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Abstract. The future orbits of a diffeomor-
phism near an Axiom-A attractor are investi-
gated. It is found that their asymptotic be-
haviour is in general described by a fixed
probability measure |4 carried by the attrac-
tor. The measure |1 has an exponential cluster
property, and satisfies a variational prin-

ciple.

#) Part of this work was done while the author was visiting the Mathematics

Department of the University of California at Berkeley.



0. Introduction.

Let M be a manifold, f a diffeomorphism of M and x € M
One may hope that, in cases of some generality, the asymptotic behaviour of

ka for k » o 1is described by a probability measure My in the sense that

n

vague lim i = 6 e =W (0.1)
n—> o k=1 f%x 2.S
where 6y denotes the unit mass at y . In other words

n
lim % ? w(ka) = ux(w)

n-> o k=1

for every real continuous function on M

In the present paper we show that (0.1) holds for almost all x 1in
a neighbourhood of an attractor satisfying Axiom-A of Smale [22] , and that
M =M does not depend on x . The measure | 1is characterized by a varia-

tional principle : it makes maximum the expression
k(p, £) + p(log \)

where h is the measure-theoretical entropy (see for instance [4]) and )

is an expansion coefficient defined as follows. Choose a Riemann metric on M

and let O be the measure defined by the induced metric on the unstable mani-
folds [22] of points of Q , then ) 1is given by a Radon-Nikodym derivative :

d(fo)

v (£fx) (0.2)

A(fx) =

We shall need the concepts of Markov partition, discussed below in

§1, and of weak Bernouilli partition. The finite partition G = (Ai)ieI is

weak Bernouilli for the dynamical system (Q,u,f) if, for each € >0 , there

n+2m

_ k
"Qq) - Vk=n+m+1 £6. s

exists n such that the partition Q = (Ql"'



ge-independent of P = (Pl""’Pp) = VE=lka . This means that
q
z Iu(Pi n Q.)/u(Pi) - Q)] <e (0.3)
j=1 ] ]

(except perhaps for some Pi the union of which form a set of p-measure
< ¢ ). According to the Friedman-Ornstein theorem [10] the existence of a weak
Bernouilli partition implies that the dynamical system (Q,u,f) 1is isomorphic

to a Bernouilli shift.

We state our results now for an Axiom-A attractor (2 on a compact
manifold, and assume for simplicity that the (full) unstable manifolds [22]
are dense in ( , or equivalently that () 1is connected. A somewhat more gene-

ral case will actually be treated below (see theorem 1.5).

Theorem. Let f be a C2 diffeomorphism of a compact manifold M , and Q

a connected Axiom-A attractor. Let U= {x € M : f'x » 0 when n - o } . There

exists then a f-invariant probability measure y on  with the following

EroBerties.

Let the measure Vv = 0 have continuous density with respect to some

Riemann volume on M , and assume supp vC U , then

vague lim £%v = [1V]| - (0.4)
k> o

~ ~
There exists U C U such that U has measure zero with respect to

the Riemann volume and, if x € UNU ,

n

1

vague lim = 2 § = (0.5)
5. e ksl fRy

¥ 1s necessarily dense in U unless () is a point.

u 1is the only f-invariant probability measure on () which makes




maximum the expression

h(y, £) + u(log A) (06)

where h 1is the entropy and ) is defined by (0.2), using any smooth Riemann

metric on M . The maximum of (0.6) is O

If G 1is a Markov partition of Q , it is a weak Bernouilli parti-

tion for the dynamical system (Q,u,f) , and this system is isomorphic to a

Bernouilli shift ).

1
There exist C,k > 0O such that if the functions w', ¢ are C

in a neighbourhood of ( , the following exponential cluster property holds

| o €™ ) - ("o £ D) = i) -ule™) |5 cllo' |l - Nl gklm'- w7

where HmHI is the Cl—norm of ¢

In the case of Anosov diffeomorphisms, Sinai [20], [21] proves (0.4)
and (essentially) (0.7), and Azencott [3] shows that (Q,u,f) 1is isomorphic
to a Bernouilli shift. Sinai [21] shows that the conditional measure induced
by ( on unstable manifolds is equivalent to the measure defined by the Rie-
mann metric, and that | 1is characterized among f-invariant measures by this
property. Sinai [21] also uses ) to characterize the measure | in a manner

related to but different from the maximizing of (0.6) indicated above.

To prove the above theorem we shall to a large extent follow the
lines of thought of Sinaf, and use both the theory of differentiable dynamical
systems and techniques of statistical mechanics. For the sake of completeness,
we shall go rapidly through a lot of material which is essentially not new,

but which does not appear to be present in readily quotable form in the lite-

#) This could be deduced from (0.6) using Bowen's results [6], [7].



rature,

It is expected that the present work on diffeomorphisms can be exten-

ded to vector fields. Consider a differential equation

= X(E)

le
T lua

and let & be the solution with initial condition gx(o) = x . The conjecture
is that on an Axiom-A attractor () there exists a probability measure | such

that, for almost all x near (Q ,

T
1
11m —f o(E_(£))dt = p(p) (0.8)
T X
T o
o
for continuous ¢ . The measure | would have properties similar to those

given in the theorem above. In particular, an exponential cluster property
similar to (0.7) would hold. Such a result would be significant for the under-
standing of turbulence in hydrodynamics because, following the ideas of [17],
it would explain the occurrence of a "continuous spectrum" after the onset of

turbulence.



1. Generalities and statement of results.

We consider a situation slightly more general than that described

in the Introduction.

Let M be a finite dimentional Riemann manifold, UC M an open set
and f: U->M a C° embedding (r = 1) . Let AC U be invariant, i.e.
fA = A . The set A is hyperbolic if the tangent bundle of M restricted to

A has a continuous splitting

T M = ETOE (1.1)

invariant under Df and if there exist C >0 and 6. < 1 such that

| g7 = co™ , o™ e = co” (1.2)

for all positive integers n . A Riemann metric on M 1is adapted to A 1if

one can take C =1 in (1.2).

1.1. Theorem *) Let A be a compact hyperbolic set for f : U-> M , then

M has a smooth Riemann metric adapted to A . Let d be the distance for

such a metric.

One can choose & >0 and 6 <1 such that if

- +n  #n
Wo={yeM: d(f "9,f x) <6 for all n =0} (1.3)

the following properties hold for all x € A

+
(a) For alln =20 , and y,z € wx 5

in in g
d(f y,f z) < 8 d(y,z) (1.4)

(b) There is a neighbourhood A of x in A and a continuous map

#) See Smale [22], Hirsch and Pugh [127], and references quoted there.



- b
¥ A>C (B M

T
where B is the unit ball of E_ ,U(y) 1is an embedding, {(y)(0) =y , and

Wwo={z € y(y)(B) : d(z,y) < &}
X

<+

for all y € A

+

(c) w; is tangent to E_ at x

+ X+

+ +
(d) If y e , w2 N W; is an open subset of W

The W: are called stable manifolds, the w; are called unstable

manifolds for f

Notice that, under the assumptions of the theorem, f restricted

to A is expansive with expansive constant vy for any Y <& . This means

that if x,y € A and d(f'x, f'y) Sy for all n , then x =y . [If
d(f"x, ) < y< & for all n , (1.3) gives f'y € w;n for all n , and
X

(1.4) gives
a(x,y) < 8" d(£%, £fy) <860
when n - + o ] .

If x €A , let 0,0, be the measures defined by the Riemann metric

respectively on w; and w;X , then the expansion coefficient ) 1is defined

by the Radon-Nicodym derivative

_ d(fo)
—EEI— (fx)

A(fx)

Clearly 0 < \ < Gu where u dim E;



We shall say that the compact invariant set J 1is attracting for

f:U»M if
n=0

We can then choose U such that fUc U [let V be an open neighbourhood of

A with compact closure V such that VC U, ffc U ; for some N we have

N+1

then f'VC V and hence fU' c U' if U' = ﬂg v ] .

1.2. Proposition. ILet A be an attracting compact hyperbolic set for f : U- U

and choose . § sufficiently small.

(a) For all x € A, Wx < A

(b) If x €A and y,z € w; then w; n w: =@ when y # z

(¢) If x €A , U{w; Ty € w;} is an open neighbourhood of x in M
+ -
(d) There exists € > 0 such that if x,y € A and d(x,y) s e , W n wy

consists of exactly one point [x,y] and the map

[.,.]: {(x,9) € A xA: dlx,y) s €}~ A 1is continuous.

We may assume that the §-neighbourhood of A 1is contained in U

then if y € w; , we have f 'y €U for all n 2 0 and therefore

n_ _ = =+ +
y € nnZO £f'0=A , proving (a). If vy,z € W, and wy N W, # @ , we have

z € ﬁ; = {z €M : d(f"z,f"%) < 26 for all n =0}

But if 26 is sufficiently small, Theorem 1.1 (b) and (c) imply that

%N ﬁ; = {y} and therefore z =7y , proving (b). Finally (¢)*) and (d) are

y

also easy consequences of Theorem 1.1 (b) and (c).

#)  To check (c), Lemma (4.1) of [11] may be used



The above properties imply the existence of a Markov partition on
A , according to Sinai [18], [19], and Bowen [5]* . We start with some defi-

nitions.

let x €EA , CC w; NA, DC w: N A and suppose that C,D are
the closure of their interior respectively as subsets of w; N A and W: nNA.
1f C,D are not empty, the set A = [C,D] is called a rectangle. Proposi-

tion 1.2 (d) implies that” [.,.] : C x D> A 1is a homeomorphism. A finite cover

G = [Al,...,Ap} of A by rectangles A, = [Ci’D1] is a rectangle partition

if Aiﬂ Aj o BAi N BAj for 1 # j *). G 1is a Markov partition if, in addition

f[Ci,x] D [Cj,f(x)] s f[x,Di] C:[f(x),Dj]
whenever x € int A, N L gne Aj

1.3. Theorem. Let A be an attracting compact hyperbolic set for f : U U .

Then, f restricted to A has a Markov partition G = {Al,...,Ap} where

- - + =
A= [Ci,Di] » € wxi » Dy © wXi » x, €A, 1=1,...,L

We define

1 1if f(int Ai) N int Aj 40

t(Ai’Aj) ={

0 otherwise

and let

= Z . =
TM=t@,)ed: e ,a )=1 forall necz)

n n n+l

#)  More precisely Theorem 1.1 (a) and Proposition 1.2 (d) yield "Fact 1" of

[5], from which the existence of a Markov partition follows.

#%) The boundary 9dA = A\int A of a rectangle A = [C,D] 1is of the form
3A = 3'A U d"A where a'A = [ac,D], A = [C,3D] and 3C, 3D are the
boundaries of C and D considered as subsets of w; N A and W: nA

resnectivelv.



Putting on G the discrete topology, and on GZ the product topology, Gz
is compact metrizable, and so is —TT as a closed subset of GZ . The shift T

defined by

T((A, ) ) = (Ai

)
in nezZ ne zZ

n+l

is a homeomorphism of 11-.

1.4, Proposition **). If ¢ = (Ai ) E-Tr , then nnEZ £ A, consists of a
n n

single point T(E) . The map Tt 18 continuous from TT.onto A and

We state now the main results of this paper.

1.5. Theorem. Let A be an attracting compact hyperbolic set for f : UP U

where f 1is Cr, r =22 . There is a finite family (uu) of f-invariant

probability measures with disjoint supports C%'C A such that the following

properties hold.

(a) Qa is an Axiom-A attractor, and the family (Qa) contains all

Axiom-A attractors in U . One can write

-1 Na

ey * Na % B=1 uaB

where the probability measures are cyclically permuted by f , and

Hose-end
al
GNCL
are the connected components of ()
oN a

Qa

their supports QO

al""’Q

(b) Let the measure Vv have support in U and continuous density

with respect to the Riemann volume. If N 1is the least common multiple of the

**y  gee for instance Bowen [5] .
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N , then
a S lAA

vague lim ka Vv

k> o

exists and is a linear combination of the

UuB

(c) There is a set U cC U such that U has measure zero with

respect to the Riemann volume and that, if x € U\iT

3

n

vague lim L Y bk, =
= no 5 % Moc(x)

(d) Mo, is the only f-invariant probability measure on Qa which

makes maximum the expression h(uy,f) + u(log )) . This maximum is O

(e) Let GaB be a Markov partition of QaB

Then GQB is a weak Bernouilli partition for the dynamical system

with respect to fNa

(QaB s Mg 2 fNa) , and this system is isomorphic to a Bernouilli shift,

(f) There exists C,k >0 such that if the functions ¢',q" are

C1 in a neighbourhood of Qa , then

B
1 -m'N ‘ 1 -m"N 1 "
Iuas((cp g BN O, § T S0 . TRNCRINED]
" -k Biagiall
< cllolly . foll, eI

where ”@“1 denotes the c! norm of ¢

1.6. Remark. In view of (a) we may in the above theorem replace (A,f) by
No
(Qa,f) or (QaB’f )

. Notice in particular the following facts.

(a") If f 1is topologically transitive on A and the periodic

points are dense in A\ , then there is only one Qa , which is equal to A



o

(b') Let the measure vy = 0 have support in a sufficiently small

neighbourhood of Qa , and continuous density with respect to the Riemann

B

volume, then

kN
vague lim £ @y = |V||.u

(c¢') There is an open neighbourhood Ua of Qa , and ﬁ;‘c Ua with

ﬁ; of measure zero with respect to the Riemann volume such that, if x € U

x € Ua\ v,

vague lim % > 8 =W
n-> o k=1

It will be shown that ﬁg is necessarily dense in Ua unless Qa

is a finite orbit of f (see 3.9).



< D =

2. Preliminaries to the proof of Theorem 1.5.

In the following lemmas we assume that A 1is an attracting compact
r
hyperbolic set for f : U U , where f is C, r < 2 . We use the general

terminology of Section 1.

2.1. Lemma. Define 0 = Ufw' : y ¢ W.} and p : 0O - W  be the continuous
X y x’ — x x

map such that z € w+
P2

(a) If v 1is any measure with support in Ox .

vague lim fn(v—pv) =0 (2.1)
n - +w®

(b) If Vv has continuous density with respect to the Riemann volume

on M , pv has continuous density with respect to the measure ¢ defined

by the Riemann metric on W;

() Let ccW_NA, Dcw: NA, and A=[C,D] be a rectangle.

Given y €D , define C' = [C,y] and let 0,0' be the measures on C,C'

defined by the Riemann metric. If v = h'c' , and h' 1is continuous on C' ,

we have
pVv = ho (2.2)
where
= X(sz)
h = h'(2)F = -
(pz) (z)F(pz) 3 F(pz) 1]11 m (2.3)

Part (a) follows from the fact that

d(fnpz,fnz) £6.8">0 as n-o

The proof of (b) and (c) is given in Appendix A.
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2.2. Lemma. We use the notation and conditions of Lemma 2.1 (c), and write

- - _2|log 8]
T supzeAHTzf“ s Y= Tog T +]log 6] (2.4)

(a) The mapping p_; : C+v C' 1is Holder continuous with Hulder

exponent Yy . : S

(b) The function F 1is Holder continuous with Hulder exponent Yy/2

The proof of this lemma is given in Appendix A.

2.3. Lemma. We denote by U = {Al,...,AP} a Markov partition of f restricted

. = - +
to A:aA =1([c,D], CcW ,D CW » X, € int A

be the characteristic function of A
X

T i=1,...,P . Let also

in A, oi the measure defined by

i

the Riemann metric on C, , and p, : A/ C, the map pi(z) = [z,xi] 5

Let C(Ci) be the space of real continuous functions on Ci and

Cc= G£=1 C(Ci) . We define a linear map ¢~ & of C into itself by

Bk G = D p. [ (82 @ -0,)] (2.5)
j 5% g 3 1:t(A;,4,)=1 £
(a) We have
_ Fer op-l -1
(£¢Dj(zj) = f Fij(zj) [q& f pij(zj)] (2.6)

where . is the restriction of . to  fC and
where in PJ to Xj i

» (712
() = aey; 5 J[ —i (2.7)

F
1] k=1 \(£21)

if t(Ai,Aj) =1 ,F,=0 if t(Ai,Aj) =0
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Let now
+ r _
TT = {(Ai ) e G™ t(Ai »4; ) =1 for all n €P} (2.8)
n n n+l
+ ®  _-n
where P = {n €Z : n >0} . If €= (Ain) €T~ , then C11 Nl £ Ain+1

consists of a single point n+(§) of cy
1

+
When t(A ,A; ) =1 , we write (A, ,E) = (A LA, LA ,...)eT\—
—_ i i, _ i i i, i,
We introduce F, € C(TT+) by

a,)

Fi(s;) = Fnlo n+(§) if €

In particular Fi(g) =0 if t(Ai’Ai ) =0 . Finally, a linear map

1
L: c(TrJr) - C(W+) is defined by

(L)) = ¢ Fi(g)w(Ai,g)
i

®) Llpom)=(&p) om when €C
+ * _ ¢

(¢) Restricted to {E& = (Ai ) E—IT+ : t(Ai’Ai ) =1}, the function
n 1

F is of the form

i

(-]
exp I @(Ai’A1 ,...,A:'~
n=0 1 n

)

where

sup |§(A1,A11,...,A1 )| = xe'™
n

i,il,...,in

and K>0 ,0<68'<1

(a) follows directly from Lemma 2.1 (c).
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If E= (4, ) ETT:+ , then N°_ £ A is the form [y,D, ]
i n=0 i i
n n+1l 1
and the intersection of this set with cy consists of a single point n+(§)
1

We note the following facts

@®

] -
(pot, om(B)}=1¢fc, Na, n()_, £™a
11 ° 18 n=1 1.

® _-n-1
<F & _ =1 £ A, = {m,,B)}.
{£" o p111 ° n+(§)} =Cc,Nf Ailﬂ (\n=1 i i {

From this (b) follows :

= S, |
(£¢)11(n+€) E Fiil(n+€)'[¢i o £ o Py, o n+(§)]

f [Fjlil ° ﬂ+(§)].[cpi o 11+(Ai,§)]

(L(p o m,))(E)

To prove (c), we notice first that, by Lemma 2.2, log Fii is Holder
1

continuous with exponent +v/2 on Ci . We may assume diam C, < § . Therefore

i
1
- " = = ! <
if € (A1 ), E (Ai'k) and i =1 , for 1sks<n ,we have

K
d(fkﬁ+§,fkn+§') <& for all k €Z with k<n . Hence

: n-1
ngnu§)<éﬁ

hence

|10g Fi(g)l <K
|log Fi(g) - log Fi(g')[ < Ke'n+1

for some K >0 , and §' = BY/Z . One can thus choose the Q(Ai ’Ai ,...,Ai )
1 k

recursively on k such that
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n
|log F,(8) - = 8(A;,A; ,...,4 )| <K gimtl
k=0 1 k
R
sup |#Ca,8; ,...,8 )] <k
C [P 1 n

2.4, Lemma. We use the notation and assumptions of Lemma 2.3.

(a) ol(aci) =0 and, if £* is the adjoint of § ,

st e

i=1

O’i=®P g

i=1 "1

(b) If the probability measure v has continuous density with respect

to the Riemann volume on M and support in a sufficiently small neighbourhood

of A , there exist continuous functions hi 20 on C; such that I hi “ 0
i

i

is a probability measure and

vague lim f°(v - T hy - 0) =0
n= -+ o

(¢) If n>0 , then

n _ n y
j)|: (£ m)j-cj = ?pj[xj-(f fcpi oi)]

(d) There is a unique measure @ = 0 EE]T_+ such that its image by

m is &i ci . Furthermore L*w = w where L¥ 1is the adjoint of L
Let 0; be the product of 9 by the characteristic function of
int C; . Write o = G&Gi, o = @&c; . If @ =0 we have (see (2.5))
(£*c+)(co) = ch [(&p),(2,)].0,(dz,) = c+(cp)
§4 %y i 3 4
* - = -
(£*7) (o) = jzfint Cj[(&p)j(zj)].oj(dzj) < 0 (o)
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Thus

% 5 re
$* s o <o < g

and, since £* s positively preserving

n — - -
0s8M5 s ... s g% so st sgxt s s g
75 T+
Using the Hahn-Banach theorem construct now measures ~  on || such that
- + + + g
O0<w <sw and Tw =0 . From Lemma 2.3 (b) we see that for n 20

+ +
n+(L*"w') = £

We use now the machinery of Appendix B. From Lemma B. 3(a) we find that for

sufficiently large n

P
W) = T o (TD.0. inf @ 1)(®)
1=1 €l

Choose D' > 0 such that for all i

]

otdTH = o,(c)) = %o tant ¢ = Do (TP

Then

6 (L) < pp'w (L"1) = DD'oT(£"1)

]

pD' (£*"'67)(1) s DD'o7(1)
There fore HL*nw+H = w+(Ln1) is bounded. Furthermore

aOHAID = 1€, ]| = |lo,|

If w 1is a vague limit of the measures n“1 Z£=1 L*nw+ ve have L*y=w and

w(TrI) >0 for each i . With this choice of ® the conditions of Proposition

L P

B.1 are satisfied. Applying Proposition B.1l (f) with S = n; Z a1 BCi we
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1

obtain w(n+_ ¥ §=1 BCi) =0 (Tg_ls C:g_ls because G 1is a Markov partition).

Since w Sw, and Tw =o' , we find 0,(3C;) = 0 . This implies

gt = of , concluding the proof of (a).

It follows from (a) that a positive measure oniT-+ such that
+—
TWw = Gaoi satisfies

ol T )=o0, (c, N nn_ 14 )
1....1 .Gy =1 1
e 1. % A

where

+ +
T\—il...i =8 Buep €1 ¢ & =4y oo0u8 =4, )
n 1: n

This determines ®w uniquely. Since n+(L*w) = £*(n+w) = &aci = MW , we have

t*o=w , proving (d).

To prove (b) notice first that, since the D, have dense interior,

near each x € A there is x' € A such that w;, has an empty intersection
with each B-Ai = [Ci,aDi] . We choose a finite number of such points

1,...,x£, s
hood of A in U . We assume that the support of Vv 1s contained in this

x! , 8o that the open sets 0' = U{w; A W;i} cover a neighbour-

neighbourhood. Using a partition of unity we write Vv = Zk Vi where the support

'
of vk is contained in 0k

to the Riemann volume, By Lemma 2.1 (b), pivk = gé.c& where pé : Oé - W;,

and Vi 2 0 has continuous density with respect

k

is defined by z € W+,z,g£ 20 1is a continuous function with compact support
: k

on W', , and 0! 1s the measure defined by the Riemann metric on W—,
X'y k ity

By Lemma 2.1 (c) we may write

zpy (8", 0" ) = hyo,
K

so that part (b) of the present lemma holds
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We prove (c) by induction on n

-1
: (&) .0; = ijJ.[xj.(f : (&), 0]

n-1
jz pj[xj.(f f p%[XL.(f f 9;-9D]

-1
=S p.[x.-SIC2Y.£7" S ¢,.0,D]
i 2 ) g = 4

1]

£ . [%. (" T .0)]
ol il

because pjpr = pjf (definition of a Markov partition).
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3. Proof of Theorem 1.5.

nez = (Ain)néIP and write

n
TT; = {(Ain) e Tl: 11=i} ,]T_I = {(Ain) E-Tr+ g 11=i] . It follows from Section

Let g :TTua TT%' be given by g(A1 )

2 that the following diagrams are commutative

i

e W o
Iy

[ A
—IT:\ L c, f1 - -
A
e,

with the restriction that Ab I Ci is uniquely defined only on Ui int Ai

We also have a commutative diagram

o

m
ety «e—= & C(c,)

L £

L&
el i & clc,)

The left vertical line of this diagram can be studied by methods of statistical
mechanics. The relevant results are given in Appendix B. We have noticed in
Section 2 that the conditions of Proposition B.l are satisfied in the present

situation; this will enable us to prove Theorem 1.5.

If p[i] i1s defined by Proposition B.1 (c), the following measures

are f-invariant :

o )

etk VIR A ¢
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We call My the distinct Efi] which occur. It will follow from Lemma 3.2 (d)
that supp ﬁ[i] and supp E[j] either coincide or are disjoint and from Remark

3.4 (a) that Gti] = E[j] if supp Eti] = supp ij] . Therefore the measures

ua have disjoint supports as announced.

3.1. Proof of (a).

Having defined _ = [ , let Q _ = supp m TB P for
o~ H1] B [1]

ey

Since supp T TBp[i] and supp T TYp[i] are either disjoint or identical by

8= 1,...,Na where Na' is the smallest integer such that () = supp T p[i] s

Lemma 3.2 (d) below, Qal""’QaN are disjoint and cyclically permuted by f
Q
| N =
Clearly one can write Moy = Na 28=% uaB where supp HUB = QQB . Then

are probability measures cyclically permuted by f . The Q

Myp 2 oMo o8

a
are Axlom-A attractors with respect to fNa (Lemma 3.2 (b)) and therefore

Q 1is an Axiom A attractor for f . The QaB are also connected (Lemma 3.2
a
(c)). To complete the proof of (a) we have to show that there are no Axiom A

attractors in U except those of the family (Qa) . This is done in Remark

3.4 (c) below.

3.2. Lemma. (a) The support of p[i] is [\nzo TnN[i] TT}i] . The action of

TN[i] on supp p[i] is topologically transitive and periodic points are dense.

nN
i
b E (1] Uje[i]Aj , and

(b) The support of 1T p[i] is n
N
supp T p[i] is an Axiom A attractor for f [1]

(¢) supp p[i] is connected.

(d) For any two maximal classes [i] , [j] , the sets supp Pry] °

supp T p[j] are either disjoint or identical.

( m sy
a) By definition supp p[i] (e [1] - Thus by T - invariance
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supp p[i]<: (]nzo T“N[i] TTki] . Let E = [g E]]-: gk = ik for 1 <k < L+1}

gogl e ti g = 1, and ET = gE . We have w(E+) > 0 because
172 L
* w(T?

where t
w=1*y and >0 for all j . Suppose 1, € [1], f.e. E' chTEi] .
Since ¢[i] does not vanish on.TTEi] s p[i](E) = (¢[i].w)(E+) >0 . Every
neighbourhood of a point of (ano TnN[i]'TT[i] contains a set of the form

TnN[1] E , and therefore f\nzo TnN[i]TTki] < supp p[i]

Taking for {4 a multiple of N[i] , 1t is easily seen that E
N
contains points of period 4+M . This implies the density of T [1] - periodic
points in supp p[i] . Similarly, it is easy to prove the existence of a dense

N
T [1] . orbit (topological transitivity).
(b) We have

nN
oupp 7 ppg) = mawep op = g v T

x ]

nNi mr— nNi

n=0 je[i] Ay

In particular, supp T p[i] is a union of sets [Cj,y] where y € Aj,j € [1] .
Let x € supp T p[i] s X € Ujf[i] [int Cj,Dj] , and pr[i] x = x for some

p . Such points are dense in supp T p[i] . Since [Cj,x] C supp T p[i] for
some j € [1i] , supp m p[i] contains a small piece of w; around x , and
since fnpN[i] x =x for all n =21 it follows that w; C supp T p[i] . It

is now possible to choose a finite family (xk) of points x as above, such

+ - -
that the sets O = UiWw_ : EW cover su il . Since W C su T
X, LR xk} PP T Ppy 1 x, = SUPP TIo[y s

nN[i]
Mhzo (U0 1= supp m p
kox [1]
N[1] N[1]
showing that supp T p[i] is an attracting set for f . The action of f
on the invariant compact set supp 17 p[i] also satisfies hyperbolicity (because
A 1is hyperbolic), topological transitivity and density of periodic points by

part (a) of the present lemma. Thus supp p[i] is an Axiom A attractor for
L]
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npN[i] _
(c) Let x be as in the proof of (b) and W = Unzo f Wx 5

1w is dense

then W C supp 11 P17 and one sees readily, using (a), that 11
in supp p[i] . Thus W is dense in supp T p[i] , and supp TT p[i] is

connected because W 1is connected,

(d) Since supp T Pryj » SupP T Pry] are both Axiom A attractors

for fN , they are either disjoint or identical.

3.3. Proof of (b).

We first study vague lim kov . In view of Lemma 2.4 (b), it is

equivalent to study vague lim ko h3 hioi

(c) we see that this is the same as vague lim £M Zj(S&Mh)jGj . We have by

. Using Lemma 2.1 (a) and Lemma 2.4

Lemma 2.4 (d)

Zj(ﬁmh)jcj = m {0EMm)om 1.w)
= TT+{LLM(hoTT+)].UJ}

For large &,LLM(hoU+) is uniformly close to P(horh) = 2[1] c[i] ¢[i] there-

fore, using also (B.4),

kM kM
vague lim f v = vague 1im f 1 [(Z c Yw]
o vague T £ m00T ] Wy

kM
=3 (2 vague lim £ 1, gp (3.1)
[1] °[1] vagee ! + BP[1]
Notice that by appropriate choice of V , all real values of the c[i] can

be achieved.

Let xj = n(g(J)) where the x_, are the points associated with the

J
€ Trj , write

Markov partition G . If € = (§n)n€z
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ve = (..g9) D

(o) 2 Aj’§2,g3’.--)

This defines a continuous map vy :TT-»TT- , and

ﬂ+g€=WY€

Therefore

. o M o i S
L 8PL1)] YPr1] YT Pr1]

which tends to ﬂp[i] when k - = | Therefore

kM
vague lim £ v =2 cr.q Tp (3:::2)

The conclusion of the proof is given as part (b) of the remark below.

3.4, Remark. We now fill in some gaps in the above arguments. By (a) the set

N
Q.. = supp T p[1] is an Axiom A attractor for f * . Let us introduce a

N
with respect to f % and consider instead of

aB
a f

Markov partition B 0 QgB

(A, £,G) the system (QaB’ f a, GGB) . Using the connectedness of QaB we

find that for this new system there is only one maximal class, to which there

corresponds a unique measure “as . Therefore if supp v 1s contained in a
sufficiently small neighbourhood of QaB, (3.2) yields now
'
vague lim fMy = ¢ Mg (3.3)

k=2 o
(a) Comparaison of (3.3) and (3.2) shows that T Pra] = Hog
(b) Inserting this in (3.2) we find

vague lim kov =Xc (3.4)

T o op Hap
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(¢) If Q were an Axiom A attractor distinct from the Qa 5 LE

would be disjoint from them, and this would contradict (3.4).

3.5. Proof of (c).

In view of (a) and (b) it suffices to prove that there is an open
neighbourhood U of QaB and Tc U with U of measure zero with respect

to the Riemann volume on M such that, if x ¢ U\ﬁ

;1 @
vague lim = § § kN, = (3.5)
n- R £ 0 ap

N
If Gy = (A) is a Markov partition of (Q ., £ %) , where

g
A3 = [Cj, D&] , the sets Uj = U{W; :y € Ci} cover a neighbourhood of QaB
Suppose c.c Cj and E} has measure zero with respect to the measure defined
by the Riemann metric on Ci . Let ﬁ} = U[w} Ty € E}] . Then, by Lemma 2.1
(b), ﬁ} has measure zero with respect to the Riemann volume on M . It
suffices therefore to prove (3.5) for x € Uj\ ﬁ} , or equivalently for

x € C.\ 55 (because the left-hand side of (3.5) is the same for x € Wy and

]
for x =1y ).

Let [j] be the unique maximal class corresponding to the Markov

N
artition G of (Q £ % (see Remark 3.4) and L the correspondin

measure, such that ﬂ'p'[j] = uas [we let ', g',... correspond to T, S5
when (A,£f,G) are replaced by (Qaﬁ’ £ & GQB)] . The measure defined by the
Riemann metric on T Cj is ni w' , and is absolutely continuous with respect

to 1 g' p'r.q = (W', 1.0') because ' is bounded away from zero.
e 8 P T Mg Y ¥
Therefore it suffices to prove (3.5) for x = ni g' €' for p'[j:I - almost

all E' , or to prove

vague lim = n 6 ,k
no>w 0 ok=1 T

g = Py
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for p'[j] - almost all E' . But this follows from the ergodic theorem and

the rT'-ergodicity of ;:\'I:j-l (see Proposition B.1 (d)).

3.6. Proof of (d).

For the proof of (d) we can take Qa = A and therefore

N
TT =U £1.] Tm.Tr[i] . Given a probability measure y on QG there is a

m=1 '
probability measure  on WT- such that |y = mp [by Hahn-Banach]. Assuming
that p 1is f-invariant, one can choose p to be T-invariant [by Markov-

Kakutani]. We have then
h(y, £) < h(p,T) (3.6)

[consider the partition (it A.) associated with each partition (K}) of

j
Qa] :
The function H on 1T- is defined (see Proposition B.1 (e) and

Lemma 2.3) by

k -1
A(fp ,8TE)
1211 +

=1 x(fkn4gT§)

[=2]

-1
exp H(E) = x(p1211 m, 8TE) )

® X(fk+lpif-1n75)
)\(fpi f-lnTg) TT X
1 k=1 A(f Py mTE)

2

1]

if E = (Ain)nez

The expression p(H) is thus the limit when n - ® of the value of

p at the function

n
€ > log )\(fpi M) + ¥ [log )\(fk+1pi m E)- log )\(fkpi mrE) ]
1 k=1 1 2

or, using the r-invariance of p , at the function
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n
E - log )\(fp1 mE) + ¥ [log )\(fkﬂp1 mE) - log X(fkpi mE)]
1 k=1 1 2

= log x(fnﬂ'pi mE)
1

or at

£ > log )\(fn+1pi gk o €)
-n

which tends to log(A o 1) as n - o . Therefore
H(log 2) = p(log(x o ™M) = p(H) (3.7)
By (3.6) and (3.7) we have thus
h(y, £) + u(log A) < h(p,T) + p(H)

and, by Proposition B.1 (e), the maximum of the right-hand side is reached
L]
- -1 m
exactly when p =7 =N b3 TP and is O . To prove that the
EH i R AL ¢%
maximum of the left-hand side is reached for u = My and is 0 , 1t suffi-

ces to show that

h(ua,f) + ua(log A) = h(B[i],T) + 6[1](H)

or, in view of (3.7), that

h(ud.’ f) = h((-j[i]; T)

This will result from the fact that the systems (Qa,ua,f) and (Tr,p[i],w)

are isomorphic, as we now prove.

We first show that (aAi) =0 . Writing 3t = UifaCi,Di] s

UaB
3 = Ui[Ci,aDi] , we have f6+ (o B+ s f_la— = Therefore, using the

f-invariance of My
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+ o 4
u (3 = ua(ﬂnzc)f‘“ )

Nra]

Since Pr1] is T - ergodic by Proposition B.l (d), the N[1] - invariant
-1 in t
sets T (\nzo £f77 37 have Pry] - measure 0 or 1 for each [i] . The

choice 0O 1is imposed by the fact that supp B = QGB is not contained in the
ot

T _ n
closed set ﬂnzo £~ 3" for any B . The set S = | £'U,34; has thus

nez

-1
uurmeasure 0O , and since 1 is one-to-one on QaB\ S we see that the

systems (Qa,uu,f) and (rr,ﬁti],T) are isomorphic.

3.7. Proof of (e).
N,
ok
g 8

described, and use Proposition B.1 (d) : (e) results immediately.

Let us replace Qa,f,G by Qa a,Ga in the isomorphism just

3.8. Proof of (f).

N
Let ETF;T) be cpnstructed with respect to the system (Qa , £ %

g
rather than (A,f) . If g',E" eTr and i = E! for |i| sn , then

d(m €', €") < 8.8" by (1.4). Therefore if o 1is ¢! ona neighbourhood of

Q we have

ap

[« @] = ol
[(@ o WD - (9o M| s g, 65"
One can then choose Wk(é_k,...,gk) recursively on k so that
& =n+1
'(Cp ) TT)(@) = nEO ‘l’k(g_k,...,gk)l £C 9

I

sgp|¢(k)(§_k,...,§k)| <C 8

where C = Hm”o + % “m”l - From this and Proposition B.1 (d), one readily
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obtains a proof of (f).

3.9. Proof of Remark 1.6 (c').

The set U{W; 1y € Qa and y periodic} is dense in a neighbourhood

of Qa . If x belongs to this set

5
1 X

L g =]

1
vague lim =

n- k X

is a measure with finite support, whieh is necessarily different from Moy if

Qa is not a finite set.
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Appendix A*).

Let V be a submanifold of U and y € V . Denote by 0,0; the
measures on V and fV defined by the Riemann metric, then fo 1is absolutely

continuous with respect to %9 and

d(fo) _
do, (fy) = A(Tfyfv)
where TyV denotes the tangent space to V at y and A 1is a Cr"1 function

on a bundle with basis U and fiber over y consisting of the linear subspaces

of T M
Y.

Before proving Lemma 2.1, we study a related problem.
A.l. Lemma. Let O_ and p be as in Lemma 2.1, and write w; =W . Assume
that W' 1is a C' submanifold of 0, such that p restricted to W' 1is a
homeomorphism onto V and that the following condition is satisfied :
(T) Tfn fW'  and Tfn £'W become close exponentially fast as n = + « , uni-
z

Pz
formly with respect to z € W'

Denote by 0,0' the measures on W and W' defined by the Riemann

metric. Then if g' 1is continuous with compact support on W' |,

plg'a') = go (A.1)
where
g(pz) = g'(z2)F(pz) (A.2)
© AT, £W")
F(pz) = || —Eka (A.3)

k=1 A(T fkw

#) This appendix extends to Axiom-A attractors known results on the absolute

continuity of foliations for Anosov diffeomorphisms. See Anosov [1], Anosov
and Sinai [27], Pugh and Shub [14].
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To prove (A.1) it suffices to produce a sequence of maps P, : W'-> W
such that sup, d(pnz,pz) -» 0 and pn(g'c’) - g0 (in norm) when n > + =
In fact P, need only be defined on a part W; of W' such that

o'\ Ww')->o0 , oW\ PW!) > 0 when no+ e

We shall in fact construct maps o, from V; c fW' to Vn c f'w

with the following properties

(a) 1lim (%) (£ \ vhi=0
n - +o

(b) 1lim (fnc)(fnw\vn) =0
n - -+

#* n -n n
o o S
(c) Supznevlll d (ahzn’f pef zn) Cle

where C, >0 and d*

1 —

is the distance for the Riemann metric on Vn

() 1f 0,0 denote the restriction of 0,0' to f-nVr’l,f-nVn

respectively, then

1im [(f-noanofn)(g'cé) - gcn] =0 (in norm)
n - 4w

(a),(b),(c),(d) imply that p = f_noqnofn and W' = £ V' have the desired
n n n
properties enumerated above. In particular the expanding character of £

restricted to W (see (1.4)) and (c) imply that d(pnz,pz) - 0 . More generally

and precisely

d(f“'kpnz,f“‘kpz) < clen+k (A.4)

We come now to the construction of ah,vn,vA . We first cover a
neighbourhood of A in U with a finite number of charts T, so that in each

chart the stable manifolds w; stay "roughly parallel" to some coordinate plane
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]T- , and let 2e¢ be a Lebesgue number for this covering. For sufficientl
1 g y
large n we will define finite families (Vnk)’ (V;k) of disjoint open sub-
sets of £W and fW' respectively, and put
= LI 1
v u v s Vn Uk Vnk
1
For each k there will be a chart I}(k) covering both Vnk and Vnk , and
a diffeomorphism ah : V. = Vnk consisting in projection parallel to the

k nk
coordinate plane Tri(k) 3ooa will then be defined so that its restriction to

1
Vnk is th

The Vnk’ Vék may be constructed as follows. Consider a maximal
family of nonoverlapping spheres #*) with radius €/4 on £W . The spheres
with the same centers and radius /2 cover f“w . We can refine this covering
to a partition (G;k) , choose a chart ri(k) covering each V;k , and
finally shrink V;k to an open set Vnk so that the a;i Vnk = V&k are dis-
joint, and (a), (b) hold. The imprecisely stated condition that the stable
manifolds W+ should be roughly parallel to TT is to ensure the existence

i

of the maps % 2 and of a constant C > Q independent of n such that
n -n
< opo
d(ah(zn),zn) Cd(f opof zn,zn) (A.5)

for all z, € En . (c) follows readily from (A.5) and the definition of stable

manifolds, which yields

d(fnopof_nzn,zn) < 5.8"

There remains to check (d), i.e.,

et w—
lim [pn(g On) - gon] =0
n - +o

*#) With respect to the distance given by the Riemann metric on 'y



where p = f_noa,nofn . By (A.4) we know already that d(pnz,pz) - 0 uni-
formly, hence g'op;I tends to g'op_l uniformly when n - 4o . Therefore,

using (A.2), it suffices to show that

lim [p. o' -Fo ] =0
i 5 i nn n

Denote by pn,pé the measures defined on Vn,VA by the Riemann metric

From (c) follows that T V. and T V_ becomes close uniformly in
£ pE gy ¢ %% ™
z, when n - 4 . In view of assumption (T) of the lemma, Tz Vé and
T \' also become close uniformly in z_ when n - +e . Since ¢_ 1is lo-
oz n n n

cally a projection this implies that

G‘nprll = nnpn

where the positive function M tends to 1 uniformly when n - +e . A simple

calculation then shows that
' = (§7R My st =
pncn (f oah°f )cn Fnon

where
A(szm')...Agr L EWY) )
Fn(an) = nn(f pHZ)

AMT. _f0)...A(T £%)
fpnz AC fnpnz

In view of (A.4), the uniform bounds on second derivatives given by Theorem 1.1

(b), and the fact that A 1is C1 , we have

-

AT £74%)

PnZz

-1 <c en+k
. 2
AT £7%)
fﬂ'-k.
Pz
for some 02 >0 . From this it is clear that Fn -» F uniformly when n - +w ,

concluding the proof of the lemma.
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A.2. Proof of the Lemma 2.1 (b) and (c).

To prove (b) we notice first that by considering £y 1instead of
v (for sufficiently large n ) and using a partition of unity, we can assume
that the support of v 1is close to W . It is then possible to cover this
support by a smooth family of disjoint manifolds W' C'-close to W and satis-
fying therefore the conditions of Lemma A.1l1. We then verify (b) by writing v

as an integral of measures carried by the W' , and applying Lemma A.1l.

To prove (c) notice that h' can be extended to a continuous function
with support in a neighbourhood of C in W; . It suffices then to apply

Lemma A.1l; (A.2) and (A.3) yield (2.3).

A.3. Proof of Lemma 2.2.

Let d* denote the distance for the Riemann metric on ka' or

ka . If u,v €C' , we have

d*(fkpu,fkpv) < de*(pu,pv)

Let n be the largest integer such that

(1/8)" < 8/d*(pu,pv) (A.6)

Then

d*(f“+1u,fn+lpu) < 5.6" < ™ a*(pu, pv)

n+1

a*(f v,fn+1pv) < 6.6n+1 < Tn+1d*(pu,pv)

and if d*(pu,pv) is sufficiently small this implies

a* (£ 1y, £7110) < 4™ a*(pu,pv) (A.7)
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hence

n+1l

d*(u,v) < 4(T0)"™ "d*(pu,pv)

Using now (A.6) we have

+*
d*(u,v) s 416 d*(pu,pv)exp[log(Te) 2 igégT§e§ 2 ]

4TH d*(pu,pv)[é/d*(pU,PV)]l-Y

419 617V [a*(pu,pv) 1Y

This proves part (a) of the lemma.

Using (A.7),(A.6) we obtain also

n+1
= [d*(fkpu,fkpv) + d*(fku,ka)]
k=1
n+l

< d*(pu,pv) & [T
k=1

k 1 n+l-k

+ 47" ¢

n+2 n+1
d*(pu,pv)[I————:—I i yprL LB

T -1 1 -0

T + 4T
T:=i1 1 -8

) ™ d*(pu,pv)

(% + —2T ) d*(pu,pv) exp[log T . 10g(6/d*(pu,pv))]

T -1 1 -8 log(T/0)

= ( T gz 4T ) d*(pu,pv)[8/d*(pu,pv)]

T-1 1 -6

1-vy/2

(L 3Ry V2 e ey T2 (A.8)
T -1 1 -8

We have

k k _ k
£7¢') , a(fpu) = A(Tfk f£C)

X(fku) = A(T
f pu

ky
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In view of the uniform bounds on second derivatives given by Theorem 1.1 (b),

and the fact that A 1is C1 , we find
|10g x(fkpu) - log x(fkpv)| + |10g X(fku) - log x(fkv)l

< C3[d*(fkpu,fkpv) + d*(fku,fkv)]
so that by (A.8)

n+1 k k
5 |log Afw) fog A(f V)

- )| < ¢, [a%(pu,pv)]Y/? (.9)
k=1 A(E pu) NG pv)

On the other hand as k> o , T ka' and T ka become close
fky £

exponentially fast, with a bound CSGk . Therefore

@ k k ©

k=n+2 X(fkpu) x(fkpv) 6 k=n+2

6 log(8/d*(pu,pv))
T - expllog 0. —=50-076)

c. 0
- = 5 [8/a%(pu,pv)]7Y/? = C7[d*(pu,pv)]Y/2 (A.10)

From (A.9) and (A.10) we obtain
|log F(pu) - log F(pv)| < Csl:d'“'(pu,pv)]\(/2

proving part (b) of the lemma.
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Appendix B *)

B.1. Proposition. Let (G be a finite set with the discrete topology and,

for each 1,j € & , let tij € {0,1} be given. Let also @(10,11,...,1n) € R

be defined for each n = 0,10,11,...,1n € G , and satisfy

let ,1p,...,1 )] sk @"

where K>0 , 0<f8<1

We give G]P and Cl.Z the product topology and consider the following
compact subsets :
T+ =(g=(g) L =1 for all n € P }
Il :
B nEJP gngr1+1
T =tg=c) ot =1 for all né€ z }
n'n€Z gngn+1
. +
I_flEG.,geﬂ— we write
@
Fi(g) = tigl'exp nfl §(11g1,~'-’€n) (B.l)

and we introduce a linear map L : C(W+) " C(T) by

(L () = ¥ Fi(g)w(i,g) (B.2)
ieqd
where (i,E) 1is defined when t1F§ =1 , and equal to (1,§1,...) ETI_+
1

Finally we write.ﬂ_I = {g €TT+ : §1 = 1},‘]_1—1 = {g ETT: §1 =1}

and we assume the existence of a measure ®w 20 on H such that

#®

) This appendix largely follows the ideas of Ruelle [15]. For the Bernouilli
property we follow G. Gallavotti, Ising model and Bernouilli schemes in one
dimension [Commun. math. Phys. 32, 183-190 (1973)] and F. Ledrappier, Mesures
d'équilibre sur un réseau [Commun. math. Phys. To appear].
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+
wd1-i) >0 for all 1 €QG , and L*¥ = w , where L% 1is the adjoint of L

(a) 1If t" denotes the n-th power of the matrix t = (tij) s

we can choose M €T such that (tZM)ij >0 if and only if (tM)ij >0
We define an equivalence relation on G such that i ~j means i =0 , or
(tM)., >0 and (tM) >0 . If [i], [j] are the equivalence classes of

ij a5 !

i,j and (tN)ij >0 we write [1]<[j] . The relation < is an order, and

~, 4 do not depend on the choice of M above . We shall write

pu— S —_—
W1 = Ysera1TTe > TTrag = Yseran T

+ +
(b) There is a positivity preserving linear map P : C{rr ) 1> C(rr )

such that

1im L™y = py (8.3)
>

uniformly. The set P{y:y = 0 and w(y) = 1} is a simplex. Its vertices *[1]

are indexed by the maximal classes [i] for the order ~ . The support of

s TT1T - |
W[i] is [1] and $[i] is bounded away from zero on (1]

If the support of is contained in TTS then Py 1is a linear combination

of the with [i] maximal and [j]<[i] . The functions are
—_— [i] —— e —_— [1] —

permuted by L . We denote by N[i] the smallest integer > 0 such that

N }
L = Yoy
(¢) Define g : TT'a ]T-+ by
88 nez = Glnerp

Then for each maximal class [i] there is a unique probability measure p[i]

on 11- , invariant under the shift (& ) on TT. , and such
on n an £hd Such

nez” Conez

that

gp[i] = lll[ﬂ-w (B.4)
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The measures Pry] 2are permuted by the shift r : (gn) - (§n+1)n and

nez'

Pri) has period Ny

(d) Let Q be the partition of 11- consisting of the sets TT;

-1
We_assume that [i] is maximal and let Q[i] be v [ ] T Q restricted

N
to TT . Then Q is a weak Bernouilli partition of (.Tr sPrysT [i])
[l * -~ =[i] 1 M s 1|

and this dynamical system is isomorphic to a Bernouilli shift. Furthermore

there are a >0 , b >0 , such that if @' € C(Tr[i]) where (E) depends

only on the gL with £ =0 and ¢'(E) depends only on the §L with £ 2 n ,

then

' " ' ~-bn '

(e) The measure p[i] is the unique probability measure on ]1-[1] 5
N
invariant under [1] > which makes maximum the expression

N
h(p,7 L1y 4 p(e) (B.6)

where h denotes the entropy and

1] o
G(E) = X 2 @(gm,...,gn)

m=1 n=m

i N[1]

The measure N[i] z Tmp[i] is the unique probability measure on

N
[i] m-rr[ ] @ invariant under T , which makes maximum the expression
h(p,T) + p(H) (B.7)
o«
where H(E) = ¥ 8(8;,...,8)
n=1

The maxima of (B.6) and (B.7) are 0

+ - -
(f) Let S be a closed subset of TT. such that Tg lS cCg 1S




S 4O -

and S n]T—ti] # TT'Ei] for each maximal [i] . Then w(S) =0

B.2. Proof of (a).

There are finitely many ways to choose the elements of a finite

dimensional matrix zero or non-zero. Therefore we can choose M such that

1
(CZM)ij >0 if and only if (tM)1i >0 . By induction, when M'Eﬁm,(tMM )ij> 0
if and only if (tM)ij >0 . From this it is clear that the relations ~ , <
do not depend on the choice of M . Furthermore if (tM)ij >0 and (tM)jk >0,

then (tM)ik >0 . Thus <4 1is an order.

B.3. Lemma. There exists D > 0 and, given 6 > 0 , there exists ko (S 1

+
such that if 0 s V| € C(‘Tr ) and ((E) depends only on 51,...,§m , the

following properties hold.

() Let mzmil . If 8,8 [ and g =& or [£]S[e],

then
W'y (e s nwy)em) (B.8)
(b) Let m2m , and k 2 ko , then
o) 1-1
= T §, , 0sy, <6y (B.9)
- 4 2 1
4=1
where ¢L(§) depends only on §1,...,§Lk

We may write w(g)‘= Eigl,...,gm) . Then

L) (e) = 5 Vi, ...,1)t Lt exp H (E) (B.10)
T 1 m il G Ly ey

where



= Al =

n n ©
H (BY = T [ 280 youupd ¥+ B 8A il 58 sesenti)]
il...in p=l q=p P q G P 7 G B T
= T 8(1 it )+ — (L ,...,4 )+ R (B.11)
i<p<q<n-M n-M<p=<q<sn P 3
with
& wll
|IR| <2k = 28" = K,
=1
(a). We have thus
-K
e L(LM)(E)

3 ———— W(il,...,im)t, t

;o (O §
11...1n_M+1 172 n-M n-M+1
Kl n
Sse (L {)(E)
where
T(1:8:) = B Ep 4 eu b, 5 6Xp
1 Sonaidyg PR PR W3

has an upper bound K, and, if [j1]-<[§1] ,

or [g1<[5)] then [i . 1<['] implies

<R K
e L(LMy)(e) = K Kqe Ly cem

2K,

and (B.8) is proved with D = K2K3e

(b). Taking k €T let

3

St

B 2k
T I [8,...
p=1 r=(4-1)k+1 P

,in’gl"'

exp I 8(1_,.

i)t s5)
1sp<qsn-M 4 -l gl

TR | G I e D)
1<p=q=M 1

-1
3

[in—M+1]< [g;] , thus

a lower bound K, . If Ei = §Y

By # 3kg" PHT)



Then

0 < S1 < 4K

and
n
exp ¢

p=1 r=1

n @
= exp[-3kK ¥ % en—p+r]
p=1 r=1

= exp[-3K -

=1

For sufficiently large

8"
1-9

42 -

6 0<8, < zek(L'l)s

(1-8)2

@

Z Q(i 3.

ok 9By gu

€.)

i
=1

0 S;+...+8
+ X e

S
6 1
. I:EJ'{e =2

k (chosen independently of n,p,i

£-1
<
0= E& ) E1

S
]. &"l(e '{/_1)}

12"

(B.12)

,1n,g) we have
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Introducing (B.12) into (B.11), (B.10) proves (B.9).

B.4. Lemma. Suppose that the class [i] is maximal for the order % « LE

+ R —
V€ C(T( ) vanishes on 11- \]T-[i] so does LM¢ . A map
C(Tr[i])*+ c( [i] is thus naturally defined by the restriction of

L $
[i]
L to C(Tr[i] identified to the subspace of C(|| ) consisting of those

y which vanish on the complement of TT‘[i] . Let w[i] be the restriction
e

of w o 1M

(a) There exists ¢[1] - C{rrzi]) such that L[i]w[i] = w[i] s

n 1 n +
w[i](w[i] =1 , and wti](g ) < Dw[i](g ) for all E',E 611-[1]

-+
(b) There exist 1 € (o,%) and p =1 such that if 0 =<V ¢ C(W[i])

and VY depends only on 51,...,§(m_1)M , then

o kD) (o) (o)

Lt = % Yrap* L? Y * % =0
where ¢(°) 20 ¢(°)(§) depends only on E E and
== N =T E z 177 S(p-DM =

(o)
w[i](W ) s (1- Zn)w[i](W)

(o)

v, () < nwf 1(41) dl[i](g) for 4 =2
(¢) Under the conditions of (b) we have

(TP () o () o)

Yo gt B @
where each Wér) is a sum EE] W(r) such that Wifi =20 and Wifi(g)

depends only on gl""’§(£p+kp-1)M . Furthermore
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(r) r
w[i3(wl ) < (1-2m)(1-m) w[i](w)

and, for { =22 ,
q;ff’(g) < n*’(l-nfw[i](w).w[i](g)

+
Let 0s YV ¢ Cfrr[i]) . Applying Lemma B.3 (with k = (p-1)M) we

find that if ¥ depends only on Bysees then

’E(m—l)M 3

(a") LIEi] y(E") = DLIEi] T¢)

+
for £',8" € [l

' m - Z 1-1
(b") L[i] o= Lfl ¢& , 0sy, s 6 ¥

where ¢L(§) depends only on 51,...

’gé(p—l)M

=4 o
If ¢0 is the constant [w[i}(l)] , the sequence % b} L?i] WO
m=1

has, because of (b') , a uniformly convergent subsequence and, using (a'),

we see that it satisfies (a) of the present lemma. Furthermore

@

= 1-1
1T E e 0 05 <8

(B.13)

Notice the inequalities

a 1-5  Yr1®
¥ 2 -0 q v 25 EEﬁT)

]

1-1

-1 1-1 D
¥ =0T Vo= Y W= 8 w1y
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We write

® -1
¥ = Cy + [y, -C U . i )1+ T [y,+C (6 - )]
[i] 1 (1‘5)w[1](1) [i]1 g T [i](l) (i

= C¢[1] @ wio) i, {E 1I!)éo)

-8:2
If C = (lﬁé) w[i](¢) we have

(o) _ 1-8 u’[1]('“ C
) 2 2L
1 D w[i](l) e ](1) 5 °

D) =0

and also w(o) 20 for 4 =2 . Furthermore, since > (1-6)Y 5
4 (i1 (1]
(o)
N Wl - Cw[1]1 <y - c(1-6)¢[i]
W) s a - a0y
Y1) I FS
and, for £ =2 ,
(o) C -1 £-1 CD
'} SV, +———86"D =< sV [LT ——]
< [D Li]zf; CDzl)] < GL"I[DZ+(1-6)2]w[i](¢).W[i].
“r1] )

From these inequalities it follows that (b) of the present lemma holds if §

is chosen sufficiently small.

To prove (c) we proceed by induction on r , writing

(r) _ (r-1)  y(r-1) (o)
v - [1] ll‘{,+1 ¢1 )L

Since 0 < N« % we have
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(6 ) . (r-1) (r-1X (o)
(¢1 ) = w (¢2 ) +w <<¢1 31

i 2 [i] (1]

2 [FECE) =t 4 (1—2n)2(1—n)r_1]w[i](¢)
T
sy ¢
< (1-2m)(1-m) w[i]( )

For £ =22 ,

(r)

AR T M ORI AT A

s (1-mt ISIOR A

B.5. Proof of (b).

+

+ +

In view of (B.8), L"1 is bounded on ]T_[i] by Dwgrr )/w(rr[i])
uniformly in n,[i] . Since L is positivity preserving, it suffices to
prove that LnMW tends uniformly to a limit under the assumption that v =20

and VY(E) depends only on SERERFL-

We know that LHM¢ has the same total mass with respect to @ as
#*
Y (because L y=w ) . In fact it follows readily from the definitions that
nM

+ +
L redistributes the mass carried by TT-j to the sets WT-[iW such that

[i1<[i] . Therefore, if [i] is a minimal class among those such that

+ +
(W.w)WT [i] >0 , then (LHM¢.w) ' 117 decreases to a limit when n - « |,
and this limit is zero unless [i] is maximal (use (B.8) and the definition
of LnM) . Iterating this argument we find that unless [i] 1is maximal

+
(LnMw.w)]W-[i] will tend to zero. By (B.8), LnM¢ tends thus uniformly to

+
zero on those TT-[i] such that [i] is not maximal.

By Lemma B.4 (c), when [i7] is maximal, the restriction of

(m+rp+l )My
T to Tr[i] tends uniformly to C[i]w[i] , with C[i] z0 ,

when r - ® . It is then easy to check the first part of (b).



_47_

The fact that L permutes the ¢[i] follows from the geometric
characterization of the W[i] as vertices of the simplex P{w:¢ 2 0 and

w(¥) = 1}, which is linearly mapped onto itself by L

N
B.6. Remark. Since L [1] is positivity preserving and
N[ - T+
L ap Li,+ ¢ Gl e q) = C( ) is naturally defined by the
Yo R (7~ el i y
—
restriction of L (1] to C(TTEi]) identified to the subspace of C(TT )

B
consisting of those 1 which vanish on the complement of -WT [1]

1f o<V ¢ C(TTEi]) and V(E) depends only on gl,...,gmN[i] 3

then, for some ao,bo >0 ,

n

-b
I(Lti])m+n¢ - L1 ¥pyq| s T2 le 0 (B.14)

To see this it suffices to write (for n large enough)

2
[i]

kel ) Rl

(Lti] = (Lﬁij

with 0 <q <M , and to apply Lemma B.4 (c)

B.7. Proof of (c).

The functions of the form ¢°goTkM where U € C(I' ) and k €Z
are dense in CETr) by the Stone-Weierstrass theorem, and if p[i] satisfies

the required conditions we must have
K
opgqHoge™ = ppyyCer) = (gop P = wlipy ) (B.19)

Conversely, using (B.15) as definition, it is easily seen that u[i] has the

desired properties provided we show that the definition (%) 1is unique. This
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amounts to checking that, if { >0 ,
¢ o o mo -1 =
w( [1]-(W g°T °g ")) w(wti].W)

We have indeed

w(ypy - (ogor™og™y) = W) Cyp . ogar™eg™y)

W@y 7 (hoger™eog™)))

M =
w( (L *[1])-¢) w(w[i].¢)

By a similar calculation we find
= o = ogo To _1
(Tp[i])(wog) = p[i](w goT) w(¢[i].(¢ goTog "))
= w((Lw[i]).llJ) (B.16)

Since the V are permuted b L , the are permuted b T 1in the
[1] P y “[i] P Y:

Same manner,

B.8. Proof of (d).

Let CO=‘l’og and CP' =¢'og°T(m+n)N[1] where W(g) > 4"(5)

depend only on 51,...,§mN . Then, by (B.15),
[1]

P17 0') = Wy ¥ (Foger ™PNL1], 71y

= w(L(m+n)N[1]($[i].¢.(¢'°g°7(m+n)N[i]og_1)))

v o (mn)N ;

Using (B.14) and the fact (B.13) that U..-(E) can be a roximated by a

function of gl,...,§£N exponentially fast in n , we obtain

[i]
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( e
i m+n)N[ ]('ll[ﬂ 0 - [w(q,[i],W)]‘l’[ﬂl < a,w(|¥]e 1
hence

-b
lop 1600 = Wy 1 Dl 140 < ae” (¥ Pud (v ])

or

-b,n
' ' 1 '
|o[i](w ) = p[i](qﬂo[i](co )| s aje p[i](lcol)o[i](lcp D

From this (B.5) readily follows. Let now (qh? and (@'B) be the families of

characteristic functions corresponding to the partitions V:;é T kN[i] Q[i:l
y+2m-1 -kN[1]
and irletTL Q[i] , then

(e eph)
M - I"l[i](cpa) < aze
© | Halep

For sufficiently large n this is arbitrarily small, showing that Q[i] is
N
weak Bernouilli, therefore (Tr,u[i],T [i]) is isomorphic to a Bernouilli

shift,
B.9. Proof of (e).

+
Let [i] be the restriction of w/waT—[i] to 77.[11 , and

Lt be as in Remark B.6. Then one checks easily that

[i]

(a1 7 Uy Upay = vesse tim D™ upyg

mN N
gp = vague lim (g7 [i]g 1)
[i] e

“r1]

From this it results that Pri] is a Gibbs state (see Dobrushin [8], [9])

for a suitable statistical mechanical system), more precisely a one-dimensional

classical lattice system. The underlying lattice consists here of blocks
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of length N of Z the configuration space is N 'rnN[i] ﬂ_ the
[i] ’ n=0 [i] °
interaction 1is obtained from & b nN[i]

y restriction to nnzO T [i] and
then passing to the division of Z into blocks of length N[i] . There is
only one Gibbs state in the present situation : this can be seen for instance
from (B.5) and a slight extension of the uniqueness criterion in Dobrushin [8]

(see Ruelle [167).

Translation invariant Gibbs states are characterized by a variational
principle (Lanford-Ruelle [13]). Reference [13] applies only to the case where
tij =1 for all 1i,j , but can be extended to the present situation. A
complete proof is given in Ruelle [16]. This yields (B.6), and (B.7) follows

immediately. The maximum of (B.6) is the pressure, and is O because L¥y = w .

+
Notice that supp gp[i] =]T—[i] N supp w = supp w[i] is TT_Ei]
because w[i] = LE?] w[i] and w[ijzrr[i]) >0 for all j € [1] . This will

be used in the proof of (f).

B.10. Proof of (f).
Let Xs be the characteristic function of S . Then
- n -1
w(s) = w(xs°go7 og )
_ n n -1 _ n
= (L (xsogoT og ")) = w(xS.L 1)

In view of (b),(c), it suffices to prove that the following expression vanishes

for all maximal [i] :

w(xs.w[i]) = (gp[i])(S)

: W + <71 + +
Since supp gp[i] = [1] (see end of Section B.9) and S 011_[11 #TT.[i] )

(gp[i])(S) < 1 , hence
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1> (gppy9(8) = p[i](g_IS) " p[i](f;o ™11l (B.17)
m

N
Since Pri] is T [i]-ergodic by (d), the right-hand side of (B.17) is 0

or 1 , and therefore vanishes.
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