → P1

K ×SpecK P1
K

be the composite of π × π⊥ with the product open embedding A1
K ×SpecK A1

K ⊂
P1
K×SpecKP1

K . It suffices to show that ϕ extends uniquely to a morphism ϕX : X →
P1
K ×SpecK P1

K and that for each Y ∈ Irr
(
X \ Im(ı)

)
, the restriction ϕX |Y : Y →

P1
K ×SpecK P1

K of ϕ to it is constant. As P1
K ×SpecK P1

K is projective, there exists
an open subvariety X0 of X such that X \ X0 is finite and we have a morphism
ϕX0

: X0 → P1
K ×SpecK P1

K that extends ϕ.
Let W be the normalization of the Zariski closure of the diagonal embedding

X0 → X×SpecKP1
K×SpecKP1

K in X×SpecKP1
K×SpecKP1

K . We have two projections
Σ1 : W → X and Σ2 : W → P1

K ×SpecK P1
K , with Σ1 projective and birational as

Σ1,X0 : W ×X X0 → X0 is an isomorphism and with Σ2 affine. Thus O(W ) =
O(X) = O(X0). Hence the fibers of Σ1 are connected by properties of Stein
Factorization (see [Stacks3] or [H2], Ch. III, Cor. 11.5 and its proof).

11If P ∈ Γe∩Reg(N2)∩ψe(Xe \Xét
e ), then by reasons of multiplicities each W ∈ Irr

(
ψ−1
e (Y )

)
passes through a unique point in ψ−1

e (P ).
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We show that the assumption that Σ1 is not an isomorphism leads to a con-
tradiction. This assumption implies that, by enlarging X0, we can assume that
X0 6= X and that for each x ∈ X \X0, the fiber Σ−1

1 (x) is a connected curve. As
W → X ×SpecK P1

K ×SpecK P1
K is quasi-finite, the restriction of the second projec-

tion W → P1
K×SpecK P1

K to each irreducible component of Σ−1
1 (x) is non-constant.

Let C be the Zariski closure of X0 \ Im(ı) in W . The open embedding W \C →W
is affine by Nagata’s Theorem (see [H1], Cor. 3.3). Thus the resulting morphism
W \ C → P1

K ×SpecK P1
K is affine and quasi-finite, hence an open embedding (by

Zariski’s Main Theorem) which contains A1
K ×SpecK A1

K and whose complement is
a non-empty divisor. Therefore W \ C is either P1

K ×SpecK P1
K or isomorphic to

P1
K ×SpecK A1

K . Thus the K-algebra O(W \ C) is either K or isomorphic to K[t]
which contradicts the fact that it has a K-subalgebra isomorphic to O(X). Thus
Σ1 is an isomorphism, hence we can take ϕX := Σ2 ◦ Σ−1

1 : X → P1
K ×SpecK P1

K .
The uniqueness of ϕX and χ(π)X holds as their targets are separated.

We show that the assumption that there exists Y ∈ Irr
(
X\Im(ı)

)
such that ϕX |Y

is non-constant leads to a contradiction. By replacing X with its open subvariety
XY := X \ (∪Z∈Irr(X\Im(ı),Z ̸=Y Z) which is affine by Nagata’s Theorem, we can
assume that Irr

(
X \ Im(ı)

)
= {Y }. As ϕX |Y is non-constant, ϕX is quasi-finite,

hence an open embedding by Zariski’s Main Theorem. This implies that X is
isomorphic to A1

K ×SpecK P1
K minus a finite number of points, hence the K-algebra

of global functions on X is isomorphic to K[t], a contradiction. �

Theorem 11.2. Let X be a connected affine normal surface over K with an open
embedding ı : A2

K → X. Assume that Y := X \ Im(ı) is irreducible (i.e., X is a
sphere-like surface). Then the following properties hold.

(1) There exists an A1-fibration Σ : X → P1
K such that Im(ı) = Σ−1(A1

K) (hence
Y =

(
Σ−1(1 : 0)

)
red) and the induced morphism Σ−1(A1

K) → A1
K is a line bundle.

(2) Let q(Σ) ∈ N∗ be the multiplicity of Y in Σ−1
(
(1 : 0)

)
. We have q(Σ) = 1

iff Σ is a line bundle.
(3) Let Σ : X → P1

K be an A1-fibration as in part (1) and let q := q(Σ). Then
there exists a finite flat morphism c : C → P1

K with C a smooth connected complete
curve over K such that the following properties hold.

(3.a) The normalization of X ×Σ,P1
K ,c

C has an affine open cover formed by line
bundles over C.

(3.b) We can assume (as needed) that either |c−1(1 : 0)| = 1 or the field extension
Frac(c) induced by c at the level of fields of fractions is separable (or Galois).

(3.c) If char(K) ∤ q, then we can take c : P1
K,s → P1

K,t to be defined by the rule
(x : y) 7→ (xq : yq) (hence C = P1

K , |c−1(1 : 0)| = 1, and Frac(c) is cyclic).
(4) The curve Y is rational with one point at infinity.
(5) We have Y ∼= A1

K .
(6) We have |Sing(X)| ≤ 1.
(7) If char(K) ∤ q and |Sing(X)| = 1, then the singularity of X is a quotient

singularity by the cyclic group Z/qZ. If char(K)|q and |Sing(X)| = 1, then the
singularity of X is a quotient singularity by a finite group.

(8) Each singularity of X is rational. If char(K) = 0 and |Sing(X)| = 1, then
the singularity of X is log-terminal.



ON ENDOMORPHISMS OF AFFINE SPACES AND THE JACOBIAN PROBLEM 41

Proof. We identify A1
K = SpecK[t] and K(t) with the field of fractions of P1

K .
For i ∈ {1, 2} let πi : A2

K → A1
K be a projection such that the morphism

π1 × π2 : A2
K → A1

K ×SpecK A1
K is an isomorphism. Let ϕ : A2

K → P1
K ×SpecK P1

K

be the composite of π1 × π2 with the product open embedding A1
K ×SpecK A1

K ⊂
P1
K ×SpecK P1

K and let ϕX : X → P1
K ×SpecK P1

K be its unique extension to X (see
Lemma 11.1(1)). The image ϕX(Y ) is one point (P1, P2) ∈ (P1

K ×SpecK P1
K)(K)

by Lemma 11.1(2). We write Pi = (αi : βi) with (αi, βi) ∈ K2 \ {(0, 0)}. As X
is separated, its local ring OX,Q at a point Q ∈ Y (K) cannot dominate its local
ring OX,ı(γ1,γ2) with (γ1, γ2) ∈ K2, hence β1β2 = 0. If βi = 0, then the composite
of ϕX with the i-th projection P1

K ×SpecK P1
K → P1

K is a flat surjective morphism
Σ : X → P1

K whose generic fiber is isomorphic to A1
K(t). For (α, β) ∈ K2 \ {(0, 0)},

the fiber Σ−1
(
(α : β)

)
is isomorphic to A1

K if β 6= 0 and its reduced variety is Y if
β = 0. So Σ is an A1-fibration on X. As the induced morphism Σ−1(A1

K) → A1
K is

isomorphic to a projection A2
K → A1

K , it is a line bundle. So part (1) holds.
The ‘if’ of part (2) is clear. If q = 1, i.e., if Σ−1

(
(1 : 0)

)
is reduced (equivalently

integral), then Σ is an A1-line bundle over A1
K by [KM], Thm. 1 and thus a line

bundle by [BCW1], Thm. 4.4. So the ‘only if’ of part (2) holds, X is regular and
Y ∼= A1

K which also follow directly from [KM], Lem. 1.3. So part (2) holds and
parts (3) to (8) hold for q = 1; to prove (3) to (8) in general we assume q > 1.

For a finite field extension K of K(t), let C := C(K) be the normalization of P1
K

in K; we have a finite flat morphism c : C → P1
K . Let Xn

C be the normalization of
X ×Σ,P1

K ,c
C. We have two projections: a finite surjective morphism Σ1 : Xn

C → X

and an A1-fibration Σ2 : Xn
C → C.

From [Epp], Thm. (2.0) and [Kuh] we get that we can choose K such that the
fiber c−1

(
(1 : 0)

)
is one point P , i.e., c−1

(
(1 : 0)

)
red

∼= SpecK, with Σ−1
2 (P )

reduced (hence a curve over K). Let s := |Irr
(
Σ−1

2 (P )
)
| ∈ [[1, [K : K(t)]]]; we write

Irr
(
Σ−1

2 (P )
)
= {Y1, . . . , Ys}. For i ∈ [[1, s]], let Wi := ∪

Z∈Irr
(
Σ−1

2 (P )
)
\{Yi}

Z, and
let Xi := Xn

C \ Wi. So Xi is affine by Nagata’s Theorem and the fibers of the
restriction Σ2|Xi : Xi → C are integral. Thus as above we argue that Σ2|Xi is an
A1-line bundle over C. As (Σ2|Xi)

−1(P ) = Yi \ (Yi ∩Wi) ∼= A1
K and Yi is affine, we

have Yi ∩Wi = ∅ and Yi ∼= A1
K . We have Xn

C = ∪si=1Xi.
From [Stacks4] we get that we can choose K to be a separable extension of K(t)

such that for each P ∈ c−1
(
(1 : 0)

)
(K) the fiber Σ−1

2 (P ) is reduced. As above we
argue that Xn

C has an affine open cover formed by line bundles over C. Concretely,
if for l := |c−1

(
(1 : 0)

)
(K)| ∈ N∗ we write c−1

(
(1 : 0)

)
(K) = {P1, . . . , Pl} and if for

each j ∈ [[1, l]] we write Irr
(
Σ−1

2 (Pj)
)
= {Y1,j , . . . , Ysj ,j} with sj ∈ [[1, [K : K(t)]]],

then for λ := (i1, . . . , il) ∈
∏l
j=1[[1, sj ]], let Wij ,j := ∪

Z∈Irr
(
Σ−1

2 (Pj)
)
\{Yij ,j}

Z, and

it follows that Xλ := Xn
C \ ∪lj=1Wij ,j is a line bundle over C, Yij ,j ∩Wij ,j = ∅, and

Yij ,j
∼= A1

K . We have X = ∪λ∈∏l
j=1[[1,sj ]]

Xλ. By enlarging K, we can assume it is
a Galois extension of K(t) of finite Galois group G; clearly, X = (Xn

C)/G.
From the last two paragraphs we get that parts (3.a) and (3.b) hold. Note that

part (3.a) implies that Σ2 is smooth.
In this paragraph we assume that char(K) ∤ q. We take K = K(t

1
q ); the field

extension K(T ) → K is cyclic (thus Galois) and the fiber c−1
(
(1 : 0)

)
is one point

P with Σ−1
2 (P ) reduced. Clearly, c : C = P1

K,s → P1
K,t is defined by the rule

(x : y) 7→ (xq : yq) and s | q. Thus part (3c) holds. So part (3) holds.
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If c−1
(
(1 : 0)

)
is one point (resp. if K is a separable extension of K(t)), then

as the morphism A1
K

∼= Yi → Y (resp. A1
K

∼= Yij ,j → Y ) induced by Σ1 is finite
surjective, part (4) holds by Lemma 10.5(1) and (2).

To prove that parts (5) to (7) hold when char(K) ∤ q, we choose c as in part (3.c),
so c is a finite Galois cover over P1

K,t \ {(1 : 0), (0 : 1)} of Galois group G ∼= Z/qZ.
Hence Σ1 : Xn

C → X is a finite Galois cover over the complement of Σ−1(0 : 1) ∪ B
in X, where B is a finite subset of Y (K). The group G acts on Σ1 and we have
X = (Xn

C)
G. As char(K) ∤ q, all G-modules over K are semisimple and the functor

⋆G on G-modules ⋆ over K is exact. Thus Y is the quotient of the action of G on
either Σ−1

1 (Y ) or (as Y is reduced) Σ−1
1 (Y )red = tsi=1Yi. Hence Y = (Yi)

Gi with
Gi a cyclic group of order q

s which is a subgroup of Aut(Yi). Thus Y is normal and
hence regular; from this and part (4) we get that Y ∼= A1

K . Moreover, there exists
a unique point Pi ∈ Yi(K) such that the stabilizer of Pi in Gi is non-trivial, and in
fact this stabilizer is Gi itself. So for Qi ∈ Yi(K)\{Pi}, the completions of the local
rings OX,Σ1(Qi) and OXn

C ,Qi
are naturally identified; hence Σ1(Qi) /∈ Sing(X). As

Yi → Y is surjective, it follows that Sing(X) ⊂ {Σ1(Pi)} and hence |Sing(X)| ≤ 1.
So parts (5) to (7) hold if char(K) ∤ q. Note that we can take B = Sing(X) ⊂ Y (K)
and, if X is singular, that Σ1(Pi) does not depend on i ∈ [[1, s]].

To prove that parts (5) to (7) hold we could assume that char(K)|q but we
include arguments which actually work in general. For part (5), let R ∼= K[[x]]
be the completion of OP1

K ,(1:0)
and let ΣR : X ×Σ,P1

K
SpecR → SpecR be the

pullback of Σ via the natural morphism SpecR → P1
K . Let Σ+

R : X+
R → SpecR be

a projective morphism that extends ΣR with X+
R an integral normal scheme that

contains XR as an open subscheme. The K-algebra of global functions on XR and
hence also on X+

R is R. From this and the fact that Σ+
R is flat, we get that the

K-algebra of global functions on the special fiber X+
K of Σ+

R (over SpecK) is K.
As the generic fiber of Σ+

R (over Spec FracR) is isomorphic to A1
Frac(R), it has a

divisor of degree 1. So Σ+
R is cohomologically flat by (the implication (ii) ⇒ (iv)

in) [Ray], Thm. 8.2.1. Thus H1(X+
R ,OX+

R
) = 0, hence for the curve Y + ∈ Irr(X+

K)

that contains Y we have H1(Y +,OY +) = 0. Thus Y + ∼= P1
K . From this and part

(4) we get that part (5) holds.12

For parts (6) and (7), we chose c such that K is a Galois extension of k(t) and
we use the above notation for the curves Yij ,j and the Galois group G. Fixing a
j ∈ [[1, l]] and an ij ∈ [[1, sj ]], let Hij ,j be the subgroup of G that stabilizes Yij ,j .
Let S be the completion of the local ring OC,Pj . If ij is the j-th component of λ =

(i1, . . . , il), then Xλ×C SpecS ∼= A1
S , Hij ,j is a subgroup of Gal

(
Frac(S)/Frac(R)

)
and the morphism (Xλ ×C SpecS)/Hij ,j → X̂ := X ×Σ,P1

K
SpecR induces isomor-

phisms at the level of completions of local rings of residue fields k. Thus |Sing(X̂)|
is the number of singular points of (Xλ×C SpecS)/Hij ,j . From this and Corollary
8.8 applied to R equal to SHij ,j we get that |Sing(X̂)| ≤ 1. Thus part (6) holds.
As X = (Xn

C)/G, part (7) holds.
The first part of (8) follows from Proposition 9.2(3) (resp. 9.3) and part (7) if

char(K) ∤ q (resp. in general). The second part of (8) follows from the first part of
(7) and [Kaw], Prop. 1.7 and the paragraph after it. �

12Part (5) is also a particular case of Remark 8.7(1).
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Remark 11.3. (1) For (l1, l2, l3) ∈ (N∗)3 with g.c.d.(l1, l2) = 1 and min{l1, l2} ≥
2 the flat integral homomorphism k[tl1 , tl2 ] → k[x, tl1 , tl2 ]/(x − t)p

l3 has a non-
regular integral domain source and a non-reduced target whose reduction is regular.
Similarly, if p ∤ n, for the non-regular integral domain R := k[x, y]/(xn − yp), and
the flat R-algebra S := A[z]/(zp−x) whose reduction is isomorphic to k[x], the rule
t 7→ zn − y defines an R-algebra homomorphism A⊗k k[t]/(tp) → S that makes S
a flat k[t]/(tp)-algebra. These examples explain why the proof of Theorem 11.2(5)
is not worked out using only schemes over Y .

(2) Theorem 11.2(1), (4) and (6) in general and (5) in the case when X is regular
are proved in [Mi2], Sect. 2 and Lem. 1 provided char(K) = 0.

(3) If char(K) = 0 and |Sing(X)| = 1, then the fact that the singularity of X
is rational was first proved in [Mi2], Thm. 1(1) and it also follows from the more
general result [FZ], Thm. 0.3 or 1.12 which applies as X \ Y = Im(ı) is a union of
closed A1

K curves in X that do not pass through the singular point of X in Y .
(4) If in the proof of Theorem 11.2(6) we have |Hij ,j | = char(K) | q, then either

(Xλ ×C SpecS)/Hij ,j → SpecSHij ,j or Xλ ×C SpecS → (Xλ ×C SpecS)/Hij ,j is
a smooth morphism, hence X̂ is regular; so X is also regular.

Corollary 11.4. Let X be a connected affine normal surface over K with an open
embedding ı : A2

K → X which is not surjective. The following properties hold.
(1) Each connected component of X \ Im(ı) is irreducible and isomorphic to A1

K .
(2) Let Y ∈ Irr

(
X \ Im(ı)

)
. The union S2Y := Im(ı) ∪ Y is an open affine

subvariety of X and we have |Y ∩ Sing(X)| ≤ 1.

Proof. Let Y ∈ Irr
(
X \ Im(ı)

)
. Let W := ∪

Z∈Irr
(
X\Im(ı)

)
\{Y }

Z. Then X \W is
affine by Nagata’s Theorem and the union of Im(ı) and Y \ (Y ∩W ). If Y ∩W 6=
∅, then Y \ (Y ∩ W ) is an irreducible curve with at least 2 points at infinity,
a contradiction to Theorem 11.2(4) applied to X \W . Thus Y ∩W = ∅. So the
connected components of X\Im(ı) are irreducible. As Y = Y \(Y ∩W ), S2Y = X\W
is affine. From these and Theorem 11.2(5) and (6) we get that corollary holds. �

Corollary 11.5. Let X be a connected affine normal surface over K. Then X is
a sphere-like surface iff there exists a surjective A1-fibration Σ : X → P1

K with all
fibers irreducible and with at most one non-reduced fiber.

Proof. The ‘only if’ holds by Theorem 11.2(1). For the ‘if’ part assume that all
fibers of Σ : X → P1

K except Σ−1(1 : 0) are integral. Thus Σ−1(A1
K) → A1

K is an
A1
K-bundle by [KM], Thm. 1 and hence a line bundle by [BCW1], Thm. 4.4. So

Σ−1(A1
K) ∼= A2

K and the ‘if’ part holds as Irr(X\Σ−1(A1
K)) = {

(
Σ−1(1 : 0)

)
red}. �

Definition 11.6. (1) Let X be a connected affine normal surface over K with
an open embedding ı : A2

K → X which is not an isomorphism. We call the open
affine cover X = ∪

Y ∈Irr
(
X\Im(ı)

)S2Y as the canonical open cover of X by sphere-like

surfaces associated to ı, where S2Y := Im(ı) ∪ Y .
(2) Given e ∈ EEn(K), by an approximation of Xe = SpecAe we mean an affine

variety Ze = SpecBe with Be a Kt[x1, . . . , xn]-subalgebra of Ae. The approximation
Ze of Xe is called flat if Be is a free Kt[x1, . . . , xn]-module and is called a model
of Xe if Frac(Be) = Frac(Ae).



44 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

(3) Let X be a sphere-like surface over K for which there exists an A1-fibration
Σ : X → P1

K such that Σ−1(A1
K) → A1

K is a line bundle and the fiber Σ−1(1 : 0) is
irreducible but non-reduced (so Σ is as in Theorem 11.2(1) and (2) with q = q(Σ) ≥
2). For each such Σ and every P ∈ P1

K(K) \ {(1 : 0)}, XΣ,P := X \ Σ−1(P ) is an
affine pseudo-plane over K in the sense of [MM1], Def. 2.113 and hence we call it
a standard affine pseudo-plane of X (of type q).

Remark 11.7. (1) Let e ∈ EEn(K). For each approximation Ze = SpecBe of
Xe, the inclusion Be → Ae defines a finite morphism Xe → Ze and we have an
inequality ρ(e) ≥ |Irr(Ze \ Ve)|, where Ve is the image of Im(ıe) in Ze. Note that
Xe is the normalization of each model of it.

(2) Let e ∈ EE2(K). For two projections π1, π2 : A2
K,s → A1

K , let Ze(π1, π2)
be the Zariski closure in P1

K ×SpecK P1
K ×SpecK A2

K,t of the image of the locally
closed embedding χ(π1) × χ(π2) × e : A2

K,s → P1
K ×SpecK P1

K ×SpecK A2
K,t. Then

χ(π1)× χ(π2)× e extends to a finite surjective morphism Xe → Ze(π1, π2) defined
by χe(π1)×χe(π2)×ψe. Note that Ze(π1, π2) is an approximation of Xe; if π1×π2 :
A2
K,s → A1

K ×SpecK A1
K is an isomorphism, then Ze(π1, π2) is a model of Xe.

(3) Referring to Definition 11.6(3), the A1-fibration ΣP : XΣ,P → P1
K \ {P} ∼=

A1
K induced by Σ has only one non-reduced fiber Σ−1(1 : 0) = Σ−1

P (1 : 0) of mul-
tiplicity q and has all fibers over K-valued points such that their reduced varieties
are isomorphic to A1

K (by Theorem 11.2(5)).

For e ∈ EE2(K), the étale loci Xét
e can be described as follows.

Corollary 11.8. For a non-finite e ∈ EE2(K) we consider the canonical open
affine cover Xe = ∪Y ∈Irr(Γψe )S

2
Y associated to ıe. The following properties hold.

(1) We write S2Y = SpecAY . Then the following three statements are equivalent.
(i) The open subvariety S2Y is contained in the étale locus Xét

e of ψe.
(ii) The generic point ηY of Y belongs to Xét

e .
(iii) The tangent bundle TS2Y over S2Y is trivial.

Moreover, if char(K) = p, then statements (i) to (iii) are also equivalent to
either one of the following extra statements.
(iv) The ring AY has a p-basis.
(v) The ring (or the K-algebra AY has a differential basis.

(2) We have an identity Xét
e = Im(ıe)

⋃
Y ∈Irr(Γψe ),TS2

Y
is a trivial bundle S2Y . If

char(K) = p then the identity Xét
e = Im(ıe)

⋃
Y ∈Irr(Γψe ),AY has a p-basis S2Y holds.

(3) The open subvariety Xét
e of Xe is affine regular, contains Im(ıe) = Im(ψe),

and the complement Xét
e \Im(ıe) is a disjoint union of ρét(e) irreducible components

of Γψe isomorphic to A1
K .

(4) The complement Xe\Im(ıe) is a disjoint union of ρ(e) irreducible components
of Γψe isomorphic to A1

K .
(5) If Y ⊂ Xét

e then S2Y is regular, and if Y ⊂ Xe \Xét
e then |Sing(S2Y )| ≤ 1.

(6) We have |Sing(Xe)| ≤ ρ(e)− ρét(e).

13Based on Theorem 11.2(5), the hypotheses F ∼= A1 in [MM1], Def. 2.1(2) is superfluous.
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Proof. Part (1) is a particular case of Theorem 7.3(1). Part (2) follows from part (1).
For part (3), Xét

e is regular as Im(ψe) = A2
K,s and is affine by Nagata’s Theorem as

Xe \Xét
e is a union of irreducible divisors of Xe by part (2) and Corollary 11.4(1).

The last statement of part (3) follows from part (2), Corollary 11.4(1) and the
definition of ρét(e). So part (3) holds. Similarly, part (4) follows from Corollary
11.4(1) and the definition of ρ(e). The first part of (5) is clear and the second part
of (5) follows from Corollary 11.4(2). Part (6) follows from part (5) as the number
of Y ∈ Irr(Γψe) with AY not having a p-basis is ρ(e)− ρét(e). �

Corollary 11.8(2) justifies the following definition.

Definition 11.9. Let e ∈ EE2(K) be non-finite. We refer to the open affine cover
Xét
e = Im(ıe)

⋃
Y ∈Irr(Γψe ),TS2

Y
is a trivial bundle S2Y as the canonical open cover of Xét

e

by sphere-like surfaces associated to ıe.

The sphere class rank invariant (resp. almost sphere class rank invariant)
ρ1 = ρ1,K,2 : EE2(K) → N (resp. ρ2 = ρ2,K,2 : EE2(K) → N)

is defined for e ∈ EE2(K) by: if e is finite then ρ1(e) := 0 and if e is non-finite then
ρ1(e) := |{Y ∈ Irr(Γψe)|S2Y ∼= S2k}|.

If e ∈ EE2(K), then ρ2(e) := ρét(e) \ ρ1(e).
The quasi-sphere class rank invariant (resp. pseudo-sphere class rank invariant)

ρ3 = ρ3,K,2 : EE2(K) → N (resp. ρ4 = ρ4,K,2 : EE2(K) → N)
is defined by the rule ρ3(e) := ρ(e)−ρét(e)−|Sing(Xe)| (resp. ρ4(e) := |Sing(Xe)|).

From definitions, Corollaries 11.8(2) and (4) and 11.4 we get directly the follow-
ing result.

Corollary 11.10. Let e ∈ EE2(K). Then the canonical open cover of Xe by
sphere-like surfaces associated to ıe consists of exactly ρ1(e) spheres, ρ2(e) almost
spheres, ρ3(e) quasi-spheres, and ρ4(e) pseudo-spheres.

For e ∈ EE2(k), all cases of ‘strictness-equality’ in the general inequalities 0 ≤
ρét(e) ≤ ρ(e) occur with the Jacobian surface ψe regular: (i) for 0 < ρét(e) = ρ(e)
see ef,g,k of Section 2 with (f, g) ∈ Θ1

k,m, Example 20.3, Example 21.5 for n = 2,
and the case p = 3 of Examples 22.6 and 22.7; (ii) for 0 = ρét(e) < ρ(e) see Remark
23.4 and the case p ≥ 5 of Examples 22.6 and 22.7; (iii) for 0 < ρét(e) < ρ(e) see
end of Example 14.1 for mq > 2; (iv) for 0 = ρét(e) = ρ(e) see Remark 21.9.

12. Proof of Theorem 2.4(1)

We construct two families of examples. The easier one, Example 12.1, works for
almost all l, and the harder one, Example 12.3, works for all l.

Example 12.1. Let m ∈ N∗ and s ∈ [[0, pm]]. Let ℘(m, s) := p2m− s(p− 1). Let
g(x) ∈ k[x] be a polynomial of degree m and let γ1, . . . , γpm ∈ k be the pm distinct
zeros of the equation x + g(x)p = 0. Let f(x) ∈ k[x] be such that for i ∈ [[1, pm]]
we have f(γi) = 0 iff i ∈ [[1, s]]; thus deg(f) ≥ s. Then the F2-system W

x+ g(x)p = 0 = y + ypf(x)p

over k has s(W) = s + p(pm − s) = ℘(m, s) solutions computed as follows: for
i ∈ [[1, s]] we have the solution (γi, 0) and for i ∈ [[1, pm]] \ [[1, s]] there exist
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precisely p solutions with the first coordinate equal to γi. From Proposition 4.3(1)
to (3) we get the second inequality and the first two equalities in

(6) pm ≤ πi(e) ≤ πl = πr = π(W) = pmax{m,deg(f) + 1} ≥ pmax{m, s+ 1}.

In particular, for s ≤ deg(f) ≤ m− 1 we have πi(e) = πl = πr = π(W) = pm.

Lemma 12.2. For D := {℘(m, s)|m ∈ N∗, s ∈ [[0, pm]]} we have inclusions

[[0, p− 1]] ⊂ N \ D = {0} t {pq − r|q, r ∈ [[1, p− 1]], q ≤ r} ⊂ [[0, (p− 1)2]].

Proof. Let r := pm− s ∈ [[0, pm]]. We have ℘(m, s) = pm+ (p− 1)r with m ∈ N∗

and r ∈ [[0, pm]]. Thus the set D is equal to

{pm+ (p− 1)r|m ∈ N∗, r ∈ [[0, pm]]} = {pm+ (p− 1)r|(m, r) ∈ N∗ × [[0, p− 1]]}.

Denoting q := m + r, we have ℘(m, s) = pq − r with q ≥ r + 1. Therefore
D = {pq− r|(q, r) ∈ N∗ × [[0, p− 1]], q ≥ r+1}. For r = 0 we get 0 /∈ D ⊃ pN∗ and
for r ∈ [[1, p − 1]] the smallest and the largest numbers in N \ D congruent to −r
modulo p are p− r and pr− r (respectively), which for r = p− 1 are 1 and (p− 1)2

(respectively). The lemma follows. �

Example 12.3. Let m, q ∈ N∗. Let f(y) ∈ k[y] be such that f(0) 6= 0 and the
equation f(y) = 0 has q distinct solutions in k, to be denoted as γ1, . . . , γq; so
deg(f) ≥ q. For i ∈ [[1, q]], let εi := p

√
γi ∈ k. We consider the k-algebra

A := k[x, y]/
(
y − xpf(y)p

)
.

As f(0) 6= 0, we have u := f(y) +
(
y− xpf(y)p

)
∈ A∗. Moreover, u is a p-th power

of an element of A as so is y +
(
y − xpf(y)p

)
∈ A. So the inverse of u is a p-th

power. Thus there exists a polynomial g ∈ k[x, y] such that f(y)
(
g(x, y)

)p − 1 is
divisible by y−xpf(y)p. If z := p

√
y, so y = zp, we get that we have an isomorphism

A ∼= k[z]
[ 1∏q

i=1(z − εi)

]
induced by the k-algebra epimorphism

θ : k[x, y] → k[z, f(zp)−1]

that maps y to zp and x to zf(zp)−1; note that θ
(
f(y)x

)
= z, θ

(
y − xpf(y)p

)
= 0,

and θ
(
g(x, y)p

)
= f(zp)−1.

We now study the solution set J0 ⊂ k2 of the F2-system U0

x−
(
g(x, y)

)p − xpmf(y)pm
(
g(x, y)

)p
= y − xpf(y)p = 0

over k which satisfies

(7) π(eU0
) ≤ π(U0) = p[m+m deg(f) + deg(g)].

As θ
(
x− (g(x, y))p − xpmf(y)pm(g(x, y))p

)
= f(zp)−1(−zpm + z − 1), we have

J0 =
{( z

f(zp)
, zp

)
|z ∈ k \ {εi|i ∈ [[1, q]]}, zpm − z + 1 = 0

}
.

As the equation zpm− z+1 = 0 has exactly pm solutions δ1, . . . , δpm in k, we have
s(U0) = |J0| = pm− r with

r := |{εi|i ∈ [[1, q]]} ∩ {δi|i ∈ [[1, pm]]}| ∈ [[0, pm]].
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Let α ∈ k∗; if deg(f) = m, we assume that −αf(y) is not monic. A similar
argument shows that the solution set of the F2-system Uα

x−
(
g(x, y)

)p − xpmf(y)pm
(
g(x, y)

)p − α = y − xpf(y)p = 0

is Jα :=
{(

z
f(zp) , z

p
)
|z ∈ k \ {εi|i ∈ [[1, q]]}, zpm − z + 1 + αf(zp) = 0

}
. We have

deg
(
zpm − z + 1 + αf(zp)

)
= pmax{m,deg(f)}. Hence, as εi with i ∈ [[1, q]] is a

zero of zpm − z + 1 iff it is a zero of zpm − z + 1 + αf(zp), we get the identity
s(Uα) = |Jα| = pmax{m,deg(f)} − r.

Let now l ∈ N. We take m ∈ N∗, m ≥ d lpe, r = pm − l, and we choose f(y) so
that {εi|i ∈ [[1, q]]} ∩ {δi|i ∈ [[1, pm]]} has precisely r elements; so deg(f) ≥ q ≥ r.
We get that s(U0) = l. If deg(f) > m, then we have relations

s(U0) = l = pm− r < p deg(f)− r = s(Uα) ≤ deg(eU0) = deg(eUα);

see [Gro5], Prop. (18.2.8) for the last (i.e., non-strict) inequality.
Assume l = 0. We take m = 1, q = r = p, and f(y) = yp − y + 1 ∈ Fp[y]; note

that the set of zeros of f is {δi|i ∈ [[1, p]]} = {δ
1
p

i |i ∈ [[1, p]]}.
Assume l = 1 and p > 2. We choose m such that p|2m − 1, i.e., 2 is a zero of

zpm − z + 1, say 2 = δ1. We take q to be r = pm− 1 and f(y) =
∏pm
i=2(y − δ

1
p

i ); as
{δi|i ∈ [[1, pm]]} = {δ

1
p

i |i ∈ [[1, pm]]} we have f(y) = ypm−y+1
y−2 ∈ Fp[y].

If f(x) ∈ Fp[x], then we can choose g(x, y) ∈ Fp[x, y], so U0 is defined over Fp.

Theorem 2.4(1) follows from Example 12.3.
For l ∈ D (see Lemma 12.2), Equation (6) gives simpler and smaller upper

bounds for algebraic degrees than Relations (7) applied to an f with s(U0) = l.

Remark 12.4. With m, q and f(y) as in Example 12.3, we can write everything
explicitly, which is how Example 1.2 was obtained. Let f1(y) ∈ k[y] be the unique
polynomial such that f(y) = f(0) + yf1(y). Working modulo

(
y− xpf(y)p

)
we get

1 = f(0)−1
(
f(y)− yf1(y)

)
≡ f(0)−1

(
f(y)− xpf(y)pf1(y)

)
= f(0)−1f(y)

(
1−xpf(y)p−1f1(y)

)
≡ f(0)−1f(y)

(
1−xpf(xpf(y)p)p−1f1(x

pf(y)p)
)
,

i.e., we can take g(x, y)p to be f(0)−1
(
1− xpf(xpf(y)p)p−1f1(x

pf(y)p)
)
. Thus

(x, y) 7→
(
x−f(0)−1(1+xpmf(y)pm)(1−f1(xpf(y)p)xpf(xpf(y)p)p−1), y−xpf(y)p

)
is the rule that defines eU0

.
If f(y) = 1 − y + yp, then q = p, f(0) = 1 and f1(y) = −1 + yp−1; if m = 1,

then U0 is the F2-system of Example 1.2. With m ∈ N∗ arbitrary, let e =: eU0 (it
depends on m and f). To compute deg(e) we substitute z := xf(y). The system
x−

(
1+xpmf(y)pm

)(
1−xpf(xpf(y)p)p−1f1(x

pf(y)p)
)
−x1 = 0 = y−xpf(y)p−x2,

gives
y = zp + x2 and x =

z

zp2 − zp + 1 + h2
with h2 := xp2 − x2 ∈ k[x1, x2]. Substituting these expressions in f(y)p times the
first equation of the system and zf1(z) = f(z)− 1 we get that
zf(zp + x2)

p−1 − x1f(z
p + x2)

p = (zpm + 1)[f(zp + x2)
p − zpf(zp)p−1f1(z

p)]

= (zpm + 1)[f(zp + x2)
p − f(zp)p + f(zp)p−1] = (zpm + 1)[f(zp)p−1 + hp2].
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The left (resp. right) hand side is a polynomial in z of degree p3 (resp. p3−p2+pm)
with leading coefficient −x1 (resp. 1). Thus deg(e) = max{p3−p2+pm, p3} and the
field extension Frac(e#) is isomorphic to kt(x1, x2) → kt(x1, x2)[z]/

(
h(z)

)
, where

h(z) := (zpm+1)[(zp
2

−zp+1)p−1+hp2]+x1(z
p2−zp+1+h2)

p−z(zp
2

−zp+1+h2)
p−1

is in k[x1, x2][z]. If m > p, then Spec
(
kt(x1, x2)[z]/(h(z))

)
is a flat model of Xe.

13. Proof of Theorem 2.4(2)

For the proof we need a new type of open embeddings of A2
K into the surfaces

S2f,g,K = Spec
(
K[x, y, z]/

(
xf(x) + yg(y)z

))
of Section 2.

Proposition 13.1. Let (f, g) ∈ ΘK with deg(f) ≥ 1 and g(0) 6= 0. Let δ ∈ K∗

be such that f
(
δg(0)

)
= 0. Let h = h(x, y) := δ + xy ∈ K[x, y]. Then the rule on

valued points

(x, y) 7→
(
hg(yh), yh,

−f
(
hg(yh)

)
y

)
defines an open embedding ȷf,g,K;δ : A2

K → Sf,g,K with the property that Sf,g,K \
Im(ȷf,g,K;δ) is the disjoint union of deg(f)z(tg) curves isomorphic to A1

K .

Proof. As hg(yh) ∈ δg(0) + yK[x, y] and f
(
δg(0)

)
= 0, y divides −f

(
hg(yh)

)
and

hence the rule is well defined. By computing −f
(
hg(yh)

)
modulo y2 we get

(8)
−f

(
hg(yh)

)
y

∈ −f ′
(
δg(0)

)
g(0)x− δ2f ′

(
δg(0)

)
g′(0) + yK[x, y].

As y (resp. h) are rational functions in the first and third (resp. second) co-
ordinates of the rule and x is a rational function in y and yh, ȷf,g,K;δ is bira-
tional. To show that it is an open embedding and to identify its complement, for
(α, β, γ) ∈ S2f,g,K(K), i.e., for (α, β, γ) ∈ K3 with αf(α) + βg(β)γ = 0, we solve in
K2 the system of two equations

hg(yh)− α = yh− β =
−f

(
hg(yh)

)
y

− γ = 0

in the indeterminates x and y by considering three cases as follows.
Case 1: α = 0 (so βg(β)γ = 0). This implies that y 6= 0 and therefore

−f
(
hg(yh)

)
y = −f(0)

y ∈ K∗y−1. So the system is inconsistent if γ = 0. We now
assume that γ 6= 0. Thus y = −f(0)

γ and, as y(δ + xy) = β, we get that x =
γ[βγ+δf(0)]

f(0)2 . As hg(yh) = −βg(β)γ
f(0) = 0 = α,

(γ[βγ+δf(0)]
f(0)2 , −f(0)γ

)
is the only solution

when γ 6= 0.
Case 2: α 6= 0 and g(β) = 0 (hence f(α) = 0). As α 6= hg(β) = 0, the system

is inconsistent.
Case 3: αg(β) 6= 0. By replacing yh = β in hg(yh) = α we get that h = α

g(β) 6=
0, so y = βg(β)

α and xy = h− δ = α−δg(β)
g(β) and we consider two subcases as follows.

Subcase 3.1: β = 0 (hence f(α) = 0). The second equation gives y = 0. Thus,
if α is a zero of f different from h(x, 0)g(0) = δg(0), then the system is inconsistent.
If α = δg(0), then the first equation and the equation xy = α−δg(β)

g(β) = 0 hold. As
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y = 0, the third equation becomes −f ′
(
δg(0)

)
g(0)x − δ2f ′

(
δg(0)

)
g′(0) = γ by

Relation (8), so the only solution is
(

−γ−δ2f ′
(
δg(0)

)
g′(0)

f ′
(
δg(0)

)
g(0)

, 0

)
.

Subcase 3.2: β 6= 0. Thus y 6= 0 and therefore x = α[α−δg(β)]
β[g(β)]2 . The pair(α[α−δg(β)]

β[g(β)]2 , βg(β)α

)
is indeed the only solution as αf(α) + βg(β)γ = 0 implies that

the third equation −f
(
hg(yh)

)
y − γ = 0 also holds.

These cases imply that the birational morphism ȷf,g,K;δ is also radicial, hence it
is an open embedding. The complement Sf,g,K \ Im(ȷf,g,K;δ) is the disjoint union
of curves isomorphic to A1

K and given by equations x = z = 0 (see Case 1) and
equations x− α = y − β with (α, β) ∈ K2 satisfying f(α) = g(β) = 0 (see Case 2)
and equations f(α) = β = 0 with α 6= δg(0) (see Subcase 3.1), their number being
1 + deg(f)z(g) + [deg(f)− 1] = deg(f)[z(g) + 1] = deg(f)z(tg). �

The following concrete application of Proposition 13.1 proves Theorem 2.4(2).

Example 13.2. Let (m, s) ∈ N∗ × N. Let α0 := 0 ∈ k and α1 := 1 ∈ k. If s ≥ 2,
let a2, . . . , as be distinct elements of k∗ \ {1}. If s = 0 let g(t) := 1 and if s ≥ 1 let
(j1, . . . , js) ∈ (N∗)s and g(t) :=

∏s
i=1(t− αi)

ji ∈ k[t]. So g is monic with g(0) 6= 0,
z(g) = s and deg(g) =

∑s
i=1 ji ≥ s. Let (f, g) ∈ Θ1

k,m with deg(f) ≥ 1; e.g., we can
take f(t) = tpm−1 − 1. The smooth surface S2f,g,k is equipped with the finite étale
projection cf,g,k : S2f,g,k → A2

k,t on the last two coordinates (see Section 2). Let
δ ∈ k∗ be such that f

(
δg(0)

)
= 0. For h = h(x, y) := δ + xy ∈ ks[x, y], the degree

of −f
(
hg(yh)

)
y ∈ ks[x, y] is

(
3 deg(g) + 2

)
(pm− 1)− 1 ≥ (3s+ 2)(pm− 1)− 1 with

equality iff for s ≥ 1 we have j1 = · · · = js = 1. Let (see Proposition 13.1)
e := cf,g,k ◦ ȷf,g,k;δ ∈ End2(k).

As e is the composite of an open embedding with a finite étale morphism of degree
pm, we have e ∈ EE2(k) and deg(e) = pm. Clearly, Xe = S2f,g,k is a finite étale
cover of A2

k,t, so ψe is étale. The last part of the proof of Proposition 13.1 gives

Γψe(k) = {(0, β, 0)|β ∈ k} ∪ {(α, β, γ) ∈ k3|f(α) = βg(β) = 0, (α, β) 6=
(
δg(0), 0

)
},

Γe = {(β, γ) ∈ k2|∄ α ∈ k with (α, β, γ) ∈ [S2f,g,k ∩ Im(ȷf,g,k;δ)](k)}
= {(β, 0) ∈ k2|g(β) = 0}.

Thus ρét(e) = ρ(e) = deg(f)z(tg) = (pm− 1)(s+ 1) and φ(e) = s.
For (β, γ) ∈ k2, from the three cases of the proof of Proposition 13.1 we get that

|e−1(β, γ)| is 1 if either g(β) = 0 6= γ or β = γ = 0, is 2 if β = 0 6= γ, is pm − 1 if
βg(β) 6= 0 = γ, and is pm otherwise; so for pm > 2 we have F(e) = {1, 2, pm− 1}
if s = 0 and F(e) = {0, 1, 2, pm − 1} if s ≥ 1 and for pm = 2 we have F(e) = {1}
if s = 0 and F(e) = {0, 1} if s ≥ 1. If deg(f) = 1, then Ne = cf,g,k(Γψe) is the
zero locus g(x1)x2 = 0, hence ν(e) = s + 1 and Γe = Sing(Ne). If deg(f) ≥ 2,
then Ne = cf,g,k(Γψe) is the zero locus x1g(x1)x2 = 0, hence ν(e) = s + 2 and
Γe ⊊ Sing(Ne). As the conditions (i) and (ii) of Proposition 4.3 hold for the pair(
yh,

−f
(
hg(yh)

)
y

)
that defines e, Proposition 4.3(1) and (2) gives

π(e) ≤ πl(e) = πr(e) = (3 deg(g) + 2)(pm− 1)− 1 ≥ (3s+ 2)(pm− 1)− 1,

and the last inequality is an equality iff for s ≥ 1 we have j1 = · · · = js = 1.
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Let l ∈ N∗ with pl ≥ s+1. If we take f(t) = tpm−1− 1, α2, . . . , αs ∈ Fpl \ {0, 1},
and δ = g(0)−1, then e is defined over Fpl . Thus Theorem 2.4(2) holds.

Fact 13.3. Let (f, g) ∈ ΘK with deg(f) ≥ 1, g(0) 6= 0 and deg(f)+deg(g) ≥ 2. Let
δ ∈ K∗ be such that f

(
δg(0)

)
= 0. Then the two open embeddings ıf,g,K and ȷf,g,K;δ

are not isomorphic and we have an identity Im(ıf,g,K)\Y1 = Im(ȷf,g,K;δ)\Y2, where
Y1 and Y2 are the zero loci x = z = 0 and x−δg(0) = y = 0 (respectively) in S2f,g,K .

Proof. The identity follows from the descriptions of the complements of the images
of the two open embeddings (see Section 2 and proof of Proposition 13.1). We
have deg(f) ≥ 1 and there exists a unique monic polynomial f1(t) ∈ K[t] such that
f(t) =

(
t− δg(0)

)
f1(t). We write g(t) = g(0) +

∑deg(g)
i=1 αit

i with αdeg(g) = 1 and,
if deg(g) ≥ 2, (α1, . . . , αdeg(g)−1) ∈ kdeg(g)−1. Thus

h1(x, y) :=
h(x, y)g

(
yh(x, y

)
− δg(0)

y
=

x
[
g
(
yh(x, y)

)
+ δ

deg(g)∑
i=1

αi[h(x, y)− δ]i−1h(x, y)i
]
∈ K[x, y].

(9)

The open embeddings ıf,g,K → S2f,g,K and ȷf,g,K;δ → S2f,g,K are given by the rules
(x, y) 7→

(
xyg(y), y,−xf(xyg(y))

)
and (x, y) 7→

(
hg(yh), yh,−h1(x, y)f1(hg(yh))

)
with h = δ + xy (respectively). To show that these two open embeddings are not
isomorphic it suffices to show that exists no a ∈ GA2(K) such that a#(B1) = B2,
where B1 and B2 are the K-subalgebras Ks[x1x2g(x2), x2, x1f

(
x1x2g(x2)

)
] and

Ks
[
h(x1, x2)g

(
x2h(x1, x2)

)
, x2h(x1, x2), h1(x1, x2)f1

(
h(x1, x2)g(x2h(x1, x2))

)]
(respectively) of Ks[x1, x2] that define ıf,1,K and ȷf,1,K;1 (respectively).

That no such a exists follows from the fact that there exists an element y1 ∈ B1

that can be extended to {y1, y2} ∈ A2(K) (e.g., y1 = x2) but no such element
exists in B2. To check this we can enlarge the K-subalgebra B2 of Ks[x1, x2] and
hence, based on the definition of B2 and Equation (9) we can assume that either
g = 1 or f1 = 1. As the case f1 = 1 is similar to the case g = 1, in what follows
we assume that g = 1. Thus B2 = Ks[δ + x1x2,−x1f1(δ + x1x2), x2(δ + x1x2)]

and deg(f1) ≥ 1. Note that {1} ∪ {
(
−x1f1(δ + x1x2)

)i
,
(
−x2(1 + x1x2)

)i|i ∈ N∗}
is a basis of the K[δ + x1x2]-module B2. Thus for each irreducible polynomial
z1 ∈ B2 \K, the zero locus z1 = 0 is an irreducible closed curve C1 of A2

K,s which
is not isomorphic to A1

K as the first or second projection C1 → A1
K is a quasi-finite

non-finite morphism as z1 is a non-monic polynomial in either x1 or x2. Thus there
exists no z2 ∈ Ks[x1, x2] such that {z1, z2} ∈ A2(K), hence indeed B1 6∼= B2. �

Example 13.4. The normal and general analogues of ΘR over a field K are
Θn

K := (N\{0, 1})×{1}×{(f, g) ∈ (K[t])2|f are g are monic separable, f(0)g(0) 6= 0}
and Θgen

K := (N \ {0, 1})×N∗×{(f, g) ∈ ΘK|g(0) 6= 0} ⊃ Θn
K. For (q, l, f, g) ∈ Θgen

K

the affine surface
S2q,l,f,g,K := Spec

(
K[x, y, z]/(xqf(x) + ylg(y)z)

)
is normal iff (q, l, f, g) ∈ Θn

K; similarly, (0, 0, 0) is a normal point of it iff l = 1 and iff
(0, 0, 0) is a normal singular point of it. If (q, 1, f, g) ∈ Θn

K , then Sing(S2q,1,f,g,K) =

{(0, β, 0)|β ∈ K, g(β) = 0}. The open embeddings ıf,g,K or ȷf,g,K;δ have analogues
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for the general context in many cases. To exemplify this, let (q, 1, f, g) ∈ Θgen
K

with deg(f) ≥ 1 and g = gq1 with g1(t) ∈ K[t] monic. Let δ ∈ K∗ and f1(t) ∈
K[t] be such that f(t) =

(
t − δg1(0)

)
f1(t). Let ȷq,1,f,g,K;δ : A2

K → S2q,1,f,g,K
be given by the rule (x, y) 7→

(
hg1(yh

q), yhq, −f(hg1(yh
q))

y

)
, where h := δ + xy.

The proof of Proposition 13.1 applies to give that ȷq,1,f,g,K;δ is a birational quasi-
finite morphism and S2q,1,f,g,K \ Im(ȷq,f,g,1,K;δ) is the disjoint union of deg(f)z(tg1)
closed subvarieties isomorphic to A1

K , the zero locus x = z = 0 being the one that
contains the normal singular point (0, 0, 0). The birational morphism ȷq,1,f,g,K;δ is
an open embedding (i.e., is injective) iff either (q, 1, f, g) ∈ Θn

K (i.e., g = g1 = 1) or
q = char(K)m with m ∈ N∗. If f1(t) = g(t) = 1, so (q, 1, f, g) ∈ Θn

K , then the rule
(x, y) 7→ (h, y,−xhq) defines an open embedding ıq,1,t−δ,1,K : A2

K → S2q,1,t−δ,1,K
and we have ıq,1,t−δ,1,K ◦ InvA2

K
= InvS2q,1,t−δ,1,K ◦ ȷq,1,t−δ,1,K;δ, where InvA2

K
and

InvS2q,1,t−δ,1,K are the involutions of A2
K and S2q,1,t−δ,1,K (respectively) defined by

the rules (x, y) 7→ (y, x) and (x, y, z) 7→ (x,−z,−y) (respectively).

Example 13.5. Let Σ : Sq,1,t−1,1;K → P1
K be the morphism that maps (α, β, γ) ∈

Sq,1,t−1,1;K(K) to either
(
1 − α : β

)
or (γ : αq) (whichever is defined; if both are

defined, they are equal). The multiplicity of
(
Σ−1(1 : 0)

)
red in Σ−1(1 : 0) is q and

Σ is a surjective A1-fibration as in Corollary 11.5. So Sq,1,t−1,1;K is a sphere-like
surface with |Sing(Sq,1,t−1,1;K)| = 1 by Example 13.4; note that (q, 1, t−1, 1) ∈ Θn

K .

Proposition 13.6. Let m ∈ N∗. Let Bm be the k-subalgebra of ks[x1, x2] generated
by x1 and xi2(1 + x1x2)

i+1 with i ∈ [[0,m]]. Then the following properties hold.
(1) There exists no pair (g1, g2) ∈ B2

m such that e(g1, g2) ∈ EE2(k).
(2) Let (q, 1, f, gq1) ∈ Θgen

k with deg(f) ≥ 1 and g1(t) ∈ k[t] monic. Then there
exists no e ∈ EE2(k) such that ιe factors through the normalization of ȷq,1,f,gq1 ,k;δ.

Proof. We have a chain of inclusions B1 ⊂ · · · ⊂ Bm ⊂ · · · . Let h := 1 + x1x2
and we consider the k-linear derivations h2Dx1 and Dx2 of ks[x1, x2] and its k-
subalgebra B∞ := ∪i≥1Bi. Let D := h2Dx1

+Dx2
. One computes that D(x1) = h2

and D(h) = x1 + x2h
2. For i ∈ N∗ \ {1} we have

(10) D
(
xi−1
2 hi

)
= ixi2h

i+1 + (2i− 1)xi−2
2 hi − ixi−2

2 hi−1.

It follows that D is a k-linear derivation of Bm iff p|m+ 1.
We consider the normal affine surface
T2
m := Spec

(
K[y0, . . . , ym+1]/(y

3
1 − y21 + y0y2, y

2
i − yi−1yi+1|i ∈ [[2,m]])

)
;

it is a complete intersection in Am+2
K with Sing(T2

m) = {(0, . . . , 0)}. The rule
(x, y) 7→ (−x, h, yh2, y2h3, . . . , ymhm+1) defines a morphism ım,K : A2

K → T2
m

which is an open embedding as already the rule (−x, h, yh2) defines an open em-
bedding by Example 13.4 applied to (z, x, y) instead of (x, y, z). For a point
P = (α0, . . . , αm+1) ∈ T2

m(K), if α0 = α1 = 0, then we have αi = 0 for all
i ∈ [[0,m]]; hence P is the singular point iff α0 = α1 = αm+1 = 0.

To prove part (1) we can assume that p|m+ 1; hence D is a k-linear derivation
of Bm. Let TD be the global section of the tangent bundle TReg(T2

m) defined by D.
We show that the assumption that TD is zero at some point Q = (β0, . . . , βm+1) 6=
(0, . . . , 0) leads to a contradiction. Based on the formulas for D(x1) and D(h), this
assumption implies that β2

1 = β0+β2 = 0 and thus, as we also have β3
1−β2

1 = β0β2,
we get that β0 = β1 = β2 = 0 and therefore m > 1 and we have βi = 0 for all
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i ∈ [[0,m]]. From Equation (10) applied with i = m− 1 ≥ 1, as βm−2 = βm−1 = 0,
we get that mβm+1 = 0. As p|m+ 1, it follows that βm+1 = 0, so Q is the singular
point, a contradiction. Thus TD is nowhere zero and it generates a direct summand
of TReg(T2

m) which is free of rank 1. Based on this, as moreover the conormal
bundle of the complete intersection closed embedding T2

m → Am+2
K is trivial and

the tangent bundle TAm+2
K

is trivial, it follows that TReg(T2
m) itself is trivial.

We show that the assumption that there exists a pair (g1, g2) ∈ B2
m such that

e(g1, g2) ∈ EE2(K) leads to a contradiction. This assumption implies that there
exists a morphism ψ : T2

m → A2
K whose restriction to Im(ım,K) is étale. Let

ψ0 := ψ|Reg(T2
m)/ As in the proof of the implication (iv) ⇒ (i) of Theorem 7.3(1)

we argue that the functorial morphism TT2
m

→ ψ∗
0(TA2

K
) is an isomorphism, hence

ψ0 is étale. By the purity of the branch locus (see [SGA2], Exp. X, Thm. 3.4 (i))
we get that ψ itself is étale, which contradicts the identity |Sing(T2

m)| = 1.
Part (2) follows from part (1) applied to m = 1 once we remark that up to iso-

morphism we can assume that δ = 1 and that the k-subalgebra Bq,1,f,gq1 ,K of k[x, y]
generated by hg1(yhq), yhq and −f(hg1(yhq))

y is contained in B2,1,t−1,1,k which, un-
der the identification (x, y) = (x1, x2), is B2. �

14. Proof of Theorem 2.4(3)

Theorem 2.4(3) follows from the following example.

Example 14.1. Let m, q ∈ N∗ be such that p divides mq and let e ∈ EE2(k) be
defined over Fp by the rule on valued points

(x, y) 7→
(
x+ (1− xmymq−1)q, y − xmymq

)
.

For (α, β) ∈ k2 let s(α, β) ∈ N be such that e−1(α, β) ∼= Spec
(
ks(α,β)). So s(α, β)

is the number of solutions in k2 of the system Jα,β of equations
(11) x+ (1− xmymq−1)q − α = 0 = y − xmymq − β.

Let z := 1− xmymq−1. Then Jα,β can be rewritten as
(12) x+ zq = α and yz = β.

To compute every s(α, β), we first consider the case when β 6= 0. Thus y 6= 0
and z = βy−1. From this and the equation x+ zq = α we get that x = α− βqy−q.
Thus xyq = αyq − βq. Hence Jα,β is equivalent to the system of equations

x = α− βqy−q and y − β = (xyq)m = (αyq − βq)m.

If α 6= 0, then p | mq implies that the equation y − β = (αyq − βq)m in y has mq
distinct solutions in k, 0 being a solution of it iff β belongs to the set I∗p,m,q, where

Ip,m,q := {x ∈ k|x = (−1)m−1xmq} and I∗p,m,q := Ip,m,q ∩ k∗ = Ip,m,q \ {0}.
Thus for β /∈ Ip,m,q and α 6= 0, we have s(α, β) = mq, which implies that deg(e) =
mq, and for β ∈ I∗p,m,q and α 6= 0 we have s(α, β) = mq−1. Similarly, if β /∈ Ip,m,q,
we have s(0, β) = 1, the only solution being(

−[1 + (−1)mβmq−1]−q, β + (−1)mβmq
)
,

and if β ∈ I∗p,m,q we have s(0, β) = 0.
We now consider the case β = 0. Thus yz = 0. If y = 0, then z = 1 and we get

one solution (α− 1, 0) of Jα,0 (see System (11)). If z = 0, then x = α (see System
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(12)) and hence z = 0 = 1−αmymq−1 and we get no solutions if α = 0 and mq− 1

solutions of the form (α,
mq−1

√
α−m) if α 6= 0, all of them being different from the

prior solution (α− 1, 0). We conclude that s(0, 0) = 1 and s(α, 0) = mq if α 6= 0.
From the last two paragraphs we get first that F(e) = {0, 1,mq− 1} and second

that Γe = {(0, β)|β ∈ I∗p,m,q}, hence φ(e) = mq − 1. Moreover, Ne is the zero locus
x1

∏
β∈I∗p,m,q

(x2 − β) = 0, hence ν(e) = 1 + |I∗p,m,q| = mq and Γe = Sing(Ne).
For β ∈ I∗p,m,q we have e(0, β) = (1, β) and s(1, β) = mq − 1, and therefore

|e−1(1, β) \ Γe| = mq − 2. Thus, for mq > 2 we have |E2(e)| = 0 and from Lemma
3.2(3) we get that Im(e) = Im(e2); so ι(e) = 1. Similarly, if mq = 2 (so p = 2), then
I2,m,q = F2, Im(e) \ Im(e2) = {(1, 1)} and thus φ(e2) = 2; as e(1, 1) = (1, 0) and
s(1, 0) = 2, we get E2(e) = E1(e), so φ(e3) = φ(e2) by Lemma 3.2(3) and ι(e) = 2.

Clearly, if p divides both m and q, then e ∈ BE2(k). Moreover, if q = 1 we have
πi(e) = πl(e) = πr(e) = 2m and if q ≥ 2 we have mq+m ≤ πi(e) ≤ πl(e) = πr(e) =
mq+(mq− 1)q by Proposition 4.3(1) to (4). For r := mq ∈ pN∗ fixed, the smallest
possible value of πl(e) = πr(e) is 2r = 2mq obtained only for (m, q) = (r, 1).

Recall Xe = SpecAe; we have inclusions kt[x1, x2] ⊂ Ae ⊂ ks[x1, x2] = k[x, y]
defined by e, with x1 = x + zq, x2 = yz, and z = 1 − xmymq−1. It follows that e
is the composite of birational quasi-finite morphisms A2

k,s → X → Y with a finite
flat morphism Y → A2

k,t of degree mq, where X := Spec
(
kt[x1, x2][z]/(f(z))

)
with

f(z) := zmq − zmq−1 + (x1 − zq)mxmq−1
2

and where Y := Spec
(
kt[x1, x2][w]/(g(w)

)
is a flat model of Xe with

g(w) := wmq − wmq−1 +

m∑
i=1

(−1)m−i
(
m

i

)
xi1x

mq−1
2

(
1 + (−1)mxmq−1

2

)qi−1
wq(m−i)

in kt[x1, x2][w] obtained from
(
1+(−1)mxmq−1

2

)mq−1
f(z) through the substitution

w := z
(
1 + (−1)mxmq−1

2

)
. Thus w ∈ Ae. If mq > 2, then for α ∈ k∗ the mq − 1

points of A2
k,s of the form (α,

mq−1
√
α−m) map to the same point of X and therefore

Y is not normal by Zariski’s Main Theorem, i.e., Y 6= Xe. If mq = 2 (so p = 2)
then Ip,m,q is F2 and g(w) is w2 + w + x21x2(x2 + 1) if (m, q) = (2, 1) and is
w2+w+x1x2(x2+1) if (m, q) = (1, 2); hence Y = Xe → A2

k,t is a finite Galois cover,
Ae ∼= kt[x1, x2][w]/

(
g(w)

)
, and the complement of the open embedding A2

k,s → Y

consists of 2 disjoint A1
k curves given by the equations w = x2 = 1 and w = x1 = 0

implying that ρét(e) = ρ(e) = 2. For (m, q) = (1, 2), e is et+1,t+1,k of Section 2.
Let ϵ ∈ {1, 2} be 1 iff q = 1. Similarly, e factors through a finite flat morphism

eZ : Z → A2
k,t, where Z := Spec

(
kt[x1, x2][v]/(h(v))

)
is a flat model of Xe with

h(v) = vmq +

m−ϵ∑
i=1

hmq−iqv
mq−iq + h1v + h0 ∈ kt[x1, x2][v]

obtained from x
m(q+ϵ−2)
1 x2z

−mqf(z) via the substitution v := xϵ1x2z
−1; so each

hj ∈ kt[x1, x2] is uniquely determined by m, q, the index j and v ∈ Ae. E.g.,
h0(x1, x2) = x

m(q+ϵ−2)
1 x2 and h1(x1, x2) = −xm(q+ϵ−2)−ϵ

1 ; also, if q ≥ 2, then

hmq−iq(x1, x2) = xmq−m1 x2(−1)i
(
m

i

)
xm−i
1 xmq−1

2 (vz)qi−mq = (−1)i
(
m

i

)
x
i(q−1)
1 xqi2 .
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As h1(x1, x2) = −xm(q+ϵ−2)−ϵ
1 becomes −1 when mq = 2 (so p = 2), it follows that

for mq = 2 the morphism eZ is a finite Galois cover and thus Xe = Z, and for
mq > 2 the étale locus of eZ is where x1 is invertible and therefore the kt[x1, x2]x1 -
algebra Ae,x1

∼= kt[x1, x2]x1 [v]/(h(v)) is étale.
We show that Ae is always regular and that ψe is non-étale iff mq > 2. It

suffices to show that for each β ∈ k, by denoting R := kt[[x1, x2 − β]] the com-
pletion of kt[x1, x2] at the point (0, β), the normalization An

β of the R-algebra
Aβ := R[w]/

(
g(w)

)
is isomorphic to the product R × Rmq−1, where Rmq−1 :=

k[[x
1

mq−1

1 , x2]] is regular. We write g(w) = wmq−wmq−1+
∑mq

p −1

i=0 uix
li
1 (x2−β)miwpi

with each ui ∈ {0} ∪R∗ and with (li,mi) ∈ N2; this is possible as
(
m
i

)
wq(m−i) is 0

when p does not divide qi as in this case p divides both m and
(
m
i

)
. One computes

l0 = m and if ui 6= 0 then q divides pi and li is the solution of the equation q(m−x) =
pi in x, hence li = m− pi

q > l0
mq−1−pi
mq−1 . If β

(
1+(−1)mβmq−1

)
6= 0 then m0 = 0 and

if ui 6= 0 the inequality mi ≥ mq−1−pi
mq−1 m0 holds. If

(
1 + (−1)mβmq−1

)
= 0 (resp.

β = 0) then m0 = mq−1 and if ui 6= 0 then mi is the value of qx−1 computed at the
solution of the equation q(m−x) = pi in x and hence mi = mq−1−pi = mq−1−pi

mq−1 m0

(resp. mi = mq− 1 ≥ mq−1−pi
mq−1 m0). Thus mq− 1 divides m0 and the statement on

An
β follows from Lemma 5.1(4) if mq > 2 and from Lemma 5.1(2) if mq = 2.
As for (α, β) ∈ k∗×k, s(α, β) ∈ {mq−1,mq} is mq−1 iff β ∈ I∗p,m,q, SpecAe,x1

\
Im(ıe) is mq − 1 = |I∗p,m,q| copies of Gm,k; thus ρét(e) ≥ mq − 1. From this,
the fact that s(0, β) ∈ {0, 1} is 0 iff β ∈ I∗p,m,q, and the above part on complete
local rings it follows that ρ(e) − ρét(e) is 1 if mq > 2 and is 0 if mq = 2. Thus
0 < mq − 1 = ρét(e) < mq = ρ(e) if mq > 2 and ρét(e) = ρ(e) = 2 if mq = 2.

We say more in the following cases.
Case 1: m = p. As

(
p
i

)
= 0 if i ∈ [[1, p− 1]], we compute g(w) = wpq −wpq−1 +

xp1x
pq−1
2 (1 − xpq−1

2 )pq−1. If q = 1 then h(v) = vp − xp−2
1 v + xp1x2(1 − xp−1

2 ) and if
q ≥ 2 then h(v) = vpq − xpq−p−1

1 v + xpq−p1 x2(1− xpq−1
2 ).

Case 2: m = 1. So p|q and ϵ = 1. As in the prior paragraph we compute
g(w) = wq−wq−1+x1x

q−1
2 (1−xq−1

2 )q−1 and h(v) := vq−xq−2
1 v+xq−1

1 x2(1−xq−1
2 ).

14.1. Proof of Corollary 2.6. To prove Corollary 2.6 we can assume that n = 2
as the passage from n = 2 to an arbitrary n > 2 is achieved by adding n − 2
indeterminates x3, . . . , xn and equations xi = 0 for i ∈ {3, . . . , n}. We apply
Example 14.1 with mq = p; so deg(e) = p and Ip,m,q = Fp. For n = 2, Corollary 2.6
follows from the identity s(0, 0) = 1 (resp. s(0, 1) = 0). Concretely, say m = p and
q = 1, then we can take (g1, g2) to be

(
x− (x− 1)pyp−1, y − (x− 1)pyp

)
obtained

by replacing x with x− 1 (resp. (1 + x− xpyp−1, y − xpyp)). Similar examples can
be obtained based on Example 13.2 by taking (m, q, s) = (p, 1, 1).

15. Two general properties of endomorphisms of affine spaces

We include practical results on e ∈ Endn(K) that are often used in what follows
and that either estimate deg(e) if e ∈ QFn(K) or provide a criteria on when e is
finite or, for inductive purposes, construct d ∈ Endn+1(k) from e that has a few
iteration properties that are identical to those of e.
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Fact 15.1. Let e := e(g1, . . . , en) ∈ Endn(K) with (g1, . . . , gn) ∈ Ks[x1, . . . , xn]
n

such that q :=
∏n
i=1 deg(gi) > 0. For i ∈ [[1, n]], let hi ∈ Ks[x1, . . . , xn] be the

homogeneous component of gi of degree deg(gi). Then the following properties hold.
(1) If e ∈ QFn(K), then deg(e) ≤ q.
(2) If the homogeneous system of n equations

h1 = · · · = hn = 0

in the indeterminates y0, . . . , yn has no solution in Pn−1(K), then e is finite. More-
over, if e ∈ QFEn(K), then deg(e) = q.

Proof. For i ∈ [[1, n]] we write gi =
∑deg(gi)
j=0 hi,j , with each hi,j ∈ Ks[x1, . . . , xn]

homogeneous of degree j; so hi = hi,deg(gi). We consider the closed subscheme W
of PnKt[x1,...,xn]

defined by the system of n homogeneous equations
deg(gi)∑
j=0

hi,j(y1, . . . , yn)y
deg(gi)−j
0 − xiy

deg(gi)
0 = 0, i ∈ [[1, n]].

Let ϕ : W → AnK be the natural morphism. For P ∈ Kn, ϕ−1(P )red has |e−1(P )|
irreducible components of dimension 0 in AnKt[x1,...,xn]

and possibly other irreducible
components in Pn−1

Kt[x1,...,xn]
= PnKt[x1,...,xn]

\AnKt[x1,...,xn]
. Thus part (1) follows from

Bézout’s inequality (see [Fu], Ch. Ex. 8.4.6).
For part (2), due to the hypotheses, W∩Pn−1

Kt[x1,...,xn]
= ∅. SoW is AnK,s, i.e., is the

spectrum of Kt[x1, . . . , xs, y1, . . . , ys]
(
g1(y1, . . . , yn)− x1, . . . , gn(y1, . . . , yn)− xn

)
.

Hence e is projective; being also affine, it is finite. If e ∈ QFEn(K), then for a
generic P , ϕ−1(P ) = e−1(P ) ∼= Spec kdeg(e), so deg(e) = q by Bézout’s Theorem
(see [Fu], Ch. 8, Prop. 8.4; see also [H2], Ch. I, Thm. 7.7 applied n− 1 times). �
Lemma 15.2. Let e ∈ Endn(K) be defined over a subfield K of K. Then the
following properties hold.

(1) There exists d ∈ Endn+1(K) defined over K and such that for each m ∈ N∗

the sets Γem and Γdm are compatibly isomorphic under isomorphisms induced by a
projection An+1

k,t → Ank,t defined over K and hence we have ι(d) = ι(e).
(2) If char(K) = p and e ∈ EEn(K) (resp. e ∈ BEn(K)), then we can choose d

such that also d ∈ EEn+1(K) (resp. d ∈ BEn+1(K)) and F(d) = F(e) ∪ {deg(e)}.

Proof. Let (g1, . . . , gn) ∈ K[x1, . . . , xn]
n define e. For i ∈ [[1, n]] let qi ∈ N∗ be such

that qi > deg(gi). Let j ∈ N∗. We take d to be defined by the n+ 1-tuple(
g1(x1, . . . , xn) + xq11 x

j
n+1, . . . , gn(x1, . . . , xn) + xqnn x

j
n+1, xn+1

)
.

For P ∈ Kn we have d(P, 0) =
(
e(P ), 0

)
and |e−1(P )| = |d−1(P, 0)|. For α ∈ K∗,

the endomorphism dα ∈ Endn(K) defined by the n-tuple(
g1(x1, . . . , xn) + αjxq11 , . . . , gn(x1, . . . , xn) + αjxqnn

)
is finite (see Fact 15.1(2)), so d(Kn×{α}) = Kn×{α}. From the last two sentences
we get that for each m ∈ N the projection An+1

k,t → Ank,t on the first n coordinates
is defined over K and induces bijections Γdm → Γem compatibly. Thus Im(dm) =
Im(dm+1) ⇔ Im(em) = Im(em+1), hence ι(d) = ι(e) and part (1) holds.

To check part (2), we take q1, . . . , qn (resp. q1, . . . , qn, j) to be in pN∗; we have
d ∈ EEn+1(K) and dα ∈ EEn(K) (resp. d ∈ BEn+1(K) and dα ∈ BEn(K)) for
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all α ∈ K∗. For each α ∈ K∗ we have deg(dα) =
∏n
i=1 qi by Fact 15.1(2). As∏n

i=1 qi is greater that
∏n
i=1 deg(gi) and hence than deg(e) by Fact 15.1(1), it

follows that deg(d) =
∏n
i=1 qi and that F(d) is the set of cardinals of fibers of e.

Thus F(d) = F (e) ∪ {deg(e)} and part (2) holds. �

Example 15.3. Let e := e
(
x1+x

pm

1 −xp
m(pm+1)

2 , x2+x
pm

1 −xp
m(pm+1)

2

)
∈ BE2(k)

with m ∈ N. Let a ∈ GA2(k) be defined by the pair (x1+xp
m+1

2 , x2). Then d := ea

is defined by the pair (x1 + xp
m

1 + xp
m+1

2 , x2 + xp
m

1 ). Thus we have inequalities
π(d) ≤ min{πi(d), πl(d), πr(d)} ≤ πr(d) ≤ pm + 1 and d is finite with deg(d) =
pm(pm + 1) by Fact 15.1(2). If π(d) ≤ pm, then there exists (b, c) ∈ GA2(k)

2 such
that bdc = e(g1, g2) with (g1, g2) ∈ ks[x1, x2]

2 satisfying π(g1, g2) ≤ pm, hence we
have pm(pm+1) = deg(d) = deg(bdc) ≤ deg(g1) deg(g2) ≤ (pm)2 by Fact 15.1(1), a
contradiction. Thus pm + 1 = π(d) = πi(d) = πl(d) = πr(d). Note that d ∈ BE2(k)
and pm + 1 = πr(e) = π(e) ≤ min{πl(e), πi(e)}.

16. On iterate inner invariants

We first include examples and applications of Section 3 using Notation 3.1.

Example 16.1. Let e : X → X be an endomorphism of a variety over K such that
φ(e) ∈ N∗. If ςe ≥ 2, then φ(el+1) < ςeφ(e)

ςe−1 ≤ 2φ(e) by Lemma 3.2(7) and therefore
ι(e) ≤ max{1, φ(e)ςe−1} ≤ φ(e) and φ

(
eι(e)

)
< ςeφ(e)

ςe−1 ≤ 2φ(e). Similarly, if there exists
s ∈ N∗ such that ςes ≥ 2, then the inequalities ι(es) ≤ φ(es)

ςes−1 ≤ sφ(e)
ςes−1 (the second

one by Lemma 3.2(2)) imply that ι(e) ≤ sι(es) ≤ max{s, s
2φ(e)
ςes−1 }, thus ι(e) ∈ N.

Corollary 16.2. Let e : X → X be an endomorphism of a variety over k such that
Γe is finite. We assume that there exists q ∈ N∗ such that e is the pullback of an
endomorphism d : Y → Y over Fpq . Then ι(e) ∈ N. More precisely, if we choose q
and d such that Γe ⊂ Y (Fpq ), then ι(e) ≤ |Y (Fpq ) \ Γe|.

Proof. As Γ+
e(k) ⊂ Y (Fpq ) is finite, this follows from Lemma 3.2(6). �

Example 16.3. Let e ∈ QF2(k) be non-surjective (i.e., 0 ∈ F(e) or φ(e) > 0). If
e and Γe are defined over Fpq , then ι(e) ≤ p2q − φ(e) by Corollary 16.2 and hence
φ
(
eι(e)

)
≤ φ(e)ι(e) ≤ φ(e)[p2q − φ(e)] by Lemma 3.2(2).

For an endomorphism e : B → B of a set B and P ∈ B we consider two conditions.
(♮e,P ) The sequence

(
em(P )

)
m≥0

has distinct elements and for i, j ∈ N, we have
|e−i

(
ej(P )

)
| > 0 iff i ≤ j and iff e−i

(
ej(P )

)
= {ej−i(P )}.

(♭e,P ) For each m ∈ N, em(P ) /∈ Im(em+1).

Notation 16.4. For a non-empty constructible subset V of a variety W over K, let
V̄ be its Zariski closure in W , 𝟋(V ) = 𝟋(V̄ ) := |{Y ∈ Irr(V̄ )|dim(Y ) = dim(V̄ )}|
and ℏ(V ) = ℏV̄ :=

(
dim(V̄ ),𝟋(V̄ )

)
∈ N2. If W is irreducible, let ηW ∈ W be its

generic point. Endowing N2 with the lexicographic order (so (0, 1) < (1, 0)), for a
dominant morphism W1 →W2 of varieties over K we have ℏ(W1) ≥ ℏ(W2).

Lemma 16.5. Let e : X → X be an endomorphism of a variety over K. For
m ∈ N, let em : Im(em) → Im(em) be the endomorphism of constructible sets
induced by e. Then the following statements are equivalent.



ON ENDOMORPHISMS OF AFFINE SPACES AND THE JACOBIAN PROBLEM 57

(1) We have ι(e) = ∞.
(2) There exists m ∈ N and a point P ∈ Im(em) such that (♮em,P ) holds.
(3) There exists m ∈ N and a point P ∈ Im(em) such that (♭em,P ) holds.
(4) There exists an algebraically closed field K1 that contains K, an m ∈ N, and

a point P ∈ Im(em)(K1) such that (♭(em)K1
,P ) holds.

If Γe is finite, then the statements are also equivalent to the following two.
(5) There exists m ∈ N and P ∈ Im(em)(K) such that (♮em,P ) holds.
(6) There exists m ∈ N and P ∈ Im(em)(K) such that (♭em,P ) holds.

Proof. The implications (2) ⇒ (3) and (5) ⇒ (6) always hold. Clearly, (6) ⇒ (3).
We show that (1) ⇒ (2). For i ∈ N the constructible set Zi := Im(ei) \ Im(ei+1)

(by Chevalley’s Theorem, see [Gro2], Thm. (1.8.4)) is non-empty. Let Yi be the
Zariski closure of Zi in X. As e induces surjective morphisms Zi → Zi+1, it also in-
duces dominant morphisms Yi → Yi+1. As

(
ℏ(Yn)

)
n≥0

is a non-increasing sequence
of the well ordered N2, there exists (m, q, l) ∈ N3 such that ℏ(Yi) = ℏ(Ym) = (q; l)
for each integer i ≥ m. For i ≥ m let ηi := {ηY |Y ∈ Irr(Yi),dim(Y ) = q}; so
|ηi| = l > 0 and ηi ⊂ Zi. An induction on j ∈ N gives that ej(ηm) = ηm+j ; so
(♮em,P ) holds for each P ∈ ηm.

If Γe is finite, then q = 0, Irrm ⊂ X(K), thus (1) ⇒ (5) by previous paragraph.
To show that (3) ⇒ (4), let K1 be an uncountable algebraically closed field that

contains the residue field of P . If P is the Zariski closure in X of P , then PK1 is not
the union of its proper subvarieties PK1

∩ e−lm,K1

(
Im(el+1

m,K1
)
)

indexed by l ∈ N and
hence there exists a point Q ∈ P (K1) such that (♭em,K1

,Q) holds. Thus (3) ⇒ (4).
We show that (4) ⇒ (1). As ι(e) = ι(eK1

) and ι(e) = ∞ ⇔ ι(em) = ∞, we can
assume that K = K1 and m = 0. As (♭e,P ) holds, we have Im(el) 6= Im(el+1) for
all l ∈ N, hence ι(e) = ∞. �
Remark 16.6. Assume Γe is finite and ι(e) = ∞. We use Lemma 3.2 to show that
statement (5) of Lemma 16.5 holds. Let (l, N) ∈ N2 be such that φ(en+1)−φ(en) =
l for all integers n ≥ N by Lemma 3.2(1). By replacing e with eN we can assume
that N = 0; so φ(en) = nl for all n ∈ N, with l ∈ N∗ as ι(e) = ∞. For n ∈ N, as
| ∪ni=0 e

i(Γe)| ≤ l(n + 1) = φ(en+1) = |Γen+1 |, we get that Γen+1 = tni=0e
i(Γe) by

Lemma 3.2(5); so (♮e,P ) holds for each P ∈ Γe ⊂ X(K).

Remark 16.7. Let e : X → X be an endomorphism of a non-empty variety over
K which is dominant (resp. which is dominant outside a closed subvariety of the
target of dimension m < dim(X)). A decreasing induction on i ∈ [[0,dim(X)]]
(resp. i ∈ [[m+1,dim(X)]]) gives that e permutes the generic points of irreducible
components of X of dimension i. So there exists N ∈ N∗ such that eN fixes
the generic points of all irreducible components (resp. irreducible components of
dimension > m) of X. If d : X → X is quasi-finite, then 1 ≤ 𝟋

(
Im(d)

)
≤ 𝟋(X); so

there exists i ∈ [[0,𝟋(X)− 1]] such that 𝟋
(
Im(di+j)

)
= 𝟋

(
Im(di)

)
∈ N for j ∈ N.

Next theorem was first obtained in [PNCG], Thm. 1 under the extra hypotheses
that K = C, X is affine, e is universally open, and Γe is finite.

Theorem 16.8. Let e : X → X be a quasi-finite endomorphism of a variety over
K. Then the following properties hold.

(1) We have ι(e) ∈ N.
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(2) There exists no P ∈ X for which condition (♭e,P ) (or (♮e,P )) holds.

Proof. Part (2) follows from part (1) and Lemma 16.5.
To prove part (1), let Z be the Zariski closure in X of a subset Z of X. The

decreasing sequence
(
Im(em)

)
m∈N is stationary. Thus, by replacing X with Y :=

∩m≥0Im(em), we can assume thatX = Im(e) (i.e., e is dominant). Note that if l ∈ N
is such that Y = Im(el), then Im(em+l) = em(Y ) ⊂ Im(em), thus the decreasing
sequence

(
Im(em)

)
m∈N is stationary iff the decreasing sequence

(
em(Y )

)
m∈N is so.

By replacing e with eN for some N ∈ N∗, we can assume that e fixes each
generic point of an Y ∈ Irr(X) (see Remark 16.7); so e induces an endomorphism
eY : Y → Y . If ι(eY ) ∈ N for each Y ∈ Irr(X), then ι(e) ∈ N as in fact we have
ι(e) ≤ max{eY |Y ∈ Irr(X)}. Thus, by replacing e with the normalizations of eY s
we can assume that X is normal irreducible.

To end the proof it suffices to show that the assumption that ι(e) = ∞ leads to a
contradiction. From Lemma 16.5 we get that, by replacing e with the endomorphism
it induces on the open subvariety Im(em) for some m ∈ N, we can assume that there
exists P ∈ X such that condition (♭e,P ) holds.

Let R be a finitely generated Z-subalgebra of K such that e is defined over R
(see [Gro4], Prop. (8.9.1)(iii)) and the Zariski closure ZP of P in X is defined over
K := Frac(R); let eR : XR → XR be an endomorphism of a SpecR-scheme XR of
finite type such that its pullback to SpecK is e. The fiber e0 : X0 → X0 of eR over
K is quasi-finite and there exists P0 ∈ X0 with the property that the pullback of its
Zariski closure in X0 to X is ZP . As (♭e,P ) holds, (♭e0,P0) also holds. By localizing
R we can assume that XR is normal irreducible and (see [Gro4], Thm. (8.10.5)(xi))
that eR is quasi-finite; so eR is universally open by [Gro4], Cor. (14.4.3).

Let Q be a closed point of the Zariski closure of P0 in X0; its residue field κ is
finite and we have an inclusion {em(Q)|m ∈ N} ⊂ X0(κ) of finite sets. Let (q, s) ∈
N × N∗ be such that eq0(Q) = eq+s0 (Q). As eq0(Q) belongs to the open subscheme
Im(eq+s0 ) of X0, eq0(P0) ∈ Im(eq+s0 ) ⊂ Im(eq+1

0 ), which contradicts (♭e0,P0). �

Corollary 16.9. Let f : W → Y be a morphism of finite presentation between
quasi-compact schemes. Let e : W → W be an endomorphism of schemes over Y
(i.e., f = f ◦ e) with the property that all its fibers ey : Wy → Wy over geometric
points y of Y are quasi-finite. Then there exists n ∈ N such that Im(en) = Im(en+1).

Proof. For m ∈ N, as Im(em) is a constructible subset of W , from [Gro4], Cor.
(9.5.2) we get that Ym := {y ∈ Y |Im(em)y = Im(em+1)y} is a constructible subset
of Y . As Im(em)y = Im(emy ), it follows first that Ym ⊂ Ym+1 for all m ∈ N and
second that ∪m≥0Ym = Y by Theorem 16.8. So there exists n ∈ N such that
Yn = Y by [Gro2], Cor. (1.9.9); hence Im(en) = Im(en+1). �

Our examples of endomorphisms e : X → X with ι(e) = ∞ are in essence based
on the notion ‘trap’ used in [Bori] and formalized here as follows.

Definition 16.10. Let e : X → X be an endomorphism of a non-empty variety
over K. By a trap of e we mean a non-empty closed subvariety Y of X such that
dim(Y ) < dim(X), e(Y ) ⊂ Y , the endomorphism eY : Y → Y induced by e is
dominant, and we have a strictly increasing sequence(
|{Z ∈ Irr(e−n(Y ))|dim(Z) > dim(Y ) or dim(en(Z)) < dim(Z) = dim(Y )}|

)
n∈N∗ .



ON ENDOMORPHISMS OF AFFINE SPACES AND THE JACOBIAN PROBLEM 59

Example 16.11. We list several examples of endomorphisms in Dn(K) \QFn(K)
with n ∈ {2, 3} whose iterate inner invariants are ∞ and often mention zero loci
that are traps of them. Let (l,m) ∈ (N∗)2. Let Cm ⊂ K2 be the empty set if m = 1
and be {0} ×K∗ if m ≥ 2.

(1) The rule (x, y) 7→ (xy, xy+y) defines e ∈ D2(K)\QF2(K) which is birational
(i.e., generically étale with deg(e) = 1); the zero locus x1 = x2 = 0 is a trap of
it of dimension 0. If K1 is an algebraically closed field that contains K and a
transcendental element α over the prime field, then (♮eK1

,(α,α)) holds, therefore
ι(e) = ι(eK1

) = ∞ by Lemma 16.5. Similarly, if char(K) = 0 and β = 1 (resp.
char(K) = p and β ∈ K is a transcendental element over Fp), then the rule (x, y) 7→
(xy, βy + 1) defines d ∈ D2(K) \ QF2(K) which is birational with ι(d) = ∞; the
zero locus x1 = 0 is a trap of it of dimension 1.

(2) Similarly to example (1), either one of the rules (x, y) 7→ (xpyp, yp + xpyp)

and (x, y) 7→
(
x(x− y)p−1, yp(x− y)p

2−p) defines an e ∈ D2(K) \QF2(K) which is
generically radicial (i.e., deg(e) = 1) and defined over the prime field with ι(e) = ∞.

(3) The rule (x, y) 7→
(
xmy, xlmyl + xl(m−1)yl+1

)
defines an endomorphism

ea,l,m ∈ D2(K) \ QF2(K). If either y = 0 or x = 0 and m ≥ 2, then (x, y) 7→ (0, 0).
If m = 1, then (0, y) 7→ (0, yl+1). If xy 6= 0, then we have the additive property

(13) xlmyl + xl(m−1)yl+1

(xmy)l
= 1 +

y

xl
.

If char(K) ∤ l +m and (α, β) ∈ (K∗)2 with β 6= αl, then the system of equations
xmy−α = 0 = xlmyl+xl(m−1)yl+1−β gives based on Equation (13) that β

αl
= y

xl
+1,

hence y = (β−αl)xl
αl

; substituting this in the first equation we get that xl+m = αl+1

β−αl ,
hence the system of equations has l + m solutions, therefore deg(ea,l,m) = l + m
and ea,l,m is generically étale. If char(K) = 0, then deg(ea,l,m) = l + m ≥ 2,
ι(ea,l,m) = ∞ and the zero locus x1 = x2 = 0 is a trap of ea of dimension 0; more
precisely, we have ι(ea,l,m) = ∞ as for n ∈ N∗, one computes

Γena,l,m = {(x, y) ∈ (K∗)2|x−ly ∈ [[1, n]]} ∪ Cm.

The case (l,m) = (1, 2) is the “Additive Trap” of [Bori], Ex. 1.
(4) The multiplicative analogue of part (3) works in all characteristics. Let

(q, s) ∈ N2. Let h(t) ∈ K[t] be such that deg(h) = s and the derivative of
tl(q+1)+mh(t) is non-zero. Assume there exists δ ∈ K∗ of infinite multiplicative
order. Let e := em,l,m,q,s,h,δ ∈ D2(K) \ QF2(K) be defined by the rule

(x, y) 7→
(
xmyq(xl − y)h(x), δxl(m−1)yql+1(xl − y)lh(x)l

)
.

If either (xl − y)h(x) = 0 or x = 0 and m ≥ 2 or y = 0 and q ≥ 1, then (x, y) 7→
(0, 0). If m = 1, then (0, y) 7→

(
0, (−1)lδh(0)ly(q+1)l+1

)
. If q = 0, then (x, 0) 7→

(xmh(x), 0). If xy(xl − y)h(x) 6= 0, then we have the multiplicative property

(14) δxl(m−1)ylq+1(xl − y)lh(x)l

[xmyq(xl − y)h(x)]l
= δ

y

xl
.

For a generic (α, β) ∈ (K∗)2 with β 6= αl we consider the system of equations
xmyq(xl − y)h(x)− α = 0 = δxl(m−1)yql+1(xl − y)lh(x)l − β. From Equation (14)
we get that δ y

xl
= β

αl
, hence y = βxl

αl
. Substituting this in the first equation we get

that xl(q+1)+mh(x) = α(q+1)l+1

(αl−β)βq . From this and the assumptions [tl(q+1)+mh(t)]′ 6= 0
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and (α, β) generic, we get that the system has l(q + 1) + m + s solutions. Thus
deg(e) = l(q + 1) +m + s and e is generically étale. The zero locus x1 = x2 = 0
is a trap of e of dimension 0. We have ι(em,l,m,δ) = ∞ as for n ∈ N∗ we have an
inclusion

Γenm,l,m,δ(K) ⊃
{
(x, y) ∈ (K∗)2|x−ly ∈ {δl|l ∈ [[1, n]]}

}
∪ Cm ∪ (K∗ × {0})

which in fact is an equality if h(t) = 1 and q ≥ 1. The case (l,m, q, h) = (1, 2, 1, 1)
is the “Multiplicative Trap” of [Bori], Ex. 3.

If k is an algebraic closure of Fp (i.e., if k∗ has no element of infinite multiplicative
order), the rule (x, y, z) 7→

(
xmyq(xl−y)h(x), xl(m−1)yl+1(xl−y)lh(x)lz, z

)
defines

an endomorphism d := dm,m,l,q,s,h ∈ D3(k) \ QF3(k). For n ∈ N∗, Γdn contains{
(x, xlzq, z)|q ∈ [[1, n]], (x, z) ∈ (k∗)2

}
and does not contain the generic point of

the zero locus y − xlzn+1 = 0, so ι(d) = ∞. We have deg(d) = l(q + 1) +m+ s.

Corollary 16.12. If char(K) 6= 2 (resp. char(K) = 2) let N ≥ 2 (resp. N ≥ 3)
be an integer. Let n ∈ {2, 3} be such that we have n = 2 iff K∗ has an element
of infinite multiplicative order. Then there exists e ∈ Dn(K) \ QFn(K) such that
ι(e) = ∞, deg(e) = N and e is generically étale.

Proof. This follows from Example 16.11(4) as we can choose (l, q,m, s, h) such
that N = l(q + 1) + m + s. E.g., for l = m = 1, if char(K) ∤ N we can take
(q, s, h) = (N−2, 0, 1) and if char(K) | N we can take (q, s, h) = (N−3, 1, t+1). �

Proposition 16.13. If char(K) = p, we assume that K is not an algebraic closure
of Fp. Let n ≥ 3 be an integer. Then there exists an endomorphism e ∈ Dn(K)
such that φ(el) = l for each l ∈ N (thus ι(e) = ∞). If n = 3, then for each integer
s ≥ 3 we can choose e such that moreover we have deg(e) = s.

Proof. We can assume that n = 3 by Lemma 15.2(1). Let α ∈ K be 1 if char(K) = 0
and be transcendental over Fp if char(K) = p. The rule (x, y) 7→

(
xy, α(y + 1)

)
defines an element d ∈ D2(K) \QF2(K) which is birational (cf. Example 16.11(1)).
As (♮d,(β,α)) holds for each β ∈ K∗, we have ι(d) = ∞ by Lemma 16.5. Let Y be
the plane in A3

K defined by the equation x3 = 0 and let C be its curve defined by
the equations x2 − α = x3 = 0. We have Γd × {0} = C \ {(0, α, 0)} ∼= A1

K \ {0}.
For (m, f, g) ∈ N∗ × (K[x1, x2, x3] \ {0})2 let em,f,g ∈ End3(K) be defined by

the triple(
x1x2 + gx3(g − x1x2 + 1), α(gx3 − 1)(fx3 − x2) + α, xm3 (gx3 − 1)

)
.

It extends d as em,f,g(x, y, 0) =
(
xy, α(y + 1), 0

)
. We have e−1

m,f,g(Y ) = Y t Z,
where Z is the surface defined by the equation gx3 = 1. As em,f,g(Z) ⊂ C, we get
that if there exists Q ∈ C(K) \ [{(0, α, 0)} ∪ em,f,g(Z)], then condition (♮em,f,g,Q)
holds and thus ι(em,f,g) = ∞ by Lemma 16.5.

Let P := (1, α, 0) and g := x2x
q
3. For each (m, f) ∈ N∗ ×K[x1, x2, x3] we have

em,f,g
(
Z(K)

)
= {em,f,g(γ, δ−q−1, δ)|(γ, δ) ∈ K ×K∗}

= {(δ−1 + 1, α, 0)|δ ∈ K∗} = C(K) \ {P}.
We take either f = (α + 1)x2 − αx2x3 with m ≥ 1 or f = 1 with m ≥ 2; for

e := em,f,x2x
q
3

we show that we have

(15) C \ [{(0, α, 0)} ∪ e(Z)] = {P} = Γe.
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We already know that the first identity of Equation (15) holds. To show that the
second identity of Equation (15) holds, let (β, αγ, δ) ∈ K2 ×K∗ and we consider
the system of equations (without the non-zero factor α of the second equation)

xy+yzq+1(yzq−xy+1)−β = (yzq+1−1)
(
f(y, z)z−y

)
+1−γ = zm(yzq+1−1)−δ = 0.

The third equation gives y = δ+zm

zm+q+1 . Based on this, the first equation gives xy =
β−yzq+1(yzq+1)

1−yzq+1 . Moreover, z must be a root of the polynomial h(z) = hm,f,γ,δ(z) ∈
K[z] we get by substituting y = δ+zm

zm+q+1 in (yzq+1 − 1)
(
f(y, z)z − y

)
+ 1 − γ and

clearing the denominators. If f = (α+1)x2−αx2x3 with m ≥ 1, then f(y, z)z−y =
(α+ 1)yz − αyz2 − y = −y(z − 1)(αz − 1) and

h(z) = (1− γ)z2m+q+1 − δ(zm + δ)(z − 1)(αz − 1).

If f = 1 with m ≥ 2 then h(z) = (γ−1)
δ z2m+q+1 − zm+q+2 + zm + δ.

We show that the assumption that all roots of h(z) = 0 are m-th root of −δ
leads to a contradiction. We can assume that there exists z0 ∈ K such that h(z0) =
0 = zm0 + δ. Clearly, z0 6= 0.

If f = (α + 1)x2 − αx2x3 with m ≥ 1, then h(z0) = (γ − 1)z2m+q+1
0 = 0

implies 1 − γ = 0 and hence h(z) = δ(zm + δ)(z − 1)(αz − 1). It follows that
δ + 1 = δ + α−m = 0, hence αm = −1, a contradiction.

If f = 1 with m ≥ 2, then we can assume that γ1 := (γ−1)
δ 6= 0. It follows

that γ1δ2zq+1
0 + δzq+2

0 = 0 and hence, as z0δ 6= 0, we have z0 = −γ1δ. As m ≥ 2,
we have 2m + q + 1 > m + q + 2, hence h(z) has degree 2m + q + 1. Thus
h(z) = −γ1(z + γ1δ)

2m+q+1 as z0 is the only possible root. By identifying the
coefficient of z, as m ≥ 2 we get that 0 = (2m + q + 1)γ2m+q+1

1 δ2m+q, hence
char(K) = p with p dividing 2m + q + 1. So all positive exponents of powers of
z that show up in h(z) with non-zero coefficients are divisible by p, i.e., p divides
also m and m+ q + 2, a contradiction.

For a root of h(z) which is not an m-th root of −δ, we have y 6= 0 and thus we
can solve for x and hence the system is consistent. From this and the descriptions
of Γd and em,f,g

(
Z(K)

)
= e

(
Z(K)

)
we get that the second identity of Equation

(15) also holds. Note that it follows that Z is a trap of e of dimension 2.
If f = (α+1)x2−αx2x3 with m ≥ 1, then for γ = 1−δ, the resulting polynomial

h(z) = δ[z2m+q+1 − (zm + δ)(z − 1)(αz − 1)] is separable of degree 2m+ q + 1 for
all δs outside a finite set, hence deg(e) = 2m+ q + 1; for each integer s ≥ 3, there
exist integers m ≥ 1 and q ≥ 0 such that s = 2m+ q + 1.

Similarly, if f = 1 with m ≥ 2, then for γ = δ + 1 the resulting polynomial
h(z) = z2m+q+1 − zm+q+2 + zm + δ is separable of degree 2m + q + 1 for all δs
outside a finite set, hence deg(e) = 2m + q + 1; for each integer s ≥ 5, there exist
integers m ≥ 2 and q ≥ 0 such that s = 2m+ q + 1.

As ι(e) = ∞, the sequence
(
φ(el)

)
l∈N is strictly increasing. As φ(e) = 1 by

Equation (15), from Lemma 3.2(2) we get that φ(el) ≤ l. From the last two
sentences we get that φ(el) = l for each l ∈ N. �

Proposition 16.13 shows that Theorem 16.8 (resp. Corollary 16.2) is optimal, i.e.,
it does not hold in general for endomorphisms that are not quasi-finite (resp. not
defined over finite fields) in dimensions at least 3. In order to supplement Corollary
16.2 for dimensions at most 2, we first prove the following general lemma.
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Lemma 16.14. Let e : X → X be an endomorphism of a variety over K with the
property that there exists P ∈ X(K) such that (♮e,P ) holds. For (q, r) ∈ N × N∗

with q < r, let Yq,r be the Zariski closure in X of the sequence
(
eq+ri(P )

)
i≥0

and
let Y −

q,r := ∪{Y ∈Irr(Yq,r)| dim(Y )>0}Y . Then the following properties hold.
(1) The generic points of the irreducible components of Y −

q,r are permuted tran-
sitively by er (hence Y −

q,r is equidimensional).
(2) There exists no n ∈ N such that en(P ) belongs to two or more irreducible

components of Y −
q,r.

(3) The number |Irr(Y −
q,r)| does not depend on q ∈ [[0, r − 1]].

(4) The number dim(Y −
q,r) does not depend on (q, r) ∈ N× N∗ with q < r.

(5) Each Y −
q,r is a union of irreducible components of Y −

0,1.
(6) If Z ∈ Irr(Y −

0,1) contains the sequence
(
eq+ri(P )

)
i≥0

, then Z is the Zariski
closure of this sequence.

(7) Let Z ∈ Irr(Y −
0,1) and s ∈ N∗ be such that es(Z) ⊂ Z. Then the endomor-

phism d : Z → Z induced by es is dominant and generically radicial. Moreover,
there exists m ∈ N such that em(P ) ∈ Z, condition (♮d,em(P )) holds and the orbit
{di

(
em(P )

)
|i ∈ N} is Zariski dense in Z.

Proof. As er(Yq,r) ∪ {eq(P )} is Zariski dense in Yq,r, er induces a dominant en-
domorphism of Y −

q,r and thus (see Remark 16.7) it permutes the generic points of
varieeties in Irr(Y −

q,r). Let Z1, Z2 ∈ Irr(I−q,r) with Z1 6= Z2. For i ∈ {1, 2} let
mi ∈ q + rN be such that emi(P ) ∈ Zi. We can assume that m1 < m2 and that
em2(P ) does not lie in any other irreducible component of Y −

q,r different from Z2.
So, as r divides m2 −m1, em2−m1(Z1) must be Z2 and part (1) holds. Due to the
transitivity property of part (1), Z1 is uniquely determined by m1 and thus part
(2) follows by taking m1 = n.

As Y −
0,r is equidimensional of some dimension l ∈ N∗, from part (1) it follows that

for each Z ∈ Irr(Y −
0,r), the Zariski closure of every ei(Z) with i ∈ N is of dimension

l. Thus, as Yq,r is the Zariski closure of eq(Y0,r) and Y0,1 = ∪r−1
j=0Yj,r, parts (3) to

(5) hold. Part (6) follows from part (4).
If m ∈ N is the smallest such that em(P ) ∈ Z, then (♮d,em(P )) holds as (♮e,P )

holds. For j ∈ N∗ such that js > m, the sequence
(
em+jsi(P )

)
i≥0

is a subsequence
of the orbit {di

(
em(P )

)
|i ∈ N}; thus from part (6) it follows that this orbit is

Zariski dense in Z. Let V be an open dense subvariety of Z such that dV :=
d ×Z 1V : e−1(V ) → V is finite. By shrinking V we can assume that dV is finite
flat of degree o ∈ N with (see [Gro4], Cor. (9.7.9)) all geometric fibers of the same
cardinality osep ∈ [[1, o]]. As V ∩ {di

(
em(P )

)
|i ∈ N∗} 6= ∅ by the Zariski density of

the mentioned orbit, we have osep = 1 by (♮d,em(P )). Thus dV is finite radicial; so
d is dominant and generically radicial. �
Proposition 16.15. Let e : X → X be an endomorphism of a variety over K of
dimension at most 2. If Γe is finite, then ι(e) ∈ N.

Proof. We show that the assumption that ι(e) = ∞ leads to a contradiction. We
can assume that there exists P ∈ X(K) such that (♮e,P ) holds by Lemma 16.5.
Let Y −

0,1 be the closed subvariety of X obtained from P as in Lemma 16.14; it is
equidimensional of dimension 1 or 2 and its irreducible components are permuted
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transitively by e by Lemma 16.14(1). Thus, if dim(Y −
0,1) = 1 then the endomorphism

of Y −
0,1 induced by e is dominant hence quasi-finite, so (♮e,P ) does not hold by

Theorem 16.8 and Lemma 16.5, a contradiction.14 Thus dim(Y −
0,1) = 2.

By replacing e with a power of it, we can assume that there exists Z ∈ Irr(Y −
0,1) ⊂

Irr(X) (so dim(Z) = 2) such that the endomorphism eZ : Z → Z induced by e is
dominant and generically radicial, (♮eZ ,em(P )) holds for some m ∈ N, and the orbit
{eiZ

(
em(P )

)
|i ∈ N} is Zariski dense in Z (see Lemma 16.14(7)).

Let W := ∪Z′∈Irr(X)\{Z}Z ∩ Z ′; we have e(W ) ⊂ W by Remark 16.7 and hence
the mentioned Zariski density gives that eiZ

(
em(P )

)
/∈ W for all i ∈ N. If Q1 ∈

(Z \W )(K) is e(Q0) for some Q0 ∈ X(K), then either Q0 ∈ (Z \W )(K) or Q0 is
one of the finitely many isolated points of X. Thus there exists a finite set W0 of
K-valued points of Z\W such that [Z\(W∪W0)] ⊂ Im(eZ). Let Y ⊂ [Z\(W∪W0)]
be a dense open subset such that the morphism e−1

Z (Y ) → Y induced by eZ (or e)
is finite radicial. Clearly, e−1

Z (Y ) ⊂ Z \W .
By counting points over finite fields (i.e., by considering a model eR of e over a

finitely generated Z-subalgebra of K and by reducing it modulo a maximal ideal
that has finite residue field) we see that the number of 1-dimensional irreducible
components of (Z \W )\e−1

Z (Y ) is equal to the number of 1-dimensional irreducible
components of (Z \W ) \ Y . But the generic points of irreducible components of
(Z \W ) \Y lie in the image of eZ . As e−1

Z (Y ) ⊂ e−1
Z (Z \W ) ⊂ Z \W , by counting

curves we see that (Z \W )\e−1
Z (Z \W ) has no 1-dimensional irreducible component

and no 1-dimensional irreducible component of e−1
Z (Z \W ) \ e−1

Z (Y ) is contracted.
In particular, the morphism d : e−1

Z (Z \W ) → Z \W induced by e is quasi-finite.
Let Y : Zn → Z be the normalization of Z and let eZn : Zn → Zn be the

endomorphism induced by e. Let W1 := Y−1(W ). Let W2 be the union of 1-
dimensional irreducible components of W1. Let Ω := Zn \W2; the open embedding
Ω → Zn is affine by Nagata Theorem (see [H1], Cor. 3.3). Thus e−1

Zn(Ω) → Zn is
affine, so the complement Zn \ e−1

Zn(Ω) is purely of codimension 1 (see [SGA2], Exp.
V, Ex. 3.4). But by the above part we get that eZn sends Y−1(Z \W ) to itself
except for finitely many K-valued points. So Zn\e−1

Zn(Ω) does not meet Y−1(Z\W ),
hence does not meet Ω which is obtained by adding the isolated points of W1. Thus
eZn restricts to an endomorphism eΩ : Ω → Ω which is quasi-finite as, up to finitely
many points, it is the normalization of d.

Let Q ∈ Ω(K) that lifts em(P ). As (♮eZ ,em(P )) holds, (♭eΩ,Q) holds and hence
ι(eΩ) = ∞ by Lemma 16.5, which contradicts Theorem 16.8. �

For a normal (possibly not connected) variety X over K, let ρX ∈ N be the rank
of the Néron–Severi group NS(X) of X (e.g., see [Kah], Thm. 3 for the classical
result that NS(X) is finitely generated). If l is a prime different from char(K), then
the Kummer sequence in the étale topos of X gives an injective homomorphism
NS(X)/lmNS(X) → H2

(
Reg(X), µlm

)
for all m ∈ N, hence the homomorphism

ıZ : NS(X)⊗Z Ql → H2
(
Reg(X),Ql(1)

)
= H2

(
Reg(X),Ql

)
is injective.15

14For an alternative proof see Example 27.5 of Section 27.
15The Kummer sequence applies as the group Pic

(
Reg(X)

)
a of divisor classes algebraically

equivalent to zero is divisible. If X is projective, this group is in bijection to the group of K-
valued points of the dual of the Albanese variety Alb(X) of X (see [Lang-S1], Ch. VI, Sect. 1, Thm.
1; one verifies that the proofs in the projective case give in general a surjection Pic

(
Alb(X)

)
a →

Pic
(
Reg(X)

)
a).
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The following supplement to Theorem 16.8 also generalizes Lemma 6.1(2).

Theorem 16.16. Let X be a non-empty variety X over K. For i ∈ {0, 1} let ri(X)
be the number of irreducible components of X of dimension dim(X)−i. Let Y be the
normalization of the union of irreducible components of X of dimension dim(X).
Let N(X) := r0(X) + r1(X) + ρ(Y )− 1. Then for each quasi-finite endomorphism
e : X → X and integer i ≥ N(X) we have dim

(
Im(ei) \ Im(ei+1)

)
≤ dim(X)− 2.

Proof. There exists i0 ∈ [[0, r0(X)−1]] such that the number of irreducible compo-
nents of dimension dim(X) of the Zariski closure X0 of ei0+j(X) in X is independent
on j ∈ N by Remark 16.7. Similarly, there exists i1 ∈ [[0, r1(X)]] such that the
number of irreducible components of dimension dim(X) − 1 of the Zariski closure
X1 of ei0+i1+j(X) in Z is independent of j ∈ N. For i ∈ {0, 1} let Yi be the nor-
malization of the union of irreducible components of Xi of dimension dim(X)− i.
It follows that e induces endomorphisms e0 : Y0 → Y0 and e1 : Y1 → Y1. As Y0 is a
clopen of Y , we have ρY0 ≤ ρY . To end the proof, by replacing e by e0, it suffices to
show that if X is normal and equidimensional, then for each quasi-finite endomor-
phism e : X → X, the assumption that there exists r ∈ N such that r > ρX and
dim

(
Im(er) \ Im(er+1)

)
≥ dim(X) − 1 leads to a contradiction. This assumption

implies that there exists a quasi-finite morphism ϕ : X → X \ (∪ri=1Yi), where
Y1, . . . , Yr are distinct irreducible closed subvarieties of X of dimension dim(X)−1
(say the one induced by er, with Yi ⊂ Im(ei−1) \ Im(ei)). Let

Ω := X \
[(

Sing(X) ∪ri=1 Sing(Yi)
)⋃

(∪1≤i<j≤rYi ∩ Yj)
]
;

it is an open subvariety of Reg(X) whose codimension in X is at least 2.
Let V := Ω \ (∪ri=1Yi). We have an exact complex

0 = ⊕ri=1H
1
Yi∩Ω(Ω,Ql) → H1(Ω,Ql) → H1(V,Ql)

→ ⊕ri=1H
2
Yi∩Ω(Ω,Ql)

ϕ∗

−→ H2
(
Reg(X),Ql

)
in the étale cohomology with Ql-coefficients; the last exactness follows from the
injectivity of ıReg(X), ıV and of the pullback homomorphism ϕ∗ : NS(V ) →
NS

(
ϕ−1(V ) ∩ Reg(X)

) ∼= NS
(
Reg(X)

)
.

As r > ρX , the divisor classes of the Yis with i ∈ [[i, r]] are dependent over
Ql, hence from the compatibility of cycle classes with algebraic equivalence (see
[SGA4.5], Cycle, Rm. 2.3.10) it follows that Ker(ϕ∗) 6= 0. Thus

(16) dimQl
(
H1(V,Ql)

)
> dimQl

(
H1(Ω,Ql)

)
= dimQl

(
H1(Reg(X),Ql)

)
with the equality by the purity of branch loci (see [SGA2], Exp. X, Thm. 3.4 (i)).

Let j :W → V be an open embedding such that ϕ is finite overW . The functorial
homomorphism ϕ∗ : H1(W,Ql) → H1

(
ϕ−1(W ),Ql

)
is injective as it has a left

inverse which is deg(ϕ)−1 times the trace map H1
(
ϕ−1(W ),Ql

)
→ H1(W,Ql) (see

[SGA4-3], Exp. XVII, Thm. 6.2.3 and Ex. 6.2.6). The restriction homomorphism
H1(V,Ql) → H1(W,Ql) is injective as for finite coefficients Λ we have Λ = j∗(Λ).

From the last two sentences we get that the composite of ϕ∗ : H1(V,Ql) →
H1

(
ϕ−1(V ),Ql

)
with the restriction H1

(
ϕ−1(V ),Ql

)
→ H1

(
ϕ−1(W ),Ql

)
is injec-

tive, hence ϕ∗ : H1(V,Ql) → H1
(
ϕ−1(V ),Ql

)
itself is injective. Also, the restriction

H1
(
ϕ−1(V ),Ql

)
→ H1

(
ϕ−1(V )∩Reg(X),Ql

) ∼= H1
(
Reg(X),Ql

)
is injective. From

the last two sentences we get that Inequality (16) is false, a contradiction. �
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Remark 16.17. Let Xperf be the perfection of a variety X over k and we consider
an endomorphism e : Xperf → Xperf with finite fibers. Then the proof of Theorem
16.8 applies to give that ι(e) ∈ N and the proof of Theorem 16.16 applies to give
that for every integer i ≥ N(X) we have dim

(
Im(ei) \ Im(ei+1)

)
≤ dim(X)− 2. If

Frobk : Spec k → Spec k is the Frobenius automorphism, then there exists m ∈ Z
such that e is defined by a quasi-finite morphism X → (Frobmk )∗(X). If dim(X) ≤ 2
and d : Xperf → Xperf is an endomorphism such that Γd is finite, then the proof of
Proposition 16.15 applies to give that ι(d) ∈ N; there exists l ∈ Z such that d is
defined by a morphism dl : X → (Froblk)∗(X) with (Froblk)∗(X) \ Im(dl) finite.

17. On the gap invariants for n = 2

To compute the set {φ(e)|e ∈ EE2(k), ψe is non-regular} we apply in the context
of Example 14.1 the following result which is in contrast to the n = 1 case where
only the strong 2-transitivity holds.

Proposition 17.1. Assume that n ≥ 2. Let m ∈ N∗ and let K be a field with
|K| ≥ m(m−1)

2 + 1. If P1, . . . , Pm and Q1, . . . , Qm are two sequences of m distinct
points of AnK,s(K) and AnK,t(K) (respectively), then there exists a tame automorphism
a = e(f1, . . . , fn) ∈ GAn(K) such that for all i ∈ [[1,m]] we have a(Pi) = Qi,
π(f1, . . . , fn) ≤ max{1, (m − 1)2} and π(F1, . . . , Fn) ≤ max{1, (m − 1)2}, where
a−1 = e(F1, . . . , Fn).

Proof. As |K| ≥ m(m−1)
2 + 1, a vector space over K of dimension n − 1 is not

the union of at most m(m−1)
2 affine subsets of dimension n − 2. Hence there exist

(α1, . . . , αn), (β1, . . . , βn) ∈ Kn such that α1 = β2 = 1 and for the tame auto-
morphisms a1 := e(

∑n
i=1 αixi, x2, . . . , xn) and a2 := e(x1,

∑n
i=1 βixi, x3, . . . , xn),

by defining (αi1, . . . , αin) := a1(Pi) and (βi1, . . . , βin) := a2(Qi) for i ∈ [[1,m]],
α11, . . ., αm1 and β12, . . . , βm2 are two sequences of m distinct elements of K.
As |K| ≥ m, there exist tame automorphisms b1 := e

(
x1, x2 − g2(x1), . . . , xn −

gn(x1)
)

and b2 := e
(
x1 − h1(x2), x2, x3 − h3(x2), . . . , xn − hn(x2)

)
defined by La-

grange interpolating polynomials g2, . . . , gn, h1, h3, . . . , hn ∈ K[x] of degree at most
m − 1 such that for all i ∈ [[1,m]] we have b1(αi1, βi2, 0, . . . , 0) = a1(Pi) and
b2(αi1, βi2, 0, . . . , 0) = a2(Qi). Taking a := a−1

2 b2b
−1
1 a1, so a−1 = a−1

1 b1b
−1
2 a2, the

proposition holds. �

In Proposition 17.1, the existence of a over infinite fields is well-known (e.g., [Sr],
Thm. 2), so the only new things it brings are the estimates given by inequalities.

Definition 17.2. Let n, q ∈ N with n ≥ 2. By the affine space of dimension n
punctured in q points over K we mean the quasi-affine smooth variety Bnq,K over K
obtained from AnK by removing q distinct K-valued points.

Proposition 17.1 implies that, as the notation suggests, the isomorphism class of
Bnq,K over K depends only on n ≥ 2 and q. We have Bn0,K = AnK .

Example 17.3. Let e ∈ QF2(K) be such that φ(e) > 0 and ςe = 1. So the
E := {P ∈ k2||e−1(P )| = 1} is non-empty. We assume that E is infinite. E.g., if e
is as in Example 2.11 we have E ⊃ K∗ × {α ∈ K|f(α) = 0}, if K = k and e is as
in Example 13.2 with s ≥ 1 we have E = {α1, . . . , αs} × k∗, and if K = k and e is
as in Example 14.1 we have E ⊃ {0} × (k \ I∗p,m,q).
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Let Γ := Γe. Let (l, s) ∈ [[0, |Γ|]]×N∗. Let Γ0 be a subset of Γ with |Γ0| = l. Let
Γ⊥
0 := Γ \Γ0; we have |Γ⊥

0 | = φ(e)− l. Let al,s ∈ GA2(K) be such that by defining
dl,s := eal,s ∈ QF2(K) and Γi := dl,s(Γi−1) and Γ⊥

i := dl,s(Γ
⊥
i−1) for i ∈ [[1, s]],

for each i ∈ [[0, s − 1]] we have al,s(Γi) ⊂ [e−1(E)] \ Γ and al,s(Γ
⊥
i ) ∩ e−1(E) = ∅;

the existence of al,s follows from Proposition 17.1 applied to sφ(e) points. We have
disjoint unions tsi=0Γi and tsi=0Γ

⊥
i with (s+1)l and (s+1)[φ(e)− l] (respectively)

elements. We have Γi ⊂ Im(dil,s) \ Im(di+1
l,s ) for each i ∈ [[1, s]] as d−1

l,m(Γj) = Γj−1

for j ∈ [[0, i]] implies that d−i−1
l,s (Γi) = d−1

l,s (Γ0) = ∅. Thus, with Notation 3.1
applied to dl,s(K) : K2 → K2 but using only dl,s instead of dl,s(K), we have
Ei(dl,s) ⊂ ∪ij=1d

j
l,s(Γ) by Lemma 3.2(4), so Ei(dl,s) ⊂ ∪ij=1(Γj∪Γ⊥

j ). It follows that
E1
i (dl,s) = tij=1Γj for each i ∈ [[1, s]]. Thus ϱdl,s ≥ ls, ξdl,s ≥ s, and ι(dl,s) ≥ s+ 1

but φ(dl,s) = φ(e) and deg(dl,s) = deg(e) do not depend on either l or s.

Directly from Example 17.3 we get the following result.

Corollary 17.4. For each r ∈ N∗ the sets {ι(e)|e ∈ EE2(k), φ(e) = r, ψe is étale},
{ι(e)|e ∈ EE2(k), φ(e) = r, ψe is non-étale} and {ι(e)|e ∈ QF2(K), φ(e) = r} are
infinite.

Example 17.5. We refer to e ∈ EE2(k) of Example 14.1; hence φ(e) = mq − 1,
Γe = {(0, β)|β ∈ I∗p,m,q} and the set B := {P ∈ k2|e−1

(
(e(P )

)
= {P}} is equal to

{
(
−(1 + (−1)mβmq−1)−q, β + (−1)mβmq

)
|β ∈ k \ I∗p,m,q}. We apply Example 17.3

with l ∈ [[0,mq−1]] and s ∈ N∗; e.g., as F(e) = {0, 1,mq−1}, if mq > 1 and s = 1,
al,1 ∈ GA2(k) is subject to the only constraint that for Γ0 := {P ∈ Γe|al,1(P ) ∈ B}
we have |Γ0| = l. If P ∈ E1(dl,s) \ E1

1 (dl,s) ⊂ dl,s(Γ0) \Γ1, then P ∈ Γ⊥
1 is such that

e−1(P ) is contained in Γ \ Γ0 = Γ⊥
0 ; as |Γ⊥

0 | = mq − 1 − l and F(dl,s) = F(e) =
{0, 1,mq− 1}, such a point P can exist only when l = 0 and if it exists it is unique.
Thus for l ∈ [[1,mq−1]], the set E1(dl,s) = E1

1 (dl,s) = Γ1 has l elements. Moreover,
(17) φ(d2l,s) = φ(dl,s) + l and ι(dl) ≥ 2

by Lemma 3.2(3). Based on Proposition 17.1 applied to mq−1 points and Example
14.1, we can choose al,1 such that we have
π(g1, g2) ≤ max{mq +max{(mq − 1)q,m}, (mq − 2)2[mq +max{(mq − 1)q,m}]}.
We have φ(d2mq−1,s) = 2φ(dmq−1,s). If mq = pr with r ∈ N∗, then Ip,m,q = Fpr ;
thus for l ∈ [[1,mq − 1]], al,s is not defined over Fpr .

Theorem 17.6. We have identities {φ(e)|e ∈ EE2(k), ψe is non-étale} = N and
{φ(e)|e ∈ D2(K) \QF2(K) defined over the prime field of K, ι(e) ∈ N} = N∪{∞}.

Proof. Let r ∈ N. To show that there exists er ∈ EE2(k) such that φ(er) = r,
in order to compute the geometric degrees and estimate the algebraic degrees,
we consider four disjoint cases as follows. In all cases er are composites of étale
endomorphisms among which at least one has a Jacobian surface which is non-étale
based on Theorem 2.4(3) and hence ψer is automatically non-étale.

Case 1: r = 0. We take e0 to be a composite cd with d non-étale with deg(d) =
p, φ(d) = p − 1, and π(d) ≤ 2p if p > 2 and with deg(d) = 4, φ(d) = 3, and
π(d) ≤ 8 if p = 2 (see Theorem 2.4(3)) and with c a finite étale endomorphism with
deg(c) = p and π(c) ≤ p if p > 2 and with deg(c) = 4 and π(c) ≤ 4 if p = 2. As
φ(d) < deg(c), e0 = cd is surjective, i.e., φ(e0) = 0.
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Case 2: r = po − 1 with o ∈ N∗ and (p, o) 6= (2, 1). We take er to be the e
of Example 14.1 with m = po and q = 1, thus deg(er) = mq = po, φ(er) = r, and
π(er) ≤ 2mq = 2po.

Case 3: po− 1 < r < p(o+ 1)− 1 with o ∈ N∗. We take er to be d2r−po+1,s of
Example 17.5 applied to m = po and q = 1; as r − po + 1 ∈ [[1,mq − 1]] we have
φ(er) = φ(dr−po+1,s) + r − po+ 1 = r, deg(er) = deg(dr−po+1,s)

2 = (mq)2 = p2o2,
and when s = 1 we have π(er) ≤ max{4p2o2, 4p2o2(po− 2)4}.

Case 4: r ∈ [[1, p − 2]] or (p, r) = (2, 1). Let epr ∈ EE2(k) be such that
φ(epr) = pr (see Case 3 with o = r); we have relations deg(epr) = (pr)2 and
π(epr) ≤ max{4p2r2, 4p2r2(pr − 2)4}. Based on Proposition 17.1, let a ∈ GA2(k)
be such that the set Γaepr is Fp × Ir with Ir a subset of k that has r elements.
If er is the composite of aepr : A2

k,s → A2
k,t with the finite étale endomorphism

A2
k,t → A2

k,t which is identified naturally with the quotient epimorphism G2
a,k →

G2
a,k/(Fp × 0) ∼= G2

a,k, then Γer = {0} × Ir, hence φ(er) = r; we have relations
deg(er) = p deg(epr) = p3r2 and π(er) ≤ max{4p3r2, 4p3r2(pr− 2)4}. As ςer − 1 ≥
p− 1 ≥ r, we have ι(er) = 1 by Example 16.1.

All endomorphisms of this paragraph are defined over the prime field of K. The
rule (x, y) 7→ (xy, y) (resp. (x, y) 7→ (xy, y+1)) defines eK ∈ D2(K) \QF2(K) with
π(eK) = 2, φ(eK) = ∞ and ι(eK) = 1 (resp. and ι(eK) equal to ∞ if char(K) = 0
by Example 16.11(1) and equal to p if char(K) = p). The rule (x, y) 7→ (xy, y2+ y)
defines dK ∈ D2(K) \ QF2(K) with φ(dK) = ι(dK) = 0 and π(dK) = 2. If r ∈ N∗,
let er,K ∈ QF2(K) be such that π(er,K) ≤ 2q + 1 and φ(er,K) = r (see Example
2.11); we have φ(er,KdK) = r, π(er,KdK) ≤ 4q + 2, and Corollary 16.2 gives
ι(er,KdK) ∈ N∗ provided char(K) = p. If char(K) = 0, then for a finite surjective
endomorphism c ∈ End2(K) with ςc ≥ 2, we have er,KdKc ∈ D2(K) \ QF2(K) by
Remark 6.2, φ(er,KdKc) = r and (see Example 16.1) ι(er,KdKc) ∈ N. �

We have the following consequence of either Theorem 2.4(2) or Theorem 17.6.

Corollary 17.7. Let l, q ∈ N. Then there exist an affine connected smooth surface
Y over Spec k that has an open subvariety isomorphic to A2

k and that is equipped
with an étale endomorphism d : Y → Y whose complement Y \ d(Y ) is a disjoint
union of l copies of A1

k and of q points.

Proof. We can assume l ≥ 1 by either Theorem 2.4(2) or Theorem 17.6. Let
e ∈ EE2(k) be such that φ(e) = q and deg(e) ≥ p. Let m ∈ N∗ be such that
pm − 1 ≥ l. Let (f, g) := (tpm−1 − 1, 1) ∈ Θ1

k,m. We take Y to be an open
subvariety of S2f,g,k which is the union of Im(ıf,g,k) and of l connected components
of D1

f,g,k (see Section 2; |Irr(D1
f,g,k)| = pm − 1). Let ıY : Y → S2f,g,k be the open

embedding and let ıf,g,k,Y : A2
k → Y be the factorization of ıf,g,k; as cf,g,k ◦ ıf,g,k

is surjective, so is cf,g,k ◦ ıY . Then the endomorphism

d := ıf,g,k,Y ◦ e ◦ cf,g,k ◦ ıY : Y → Y

is étale and Y \ d(Y ) = Y \ Im(ıf,g,k) t Γe is a disjoint union of l copies of A1
k and

of q points; we have deg(d) = pm deg(e) ≥ p(l + 1). For deg(e) = p (see Theorem
2.4(2) for q ≥ 1) and m := d l+1

p e we get the smallest value deg(e) = p2d l+1
p e. �

Corollary 17.8. For each (m, q) ∈ N2, with the notation of Definition 17.2 the
following properties hold.
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(1) There exists a surjective étale morphism dm,q : B2
m,k → B2

q,k which extends
(or which does not extend) to a finite étale cover of B2

q,k.
(2) There exists a surjective quasi-finite morphism dm,q : B2

m,K → B2
q,K .

Proof. The existence of d0,q in part (1) follows from Theorem 2.4(2) in case we want
it to extend to a finite étale cover of B2

q,k and from Theorem 17.6 in case we do not
want it to extend to a finite étale cover of B2

q,k. The existence of d0,q in part (2)
follows from Example 2.11. If q > 0, then d0,q is generically étale and non-birational.
For part (1) (resp. (2)), we choose d0,0 to be étale (resp. generically étale) and finite
non-birational. Hence there exists an infinite number of points P ∈ B2

q,k(k) (resp.
P ∈ B2

q,k(K)) such that |d−1
0,q(P )| ≥ 2; by removing from each one of m such distinct

fibers one point, d0,q restricts to a surjective morphism dm,q : B2
m,k → B2

q,k (resp.
dm,q : B2

m,K → B2
q,K) which is étale (resp. quasi-finite). �

18. Proof of Corollary 2.5

Proof of Corollary 2.5. Based on Lemma 15.2(2), to prove Corollary 2.5 we can
assume that n = l+2. Let d ∈ EE2(k) be such that φ(d) = q by Theorem 2.4(2) or
Theorem 17.6 and let (g1, g2) ∈ k[x1, x2]

2 define d. Let (s1, s2) ∈ (N∗)2 be such that
ps1 > deg(g1) and ps2 > deg(g2). We write X = Spec

(
k[x3, . . . , xn]/(f1, . . . , fm)

)
,

with m ∈ N and (f1, . . . , fm) a radical ideal of k[x3, . . . , xn]. Then the n-tuple(
g1 +

m∑
i=1

x
p(s1+i−1)
1 fi, g2 +

m∑
i=1

x
p(s2+i−1)
2 fi, x3, . . . , xn

)
∈ k[x1, . . . , xn]

n

defines an endomorphism e ∈ EEn(k) that induces the endomorphism d × 1X on
A2
k ×Speck X and an étale endomorphism dP × 1P on A2

k ×Speck P for each P ∈
[Spec (k[x3, . . . , xn])\X](k) which is finite (hence surjective) by Fact 15.1(2). Thus
we have Γei = Γdi ×X for every i ∈ N∗. Hence ι(e) = ι(d) and thus ι(e) ∈ N by
Theorem 16.8. Corollary 2.5 holds by taking qi := φ(di) for each i ∈ N∗ (so q1 = q).

Newxt we use the proof of Corollary 2.5 in a way that relates to the traps of
Example 16.11 in order to show that there exists e ∈ QF3(K) such that ι(e) ∈ N
and Γ+

e is infinite (cf. Lemma L1(6)).
Example 18.1. Assume K is not an algebraic closure of a finite field. Let α ∈ K∗

of infinite multiplicative order. If char(K) = 0 (resp. char(K) = p) let e ∈ QF2(K)
(resp. e ∈ EE2(K)) be such that φ(e) > 0. Let (g1, g2) ∈ k[x1, x2]

2 define e
and let (s1, s2) ∈ (N∗)2 (resp. (s1, s2) ∈ p(N∗)2) be such that s1 > deg(g1) and
s2 > deg(g2). Then the triple

(
g1 + (x3 − 1)xs11 , g2 + (x3 − 1)xs22 , αx3

)
defines a

d ∈ QF3(K) (resp. d ∈ EE3(k)) such that φ(d) = φ(e), Γd is the finite set Γe×{1}
with Γ+

d = ∪i∈Nd
i(Γd) infinite, and ι(d) ∈ N by either Theorem 16.8 or Lemma

3.2(10) as it is easy to see that the set {P ∈ Γ+
d ||d−1(P )| = 1} is finite. If φ(e) = 1,

then d induces a bijection Γ+
d → Γ+

d \ Γd.16

Lemma 15.2(2) increases geometric and algebraic degrees considerably as n
grows: e.g., if p > 3 and e ∈ EE2(k) is as in Example 13.2 with deg(e) = pm
and deg(g) = 1 (hence s = 1), then for d ∈ EE3(k) as in the proof of Lemma
15.2(2) we have deg(d) ≥ 5p2m and for a d2 ∈ EE4(k) obtained from d as in the
proof of Lemma 15.2(2) we have deg(d2) ≥ 2p3(5m + 1). We include an example

16If char(K) = 0, then we can also take the triple
(
g1 + x3x

s1
1 , g2 + x3x

s2
2 , x3 +1

)
to define d.
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that starts from two cases of Example 14.1, that pertain to Corollary 2.5 with l = 1
and with either q = p2 − p and e ∈ BE2(k) or q = p − 1 and e ∈ EE2(k), and
that for n ≥ 3 involve smaller geometric and algebraic degrees than what Lemma
15.2(2) would give when n increases.

Example 18.2. Assume n ≥ 3. Let e ∈ BEn(k) be defined by the n-tuple(
x1 − xp

2

1 x
p(p2−1)
2 , x2 − xp1x

p2

2 − xp3, x3 − xp3 −
n∑
i=4

xpi x
p2+p(i−4)
3 , x4, x5, . . . , xn

)
in ks[x1, . . . , xn]

n (cf. Example 14.1 applied to m = q = p and Ip,p,p = Fp2). For
α := (α1, . . . , αn) ∈ kn, the number s(α) of solutions of the F3-system

x1−xp
2

1 x
p(p2−1)
2 −α1 = x2−xp1x

p2

2 −xp3 −α2 = x3−xp3 −
n∑
i=4

xpi x
p2+p(i−4)
3 −α3 = 0

equals the number of solutions of the Fn-system obtained by adding to the F3-
system the n− 3 equations xi − αi = 0 indexed by i ∈ [[4, n]].

Case 1: there exists i ∈ {4, . . . , n} such that αi 6= 0. Then the equation

x3 − xp3 −
n∑
i=4

αpi x
p2+p(i−4)
3 = 0

has at least p2 distinct zeros, hence it has a zero β such that βp + α2 /∈ F∗
p2 . From

this and Example 14.1 applied as mentioned we get that s(α) > 0.
Case 2: α4 = α5 = · · · = αn = 0. If β ∈ k is a zero of the equation x3−xp3−α3 =

0, then {β + i|i ∈ Fp} is the solution set of this equation. From this and Example
14.1, as βp + α2 ∈ Fp2 \ Fp ⇔ {βp + ip + α2|i ∈ Fp} ⊂ I∗p,p,p = F∗

p2 we get that
s(α) = 0 ⇔ [α1 = −1 and βp + α2 ∈ Fp2 \ Fp].

Based on the two cases we get a disjoint union decomposition
Γe = tα∈Fp2\Fp{(−1,−tp + α,−tp + t, 0, 0, . . . , 0)|t ∈ k}

into p2 − p curves isomorphic to A1
k.

If d ∈ EEn(k) is defined by(
x1 − xp1x

p−1
2 , x2 − xp1x

p
2 − x3, x3 −

n∑
i=4

xix
p(i−3)
3 , x4, x5, . . . , xn

)
∈ k[x1, . . . , xn]

n

(cf. Example 14.1 applied to m = p, q = 1 and Ip,p,1 = Fp), then a similar argument
gives a disjoint union decomposition

Γd = tα∈F∗
p
{(−1,−t+ α, t, 0, 0, . . . , 0)|t ∈ k}

into p− 1 curves isomorphic to A1
k.

19. Proof of Theorem 2.7

For q ∈ N∗, we denote by Fpq all functorial endomorphisms of linear algebraic
group over SpecFpq which for GLGLGLn,Fpq s is defined by the rule that maps each matrix
into the matrix whose entries are raised to the pq-th power. For Lang torsors we
refer to [Bore2], Ch. V, Thm. 16.3 and Cor. 16.4.

The Lang torsor for SLSLSL2,k over SpecFpq is a morphism
L : SLSLSL2,k,s = SLSLSL2,k → SLSLSL2,k,t = SLSLSL2,k
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defined by the following rule[
w x
y z

]
7→

[
w x
y z

]
· Fpq

([
w x
y z

])−1

=

[
wzp

q − xyp
q −wxpq + xwp

q

yzp
q − zyp

q −yxpq + zwp
q

]
on valued points; so L is a right SLSLSL2(Fpq )-torsor under the right translation action
of SLSLSL2(Fpq ) on SLSLSL2,k,s (cf. [Bore2], Ch. V, Cor. 16.4).

Let ⋆ ∈ {+,−}. Let B⋆ be the Borel subgroup scheme of SLSLSL2 of 2×2 matrices of
determinant 1 that are upper triangular if ⋆ = + and are lower triangular if ⋆ = −;
we have a short exact sequence 1 → U⋆ → B⋆ → Gm → 1 of group schemes over
SpecZ, where U⋆ ∼= Ga is the unipotent radical of B⋆.

The product morphism
T : U3

k := U−
k ×Speck U

+
k ×Speck U

−
k

∼= A3
k → SLSLSL2,k,t

is defined by the k-algebra homomorphism T # : kt[w, x, z, x
−1] → k[x1, x2, x3] that

maps w, x, y and z to 1 + x2x3, x2, x1 + x3 + x1x2x3 and 1 + x1x2 (respectively).
Thus T is birational; more precisely, it induces an isomorphism
(18) U3

k \Dk = Spec (k[x1, x2, x3, x−1
2 ]) ∼= SLSLSL2,k,t \B−

k = Spec (kt[w, x, z, x
−1]),

where D := U− ×SpecZ 1U+ ×SpecZ U
− with 1U+ as the identity element subgroup

scheme of U+. Hence Dk = T −1(B−1
k ) and the pullback T ∗ on divisor groups

defined by T is bijective.
We view T and L as Ga,k-invariant morphisms, the actions of Ga,k on U3

k , SLSLSL2,k,t
and SLSLSL2,k,s being defined by the identification Ga,k = U−

k and the respective rules
on valued points(
u, (u1, u2, u3)

)
7→

(
u · u1, u2, u3 ·Fpq (u)−1

)
, (u, x) 7→ u · x ·Fpq (u)−1, (u, x) 7→ u · x.

We consider the cartesian diagram of Ga,k-varieties

X3
k

I //

M3

��

SLSLSL2,k,s

L
��

U3
k

T // SLSLSL2,k,t

which is defined over Fpq ; so X3
k has a canonical model X3 which is a Ga,Fpq -variety

over SpecFpq . Moreover, M3 : X3
k → U3

k is a right SLSLSL2(Fpq )-torsor. From the rule
defining L and the description of T # we get that

X3
k = Spec k[x1, x2, x3, w, x, y, z]/(J),

where J is the ideal generated by x2x3 − wzp
q

+ xyp
q − 1, x2 + wxp

q − xwp
q ,

x1x2x3 + x1 + x3 − yzp
q

+ zyp
q , x1x2 + yxp

q − zwp
q − 1, and wz − yz − 1.

We have a disjoint union decomposition

B2
k := L−1(B−

k ) = tp
q+1
i=1 B−

k τi

where τ1, . . . , τpq+1 ∈ SLSLSL2(Fpq ) are representatives of the quotient set

B−(Fpq )\SLSLSL2(Fpq ).

For each i ∈ [[1, pq + 1]] we have a disjoint union decomposition

B−
k τi ∩ L−1

(
T (Dk)

)
= B−

k τi ∩ L−1(U−
k ) = tp

q−1
j=1 U

−
k ϖjτi
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where ϖ1, . . . , ϖpq−1 ∈ B−(Fpq ) are representatives of the quotient set

U−(Fpq )\B−(Fpq ).

E.g., if we choose {τ1, . . . , τpq+1} = {
[

α 1
−1 0

]
|α ∈ Fpq} ∪ {

[
1 0
0 1

]
} and

{ϖ1, . . . , ϖpq−1} = {
[
β 0
0 β−1

]
|β ∈ F∗

pq}, it follows that B2
k is the closed sub-

scheme of SLSLSL2,k defined by the equation wp
q

x = wxp
q and one computes that

Ga,k\[SLSLSL2,k,s \ B2
k]

∼= A2
k \ [{(0, 0)} ∪ {(x1, x2)|(x1 : x2) ∈ P1(Fpq )}].

From the last two disjoint union decompositions we get that for each i ∈ [[1, pq+
1]] we have a disjoint union decomposition into irreducible divisors

I−1(B−
k τi) = tp

q−1
j=1 I−1(U−

k ϖjτi)

that are canonically isomorphic to the fiber product

Dk ×T |Dk,U−
k ,L|U−

k
U−
k

∼= A2
k.

Here T |Dk : Dk → U−
k and L|U−

k : U−
k → U−

k are restrictions of T and L (respec-
tively) with codomains replaced by U−

k and the product morphism T |Dk is a trivial
line bundle. From these disjoint union decompositions and canonical isomorphisms
and the existence of the Isomorphism (18), we get that the pullback I∗ on divi-
sor groups defined by I is injective. From this and the identity O(SLSLSL2,k,s)

∗ = k∗

implied by the existence of T , we get that O(X3
k)

∗ = k∗.
As M3 : X3

k → U3
k is a right SLSLSL2(Fpq )-torsor, by taking quotients through the

p-Sylow subgroup H⋆ := U⋆(Fpq ) of SLSLSL2(Fpq ), we get a finite étale morphism

(19) Y3,⋆
k := X3

k/H
⋆ → A3

k

of degree p2q − 1 with O(Y3,⋆
k )∗ = k∗ and a birational morphism I/H⋆ : Y3,⋆

k →
SLSLSL2,k,s/H

⋆, both defined over Fpq . To show that SLSLSL2,k,s/H
⋆ is rational we can

work only with ⋆ = − and this case follows from the fact that T is H−-invariant
inducing a birational morphism

U3
k/H

− = U−
k ×Speck U

+
k ×Speck (U

−
k /H

−) → SLSLSL2,k,s/H
−;

note that (U−
k /H

−) ∼= U−
k

∼= Ga,k (see [SGA3-2], Exp. XVII, Props. 2.2 and 4.1.1).
Taking quotients throughG⋆ := B⋆(Fpq ), we similarly get a finite étale morphism

(20) W3,⋆
k := X3

k/G
⋆ → A3

k

of degree pq + 1 with O(W3,⋆
k )∗ = k∗ and a birational morphism I/G⋆ : W3,⋆

k →
SLSLSL2,k,s/G

⋆, both defined over Fpq . To show that W3,⋆
k is rational we can work only

with SLSLSL2,k,s/G
⋆ and assume that ⋆ = +. As the product morphism U−

k ×SpeckB
+
k →

SLSLSL2,k is G+-invariant and an open embedding, it induces an open embedding

U−
k ×Speck (B

+
k /G

+) → SLSLSL2,k,s/G
+.

The Lang torsor for B+
k over SpecFpq induces an isomorphism B+

k /G
+ ∼= B+

k
∼=

A1
k ×Speck Gm,k. From the last two sentences we get that SLSLSL2,k,s/G

+ is birational
to A2

k ×Speck Gm,k and thus it is rational.
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The morphism M3 and Morphisms (19) and (20) already give Theorem 2.7(1)
for n = 3. To get it for n = 2, we recall that our varieties come with Ga,k-actions
by which we can quotient and define

Ek := M−1
3 (Dk) = M−1

3

(
T −1(B−

k )
)
= (T ◦M3)

−1(B−
k ) = (L ◦ I)−1(B−

k )

= I−1
(
L−1(B−

k )
)
= ti∈[[1,pq+1]]I−1(B−

k τi) = t(i,j)∈[[1,pq+1]]×[[1,pq−1]]I−1(U−
k ϖjτi).

The morphism I induces an isomorphism
(21) X3

k \ Ek ∼= SLSLSL2,k,s \ B2
k.

We refer to Ek and B2
k as the exceptional divisors.

Let
U2
k := Ga,k\U3

k
∼= U3

k/V
1
k
∼= G2

a,k,

where V 1
k is the connected smooth subgroup of U3

k defined by the two equations

Fpq (u1)u3 = u2 =

[
1 0
0 1

]
; recall that valued points of U3

k are triples (u1, u2, u3)

and Ga,k acts on U3
k by multiplication by elements of V 1

k . The quotient morphisms
U3
k → U2

k and SLSLSL2,k,s → Ga,k\SLSLSL2,k,s ∼= [A2
k \ {(0, 0)}] are geometric quotients and

principal fiber bundles in the sense of [MFK], Ch. 0, Defs. 0.6 and 0.10.
We have a natural dominant morphism Ga,k\[SLSLSL2,k,s \ B2

k] → U2
k defined by

M3 via the Isomorphism (21) and we define X2
k to be the normalization of U2

k

in the field of fractions of Ga,k\[SLSLSL2,k,s \ B2
k]. We have a natural finite morphism

M2 : X2
k → U2

k and O(X2
k) is the k-subalgebra of O(X3

k) of Ga,k-invariant functions.
Thus the inclusion between k-subalgebras of Ga,k-invariant functions induced by I

O(Ga,k\SLSLSL2,k,s) = O(SLSLSL2,k,s)
Ga,k → O(X2

k) = O(X3
k)

Ga,k

defines a birational morphism
(22) M2 : X2

k → Spec
(
O(Ga,k\SLSLSL2,k,s)

) ∼= SpecO
(
A2
k \ {(0, 0)}

) ∼= A2
k;

more precisely, from Zariski’s Main Theorem we get that Ga,k\[SLSLSL2,k,s \ B2
k] is an

open subvariety of X2
k. Thus the natural morphism

(23) X3
k → U3

k ×U2
k
X2
k

between normal integral finite schemes over U3
k is birational and therefore it is a

Ga,k-invariant isomorphism. This implies that the morphism
X3
k → X2

k

is a Ga,k-torsor. As the Ga,k-action on X3
k commutes with the right action of

SLSLSL2(Fpq ), SLSLSL2(Fpq ) acts on X2
k and the Isomorphism (23) is SLSLSL2(Fpq )-invariant.

Thus X2
k → U2

k is a right SLSLSL2(Fpq )-torsor and we get morphisms

(24) Y2,⋆
k := X2

k/H
⋆ → U2

k and W2,⋆
k := X2

k/G
⋆ → U2

k .

The Isomorphism (23) induces isomorphisms
Y3,⋆
k → U3

k ×U2
k
Y2,⋆
k and W3

k → U3
k ×U2

k
W2,⋆
k

which imply that Y2,⋆
k and W2,⋆

k are rational with group of units equal to k∗ and
that the morphisms

Y3,⋆
k → Y2,⋆

k and W3,⋆
k → W2,⋆

k

are Ga,k-torsors.
Theorem 2.7(1) for n = 2 follows from the existence of Morphisms (22) and (24).
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Assume pq = 2. Then SLSLSL2(F2) is the symmetric group S3 and it has a normal
cyclic subgroup C3 of order 3 generated by

τ :=

[
0 1
1 1

]
.

We choose the τis such that we have {τi|i ∈ [[1, 3]]} = C3. Let
V3
k := X3

k/C3 and V2
k := X2

k/C3;

they have canonical models V3 and V2 (respectively) over SpecF2. Moreover, V3

is a Ga,F2
-variety. The morphisms M3 and M2 factor through finite Galois covers

(25) V3
k → A3

k = Spec (k[x1, x2, x3]) and V2
k → A2

k

(respectively) of degree 2 and as above we argue that we have an isomorphism V3
k →

U3
k×U2

k
V2
k and that V3

k → V2
k is the geometric quotient of the Ga,k-action on V3

k. As
C3 permutes the irreducible components of the exceptional divisors, we get that the
image of Ek in V3

k is an irreducible divisor Jk given by the equation x2 = 0; thus x2 is
a prime element of A := O(V3

k). As I−1(Uk) = Uk×Speck 1U+
k
×SpeckUk ∼= A2

k is an
irreducible component of Ek, A/Ax2 is a polynomial k-algebra in 2 indeterminates.
Moreover, Isomorphism (21) induces an isomorphism

Spec (Ax2
) = V3

k \ Jk ∼= (SLSLSL2,k \ B2
k)/C3 = Spec (ks[w, x, z]v)/C3

with v := wx(w + x), where the last identity follows from the facts that B− is
defined by the equation x = 0, B−τ is defined by the equation w = 0 and B−τ2

is defined by the equation w + x = 0. The k-automorphism of ks[w, x, z]v defined

by the right translation action of τ−1 = τ2 =

[
1 1
1 0

]
on SLSLSL2,k, i.e., by the rule[

w x
y z

] [
1 1
1 0

]
7→

[
w + x w
y + z y

]
, maps w to x + w, x to w, w + x to x, z to y =

(wz−1)x−1, y to y+z, and y+z to z. Thus Ax2
= ks[w, x, z]

C3
v is the normalization

of its k-subalgebra B := ks[ω1, ω2, t, u, v]v, where ω1 := y2+yz+z2, ω2 := yz(y+z),
t := x3 + x2w + w3, and u := w2 + wx + x2 (u and v are Dickson invariants, see
[Di], Sect. 1, Thm.). Let ω := w(x+ w)z + x ∈ Ax2 . The identity
(26) u3 + t2 + tv + v2 = 0

implies that we have a k-algebra homomorphism
σω : C := k[t, u, v, ω]/(u3 + t2 + tv + v2) → Ax2

.

As the left-hand side of Equation (26) is the sum of two relatively prime homoge-
neous polynomials of degrees 3 and 2, SpecC is an integral rational hypersurface
in A4

k (see, [Sh], Sect. 3.4, Exc. 5 or [Ram], Probl. 11.115); concretely, the rule
(x1, x2, x3) 7→

(
x1(x

2
1 + x1x2 + x22), x2(x

2
1 + x1x2 + x22), x

2
1 + x1x2 + x22, x3)

)
defines

a birational morphism A3
k → SpecC.17 As C is an integral domain, σω is injective

by reasons of dimension. As we have [k(w, x, z) : Frac(C)] = [k(x,w) : k(t, u, v)],

17Let (m,n) ∈ [N∗ \ {1}]2. Let f ∈ R := Fpq [x1, ..., xn] be an irreducible homogeneous
polynomial of degree m. The hypersurface W := Spec

(
R[xn+1]/(x

m+1
n+1 − f)

)
in An+1

Fpq
is factorial

by [Sa1], Thm. or [Sa2], Ch. 1, Thm. 8.1 with O(W )∗ = F∗
pq and it is regular iff the zero locus

f = 0 is. As the rule (x1, . . . , xn) 7→ (x1f, . . . , xnf, f) defines a birational morphism An
Fpq

→ W

which induces an isomorphism between principal opens defined by inverting f and xn+1, W has
the same zeta function as An

Fpq
.



74 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

[k(w, x, z) : Frac(Ax2
)] = 3, [k(x,w) : k(u, v)] = 6 by [Di], Sect. 1, Thm., and

[k(t, u, v) : k(u, v)] = 2, we conclude that Frac(σω) is an isomorphism. Thus V3
k is

rational. Similar arguments give that the inclusion k[t, u, v]v → O(V2
k)x2 is bira-

tional and that V2
k is rational.

Theorem 2.7(2) follows from the existence of Morphisms (25).
Assume pq = 3. The group SLSLSL2(F3) has order 24 and a unique normal subgroup

Q8 of order 8 (it is the quaternion group). Let V3
k := X3

k/Q8 and V2
k := X2/Q8;

they have canonical models V3 and V2 (respectively) which are Ga,F3 -varieties over
SpecF3. The morphisms M3 and M2 factor through finite Galois covers
(27) V3

k → A3
k and V2

k → A2
k

of degree 3 and as above we have an isomorphism V3
k → U3

k ×U2
k
V2
k and V3

k → V2
k

is the geometric quotient of the Ga,k-action on V3
k.

Lüroth’s analog theorem for surfaces (see [Za], Sect. 1) applied to the separable
composite morphism B+

k → U−
k \SLSLSL2,k → U−

k \SLSLSL2,k/Q8 we get that U−
k \SLSLSL2,k/Q8

is rational, hence V2
k is also rational. As V3

k
∼= U3

k ×U2
k
V2
k, V3

k is also rational.
Theorem 2.7(3) follows from the existence of Morphisms (27).
Theorem 2.7(4) follows from constructions. Thus Theorem 2.7 holds.

Remark 19.1. We can assume that τ1 is the identity element of SLSLSL2(Fpq ). Let
A0 := SpecZ. To simplify the notation, let ζ(

√
) be the logarithm of the zeta

function of a variety
√

over Fpq . If a variety W over k has a well defined (natural)
model

√
over Fpq , let ζ(W ) := ζ(

√
). For l ∈ N, let

ζl,pq := ζ(AlFpq ).

Based on the mentioned canonical isomorphisms and Isomorphism (21) and their
well defined models over Fpq , we compute

ζ(X3) = ζ(X3
k \ Ek) + ζ(Ek) = ζ

(
SLSLSL2,k,s \ (B−

k tp
q+1
i=2 B−

k τi)
)
+ ζ(Ek)

= ζ(SLSLSL2,k,s \B−
k )− pqζ(B−

k ) + ζ(Ek) = ζ(U3
k \Dk)− pqζ(B−

k ) + ζ(Ek) =
= ζ3,pq − ζ2,pq − pq(ζ2,pq − ζ1,pq ) + (pq + 1)(pq − 1)ζ2,pq

= ζ3,pq + (p2q − pq − 2)ζ2,pq + pqζ1,pq .

Thus
ζ(X2) = ζ2,pq + (p2q − pq − 2)ζ1,pq + pqζ0,pq .

We compute the zeta function of the canonical model Y3,− of Y3,−
k . As U− is normal

in B−, via right translations, we have B−H− = B− and U−ϖjτ1H
− = U−ϖjτ1 for

each j ∈ [[1, pq−1]], with U−vjτ1/H
− ∼= U−/vjH

−v−1
j

∼= U−/H− ∼= U− ∼= A2
k. As

the normalizer of U−
k (equivalently, of any non-identity element of U−(k)) in SLSLSL2,k

is B−
k , H− acts transitively on the set {B−τi|i ∈ [[2, q+1]]}. Thus the image of the

exceptional divisor B2
k (resp. Ek) in SLSLSL2,k/H

− (resp. in Y3,−
k ) is the disjoint union

of 2 (resp. of 2(pq−1)) irreducible divisors isomorphic to B−
k /H

− ∼= A1
k×SpeckGm,k

(resp. to A2
k) through isomorphisms defined over Fpq , and we similarly compute

ζ(Y3,−) = ζ3,pq−ζ2,pq−(ζ2,pq−ζ1,pq )+2(pq−1)ζ2,pq = ζ3,pq+(2pq−4)ζ2,pq+ζ1,pq ,

ζ(Y2,−) = ζ2,pq + (2pq − 4)ζ2,pq + ζ0,pq .

In particular, if pq = 2, then we have
ζ(X2) = ζ2,2 + 2ζ0,2 and ζ(Y2,−) = ζ2,2 + ζ0,2.
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Based on analogous computations over finite field extensions of Fpq = F2, neither
X2
k nor Y2,−

k has an open subvariety isomorphic to A2
k. [Argument: if A2

k is an open
subvariety of either X2

k or Y2,−
k , then we can assume that it is defined over a finite

field, and this would contradict the zeta function computation as the complement
is either empty or of pure codimension 1 by [SGA2], Exp. V, Ex. 3.4.]

Remark 19.2. As B−
k is defined by the equation x = 0, from Equation (18) and

[Ma1], Ch. 7, Thm. 20.2 we get that SLSLSL2,k is factorial. Thus X3
k is factorial iff I∗

is a bijection on divisor groups and hence, based on the Isomorphism (21) and the
formulas for the exceptional divisors, iff pq = 2.

For pq = 2, as H⋆ is a 2-group and X3
k is factorial, we get that Y3,⋆

k is also
factorial; similarly, as there exist no non-trivial homomorphisms Ga,k → Gm,k (see
[SGA3-2], Exp. XVII, Prop. 2.4i)), we get that X2

k and Y2,⋆
k are factorial. From

this, end of Remark 19.1, and [Ru], Thm. 2 and Lem. 1.8, we get that there exists
no separable dominant morphism A2

k → X2
k or A2

k → Y2,−
k . Hence also, there exists

no separable dominant morphisms ANk → X3
k or ANk → Y3,−

k with N ≥ 3 an integer.

Remark 19.3. Assume pq = 2; so −1 = 1. Let t, u, v ∈ ks[w, x, z]v be the
invariant polynomials that show up in Equation (26). Viewing the isomorphism
(T #
v )−1 : k[x1, x2, x3]x2

→ kt[w, x, y, z]v/(wz + xy + 1) and the localization with
respect to v of the k-algebra homomorphism L# : kt[w, x, y, z]/(wx + yz + 1) →
ks[w, x, y, z]/(wx+yz+1) that defines L as identifications, then, as xy = zw+1, we
get that x1, x2, and x3 are equal to (wz+1)x+zw2+1

v , the second Dickson invariant v,

and wz2+
(wz+1)2

x +1

v (respectively). Solving for z (resp. z2) in terms of x1 (resp. x3), x
and w, we get that z = x+x1x2+1

w2+wx and z2 = x(x2x3+1+x−1)
w2+wx . From these identities we

get that (x+x1x2+1)2

w2+wx = x(x2x3+1+x−1), hence (x+x1x2+1)2 = x2(x2x3+1+x−1)

or x3+(x21x
2
2+x

2
2x3+x2+1)x+x2 = 0. Based on this and u = w2+wx+x2 = x2

x +x2,
the first Dickson invariant is u = x21x

2
2+x

2
2x3+x2+1. The finite étale covers Y3,+ →

A3
F2

and Y3,− → A3
F2

are defined by the normalization of F2[x1, x2, x3] in the field
extensions F2(x1, x2, x3) → F2(x1, x2, x3)[w]/(w

3 + uw + v) and F2(x1, x2, x3) →
F2(x1, x2, x3)[x]/(x

3 + ux+ v) (respectively). Equation (26) implies that the finite
Galois cover V3 → A3

F2
is defined by the normalization of F2[x1, x2, x3] in the field

extension F2(x1, x2, x3) → F2(x1, x2, x3)[t]/(t
2 + vt+ v2 + u3). Hence

V3 ∼= SpecF2[x1, x2, x3][tv]/(t
2
v + tv + 1 + uv)

with uv :=
u3+v+1
v2 ∈ F2[x1, x2, x3] and indeterminate tv := t+1

v .

20. On finite étale covers of affine spaces and applications

There exist many finite étale morphisms Φ : X → A2
k with X a connected

affine smooth surface over k which either is isomorphic to A2
k (e.g., Φ := d × 1A1

k

with d ∈ EE1(k)) or does not have an open subvariety isomorphic to A2
k (e.g.,

k∗ ⊊ O(X)∗ or is the pullback via a projection A2
k → A1

k of a finite étale cover
C → A1

k with C a non-rational curve). E.g., we have the following general result.

Fact 20.1. Let l ∈ N∗. If p ≥ 5 (resp. p ≤ 3) we assume that l ≥ p (resp. l ≥ p+1).
Then there exists a non-Galois finite étale cover cn : Hn → Ank of degree l.
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Proof. We can assume that n = 1 as we can take c1+i := c1 × 1Aik for i ∈ N∗. Let
C → A1

k be a finite Galois cover of Galois group G. If G has a non-normal subgroup
H of index l, then the finite étale cover C/H → A1

k is non-Galois of degree l. We
can take G to be the alternating group Al (resp. symmetric group Sl) by [Abh],
Sect. 13 First (resp. Second) Cor. As the subgroup Al−1 of Al (resp. Sl−1 of Sl) is
non-normal, by choosing H to be the subgroup Al−1 (resp. Sl−1) the fact holds. �

If m ∈ N∗, f1(x, y, z) ∈ k[x, y, z] is a monic polynomial in x of degree m and
g1(y, z) ∈ k[y, z], then for A := k[x, y, z]/

(
f1(x

p, y, z)[x+g1(y, z)]−1
)

we have k∗ ⊊
A∗ and the projection on the last two coordinates defines a finite étale morphism
SpecA→ A2

k of degree pm+ 1.
To provide examples of finite étale morphisms Φ : X → A2

k with A2
k ⊊ X we

recall that for (f, g) ∈ Θk and a finite additive subgroup G of k that contains the
zeros of f(t), if m ∈ N is such that |G| = pm and hG(t) :=

∏
α∈G,αf(α)̸=0(t − α),

then the product tf(t)hG(t) is a monic additive polynomial (e.g., see [Go], Ch. 1,
Thm. 1.2.1); being also separable, we have (fhG, g) ∈ Θ1

k,m.

Proposition 20.2. Assume n ≥ 2. Let (f, g) ∈ Θk with deg(f) = n − 1. Let
m ∈ N∗ and h(t) ∈ k[t] be such that (fh, g) ∈ Θ1

k,m. Let q ∈ N∗ be such that
q > bmn c and let (β1, . . . , βq) ∈ kq−1 × k∗. Then the following properties hold.

(1) The rule on valued points (x, y, z) 7→
(
y, h(x)z+

∑q
i=1 βiz

pi
)

defines a finite
étale cover Φf,g,h,q : S2f,g,k → A2

k of degree pnq and hence the ring k[x, y, z]/
(
xf(x)+

yg(y)z
)

has a p-basis.
(2) The composite of the open embedding ıf,g,k of Section 2 (resp. ȷf,g,k;δ of

Proposition 13.1 if g(0) 6= 0) with the morphism Φf,g,h,q is a surjective endo-
morphism ef,g,h,q ∈ EE2(k) (resp. df,g,h,q ∈ EE2(k)). For ⋆ ∈ {e, d} we have
deg(⋆f,g,h,q) = pnq, X⋆

∼= Sf,g,k, and ρét(⋆f,g,h,q) = ρ(⋆f,g,h,q) = (n− 1)z(tg).

Proof. It is easy to see that Φf,g,h,q is generically étale. Hence it suffices to show
that for each (α, β) ∈ k2, the solution set Jα,β in k3 of the system of equations

y − α = h(x)z +
[ q∑
i=1

βiz
pi
]
− β = xf(x) + yg(y)z = 0

has pnq solutions. As (fh, g) ∈ Θ1
k,m, there exists (α0, α1, . . . , αm−1) ∈ k∗ × km−1

such that tf(t)h(t) = α0t+[
∑m−1
i=1 αit

pi]+ tpm. So [tf(t)h(t)]′ = α0 ∈ k∗ and tf(t)
and h(t) do not have a common root. If αg(α) = 0, then xf(x) = 0, h(x) 6= 0, and

Jα,β =

{
(x, α, z) ∈ k3

∣∣∣xf(x) = 0 = −β + h(x)z +

q∑
i=1

βiz
pi

}
has pnq elements as all fibers of the surjective function Jα,β → {x ∈ k|xf(x) = 0}
have cardinality pq. If αg(α) 6= 0, then

Jα,β =

{(
x, α,

xf(x)

−αg(α)

)
∈ k3

∣∣∣xpm + α0x+
∑m−1
i=1 αix

pi

−αg(α)
+

q∑
i=1

βix
pif(x)pi

[−αg(α)]pi
= β

}
.

has pnq elements as α0 ∈ k∗ and deg
(
xpqf(x)pq

)
= pnq > pm. Thus part (1) holds.

Part (2) follows from part (1) and Section 2 (resp. Proposition 13.1); the surjec-
tivity part follows from the fact that for each (α, β) ∈ k2, the solution set Jα,β is
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not contained in D1
f,g,k = S2f,g,k \ Im(ıf,g,k) (resp. S2f,g,k \ Im(ȷf,g,k;δ)) described in

Section 2 (resp. the proof of Proposition 13.1). �

Example 20.3. Assume p does not divide n− 1. Thus for each monic polynomial
g(y) ∈ k[y] the surface S2tn−1−1,g,k is smooth over Spec k and there exists (l,m) ∈
(N∗)2 such that pm = l(n − 1) + 1. For h(t) :=

∑l−1
i=0 t

(n−1)i ∈ k[t] we have
(tn− t)h(t) = tpm− t. Let q ∈ N∗ be such that q > bmn c. The rule on valued points

(x, y, z) 7→
(
y, h(x)z + zpq

)
defines a finite étale morphism Φn,m,q,g,k : S2tn−1−1,g,k → A2

k of degree pnq by
Proposition 20.2(1). Let e = en,m,q,g,k := Φn,m,q,g,k◦ıtn−1−1,g,k ∈ EE2(k); therefore
deg(e) = pnq, Xe = S2tn−1−1,g,k and ρét(e) = ρ(e) = (n − 1)z(tg) by Proposition
20.2(2). Moreover, dn,m,q,k := Φn,m,q,1,k ◦ InvS2

tn−1−1,1,k
◦ ıtn−1−1,1,k ∈ EE2(k) has

same listed invariants as en,m,q,1,k, where InvS2
tn−1−1,1,k

is the standard involution
of S2tn−1−1,1,k defined by the rule (x, y, z) 7→ (x, z, y).

E.g., if p = 3, then d2,1,1,k is defined by the rule (x, y) 7→ (x−x2y, y+ y2x+ y3).
Let l ∈ N. We take g such that z(tg) = l. As D1

f,g,k is the zero locus f(x) =

yg(y) = 0 (see Section 2), Ne is the zero locus yg(y) = 0 and hence it is smooth and
isomorphic to l copies of A1

k. In particular, if l = 1 (i.e., if g(t) = ts with s ∈ N),
then Ne ∼= A1

k is smooth and integral and therefore the Nollet–Xavier Conjecture
over C (see [Je], Sect. 1 and [NX], Quest. 6) becomes false over k even for n = 2.

Remark 20.4. We refer to Example 14.1 with mq > 2. As we have ρ(e)−ρét(e) =
1, Ye := Xe \ Xét

e ∈ Irr(Γψe). The union S2e := SYe = A2
k,s ∪ Ye is an affine open

subvariety SpecAYe of Xe (see Corollary 11.4(2)) which is smooth over Spec k (as
ψe is regular) and for which Ye ∼= A1

k (see Corollary 11.4(1)) and AYe does not have
a p-basis (see Corollary 11.8(2)). In particular, there exists no étale morphism from
S2e to affine surfaces over k that have p-bases such as S2f,g,k with (f, g) ∈ Θk by
Proposition 20.2(1) if deg(f) ≥ 1 and by S21,g,k ∼= A2

k if deg(f) = 0 (i.e., if f = 1).

Corollary 20.5. For s ∈ N∗ we consider the set

Op,s := {ρ(e)|e ∈ EE2(k), ρ(e) = ρét(e),deg(e) = ps}.

Then the following properties hold.

(1) If s is even, then Op,s = N.
(2) If s odd, then (ps− 1)N ⊂ Op,s and for each divisor j of s such that p ∤ j− 1

we have (j − 1)N ⊂ Op,s (e.g., (2s− 1)N ⊂ O2,s, and 2N ⊂ Op,3 if p ≥ 3 and 3|s).

Proof. As there exists d ∈ EE2(k) which is finite étale of degree ps, 0 ∈ Op,s. The
inclusion (ps− 1)N∗ ⊂ Op,s follows from the existence of the finite étale endomor-
phisms ctps−1−1,g,k ∈ EE2(k) (see Section 2).

If s is even, in Example 20.3 we take (n, l,m, q) = (2, p − 1, 1, s/2); for e :=
e2,1,q,g,k we have deg(e) = ps and ρ(e) = ρét(e) = z(tg) ∈ N∗, hence N∗ ⊂ Op,s.

We are left to prove that if s and j are as in part (2), then (j − 1)N∗ ⊂ Op,s; we
have j ≥ 3. In Example 20.3 we take (n, q) = (j, sj ) and the unique m ∈ [[1, j − 2]]

such that there exists l ∈ N with pm = l(j − 1) + 1. For e := ej,m, sj ,g,k we have
deg(e) = ps and ρ(e) = ρét(e) = (j−1)z(tg) ∈ (j−1)N∗, hence (j−1)N∗ ⊂ Op,s. �
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Example 20.6. For i ∈ {1, 2}, let (ni,mi) ∈ N2 with ni ≥ 2. Let (fi, t
mi) ∈ ΘK

with deg(fi) = ni − 1. The open embedding ıfi,gi,K : A2
K → S2fi,tmi ,K is such that

the complement S2fi,tmi ,K \ Im(ıfi,gi,K) is a disjoint union of ni curves isomorphic
to A1

K . Thus the rank ρS2
fi,t

mi ,K
= ni − 1 of the Néron–Severi group of S2fi,tmi ,K

is independent of mi. Writing fi(t) =
∏ni−1
j=1 (t − αi,j) with (αi,1, . . . , αi,ni−1) ∈

(K∗)ni−1, for j ∈ [[1, ni − 1]] let fi,j(t) := t − αi,j . From Theorem 7.2(2) we get
that TS2

fi,t
mi ,K

is trivial. If m1 6= m2, then St−1,tm1 ,K 6∼= St−1,tm2 ,K by [GG], Thm.
B(i). We have an affine open cover S2fi,tmi ,K = ∪ni−1

j=1 Im(ıfi,j ,tmi ;f,K) (see Section
2 for notation) with each Im(ıfi,j ,tmi ;f,K) ∼= St−1,tmi ,K ; it consists of ni− 1 spheres
(resp. almost spheres) if mi = 0 (resp. mi > 0).

Case 1: char(K) = 0. Let βi :=
∑ni−1
j=1 αi,j . If βi = 0 let gi := fi and if

βi 6= 0 let gi(t) := (t + βi
ni
)fi(t +

βi
ni
) ∈ K[t]; the coefficient of tni−1 in gi is 0. If

(n1,m1) 6= (n2,m2) with m1m2 > 0, then Sf1,tm1 ,K 6∼= Sf2,tm2 ,K by [M-L2], Thm.
2 over C. If (n1,m1) = (n2,m2), then Sf1,tm1 ,K

∼= Sf2,tm2 ,K iff either n1 = 1 or
n1 > 1 and there exists γ ∈ K∗ such that g2(t) = γ−n1g1(γt) by [M-L2], Thm. 2
over C if m1 > 0 and by [BD], Thm. 5.4.5(1) if m1 = 0.

Case 2: char(K) = p. Let ei ∈ EE2(k) be such that Xei
∼= S2fi,tmi ,K by

Proposition 20.2(2) applied to ıfi,tmi ,K ; we have ρ(ei) = ρét(ei) = ni − 1 and(
ρ1(ei), ρ2(ei)

)
is (ni, 0) if mi = 0 and is (0, ni) if mi > 0.

Example 20.7. Let f(t) ∈ k[t] be monic separable of degree l ∈ N∗; so (f, tm) ∈
Θk for each m ∈ N∗. Let (m1,m2) ∈ (N∗)2. For i ∈ {1, 2}, let ei ∈ EE2(k)
be such that Xei

∼= S2f,tmi ,k by Proposition 20.2(2) applied to ıf,tmi ,k; we have
ρ(ei) = ρét(ei) = ρ2(ei) = l (the last equality by Example 20.6). If m1 6= m2, then
Xe1 6∼= Xe2 by [GG], Thm. B(i).

Example 20.8. Let l ∈ N∗ \ {1}. Let Pl(K∗) be the set of all finite subsets of K∗

of cardinality l. For B ∈ Pl(K∗) let fB(t) :=
∏
α∈B(t − α). For a ∈ GA1(K), let

a(B) := {a(α)|α ∈ B}. For B1,B2 ∈ Pl(k∗), we have S2fB1
,1,k

∼= S2fB2
,1,k iff there

exists a ∈ GA1(k) such that B2 = a(B1) by [BD], Thm. 5.4.5(1). Let C1, C2 ∈
Pl(K∗) be such that C2 6= a(C1) for all a ∈ GA1(K). If char(K) = p, then for
i ∈ {1, 2}, let ei ∈ EE2(k) be such that Xei

∼= S2fCi ,1,k by Proposition 20.2(2)
applied to ıfCi ,1,k; we have Xe1 6∼= Xe2 and ρ(ei) = ρét(ei) = ρ1(ei) = l (the last
equality by Example 20.6).

Example 20.9. Let (f, g) ∈ ΘK . Let (g1, g2) ∈ K[t]2 be such that there exists
g3(t) ∈ K[t] with g1(t)g3(t) = tg(t). Let S2f,g;g1,g2,K := Spec

(
K[x, y, z]/(F )

)
where

F (x, y, z) := xf(x) + yg(y)[g1(y)z − xg2(x)] ∈ K[x, y, z].

The zero locus F = Fx = Fy = Fz = 0 in A3
K is contained in the zero locus

yg(y)g1(y) = xf(x) = f(x)+xf ′(x)−yg(y)[g2(x)+xg′2(x)] and thus, as g1(t)|tg(t),
is contained in the zero locus xf(x) = f(x) + xf ′(x) = yg(y) = 0 which is empty
as tf(t) is separable. Hence S2f,g;g1,g2,K is smooth. The rule

(x, y) 7→
(
xyg(y), y,−xf(xyg(y)) + xg3(y)g2(xyg(y))

)
defines an open embedding ıf,g;g1,g2,K : A2

K → S2f,g;g1,g2,K . Clearly, F is not in
general of the form xf̃(x) + yg̃(y)z with (f̃ , g̃) ∈ ΘK but even then it can happen
that S2f,g;g1,g2,K is isomorphic to an open subvariety of S2

f̃ ,g̃,K
for some (f̃ , g̃) ∈ ΘK .
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If deg(f) = 1, g(t) = tq with q ∈ N and deg(g2) = 0, then the ind-group scheme
Aut(S2f,g;g1,g2,K) is a semidirect product of the ind-unipotent group scheme K[t]

and the cyclic group of order 2 by [Cr], Cor. 4.3; in such a case S2f,g;g1,g2,K is not
isomorphic to any affine surface with a non-trivial Gm,K-action.

As a concrete example, we take f(t) = t + 1, g(t) = 1, g1(t) = −t, g2(t) = 2.
Thus F (x, y, z) = x2 + x + y(2x − yz) = (x + y + 1)(x + y) + y[y(−z − 1) − 1]
and hence S2f,g;g1,g2,K ∼= Spec

(
K[x, y, z]/x2 + x+ y(yz − 1)

)
. If char(K) = 2, then

S2t+1,1;−t,2,K = S2t+1,−t,K
∼= S2t−1,t,K is not isomorphic to S2K by [GG], Thm. B(i). If

char(K) 6= 2, then S2t+1,1;−t,2,K 6∼= S2t−1,tm,K for all m ∈ N by the prior paragraph.
The open embedding ȷt−1,t+1,K;1 : A2

K → S2t−1,t+1,K (see Proposition 13.1) is
defined by the rule (x, y) 7→

(
h(yh+1), yh,−x−h2

)
, where h := 1+xy ∈ K[x, y]. We

have a disjoint union decomposition S2t−1,t+1,K \ Im(ȷt−1,t+1,K;1) = Y1 t Y2, where
Y1 is the zero locus x = z = 0 and Y2 is the zero locus x− 1 = y+1 = 0 (see Cases
1 and 2 of the proof of Proposition 13.1). Let R := K[x, y, z]/

(
x2 − x+ y(y+1)z

)
.

By definition, S2t−1,t+1,K = SpecR. So we can identify R with the K-subalgebra
K[h(yh + 1), yh,−x − h2] of K[x, y]. Under this identification, we write S2Yi :=

S2t−1,t+1,K \ Y3−i = SpecSi for i ∈ {1, 2}. We have

S1 = Rh(yh+1)−1 ∩Ryh+1 = K[h, yh, x] = K[x, h, yh] ∼= K[w, x, y′]/(w2 − w + xy′)

under the substitution (w, y′) := (h,−yh). Thus S2Y1

∼= S2K . Similarly,

S2 = Rx+h2 ∩Rh(yh+1) = K[y, yh, x+ h2]

= K[y, y2x, x+ 2xy + x2y2] ∼= K[w, y, z]/
(
F (w, y, z′)

)
under the substitution (w, z′) := (y2x, x + 2xy + x2y2). Thus S2t+1,1;−t,2,K

∼= S2Y2
;

so Cl(S2t+1,1;−t,2,K) ∼= Z and S2t+1,1;−t,2,K is isomorphic to an open subvariety of
S2t−1,t+1,K ; thus, as {(f̃ , g̃) ∈ ΘK |Cl(S2

f̃ ,g̃,K
) ∼= Z} = {(t− α, tm)|α ∈ K∗,m ∈ N},

for char(K) 6= 2 we have S2t+1,1;−t,2,K 6∼= S2
f̃ ,g̃,K

for all (f̃ , g̃) ∈ ΘK by the prior
paragraph and reasons of isomorphisms classes of divisor class groups.

Assume char(K) = p. Let e ∈ EE2(K) be such that ıe = ıt−1,t+1,K (see Propo-
sition 20.2(2)). Then {S2Y1

,S2Y2
} is the canonical open cover of Xe = S2t−1,t+1,K

defined by e (see Definition 11.9). From the non-isomorphisms of the last two para-
graphs we get that ρ1(e) = ρ2(e) = 1 and ρ(e) = ρét(e) = 2; if p 6= 2, then S2Y1

is
an almost sphere that did not show up priorly in the paper.

Example 20.10. Let q ∈ N∗ \ {1}. Let Σ : S2t−1,tq−1,k → P1
k the the A1 fibration

defined by the rule rule (x, y, z) 7→ (−x : yq) or (z : x − 1) (whichever is defined;
if both are defined, then they are equal). For each standard affine pseudo-plane
S2t−1,tq−1,k;Σ,P of S2t−1,tq−1,k of type q in the sense of Definition 11.6(3), there exist
étale morphisms S2t−1,tq−1,k;Σ,P → A2

k that are composites of the open embedding
S2t−1,tq−1,k;Σ,P → S2t−1,tq−1,k with finite étale covers S2t−1,tq−1,k;Σ,P → A2

k as in
Proposition 20.2(2). For instance, if P = (0 : 1) ∈ P1

k(k), then Σ−1(P ) is the
zero locus x = z = 0 and the action of Gm,k on S2t−1,tq−1,k defined by the rule
α · (x, y, z) = (x, αy, α−qz) for α ∈ k∗ restricts to an action of Gm,k on S2t−1,tq,k;Σ,P ;
so S2f,tq,k;Σ,P is of type (q, q) in the sense of [MM1], Def. 2.1 (3) (cf. [MM2], Thm.
1.1). The case q ≥ 3 (resp. q = 2) is in contrast to the situation in characteristic



80 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

zero in which, with char(K) = 0, for an affine pseudo-planes X over K with non-
trivial Gm action of type (q, r) with r ∈ N∗ there exists no étale morphism from X
to A2

K if r 6= 2 and d ∤ r − 2 by cite [Mi4], Thm. 3.6 (resp. the classical Jacobian
Conjecure for n = 2 implies that there exists no étale morphism from X to A2

K

even if either r = 2 or d | r − 2; cf. proof of [Mi4], Thm. 3.3).

21. Differential equations and applications

In this section we generalize [No], Ex. (6.10) with (a, b) ∈ (k∗)2 and the recent
work and differential equation of Lang (see [Lang-J], Props. 4.5 and 4.8) to all n ≥ 2
in order to get more examples of endomorphisms e ∈ EEn(k) that have interesting
invariants and properties. We begin with a general lemma on determinants.
Lemma 21.1. Let R be an arbitrary commutative Z-algebra. For i ∈ [[1, n]] let
(αi, βi, γi) ∈ R3. Let 4 be the diagonal n × n matrix whose i, i entry is αi for
i ∈ [[1, n]]. Let 41 be the n×n matrix whose i, j entry is βiγj for each i, j ∈ [[1, n]].
Then the following identity holds

det(4+41) =
( n∏
i=1

αi
)
+

n∑
i=1

(
βiγi

∏
j∈[[1,n]\{i}

αj
)
∈ R.

Proof. Note that 41 has rank at most 1. For a subset O ∈ Pf ([[1, n])\{[[1, n]]}, let
41,O be the square matrix obtained from 41 by removing all i-th rows and columns
with i ∈ O; if n− 2 ≥ |O|, then det(41,O) = 0. By convention det(41,[[1,n]]) := 1.

We compute
det(4+41) =

∑
O∈Pf ([[1,n])

(
det(41,O)

∏
i∈O

αi
)

=
∑

O∈Pf ([[1,n]]),|O|∈{n−1,n}

(
det(41,O)

∏
i∈O

αi
)
=

( n∏
i=1

αi
)
+

n∑
i=1

(
βiγi

∏
j∈[[1,n]]\{i}

αj
)
.

�
Corollary 21.2. Let n ≥ 2. Let (l1, . . . , ln) ∈ (N∗)n, (f1, . . . , fn) ∈ k[t]n and
L ∈ k[xp1, . . . , x

p
n]. Let w := L(x1, . . . , xn)

∏n
i=1 x

li
i ∈ k[x1, . . . , xn]. Then the

determinant of the Jacobian matrix J
(
x1f1(w), . . . , xnfn(w)

)
(x1, . . . , xn) is

n∏
i=1

fi(w) +

n∑
i=1

liwf1(w) · · · fi−1(w)f
′
i(w)fi+1(w) · · · fn(w).

Proof. Let (αi, βi, γi) :=
(
fi(w), xiwf

′
i(w), lix

−1
i

)
∈ (k[x1, . . . , xn][

1∏n
i=1
xi])

3 for i ∈
[[1, n]]. Then ∂xifi(w)

∂xj
is βiγj if j 6= i and is αi + βiγi if j = i. Thus the corollary

follows from Lemma 21.1 applied over R = k[x1, . . . , xn][
1∏n
i=1
xi] to the Jacobian

matrix J
(
x1f1(w), . . . , xnfn(w)

)
(x1, . . . , xn) = 4+41. �

We have the following generalization of [Lang-J], Prop. 4.8.
Proposition 21.3. Let (l1, . . . , ln) ∈ [[1, . . . , p−1]]n, L ∈ ks[x

p
1, . . . , x

p
n] and α ∈ k∗.

Let (f1, . . . , fn) ∈ k[t]n be such that the product
∏n
i=1 fi 6= 0 is a non-zero solution

of the differential equation

(28)
(
t

n∏
i=1

f lii

)′
= α

n∏
i=1

f li−1
i .
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By defining w := L
∏n
i=1 x

li
i , the rule

(x1, . . . , xn) 7→
(
x1f1(w), . . . , xnfn(w)

)
defines an étale endomorphism el1,...,lnf1,...,fn;L

∈ EEn(k) of Jacobian determinant α.

Proof. Dividing Equation (28) by
∏n
i=1 f

li−1
i , based on Corollary 21.2 we get that

det
(
J(x1f1(w), . . . , xnfn(w))(x1, . . . , xn)

)
is equal to

n∏
i=1

fi(w) +

n∑
i=1

liwf1(w) · · · fi−1(w)f
′
i(w)fi+1(w) · · · fn(w) = α,

from which the proposition follows. �

For each non-zero solution (f1, . . . , fn) ∈ k[t]n of Equation (28), the polynomial
t
∏n
i=1 fi(t) ∈ k[t] is separable; but only in the case l1 = · · · = ln we are able to get

a nice description of the solution set of Equation (28) as follows.

Example 21.4. Let (l, α) ∈ [[1, p − 1]] × k∗. Assume that l1 = · · · = ln = l. Let
s ∈ [[1, p − 1]] be such that ls ≡ −1 (mod p). By defining f0 :=

∏n
i=1 fi ∈ k[t],

Equation (28) is equivalent to the differential equation
(29) f0 + ltf ′0 = α.

As for each m ∈ N∗, we have xm + lt(xm)′ = (1 + lm)xm, the solution set of
Equation (29) is α + tsk[tp]. Thus from Proposition 21.3 we get that for every
n-tuple (f1, . . . , fn) ∈ (ks[t])

n with
∏n
i=1 fi ∈ α+ tsk[tp] and L ∈ ks[x

p
1, . . . , x

p
n], by

defining z :=
∏n
i=1 xi and w := zlL, the rule

(x1, . . . , xn) 7→
(
x1f1(w), . . . , xnfn(w)

)
defines an étale endomorphism elf1,...,fn;L ∈ EEn(k) of Jacobian determinant α.

We generalizes the case g = 1 of Example 13.2 by elaborating on the case
(l, α, L) = (1, 1, 1) of Example 21.4.

Example 21.5. For m ∈ N∗ and (α1, . . . , αm) ∈ km−1 × k∗ we define polynomials
f(t) := 1+

∑m
i=1 αit

pi−1 and F (t) := tf(t); we have F ′(t) = 1 and thus F (or f) is
separable. Assume n ≥ 2 and let z :=

∏n
i=1 xi ∈ ks[x1, . . . , xn]. Let f1(t), . . . , fn ∈

k[t] be such that f1(0) = · · · = fn(0) = 1 and
∏n
i=1 fi(t) = f(t). Let

Knf1,...,fn := Spec
(
k[x0, x1, . . . , xn]/(F (x0)− z)

)
.

The projection
π0 : Knf1,...,fn → Ank,t

on the last n coordinates is a finite étale morphism of degree pm.
Let ıf1,...,fn : Ank,s → Knf1,...,fn be the morphism defined by the rule

(x1, . . . , xn) 7→
(
z, x1f1(z), . . . , xnfn(z)

)
.

Clearly, ıf1,...,fn is birational; to show that it is in fact an open embedding, it suffices
to show that for each (β0, . . . , βn) ∈ kn+1, the system S of equations

z − β0 = x1f1(z)− β1 = · · · = xnfn(z)− βn

in the indeterminates x1, . . . , xn has at most one solution in kn. If f(β0) 6= 0,
then the only solution of S is

(
β1

f1(β0)
, . . . , βn

fn(β0)

)
. Assume now that f(β0) = 0;

thus β0 6= 0. As the roots of f are distinct, there exists a unique j ∈ [[1, n]] such
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that fj(β) = 0. Thus for i ∈ [[1, n]] \ {j} we have xi = βi
fi(β0)

. If there exists
i ∈ [[1, n]] \ {j} such that βi = 0, then xi = 0, hence z = 0 which contradicts
β0 6= 0, therefore in such a case S inconsistent. If for each i ∈ [[1, n]] \ {j} we have
βi 6= 0, then xj = β0

∏
i∈[[1,n]]\{j}

fi(β0)
βi

and S has a unique solution. We conclude
that ıf1,...,fn is an open embedding and that

En−1
f1,...,fn

:= Knf1,...,fn \ Im(ıf1,...,fn) = ∪j∈[[1,n]] ∪β∈k,fj(β)=0 ∪i∈[[1,n]]\{j}En−1
β,i

where En−1
β,i is the closed subvariety of Knf1,...,fn (or of An+1

k ) defined by the equations
x0 − β = xi = 0; we have En−1

β,i
∼= An−1

k . It follows that

(30) |Irr(En−1
f1,...,fn

)| =
n∑
j=1

deg(fj)(n− 1) = (n− 1)(pm− 1).

Thus
ef1,...,fn := π0 ◦ ıf1,...,fn ∈ EEn(k)

is defined by the n-tuple
(
x1f1(z), x2f2(z), . . . , xnfn(z)

)
∈ (ks[x1, . . . , xn])

n and we
have deg(ef1,...,fn) = pm and Xef1,...,fn

∼= Knf1,...,fn . Also, ef1,...,fn becomes finite
étale after inverting z ∈ kt[x1, . . . , xn]. For each point P of the zero locus z = 0, we
have (0, P ) ∈ Im(ıf1,...,fn), hence P ∈ Im(ef1,...,fn). The last two sentences imply
that ef1,...,fn is surjective. So φ(ef1,...,fn) = ι(ef1,...,fn) = 0. Note that ef1,...,fn
is e1f1,...,fn;1 of Example 21.4 and has 1 point at infinity modulo p in the sense of
Definition 6.6(5) iff n = 2 and p | deg(f1) deg(f2).

If n ≥ 3, then, for distinct elements i1, i2, j of [[1, n]] and β ∈ k with fj(β) = 0,
the intersection En−1

β,i1
∩En−1

β,i2
∼= An−2

k is non-empty, in contrast to Corollary 11.4(1).
We consider the particular case n = 2. Let (g, h) := (f1, f2). Equation (30)

gives ρét(eg,h) = ρ(eg,h) = pm − 1. From the description of E1
g,h we get that

e−1
g,h(0, 0) = {(0, 0)} and that for each β ∈ k∗ we have e−1

g,h(0, β) = {
( zh(z)

β , β
h(z)

)
|z ∈

k, g(z) = 0} and e−1
g,h(β, 0) = {

(
β
g(z) ,

zg(z)
β

)
|z ∈ k, h(z) = 0}. If 1 /∈ {g, h}, then

F(eg,h) = {1,deg(g)+ 1,deg(h)+ 1}. If 1 ∈ {g, h}, then F(eg,h) = {1}. Also, from
Proposition 4.3(1) to (3) we get that for ⋆ ∈ {l, r} we have

2min{deg(g),deg(h)}+ 1 ≤ πi(eg,h) ≤ π⋆(eg,h) = 2max{deg(g),deg(h)}+ 1;

so πl(eg,h) = πr(eg,h) ≥ 2dpm−1
2 e+1. E.g., if p is odd and deg(g) = deg(h) = pm−1

2 ,
then πi(eg,h) = πi(eg,h) = πl(eg,h) = pm. If 1 /∈ {g, h} let ϵ := 2 and if 1 ∈ {g, h}
let ϵ := 1; Proposition 4.3(3) also gives that max{deg(g),deg(h)} + ϵ ≤ πi(eg,h).
As Ne is the zero locus z = 0 we have ν(e) = 2.

To give a concrete general example independent of any product decomposition
for n = 2, in this paragraph we assume that p = 2o + 1 is odd. Let r ∈ N. We
take g(t) = 1 + f(t), h(t) = 1 − f(t), where f(t) :=

∑r
i=0 βit

pi+o ∈ k[t] with
β0, . . . , βr−1 ∈ k and βr ∈ k∗. Then deg(g) = deg(h) = pr + o, and

tg(t)h(t) = t− tp
( r∑
i=0

βit
pi
)2

= t+

2r+1∑
i=1

αit
pi;

so α1 = −β2
0 , α2 = −2β0β1, . . . , α2r+1 = −β2

r are quadratic forms in β0, . . . , βr and
m = 2r + 1. Denoting ef := e1+f,1−f , we get that deg(ef ) = pm = p(2r + 1) and
F(ef ) = {1, pr + o+ 1} = {1, p+1

2 + pr}.
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Remark 21.6. (1) Referring to Example 21.5, ef1,...,fn ∈ EEn(k)\GAn(k) fixes all
points (α1, . . . , αn) ∈ kn with

∏n
i=1 αi = 0’ so it maps injectively each hyperplane

xi = 0 onto a smooth closed hypersurface, which is in contrast to the char(K) = 0
situation: if d ∈ EE2(K) is injective on one line of A2

K,s (resp. maps one line to a
smooth curve), then d ∈ GA2(K) by [Gw], Thm. 1.1 (resp. [YD], Thm. 2.4).

(2) Referring to ef,g of Example 21.5, if 1 /∈ {g, h} and p ∤ m then ef,g is not a
p-morphism by Remark 6.7(6).

Next we generalize [Lang-J], Prop. 4.5, Case a ≡ b ≡ 1 (mod p) to all n ≥ 2
by elaborating on the case (l, α, L) = (1, 1,

∏n
i=1 x

pqi
i ) with (q1, . . . , qn) ∈ Nn of

Example 21.4.

Example 21.7. Let n ≥ 2, m ∈ N∗, (α1, . . . , αm) ∈ km−1 × k∗, f(t), F (t),
f1(t), . . . , fn(t), and z =

∏n
i=1 xi be as in Example 21.5. Recall that ef1,...,fn is

defined by the n-tuple (g1, . . . , gn), where gi(x1, . . . , xn) := xifi(z) for i ∈ [[1, n]].
Let (q1, . . . , qn) ∈ Nn. Let L :=

∏n
i=1 x

pqi
i ∈ ks[x

p
1, . . . , x

p
n]. For i ∈ [[1, n]] let

mi := pqi + 1. Let w :=
∏n
i=1 x

mi
i ; we have divisibilities z|w|zmax{m1,...,mn} and

w = zL. For i ∈ [[1, n]] let hi(x1, . . . , xn) := xifi(w).
Let eq1,...,qnf1,...,fn

∈ Endn(k) be defined by the n-tuple (h1, . . . , hn) ∈ (ks[x1, . . . , xn])
n;

as eq1,...,qnf1,...,fn
is e1f1,...,fn;L of Example 21.4, we have eq1,...,qnf1,...,fn

∈ EEn(k). Note that
ef1,...,fn = e0,...,0f1,...,fn

.
As in the case of ef1,...,fn (see Example 21.5), it is easy to see that eq1,...,qnf1,...,fn

becomes finite étale after inverting z (equivalently, w).
Let

Kn;q1,...,qnf1,...,fn
:= Spec

(
k[x0, x1, . . . , xn]/(F (x0)

n∏
i=1

fi(x0)
pqi − w)

)
.

The projection
π0 : Kn;q1,...,qnf1,...,fn

→ Ank,t
on the last n coordinates is a finite flat morphism of degree pm+

∑n
i=1 pqi deg(fi).

Let ıq1,...,qnf1,...,fn
: Ank,s → Kn;q1,...,qnf1,...,fn

be the morphism defined by the rule

(x1, . . . , xn) 7→
(
w, h1(x1, . . . , xn), . . . , hn(x1, . . . , xn)

)
=

(
w, x1f1(w), . . . , xnfn(w)

)
.

Clearly, ıq1,...,qnf1,...,fn
is birational. As eq1,...,qnf1,...,fn

= π0 ◦ ıq1,...,qnf1,...,fn
, it follows that ıq1,...,qnf1,...,fn

is
quasi-finite, deg(eq1,...,qnf1,...,fn

) = pm+
∑n
i=1 pqi deg(fi) and Kn;q1,...,qnf1,...,fn

is a flat model of
Xe

q1,...,qn
f1,...,fn

. As in Example 21.5 we argue that Kn;q1,...,qnf1,...,fn
\ Im(ıq1,...,qnf1,...,fn

) = En−1
f1,...,fn

is
independent on (q1, . . . , qn) and therefore ρ(e) ≥ (n− 1)(pm− 1) by Equation (30)
and Remark 11.7(1). Moreover, ıq1,...,qnf1,...,fn

is injective iff q1 = · · · = qn = 0.

Example 21.8. We take q1 = · · · = qn−1 = 0 and q := qn ∈ N∗ and assume that
deg(fn) ≥ 1; let αn ∈ k∗ be such that fn(αn) = 0. We have

pm+ pq(pm− 1) ≥ deg(e0,...,0,qf1,...,fn
) = pm+ pq deg(fn) ≥ p(m+ q).

Using the substitution v := x0 − αn, it follows that

Kn;0,...,0,qf1,...,fn
= Spec

(
k[v, x1, . . . , xn]/(v

pq+1g(v)− xpq+1
n

n−1∏
i=1

xi)
)
,

with g(v) ∈ k[v] such that g(0) 6= 0 and deg(g) = p[m+ q deg(fn)− q]− 1.
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Let R be the normalization of the local ring of Kn;0,...,0,qf1,...,fn
at the point (0, . . . , 0) ∈

Kn;0,...,0,qf1,...,fn
(k); it is a localization of the kt[x1, . . . , xn]-algebra O(Xe0,...,0,qf1,...,fn

). Let

Rn,q,k := k[[w, x1, . . . , xn]/(w
pq+1 −

n−1∏
i=1

xi).

As g(0) 6= 0 it is easy to see that we have a homomorphism R → Rn,q,k of
kt[x1, . . . , xn]-algebras that maps v+

(
vpq+1g(v)−xpq+1

n

∏n−1
i=1 xi

)
into a unit times

wxn + (wpq+1 −
∏n−1
i=1 xi) and this implies that the completion of R at a suitable

maximal ideal of it is isomorphic as a k[[x1, . . . , xn]]-algebra to Rn,q,k. Thus for
n ≥ 3 we get that R is a non-regular ring and hence ψe0,...,0,qf1,...,fn

is a non-regular
Jacobian variety. If n = 2, we only get that ψe0,qf1,f2 is non-étale and one can easily
check that it is in fact regular; moreover, if deg(f2) = 1, i.e., f2(t) = t − α2, then
K2;0,q
f1,t−α2

is isomorphic to S2pq+1,pq+1,(t+α2)f1(t+α2),1,k
of Example 13.4.

Remark 21.9. The additive version of Example 21.5 uses sums instead of products.
If n ≥ 1 and f1(t), . . . , fn(t) ∈ k[t] are such that

∑n
i=1 fi(t) =

∑m
i=0 αit

pi with
m ∈ N∗ and (α1, . . . , αm) ∈ km−1 × k∗, then, by defining z :=

∑n
i=1 xi, the n-tuple(

x1 + f1(z), . . . , xn + fn(z)
)

defines ea
f1,...,fn

∈ EEn(k) of Jacobian matrix1 + f ′1(z) f ′1(z) · · · f ′1(z)
· · · · · · · · · · · ·
f ′n(z) f ′n(z) · · · 1 + f ′n(z)


that has determinant 1 as one can easily check based on the fact that for each col-
umn, its entries add up to 1. For (β1, . . . , βn) ∈ kn, the fiber (ea

f1,...,fn
)−1(β1, . . . , βn)

has pm elements as it equals

{
(
β1 − f1(δ), . . . , βn − fn(δ)

)
|δ ∈ k, δ +

m∑
i=0

αiδ
pi =

n∑
i=1

βi}.

Thus deg(ea
f1,...,fn

) = pm and ea
f1,...,fn

is finite étale; hence ψea
f1,...,fn

= ea
f1,...,fn

and
ρét(e

a
f1,...,fn

) = ρ(ea
f1,...,fn

) = φ(ea
f1,...,fn

) = ι(ea
f1,...,fn

) = 0.

Remark 21.10. In Example 21.5 we take n = 2 and deg(f1) ≤ deg(f2); the pair
(g1, g2) :=

(
x1f1(x1x2), x2f2(x1x2)

)
defines ef1,f2 ∈ EE2(k) with deg(ef1,f2) = pm

and inequalities
deg(g1) = 2 deg(f1) + 1 ≤ pm ≤ 2 deg(f2) + 1 = deg(g2) = 2pm− deg(g1);

note that m ∈ N∗ and deg(g1) ∈ [[1, pm]] ∩ (2N∗ − 1) are arbitrary.
Similarly, in Example 21.7 we take n = 2 with deg(f1) ≤ deg(f2). The pair

(h1, h2) =
(
x1f1(x

pq1+1
1 xpq2+1

2 ), x2f2(x
pq1+1
1 xpq2+1

2 )
)

defines eq1,q2f1,f2
∈ EE2(k) with

deg(eq1,q2f1,f2
) = pm+ pq1 deg(f1) + pq2 deg(f2) and we have inequalities

deg(h1) = (pq1 + pq2 + 2) deg(f1) + 1 ≤ deg(eq1,q2f1,f2
) ≤ (pq1 + pq2 + 2) deg(f2) + 1

= deg(h2) = 2 deg(eq1,q2f1,f2
)− deg(h1) + p(q1 − q2)

(
deg(f2)− deg(f1)

)
.

If p, q1 and q2 are odd, then deg(h1) and deg(h1) are even.
Let (q, s) ∈ (N∗ \ {1})× N∗ and l ∈ [[ps, 2ps− 1]]. The pair (x1 + xq2, x2 + xps1 )

defines d ∈ EE2(k) which is finite with deg(d) = pqs by Fact 15.1(2). If a ∈ GA2(K)
is defined by the pair (x1, x2+xl1), then e := ad ∈ EE2(k) is finite with deg(e) = pqs.
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Moreover, ae is defined by the pair (g3, g4) :=
(
x1 + xq2, x2 + xps1 + (x1 + xq2)

l
)

for
which we have inequalities

deg(g3) = q < pqs = deg(e) ≤ ql = deg(g4) ≤ 2pqs− q;

if q ∈ 2N∗, l = 2ps − 1 and m = qs we get an even analogue of the particular
deg(g1)|m of the first paragraph.

The examples of the last three paragraphs are in contrast to the char(K) = 0
situation: if c ∈ EE2(K) is defined by a pair (g, h) ∈ Ks[x1, x2] with deg(g) ≤
deg(h), then deg(c) ≤ deg(g) by [Zh], Introd., Thm. or [Kat], Thm. 1.

22. Additional examples and properties

Example 22.1. Let m ≥ 2 and q ≥ 1 be integers with char(K) ∤ q. The rule
(x, y) 7→ x + xmyq defines a smooth morphism e : A2

K → A1
K which is not a

projection as |Irr
(
e−1(0)

)
| ≥ 2; if q = 1, then for each α ∈ K∗, e−1(α) ∼= A1

K \ {0}.

Example 22.1 leads to the following definition that is used in connection to
Conjecture 1.3 in Section 25.

Definition 22.2. Let n ∈ N∗, e ∈ EEn(K), and m ∈ [[0, n]]. We say that e has
type (resp. strong type or weak type) ≤ m if there exists a smooth morphism (resp.
a projection or a morphism) π : AnK,s → AmK such that the quasi-finite morphism
π × e : AnK,s → AmK,t ×SpecK AnK is birational to the Zariski closure Im(π × e)
of its image and has the property that for each irreducible component Y of the
closed subvariety (π × e)−1

(
Sing(Im(π × e)

)
of AnK,s of dimension n − 1 we have

e−1
(
e(Y )

)
= Y . We say that e has type (resp. strong type or weak type) m if it

has type (resp. strong type weak type) ≤ m but, if m ≥ 1, does not have type (resp.
strong type or weak type) ≤ m− 1.

Example 22.3. Let e ∈ EEn(K). Then e has (weak or strong) type 0 iff e ∈
GAn(K) by Lemma 6.1(4). If via e#, the Kt[x1, . . . , xt]-algebra Ks[x1, . . . , xt] is
generated by 1 element, then e has weak type ≤ 1.

Lemma 22.4. Each e ∈ EEn(K) has weak type ≤ 2.

Proof. Let z ∈ Ae be such that the approximation Ze = SpecBe of Xe defined by
the Kt[x1, . . . , xn]-subalgebra Be of Ae generated by z is a model of Xe. Let Y be
the smallest closed subvariety of AnK,t such that the birational morphism Xe → Ze
is an isomorphism above Ze\(Ze×AnK,tY ). Let l ∈ N be such that Y has l irreducible
components of dimension n − 1. Let O1, . . . , Ol be the local rings of AnK,t at the
generic points of these s irreducible components. For i ∈ [[1, l]], the normalization
Oi,s of Oi in Ks(x1, . . . , xn) is a free Oi-module. Denoting by Ôi the completion of
Oi, the tensor productOi,s⊗OiÔi is a product Ôi,1×Ôi,2 such that the factors of Ôi,1
(resp. Ôi,2) are completions of local rings of Xe at points in Im(ıe) (resp. at points
in Xe \ Im(ıe)). Thus Ôi,1 is an étale Ôi-algebra. As the residue field Ki of Ôi is
infinite, each étale Ki-algebra is generated by 1 element. Hence there exists yi ∈ Ôi,1
that generates the Ôi-algebra Ôi,1. From the theory of non-equivalent valuations
of Frac(Ks[x1, . . . , xn]) we get that there exists y ∈ Frac(Ks[x1, . . . , xn]) such that
that y−yi belongs to Jacobson radical of Ôi,1 for each i ∈ [[1, l]]. As Ks[x1, . . . , xn]
is a unique factorization domain, we can assume that y ∈ Ks[x1, . . . , xn]. If Ce is
the Be-subalgebra of Ks[x1, . . . , xn] generated by y, it follows that the morphism
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AnK,s → Ce induces an open embedding outside a closed subvariety W of AnK,s of
codimension at least 2. As for the morphism π : AnK,s → A2

K defined by the rule
(x1, . . . , xn) 7→ (y, z), π× e : AnK,s → A2

K ×SpecK AnK,t is a locally closed embedding
outside W it follows that e has weak type ≤ 2. �

Example 22.5. For m, l ∈ N∗ with l prime to p, we consider the morphism
Σm,l : Gm,k = Spec (k[t, t−1]) → A1

k

defined by the k-algebra homomorphism k[x1] → k[t, t−1] that maps x1 to t−l−tpm;
it is defined over Fp. As d(t−l − tpm) = −lt−l−1dt ∈ k[t, t−1]∗dt, we get that Σm,l
is étale. As for α ∈ k, the equation β−l −α− βpm = 0 with β ∈ k∗ is equivalent to
the equation βpm+l + αβl − 1 = 0 with β ∈ k and as the polynomial

f(t) = tpm+l + αtl − 1 = tl(tpm + α)− 1

is separable because for its derivative f ′(t) = ltl−1(tpm + α) we have an identity
f(t) − l−1tf ′(t) = −1, it follows that Σm,l is finite étale of degree pm + l. Also,
Σm,l is induced by the endomorphism of P1

k defined on valued points by the rule

(x0 : x1) 7→ (−xpm+l
0 + xpm+l

1 : xl0x
pm
1 ).

Therefore, for l = 1, we denote simply Σm := Σm,1, and we conclude that Σm
extends to a surjective non-finite étale morphism

Σ+
m : A1

k → P1
k

of degree pm+1 which is finite over the ‘finite part’ open subvariety A1
k of P1

k. We
have (Σ+

m)−1(1 : 0) = 0 and Σ1 is the morphism Σ of Section 2. Moreover, Σ+
m

extends to a finite flat endomorphism Σproj
m : P1

k → P1
k.

Example 22.6. If p = 2o+1 is odd, then the pair (x+xo+1yo+xp, y−xoyo+1−yp)
defines an endomorphism e ∈ EE2(k) with π(e) ≤ p and Jacobian matrix[

1 + (o+ 1)xoyo oxo+1yo−1

−oxo−1yo+1 1− (o+ 1)xoyo

]
.

Using the indeterminate z := y

x
, so y = xz, the system

x+ xo+1(xo + yo)− x1 = 0 = y − yo+1(xo + yo)− x2

gives −zo+1(x − x1) = y − x2 = zx − x2, hence x = x1z
o+1+x2

zo+1+z , y = x1z
o+1+x2

zo+1 ,
and x − x1 = −x1z+x2

zo+1+z . Substituting these expressions in the equation x − x1 =

−xo+1(xo + yo) = −xp(zo + 1) we get that
−x1z + x2
zo+1 + z

= −(zo + 1)
(x1z

o+1 + x2)
p

zp(zo + 1)p
= − (x1z

o+1 + x2)
p

zp(zo + 1)p−1
.

So the kt(x1, x2)-algebra ks(x1, x2) is isomorphic to kt(x1, x2)[z]/
(
h(z)

)
, where

h(z) = h(x1, x2, z) := xp1z
p(o+1) + zp−1(zo + 1)p−2(−x1z + x2) + xp2 ∈ kt[x1, x2][z].

Thus z ∈ (Ae)x1
, z−1 ∈ (Ae)x2

and deg(e) = p(o+ 1). The group
G := {α ∈ k|αp−1 = 1} × {α ∈ k|αo = 1}

of order o(p − 1) = 2o2 acts on the morphism Xe → A2
k,t defined by ψe via the

following rule at the level of k-algebras: (α, β) · (x1, x2, z) = (αx1, αβx2, βz). The
group G is cyclic iff o = 1.
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It is convenient to also use x and x−1 (or y and y−1) as indeterminates generating
the field extension kt(x1, x2) → ks(x, y). The system of equations x + xo+1yo +

xp − x1 = 0 = y − xoyo+1 − yp − x2 gives yo = x1−x−xp
xo+1 = x1

xo+1 − 1
xo − xo from the

first equation. From this and the equation y(1− xoyo − y2o) = x2 we get that

y
(
1− x1

x
+ 1 + x2o − x21

x2o+2
− 1

x2o
− x2o − 2 +

2x1
x

+ 2
x1

x2o+1

)
= x2

and hence y
(
x1

x − 1
x2o + 2 x1

x2o+1 − x2
1

x2o+2

)
= y

−x2
1+2x1x−x2+x1x

p

x2o+2 = x2. So

y =
x2x

2o+2

−x21 + 2x1x− x2 + x1xp
.

The o-th power of last expression equalized to the prior expression yo = x1−x−xp
xo+1

gives xo2xp(o+1)−(x1−x−xp)(−x21+2x1x−x2+x1xp)o = 0 in ks(x, y). By defining

g(x1, x2, x) := xo2x
p(o+1) − (x1 − x− xp)(−x21 + 2x1x− x2 + x1x

p)o ∈ kt[x1, x2][x],

we get that the kt(x, y)-algebra ks(x, y) is isomorphic to kt(x1, x2)[x]/
(
g(x1, x2, x)

)
as well. As 2o = −1 in k, we compute that gx(x1, x2, x) is

(−x21 + 2x1x− x2 + x1x
p)o−1[−x21 + 2x1x− x2 + x1x

p − o(x1 − x− xp)(2x1 − 2x)]

= (−x21 +2x1x− x2 + x1x
p)o−1[−x21 +2x1x− x2 + x1x

p+ (x1 − x)2 − x1x
p+ xp+1]

= xp+1(−x21 + 2x1x− x2 + x1x
p)o−1.

Working with y instead of x, a similar computation shows that for the polynomial
f(x1, x2, y) := xo1y

p(o+1)− (−x2+ y− yp)(x22− 2x2y+ y
2+x2y

p)o ∈ kt[x1, x2][y] we
have f(x1, x2, y) = 0 in ks(x, y) and fy(x1, x2, y) = −yp+1(x22 − 2x2y+ y2 +x2y

p)o.
We show that e−1(0, 0) = {(α, 0)|α ∈ k, α = −αp} ∪ {(0, β)|β ∈ k, β = βp}. It

suffices to show that the assumption that the system of equations 1+xo(yo+xo) =
0 = 1 − yo(xo + yo) has a solution in k2 leads to a contradiction. By subtracting
the two equations we get that (xo + yo)2 = 0, so xo + yo = 0, and by substituting
in the first equation we get that 1 = 0, a contradiction. Thus |e−1(0, 0)| = 2p− 1.

We show that for (α, β) ∈ k2 with αβ(αo+βo) 6= 0 we have |e−1(α, β)| = p(o+1).
The coefficient of xp(o+1) in g(x1, x2, x) is xo1+xo2, hence g(α, β, x) ∈ k[x] has degree
p(o+ 1) and we have g(α, β, 0) = (−1)o+1αp 6= 0. From these and the expressions
of gx(α, β, 0) it follows that g(α, β, x) is separable. Hence

e−1(α, β) = {(x, βx2o+2

−α2 + 2αx− x2 + αxp
)|g(α, β, x) = 0}

has p(o+ 1) elements.
Let (α, β) ∈ k2 be such that αo+βo = 0 6= αβ. In this case g(α, β, x) has degree

po+ 2 and a similar argument shows that it is separable and |e−1(α, β)| = po+ 2.
If o ≥ 2 let (α, β) ∈ k2 \ {(0, 0)} be such that αβ = 0. By the similarity of g and

f and their partial derivatives, we can assume that α 6= 0 and β = 0. We know
that e−1(α, 0) is the solution set in k∗ × k of the system of equations

yo − α− x− xp

xo+1
= y(−α2 + 2αx− x2 + αxp) = 0.

As −α2 + 2αx− x2 + αxp + α(α− x− xp) = x(α− x) and α 6= 0, the polynomials
−α2 + 2αx− x2 + αxp and α− x− xp are separable of degree p and do not have a
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common root. Therefore the fiber

e−1(α, 0) =
{
(δ, 0)|δ ∈ k, δ + δp = α} ∪ {δ, o

√
α− δ − δp

δo+1

∣∣∣α2 − 2αδ + δ2 = αδp
}

has po+ p = p(o+ 1) elements.
We conclude that, regardless of the value of o, Ne is the zero locus xo1 + xo2 = 0,

hence ν(e) = o, and F(e) = {2p− 1, po+ 2}.
If o = 1, i.e., p = 3, then g(x1, x2, x) = (x1 + x2)x

6 − x5 + (x1 − 1)x3 + x31 = 0,
Ne is the zero locus x1 + x2 = 0, ν(e) = 1, F(e) = {5} and deg(e) = 6; hence
ρét(e) = ρ(e) = 1 and ψe is regular, being in fact finite étale of degree 6 by either
Example 10.3 or by remarking that the rules (x, y) 7→ (x− y, y), (x, y) 7→ (x+ y, y)
and (x, y) 7→ (y, x) define automorphisms a, b and c (respectively) in GA2(k) with
the property that bea = cd1,1,kc (see Example 20.3 for d1,1,k); thus Xe

∼= S2k.
From now on we assume that o ≥ 2 (i.e., if p ≥ 5). For γ ∈ I := {α ∈ k|αo =

−1} ⊂ Fp, let ℓγ be the line given by the equation x1 − γx2 = 0 and let Ôγ be the
completion of the local ring Oγ of A2

k,t at the generic point of ℓγ . As these lines are
permuted transitively by G, the Oγs are also permuted transitively by G.

Each irreducible component of Xe \ A2
k,s maps onto one line ℓγ with γ ∈ I. So

to show that ρ(e) = o it suffices to show that there exists a unique irreducible
component Yγ of Xe \ A2

k,s that maps onto ℓγ and it maps onto ℓγ isomorphically.
As (x1x2)

−1 ∈ Ôγ , Ae ×k[x1,x2] Ôγ is the normalization of Ôγ [z]/
(
h(z)

)
in

Frac(Ôγ)[z]/
(
h(z)

)
and we show that it is a product Ôγ,1 × Ôγ,2 with Ôγ → Ôγ,1

finite étale of degree po+ 2 and Ôγ → Ôγ,2 a finite flat totally ramified homomor-
phism of degree p− 2. We compute

hz(x1, x2, z) = zp−2(zo+1)p−3[−(zo+1)(−x1z+x2)+zo(−x1z+x2)−x1z(zo+1)]

= zp−2(zo + 1)p−3(−x2 − x1z
o+1).

Therefore, after inverting x1x2, the multiple roots of h(z) occur precisely when
zo + 1 = x1z

o+1 + x2 = 0; so above the open subset of ℓγ defined by x1x2 6= 0, the
only multiple root of h(z) is z = γ−1 with multiplicity p − 1. For the uniformizer
πγ := x2 − γ−1x1 ∈ kt[x1, x2] of Ôγ and the substitution t := z − γ−1, we compute

h(x1, x2, t) := h(x1, x2, t+ γ−1) = πpγ + xp1

[o+1∑
i=1

(
o+ 1

i

)
tpiγ−p(o+1−i)

]

+(t+ γ−1)p−1
[ o∑
i=1

(
o

i

)
tiγ−(o−i)

]p−2

(−x1t+ πγ).

Under the additional substitution v := π−1
γ t, we can write

h(x1, x2, v) := h(x1, x2, πγv) = πp−1
γ (πγ + u1v

p−2 + u2v
p−1),

with u1, u2 ∈ Ôγ [v] ∩ Ôγ [[v]]∗. As the normalization of Ôγ in

Frac(Ôγ)[[v]]/(πγ + u1v
p−2 + u2v

p−1)

has a factor which is a finite flat totally ramified Ôγ-algebra Ôγ,2 of degree p−2 and
has a factor which is a an integral étale Ôγ-algebra of degree at least po− 2 (recall
that |e−1(α, β)| = po+2 if (α, β) ∈ ℓγ(k)\{(0, 0)}), we conclude that Ae×k[x1,x2] Ôγ
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is a product Ôγ,1 × Ôγ,2 of the type mentioned. Hence ρ(e) = o and ρét(e) = 0. As
the finite morphism Yγ → ℓγ is birational, it is an isomorphism.

As ρ(e) − ρét(e) = o, from Corollary 11.8(6) it follows that the singular locus
of Xe has at most o points. If Xe has a non-regular k-valued point P that maps
to a point in the set {(α, β) ∈ (k∗)2|αo + βo = 0} on which G acts freely, then
the G-orbit of P has o(p− 1) points and thus Xe has at least o(p− 1) non-regular
points, a contradiction. From Criterion 10.7(3) we get that Xe is actually regular.

Example 22.7. We have the following variant of Example 22.6 with smaller geo-
metric degrees. If p = 2o+ 1 is odd, then the pair(

x+ yo(xo+1 + yo+1), y − xo(xo+1 + yo+1)
)

defines an endomorphism e ∈ EE2(k) with π(e) ≤ p. Using the same substitution
z := y

x we have the analogous expressions x = x2z
o+x1

zo+1+1 and y = x2z
o+1+x1z
zo+1+1 and poly-

nomial h(z) = h(x1, x2, z) := xp2z
po + (−x1z + x2)(z

o+1 + 1)p−2 + xp1 ∈ kt[x1, x2][z]
whose degree in z is po, the coefficient of zpo being −x1 + xp2; thus deg(e) = po.

As we have po+ o = 2o(o+ 1) = (p− 1)(o+ 1) = p2−1
2 it follows that the cyclic

group G := {α ∈ k|αpo+o = 1} acts on the morphism Xe → A2
k,t defined by ψe via

the following rule at the level of k-algebras: α · (x1, x2, z) := (α
1
px1, αx2, α

p−1
p z).

Arguments similar to the ones of Example 22.6 give that e becomes a finite étale
morphism after inverting xo+1

1 + xo+1
2 , that |e−1(0, 0)| = 1, that for (α, β) ∈ (k∗)2

with αo+1+βo+1 = 0 we have |e−1(α, β)| = po− p+2, that F(e) = {1, po− p+2},
and that for o ≥ 2 we have ρét(e) = 0, ρ(e) = o+ 1, and Xe is regular.

If o = 1, so p = 3, then, using the substitution t := x2 + y2 and noting that
[x+ y(x2 + y2)]2 + [y − x(x2 + y2)]2 = t+ t3, we easily get that F(e) = {1, 2} and
in fact that for (α, β) ∈ k2 the solution set of the system of 2 polynomial equations

x+ y(x2 + y2)− α = y − x(x2 + y2)− β

is {(0, 0)} if α = β = 0, has 2 elements if α2 + β2 = 0 6= αβ, and for α2 + β2 6= 0 is{(α− βt

t2 + 1
,
β + αt

t2 + 1

)∣∣∣t ∈ k, t3 + t = α2 + β2
}
.

The morphism Xe → A2
k,t is the projection on the first two coordinates

Spec
(
k[x1, x2, t]/(t

3 + t− x21 − x22)
)
→ Spec (k[x1, x2])

and thus it is a finite Galois cover isomorphic to ct2+1,t,k of Section 2. For each i ∈ k
with i2 = −1 there exists a unique irreducible component (affine line) of Xe \ A2

k,s
that maps isomorphically onto the line x1 + ix2 = 0 of A2

k,t; so ρét(e) = ρ(e) = 2.

Example 22.8. For ⋆ ∈ {s, t} let I⋆ be the ideal (x1, x2) of k⋆[x1, x2]. Let e ∈
EE2(k) be defined by a pair (x1 + g1, x2 + g2) ∈ (ks[x1, x2])

2 with (g1, g2) ∈ I2s .
We assume that there exist α ∈ k and h ∈ k[t]t2 such that t + g1

(
t, h(t)

)
and

h(t)+g2
(
t, h(t)

)
have α as a common root with the same multiplicity m ∈ N∗; thus

α 6= 0. If C is the irreducible curve of A2
k,s which is the zero locus x2 − h(x1) = 0,

then the Zariski closure e(C) of e(C) in A2
k,t is the zero locus of an irreducible

polynomial f(x1, x2) ∈ kt[x1, x2] such that f
(
t+g1(t, h(t)), h(t)+g2(t, h(t))

)
= 0 for

all t ∈ k. Let (β1, β2) ∈ k2 be such that f(x1, x2)−β1x1−β2x2 ∈ I2t . We have β1 = 0
as β1 is the coefficient of t in f

(
t+g1(t, h(t)), h(t)+g2(t, h(t))

)
= 0. We have β2 = 0

as there exists γ ∈ k∗ such that f
(
t+ g1(t, h(t)), h(t)+ g2(t, h(t))

)
− γβ2(t−α)m ∈
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k[t](t − α)m+1. Thus (0, 0) ∈ Sing(e(C)). If d ∈ EE2(k) is such that C ∈ Irr(Nd)
with Nd ⊂ A2

k,t = A2
k,s, then e(C) ∈ Irr(Ned) is a singular irreducible component.

As a concrete example, if p = 2o+1 is odd, (g1, g2) = (xo+1
1 xo2−2x

p(o+1)
1 ,−xo1xo+1

2 ),
h(t) = tp+1 and α ∈ {δ ∈ k|δo(p+2) = 1}, then t + g1

(
t, h(t)

)
= t

(
1 − to(p+2)

)
and

h(t) + g2
(
t, h(t)

)
= tp+1

(
1− to(p+2)

)
and hence m = 1 is the same multiplicity.

Proposition 22.9. Let m, q ∈ N∗. Let U ⊂ {1, p, 2p, 3p, . . . , (m− 1)p} be a subset
with 0 < |U| ≤ pq. Then there exists e ∈ BE2(k) with deg(e) = pm and F(e) = U
(so e is surjective) which is defined over Fpq .

Proof. We write U = {r1, . . . , rj} with r1 < · · · < rj ; so j ∈ [[1,m]]. As pq ≥ j, we
consider j distinct elements α1, . . . , αj of Fpq . Let f1(t), . . . , fm(t) ∈ Fpq [t] \ {0} be
subject to the following property.

(♯) If Ii := {α ∈ k|fi(α) = 0} for i ∈ [[1,m]], then we have a chain of inclusions
I1 ⊂ I2 ⊂ · · · ⊂ Im = {αi|i ∈ [[1, j]]}

defined recursively as follows. We define I1 := ∅ if 1 /∈ U and I1 := {α1} if 1 ∈ U.
For s ∈ [[1,m− 1]], Is+1 \ Is is empty if ps /∈ U and is {αo} if ps = ro ∈ U.

The elementary p-morphism e ∈ p-Mor2(k) defined by the pair(
x, y +

m∑
i=1

fi(x)y
pi
)

is defined over Fpq . Property (♯) implies that for each (α, β) ∈ k2 the fiber e−1(α, β)
has pm points if fm(α) 6= 0 and has ro points if α = αo, ro being the degree of the
polynomial y +

∑m
i=1 fi(αl)y

pi ∈ Fpq [y]. Thus we have F(e) = U. Note that if we
chose f1(t), . . . , fm(t) ∈ Fpq [tp] \ {0}, then e ∈ BE2(k). �

Example 22.10. Generalizing the endomorphisms in EE2(k) that are defined
by the rules (x, y) 7→

(
x + g(x)p, y + ypf(x)p

)
(see Example 12.1) or

(
x, y +∑m

i=1 fi(x)y
pi
)

(see Proposition 22.9) or that are as in Example 21.7 for (n, q1, f1) =
(2, 1, 1), let e ∈ EE2(k) be defined by a pair (g1, g2) ∈ k[x1] × k[x1, x2]. So
e = d1d2, with d2 := e

(
x1, g2(x1, x2)

)
∈ EE2(k) surjective and d1 := e

(
g1(x1), x2

)
∈

EE2(k) finite, and there exist pairs (α1, α2) ∈ (k∗)2 and (g, h) ∈ k[x1] × k[x1, x2]
such that (g1, g2) =

(
α1x1 + g(xp1),−α2x2 − h(x1, x

p
2)
)
. Both d1 and d2 have

strong type ≤ 1 in the sense of Definition 22.2 and (e, d1, d2) ∈ p-Mor2(k)3. As
deg(d1) = max{1, p deg(g)} and deg(d2) = max{1, pm}, where m is the degree of
h in x2, Conjecture 2.10 holds for e. As Ae is the normalization of k[x1, x2] in
Frac(Ae) = Frac

(
k[x1, x2][y]/(α2y + h(x1, y

p) + x2)
)
, to study it, using the substi-

tution x′2 := x2+h(x1, 0), we can assume that h(x1, 0) = 0; so m 6= 0. If m = −∞,
then d2 is an isomorphism; so we can assume m ≥ 1. We write

h(x1, x2) =

m∑
i=1

fi(x1)x
i
2

with (f1, . . . , fm) ∈ k[x1]
m, fm 6= 0. Substituting z := fm(x1)y, Ae is the normal-

ization of the k[x1, x2]-algebra Be := k[x1, x2][z]/
(
h(z)

)
, where

h(z) := zpm +

m−1∑
i=1

fi(x1)fm(x1)
pm−1−pizpi + α2fm(x1)

pm−2z + fm(x1)
pm−1x2.
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Multiplying h(z) by fm(x1)x
pm−1
2 and substituting w := fm(x1)x2z

−1, Ae is the
normalization of the k[x1, x2]-algebra

B′
e := k[x1, x2][w]/

(
wpm + α2w

pm−1 +

m∑
i=1

fi(x1)x
pi−1
2 wp(m−i)).

If m is a power of p and h(x1, x2) is additive in x2 (i.e., and fi(x1) = 0 if
i ∈ [[1,m]] is not a power of p), then Ga,k is a subgroup scheme of the group ind-
scheme of automorphisms of the morphism Xe → A2

k,t defined by ψe: at the level
of k-algebras, they are parametrized by β ∈ k via the rule

β · (x1, x2, y) =
(
x1, x2 − α2β −

m∑
i=1

fi(x1)β
pi, y + β

)
,

where we identify y with y + (α2y + h(x1, y
p) + x2) ∈ Frac(Ae).

Assume that m = 1. For p = 2 we have Ae ∼= Be ∼= B′
e and e and d2 are

étale with 0 < ρét(e) = ρ(e) = ρét(d2) = ρ(d2) = z(fm) while for p > 2 we have
ρ(e) ≥ z(fm) and Ae is regular by Lemma 5.1(4).

If m = 2, then Ae is regular by Lemma 5.2.
If m ≥ 3, then Ae is regular in many cases including the following ones: (i) fm

is a separable polynomial by Lemma 5.3; (ii) m is a power of p and h(x1, x2) is
additive in x2 by Lemma 5.2 or as a direct consequence of the existence of the Ga,k
group scheme of automorphisms; (iii) Criterion 10.7(3) or Lemma 5.1 applies.

As e is finite étale above the complement of the union of lines of A2
k,t given by

equation x1 = γ with γ ∈ k such that fm(γ) = 0, ν(e) = z(fm).

Example 22.11. We refer to Example 22.10 with p = 2, m = 2, and h(x1, x2) =
x1x

2
2; so f1(x1) = 0, f2(x1) = x1, q = 1, and h(z) = z4 + x21z + x31x2. Denot-

ing also by z the element z + (h(z)) ∈ kt[x1, x2][z]/
(
h(z)

)
⊂ Ae and introducing

new indeterminates and elements w := z2

x1
, v := w3

x1
+ 1, and t := v + x2w, we

get that Ae is also the normalization of either one of the three kt[x1, x2]-algebras
kt[x1, x2][w]/(w

4+wx1+x
2
1x

2
2), kt[x1, x2][v]/(v

4+v3+x21x
6
2), and kt[x1, x2][t]/(t

4+
t3 + x1x

3
2), but with only one generator we cannot get better than this (cf. Corol-

lary 25.6 below). We have z, w, v, t ∈ Ae satisfying z = w2 + x1x2 and v = t2. As
w3 + x1x2w + x1t+ x1 = t2 + t+ x2w = wt+ w2x2 + x1x

2
2 = 0, we have a natural

kt[x1, x2]-algebra homomorphism

ı̃e : kt[x1, x2][w, t]/(w
3 + x1x2w + x1t+ x1, t

2 + t+ x2w,wt+ w2x2 + x1x
2
2) → Ae.

The domain Be of ı̃e is a kt[x1, x2]-module generated by {1, w, w2, t} and by tensor-
ing with kt(x1, x2) it follows that it is free of rank 4. By computing the ranks of the
3× 4 Jacobian matrices at points of SpecBe we get that it is a smooth k-algebra.
It follows that ı̃e is an isomorphism and we reobtain the fact that Ae is regular.
Either from this last isomorphism or from the proof of Lemma 5.2 applied with
p = m = 2 we get that ρét(e) = 0, ρ(e) = 1. Hence Y := Xe \Xét

e = Xe \ Im(ıe) is
irreducible and its multiplicity in ψ−1

e

(
ψe(Y )

)
is 3 and (see Corollary 11.8(1) and

(2) and its notation) AY = Ae does not have a 2-basis.

Example 22.12. Let
(
(f1, g1), (f2, g2)

)
∈ Θ2

K . We have a complete intersection

S2f1,g1;f2,g2,K := Spec
(
K[w, x, y, z]/(x1f1(x) + yg1(y)z, wf2(w) + xg2(y)

)
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in A4
K . The projection A4

K → A3
K on the last three coordinates induces a finite

flat morphism ϕ : S2f1,g1;f2,g2,K → S2f1,g1,K . Let g := g1g2 ∈ K[t]. The cartesian
diagram

S2f2,g,K
ȷf1,g1;f2,g2,K //

π

��

S2f1,g1;f2,g2,K

ϕ

��
A2
K

ıf1,g1,K // S2f1,g1,K
is defined by the identification S2f2,g,K = Spec

(
K[w, x, y]/(wf2(w) + xyg(y))

)
with

π induced by the projection on the last two variables and gives an open embedding
ıf1,g1;f2,g2,K := ȷf1,g1;f2,g2,K ◦ ıf2,g : A2

K → S2f1,g1;f2,g2,K
defined by the rule (x, y) 7→

(
xyg(y), Fyg1(y), y,−Ff1(Fyg1(y)

)
for the polynomial

F (x, y) := −xf2
(
xyg(y)

)
∈ K[x, y]. The flatness of ϕ and the integrality of S2f2,g,K

imply that S2f1,g1;f2,g2,K is integral.
Note that if for i ∈ {1, 2} we have deg(fi) ≥ 1 and there exists mi ∈ N∗ such

that gi(t) = tmi , then the resulting surfaces S2f1,g1;f2,g2,K form a subclass of the
class of double Danielewski surfaces introduced and studied in [GS], Sect. 3 (they
are integral by [GS], Lem. 3.3 and [GS], Thm. 3.11 lists their isomorphism classes).

Assume char(K) = p. Let m ∈ N∗. We assume that (f2, g2) ∈ Θ1
k,m. Thus ϕ is

a finite étale cover of degree pm. Let Φ := Φf1,g1,h1,q1 : S2f1,g1,K → A2
K be a finite

étale cover as in Proposition 20.2(1). The composite e := Φ ◦ ϕ ◦ ıf1,g1;f2,g2,K ∈
EE2(K) is such that Xe = S2f1,g1;f2,g2,K and p2 divides deg(e) = pm deg(Φ); we
have edim(Xe) ≤ 4 and the equality holds in general.

Example 22.13. Let s ∈ N∗ \ {1}. Let
(
(f1, g1), . . . , (fs, gs)

)
∈ ΘsK . Let

Ss+1
(f1,g1;...;fs,gs),K

:= Spec
(
K[x1, . . . , xs, y, z1, . . . , zs]/(xifi(xi)+ygi(y)zi|i ∈ [[1, s]])

)
;

it’s a complete intersection in A2s+1
K of dimension s + 1 equipped with a finite

flat morphism Ss+1
(f1,g1;...;fs,gs),K

→ As+1 defined by the projection A2s+1 → As+1

on the last s + 1 coordinates. One can use the open embeddings ıfi,gi,K and,
when deg(fi) ≥ 1 and gi(0) 6= 0, ȷfi,gi,K;δi to get open embeddings As+1

K →
Ss+1
(f1,g1;...;fs,gs),K

. E.g., using only ıfi,gi,K , we have an open embedding

ı(f1,g1;...;fs,gs),K : As+1
K → Ss+1

(f1,g1;...;fs,gs),K

defined by the rule
(x1, . . . , xs, y) 7→

(
x1yg1(y), . . . , xsygs(y), y,−x1f1(x1yg1(y)), . . . ,−xsfs(x1ygs(y))

)
.

If char(K) = p and ni := deg(fi) − 1 ≥ 1 for each i ∈ [[1, s]], then the proof
of Proposition 20.2(1) applies to show that Ss+1

(f1,g1;...;fs,gs),K
is a finite étale cover

of As+1
n of degree ps

∏s
i=1 qini, where for each i ∈ [[1, s]] the integer qi ∈ N∗ is

associated to (fi, gi) as in Proposition 20.2.

Proposition 22.14. For each l ∈ [[1, bpm−1
2 c]] there exists e ∈ EE2(k) with

deg(e) = pm, φ(e) = 0, and F(e) = {1, l+1, pm−l}. Moreover, we can chose e to be
defined over each finite field Fpq that contains l zeros of the equation zpm−1−1 = 0
(e.g., we can take q ∈ N∗ such that pm − 1 divides pq − 1), or over each Fpq with
q ∈ N∗ such that pq ≥ l + 1 if l ∈ [[1,m− 1]], or over Fp if l divides pm− 1.
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Proof. We apply Example 21.5 for n = 2 as follows. If g ∈ k[t] is such that
deg(g) = l, then deg(h) = pm−l−1, deg(eg,h) = pm and F(eg,h) = {1, l+1, pm−l}.
If tg(t)h(t) = t− tpm, then we can choose g and h and hence also eg,h to be defined
over each finite field Fpq which contains l zeros of the equation zpm−1− 1 = 0 (e.g.,
we can take q ∈ N∗ such that pm− 1 divides pq − 1).

If l divides pm− 1, then we can choose g(t) = 1− tl and h(t) = 1−tpm−1

1−tl in Fp[t].
If l ∈ [[1,m− 1]], let β1, . . . , βl ∈ k∗ be distinct and we take

g(t) :=

l∏
i=1

(1 + βit) ∈ k[t];

clearly deg(g) = l. As the determinant of the generalized Vandermonde l× l matrix
whose columns indexed by s ∈ [[1, l]] are (β−p

s , β−2p
s , . . . , β−pl

s ) is in k∗ (being∏l
i=1 β

−p
i times a non-zero Vandermonde determinant), there exists a unique l-

tuple (α1, . . . , αl) ∈ kl such that tg(t) divides F (t) = t+(
∑l
i=1 αit

pi)+
∑m
i=l+1 t

pi.
If pq ≥ l + 1, then by taking β1, . . . , βl ∈ F∗

pq we get that g, h = F (t)
tg(t) ∈ Fpq [t]. �

Proposition 22.15. Let S be an F2-system over k such that π(S) ≤ 2p. Then eS
is surjective, i.e., φ(eS) = 0.
Proof. We can assume that e := eS ∈ EE2(k) is defined by a pair

(ℓ1 + ℓp3 + gp1 , ℓ2 + ℓp4 + gp2) ∈ k[x1, x2]
2,

where ℓ1 to ℓ4 are linear forms and g1 and g2 are quadratic forms. As e is étale,
ℓ1 and ℓ2 are linearly independent over k. If the system of homogeneous equations
g1 = 0 = g2 has no solution in P1

k, then e is finite surjective and deg(e) = 4p2 by
Fact 15.1(2). Hence we can assume that there exist linear forms ℓ0, ℓ5 and ℓ6 such
that ℓ0 6= 0, g1 = ℓ0ℓ5 and g2 = ℓ0ℓ6. Let LCCs (resp. LCCt) denote a linear
change of coordinates in the source (target) space. We consider two disjoint cases
as follows, and we also compute deg(e) in all subcases except one.

Case 1: ℓ5 and ℓ6 are linearly dependent. Performing LLCt we can arrange
that ℓ5 = 0; so g1 = 0. If ℓ3 = 0, then by performing LLCs we can assume that ℓ1 =
x1 and ℓ2 = x2; so for each α ∈ k, the equation x2 + ℓp4(α, x2)

p + g2(α, x2)
p = β in

x2 has solutions in k and deg(e) is the degree in x2 of x2+ℓp4(α, x2)p+g2(α, x2)p; so
deg(e) ∈ {1, p, 2p}. Thus we can assume that ℓ3 6= 0. If ℓ6 6= 0 and ℓ3 /∈ k∗ℓ0∪k∗ℓ6,
then e is finite surjective and deg(e) = 2p2 by Fact 15.1(2). Thus we can assume that
ℓ3 = ℓ0. By performing LLCs we can also assume that ℓ1 = x1 and ℓ3 ∈ {x1,−x2}.
If ℓ3 = x1, then the system of equations x1 + xp1 − α = 0 = ℓ2 + ℓp4 + xp1ℓ

p
6 − β = 0

has solutions in k2, so e is surjective, and deg(e) is p times the degree in x2 of
ℓ2 + ℓp4 + xp1ℓ

p
6; so deg(e) ∈ {p, p2, p3}. If ℓ3 == x2, then the system of equations

x1 − xp2 − α = 0 = ℓ2 + ℓp4 − xp2ℓ
p
6 − β = 0 over k is equivalent to the equation

F2(x2) = β with F2 := ℓ3(x
p
2 +α, x2)+ ℓ4(x

p
2 +α, x2)

p− xp2ℓ6(x
p
2 +α, x2)

p ∈ ks[x2],
hence e is finite with deg(e) = deg(F2) ∈ {1, p, 2p, p2, p2 + p}.

Case 2: ℓ5 and ℓ6 are linearly independent. Let π1 : A2
k,t → A1

k,t be the
first projection. We have φ(eS) = 0 iff for each α ∈ A1

k,t(k), the étale morphism

eα : (π1e)
−1(α) → π−1

1 (α) = {α} ×Speck A1
k,t

∼= A1
k

is surjective. By performing LLCs we can assume that ℓ0 = x1, g1 = x21 and
g2 = xp1x

p
2. The plane curve (π1e)

−1(α) is the zero locus ℓ1 + ℓp3 + x2p1 −α = 0. Let
(γ1, γ2, δ1, δ2) ∈ k4 be such that ℓ1 = γ1x1 + γ2x2 and ℓ3 = δ1x1 + δ2x2.
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If γ2 = δ2 = 0, then γ1 6= 0 and (π1e)
−1(α) is isomorphic to 2p copies of A1

k

indexed by the roots of the equation x2p1 + δ1x
p
1 + γ1x1 − α = 0 and for each such

A1
k copy the resulting étale morphism A1

k → π−1
1 (α) is finite surjective by Lemma

10.5(3) of degree p for each α ∈ k outside a finite set; thus deg(e) = 2p2.
If γ2δ2 = 0 6= γ2 + δ2, then (π1e)

−1(α) ∼= A1
k. The resulting étale morphism

(π1e)
−1(α) → π−1

1 (α) is finite surjective by Lemma 10.5(3) of degree deg(e) =
2p2 + p if γ2 6= 0 and of degree deg(e) = 3p2 if δ2 6= 0.

If γ2δ2 6= 0, then (π1e)
−1(α) is either isomorphic to p copies of A1

k or is a
connected finite Galois cover of A1

k of Galois group Z/pZ and thus, as P1
k is simply

connected, it has 1 point at infinity; as (π1e)
−1(α) is a disjoint union of smooth

affine curves with 1 point at infinity, eα is surjective by Lemma 10.5(3). �

23. Étale endomorphisms of A2
k via line bundles

We have the following moduli interpretation of S2. With B+ and B− as in
Section 19, the intersection

T := B+ ∩B−

is the maximal torus of SLSLSL2 formed by diagonal 2 × 2 matrices of determinant 1.
The centralizer of T in GLGLGL2 is the maximal torus GT of GLGLGL2 formed by invertible
diagonal 2×2 matrices. The moduli scheme M over SpecZ that parametrizes 2×2
matrices that are projectors of rank 1, equivalently, have trace 1 and determinant
0 and hence can be put in the form

[
x y
z 1− x

]
with x2 − x+ yz = 0, is naturally

identified with S2. The action by conjugation

GLGLGL2 ×Spec (Z) M → M

is transitive. As the stabilizer (centralizer) of
[
1 0
0 0

]
is GT , we identify

SLSLSL2/T = GLGLGL2/GT ∼= M = S2.

If wz − xy = 1, then we compute[
w x
y z

] [
1 0
0 0

] [
w x
y z

]−1

=

[
w x
y z

] [
1 0
0 0

] [
z −x
−y w

]
=

[
wz −wx
yz 1− wz

]
.

Thus the composite morphism SLSLSL2 → SLSLSL2/T → S2 is given by the following rule

on valued points:
[
w x
y z

]
7→ (wz,−wx, yz).

Let Q : S2 = SLSLSL2/T → SLSLSL2/B
+ ∼= P1 be the natural quotient morphism that

defines a line bundle over P1 and that allows us to identify D1 = Q−1(1 : 0). So, on
valued points, Q is defined by the rule: (x, y, z) maps to either (−x : y) or (z : x−1)
(whichever one is defined; if both are defined, then they are equal).

For m ∈ N∗ we consider the cartesian diagram

A2
k

nat //

Σm,2

��

A1
k

Σ+
m

��
S2k = SLSLSL2,k/Tk

Qk // SLSLSL2,k/B
+
k
∼= P1

k,
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where Σ+
m is as in Example 22.5 and we are using the fact that each line bundle over

A1
k is trivial; so nat : A2

k → A1
k is the first projection and the diagram is defined

over Fp. Thus Σm,2 is surjective étale of degree pm+ 1 as so is Σ+
m. We get that

A1
k
∼= nat−1(0) = nat−1

(
(Σ+

m)−1(1 : 0)
)
= Σ−1

m,2

(
Q−1
k (1 : 0)

)
= Σ−1

m,2(D
1
k)

maps via Σm,2 isomorphically onto D1
k = Q−1

k (1 : 0).

Remark 23.1. Using the definition of ıt−1,1,Z (see Section 2), the morphism
Σm,2 : A2

k → S2k
is, in suitable coordinates, given by the following rule on valued points
(x, y) 7→

(
(xpm+1 + 1)(−xy + 1), x− x2y, (x2pm + 2xpm−1)(x2y − x) + xpm + y

)
.

We have Σm,2({0} ×Speck A1
k) = D1

k.

Proposition 23.2. Let m ∈ N and (f, g) ∈ Θk with deg(f) ≥ 1. Let (α, β) ∈ k∗×k
be such that f(α) = βg(β) = 0 6= g(β) + βg′(β). Let Y = Yα,β ∈ Irr

(
S2f,g,k \

Im(ıf,g,k)
)

be the zero locus x − α = y − β = 0 (see Section 2). For the open
subvariety S2f,g,k,Y := Im(ıf,g,k)∪Y of S2f,g,k there exists a non-finite surjective étale
morphism Σf,g,m,Y : A2

k → S2f,g,k,Y of degree pm+ 1 with the following properties.
(1) It is defined over each subfield of k that contains all roots of fg.
(2) It is finite over Im(ıf,g,k) and Σ−1

f,g,m,Y (Y ) ∼= A1
k.

(3) It is the composite of an open embedding ıf,g,m,Y : A2
k → T2

f,g,m,Y and a finite
flat morphism T2

f,g,m,Y → S2f,g,k of degree pm+ 1, with T2
f,g,m,Y a smooth surface

over k which is a line bundle over P1
k and for which (T2

f,g,m,Y \ ıf,g,m,Y ) ∼= A1
k.

Proof. The proofs of parts (1) and (2) are as in the case of S2k, we only have to
define Qf,g,k that generalizes Qk. Let Qf,g,k : S2f,g,k → P1

k be defined by the rule:
(x, y, z) maps to either

(
−x : yg(y)

)
or

(
z : f(x)

)
(whichever one is defined; if

both are defined, then they are equal). As g(β) + βg′(β) 6= 0, Y is a connected
component of Q−1

f,g,k(1 : 0) = Spec
(
k[x, y, z, x−1]/(xf(x), yg(y))

)
. Let Qf,g,k,Y :=

Qf,g,k|S2f,g,k,Y : S2f,g,k,Y → P1
k; so Q−1

f,g,k,Y (0 : 1) = Y and hence Qf,g,k,Y is a
line bundle by Theorem 11.2(2) applied to q = 1. So parts (1) and (2) hold by
taking Σf,g,m,Y to be the pullback of Σ+

m via Qf,g,k,Y . Part (3) holds by taking
T2
f,g,m,Y → S2f,g,k to be the pullback of the finite flat morphism Σproj

m : P1
k → P1

k of
Example 22.5 via Qf,g,k,Y . �
Remark 23.3. Let T2

f,g,m → S2f,g,k be the pullback of Σproj
m via the flat morphism

Qf,g,k : S2f,g,k → P1
k. Then T2

f,g,m,Y is an open subvariety of T2
f,g,m and the resulting

morphism T2
f,g,m \ T2

f,g,m,Y → S2f,g,k \ S2f,g,k,Y is an isomorphism between reduced
affine varieties isomorphic to deg(f)z(tg)− 1 copies of A1

k.

Remark 23.4. Let n := deg(f) + 1 ≥ 2. The composite of Σf,g,m,Y with the
inclusion S2f,g,k,Y → S2f,g,k and with a finite étale morphism Φf,g,h,q : S2f,g,k → A2

k

as in Proposition 20.2(1), is a surjective non-finite endomorphism e = ef,g,m,h,q ∈
EE2(k) of degree pnq(pm+1) such that Xe = T2,n

f,g,m is the normalization of T2
f,g,m

and ψe factors through the composite of T2,n
f,g,m → S2f,g,k with Φf,g,h,q; so T2

f,g,m is a
flat model of Xe. If tg(t) is separable, then Qf,g,k is smooth and thus Xe = T2

f,g,m

is smooth over P1
k and hence regular. As T2

f,g,m \ Im(ıe) = (T2
f,g,m \ Tf,g,m,Y ) ∪
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T2
f,g,m,Y \ Im(ıe)

)
, we have ρ(e) ≥ deg(f)z(tg) by Remark 11.7(1) and the equality

holds if tg(t) is separable. As the étale locus of Σproj
m is A1

k, if tg(t) is separable we
get that Xét

e = A2
k,s and thus ρét(e) = 0.

Remark 23.5. Assume char(K) = 0. For l ∈ N, we do not know if there exist
étale morphisms A2

K → S2t−1,tl,K with finite complements (cf. [Mi4], Lem. 1.9(2)
which proves that generically Galois étale morphisms A2

K → S2t−1,tl,K with finite
complements do not exist).

24. Affine moduli schemes

Let q ∈ N∗. Recall the affine scheme Endn,q = Spec (An,q) over SpecZ and its
subsheaves EEn,q and GAn,q of sets defined by the rules on R-valued points:

Endn,q(R) := {(f1, . . . , fn) ∈ R[x1, . . . , xn]
n|π(f1, . . . , fn) ≤ q},

EEn,q(R) := {(f1, . . . , fn) ∈ Endn,q(R)|e(f1, . . . , fn) is étale},
GAn,q(R) := {(f1, . . . , fn) ∈ Endn,q(R)|e(f1, . . . , fn) is an automorphism}.

For (l1, . . . , ln) ∈ Nn let deg(l1, . . . , ln) :=
∑n
i=1 li. We endow the set

Ln,q := {(l1, . . . , ln) ∈ Nn|deg(l1, . . . , ln) ≤ q}

with the lexicographic order: its smallest and greatest elements are the n-tuples
(0, . . . , 0) and (q, 0, . . . , 0) (respectively). Let N(n, q) := |Ln,q| ∈ N∗.

For (f1, . . . , fn) ∈ Endn,q(R) and i ∈ [[1, n]] we write

fi(x1, . . . , xn) =
∑

λ=(l1,...,ln)∈Ln,q

α
(i)
λ

n∏
j=1

x
lj
j ,

where each α
(i)
λ ∈ R, and the rule

(f1, . . . , fn) 7→
(
α
(1)
(0,...,0), . . . , α

(1)
(q,0,...,0), . . . , α

(n)
(0,...,0), . . . , α

(n)
(q,0,...,0)

)
allows us, by viewing α(i)

λ as indeterminates, to identify

An,q = Z[α(1)
(0,...,0), . . . , α

(n)
(q,...,0)] and Endn,q = AnN(n,q).

For (f1, . . . , fn) ∈ Endn,q(R) we have (f1, . . . , fn) ∈ EEn,q(R) iff its Jacobian
determinant belongs to R[x1, . . . , xn]∗.

There exists an N-bigradation on each An,q ⊗Z R that comes from the natural
Gm-actions on Zt[x1, . . . , xn] and Zs[x1, . . . , xn] defined by the rule (t, xi) 7→ txi for
each i ∈ [[1, n]]. So for λ ∈ Ln,q, each indeterminate α(i)

λ has bidegree
(
deg(λ), 1

)
.

We have truncation closed embeddings

Ξn,q : Endn,q → Endn,q+1

that forget all coefficients of degree q + 1, i.e., are defined by ring homomorphisms

Ξ#
n,q : An,q+1 → An,q

that are surjective and map each α
(i)
λ to itself if deg(λ) ≤ q and to 0 if deg(λ) =

q + 1. This allows us to define the projective limit An of the projective system
An,q+1 → An,q indexed by q ∈ N∗ (in each bidegree the inverse limit stabilizes).
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Let SEEn,q be the closed subscheme of Endn,q defined by the following rule on
R-valued points:

SEEn,q(R) := {(f1, . . . , fn) ∈ Endn,q(R)|det
(
J(f1, . . . , fn)

)
= 1}.

Proposition 24.1. Let l ∈ N. Let SAn,q,l be the closed subscheme of the product
SEEn,q ×SpecZ SEEn,qn−1+l whose R-valued points are pairs(

(f1, . . . , fn), (g1, . . . , gn)
)
∈ SEEn,q(R)× SEEn,qn−1+l(R)

with the property that we have e(f1, . . . , fn)e(g1, . . . , gn) = e(x1, . . . , xn). If R is
reduced, then the first projection induces an identity

SAn,q,l(R) = GAn(R) ∩ SEEn,q(R)
and thus the reduced scheme SAn,q := (SAn,q,l)red does not depend on l ∈ N.

Proof. To show that such endomorphisms e(f1, . . . , fn) and e(g1, . . . , gn) are auto-
morphisms we can assume that R is a finitely generated Z-algebra. As e(g1, . . . , gn)
is injective, a classical theorem of Ax–Grothendieck’s implies that it is surjective
(see [Ax], Thm., [Gro4], Prop. (10.4.11); see also [Bore1], Sect. 3). So e(g1, . . . , gn)
is a bijective étale endomorphism of AnR and thus it is an isomorphism. This implies
that e(f1, . . . , fn) = e(g1, . . . , gn)−1 is also an automorphism.

Thus the first projections SEEn,q(R) × SEEn,qn−1+l(R) → SEEn,q(R) induce
functorial maps

Υn,q,l(R) : SAn,q,l(R) → GAn(R) ∩ SEEn,q(R)
which are injective for every R, and to end the proof it suffices to prove that
Υn,q,l(R) are in fact surjective if R is reduced. To show this, we can assume that
R is a finitely generated Z-algebra, let (f1, . . . , fn) ∈ GAn(R) ∩ SEEn,q(R) and
let (g1, . . . , gn) ∈ GAn(R) be such that e(g1, . . . , gn) = e(f1, . . . , fn)−1. We are left
to show that actually we have (g1, . . . , gn) ∈ SEEn,qn−1(R). As R is reduced, by
replacing it with fields that are direct factors of the total ring of fractions of R, to
show that (g1, . . . , gn) ∈ SEEn,qn−1(R) we can assume R is a field and in this case
the relation follows from the proof of [BCW2], Cor. (1.6). �

Remark 24.2. The R-valued points rule
EE∗

n,q(R) := {(f1, . . . , fn) ∈ EEn,q|det
(
J(f1, . . . , fn)

)
∈ R∗}

defines a locally closed subscheme EE∗
n,q of Endn,q. As the group monomorphism

R∗ ⊂ R[x1, . . . , xn]
∗ is an isomorphism iff R is reduced, the functorial inclusion

EE∗
n,q(R) ⊂ EEn,q(R) is an identity iff R is reduced. Note that

EE∗
n,q

∼= Gm ×SpecZ SEEn,q

(e.g., by multiplying x1 in the source or the target by invertible scalars). If in Propo-
sition 24.1 we replace SEE by EE∗ we obtain affine schemes GA∗

n,q,l over SpecZ
whose reductions do not depend on l and define GA∗

n,q; we have isomorphisms
GA∗

n,q,l
∼= Gm ×SpecZ SAn,q,l and GA∗

n,q
∼= Gm ×SpecZ SAn,q.

Remark 24.3. The scheme SAn,q,K is not a priori reduced but its reduction is
canonically identified with (SAn,q,l,K)red for all l ∈ N.

The injective maps Υn,q,l(R) define natural morphisms SAn,q,l → SEEn,q and
thus also a natural morphism SAn,q → SEEn,q.
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Fact 24.4. The morphism SAn,q → SEEn,q is a closed embedding.

Proof. The image S := Im
(
O(SEEn,q) → O(SAn,q)

)
is reduced. As Υn,q,l(S)

are isomorphisms, from [vdE], Part I, Ch. 1, Prop. 1.1.7 applied to the inclusion
S → O(SAn,q) we get that this inclusion is an isomorphism. �

We view the injective maps Ξn,q(R) : Endn,q(R) → Endn,q+1(R) as inclusions
and we also speak about SAn,q(R) ⊂ SAn,q+1(R), SEEn,q(R) ⊂ SEEn,q+1(R),
etc. E.g., we identify SAn,q,l with a closed subscheme of SAn,q,l+1 for all l ∈ N.

We write SEEn,q = Spec (Bn,q), where Bn,q = An,q/In,q is a quotient of An,q
compatible with the bigradings. As Ξ#

n,q(In,q+1) ⊂ In,q, the inverse limit Bn =
An/In of the projective system Bn,q+1 → Bn,q indexed by q ∈ N∗ is well-defined.

Let Spec (Bn,q,Q) and Spec (Bn,Q) be the schematic closures in Spec
(
Bn,q,Z(p)

)
and Spec

(
Bn,Z(p)

)
(respectively). The natural closed embedding

Spec (Bn,q) → Spec (Bn)
induces a closed embedding

Cn,q : Spec (Bn,q,Q) → Spec (Bn,Q) ∩ Spec
(
Bn,q,Z(p)

)
which is not always an isomorphism, as the next example shows.
Example 24.5. The pair (x1 − xp1, x2) ∈ EE2,p(Fp) can be lifted to a formal pair(
x1−xp1, x2(1−px

p−1
1 )−1

)
over Zp whose Jacobian matrix has determinant 1, hence

(x1 − xp1, x2) ∈ [Spec (B2,Q) ∩ Spec
(
B2,p,Z(p)

)
](Fp).

But if p is small, say p = 2 by [Wa2], Thm. 62 (based on [Moh], Sect. 6 and [Wa1],
one could take p ≤ 97), then

(x1 − xp1, x2) /∈ Spec (B2,p,Q)(Fp)
which implies that C2,p is not an isomorphism. This disproves the equivalence used
in [MR], Def. 3.3 within parentheses and implicitly disproves [MR], Conj. 3.4 if the
first part (not within parentheses) of [MR], Def. 3.3 is used.18

The following general lemma helps in keeping track of q in mixed characteristic
(0, p) in the case when q ∈ pN∗.
Lemma 24.6. For i ∈ [[1, n]] let ri ∈ N and let gi(x1, . . . , xn) ∈ K[x1, . . . , xn] be
homogeneous of degree ri. We consider the set X of n-tuples (α1, . . . , αn) ∈ (K∗)n

with the property that the homogeneous system of n equations
(31) g1(x1, . . . , xn) + α1x

r1
1 = · · · = gn(x1, . . . , xn) + αnx

rn
n = 0

has no solution in Pn−1(K). Then X is Zariski dense in AnK .

Proof. If there exists i ∈ [[1, n]] such that ri = 0, so gi ∈ K, by taking αi ∈ K\{−gi}
the lemma holds. Thus we can assume that we have ri ∈ N∗ for all i ∈ [[1, n]].

For i ∈ [[1, n]] let ti be an indeterminate and let H ∈ K[t1, . . . , tn] be the
normalized resultant of the n homogeneous polynomials xrii + tigi(x1, . . . , xn) (see
[vdW], Ch. XI, Sect. 82, p. 14 or [Jo2], Sect. 2, Prop. 2.3 (i) or [Dem], Sect. 4,
Def. 3); we have H(0, . . . , 0) = 1. Thus, as K is infinite, there exists (β1, . . . , βn) ∈
(K∗)n such that H(β1, . . . , βn) 6= 0. Properties of resultants show that the system

18In [MR], Conj. 3.4, if the second part (within parentheses) of [MR], Def. 3.3 is used, is false
in characteristic p and is only a reformulation of the Jacobian Conjecture in characteristic 0.
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of homogeneous equations xrii + βigi(x1, . . . , xn) = 0 indexed by i ∈ [[1, n]] has
no solution in Pn−1(K) (see [vdW], Ch. XI, Sect. 82, p. 15 or [Jo2], Sect. 1 or
[Dem], Sect. 4, Sch.). Hence, if αi := β−1

i for all i ∈ [[1, n]], the System (31)
has no solution in Pn−1(K), and thus we have an inclusion {(β−1

1 , . . . , β−1
n ) ∈

(K∗)n|H(β1, . . . , βn) 6= 0} ⊂ X from which the lemma follows. �

Let q+ := pd qpe ∈ pN∗; so q ≤ q+, and we have q = q+ iff q ∈ pN∗.

Proposition 24.7. With q, q+ ∈ N∗ as above, the following properties hold.
(1) Each e ∈ EEn,q(K) (resp. e ∈ SEEn,q(K)) can be deformed to an element

a ∈ GAn,1(K) ⊂ GAn,q(K) (resp. a ∈ SAn,1(K) ⊂ SAn,q(K)) using polynomials
in Ks[x1, . . . , xn, t] of degree at most 2q − 1 and of total degree in x1, . . . , xn at
most q. Moreover, if e ∈ GAn,q(K) (resp. e ∈ SAn,q(K)), then we can assume
that the deformation, by evaluating t at arbitrary elements of K, defines elements
of GAn,q(K) (resp. SAn,q(K)).

(2) Each d ∈ EEn,q(k) ⊂ EEn,q+(k) (resp. d ∈ SEEn,q(k) ⊂ SEEn,q+(k)) is the
specialization of a finite endomorphism in EEn,q+

(
k(t)

)
(resp. in SEEn,q+

(
k(t)

)
)

of geometric degree qn+.

Proof. If e is defined by an n-tuple (f1, . . . , fn) ∈ Ks[x1, . . . , xn]
n, then let

hi,t = hi(x1, . . . , xn, t) :=
fi(tx1, . . . , txn) + (t− 1)fi(0, . . . , 0)

t
∈ Ks[x1, . . . , xn, t];

its degree is at most 2q − 1 and its total degree in x1, . . . , xn is at most q. For
a fixed t0 ∈ K we get et0 ∈ EEn,q(K) defined by the n-tuple (h1,t0 , . . . , hn,t0) ∈
Ks[x1, . . . , xn], with e1 = e and, as π(e0) = 1, with e0 ∈ GAn,1(K) ⊂ GAn,q(K).
If e ∈ GAn,q(K) (resp. e ∈ SAn,q(K)), then we have et0 ∈ GAn,q(K) (resp. et0 ∈
SAn,q(K)) for all t0 ∈ K. So part (1) holds.

For part (2), let d be defined by an n-tuple (f1, . . . , fn) ∈ ks[x1, . . . , xn] and for
each i ∈ [[1, n]] let gi ∈ ks[x1, . . . , xn] be 0 if deg(fi) < q+ (e.g., if q < q+) and be
the homogeneous part of fi of degree q+ if deg(fi) = q = q+. From Fact 15.1(2)
and from Lemma 24.6 applied to r1 = · · · = rn = q+ and (g1, . . . , gn) we get that
there exists (α1, . . . , αn) ∈ (k∗)n such that

d1 := e(f1 + α1x
q+
1 , . . . , f1 + αnx

q+
n ) ∈ EEn,q+(k)

is finite with deg(d1) = qn+. Then

E := e(f1 + tα1x
q+
1 , . . . , fn + tαnx

q+
n ) ∈ EEn,q+(k[t])

specializes for t = 0 to d and for t = 1 to d1. The last specialization implies
that the generic fiber Ek(t) ∈ EEn,q+

(
k(t)

)
of E is also finite of degree qn+. Also,

d ∈ SEEn,q(k) ⇒ E ∈ SEEn,q+(k[t]). As Ek(t) specializes to d, part (2) holds. �

Remark 24.8. The existence of E of the proof of Proposition 24.7(2) disproves
[MR], Conj. 5.3(2) for each integral k-algebra that contains k[t] and has k as a
quotient ring.

Corollary 24.9. Let q ∈ N∗. Then the affine schemes SAn,q,K and SEEn,q,K
(hence also EE∗

n,q,K) over SpecK are connected.

Proof. As SAn,1,K is connected (being the smooth group of affine transformations
of Kn of determinant 1), this follows from Proposition 24.7(1). �
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Proposition 24.10. Let q ∈ N∗. Let degp,q,n ∈ N∗ (resp. degf
p,q,n ∈ N∗) be the

largest such that there exists an (resp. a finite) endomorphism e ∈ SEEn,q(k) such
that deg(e) = degp,q,n (resp. deg(e) = degf

p,q,n). Then the following properties hold.

(1) We have inequalities degf
p,q,n ≤ degp,q,n ≤ qn.

(2) If p | q, then degf
p,q,n = degp,q,n = qn.

(3) If p ∤ q and q > p, then pqn−1b qpc ≤ degf
p,q,n.

(4) There exists an open non-empty subscheme SEEgen
n,q,k of SEEn,q,k such that

SEEgen
n,q,k(k) = {e ∈ SEEn,q,k(k) = SSEn,q(k)|deg(e) = degp,q,n}.

(5) There exists a constructible subset SEEf
n,q,k of SEEn,q,k formed by points

P over whose residue fields κ(P ) we get finite étale endomorphisms of Anκ(P ).

(6) There exists a constructible subset SEEf−gen
n,q,k of SEEn,q,k contained in

SEEf
n,q,k and formed by points P over whose residue fields κ(P ) we get finite

étale endomorphisms of Anκ(P ) of degrees degf
p,q,n.

(7) If p | q, then SEEf−gen
n,q,k is a constructible subset of SEEgen

n,q,k which is Zariski
dense in (SEEn,q,k)red.

Proof. The inequality degf
p,q,n ≤ degp,q,n is clear and the inequality degp,q,n ≤ qn

follows from Fact 15.1(1); so part (1) holds.
If p | q, then e := e(x1 − xq1, . . . , xn − xqn) ∈ SEEn,q(k) is finite by Fact 15.1(2)

with deg(e) = qn. From this and part (1) we get that part (2) holds.
If p ∤ q with q > p, then e := e(x1 − xq2, . . . , xn−1 − xqn, xn − x

p⌊ qp ⌋
1 ) ∈ SEEn,q(k)

is finite by Fact 15.1(2) with deg(e) = pqn−1b qpc, so part (3) holds.
We consider the universal étale endomorphism euniv

n,q,p : AnSEEn,q,k,s → AnSEEn,q,k,t.
From either [Gro4], Prop. (15.5.1)(i) or [Gro5], Prop. (18.2.8) we get that there
exists an open subscheme Un,q,k of AnSEEn,q,k,t whose k-valued points are those P
for which |(euniv

n,q,p)
−1(P )| = degp,q,n; it is non-empty by the definition of degp,q,n. As

the projection AnSEEn,q,k,t → SEEn,q,k is flat, the image of Un,q,k under it is an open
non-empty subscheme SEEgen

n,q,k of SEEn,q,k = SEEn,q,k,t by [Gro3], Thm. (2.4.6).
We have SEEgen

n,q,k(k) = {e ∈ SEEn,q,k(k) = SSEn,q(k)|deg(e) = degp,q,n}, so part
(4) holds. Part (5) is a particular case of [Gro4], Prop. (9.6.1)(vi).

For part (6), if degf
p,q,n = degp,q,n, then SEEf,gen

n,q,k = SEEgen
n,q,k ∩SEEf

n,q,k, so we
can assume that degf

p,q,n < degp,q,n. From either [Gro4], Prop. (15.5.1)(i) or [Gro5],
Prop. (18.2.8) we get that there exists an open subscheme U f

n,q,k of AnSEEn,q,k,t
whose k-valued points are those P for which |(euniv

n,q,p)
−1(P )| ≥ degf

p,q,n+1; as in
the previous paragraph we argue that its image in SEEn,q,k = SEEn,q,k,t is open,
so it has a reduced closed complement SEE≤degf

p,q,n

n,q,k . Repeating the arguments for

the pullback of euniv
n,q,p via the closed embedding SEE

≤degf
p,q,n

n,q,k → SEn,q,k, we get

that there exists an open subscheme SEE=degf
p,q,n

n,q,k of SEE≤degf
p,q,n

n,q,k whose k-valued
points are those P for which we get étale endomorphisms of Ank of degrees degf

p,q,n;

as SEEf,gen
n,q,k = SEE

=degf
p,q,n

n,q,k ∩ SEEf
n,q,k, part (6) holds.
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For part (7), the inclusion SEEf,gen
n,q,k ⊂ SEEgen

n,q,k follows from part (2) and the
Zariski density follows from Proposition 24.7(2). �
Example 24.11. Assume that p = n = q = 2. Then an arbitrary pair (f1, f2) ∈
SEE2,2,k(R) is of the form

fi(x1, x2) = α
(i)
(0,0) + α

(i)
(1,0)x1 + α

(i)
(0,1)x2 + α

(i)
(2,0)x

2
1 + α

(i)
(1,1)x1x2 + α

(i)
(0,2)x

2
2

and, as 1 = −1, one computes that J(f1, f2)(x1, x2) is equal to

α
(1)
(1,0)α

(2)
(0,1)+α

(1)
(0,1)α

(2)
(1,0)+

(
α
(1)
(1,0)α

(2)
(1,1)+α

(1)
(1,1)α

(2)
(1,0)

)
x1+

(
α
(1)
(1,1)α

(2)
(0,1)+α

(1)
(0,1)α

(2)
(1,1)

)
x2.

Thus
A2,2 ⊗Z k = k[α

(i)
(0,0), α

(i)
(1,0), α

(i)
(0,1), α

(i)
(2,0), α

(i)
(1,1), α

(i)
(0,2)|i ∈ {1, 2}]

and Im(I2,2 → A2,2 ⊗Z k) is the ideal(
α
(1)
(1,0)α

(2)
(0,1) + α

(1)
(0,1)α

(2)
(1,0) + 1, α

(1)
(1,0)α

(2)
(1,1) + α

(1)
(1,1)α

(2)
(1,0), α

(1)
(1,1)α

(2)
(0,1) + α

(1)
(0,1)α

(2)
(1,1)

)
.

Therefore B2,2 ⊗Z k = (A2,2/I2,2) ⊗Z k is isomorphic to a polynomial algebra in 6

indeterminates (they are α(i)
0,0, α(i)

2,0, and α
(i)
0,2 with i ∈ {1, 2}) over the k-algebra

k[x, y, z, x′, y′, z′]/(xx′ + yy′ + 1, xz′ + zy′, zx′ + yz′)

which is isomorphic to k[x, y, x′, y′]/(xx′+yy′+1) as z′ = z = 0, i.e., α(1)
1,1 = α

(2)
1,1 =

0. Thus SEE2,2,k is an affine smooth irreducible variety over k of dimension 9.
We show that SA2,2,k has dimension 6 and 3 irreducible components. As SA2,1,k

has dimension 5 and is irreducible and as SA2,1,k acts on SA2,2,k via left or right
translations, it suffices to show that the affine scheme W over k that involves the
eight indeterminates y1 to y4 and z1 to z4 and is defined by the composite equation
e(x1+y1x21+y2x22, x2+y3x21+y4x22)e(x1+z1x21+z2x22, x2+z3x21+z4x22) = e(x1, x2)
has dimension 1 and 3 irreducible components. This composite equation implies,
as 1 = −1, that we have zi = yi for all i ∈ [[1, 4]] and that

W ∼= Spec
(
k[y1, y2, y3, y4]/

(
y31 + y2y

2
3 , y

3
4 + y21y3, y1(y2 + y4)

2, y4(y1 + y3)
2
))

is non-reduced. The irreducible components of W are given by the equations y1 =
y4 = y2 = 0, y1 = y4 = y3 = 0, and y1 = y2 = y3 = y4.

As SA2,2,0,k
∼= SA2,1,k ×Speck W , SA2,2,0,k is also non-reduced.

Based on Remark 24.2 and the identities α(1)
1,1 = α

(2)
1,1 = 0 we get that if e ∈

EE2(k) is such that π(e) = 2, then e ∈ BE2(k), and from the proof of [V], Thm.
2.4.1(b) we get that F(e) = ∅, i.e., e is finite, and deg(e) ∈ {2, 4}. Thus we have
identities SEEf

2,2,k = SEE2,2,k and SEEf−gen
2,2,k = SEEgen

2,2,k of constructible sets.

Example 24.12. Assume p = 2. The rule (x, y) 7→ (x, y+xy2) defines d ∈ EE2(k)
with deg(d) = 2, F(d) = {1}. From Proposition 4.3(1) to (3) we get relations
π(d) ≤ πr(d) = πl(d) = πi(d) = 3. From the previous paragraph we get that
π(d) 6= 2. As d /∈ GA2(k), we have π(d) 6= 1. We conclude that π(d) = 3.

For a n × n matrix � with entries in R and i ∈ [[1, n]], let tri(�) ∈ R be the
trace of the

(
n
i

)
×

(
n
i

)
matrix which is the i-th exterior power

∧i
(�) of �. If 1n is

the identity matrix of size n× n, then we have the following formula

(32) det(1n +�) = 1 +

n∑
i=1

tri(�)



102 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

which follows from the fact that � is similar to an upper triangular matrix.

Theorem 24.13. Let q ∈ N∗. Then SEEn,q,K (equivalently, EE∗
n,q,K) is smooth

over SpecK iff either n = q = char(K) = 2 or min{n, q} = 1, in which case it is
also irreducible.

Proof. If char(K) = 2, then SEE2,2,K is smooth and irreducible (see Example
24.11). Clearly, SEEn,1 = SAn,1 ∼= SLSLSLn ×SpecZ An. If char(K) = 0, then

SEE1,q,K
∼= SEE1,1,K = SA1,1,K = Spec

(
K[α

(1)
(0)]

) ∼= A1
K .

If char(K) = p, then

SEE1,q,K = SEE1,p⌊ qp ⌋,K = Spec
(
K[α

(1)
(pi)|i ∈ [[0, bq

p
c]]]

) ∼= A
⌊ qp ⌋+1

K .

We are left to prove that if min{n, q} ≥ 2 and for n = q = 2 we have char(K) 6= 2,
then SEEn,q,K is not smooth. It suffices to show that there exists m ∈ {2, 3} and a
K[t]/(tm)-valued point Pm of SEEn,q,K which does not lift to a K[t]/(tm+1)-valued
point of EE∗

n,q,K (hence also of SEEn,q,K).
We consider an n-tuple (f1, . . . , fn) ∈ EEn,q,K

(
K[t]/(tm+1)

)
whose reduction

modulo
(
t)/(tm+1

)
is (x1, . . . , xn) and whose reduction modulo

(
t2)/(tm+1

)
is a

point P2 ∈ SEEn,q,K
(
K[t]/(t2)

)
. For i ∈ [[1, n]] we write

fi(x1, . . . , xn) = xi +

m∑
j=1

tjgi,j(x1, . . . , xn)

with each gi,j ∈ Ks[x1, . . . , xn] of degree at most q. Let h1, . . . , hm ∈ Ks[x1, . . . , xs]
be such that

det
(
J(f1, . . . , fn)

)
= 1 +

m∑
j=1

tjhj(x1, . . . , xn);

as P2 ∈ SEEn,q,K(K[t]/(t2)), we have h1 = 0. From Equation (32) applied to
� =

∑m
j=1 t

jJ(g1j , . . . , gnj) we get identities

(33) h1(x1, . . . , xn) = tr1
(
J(g1,1, . . . , gn,1)

)
=

n∑
i=1

∂gi,1
∂xi

(x1, . . . , xn),

(34) h2(x1, . . . , xn) = tr2
(
J(g1,1, . . . , gn,1)

)
+

n∑
i=1

∂gi,2
∂xi

(x1, . . . , xn).

We show that we can choose m ∈ {2, 3} and gi,j with j ∈ [[1,m − 1]] such that
h1 = · · · = hm−1 = 0 but, no matter what g1,m, . . . , gn,m are, we have hm /∈ K: Pm
is the reduction of (f1, . . . , fn) modulo (tm)/(tm+1).

We first consider three non-disjoint cases with m = 2 and gi,1 = 0 if i ∈ [[3, n]].
Case 1: char(K) ∤ q. We take g1,1 = −q−1xq1 and g2,1 = xq−1

1 x2. Equations
(33) and (34) give that indeed h1 = 0 but h2 = −x2q−2

1 +
∑n
i=1

∂gi,2
∂xi

(x1, . . . , xn) /∈ K

(each ∂gi,2
∂xi

has degree at most q−1 and thus less than 2q−2 as q ≥ 2); with m = 2,
P2 has the desired property.

Case 2: n ≥ 3. By taking g1,1 = −x1xq−1
3 and g2,1 = x2x

q−1
3 , this case is

similar to the previous one: h2 = −x2q−2
3 +

∑n
i=1

∂gi,2
∂xi

(x1, . . . , xn) /∈ K.
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Case 3: char(K) ∤ q−1 and q ≥ 4. By taking g1,1 = −(q−1)−1xq−1
1 and g2,1 =

xq−2
1 x2 it follows that we have relations h2 = −x2q−3

3 +
∑n
i=1

∂gi,2
∂xi

(x1, . . . , xn) /∈ K

(we have 2q − 3 > q − 1 as q ≥ 4).
The only case not covered by the first three ones is the following one.
Case 4: n = 2 and q = char(K) = 3. We take m = 3, g1,1 = x21, g1,2 = 0,

g2,1 = x1x2 and g2,2 = x21x2. As
det

(
J(x1 + tx21, x2 + tx1x2 + t2x21x2)

)
= 1 + 3tx1 + 3t2x21 + 2t3x31 = 1 + 2t3x31,

h1 = h2 = 0 but h3 = 2x31 +
∂g1,3
∂x1

+
∂g2,3
∂x2

/∈ K as deg(gi,3) ≤ 3 for i ∈ {1, 2}; so the
reduction P3 of (f1, . . . , fn) modulo (t3)/(t4) has the desired property. �

25. On Conjecture 2.10

Artin–Schreier equations define connected finite Galois covers of Ank of degree p.
We show that [Mi1], Thms. 1.1 and 1.2 hold for affine schemes over SpecFp.

Fact 25.1. Let W be a connected Fp-scheme such that H1(W,OW ) = 0 (e.g., W
is affine). Then we have a functorial isomorphism of groups
(35) cobW : O(W )/

(
xp − x|x ∈ O(W )

) ∼= H1
ét(W,Z/pZ)

which for f ∈ O(W ) maps f +
(
xp − x|x ∈ O(W )

)
to the Z/pZ-torsor V over W

defined by the homomorphism Z/pZ → AutOW−algebra
(
OW [x]/(xp − x − f)

)
that

maps 1 + pZ to the automorphism defined by x 7→ x+ 1.

Proof. The first cohomology coboundary of the short exact sequence

0 → (Z/pZ)W → Ga,W
xp−x−−−→ Ga,W → 0

in the étale topos of W is the functorial isomorphism of Equation (35). The iden-
tification of H1

ét(W,Z/pZ) with the non-abelian H1(W,Z/pZ), defined as the set of
isomorphism classes of (Z/pZ)W -torsors as in [Gi], Ch. III, Rm. 3.5.4, gives that V
is the pullback

V //

��

W

sf
��

Ga,W
xp−x // Ga,W

via the section sf that defines f , from which the fact follows. �

We also include a proof of the following likely known result.

Proposition 25.2. There exists no connected finite étale cover X of Ank which is
either of degree m ∈ [[2, p− 1]] or Galois of degree at least 2 and prime to p.

Proof. We show that the assumption that there exists an n ∈ N∗ such that Ank has
a connected finite étale cover X of the type mentioned leads to a contradiction. We
choose the smallest such n. If n = 1, the connected finite Galois cover X+ of A1

k

generated by X has a degree m+ > 1 which either divides m! and hence (p− 1)! or
is prime to p; so X+ → A1

k is a non-trivial tamely ramified finite Galois cover of the
curve A1

k and this contradicts [SGA1], Exp. XIII, Cor. 2.12. If n ≥ 2, from Bertini
Theorem (see [Jo1], Part I, Thm. 6.3(4)) we get that there exists a hyperplane
H ⊂ Ank such that X ×Ank H is a connected finite étale cover of H ∼= An−1

k of the
type mentioned, and this contradicts the minimality assumption. �
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One could view the following direct consequence of Proposition 25.2 as classical
‘finite’ and ‘Galois field extension’ contexts evidence for Conjecture 2.10.

Corollary 25.3. Let e ∈ EEn(k) be such that one of the following conditions holds:
(i) we have deg(e) < p and e is finite;
(ii) the field extension kt(x1, . . . , xn) → ks(x1, . . . , xn) induced by e# is Galois

with Galois group of order prime to p.
Then we have e ∈ GAn(k).

Proof. Based on Lemma 6.1(4), it suffices to show that deg(e) = 1. If condition (i)
holds, then deg(e) = 1 by Proposition 25.2. Assume now that condition (ii) holds.
If Ot is a local ring of Ank,t which is a discrete valuation ring, from Lemma 6.1(2)
we get that there exists a local ring Os of Ank,s which dominates Ot and hence it
is a discrete valuation ring. As Ank,s is an open subvariety of Xe by Zariski’s Main
Theorem, Os is a local ring of Xe which is an étale Ot-algebra. From this, as
the finite field extension kt(x1, . . . , xn) → ks(x1, . . . , xn) is Galois, we get that the
morphism Xe → Ank,t is étale above all points of Ank,t of dimension at most 1 and
hence, based on the purity of the branch locus (see [SGA2], Exp. X, Thm. 3.4 (i)),
it is étale. Thus deg(e) = 1 by Proposition 25.2 applied to Xe. �

It is a standard piece of algebraic geometry to show that the classical results
of Razar (see [Raz], Thm. 2) and Wright (see [Wr1], Thms. 3.2, 3.3 and 3.7) in
characteristic zero follow also directly from Corollary 25.3.

Directly from Corollaries 24.10(1) and 25.3 we get the following result.

Corollary 25.4. If q ∈ N∗ is such that qn < p, then degf
p,n,q = 1.

Next we generalize the part of Example 22.10 that pertains to Conjecture 2.10.

Proposition 25.5. If e ∈ EEn(k) has weak type 1 in the sense of Definition 22.2,
then Conjecture 2.10 holds for e.

Proof. Let π : Ank,s → A1
k be a morphism such that the condition for weak type

≤ 1 of Definition 22.2 holds for π × e : Ank,s → A1
k ×Speck Ank,t. The Zariski clo-

sure Z of Im(π × e) in A1
k ×Speck Ank,t is an irreducible hypersurface in A1

k,s ×Speck

Ank = An+1
k and hence the zero locus of an irreducible polynomial f(x0, . . . , xn) ∈

k[x0, . . . , xn] whose degree in x0 is deg(e). Let (g1, . . . , gn) ∈ ks[x1, . . . , xn]
n de-

fine e and let g0 ∈ ks[x1, . . . , xn] define π. For all (α1, . . . , αn) ∈ kn we have
f
(
g0(α1, . . . , αn), . . . , gn(α1, . . . , αn)

)
= 0. Taking partial derivatives we get that

for each i ∈ [[1, n]] we have
n∑
j=0

fxj
(
g0(α1, . . . , αn), . . . , gn(α1, . . . , αn)

)
gj,xi(α1, . . . , αn) = 0.

Note that g0 + xn+1 ∈ ks[x1, . . . , xn+1] defines a smooth morphism π′ : An+1
k,s →

A1
k. Thus for e′ := e × 1A1

k
∈ EEn+1(k) we have deg(e′) = deg(e) and π′ × e′ is

isomorphic to (π ◦ πn+1) × e′, where πn+1 : An+1
k,s → Ank,s is the projection on the

first n coordinates. It follows that e′ has type ≤ 1. Hence by replacing (e, π) with
(e′, π′) we can assume that π is smooth.

As the determinant of the Jacobian matrix J
(
g1(x1, . . . , xn), . . . , gn(x1, . . . , xn)

)
is in k∗ and for each (α1, . . . , αn) ∈ kn there exists an index j ∈ [[1, n]] such that
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g0,xj (α1, . . . , αn) 6= 0, both systems of equations f = fx0
= · · · = fxn = 0 and

f = fx0 = 0 along Im(π× e) define Sing(Z)∩ Im(π× e). Thus the zero locus of the
image of fx0

(
g0(α1, . . . , αn), . . . , gn(α1, . . . , αn)

)
in ks[x1, . . . , xn] via the k-algebra

homomorphism k[x0, . . . , xn] → k[x1, . . . , xn] that maps xi to gi for each i ∈ [[0, n]]
is an effective divisor

∑s
i=1 qiYi of Ank,s, where s ∈ N, q1, . . . , qs ∈ N∗ and Y1, . . . , Ys

are distinct irreducible divisors, such that e−1
(
e(Yi)

)
= Yi for each i ∈ [[1, s]]. Thus

for each i ∈ [[1, s]] there exists an irreducible polynomial hi ∈ kt[x1, . . . , xn] such
that the zero locus e#(hi) = 0 is Yi. It follows that there exists β ∈ k∗ such that
fx0 − β

∏s
i=1 h

qi
i is divisible by f and by reasons of degrees in x0 it follows that

fx0 = β
∏s
i=1 h

qi
i has degree 0 in x0. Thus deg(e) ∈ {1} ∪ pN∗. �

Corollary 25.6. Let e ∈ EEn(k). Then the following properties hold.
(1) If the kt[x1, . . . , xt]-algebra Ae is generated by 1 element, then ψe is étale

and Conjecture 2.10 holds for e.
(2) If Ae does not have a p-bases, then the kt[x1, . . . , xt]-algebra Ae is not

generated by 1 element.
(3) If Ae is regular and does not have a p-bases, then ciedim(Xe) = ∞.

Proof. To prove part (1), let π : Ank,s → A1
k be a morphism defined by an element in

Ae ⊂ ks[x1, . . . , xt] that generates the kt[x1, . . . , xt]-algebra Ae. The Zariski closure
of Im(π× e) in A1

k ×Speck Ank,t is Xe itself; so e is of weak type ≤ 1 and Conjecture
2.10 holds for e by Proposition 25.5. To prove that ψe is étale we can replace e by
e × 1A1

k
and thus (see proof of Proposition 25.5) we can assume that π is smooth.

With its notations, the mentioned proof gives that fx0
= β ∈ k∗, hence ψe is étale.

If Ae does not have a p-bases, then ψe is non-étale and hence part (2) follows from
part (1). Part (3) follows from part (2) and Theorem 7.3(1) applied to Y = Xe. �

Corollary 25.7. Let e ∈ EEn(K) \ GAn(K). If either char(K) = 0 or Conjecture
2.10 does not hold for e, then e has weak type 2.

Proof. Based on Lemma 22.4 and Example 22.3, it suffices to show that the as-
sumption that e has weak type 1 leads to a contradiction; as e /∈ GAn(K), we have
deg(e) > 1 and n ≥ 2. We can assume that char(K) = 0 by Proposition 25.5.

Let π : AnK,s → A1
K be a morphism such that the condition for weak type

≤ 1 of Definition 22.2 holds for e × π : AnK,s → A1
K ×SpecK AnK,t. Let R be a

finitely generated regular Z-subalgebra of K such that e and π are pullbacks of an
endomorphism eR ∈ EEn(R) and a morphism πR : AnR → A1

R (respectively); thus
eR is universally open by [Gro4], Cor. (14.4.3). As π× e is a birational quasi-finite
morphism, so is the fiber of πR × eR : AnR,s → A1

R ×SpecR AnR,t over Frac(R). By
shrinking SpecR we can assume that all fibers of eR × πR are birational quasi-
finite by [Gro4], Prop. (9.6.1)(vii) and (x) and all geometric fibers of eR have
geometric degrees deg(e) by a direct application of [Gro4], Prop. (15.5.1)(i). By
shrinking SpecR we can also assume that the Zariski closure Z of Im(πR × eR)
in A1

R ×SpecR AnR,t has a singular locus Sing(Z) equal to the Zariski closure of
the singular locus of ZFrac(R) in Z and (see [Gro4], Thm. (9.7.7)) the geometric
fibers of Z → SpecR are integral varieties. Let YFrac(R) be the union of irreducible
components of (πR × eR)

−1
(
Sing(Z)

)
Frac(R)

of dimension n − 1. Let WFrac(R) be
the reduced closed subscheme of AnFrac(R),t such that e−1

Frac(R)

(
WFrac(R)

)
= YFrac(R);

it exists as e has weak type 1. Let Y (resp. W ) be the Zariski closure of YFrac(R)
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in AnR,s (resp. of WFrac(R) in AnR,t). By shrinking SpecR we can assume that the
morphisms Y → SpecR and W → SpecR have equidimensional geometric fibers
of dimension n− 1, that e−1

R (W ) = Y ⊂ (πR × eR)
−1

(
Sing(Z)

)
, and that all fibers

of (πR × eR)
−1

(
Sing(Z)

)
\ Y → SpecR have dimension at most n − 2. Thus the

reductions of eR modulo maximal ideals of R have weak type 1. Hence deg(e) is
divisible by infinitely many primes p by Proposition 25.5, a contradiction. �

26. On geometric degrees 3

Proposition 26.1. Let e ∈ EEn(K) be such that deg(e) = 3. Let R := Kt[x1, . . . , xn],
S := Ks[x1, . . . , xn]. Let (h0, h1) ∈ R2 be such that Nn−ét

e = SpecR/Rh0 and
Ne = SpecR/Rh1 (so h0 ∈ K∗ iff ψe is étale and h1 ∈ K∗ iff ıe is an isomor-
phism). Let h ∈ R be such that h0 | h | h1. We consider the following conditions.

(†h) The Rh-module (Ae)h/Rh is free (of rank 2).
(‡h) Either n ≥ 3 and there exists (y1, . . . , yn) ∈ An(K) such that each irreducible

factor of h is a polynomial in an indeterminate in K ⊕ni=1 Kyi or n = 2.
(S3) The field extension Frac(e#) : Frac(R) → Frac(S) is non-Galois.
(⊥h) Let h2 ∈ R be such that h = h0h2. For each irreducible component Z of

the zero locus h2 = 0, e−1(Z) is irreducible.
Then the following properties hold.
(1) If condition (S3) does not hold, then char(K) = 3.
(2) Assume (S3) holds.
(2.a) The field extension Frac(e#) generates a Galois extension Frac(R) → K0

of Galois group G ∼= S3.
(2.b) There exists a finite morphism

ϕ : Ye = SpecBe → AnK,t = SpecR
between integral normal varieties which is generically étale of degree 2 and such that
the normalization We = SpecCe of Xe in K0 is the normalization of Xe ×AnK,t Ye
(so K0 = Frac(Ce)).

(2.c) We have dim
(
Sing(Ye)

)
≤ n−2 and the finite morphism We×YeReg(Ye) →

Reg(Ye) is Galois.
(2.d) The non-étale locus of ϕ is the zero locus h0 = 0 in Ye.
(2.e) The R-module Be is free of rank 2.
(2.f) If char(K) 6= 2, then Be ∼= R[z]/(z2 − h0) and hence h0 /∈ K∗.
(2.g) If char(K) = 2, then (Be)h0

∼= Rh0
[z]/(z2+z+f0) for a suitable f0 ∈ Rh0

.
(2.h) If char(K) = 2, then there exists a triple (g0, g1, l) ∈ R2 × N such that

g1 | hl0 and Be ∼= R[z]/(z2 + h0g1z + g0).
(2.i) We have ciedim(Ye) ≤ n+ 1.
(2.j) If dim

(
Sing(Ye)

)
≤ n− 3, then ϕ is étale.

(3) If ψe is étale and condition (S3) holds, then char(K) = 2.
(4) We have (‡h) ⇒ (†h). Even more, if condition (‡h) holds then for each

m ∈ N, every finitely generated projective Rh[xn+1, . . . , xn+m]-module is free.
(5) Assume condition (†h) holds. Then there exists a unimodular quadruple

(α, β, γ, δ) ∈ R4
h such that by denoting L(x, y) := αx3+βx2y+γxy2+δy3 ∈ Rh[x, y],
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for each Rh-algebra A, the A-algebra (Ae)h⊗RhA is generated by 1 element iff there
exists (u, v) ∈ A2 such that L(u, v) ∈ A∗.

(6) If conditions (†h) and (⊥h) hold, then there exists a pair (v1, v2) ∈ (Ae)
2
h

such that L(v1, v2) ∈ R∗
h.

(7) If condition (⊥h) holds and the Rh-algebra (Ae)h is generated by 1 element,
then char(K) = 3.

(8) If condition (S3) holds, then we have inequalities ciedim(SpecRh) ≤ n +
1, ciedim

(
Spec (Be)h

)
≤ n + 2 if char(K) = 2, ciedim

(
Spec (Be)h

)
≤ n + 1 if

char(K) 6= 2, ciedim
(
Spec (Ae)h

)
≤ 2n+ 2 and ciedim

(
Spec (Ce)h

)
≤ 2n+ 2.

(9) Assume condition (†h) holds. We consider an Rh-algebra presentation
(Ae)h = Rh[y1, y2]/I such that {1 + h, y1 + I, y2 + I} is an Rh-basis of (Ae)h.
Then the ideal I is generated by 3 polynomials of degree 2 in y1 and y2. Moreover,
if condition (‡h) holds, then I is generated by 2 elements iff the Rh[y1, y2]-module
Ext1Rh[y1,y2](I,Rh[y1, y2]) is cyclic, and in such a case, if condition (S3) also holds,
we have inequalities ciedim

(
Spec (Ae)h

)
≤ n+ 3 and ciedim

(
Spec (Ce)h

)
≤ n+ 3.

(10) Assume that char(K) 6= 3 and condition (S3) holds. Let
< eh >∈ H1

ét
(
Spec (Be)h, (Z/3Z)K

)
be the class that defines the Galois cover Spec (Ce)h → Spec (Be)h. Let Mh be a
finitely generated projective (Be)h-module of rank 1 whose class

< Mh >∈ H1
ét
(
Spec (Be)h,Gm,K

)
is the image of < eh > via the monomorphism (Z/3Z)K → Gm,K .

(10.a) Assume that Mh
∼= (Be)h. Then there exists u ∈ (Be)

∗
h such that

(Ce)h ∼= (Be)h[t]/(t
3 − u) and we have inequalities ciedim(Spec (Ce)h) ≤ n+ 2 and

ciedim(Spec (Ae)h) ≤ n+3 if char(K) 6= 2 and an inequality ciedim(Spec (Ce)h) ≤
n+ 3 if char(K) = 2.

(10.b) There exists a finitely projective Be-module M of rank 1 such that the
notations match, i.e., Mh =M ⊗Be (Be)h, iff there exists a closed subvariety Z of
the zero locus h = 0 of Ye and a line bundle over Ye \ Z such that dim(Z) ≤ n− 4
and the line bundle restricts to line bundle over Spec (Be)h\Z that defines < Mh >.

(10.c) If dim
(
Sing(Ye)

)
≤ n − 3, then the class < eh > is the image of a

class < e >∈ H1
ét
(
SpecBe, (Z/3Z)K

)
and hence there exists a finitely projective

Be-module M of rank 1 such that the notations match, i.e., Mh =M ⊗Be (Be)h.
(11) Assume that conditions (‡h) and (S3) hold and char(K) 6= 3.
(11.a) The (Re)h-module Mh is free of rank 2.
(11.b) The (Be)h-module Mh is generated by 2 elements and Mh⊕M⊗2

h
∼= (Be)

2
h.

(11.c) Assume char(K) 6= 2. Then there exists (βz, γz, δz) ∈ (Re)
3
h such that

(βz, γz) ∈ (Re)
2
h is unimodular, the identity δ2z + βzγz = h holds, by defining

L2(x, y) := γzx
2 + 2δzxy − βzy

2 ∈ (Ae)h[x, y],

we have Mh
∼= (Be)h iff there exists (u, v) ∈ (Be)

2
h such that L2(u, v) ∈ (Be)

∗
h, and

the cocycle that defines the class < Mh > is the unit z + δz ∈ (Be)
∗
hβzγz

.
(12) Assume that char(K) 6= 3, condition (S3) holds, and there exists a finitely

projective Be-module M of rank 1 such that Mh =M ⊗Be (Be)h.
(12.a) The Re-module M is free of rank 2.
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(12.b) The Be-module M is generated by 2 elements. If dim
(
Sing(Ye)

)
≤ n− 3,

then we can choose M such that M ⊕M⊗2 ∼= B2
e .

(12.c) Assume char(K) 6= 2. Then there exists (βz, γz, δz) ∈ R3
e such that

(βz, γz) ∈ R2
e is unimodular, the identity δ2z + βzγz = h holds, for L2(x, y) as in

part (11.c) we have M ∼= Be iff there exists (u, v) ∈ B2
e such that L2(u, v) ∈ B∗

e ,
and the cocycle that defines the class < M > is the unit z + δz ∈ (Be)

∗
βzγz

.

Proof. Part (1) holds as we have char(K) 6= 0 by [Raz], Thm. 2 and char(K) 6= p
with p a prime different from 3 by Corollary 25.3.

Parts (2.a) and (2.b) are standard Galois theory. To show that the morphism
We ×Ye Reg(Ye) → Reg(Ye) is Galois (equivalently, is étale) we can assume that
Xe 6= Xét

e ; thus h0 /∈ K. Let Y ∈ Irr(Nn−ét
e ) and let η be its generic point; so(

ψ−1
e (η)

)
red consists of 2 points η1 ∈ Im(ıe) and η2 ∈ Xe \ Xét

e ⊂ Xe \ Im(ıe).
Thus e−1(Y ) is irreducible and η1 is ramified over η. Also

(
ϕ−1(η)

)
red is one point

η0 of Ye which is ramified over η. The inverse image of η0 in We is at least 2
points and hence it is 3 points, thus We → Ye is étale at these 3 points. As
deg(e) = 3 implies that the generic points of ψ−1

e

(
ψe(X

ét
e \ Im(ı)e)

)
are contained

in Xét
e , it follows that We → Ye is étale in codimension 1 and hence it is étale

outside a codimension at least 2 closed subset of We. Thus, as the non-étale locus
of We ×Ye Reg(Ye) → Reg(Ye) is either empty or of pure codimension 1 by the
affineness of étale loci (see [Stacks1] or [GZ], Thm. 1), we get that it is empty.
So We ×Ye Reg(Ye) → Reg(Ye) is a finite étale cover. As Ye is normal, Sing(Ye)
has codimension at least 2 in Ye. So part (2.c) holds. The images in AnK,t of the
non-étale loci of ϕ and We → AnK,t are SpecR/Rh0. From this and the ramification
of ϕ at η0s we get that part (2.d) holds.

For part (2.e), we have a direct sum decomposition Be = R ⊕ B1 of R-modules
by [Ho], Thm. 2. The R-module B1 is torsionfree and the coherent OSpecR-module
it defines is normal (as Be is normal) in the sense of Barth and hence it is reflexive
by [H3], Prop. 1.6 and Def. before it. From this, as B1 has rank 1, it follows that
B1

∼= R by [H3], Prop. 1.9. Thus part (2.e) holds.
If char(K) 6= 2, then we can identify Be = R[z]/(z2 − h̃0) with h̃0 ∈ R \ K

a product of non-associated irreducible polynomials. The non-étale locus of ϕ is
defined by h̃0. From this and part (2.d) we get that the zero loci h0 = 0 and h̃0 = 0

in AnK,t coincide. Thus we can assume that h̃0 = h0, hence part (2.f) holds.
Part (2.g) follows from part (2.d) and Fact 25.1.
To prove part (2.h), let z ∈ Be be such that Be = R⊕Rz. Thus we can identify

Be = R[z]/(z2+f1z+g0) with (f1, g0) ∈ R2. We have f1 ∈ R∗
h0

by part (2.g). From
part (2.d) we get that h0 | f1 in R, i.e., there exists g1 ∈ R such that f1 = h0g1.
As g1 = f1h

−1
0 ∈ R∗

h0
, the existence of l ∈ N follows. Thus part (2.h) holds.

Part (2.i) follows from definitions and parts (2.f) and (2.h). Part (2.j) follows
from part (2.i) and [SGA2], Exp. X, Thm. 3.4(ii).

Part (3) follows from part (2.f).
Based on Quillen–Suslin Theorem (e.g., see [Lang-S2], Ch. XXI, Sect. 3, Thm.

3.7) and [Roi], Prop. 2, to prove part (4) we can assume that m = 0. The case
n = 2 follows from the fact that each vector bundle over SpecRh extends to a vector
bundle over SpecR = A2

K,t by [SGA2], Exp. X, Lem. 3.5 and hence it is trivial by
[Ses], Thm. The case n ≥ 3 is proved in [Ga2], Thm. 2.1. Thus part (4) holds.
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To prove part (5), we consider an Rh-basis {1, w1, w2} of (Ae)h. The A-algebra
(Ae)h ⊗Rh A is generated by 1 element iff there exists (u, v) ∈ A2 such that A is
generated by w1 ⊗ u+ w2 ⊗ v and iff, by writing

(w1 ⊗ u+ w2 ⊗ v)2 = 1⊗ t2 + w1 ⊗ u2 + w2 ⊗ v2

with (t2, v2, w2) ∈ A3, the matrix 4u,v :=

[
u v
u2 v2

]
is invertible, i.e., is in GLGLGL2(A).

As u2 and v2 are homogeneous polynomials in u and v of degree 2 with coefficients
in Rh that do not depend on A, there exists (α, β, γ, δ) ∈ R4

h such that by defining
L(x, y) := αx3 + βx2y + γxy2 + δy3 ∈ Rh[x, y] we have det(4u,v) = L(u, v). As
(Ae)h modulo each maximal ideal of Rh is generated by 1 element, (α, β, γ, δ) ∈ R4

h

is unimodular. We conclude that part (5) holds.
If condition (⊥h) holds, then e−1(Y ) is irreducible for each Y irreducible com-

ponent of the zero locus h = 0 (for Y ∈ Irr(Nn−ét
e ) see the proof of part (2.c)).

Hence the homomorphism Rh → (Ae)h induces an isomorphism R∗
h → (Ae)

∗
h.

For part (6), the (Ae)h-algebra (Ae)h ⊗Rh (Ae)h is a product (Ae)h ×A with A
as an (Ae)h-algebra which as an (Ae)h-module is free of rank 2 and for which the
(Ae)h-module A/(Ae)h is free of rank 1. So the (Ae)h-algebra (Ae)h ⊗Rh (Ae)h is
generated by (0, w0) ∈ (Ae)h × A such that A/(Ae)h = (Ae)h[w0 + (Ae)h]. Thus
there exists (v1, v2) ∈ (Ae)h such that L(v1, v2) ∈ (Ae)

∗
h = R∗

h and part (6) holds.
To prove part (7), let xh ∈ Ae be such that its image in (Ae)h generates the Rh-
algebra (Ae)h. Let πh : AnK,s → A1

K be defined by xh. From the previous paragraph
we get that e is of weak type 1 by Definition 22.2 applied to πh × e. From this and
Corollary 25.7 we get that char(K) = 3. Thus part (7) holds.

We have ciedim(SpecRh) ≤ n+ 1 as Rh ∼= K[x1, . . . , xn+1]/(xn+1h− 1). Based
on this, the inequality ciedim

(
Spec (Be)h

)
≤ n + 2 (resp. ciedim

(
Spec (Be)h

)
≤

n + 1) follows from part (2.g) (resp. part (2.f) and the isomorphism (Be)h ∼=
K[x1, . . . , xn+1]/(x

2
n+1h−1)). For ◁ ∈ {A,C} the morphism Spec (◁e)h → SpecRh

is étale. So TSpec (◁e)h is trivial, thus ciedim
(
Spec (◁e)h

)
≤ 2n + 2 by Theorem

7.2(2) and (2.f). Hence part (8) holds.
For part (9), note that the ideal I =

(
y21 − ℓ1(y1, y2), y1y2 − ℓ12(y1, y2), y

2
2 −

ℓ2(y1, y2)
)

of Rh[y1, y2] is defined by polynomials ℓ1, ℓ12, ℓ2 ∈ Rh[y1, y2] of degree
1 (it is easy to see that the 3 polynomials cannot be of degree 0). As locally in
the Zariski topology of SpecRh the Rh-algebra (Ae)h is generated by 1 element
(e.g., this follows from part (5)), locally in the Zariski topology of SpecRh the ideal
I is generated by 2 elements and hence, as Rh[y1, y2] and (Ae)h are regular, the
homological dimension of I is at most 1. Based on this, part (9) follows from [Ser1],
Part II, Sect. 4, Cor.; note that if I is generated by 2 elements f and g, then (Ae)h ∼=
K[x1, . . . , xn+3]/(xn+1h− 1, f, g) and (Ce)h ∼= K[x1, . . . , xn+3]/(x

2
n+1h− 1, f, g).

For part (10), as char(K) 6= 3, there exists w ∈ K0 that generates K0 over
Frac(Be) and such that u := w3 ∈ Frac(Be) by Kummer theory; we can assume that
w ∈ Ce and that u ∈ Be is cubic free. As Spec (Ce)h → Spec (Be)h is a finite Galois
cover between regular varieties of degree 3, for each point P ∈ Spec (Be)h(K),
there exists an affine open subvariety UP of Spec (Be)h which contains P and an
element uP ∈ Frac(Be) such that uu3P is an invertible global function on UP . The
set {(UP , uu3P )|P ∈ Spec (Be)h(K)} is a Cartier divisor that defines < Mh >. As
Mh

∼= (Be)h, we can assume that u ∈ (Be)
∗
h, hence (Ce)h ∼= (Be)h[t]/(t

3 − u). If
char(K) = 2, then from this and part (2.g) we get that ciedim

(
Spec (Ce)h

)
≤ n+3.
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In this and the next two paragraphs we assume that char(K) 6= 2. We have
ciedim

(
Spec (Ce)h

)
≤ n+ 2 as (Ce)h ∼= K[x1, . . . , xn+2]/(x

2
n+1h− 1, x3n+2 − u).

As char(K) 6= 2, we write u = f + zg with (f, g) ∈ R2 by part (2.f). Let τ ∈ G
be the unique element of order 2 that fixes Ae. Then τ(z) = −z, x := wτ(w) ∈ Ae
and v := uτ(u) = f2−hg2 ∈ R∩R∗

h. As x3 = v, Frac(R) → Frac(Ae) is non-Galois,
it follows that x ∈ Frac(R) ∩Ae = R and there exists q ∈ N such that x|hq.

We have τ(w) = x
w and τ(u) = v

u . As u ∈ (Be)
∗
h, {1, z, w,wz, w2, w2z} is an

Rh-basis of (Ce)h. As τ interchanges Rw⊕Rwz and Rw2⊕Rw2z and τ(R⊕Rz) =
R⊕Rz and (Ae)h := {x ∈ (Ce)h|τ(x) = x}, it follows that {1, w+τ(w), wz+τ(wz)}
is an Rh-basis of (Ae)h and condition (†h) holds. We apply parts (5) and (9) to
(w1, w2) :=

(
w + τ(w), wz + τ(wz)

)
. As w := w1

2 + w2z
2h generates the (Be)h-

algebra (Ce)h, we have L( 12 ,
z
2h ) ∈ (Be)

∗
h. As (Ce)h ∼= (Be)h[t]/(t

3 − u) under the
isomorphism that maps w to t+ (t3 − u), the (Be)h[y1, y2]-module
Ext1(Be)h[y1,y2](I ⊗Rh ⊗(Be)h, (Be)h[y1, y2]

)
= Ext1Rh[y1,y2](I,Rh[y1, y2])⊗Rh (Be)h

= Ext1Rh[y1,y2]
(
I,Rh[y1, y2])⊗Rh[y1,y2] (Be)h[y1, y2]

is cyclic isomorphic to (Be)h[y1, y2]/Iz for some ideal Iz of (Be)h[y1, y2]. As there
exists an (Be)h[y1, y2]-linear isomorphism (Be)h[y1, y2]/Iz ∼= (Be)h[y1, y2]/τ(Iz), we
have τ(Iz) = Iz and Galois descend implies that theRh[y1, y2]-module Ext1Rh[y1,y2] ∼=
Rh[y1, y2]/{y ∈ Iz|τ(y) = y} is cyclic. So ciedim

(
Spec (Ae)h

)
≤ n+ 3 by part (9),

and part (10.a) holds.
Part (10.b) follows from part (2.i) and [SGA2], Exp. XI, Thm. 3.13(ii). Part

(10.c) follows from part (2.j): we can take < e >∈ H1
ét
(
SpecBe, (Z/3Z)K

)
to define

the Galois cover SpecCe → SpecBe and < M >∈ H1
ét
(
SpecBe,Gm,K

)
to be the

image of < e > via the monomorphism (Z/3Z)K → Gm,K .
Part (11.a) is a particular case of part (4). The first part of (11.b) follows

from part (11.a). As Mh is generated by two elements by part (11.a), there exists a
projective (Be)h-module M∨

h such that Mh⊕M∨
h
∼= (Be)

2
h. Taking determinants, we

get that M∨
h is the dual of Mh. As < Mh > is a class of order 1 or 3, M⊗3

h
∼= (Be)h,

hence M∨
h
∼=M⊗2

h and part (11.b) holds. We identify Mh = R2
h as Rh-modules.

Assume char(K) 6= 2. As (Be)h = Rh[z]/(z
2 − h), we have Mh

∼= (Be)h as
(Be)h-modules iff there wh ∈ Mh such that {wh, zwh} is an Rh-basis of Mh. Let

{w1, w2} be the standard basis of R2
h. Let the matrix 4z =

[
αz βz
γz δz

]
∈ GLGLGL2(Rh)

define the action of z on Mh. We have 42
z =

[
h 0
0 h

]
. As h is not a square in Rh,

a simple computation gives identities αz = −δz and δ2z + βzγz = h. The (Be)h-
module Mh is projective iff the zero locus βz = γz = 0 in SpecRh is the empty
set and iff (βz, γz) is unimodular. For (u, v) ∈ Rh, by taking wh := uw1 + vw2,

{wh, zwh} is an Rh-basis of Mh iff
[

u v
−δzu+ βzv γzu+ δzv

]
∈ GLGLGL2(Rh) and iff

L2(u, v) ∈ R∗
h. The cocycle part follows from the identities (Be)hγzw1 = (Mh)γz ,

(Be)hβzw2 = (Mh)βz and w2 = z+δz
γz

w1. Thus part (11.c) holds.
The proof of part (12) is entirely the same as of part (11) once we note that the

R-module M is free by Quillen–Suslin Theorem. �

Remark 26.2. Assume p = 2. Let R = k[x1, . . . , xn]. Conjecture 2.10 predicts
that there exists no e ∈ EE2(k) such that deg(e) = 3, ψe is étale and condition (S3)
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holds for K = k. Based on [MW], Cor. 2.2(b1) and Thm. 3.1 it suffices to show
that there exists no F ∈ Frac(R) such that the following properties hold:

(i) The polynomials t3 + t+ F, t2 + Ft+ 1 ∈ Frac(R)[t] are irreducible and the
normalizations of R in Frac(R)[t]/(t3+ t+F ) and Frac(R)[t]/(t2+Ft+1) are étale
R-algebras A and B (respectively).

(ii) The affine variety SpecA contains an open subvariety isomorphic to Ank .
Note that for n ≥ 2 there exists F ∈ Frac(R) such that property (i) holds, prop-

erty (ii) does not hold, A∗ = k∗, Spec (A) is rational and moreover A is factorial.
To check this we can assume that n ∈ {2, 3} and this case follows from Theorem
2.7(1) and (2) and Remarks 19.1 and 19.2 for n ∈ {2, 3}) based on [MW], Cor.
2.2(b1) and Thm. 3.1. Explicit F s for n = 3 can be computed based on Remark
19.3.

27. Appendix: weak separations

Definition 27.1. Let X be a normal scheme of finite type over a field K. Let
∆X be the closure in X ×SpecK X of the image ∆X of the diagonal immersion
X → X ×SpecK X, and let U ⊂ ∆X be the (open) locus where both projections to
X are quasi-finite. We say that X is weakly separated if U = ∆X .

Note that U is open in ∆X by Chevalley’s Semi-continuity Theorem (see [Gro4],
Thm. (13.1.3)).

Proposition 27.2. With notation of Definition 27.1, the following properties hold.
(1) Both projections π1 : U → X and π2 : U → X are local isomorphisms.
(2) The morphism U → X ×SpecK X is an equivalence relation.

Before proving this proposition, we first make a second definition and prove a
lemma needed in the proof.

Definition 27.3. Let X be a normal scheme of finite type over a field K. By the
weak separation of X we mean the quotient Xw := X/U of X by the equivalence
relation U (quotient by an equivalence relation of big Zariski sheaves or quotient in
the category of ringed spaces).

Lemma 27.4. Assume we have a commutative diagram X Z

Yf

h

g
of

integral schemes of finite type over a field K with Y normal, f dominant quasi-finite
and g birational. Then h(X) is contained in an open subscheme Ω of Z such that
the morphism Ω → Y induced by g is a local isomorphism.

Proof. It suffices to show that for each x ∈ X, the homomorphism OY,f(x) →
OZ,h(x) of local rings induced by g is an isomorphism. To show this we can assume
that X, Y and Z are affine and we can replace X and Z by their normalizations.
Then X is open in the normalization W of Z in the field of fraction of X by Zariski’s
Main Theorem. By the going down property h(X) is open in Z. So h(X) → Y is
quasi-finite birational and thus an open embedding by Zariski’s Main Theorem. �
Proof of Proposition 27.2. Part (1) follows from Lemma 27.4 applied to h = 1U .
The relation defined by the monomorphism U → X ×SpecK X is clearly reflexive
and symmetric by definition. To show that it is transitive we can assume X is
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integral and we consider the factorization h : U ×π2,X,π1
U → ∆X of the morphism

U×π2,X,π1 U → X×SpecKX defined by the following rule on valued points (u, v) 7→(
π1(u), π2(v)

)
. From Lemma 27.4 applied to g equal to one of the two projections

of ∆X on X it follows that h factors through an open subscheme Ω of ∆X with
the property that both projections from it to X are local isomorphisms. Hence Ω
is contained in U . Thus the relation is also transitive, so part (2) also holds.

Lemma 27.4 implies that the association X 7→ U is functorial with respect to
dominant quasi-finite morphisms between integral normal schemes of finite type
over K. So dominant quasi-finite morphisms between integral normal schemes of
finite type over K induce morphisms on weak separations. One verifies that ∆X

is the inverse image under the morphism X ×SpecK X → Xw ×SpecK Xw of the
diagonal closure ∆Xw in Xw ×SpecK Xw of the image of the diagonal immersion
Xw → Xw ×SpecK Xw. It follows that weak separations are weakly separated.

Example 27.5. Let d : C → C be an endomorphism of a curve over K that
permutes the generic points of its irreducible components. Then d|Irr(C)|! fixes
these generic points and hence induces dominant endomorphisms of its irreducible
components. So to prove that ι(d) ∈ N we can assume that C is irreducible.
The weak separation Cw of C is the integral separated curve obtained from C by
identifying the points whose local rings coincide inside the field of fractions of C.
The functorial endomorphism dw : Cw → Cw induced by d is finite surjective by
Lemma 10.5(3). By considering an open non-empty subset U of Cw isomorphic to
its inverse image in C, we have U ⊂ Im(di) for all i ∈ N. Thus ι(d) ≤ |C \ U |.

For an endomorphism e : X → X of a variety over K and P ∈ X(K) we consider
the following condition.

(w♮e,P ) The condition (♭e,P ) holds and for each n ∈ N∗ the Zariski closure of
the set {em(P )|m ∈ N,m ≥ n, e−1

(
em(P )

)
= {em−n(P )}} contains a non-empty

open subvariety Ω of an irreducible component of positive dimension of the Zariski
closure Y0,1 of the orbit {ei(P )|i ∈ N}.

Note that if (w♮e,P ) holds and m ∈ N∗ is such that em(P ) ∈ Ω, then (w♮d,em(P ))
holds for which endomorphism d : Y → Y induced by e with Y a locally closed
subvariety of X that contains em(P ). Clearly, (♮e,P )⇒ (w♮e,P )⇒ (♭e,P ) and hence
the following proposition is a weaker form of Theorem 16.8(2).

Proposition 27.6. Let e : X → X be a quasi-finite endomorphism of a variety
over K. Then there exists no P ∈ X(K) for which condition (w♮e,P ) holds.

Proof. We show that the assumption that there exists P ∈ X(K) for which con-
dition (w♮e,P ) holds leads to a contradiction. We can assume that Y0,1 = X.
Let s ∈ N∗ be such that es fixes the generic points of irreducible components of
the equidimensional variety X− := ∪Y ∈Irr(X),dim(Y )>0Y by Lemma 16.14(1). Let
Z ∈ Irr(X−) and let d : Z \ Z be induced by es. Let l ∈ N be the smallest such
that el(P ) ∈ Z. As (w♮e,P ) holds, so do (w♮d,el(P )) and (♭d,em(P )). We choose
Z such that each point em(P ) in some non-empty open subvariety of Z satisfies
d−1

(
em(P )

)
= {em−s(P )}. In particular, d : Z → Z is dominant (being quasi-finite

with Z irreducible) and generically radicial, and the same holds for its normaliza-
tion dn : Zn → Zn. From Zariski’s Main Theorem we get that the functorial weak
separation dn

w : Zn
w → Zn

w is a bijection. By considering an open non-empty subset
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Ω of Z naturally isomorphic to (dn)−1(U) and its image in Zn
w, we have U ⊂ Im(di)

for all i ∈ N, which contradicts (♭d,em(P )). �

Corollary 27.7. Let f : X → Y be a birational morphism between irreducible
varieties over K. Assume there exist endomorphisms e : X → X and d : Y → Y
such that d◦f = f ◦e. Let Q ∈ Y (K) be such that its orbit {di(Q)|i ∈ N} is Zariski
dense in Y . Let i ∈ N be the smallest such that there exists P ∈ X(k) such that
f(P ) = di(Q). If (w♮d,Q) holds, then e is not quasi-finite.

Proof. As (w♮d,Q) holds, so does (w♮d,P ); so corollary holds by Proposition 27.6. �

Remark 27.8. In the proof of Proposition 16.15, instead of its last paragraph,
from Corollary 27.7 applied to the birational composite morphism Ω → Zn → Z,
the endomorphisms eΩ : Ω → Ω and eZ : Z → Z, and the point em(P ) ∈ Z(K), we
get that that eΩ is not quasi-fine, a contradiction.

28. Appendix: on pullbacks of Lang torsors

Let κ be a subfield of k such that the field extension κ → k is algebraic. Let
X = SpecR be an integral affine scheme of finite type over Specκ and of dimension
at least 1. To construct Galois covers over X that are pullbacks of Lang torsors,
we first prove the following general proposition.

Proposition 28.1. Let K be a subfield of K such that the field extension K → K is
algebraic. Let G be a smooth connected linear algebraic group over K. Let Ru(GK)
be the unipotent radical of GK . Then the following properties hold.

(1) Assume there exists N ∈ N∗ and a dominant morphism Σ : ANK → GK whose
general fibers are geometrically integral. Then GK/Ru(GK) is a simply connected
semisimple group.

(2) Assume Ru(GK) is defined over K (i.e., the unipotent radical Ru(G) of G is
defined) and GK/Ru(GK) is a simply connected semisimple group. We also assume
that Ru(G) is K-split (e.g., this holds if K is perfect) and G/Ru(G) is quasi-split
(e.g., this holds if K is finite). Then there exists N ∈ N∗ and a surjective morphism
Σ : ANK → GK whose general fibers are geometrically integral.

Proof. To prove part (1), we can assume that K = K. By composing Σ with the
quotient morphism G → G/Ru(G), we can assume that Ru(G) is trivial, i.e., G is a
reductive group. By reasons of units, each morphism ANK → Gm,K is constant. So
Gm,K is not a quotient of G and thus G is semisimple. If Gsc is the simply connected
semisimple group cover of G, then its center is of multiplicative type (see [SGA3-3],
Exp. XXII, Cor. 4.1.7), hence the kernel Ker of the central isogeny Gsc → G is finite
of multiplicative type. As H1

ét(ANK ,µµµm,K) = for each m ∈ N∗ and Ker is a finite
product of such finite group schemes µµµm,K over SpecK, the Ker-torsors on ANK are
trivial. So Σ factor through Gsc and thus, as its general fibers are geometrically
integral, it follows that Ker is trivial, i.e., G = Gsc; so part (1) holds.

To prove part (2), let G ∼= Ru(G) × G/Ru(G) be an isomorphism of schemes
defined over SpecK by [Ros2], Thm. 1. By very definition of a K-split unipotent
group, Ru(G) has a composition series whose factors are Ga,K, hence there exists
m ∈ N such that Ru(G) ∼= AmK . Based on the last two sentences, we can assume that
Ru(G) is trivial. As G is a simply connected semisimple group which is quasi-split,
it has a Borel subgroup and hence it has a pair of opposite Borel subgroups B+

G and



114 ALEXANDER BORISOV, OFER GABBER, AND ADRIAN VASIU

B−
G . For ∗ ∈ {+,−}, let U∗

G be the unipotent radical of B∗
G . From [CGP], Part I,

Ch. II, Props. 2.2.9 and 2.1.10 and Cor. 2.2.5 we get that U∗
G is K-split. Hence each

product over SpecK of a finite number of copies of either U+
G or U−

G is isomorphic
to an affine space over K. Let G′ be the subgroup of G generated by U+

G and U−
G .

To prove that G′ = G, in this paragraph we assume that K = K. As G is a
product of simply connected semisimple groups that have simple adjoints by the
classification theorem [SGA3-3], Exp. XXV, Thm. 1.1, we can assume that the
adjoint group of G is simple. As G′ is normalized by U+

G , U−
G and by the maximal

torus B+
G ∩B−

G of G, it is a normal subgroup of G and hence G′ = G.
As G = G′, there exists a smallest q ∈ N such that we have a surjective product

morphism Σ : Vq → G with Vq :=
∏q
i=1 Ui where Ui is U−

G if i is odd and is U+
G if

i is even. E.g., if G = SLSLSL2,K then we have q ≤ 5 as one can check easily based on
the analog of Equation (18) over K. For i ∈ [[1, n]], let 1i be the identity element
of Ui. An induction on j ∈ [[1, ji] based on [Ros1], Thm. 10 gives that the product
morphism Σj : Vj → Σ(Vj) induced by Σ has a rational section (called cross-section
in loc. cit.), where Vj :=

∏j
i=1 Ui×SpecK

∏q
i=j+1 1i. So the general fibers of Σ = Σq

are geometrically integral. �

Let κ′ be the algebraic closure of κ in Frac(R); let X ′ be a Zariski dense open
subscheme of X which is geometrically irreducible over Specκ′. Let Gab be the
abelianization of an abstract group G. The following result refines [Kam], Thm.
and Item 2 of p. 640 from several points of view (e.g., the case pq = 2 is not excluded,
when κ infinite we do not requite either G to have trivial unipotent radical or X to
be geometrically integral over Specκ).

Theorem 28.2. Let q ∈ N∗. Let G be a smooth connected linear algebraic group
over Fpq such that G/Ru(G) is simply connected semisimple. Then there exists a
Galois cover Y = SpecS → X of Galois group G := G(Fpq ) such that S is an
integral domain and κ′ is algebraically closed in Frac(S) (hence, if Y ′ := Y ×X X ′,
the Galois cover Y ′ → X ′ is geometrically irreducible over κ′).

Proof. Let Fpq be as in the beginning of Section 19. For the Weil restriction of
scalars G′ := ResFpq/FpG (see [CGP], Part IV, App. A.5) we have G′(Fp) = G =

G(Fpq ) and G′
k = Gqk. Thus by replacing G with G′ we can assume that q = 1. Let

L : G → G be the Lang torsor; it is a G-torsor defined on valued points by the rule
� 7→ � · Fp(�)−1. To prove the theorem we can assume that |G| ≥ 2, i.e., that
dim(G) ≥ 1. Recall that G/Ru(G) is quasi-split (e.g., see [Bore2], Ch. V, Prop.
16.6) and Ru(G) is Fp-split (e.g., see [Bore2], Ch. V, Prop. 15.5 (ii)).

Following [Kam], we consider two disjoint cases as follows.
Case 1: κ is a finite field. Based on Proposition 28.1(2), there exists N ∈ N∗

for which there exists a surjective morphism Σ : UN := ANFp → G whose general
fibers are geometrically integral. Thus the pullback MN : XN → UN of L via Σ is
a G-torsor with XN geometrically irreducible over SpecFp.

For each irreducible G-torsor Y ′ → X ′, let κ′′ be the algebraic closure of κ in
the field of fractions of Y ′. The inclusion κ′ ⊂ κ′′ is a finite Galois extension and
we have a surjective homomorphism G(Fp)ab → Gal(κ′′/κ′). In particular, if m is
the exponent of G(Fp)ab and κ′ → κ′m is the field extension of degree m, for Y ′ to
be geometrically irreducible over κ′ it suffices that Y ′

κ′
m

is irreducible.
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Let κ′m ⊂ κ+ be a finite field extension. By a version of Chebotarev density
theorem (cf. [Del], Thm. 3.5.3 in the case of finite monodromy), we can assume that
κ+ is large enough so that the following two properties hold: (i) for each conjugacy
class conj of G there exist closed points of ANFp with residue field κ+ and Frobenius
conjugacy class (defined by MN ) conj; (ii) the number of closed points of X ′ with
residue field κ+ is at least equal to the number of conjugacy classes of G. It follows
that there exists a morphism ΣX : X → UN with prescribed values on certain
κ+-valued closed points, and using Jordan’s Theorem (e.g., see [Ser2], Thm. 4’ or 4
and [Kam], Lem. 1) as in [Kam], Sect. 2, the G-torsor Y := XN×MN ,UN ,ΣXX → X
is such that the G-torsor Y ′

κ+
→ X ′

κ+
is irreducible. Thus Y ′

κ′
m

is also irreducible
and the theorem holds in this case.

Case 2: κ is an infinite field. Let m ∈ N∗ be such that there exists a closed
embedding c : X → Amκ ; so cN := c × 1UNκ is a closed embedding. We show that
there exists a linear (not necessarily homogeneous) morphism ΣX : X → Uκ such
that the G-torsor Y := XNκ ×MN,κ,UNκ ,ΣX

X → X is such that the induced torsor
Y ′ → X ′ is geometrically irreducible over κ′. This is equivalent to cutting with
a general subspace of codimension N of the affine space Amκ ×Specκ U

N
κ = Am+N

κ .
As dim(X ′ ×Specκ′ XNκ′) ≥ N + 1, the existence of ΣX follows from [Jo1], Part
I, Cor. 6.7(3) applied (or from [Jo1], Part I, Thm. 6.3(4) applied N times) to
cN ◦ (1X ×MN,κ) : X

′ ×Specκ′ XNκ → Amκ′ ×Specκ′ UNκ′ = Am+N
κ′ . �

29. Appendix: open problems, questions, and conjectures

P1. For all integers n ≥ 2 and l ≥ 0 compute the smallest πp,n,l ∈ {1} ∪ pN∗ such
that there exists an Fn-system S over k with π(S) = πp,n,l and s(S) = l. Clearly,
πp,n,1 = 1 and the sequences (πp,n,l)n≥2 are decreasing.

Remark 29.1. Each Fn-system S over k is equivalent to an Fm-system over k of
the form xi + fpi = 0 for i ∈ [[1,m]], where m ∈ N∗ depends only on n and π(S)
and the partial degree of fi ∈ k[x1, . . . , xm] in xj is at most 1 for all i, j ∈ [[1,m]].

Example 29.2. (1) Clearly, for l ∈ N we have πp,n,l = 1 iff l = 1 and (see [V],
Thm. 2.4.1(b)) we have πp,n,l = p iff l ∈ {pm|m ∈ [[1, n]]}. Thus πp,n,0 ≥ 2p.

(2) We have πp,2,0 ≥ 3p by Proposition 22.15. The system of equations x −
xpyp(p−1) + 1 = y − xyp − 1 = 0 over k has no solutions by Example 14.1 applied
to (m, q) = (1, p) and it is equivalent to the F2-system x − xpyp(p−1) + 1 = y +

yp − xpyp
2 − 1 = 0 over k, hence πp,2,0 ≤ p2 + p, and also to the F3-system

x− xpyp(p−1) + 1 = y + yp − xpzp − 1 = 0 = z − yp over k, hence πp,3,0 ≤ p2. Part
(1) and the last two sentences imply that π2,2,0 = 6, π3,2,0 ∈ {9, 12}, and π2,n,0 = 4
and π3,n,0 ∈ {6, 9} for n ≥ 3.

P2. Identify properties of the finite sets F(e) ∈ Pf (N) with e ∈ BE2(k).

Remark 29.3. If F(e) 6= ∅ for e ∈ BE2(k), then the union F(e) ∪ {deg(e)} has a
‘midpoint’ [deg(e) + min{F(e)}]/2 but in general it is not symmetric with respect
to it (e.g., this is so if in Proposition 22.9 we have 1 ∈ U and |U| ≥ 2).

P3. Describe the inclusions {φ
(
eι(e)

)
|e ∈ BE2(k)} ⊂ {φ

(
eι(e)

)
|e ∈ EE2(k)} and

{ι(e)|e ∈ BE2(k)} ⊂ {ι(e)|e ∈ EE2(k)} and the set {deg(e)|e ∈ BE2(k), φ(e) > 0}.
In particular, does there exists e ∈ BE2(k) with deg(e) = p and φ(e) > 0?
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P4. For n ∈ N∗ compute the smallest ϑp(n) ∈ N∗ for which there exists e ∈ BE2(k)
with φ(e) = n and deg(e) = ϑp(n). E.g., we have ϑ2(4n − 1) ≤ 4n by Theorem
2.4(3).
P5. Classify the sequences

(
(φ(en)

)
n∈N with e ∈ QF2(K).

P6. Let d ∈ EEn(K). For n ≥ 2, classify the sequences
(
ρét(d

n)
)
n∈N and(

ρ(dn)
)
n∈N, decide if ρét(Xd) is or is not equal to ρét(d) (cf. Theorem 7.3(4)).

For n = 2, how do the invariants ρ1(d) or ρ2(d) vary with d when the isomorphism
class Xd is fixed?

Example 29.4. If e ∈ EE2(k), then for all n,m ∈ N∗, the identity en+m = enem

induces a finite flat morphism Xen+m → Xen such that the inverse image of the
open subvariety A2

k,s of Xen is Xem and therefore ρ(en+m) ≥ ρ(en) + ρ(em).

P7. Given e ∈ EEn(K) and an open embedding ı : AnK → Xe, is it true that
Im(ı) ⊂ Xét

e ? If it is not true, does there exist d ∈ EEn(K) such that ıd is
isomorphic to d?

Let X be an affine connected smooth surface over k that has an open subvariety
isomorphic to A2

k. Does there exist e ∈ EE2 such that X is isomorphic to an open
subvariety of Xe? If yes, can we actually choose e ∈ EE2(k) such that X ∼= Xe? If
not, is it true that there exists a non-surjective étale endomorphism d : X → X?
P8. Study other invariants of e ∈ EEn(K) such as the reduced locally closed
subvariety Nl(e) with l ∈ F(e)∪{deg(e)} of Remark 10.2 or the isomorphism class
of the Galois group of the finite Galois extension of Kt(x1, . . . , xn) generated by
Frac(e#), or the number ν(e) of irreducible components of Ne.
P9. For e ∈ EE2(k), describe relations such as inequalities or values of polynomial
expressions between invariants of its iterates. E.g., the set { ρ(e)

deg(e) |e ∈ EE2(k)} is
unbounded (see Theorem 2.4(2)).
P10. Use special polynomials as in [Wr2], Defs. 1.3 to 1.7 to provide more examples
of moduli spaces of endomorphisms e ∈ EEn(R) that have relevant properties. E.g.,
for integers n, q ≥ 2 we have a closed subscheme HEE∗

n,q of EE∗
n,q whose R-valued

points are those n-tuples of the form

(f1, . . . , fn) = (x1 + lq1, . . . , xn + lqn) ∈ R[x1, . . . , xn]
n

with l1, . . . , ln linear forms. Of particular interest is to describe the set

∇n,q,char(K) := {deg
(
e(f1, . . . , fn)

)
|(f1, . . . , fn) ∈ HEE∗

n,q(K)}.

Example 29.5. (1) We have ∇2,q,0 = {1}, i.e., (HEE2,q,K)red → SA∗
2,q,K is a

closed embedding if char(K) = 0 (see [vdE], Part I, Ch. 2, Sect. 2.1, Exc. 4 due to
Furter).

(2) We have ∇n,1,p = {1, p, p2, . . . , pn} (the part ‘⊂’ follows from [V], Thm.
2.4.1(b); the part ‘⊃’ can be seen by taking li ∈ {0, xi} for all i ∈ [[1, n]]).

(3) For t ∈ N∗ we have ∇2,pt+1,p = ∇3,pt+1,p = {1}, i.e., we have closed embed-
dings (HEE2,1+pt,k)red → SA∗

2,pt+1,k and (HEE3,pt+1,k)red → SA∗
3,pt+1,k.

P11. Classify all SEEn,q,K that are irreducible. Compute the dimensions of
SEEn,q,K and SA∗

n,q,K .
P12. Prove an analogue of Theorem 24.13 with SEE replaced by SA.
P13. Is it possible to define moduli schemes BEn,q,Fp and SBEn,q,Fp?
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P14. For each integer q ≥ 3, classify all surfaces that are non-trivial torsors under
the line bundle OP1

K
(−q) over P1

K . In particular, classify the isomorphism classes
defined by S2f,g,k,Y or T2

f,g,m,Y of Proposition 23.2.

Remark 29.6. Torsors under OP1
K
(−q) are parametrized by H1

(
P1
K ,OP1

K
(−q)

)
.

As H1
(
P1
K ,OP1

K
(−2)

) ∼= K, the group of automorphisms of OP1
K
(−2) acts transi-

tively on the non-trivial torsors under OP1
K
(−2) and thus, as schemes over SpecK,

they are all isomorphic to S2K . By Serre duality for P1
K (see [H2], Ch. III, Thm.

7.1(b)), for each non-zero class in H1
(
P1
K ,OP1

K
(−q)

)
there exists a homomorphism

OP1
K
(−q) → OP1

K
(−2) that maps it to a non-zero class in H1

(
P1
K ,OP1

K
(−2)

)
. Thus

the non-trivial torsors under OP1
K
(−q) are affine as they are affine schemes over S2K .

P15. Identify more smooth affine surfaces over K that have proper open sub-
varieties isomorphic to A2

K and compute their embedding dimensions (in the set
{3, 4, 5}, see Theorem 7.2(1)) and decide if they are or are not complete intersec-
tions. For (n1, n2, n3) ∈ N3 with n1 + n2 + n3 > 0 and q ∈ {3, 4, 5} classify all
e ∈ EE2(k) with

(
ρ1(e), ρ2(e), ρ(e)− ρét(e)

)
= (n1, n2, n3) and edim(Xe) = q.

P16. Classify all Galois field extensions Z of k(x, y) which are of degree p and
unirational in a way that one can decide if Z is rational or if Z has the property that
the spectrum X of the normalizations of k[x, y] in Z has an affine open subvariety
Y which is étale over A2

k and: (i) isomorphic to A2
k; (ii) finite over A2

k; (iii) such
that O(Y ) = k∗; (iv) factorial.
P17. If k is an algebraic closure of Fp, does there exist d2 ∈ D2(k) which is
generically étale with deg(d2) > 1 and ι(d2) = ∞?
P18. Do there exist affine regular varieties X over k with trivial tangent bundles
but without p-bases? In particular, do there exist étale morphisms SLSLSL2,k → A3

k?
P19. Let e ∈ EEn(K). Is it true that Sing(Xe) ⊂ ∪(Y,Z)∈Irr(Xe\Xét

e )2,Y ̸=ZY ∩ Z?
For n = 2, if this is true then Sing(Xe) = ∅ by Corollary 11.4(1), so Xe is regular. If
n = 2, then for m ∈ N with pm > φ(e) and a d ∈ EE2(k) which is a finite étale cover
of degree pm, de ∈ EE2(k) is surjective with Xed = Xe. So there exists e ∈ EE2(k)
with Xe singular iff there exists a surjective e ∈ EE2(k) with Xe singular.
P20. Let e ∈ EEn(K). Is it true that, with the notations of Criterion 10.7, we
have Irr(Xe \Xét

e ) = Irrt(Xe \Xét
e )?

P21. Describe the submonoid MBEn(k) of GAn(k) generated by BEn(k). Describe
the set ∞p(M) := {

(
∞p(f),∞p(g)

)
|(f, g) ∈ ks[x1, x2], e(f, g) ∈M} ⊂ (N∗)2, where

M ∈ {EE2(k),MBE2(k)}.
P22. If n ≥ 2 and m ∈ N∗, is the set {e ∈ p-Morn(k) \BEn(k)|deg(e) = pm} non-
empty? Note that if n ≥ 2 and e ∈ BEn(k) is non-surjective, then e /∈ p-Morn(k).
P23. If e ∈ EE2(k) has 1 point at infinity modulo p and a ∈ GA2(k), is it true
that ea has 1 point at infinity modulo p?
P24. Is it true that there exists no e ∈ EEn(k) with 2 < deg(e) < p or at least
that degp,n,q = 1 if qn < p? [An affirmative answer implies the classical Jacobian
Conjecture. If such an e exists, then ψe is non-étale by Corollary 25.3.] Do there
exist counterexamples to Conjecture 2.10 with deg(e) > p? Do there exist examples
with degfp,n,q 6= degp,n,q or with SEEf−gen

n,q,k not Zariski dense in SEEn,q,k?

The following conjecture is our expectation of what [Zh], Introd., Thm. for n = 2
would become for n ≥ 3.
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Conjecture 29.7. Assume char(K) = 0 and n ≥ 3. If e(g1, . . . , gn) ∈ EEn(K),
then deg

(
e(g1, . . . , gn)

)
≤

∏n−1
i=1 deg(gi).

For n ≥ 3, note that Conjecture 29.7 neither implies the classical Jacobian Con-
jecture for n nor is implied by [Fo2], Thm. 2. It is a weakening of The n-Degree
Conjecture of Moskowicz (see [Mos], Conj. 3.1) which does imply the classical Ja-
cobian Conjecture for n by [Mos], Prop. 3.8.

The next conjecture is a natural extrapolation of Corollaries 25.3 and 25.4, [Wa2],
Thm. 62, Section 21, and moduli considerations.

Conjecture 29.8. If n ≥ 2, q ≥ 3 and n
√
p ≤ q < p, then δf

p,n,q = 1.
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