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motivation : 2D supergravity

symmetries

o classically integrable field theory

o affine symmetry group Es — solution generating (transitive)
~ infinite-dimensional symmetries: E¢9 ——> Ei o —— E1
deformations

o affine symmetry also organizes the deformations of the theory

o infinite-dim. HW representations of non-propagating fields

supersymmetry

' SO(9) supergravity : first example of such a 2d deformation : [IA on S8
matrix model holography
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motivation :

SO(9) supergravity

Domain wall / QFT correspondence

[H.J. Boonstra, K. Skenderis, P. Townsend, 1999]

holography for Dp-branes : AdSp:2 x S8P
dual to SYMp+1 theory

gaugings of maximal supergravity

D6 | IIA | AdSsxS? | d=8,SO(3) | [Salam, Sezgin, 1984]
D5 IIB | AdS7 xS3 d=7, SO(4) [Samtleben, Weidner, 2005]
D4  IIA | AdS¢ x S4 d=6, SO(5) [Pernici, Pilch, van Nieuwenhuizen, 1984]
D3 | IIB | AdSs x S° d=5, SO(6) [Glinaydin, Romans, Warner, 1985]
D2 IIA | AdS4xS® | d=4, SO(7) [Hull, 1984]

]3] AdS3 x S/ d=3, SO(8) [de Wit, Nicolai, 198<]
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plan

Affine symmetries in supergravity

motivation
D=4 supergravity : symmetries and deformations
D=2 supergravity : symmetries and deformations

example : SO(9) supergravity

W s W s W s W s W s
. " . . "

conclusions
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D=4 supergravity

symmetries and deformations
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D=4 supergravity: some generic features

L = R+ Gij(9) 0,9 "¢ + Ips () Fyp FH> + Ras(e) Fp ' FH> + - -

bosonic sector of maximal (N=8) D=4 supergravity
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D=4 supergravity: symmetries

L= R@gb)aﬂgbi@IAz(qﬁ)F,ﬁF“yz+73AE(¢)F3V*FWE+'“

scalar sector: G/H coset space sigma model E- / SU(8)

Y € E- YV ~ V-H HESU(8)

triangular gauge

YV = exp{¢™ Ny} exp {gbA hA}
\ Cartan

E7 action V — GV Hgy
» shift symmetries G = exp{\"Np}: ¢ — "+ A"

2 ‘hidden’ symmetries G = exp{\"N'1  non-linear! (on ¢')
(linear on V)
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D=4 supergravity: self-duality

L = R+ Gij(9)0,6' 0" 1an(@) Fy P> + Ras(@) Fy P> T

self-duality (D=4: electric-magnetic duality for vectors)

field strength: F,." =20,4,," dual: Guwa = —€upo ag‘—EA
po

Bianchi: 0, F, ;" = 0

dual vectors: G, A =20, A,
eom: 9,90 = 0

symplectic rotation

(]:A> (UAE ZAE) (7:2) non-local (on A7) !
ga Was Va™ Ox (local on (Aﬁ,A“A) )

choice of an electric frame, analogous pattern for (n—1)-forms in D=2n

E7 is realized (on-shell) on the combined set of 28 electric +28 magnetic vectors
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D=4 supergravity: gauging

L = R+ Gij(9) 0,9 "¢ + Ips () Fyp FH> + Ras(e) Fp ' FH> + - -

self-duality (D=4: electric-magnetic duality for vectors)

gauging (embedding tensor) electric gauging (“standard™)

/
D, =0, —AMOn%, =0, — A, O5%, — A, 20",

magnetic gauging (“non-standard”) /

consistency encoded in a set of algebraic constraints on the embedding tensor
linear:

O
(susy / consistent tensor hierarchy) @(MO‘ ta,NP QK)p =0

56 X 133 =/5(+£+p4'8/0

quadratic: (generalized Jacobi / locality)

fad? On® ONP + (ta)nT ©1%0p7 = 0

< QMN@Ma@Nﬂ =0
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D=4 supergravity: gauging

L = R+Gij(¢) 8,0 0"¢" + Inn(9) Fpp F** + Ras(9) Fip FH= + -+

self-duality (D=4: electric-magnetic duality for vectors)

gauging /electric gauging (“standard”)
D, =08, — AMOn e = 0y — A ON e — A, 20"ty
/

magnetic gauging (“non-standard”)

off-shell formulation
‘Ctop - %@Aa Bao N (2 OAN + Xurnva AM/\ AN — i@AﬁBﬁ) -+

upon introduction of additional two-forms (dual to scalars)
and BF couplings
gauging of on-shell symmetries [de Wit, HS, Trigiante ]
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D=2 supergravity

affine symmetries
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D=2 supergravity ungauged

Lagrangian

L= —3v/—gp ( — R+ tr[P“PM,]) + Lrerm (7, 05, x)
coset space sigma model coupled to dilaton gravity V7oV =Q,+ P,

off-shell symmetry (target space isometries): Es

field equations

dilaton scalars
Cp = 0 0uJy =0 S = pVPMV_l conserved Es Noether current

has a remarkable structure :
(infinite tower of) dual scalar potentials

——>  classical integrability, affine Lie-Poisson symmetry Eo

duality
0,0 = €,,0" dual dilaton
np : ’ dual (D-2) forms
0. Yy = €y dual scalars
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D=2 supergravity ungauged

dualit 0,0 = ¢€,, 0" dual dilaton
g up g : dual (D-2) forms
0. Y = €y dual scalars

classical integrability, affine Lie-Poisson symmetry Eg

shift symmetries 01 p= A A%n1 Y1 =A
A%p 1V = 0

‘hidden’ symmetries A%, 1V = [A, V1]V — 5 V[V 1AV,

extends to an infinite tower:

1 1
dual scalars LYy = <:|:pﬁ + §p2> VPVl 4 §[Y1, oL Y],

1 _ N _ 1
0+Y3 = ($§P3 T pp” — /)2/)) VPV +[V1,0.Y5) — E[Yla 1Y1,0+Y1]]]

(L , : N 1 i 1 i} _
hidden’ symmetries A%, 2V = {[A, Ya] + 5[[1\, Y1), Y1] — p[A, Yl]} Y+ (§p2 + p2) V[V Ay,
etc...

close into (half of) the affine algebra !
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D=2 supergravity ungauged

linear system

the equations of motion can be encoded as integrability conditions

of a linear system [Belinskii, Zakharov / Maison / Julia / Nicolai, Warner]
~ N 1 m=
)% 13¢V = Q+ + 1:|:_’Y Py (light-cone-coord. =)
Y

for a group-valued function l}(v) and the spectral parameter

7=;<w+ﬁ—\/(w+ﬁ)2—p2>

expansion in w gives rise to the infinite series of dual scalars

P = ...ew i gewT iwThy)
8j:Y1 = :l:pVPiV_l
0+Ys = —(Epp+ %,OQ)VPj:V_l + %[Yl, 0+Y1]
0+Ys =
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D=2 supergravity ungauged

affine symmetry group Ey

action parametrized by a meromorphic function A(w)

0o = Kk — tr <A(w) @wf/(w)fi_l(w)> VTIA(w)Y = A+ A
e, 2w) | (F) = ¢ 22 Flw)
Y1y = <p(1 o e >w jg o

extends to the set of dual scalars
0p = A
A A A A ~ ~ _— 2 ~
VL6V (w) = AV 19, V(w) + A(w) — < ! <Ah(v) L) d—n (w))Ag(v))>

UV — W

coset action Eg9 / K(E9) m < 0 hidden
} symmetries
Virasoro L p =1 {tm> L1, k} — off-shell
: . . shift
central extension ko =1 [Julia] I } symmetries

» deformations : gauge part of this nonlinear, nonlocal, on-shell symmetry
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D=2 supergravity

defo 'm ati ons [HS, Martin Weidner ]
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gauging D=2 supergravity

gauged Lagrangian
L = "pD,o— sptr(PyP") + Liop

gauged sigma-model, with covariantized derivatives (embedding tensor)
D, = 0,— AY'Op?ta = 8, — ASta — B, L1 —C,k

and a “topological” term

£top — + e’“’tr<Au(w) ((9,,9 — f/Q,,) yl—

I
T
S
<
<
<
\;
_|_
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=
<
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92
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=
/\
Q.v
§
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€
~_—
N———
2
Ry

1 v)
v w ( w)( 7(@))2( v(w)) o/ w

— %e’“”’C’uBV + % e’“’tr<<

the Lagrangian carries dual scalars and vector fields (topological)
such that variation w.r.t. the vector fields yields the linear system!

~ A ~ 1 ~
0L = 6C* (O+p F 0+p) + tr <5Ai @IV - V(Qx + Pi)V_1)>

1+ Y w
and part of the former on-shell symmetry is gauged!
simplest case : gauging of target-space isometries Es Liop = F,MOunYN +...
(theories of D=3 origin...) [Hull, Spence ]
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gauging D=2 supergravity

group theory (for consistent deformations)

SIS hidden
} symmetries
affine global symmetry  {t. , L1, k} — off-shell
} shift
ms 0 symmetries

» vector fields (nonpropagating in D=2)
restore by embedding known examples: basic representation of Eg

Xoo = 14 248¢ + 4124¢° + 34752¢° + 213126¢* + 1057504¢° + 4530744¢° + ...

McKay-Thompson series of class 3C for the monster

» embedding tensor linear constraint:
A Ay — m .
transforms in the dual representation adj 9 A1 @

D, = 0, — AV'Opm?ta = AY'ON B tan ts

=» infinite-dimensional parameter space of deformations!
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gauging D=2 supergravity

quadratic constraint
Fas O ONF +tan” O OpC = 0
lives in the tensor product © 6
Xwo Xwo = (A+@++¢*+2¢°+ ... ) xawo + (1+q+¢*+ . ..) Xur
structure of multiplicities organized by

Eo1 D Eg1 coset CFT: Xw0 Xwd = X\(fir@) X2w0 T X‘(fgifl) Xw7
Eqo Ising model

quadratic constraint translates into

2Bt A mPtan 000 = (LE — LYoo = 15796 = ¢

quasiprimary states in the tensor product

» every O satisfying this constraint defines a consistent deformation

Henning Samtleben ENS Lyon === ===



gauging D=2 supergravity

embedding tensor — basic representation

branching under E8 identifies gaugings of 3d origin

l),u — 8M — gAIuM@MATA @MA = (TB)MNUAB 9N

0 M
1 > flux of 3d Kaluza-Klein vector field
248 > Scherk-Schwarz reductions from 3d
1+ 248 + 3875 > torus reduction of 3d gaugings
1+ 2-248 + 3875 + 30380 >
2-1+4+3-248 + 2 - 3875 + 30380 + 27000 + 147250 R ¢

. > 77

quadratic constraint ...
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gauging D=2 supergravity

embedding tensor — basic representation

D, =0, gAMO* Ty

hidden
symmetries

0

1
248

simple examples

1 + 248 4 3875

1+ 2-248 + 3875 + 30330
2-1+3-248 4+ 2 - 3875 + 30380 + 27000 + 147250

—> d=3 theories

O™ = (Tg) ™M 1'P O

off-shell shift
symmetries

248

4124
34752
213126
1057504
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gauging D=2 supergravity

embedding tensor — basic representation

D, =0, gAMO* Ty

hidden
symmetries

0

1

the full structure:

Be inf-dim HW reps

1 + 248 4 3875
1+ 2-248 + 3875 + 30330
2-1+3-248 4+ 2 - 3875 + 30380 + 27000 + 147250

O™ = (Tg) ™M 1'P O

off-shell shift
symmetries

1

248
4124
34752
213126
1057504
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gauging D=2 supergravity

embedding tensor — basic representation

D, =0, gAMO* Ty

hidden
symmetries

0 m
new example:
1 the SO(9) theory
248

1 + 248 43875 >

142 248 + 3875 + 30380
213248 +2- 3875 + 30380 + 27000 +(147250)

O™ = (Tg) ™M 1'P O

off-shell shift
symmetries

248

4124
34752
213126
1057504
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gauging D=2 supergravity

hidden off-shell shift

symmetries symmetries

248
1

4124
34752
213126
1057504

Sp]aL} 103D3A

O the SO(9) theory is a genuine d=2 theory
in particular SO(9) ¢ Eg but SO(9) C Ey

O the full gauge group is infinite-dimensional (shift symmetries)

O the theory in the “Es frame” looks rather miserable

in particular the gauge group is G = SO(8) x <(Ri8 x RS )p x (RS )_1)

_|_
. ~ —4 N—_— —
off-shell hidden (on-shell)

O still the Yukawa couplings and the scalar potential are missing
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example : SO(9) supergravity [H.S., Thomas Ortiz]

O gotoa “T-dual frame” in which SO(9) is among the off-shell symmetries

O the proper embedding of the gauge group :
SO(9) ¢ Es

/\

but SO(9) C SL(9) C SL(9) C Ey
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SO(9) supergravity

affine Es with Lo grading

shift ———————————————————————— 248.3
shift ——————————————— 248.>
shift —— 248.
off-shell e ——————————— 2480

hidden e —— 248 .

hidden e ————————————— 248,

S0(9) ¢ E

/\

but SO(9) C SL(9) C SL(9) C Ey
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SO(9) supergravity

—_

affine Es with Lo grading . decomposition under SL(9)

———————————— 84.:10/3

e EE—— 80.3

—_— 84,
I — 83 84+7/3

—_——— 80.2

—_— 84,
—— ——————— >3 84.4/3

S L — 80.

e — 84’+2/3
off-shell symmetry { —_— 800

SL(9) x T8 ——————— g,
e e 801

e ——Th
T I — 473 84-5/3

e 80-2

— 84’.7/3

84.1/3

“T-dual frame” : change some of the target space coordinates for their duals

coset sigma model Fg/SO(16) ——>  coset sigma model (SL(9) x T°%) /SO(9)
with WZ term
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SO(9) supergravity

“T-dual frame” :

coset sigma model (SL(9) x T®*) /SO(9) with WZ term

1 1
- _ = P,uabpab
Lo 4,013—1— 4,0 w +

1

T p1/3 Mz'lekan 8,u¢ijkau¢lmn

1
_|_% guygklmnpqrst ¢klm 8M¢npq 8V¢T8t

target space :
SL(9)/SO(9) coset currents  P4® = (V719,V)(e0)

84 extra scalars PH0° with kinetic matrix M = Yy’

and WZterm 84 A 84 A 84 —/8> 1

in fact this is the d=11 theory reduced on a torus T° ...
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SO(9) supergravity

“T-dual frame” :

coset sigma model (SL(9) x T®*) /SO(9) with WZ term

1 1
P,uCLbPa,b
,CQ = ——4,0R—1——4,0 0 +

1

= P Mig M M, 067770,
1
""@ CC5'[“/<€l€l'm/npmﬂst qbklm auqbnpq 61/¢T8t

fermionic part :

—_ v T T - v i _ t —a c abc 2 —al aJbed | _bed
—peLempl Dl — 5 Pl 9t — 5 p X DX +5 p*3 X LBy PITS | pabe — o p*/3 x LB ypyo T Tbed b

off-shell symmetry SL(9) x T** | D SO(9) gauging
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SO(9) supergravity

“T-dual frame” :

gauged coset sigma model (SL(9) x T®*) /SO(9) with WZ term

1 1 1 g
L = —5pR+ pP Pt + — p!/% My Mo Mg D ¢7* D)y "™
1 1% ™m mn T8
+@ g Eklmnpqrst ¢kl D,u¢ pd l)l/q5 !
fermion couplings and Yukawa terms
1 _ _ . _ _ .
“Lyac = 5 e tpet <¢£¢,,{BIJ + 9,y Bry — 2i¢£7u¢iAIJ> +iphyyiiby Ar

+ip XVl CE — ip X Pyl Cly + pay Dig + payy Diy
+ XU By + XU By + pXUXYFT + XM X F

1

_ —2/9
7 5 1 b = —p 7T,
Arg = §ob— g T 0"+ ST b, ! | } ;
3 9 4 9 - _p714/9 V*lkmbc le QOach'kl + i p714/9 Edeefgh”Tkl(pkefgolgh(pm] (‘prd
A _ = Fab bab o Fabc babc 1 1 - ‘
IJ 9 IJ 9 IJ ; bab _ _5 p—11/9 V—l[km]ab elekl + i p—11/9 gabcdefghszkgpjcdgpk‘efgpghz 7
BIJ = F?g bab + FCILbJC babc y babc _ lp—5/9 Td[agpbc]d
BIJ . 5IJ b 4+ e, pe + Fabcd babcd 4 1
T 1J 1J ) abed —8/9 ref, elab, cd|f
b = —zp TTY¢"
8 1 20 4 8 ’
0 — 5 b — _Fab bb 4+ Fbcd babcd - Fabcde bbcde i Cab Fb 1
1J g %17 g 17 g 17 g 1J 1J b _% 20 <Tab -3 5abT) 7
~ 14 2 2 1
a L b ab abe 1.bc bc 1.abc abed 1.bcd a,bc Tbc 1
CIJ = _EFI‘]b ‘|‘§FIJ b +§F1Jb _§FIJ b _|_C FIJ 5 Ca,bc — gp 5/9(Tda30de—|—Td[bg0dda) , (z
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SO(9) supergravity

“T-dual frame” :

gauged coset sigma model (SL(9) x T®*) /SO(9) with WZ term

1 1
. _ = P,uabpab
L 4,()}%%—4,0 T

]‘ 21 mn
- p/3 My My, My, D% D, ¢!

1
‘|‘@ 5'uV5klmnpqrst ¢klm Du¢npq Du¢r8t

vector fields couple via

Lr = e™F,"" YVmn with auxiliary (dual scalar) fields V...,

which also enter Yukawa couplings and scalar potential
scalar potential

1
Vpot _ ,05/9 ((tI’ T)2 . 2tr(T2) 4+ 18 ,0_2/3 Td[agpbc]dTeagpbce _ 16 ,0_2/3 Td[bgpc]adTebgpcae)

8
_ (y)Tyn L
_,0_13/9 TaCTbc Yadde + O(¢3) T = q(:j VV)
Y=¢-
eighth order polynomial in ¢ Y =VIyy

the dilaton powers precisely support the correct DW solution (near horizon of AdS; x S8)
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SO(9) supergravity

different presentations

gauged coset sigma model (SL(9) x T®*) /SO(9) with WZ term

1 1
. _ = P,uabpab
L 4,()}%%—4,0 T

1 )
E ,01/3 Milekan Du¢zngM¢lmn

1

e & Etimmparst #* Db Dyg™™ + & B ™ Yo + Voorp, V6, V)

integrate out the auxiliary scalars ),

oL
upon using their field equations B = 7y + fermions
leads to
1 -
£2 — Z,OR + F,LLanF'uV il Rmn,kl (107 V? ¢) = ooo b Vpot (/07 V? Qb)

gauged sigma model coupled to d=2 SYM

the U(1)* truncation can be shown to arise as consistent truncation from IIA

Henning Samtleben ENS Lyon === ===



concluding

affine symmetries in supergravity

general structure of deformations of the two-dimensional theory
truly affine structures at work (basic representation of the embedding tensor)

maximally supersymmetric d=2 supergravity with gauge group SO(9)
last missing gauged supergravity around Dp near-horizon geometries

AdSs x S?
AdS7 x S3
AdSe x S*

d=8, S0(3)
d=7, SO(4)
d=6, SO(5)

AdSs x S5

d=5, SO(6)

AdS4 x S®
AdS3 x S7

d=4, S0(7)
d=3, SO(8)

[Salam, Sezgin, 1984]

[Samtleben, Weidner, 2005]

[Pernici, Pilch, van Nieuwenhuizen, 1984]
[Glinaydin, Romans, Warner, 1985]

[Hull, 1984]

[de Wit, Nicolai, 1982]

AdS; x S8

d=2, SO(9)

holography : d=1 supersymmetric matrix quantum mechanics ...!

first supersymmetric example of a d=2 gauging, general structure of susy (?)

general structure of gauge groups, gradings of Eo

O
@)
(@)
O
| Dpo 1A
outlook
O
@)
O
@)

descend further in dimension : gauging E1o structures
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