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Abstract
It is shown that a quantal or classical systein of N particles of

distinct species o , B = 1, 2,... b interacting through pair potentials

Yo ﬂ(a) are stable, in the sense that the total en?;§y is always bounded
below by - NB, provided B(a) exceeds some P, 4 (r) whose Fourier
transform qa B(p) corresponds to a positive gemidefinite p x p matrix
for all p.

This result is applied to discuss "charged" systems and stability
is proved for Coulomb interactions if the charges are somewhat smeared rather than
concentrated at points. For a.large -class of -petentials it is shown that classical
instability implies quantum instability in the case of bosons and, in three or
more dimensions, also of fermions., Quantum systems with Coulomb interactions
(point charges) are discussed and it is shown in particular that their stability

cannot depend on the ratios between the masses of the particles.
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I. INTRODUCTION

Congider a classical system of ¥ particles in a Vv-dimensional

space with total potential energy Uy = Uﬁ(gq'°’g£§ s where r. is the
position vector of the i-th particle. In order that the system behave thermo-
cynamically in the limit N - e it is natural to ask that the total configu-

rational ensrgy satisfy the stability condition

- 5 e TRE ! \
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Tor all sata of , where B 1is a fixed bhound. (Otherwise the energy per

r-"
AN
particle in the thermodynamic limit might not be bounded below). With the aid

of this condition, a further condition on the rotentials at large particle separa-
tions and suitable restrictions on the shapes of domain'containing the system, one
can prove rigorously the existence of the thermodynamic limit for the canonical and

4-3)
grandcanonical partition funcetiong for both classical and quantum-mechanical gystems

Suppose the particles interact only through a pair potential &f(r)
Ny
go that
U. = . . r. - I, I.2
B g Pl =) (1.2)
It has then been shown1-3) that stability is assured if the following conditions

are satisfied :

(A) The pair potential can be decomposed as

@) - ¢ v P (1.3)

oy



where @(1)(3) may take the value + oo but is nonnegative, that is

‘P(1)(£) >/ 0 (I.&].)

L{’(zl(};) - [ap o'B°F @(2)(;\3\) (1.5)

where the Fourier transform ¢£2)(£) is (absolutely) integrable

and satisfies

so that, in other words, ¢(2)(£) is of positive type.

With the aid of this theorem one can-show3_4) that the following

gimple conditions are sufficient for stability, namely,.

: +€
(B) for r ¢ & w(;ﬂ > ¢/ r ” i (I.7)
for a; ¢ T & B, ¢(z) Y =W, (1.8)

]
for r oy &, q(ﬁ) y - g VS , (I.9)
where . a, , as C,&e,w,C" and e are positive constants.

More recently DobrushinS) has shown by an independent method that
the following closely related but more general conditions, are also sufficient

for stability, namely

(C) there are monotonic decreasing functions f(r) and (r) such that



for T ¢ ay q(r) ) E (5) (1.10)
&4
while RS ol O S R S (1.11)
for a; < r<a, LP(I‘) y =W,
for r ) a, {F(r) y =1(r) {T.12)
s ... S 0 WO, i1 S -y 2 ,
while azf n,L(r)' AU T & 587 (1.13)

Dobrushin's proof is rather involved (and proceeds through a complicated inequality)
so in Appendix A we present a proof of the sufficiency of conditions (C) which

shows that they are, in fact, encompassed by the conditions (4) .

Our main purpose in this paper, however, is to extend the conditions
(4) +to systems in which species of different particles interact with one another
or in which the pair potentials depend on some internal, for example orientational,
coordinates. The principal result is to replace the nonnegativity of the Fourier

transform @(g) s Equ.(I.6) , by the positive semidefiniteness of a corres-

ponding stability matrix &(p) = LFoc [3(?'\) + This theorem is applied to the
discussion of charged systems interacting through Coulomb and more general forces.
We show that such a system is stable if the charges are slightly '"smeared" by
some not too singular distribution, for example by a Yukawa type function, or if

the potential is cut off in some more drastic way at small o .

For gquantum mechanical systems it seems likely that when account is

taken of kinetic energy Ty » stability in the sense

.2 I = < (T +Tg)> 5 -8B , (I.14)



would be attained with purely Coulomb interactions. We have been unable to solve
this challenging problem but we make some remarks on the relation between the
stability of classical and quantal systems. We also show that the long ra:ige
part of the Coulomb potential does not cause instability and that stability
cannot depend on the mass ratios of the differently charged species (as might
perhaps be suggested by the '"observed stability" of a system of hydrogen or

deuterium atoms and the large ratio of nucleon to electron mass) .

II. MULTISPECIES SYSTEMS.

Consider a system of N particles made up of p different
species with N1 particles of species 1,...N& particles of species o ,

etec, so that

(11.2)

[}
=

N1 E3 N2 + sas + Iﬂ’!1

Let the position of the ith particle of species « be ‘Eifd) s [i(e) = 1,2,

e Nu] and suppose that the total configurational energy is given by

n

Uy (Rie)*e* () Yamt 2@ YonlEiie) T Ei(w)
: (11.2)

3]

* Zoc.<ﬁ Zi(oc) i) fo pEi(p) = Fi(w)

in which Yo p (r) is the interaction potential between a particle of

species o and one of species P and may take the value + oo as well as

dhis, Wi RN R



' We will not assume that the functions ¢ la(3) are rotationally
symmetric. For instance we may suppose that the particles are asymmetric mole-
cules but that the orientation of each one in space is held fixed as their
positions vary. (Bach different orientation may be considered as a distinet

species.) It is obvious, however, that we should require

Gup @ = Yo (D (11.3)

for all « , 2 and r . Then we have

Theorem I. ~ Let (, 6 (;) = Py ‘3(1)(5) + (FOL 5(2)(1') be a decomposition

of the potentials respecting (2.3) i.e. such that

Go g2 = ¢ Bm) foran LBz, (11.4)
and suppose
9 i3(.?)(r) . & oE ﬁ'(2)(}‘;,) (11.5)

where the Fourier transform gbu ﬁ(2) (g) is absolutely integrable.

1) _
if ﬁPmp( () 0 forall o« ,p ,r andif the pxp

matrix é(p) = [@{x' ﬁfe) ('R)l has no negative eigenvalues for any value of p

then the total potential energy, defined in (II.2) , satisfies

UN (51(05) i ’?*Np(l-i)) [ /2 gsi Vo (Fococ(z)(ﬂq) . (11.6)

To prove this theorem notice firstly that the matrix % is

Hermitean because

§o 5@ = @ @ g, P



and so by (II.4)

- (207 [qg BTy, c.;(z)(—g:)

-

- (2x)™ fd£ oiPeT LFB “(2_)(}:) " ‘fﬁm(g}(}f)i

(11.7)

Thus ® has real eigenvalues and the statement that these are never negative is

equivalent to the assertion that the Hermitean quadratic form  x dx

where x is a pox1 column vector, is positive semidefinite. Secondly by

(II.5) and the absolute in‘be'ra'bility of (P\tx. m(z)(P) it follows that

0. m(z)(g) is finite for each « .

By definition (2.2) and the assumed positivity of the potentials
(Foc ﬁ(1)(£) we have

B ' ¥
UN Y % o= 1 Zi(oc)z_j(cx) []acz 3(2)(}.:3(0;) = 51(0‘.))

K (2)
+ T Zi(oc) Lip) Yo p (Z5(8) = Zi(w)

B (2) ;
Youfew siafe B ' @1 BRe) - (1I.8)
where

i N ¥

2
W o= L AR S (Faﬁ(z)(rj(fa)‘ri(m))' (11.9

Q’.=1

=

. P8 ; .

]

Introducing the Fourier transform through (IT1.5) yields
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B U ) PN 2)
My = Lgar Zpet Li(@) Zyp) ] B % [1%'(33(@‘31(&)] ‘Pmﬁ( (p)

B K ( A : ;
fap Lger Lpei 'b:i(a) exP(iE'Ei(a))] | ?“5(2)(&"3) [Zsz(s) exp(llf'llj(ﬁ))]

.On defining the column vector

' N
é_(R} .=___[E:i(m)=1 .f;?(?g'ﬁi(m))]fﬂ o (II.10)

this may be written simply as

o= Ja i@ 3@ ik - (11.11)

[

Since the integrand is a nonnegative quadratic form for all p we have

-~

WN Yy © and the theorem is proved.
Remarks. The theorem may obviously be extended to the case where, in addition
to two-body potentials, UN contains non-negative many body potentials. The
theorem applies even when N, = | (all «) so that each particle belongs

to a distinct sﬁeciesﬂg but in that case the "éeif iﬁééf&éticn“ potential

¢ « m(r) may be chosen arbitrarily.

i —-..._',_,/'"-i..r""-'f:.

mihgn

I7I. CHARGED SYSTEMS.

Suppose the particles of the system are '"charged" so that each

particle of species « carries a charge q, and the interactions are given by

Yoo o@ = gy 9 X (II1.1)



where Y (r) is a fizxed "shape factor" satisfying

x(x) = 2(=x) Y (=x) == © as r —>oo . (IIL.2)

We have principally in mind, of course, Coulomb systems for which Z(r) = 1/p .
screened Coulomb or Yukawa systems with X(zx) = e KT/, etee
The charges q, may be positive, negative or zero. (Complex charges

aQ = '+ iq& may be included equally if the interactions are taken

proportional to 1/2 (q: R +oaq, QE) = (Q& q.é + al qg .)

To test the stability of such a system consider the stability matrix

e = [quqﬁi(g)] (I11.3)

where ’i(p) is the Fourier transform of Z(;;) « Since the rows of the matrix

are proportional to one another it may be factorized as

P - ey

$ - Z(p) ¢ o where q = [qm] o KTTENL)

It follows that § has one eigenvalue

~ B
7‘1(3) = Z(R) Zm=1 lqa|2 and p—1 zero eigenvalues .

Consequently the conditions of Theorem I will be satisfied (with LP&;) = 0)

if

Q(Q) = (2)™ fag 7RI Y(x) » 0 all p (1II.5)
and

X = [dap X ( oo s (III.6)

In that case we have

N
Uy Yy - 1/2 2@ Lt lel® - (I11.7)
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For the Coulomb and Yukawa potentials in v dimensions we have
s 2 2 2 2y

(@ = ¢/» , O/ (@ + v, (I11.8)

respectively, where the C, are constants (03 = 1/2 nz) . When we try to

apply the above result we find that (IIT.5) is satisfied but that for %}ZK%he con=—
violated owing 6)

dition (III.6) is\¥ to a divergence of the integral at the upper limit (p —a)

This corresponds, of course, simply to the divergence of the potential itself as

r-=> 0. kocofdingly let us suppose more generally (and more realistically 1)

that the charges are distributed rather than concentrated at points. If _pu(a)

is the charge density of a particle of the o species with respect to its

position as origin, the interaction between particles becomes
Go p® = Jomy [axg p(x) pplxg) X(z+3z5-%) - (II1.9)

We assume that the charge distributions of the particles are not perturbed by
their mutual interaction but rather are"frozen" so that, in particular,
Van der Waals or dispersion forces cannot arize. Permanent charges (ions) and

dipoles are, however, adequately represented.

Introducing the Fourier transforms of the densities by

b (p) = far TR o (z) (III.10)

and noting that -ﬁm(fg) E ﬁd(g)g' since pu(r) is real, gives
Pap(® = () p(@* X (@) - (ITI.11)

We thus, as before, find that the matrix ¢ has only the single

oy

nonzero eigenvalue A,(p) = %(p) Elmllﬁm(2)| 2 . Top stability we require,

agein that Y (p) is nonnegative but also, inm place of (III.6) , that
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Poul@ = Sap [§, () ]% 20 < o (I11.12)

which justifies (III.11) . From Theorem I we then obtain

- B o
Ts 3 ‘Zmﬂ N, E, (TXr.13)

where

0.4

By = 12 (oo0) = 12 [&x [ax* p(x) p(x") x(x' - x) -  (IIT.14)

Bvidently E_ is just the self-energy of the charge distribution pu(z)

(which might even have zero total charge). Notice that if %(x) is spherically
symmetric and Pm<£) and pﬁ(g) differ only by a rotation then E = E[5 .
Furthermore if we add some positive potentials to the charge interactions,

(III.13) remains unmodified. Accordingly we have proved the following result.

Theorem II. Suppose UN

Uég} is the potential energy of N1 particles of species 1 with charge

distribution Py (Z)seee, Nu particles of species p with charge distribution

(1) (2) (1 B
UN + Uﬂ. where UN is positive and

pp(;) , where point charges q and q' interact with a pair potential

aq' y(z) = aaqt y(-r) tending to zero as T = oo .

(If x(r) is spherically symmetric the distributions pa(r) may be

identified up to a rotation.) Then

u
Oy (3-‘.1'-“510 . - Zom N, E, (III.15)

provided the self-energy of a particle of species « .

By = 12 [d& [ax' p(x) px") (x'-2 ,

12 (& |32 x20( , (1I1.16)



S | -

where ﬁm(p) and Y(p) are the Fourier transforms of pm(r) and Y (r)

is finite for all o .

Remark. For pure Coulomb forces another derivation of the theorem is as
followe7_8) « Let ¢(R) be the (total) electrostatic potential due to a charge
distribution p(R) . Then it is well known that the electrostatic self-energy of

p(R) may be expressed in terms ef the electric field F=vV¢g since

EE

(R) p(R') _
1/2 (& [ ar* | | = 1/2 {a p(R) £ (R) (ITI.17)
BR' - R

and so by Poisson's equation (taking <+ = 3)

--an fa(vPgm) gm - (em fwlyp@ 2,

= (1/8n) (@& £% . (111.18)

Now 1f g:(n\ is the electrostatic field due to a distribution
of charge pl(R T, ) centred at r, we may write, distinguishing between

all particles,

Ulci'z) S 2k (‘P(z) (z. —ri) = 1/2 2 ): (Fs_g) (1' '1'3_) - 1/2 Ei (FS.E) (2

i¢]
- /2 (@ [@ (B peer)] [T ez /17 -2
N
- E:i=1 /2 fax fax' p.(x) p.(x!) /Ix' = x| (111.18)

L

and so by (III.17)
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2) T
U; - (/) @D 4 ,®) 2= T, (/8 [ax[vp, ()] 2
W - 211(1‘/8-;;) { dgt;[Vqéi(g_)] 2 ] (IIT.19)

This is just (III.15) with another expression for the’electrosta‘tic selfenergy

namely

E, - (1/8%) ( dx[v;ai(é)] 2 4 (II1.20)

Applications

The condition that the self-energy (III.1_6) be finite means
physically that the density Poc(f-) must be sufficiently "smooth" in
relation to the shape factor X(r) . It may none-the-less be quite singular.
As an example consider the Coulomb potential in three dimensions. We will show
that stability is assured if the charge is distributed over the surface of a

sphere so that
P(z) = o(6,4) 8 (r - a) (I1T1I.21)

where r ,6 and ¢ are polar coordinates, provided the surface density is

bounded, say by o_ . For by (III. 16)

\Eoc| é 1/2 fd-} Sdst 8(x - a) \0'(9,41)\ 5(x' - a) \0'((9",4")\ . lxr_xl-‘l

£ /2 o (ax 8(x-2) g (2 , (I11.22)

where ?50(5) is simply the potential due to & uniform surface distribution of
total charge 4Ka20'0 on & sphere of radius &a . This has the finite value
4na20'0/a. on the sphere so that

E 8 %% o° a° (III.23)

. K
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With a surface distribution such as (III.21)‘ one may, for example, reproduce

outside the sphere the field of a point dipole.

By the same argument it is clear that the stability will be obtained
for any volume distriﬁution of bounded density, vanishing outside a bounded region.
In fact one may even allow singular distrihutions,‘such ags the Yukawa or its
square, provided the diveggence is not worse than 1/|E,' ;0\6 with &¢5/2
(ory in v .dimensions, 8 ¢ 1/2v + 1) . This may be seen by studying the
Fourier transforms for large p . On the other hand it is easily seen that a

linear distribution of charge does not suffice for stability.

Let us further establish stability for truncated Coulomb

interactions defined (for v = 3) such that
(?aﬁ(r) y Sup (qm qﬁ /131 y - iqoc qp|/ a) (I11.24)

for all « , p , r and some fixed a . A simple example is provided by
supposing the particles have hard cores of diameter a in addition Tto pure
Coulomb interactionsT) . Consider the Coulomb interaction (ﬂmﬁ(z)(£) between
two charges D% and qﬂ each distributed uniformely through a sphere of
diameter a (and hence radius 1/2 a) . Since the convolution of two distri-
butions vanishing outside a sphere of radius 1/2 a , vanishes outside a

sphere of radius a this interaction satisfies

(fup(z)(}_‘_) = |ay qp\/l}:l , for |zl ya (II1.25)
and

l‘?uﬁ(z)(r)l %/ lqa qﬂl/ ol for \rl ja . (II1.26)
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Thus we have a stable potential always lying belew the truncated Coulomb

potential (III.24) which is hence also stable.

Finally consider a system of point dipoles interacting through the

usual dipole-dipole (or temsor) forces, namely,

' m. e om, (m. « v)(m, - 1)
) C _ __o_;__ *ﬁ _ ~o EJ y
lfoep'(? 3 My s ;!!p,) = vy 3 3 (III.27)
where m =~ and me are the dipole moments. The Fourier transform is
1 2
¢ op(® 5 my m;) = Cy(m, « 2) /ipl ; (III.29)

so that, as before, the stability matrix ¢ will be non-negative definite for

—~—

all m ,m « As it stands, however, the self-energy is divergent but we

-0l

P

may clearly obtain a stable system if the dipole moment my is digtributed
with some density Em(f) « The smoothness conditions on Pm(z) are,
however, more stringent than on the charge density as is natural since a
distribution pm(a) proportional to the divergence of E(E) will have
the same electrostatic field. A Yukawa distribution of dipole moments would

yield stability but a surface distribution on a sphere would not.

IV. QUANTUE MECHANICAL SYSTEMS.

For the stability of a quantum mechanical system of N particles of

masses m, it is sufficient to require only that



- -

1=

</JGN> = Bl-q_'*] ("ﬁz /mi) rlvli le d‘31"'d£N

+ [ Uglzy ooe zy) H:H\Z drjeeedry ,  (IV.1)

fz'- ¥B

for fixed B and all N-body funétions- ﬂ}n = iﬁﬂ(31 S~ £N) in the
domain of G%i . (We assuméhthe;wawe‘function.nanisﬁes on the boundary of
the domain and on any hard cores2).) Since the kinetic energy is evidently
positive for any Q?N the stability of a classical system, that is the
assertion Uy ) - NB for all ;£i and N , impiies the stability of
the corresponding quantal systems. It is of interest to enquire, however,
into potentials that might be stable for quantum systems of given statistics
while being unstable for classical systems or for different statisties. In
particular the experimentaly observed stability of systems of electrons and
protons (hydrogen) or electrons and deuterons (deuterium) suggest strongly
that a charged quantum mechanical system should be stable even with pure
Coulomb forces. We take this specific question up in - Section 5 and consider

firstly the converse general problem of establishing instability.

For a classical system of identiecal particles, one may show that

certain potentials are catastrophically unstable in the sense that for N

indefinitely large there are sets of configurations for which
Uplzy oo Ty { 2w ¥ " (1v.2)

where w and m_ are positive constants, and that the grand canonical

partition function does not exist (the series being divergent). In partiocular

for pair interactions this ié.sd if'9) Fgl
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e 1
(D) %(EJ is finite valued and piecewise continuous 0) ’

and for some k and configuration I, one has

Z.'.l;=1 2;21 Lf(zj - ?-i) Z 0 . (Iv.3)

? .9

It is quite straightforward to generalize the proof of this resul to a

multi-species system provided that N& / ¥ remains bounded below for all o«
as N=E N, —>e0 .
- [+
For a quantum mechanical system we may prove,

Theorem III. If the potential energy of a quantum mechanical system of N

identical particles is the sum of pairwise interactions with potential LF(;)

which is (i) bounded for large |r| , (ii) finite valued upper semi-

11)

—continuous , and (iii) which for some k and ‘ég (i=1,2,...k) satisfies
o 0 o Y
zi=1 j=1 (f(?«:j =) B U .0 (IV-4;
then for a sufficiently large domain there ig a w > O and an N

such that the ground state energy satisfies

E(M ( - w ¥ for N},N" y (1v.5)

provided either (a) the particles obey Bose~Einstein or Boltzmann statistics

(and v is arbitrary) or (b) they obey Fermi-Dirac statistics and v Y 3

(ox v=2 and U_ is sufficlently large).

Remarks . When thetconditions of the theorem are satisfied it is evident that

the canonical free energy per particle cannot approach a finite thermodynamic limit
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since, in a diagonal representdtion, the canonical partition function contains
a term exp [~ p EO(N)] = exp (B W Nz) . Por the same reason the grand

canonical partition function does not exist.

Notice that for Bose-Einstein and Boltzmann statistics the theorem
is as strong as in the classical case. For fermions on the other hand the theorem
proves instability for all Uo only in three or more dimensions. In two dimens%ons
the systém will be‘ﬁnsfébié.ifm-:ﬂgu.is suffibién£1§miﬁfée (6f.more generally if
(IV.4) holds as an inequality over a sufficiently large region of configuration
spaoe) but might perhaps be stable otherwise. Indeed the arguments in the proof,
which depend on the way ‘the total kinetic energy of a system confined in a domain
increases with N , suggest that one and two-dimensional Fermi-Dirac systems
probably are stable for certain forces that would be classically unstable. We

have however, not established any such counterexamples.

Theorem III is proved by constructing a trial wavefunction {EN i
and hence a variational upper bound for EO(F) , which corresgoqu 1o superimpo-
sing closely many replicas of the configuration satisfying (IV.4) .

As in the classical case there are no obstacles to generalizing the results to
multispecies systems if N& / N ig bounded below. The proof occupies the
remainder of this section j the reader uninterested in the technical details is

adviged to proceed directly to section 5 .

Proof. We first observe, following the classical argument 9), that the
function |
k k



=18 =

is upper semicontinuous in the space of the 2 k v  coordinates

= = ! ] igts
Ty = (x1,1,...:_{“’1) to ) = (x!l’k,... xv,k) . Consequently there exist

a positive length d and a set of k cubes r‘z of edge d-“i namely

o o < ”
LA 0K Xy =Xy ’iéd. ¢ L Y= B 2se0 ) (IV.7)
suclh that
. e e iy ool A . o oy
U(fE,‘ §5 3 E-;:) < ~ 1/2 'G'O for I € r'i and E; ¢ I-'j o FT48)

Now if W =1h k +c¢ where h 1is an integer and 0O £eK 2

we may write the total potential energy as

A

T _ a h h k 3 _ 3 e
Up = /2 Zpy 2&;=‘-{Z~i=1 Eﬁﬂ Lf(xgktj '»Ilfk+i)} 1/2 1 x Q)

+ iy Dia @ - Emey) - oo (@ - (17.9)

2.1

If the ccordinates of k of the first h k particles lie within each cube
r‘; y that is
0 g % flad a all ¥,f,i, (Iv.10)

then we have by (IV.6) and (IV.8)

ﬁN \<\ - 1/4 B2 U, - 1/2 h k (f(o) + YN,G -c cf(a) ‘(Iv.n)

where YN & denotes the penultimate term in (IV.9) . Since (f(r) is Dbounded
?

for large 13:-. there is a distance 2y and & fixed ) such that

l‘ﬂ%l”(”_?. s T. '1 ;for lzl »a, - (1v.12}
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The k cubes lji are fixed and so in a sufficiently large domain we can find

1 ; 1
¢ further similar cubes rﬁj (321,600 ¢}  suck that if r dis in cube [V,

——

and r' is in any other cube then |x' - 71| )&, , i.e. the nutual distances
1 .
exceed a, « Let [, 'be defined by 0z xo-xt ¢ d for all ¥ .
2 3 = b Y oed =

If we impose

; : |
0 _\gx%hkt_] - Xk'nié d all Y, j=l,eee o, (Iv.13)

we therefore have

-YN,G 5; Nc? { Wk . (Tv.14)

Thus under conditions (IV.10) and (IV.13) we mey write (for ¥ 2?k}

Uy g (- w? (U / 4®) + 8(1/2 |((0)| +ky) +1/2k|¢(Q)] , (IV.15)

which in fact restablishes instability for the classical case under slightly

wider conditionss

»,= X, — X - or X, — X o and congider
-4 4 J X 9l pi ¥ o9d

the single particle wave function which venishes outside the cube

(;\{; (9] ' 1

'P: 0 < £ L da (all y ) but is given internally by

-1/2v v

¢-11_“1v(g1,... ©y) = (1/2d) ;:11 sin (1, ™ ;J_/a) (IV.16)

where the 1, are positive integers, For this wave function the kinetic energy

has the sxpectation value

b, . o= @t /2nd) (1F 4.0 +1D) . (IV.17)
1.‘.4\’

For the Bose-Einstein and Boltzmann cafel) now take as a trial wave function

a product ¢f N single particle functions ¢y with h Ffunctions

e
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[ SO

based on eack of the cubes Pz and ene bé.sed 511 each of the r‘ « For this

E‘N we clearly have

<'I'N> = X (\whe %2 /2 ma°) - ; (1V.18)

while ( Uy ) satisfies the inequality (IV.15) . By the variaticnal principle
the sum of these terms exceeds the ground state energy E (M) and so (IVu5)

follows.

For the case (b) of Fermi-Dirac g‘ba‘histics we can allow only
totally antisymmetric trial wave functions. Thus in each cube r\__cz take ¥
different t‘-a] 1"'1\; and antisymmetrize the product wave function with respect
to their arguments. (We may assume the cubes do not overlap.) The expecitation
va.iue of UN will clearly still satisfy (IV.15) but for the kinetic energy

we have

(8N = &2 22 / 2 m a®) [va(h) +¢] (IV.19)
where

D) = Ty |l ~ (1v.20)

in which the -.1.,(f) are h distinct vectors with positive integral

coordinates. This function will be & minimum when the vectors f£ill out, to best
approximation the positive Zv—an’c of a v-dimensional hypersphere. Let
A, 1V  be the volume of such a hypersphere of radius L and let B, 1™

be its moment of inertia about one axis. If we choose L so that

Vi ¥ - 1 (Iv.21)
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then for large h we will have

W~ 2¥ B "2 - 4w B, A:“‘(Z/")h”(a/") " (IV.22)

P v

v(
Consequently for sufficiently large N there are positive numbers éﬂ

and &E depending cnly on k and v , such that

£, 6 /0 a2 (my (ol /B D )

g3

Hence for v )» 3  the kinetic energy increases no faster than and so
is dominated by the potential energy which diverges as N2 thus proving the
theorems For v = 2  the kinetic energy.increases as Hz and the theorem.

follows only if

U > 4 K2 §2(ﬁ2/2md2) 5 (IV.24)

o

that is if U 1is sufficiently large. This completes the proof.

For v =1 the method always fails. Indeed since (IV.23) will
hold for any antisymmetric wave function vanishing outside a bounded domain of
dimensions of order d it appears that the conditions on the potential might

in general be anfficienﬂfor instability.

V. QUANTUM SYSTEMS WITH COULOMB INTERACTIONS

The Hamiltonian of a system of N point charges ay with Coulomb

interactions is given by
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Pk : 13

J{N = TN + UN ’ ( Ve 1 '

n - 5 (42 v (V.2)

N e li=1 "éﬁ'j'-"" i : '} L] !
q; a.

- L S 3)

Uy = Eiﬁ ETET (V.3)

where m, ig the mass of the i-th particle. Notice that we do not enclose the
particles in a box § QEN acts thus in the Hilbert space of square integrable

funetions of 3N real variables.

We shall restrict ourselves to the case where a; takes only the

values +1 and -1 and wm,  two values m, (if a; = +1)  and m_

E3s a = -1} + We suppose that there are N+ particles with charge +1 and

mass m, and N_ particles with charge -1 "and mass m_ « The remarks
which we shall make could, however, be extended to the situation of different

values of a and more than two different masses.

We first prove a scaling property of the Hamiltonian éEN .

Let Ay 0 and, if ¢ is a square-integrable function of Tigeevs Iy o

1wt o be detined by
A) N/2 :
‘b( (Ei,'.' ’ ":L"’H) = l3 / '-IJ('A. .?-1’.'.’ A ":E“‘N). (V.4‘1
The transformation ¢ - ¢(R) conserves the scalar products (it is a

unitary transformation of Hilbert space). Purthermore

(?x'a S Mg, Ty PO R [(-TN + ) tb](?‘) . (v.5)
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o 7
From this it follows that the spectrum of {Ié’l;) = AP T T

is the same as that of ggﬂ p

Let- EO(N) be the go.l.b. to the spectrum of {)@N , OT
"lowest eigenvalue® of QEH . By the scaling property it is also the g.l.b.

to the spectrum of gg(g) « The g.l.bs Eo(2) to the spectrum of

Iz, — 24

is just the ground state energy of a '"hydrogen atom" with masses m, and m_ .
We now compute an upper and a lower bound of EO(N) in terms of Eo(z) .
For simplicity we take .:1?+ = §N_ = F§ = 1/2 8 .

We may obtain an upper bound to EO(H) by taking the expectation
value of QEN for a normalized test function ¢ . If we take as ¢ the wave
functiop of NO "hydrogen atoms" formed by pairing the positive and negative
charges, and if we assume that the mutual distances between these '"hydrogen
atoms" is large, we find

By(N) ¢ N, Eg(2) . (V7

To find a lower bound to EO(N) we write

N 2 N 2 N
& o <A 2 o -4 2 0 o =1
ng i 2.*1.=1 2 m, Vi # j=1 2 m_ v;i ® Z‘l:- J=1 Igj - zrd
2 2
1
= 3. : [N-1 (= B VZ Jzudial V?) = ____.........]
i I'j o 2 m, i 2 m_ J 153 - T,
= XN 21 H"a ( ‘Ez 2 ‘ﬁz 2) 3 H—1 - }
- o 23 o N Tm Vi - 2m_ Vj o "E;; -Ta/ ”
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7 .
Using the scaling property for QQE we see that the operator in sguare brackets

on the r.hese of (V.8) is bounded below by E0(2) , therefore (V.8) gives

EO(N) % T Ng’ EO(E) 5 (V.9)

We have thus found for EO(N) an upper bound (V.7) which is
linear in the number of particles, and a lower bound (V.9) which is cubic.
As discussed in Section 4 one would expect that a linear lower bound should
exist, with perhaps the restriction that either the positive or the negative
particles obey Fermi statisties . What we can at least show is that the

existence of a linear lower bound

EO(N)_ y - - B (V. 10)

for any one choice of the masses m, ,m_ implies its existence for any other
choice m! , m' . This statement follows readily from the relations (Vv.11)

and (V.12) below. The identity

E, (w, m m) = h.EO(N,_ml, m') if b B et A
+
(Ve11)

follows from the scaling property if one notices that the Hamiltonian for the

A b (»)

masses mi y m? is just

The inequality

By (N,.m_, m_) By (N, m?, m!') if m y i (v.12)

is obtained by remarking that to change m, to ml amounts to adding the

positive term

. 2 é N 2 2 N 2
H h S T 2 il ot "o &
Cgr g ) Byl U P lge s e ) Dy V)
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As a last remark we notice that the difficulty in proving (V.10)

does not come from the long-range part of the Coulomb potential. Indeed let

2 @ Y@, (V.14)
with .
. -0
0@ s, g = A . ()
We may write
Q*EN - gﬁélp + “I(qa) , (V.16)

1 N 42
g%(ﬂ‘) = Zin'l ("" _2 mi VE) + Ei(j q'i qj Cf1(£j-"r'i)’ (v' 17)

U}%a) - )‘_;i<j 4 9 §p (zy-z) - (V.18)

In 3"}(1;) we have removed the long-range part of the Coulomb potential,
replacing 1/r by a Yuké,wa potential. Our remark is that the long-range
part of the Hamiltonian, namely U(g) , is bounded below by a multiple of N .
This follows from theorem I if one notices that (fz(o) is finite and that

the Fourier transform of 802 is non-negative, being proportional to

: P :
1% 1 o

£ Ao = = ——— (Vt 19)
P2 2 4ol 22 (02 + o2)
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APPENDIZX A

The object of this appendix is to prove the following result

Theorem IV. Let 0 ¢ay (¢ 2 and let 5;(:') N 2(1') be monotonic

- non—increasing non-negative functions, defined on the intervals {0, a.1)

and (a, 5 +w) respectively, such that

fz1. f(r) Sl + oo (A.1)
f;g 42 (r) rv-'1 dr 4 + 0O (A.2)

If the pair potential ﬁ‘(r) satisfies

(f,(r) Y ¢ (r) for < ay (4.3)

&f(r) y =1 (r) for Ty &, (A.4)
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and if there existsa constant ' 'w Y 0 such. that
Lf'(r) y =W for all (A.5)

then there exists ‘a eqnstan‘l; B ) O such that
U(x, goue, xn) = Z1éiéjﬁn (_F(Ej _Ei) » —-nB (4.6}

for all n ,x1 gr ey xn °

To prove the theorem we show that we may write
¢ = ¢ V@ o+ B (8.7)

where Cf“’(r) » 0 and ({(2) has an integrable non-negative Fourier
~ 1=
transform 50(2)(1)‘. s leee (30(2) is of positive type 4) « The fact that

(2)

EP admits a positive type minorant (f follows from lemmas 1 and 2 below

as the reader will immediately check by writing

EB) = £ - e (.8)

Lemma 1. There exists a non-negative function -*‘23 such that
(p(;:) = - "23(5) for all <t (4.9)

and the FPourier transform of f? 3 satisfies

| 4@ | o(p° + 1) (4. 10)

for some positive constant C .
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We define a function My in the interval (0, +o) as follows

w if T _g ay
q{x) = (A.11)
inf iw, -Q(r) i if Ty e,
Then our hypotheses imply that
(f(r) Y - -'~a1(r) (A.12)
Given b such that 0 LB 32 we introduce also a function ”22 on
(0’ +°".} by
f w Ilf T é b _
p(®) = l. (4.13)
\(z - b) if r ) Db

The funetions and are non-negative, non increasing and
1 & ’ g

integrable because
=2 a Gl
{ 7 (r) 1 ar - wf 2 Mar 4 f () > e ¢ + o2 (A.14)
1 0 a, T
-1 b v=1 o= v=1
[y () T dr = oW {o r dr + Sb plr =) 7 dr
{b v-1

= w T =, r + B> , (A.15)
50 dr+o ‘?.1(1')( + dr € + ¢ , (A.15

where we have used the fact that (r+b)v_1/ rv_1 tends to unity as r — oo .
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From the definition (A.13) of @2 and the monotonicity of @,

and sz it follows that
’122(1") Y f'ru(r) if \r' - xl {4 b . (4.16)

If "rh and 122 are considered as functions of position vectors we therefore

also have

“22(51’)- Y mg;:) . if L x' =zl £ b oo (A.17)

Now let ¢ be a non-negative function on RY vanishing outside

& sphere of radius b centered at the origin and such that

far o(z) = 1 _ (4.18)

We suppose that ¢ has continuous derivatives of all orders and define WLB
as

@) = Jart Wz -zt (=) . (4.19)

L

Then, (A.16) gives

() » qx) | (4.20)

Furthermore the Fourier transform f"ri?’ of "13 ig proportional to the product
of :q\_z (which is continuous and bounded) a.ﬁd $ (which is continuous and
decreases at infinity faster than any inverse polynomial). Therefore ?L3 is
continuous and decreases faster than any inverse polynomial at infinity.

Lemma 1 follows from this fact and (A.12) , (A.20) .

Lemma 2. There exists a (non-negative) function ‘g? such that

¢ Lf(r) for T ¢ ay
£, { (4.21)
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and the Fourier transform of f‘; satisfies

-
Cx) oy cEEe N (4.22)

with the same constant C as in Lemma 1 .

Let ){(1;) be continuous, non-negative and satisfy X (0) } O

and X (r) =0 for T 3 1/2 . Define X, as

i) = - faz gelz: = ot) Y)Y (4.23)

Then ¥ is continuous, non-negative and /},’1(;‘) =0 if r P

1 A '
Furthermore the Fourier transform ':(..1- of Z? is continuous, non-negative
(being proportional to the square of ;f ) and nongzero in some neighbourhood of

the origin.

Consider the function ’KZ defined by
Ko(z) = /(z) [p %% 2+ V. (8.24)

Then ¥, is continuous, non-negative (the integral in (A.24) is a
K-function of the theory of Bessel functions 12) ) and ;(2(;) =0 2l i

r % 1 . Dividing ')!,2 by max Xz(r) we obtain a function “)43 with

r&l
properties given as follows
Lemma 3. The function ’x 3 is_continuous, non-negative, bounded above by

1 and T’;LB(:-) =0 if =r ) 1. The Fourier transform of ;CB satisfies

2y ot (F e 7 (2.25)

for some posgitive C' .
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To prove (A.25) we remark that Z3 is proportional to

for R (oo™ L e

-~ -
where 21 is continuous and non-negative. Since r}_’,’1(0) £0 ’ (A.25) follows

from (A.26) by restricting the integration to a small neighbourhood of the
origin.

We now use Lemma 3 to ﬁrove Lemma 2 . We may suppose that g’ is
a strictly décreasi.ng f‘tmctlon_ of‘ r. o Tilen; for._ z.a..l.l. éufficientisr ]_.a.rge positive
integers n (n ),no) , let d\n("{_ be defined by E(ocn) =n .

The step function g (r) =n for « REE S , clearly

n n
does not exceed gs(r\ when T . This step function is simply the sum
L. '
of the unit step functions On(r} = 1 for T é o:.n but zero otherwise.

But the properties of "X,B(r) stated in Lemma 3 imply that

23(2'/&11} (< E}n(r} « In total we thus find .
By ¢ Bl S1 TR wan
On the other hand, because of (A.1) we have

v ; . !
En),no % = too - _ : (4:28)
_ n
Since % & 1, (A.25) yields for the Fourier transform of 2!11 %3(0¢;1 3)

o

the inequality

. o . )
By % X3l p) oy [Zno “:} ¢t %+ N7, (4-29)
Lemma 3 follows from (A.27) , (A.28) , (A.29) if we write
= By s
Si@ = L, Xy 7 (4.30)
o]

for n, sufficiently large.
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For v4{2 the integral (3.6) for the pure Coulomb case would diverge
also at its lower limit owing to the divergence of the potential as r —5o°
in violation of (3.2) . This prevents the unambiguous determination of the
zero of potential energy and is the reason for restricting attention to
potentials which converge to zero at infinity, however . slowly.
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At a discontinuity LP.(;O) should be assigned the value lim sup (P(;;\l
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such that (.f(;;) ¢ LF(;-_O) + € if Iz ~ZJ ¢ 5 .

See footnote 10 .

See Ref. 4. p. 94 of Formula 7.12 (20) in Erdelyi, Magnus,'Oberhet‘binger,‘
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