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Abstract/Zusammenfassung

Abstract

In this thesis, we give a geometric characterization of F-Hitchin representations, where
F is a real closed field extension of R. A representation from the fundamental group of a
closed surface into PSL(n, F) is called F-Hitchin if it satisfies the same polynomial equal-
ities and inequalities as Hitchin representations in PSL(n,R). More precisely, we show
that the set of F-Hitchin representations coincides with the set of F-positive and weakly
dynamics preserving representations, i.e. representations that admit an equivariant limit
map from a dense subset of the boundary of the universal cover of the surface into the
set of full flags in F™ satisfying specific positivity properties, that mimic Fock-Goncharov
positivity [ ].

In the first part, we give the necessary background on real algebraic geometry. This
is needed to define the real spectrum compactification of the Hitchin component, whose
study was initiated by | | and | |. The points of this compactification are
represented by [F-Hitchin representations for various real closed fields extensions F of R.

In the second part, we introduce a variant of the Bonahon-Dreyer coordinates
[ |, that allows to define coordinates for F-Hitchin representations. For this, we
carefully study the configuration spaces of tuples of flags over general fields. For ordered
fields, we introduce the notion of positivity of tuples of flags, as well as total positivity
of matrices. Even though most results of this part are known to the experts for R, we
study all objects in question with the goal of generalizing to real closed fields different
from R. To keep the thesis self-contained and for lack of a good reference for the proof,
some important results of this part are proven in the appendices.

The third part concerns itself with properties of representations in the real spec-
trum compactification of the Hitchin component. One of our main results is that both
F-Hitchin and F-positive representations are positively hyperbolic. The proof in the first
case relies on the Tarski-Seidenberg transfer principle. It allows to transfer semi-algebraic
properties of representations in the Hitchin component to the boundary. In the second
case, we use the positivity of the equivariant limit map to deduce the result, follow-
ing | ]. We then show that the PGL(n,F)-equivalence classes of F-positive weakly
dynamics preserving representations are described by the Bonahon-Dreyer coordinates
over F. In the proof, we use that an F-positive representation can be reconstructed by
finitely many data points from its limit map. This allows us to conclude the equivalence
of F-Hitchin and F-positive weakly dynamics preserving representations. We finish by
constructing intersection geodesic currents for F-Hitchin representations. For this we
transfer the result for the case F = R in | | to the boundary using the Tarski-
Seidenberg transfer principle. The length functions of the representation can thus be
computed as intersections with the geodesic currents associated to the representation.
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Abstract/Zusammenfassung

Zusammenfassung

In dieser Arbeit geben wir eine geometrische Charakterisierung von F-Hitchin-
Darstellungen, wobei F eine reell abgeschlossene Korpererweiterung von R ist. Eine
Darstellung von der Fundamentalgruppe einer geschlossenen Fliche nach PSL(n,TF)
heifit F-Hitchin, wenn sie die gleichen polynomiellen Gleichungen und Ungleichungen
wie eine Hitchin-Darstellung nach PSL(n,R) erfiillt. Genauer gesagt zeigen wir, dass
die Menge der F-Hitchin-Darstellungen mit der Menge der F-positiven und schwach dy-
namikerhaltenden Darstellungen iibereinstimmt, d.h. Darstellungen, die eine dquivari-
ante Randabbildung von einer dichten Teilmenge des Randes der universellen Uberla-
gerung der Fliache in die Menge der vollstandigen Fahnen in F" zulassen, die bestimmte
Positivitatseigenschaften im Sinne von Fock-Goncharov [ | erfiillen.

Im ersten Teil wird der notwendige Hintergrund zur reell algebraischen Geometrie
vermittelt. Mithilfe dessen kénnen wir die Kompaktifizierung mithilfe des reellen Spek-
trums der Hitchin-Komponente definieren, deren Studium durch | Jund | ]
initiiert wurde. Reprasentanten der Punkte dieser Kompaktifizierung sind F-Hitchin-
Darstellungen fiir verschiedene reell abgeschlossene Korpererweiterungen F von R.

Im zweiten Teil filhren wir eine Variante der Bonahon-Dreyer-Koordinaten | ]
ein. Diese erlaubt es, Koordinaten fiir F-Hitchin-Darstellungen zu definieren. Dazu
untersuchen wir die Konfigurationsraume von Tupeln von Fahnen iiber allgemeinen
Korpern. Fiir geordnete Korper fiihren wir den Begriff der Positivitat von Tupeln von
Fahnen sowie die totale Positivitat von Matrizen ein. Obwohl die meisten Ergebnisse aus
diesem Teil den Experten im Fall R bekannt sein sollten, untersuchen wir alle in Frage
kommenden Objekte mit dem Ziel der Verallgemeinerung auf andere reell abgeschlossene
Korper. Um die Arbeit in sich geschlossen zu halten und aus Ermangelung einer guten
Referenz fiir die Beweise, werden einige wichtige Ergebnisse dieses Teils in den Anhéngen
bewiesen.

Der dritte Teil befasst sich mit Eigenschaften von Darstellungen in der Kompaktifi-
zierung mithilfe des reellen Spektrums der Hitchin-Komponente. Eines unserer Haupter-
gebnisse ist, dass sowohl F-Hitchin- als auch F-positive Darstellungen positiv hyperbo-
lisch sind. Der Beweis im ersten Fall beruht auf dem Tarski-Seidenberg-Transferprinzip.
Dieses erlaubt, semi-algebraische Eigenschaften von Darstellungen in der Hitchin-
Komponente auf den Rand zu iibertragen. Im zweiten Fall verwenden wir die Posi-
tivitdt der dquivarianten Randabbildung, in Anlehnung an [ . Anschlieflend zei-
gen wir, dass die PGL(n, F)—Aquivalenzklassen von F-positiven, schwach dynamikerhal-
tenden Darstellungen durch die Bonahon-Dreyer-Koordinaten iiber F beschrieben wer-
den. Im Beweis verwenden wir, dass eine F-positive Darstellung durch endliche viele
Datenpunkte aus ihrer Randabbildung rekonstruiert werden kann. Daraus schlieffen wir
die Aquivalenz von [F-Hitchin- und F-positiven, schwach dynamikerhaltenden Darstel-
lungen. Zum Schluss konstruieren wir geodatische Schnittpunktstrome fiir F-Hitchin-
Darstellungen. Dafiir ibertragen wir das Resultat fir den Fall F = R in | | mit-
hilfe des Tarski-Seidenberg-Transferprinzips auf den Rand. Die Langenfunktionen der
Darstellung kénnen so als Schnittzahl mit den der Darstellung zugeordneten geodatischen
Stromen berechnet werden.
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1. Introduction

1.1. Teichmiiller space and Thurston’s compactification

The Teichmiiller space Teich(S) of a closed, connected, orientable surface S of genus
g > 2 is a central object in the study of surfaces and their properties. It is defined as
the space of equivalence classes of pairs (X, f), where X is a hyperbolic surface and
f+S — X is a homeomorphism, referred to as a marking. Two pairs (X, f) and (Y, g)
are equivalent if there exists an isometry m: X — Y such that mo f is isotopic to g. If X
is a hyperbolic surface and f: .S — X a homeomorphism, then f induces an isomorphism
on fundamental groups fi: m1(S) — m1(X). The fundamental group of X acts on its
universal cover X by orientation-preserving isometries. The latter can be identified with
the hyperbolic plane H?, and its group of orientation-preserving isometries is isomorphic
to PSL(2,R). Thus f gives rise to a homomorphism ps: m1(S) — PSL(2,R). If (X, f)
and (Y, g) represent the same point in Teich(S), then ps and p, are conjugated by an
element of PSL(2,R). Thus Teich(S) can be naturally identified as a subset of the
character variety x (S, PSL(2,R))—the space of reductive representations from m(S) to
PSL(2,R) up to PSL(2,R)-conjugation. Compare Section 3.1 for a precise definition of
the character variety. In fact, the Teichmiiller space forms a whole connected component
of x(S,PSL(2,R)) that is homeomorphic to R%9~6 and consists only of equivalence classes
of faithful representations with discrete image; see | , Theorem A].

Thurston’s compactification of Teich(S), first introduced in 1976 | |, has nu-
merous important applications in geometric topology. Informally speaking, a compacti-
fication turns a topological space into a compact topological space by adding “points at
infinity” to control points from “going off to infinity”. A compactification of a topolo-
gical space X is a compact topological space X such that X embeds (homeomorphism
onto its image) in X with dense image. The boundary points of the compactification
are the elements of 9X = X \ X. There are various different compactifications, e.g.
a topological space can always be compactified by adding a point. However if X is a
parameter space of geometric structures on a manifold, we would like to compactify it
in a geometrically meaningful way, which can be a challenging problem.

The definition of Thurston’s compactification uses the data of the marked lengths of
all closed geodesics on S. This data determines the marked hyperbolic structure up to
isotopy. Thurston considered a point in Teichmiiller space as a projectivized collection of
lengths of curves. He showed that the closure of Teich(S) in projective space is compact
and homeomorphic to a closed ball of dimension 6g — 6. The boundary of the compac-
tification is homeomorphic to a sphere of dimension of 6g — 7. Compactifications that
use the data of “lengths” of curves on S will be referred to as length compactifications.
Thurston’s compactification is used in the classification of elements in the mapping class
group MCG(S) of S | | as well as in the proof of the Tits alternative for MCG(S)
[ , | and various other results about its subgroup structure | ]. The in-



Chapter 1. Introduction

terpretation of its boundary points as measured laminations is essential in Thurston’s
definition of the so-called ending laminations of a hyperbolic 3-manifold [ , Section
9.3]. It was extensively studied in | ], see also [ -

1.2. The real spectrum compactification

Classical Teichmiiller theory concerns itself with the study of Teichmiiller space, in par-
ticular its geometric and dynamical properties. Replacing PSL(2,R) by a semisimple Lie
group G of higher rank gives rise to higher Teichmiiller theory. It tries to understand
exceptional connected components of the character variety x(S,G), consisting entirely
of faithful representations with discrete image, which we call higher Teichmiiller spaces
[ ]. Tt is surprising that such components exist. For instance, they exist only for a
restricted list of Lie groups, that are in particular neither compact nor complex. Higher
Teichmiiller theory is a very active field of research, that builds on various methods
from different areas of mathematics, including geometry, analysis and dynamics. Of-
ten questions in higher Teichmiiller theory are motivated by properties of the classical
Teichmiiller space, however there are new features that arise in higher rank. We are in-
terested in compactifying higher Teichmiiller spaces, or character varieties in general. In
this thesis we will concentrate on the real spectrum compactification. Before we examine
it further let us give a short non-exhaustive overview of other existing compactifications.
Thurston’s compactification has been extended to x (.5, PSL(2,R)) and to other char-
acter varieties x (5, G) for G of rank one by various authors | , , , ,
, |. In higher rank, Parreau | | generalized it to the so-called Weyl
chamber length compactification. All of the mentioned compactifications are length com-
pactifications and agree in the case when G = PSL(2,R). They recover Thurston’s
compactification when restricted to Teich(S). It turns out that the above compactific-
ation of x(S,PSL(2,R)) has the property that connected components can meet at the
boundary, see Wolff [ , Theorem 1.1]. There are also compactifications that only
compactify higher Teichmiiller components of the character variety. For example, in rank
two there has been various work of Martone, Ouyang and Tamburelli using geometric
interpretations of representations in higher Teichmiiller spaces to compactify them, see
[ ’ ) ) ’ ]
The idea to use the real spectrum to compactify Teichmiller space was first pointed
out by Brumfiel in [ |. It will be introduced in detail in Chapter 2 and Chapter 3.
We quickly summarize its most important properties here. For this let I be a finitely
generated group and G the real points of a connected semisimple linear algebraic group
defined over R. The real algebraic structure of the character variety x(I',G) [ ]
allows us to use real algebraic geometry to define its real spectrum compactification
RSp(x(I', G)) | |. It provides a formalization for the following idea: If (pp)nen is a
sequence of representations that is not contained in any compact subset of x(I", G), then
some of the matrix coefficients of its image tend to infinity while others stay bounded.
Informally speaking, in the limit the unbounded coefficients will be replaced by indeterm-
inates X; that are larger than any real number. In other words, this sequence converges
in the real spectrum compactification to a representation that has values in a matrix
group G with coefficients in the ordered field F = R(X;), compare Example 3.3.5. The
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order on F even distinguishes the different “speeds” at which matrix coefficients tend
to infinity. Arranging all these ways of “going off to infinity” in a compact topological
space is formalized by the real spectrum compactification.

This compactification has well-behaved topological properties in contrast to the
classical length compactification. Indeed, the inclusion of the character variety into its
real spectrum compactification induces a bijection on the level of connected compon-
ents (Proposition 2.3.13). Brumfiel showed that the MCG(S)-action on Teich(S) ex-
tends to RSp(Teich(S)) and that there is a MCG(.S)-equivariant continuous surjection
from RSp(Teich(S)) on Thurston’s compactification, compare [ , §7]. Intuitively,
RSp(Teich(S)) distinguishes more ways in which points can “go off to infinity”. For
example, the sequence of marked hyperbolic structures obtained by pinching or twisting
along a simple closed geodesic on S lead to the same point in Thurston’s compactific-

ation | , Section 8.2.18]—however these define different points in RSp(Teich(S5)).
This can for example be deduced using Fenchel-Nielsen coordinates together with Ex-
ample 2.3.3. In [ , §8] Brumfiel shows how points in the compactification give

rise to actions on R-trees using non-Archimedean hyperbolic planes; see also | ].
Furthermore, he showed that the extension of a continuous semi-algebraic self map to
the real spectrum compactification has a fixed point—even though the compactifica-
tion is not necessarily a closed ball [ , | (Theorem 2.3.15). The price to
pay is that we no longer have a complete topological description of the compact space
RSp(Teich(5)), in contrast to Thurston’s compactification.

In a series of papers | , |, Burger-lozzi-Parreau-Pozzetti generalize
Brumfiel’s idea to compactify character varieties x(I', G) in all generality. Before we can
describe boundary points of RSp(x(I", G)) let us introduce some notation. An ordered
field F is real closed if F[/—1] is algebraically closed (Definition 2.1.1). Let F be a real
closed field containing R. If X is a semi-algebraic subset of some R, i.e. a finite union
of sets cut out by finitely many polynomial equalities and inequalities (Definition 2.1.8),
then we can define its F-extension Xy as the finite union of subsets of F” cut out
by the same equalities and inequalities (Definition 2.1.12). In particular, since G is
semi-algebraic we can consider the group Gr. We have the following description of
RSp(x(T', G)) due to Burger-lozzi-Parreau-Pozzetti, which can be taken as a definition
in this introduction.

Theorem 1.2.1 (] , Theorem 2]). Let I' and G be as above. Then

~ p: I' = Gy reductive homomorphism,
RSp(x(I', G)) = {(p, F) ‘ F D R real closed field / ’

where ~ is the equivalence relation generated by proclaiming p;: I' = Gy, and pa: I' —
G, equivalent if there exists an order-preserving field homomorphism a: F; — [ such
that « o p; is conjugate to py in Gy,. Furthermore, (p,F) represents a point in the
boundary if and only if R(tr(p)) is a non-Archimedean field.

In particular if F is a real closed field containing R, then any reductive homomorph-
ism p: I' — G represents a point in RSp(x(I', G)). We denote by [(p, F)] its equivalence
class in RSp(x(I',G)). The equivalence relation makes sure that the representations
p: ' — Gg and p: I' = Gy — Gy, for F’ a real closed field extension of F, define the
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same point. From this result it follows that boundary points can be studied in terms of
representations. For higher Teichmiiller spaces C of x(I', G) a natural question in this
context is then the following.

Question 1.2.2. Given a representation from I' to Gy for F O R a real closed field, can
we determine “geometrically” whether or not it is in the boundary of C?

We answer this question in the case when C is the Hitchin component—a higher
Teichmiiller space of the PSL(n,R)-character variety. For maximal components in
X (S, Sp(2n, R)) this question was studied in [ | by Burger-lozzi-Parreau-Pozzetti.

1.3. The Hitchin component

One of the first instances of a higher Teichmiiller space is the Hitchin component. In
his seminal paper | |, Hitchin used Higgs bundles to show that x(.S, PSL(n,R)) for
n > 3 contains three connected components, if n is odd, and six connected components,
if n is even. In the odd case, one of the three components, and in the even case, two
of the six components, are homeomorphic to R(29-2)(n?*-1) They can be characterized
as follows. We denote by ¢y, the irreducible n-dimensional representation from SL(2, R)
to SL(n,R), where an element of SL(2,R) acts on the n-dimensional vector space of
polynomials with real coefficients in two variables X and Y of degree n — 1 by

(Z Z) XY= (aX 4 V)TN (bX 4+ dY )L

This representation is unique up to PGL(n, R)-conjugation. We also denote by ¢, the
induced representation from PSL(2,R) to PSL(n,R).

Definition 1.3.1. Fix j: m(S) — PSL(2,R) a holonomy representation of a marked
hyperbolic structure on S, i.e. j is faithful with discrete image. The Hitchin component
Hit (S, n) is the connected component of x (S, PSL(n,R)) containing ¢, 0 j. A representa-
tion 1 (S) — PSL(n,R) whose PSL(n, R)-conjugacy class lies in the Hitchin component
will be called a Hitchin representation.

Denote by Hit(S,n) the connected component of x(S, PSL(n,R)) containing ¢, o j,
where j' is any conjugate of j under an element of PGL(2,R) \ PSL(2,R). If n is odd,
Hit(S,n) is the same as Hit(S,n).

Hitchin asked about the geometric significance of components in higher rank. In
[ ], Choi-Goldman proved that for n = 3 the Hitchin component parametrizes
marked convex real projective structures on S, from which they concluded that Hit(S, 3)
consists only of faithful representations with discrete image. Using the Klein model of
the hyperbolic plane, one can see that hyperbolic structures are particular examples of
convex real projective structures, which reflects the fact that, by definition, Teichmiiller
space embeds in Hit(S, 3).

More than a decade later, Labourie | | and, in independent work, Fock-Goncharov
[ | showed that the Hitchin component consists only of faithful representations with
discrete image, in contrast to the other components. This implies that Hit(.S,n) consti-
tutes an example of a higher Teichmiiller space for all n > 3. Their result follows from
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the existence of a limit map with strong dynamical properties. To explain this we first
need to introduce a definition. For more details refer to Section 4.1 and Section 5.1.
Fix an auxiliary hyperbolic structure on S. Its universal cover S is identified with HZ2,
and let S := 9H? = S! denote its circle at infinity. The action of m(S) on S extends
to a continuous action on dS. The latter is identified with S* and inherits a cyclic
order. Let Fix(S) C 95 be the 7 (S)-invariant subset of 95 of m;(S)-fixed points, i.e.
Fix(S) == {z € 85 | Stabr (g)(z) # e}. A flag in R" is a nested sequence of n + 1 sub-
spaces of R™ of strictly increasing dimension, see Definition 4.0.1. Denote by Flag(R")
the set of full flags in R".

Definition 1.3.2. A map &: Fix(S) — Flag(R") is positive if it maps any triple respect-
ively quadruple of cyclically ordered points in Fix(S) to a positive triple respectively
quadruple of flags (Definition 5.1.1).
A representation p: m1(S) — PSL(n,R) is positive if there exists a (not necessarily
continuous) positive map
&yt Fix(S) — Flag(R"),

that is p-equivariant, i.e. for all z € Fix(S) and v € m1(S) we have §,(yz) = p(7)E,(x).
The map &, is called the limit map of p.

If such a limit map exists, then it is unique. With this definition we can formulate
the following characterization of Hitchin representations.

Theorem 1.3.3 (| , Theorem 1.15]). Let p: m1(S) — PSL(n,R) be a representa-
tion. Then p is PGL(n,R)-conjugate to a Hitchin representation if and only if p is a
positive representation.

Fock-Goncharov showed in | , Theorem 1.9 and 1.10] that positive representa-
tions are injective, have discrete image and are positively hyperbolic, see Definition 1.4.4.
Furthermore, if z € Fix(S) is the attracting fixed point of v € 7(S), then ,(z) is the
stable flag of p(7y), see Definition 5.3.1. Thus the same holds true for Hitchin represent-
ations.

The notion of Hitchin representations has been generalized in many ways. Hitchin
representations now fit in the broader context of so called ©-positive representations.
Extending Lusztig’s total positivity | |, Guichard-Wienhard define ©-positivity in
[ | for Lie groups that are not necessarily real split. All known higher Teichmiiller
spaces, e.g. maximal components introduced by Burger-lozzi-Wienhard in | ], con-
sist of ©-positive representations. Maximal representations are defined when G is a
non-compact simple Lie group of Hermitian type. In this case one can associate to
a representation a Toledo number, which is constant on connected components and
which satisfies a Milnor-Wood type inequality. A maximal representation is a repres-
entation for which the Toledo number attains the maximal possible value. In the case
when G = PSL(2,R), the Hitchin component and the maximal component agree with
Teich(S). Guichard-Labourie-Wienhard proved in | , Theorem A] that ©-positive
representations are discrete and faithful. It is conjectured that ©-positive representa-
tions form unions of connected components of character varieties and that all higher
Teichmiiller spaces are of this form | , ]. A complete list of Lie groups
that admit such representations has been found in [ ] and in independent work
using Higgs bundle techniques in | ].
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To study the properties of Hitchin representations, Labourie | ] introduced
the notion of Anosov representations using methods from dynamical systems. Hitchin
representations are Anosov, however there exist Anosov representations that are not in
higher Teichmiiller components. Using this approach we can, additionally to changing
the target Lie group, change the group of definition, i.e. we can replace 71(S) by any
finitely generated hyperbolic group I', and look for injective representations with discrete
image. This is an active field of research, see | | for an introduction to Anosov
representations.

1.4. Results

In the following we summarize our results, which partially appear in [ ]. The main
result of this thesis is the classification of boundary points in the real spectrum compac-
tification of the Hitchin component in terms of positivity for real closed fields.

We saw in Section 1.2 that representations of m1(S) into PSL(n, F), where F is a real
closed field extension of R, naturally occur in the real spectrum compactification of the
character variety x(S, PSL(n,R)) and the Hitchin component Hit(S,n). As a connected
component of a semi-algebraic set, Hit(S,n) is semi-algebraic (Theorem 2.1.11). The
closure of Hit(S,n) in RSp(x(S,PSL(n,R))) agrees with its real spectrum compactific-
ation RSp(Hit(S,n)). We define the following.

Definition 1.4.1. Let Hit(S,n)r be the F-extension of Hit(S,n), called the F-Hitchin
component. A representation 71(S) — PSL(n,F) is F-Hitchin if its PSL(n, F)-conjugacy
class lies in Hit(S, n)p.

Remark 1.4.2. It follows from Theorem 1.2.1 and the properties of the real spectrum
that if p: m1(S) — PSL(n, ) is a representation, then p is F-Hitchin if and only if (p, F)
represents a point in RSp(Hit(S,n)), compare Theorem 2.3.4 and Proposition 2.3.13.

We will show that F-Hitchin representations admit a positive limit map and are thus
F-positive, which we define now.

Given any ordered field F, the concept of positive tuples of full flags in F™ can be
defined in the same way as for R, since it only involves positivity conditions on triple
and double ratios (Definition 4.1.2 and Definition 4.2.1). Similarly, denote by Flag(F"™)
the set of full flags in . With these notations we can define an F-positive map the
same way as in the real case by replacing every occurrence of R in Definition 1.3.2 by F.
This allows us to define a generalization of positive representation for general real closed
fields.

Definition 1.4.3. Let F be areal closed field extension of R. A representation p: m1(S) —
PSL(n,F) is F-positive if there exists a p-equivariant (not necessarily continuous) F-
positive map ,: Fix(S) — Flag(F"), called a limit map of p.

If p is an F-positive representation with limit map &,, then for all e # v € m((S5)
the subspaces V, = &,(y1)@ N ¢,(y7) 2+ where v+ and v~ € Fix(S) are the
attracting respectively repelling fixed point of v, are one-dimensional and p(+y)-invariant.
The eigenvalue associated to V, is denoted by \,. We say that p is weakly dynamics
preserving if for all e # v € w1 (5) we have [A1| > ... > ||
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In the case F = R we recover Definition 1.3.2, and Fock-Goncharov proved that R-
positive representations are weakly dynamics preserving | , Section 7]. We expect
the same to hold when F is a general real closed field. We saw in Theorem 1.3.3, that
a representation is PGL(n, R)-conjugate to a Hitchin representation if and only if it is
R-positive. In analogy to the real case, we have the following theorem.

Theorem A. Let F be a real closed extension of R. A representation p: m(S) —
PSL(n,F) is PGL(n,F)-conjugate to an F-Hitchin representation if and only if it is
F-positive and weakly dynamics preserving.

Then Theorem A together with Remark 1.4.2 answers Question 1.2.2 for C =
Hit(S,n).

Corollary B. If (p,F) represents a point in RSp(x(S,PSL(n,R))), then it represents
a point in RSp(Hit(S,n)) U RSp(Hit(S,n)) if and only if p is F-positive and weakly
dynamics preserving.

This corollary completes the proof of a result announced in | , Theorem
46], compare Theorem 3.3.4. For the backward direction in the proof of Theorem A,
we introduce a multiplicative variant of the Bonahon-Dreyer coordinates for the Hitchin
component | |. This variant can be extended to give coordinates for Hit(S,n)r for
every real closed field F O R (Corollary 6.4.3). We then prove the following.

Theorem C. The set of PGL(n,F)-equivalence classes of F-positive weakly dynamics
preserving representations is described by the Bonahon-Dreyer coordinates over F and
hence homeomorphic to a closed semi-algebraic subset of some FN.

For the proof of Theorem C as well the forward direction of Theorem A, a key result
is the following proposition, which holds true over R (] , Theorem 1.13 (i)], and
which we believe to be of independent interest.

Definition 1.4.4. An element of PSL(n,F) is positively hyperbolic if one of its lifts
to SL(n,F) has distinct and only positive eigenvalues. A representation p: m1(S) —
PSL(n, ) is positively hyperbolic if p(~y) is positively hyperbolic for all e # v € 71 (5).

There is no ambiguity for odd n, since PSL(n,F) = SL(n,F) for every real closed
field F. If n is even, an element in PSL(n,F) admits two lifts that differ just by sign.

Proposition D (see Proposition 7.2.1 and Proposition 7.3.1). Let p: m1(S) — PSL(n,F)
be F-Hitchin or F-positive. Then p is positively hyperbolic.

The rest of the thesis concerns itself with assigning geodesic currents to F-positive
weakly dynamics preserving representations. Geodesic currents were introduced by Bo-
nahon in | |, providing a unifying framework for Thurston’s compactification. They
are now an active field of research by themselves and have applications in various fields
in the study of surfaces; see e.g. [ ]. To simplify we choose a hyperbolic structure
on S, even though the following concept can be defined in a purely topological way, see
e.g. | , Fact 1].
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Definition 1.4.5. A geodesic current on S is a locally finite, 71 (S)-invariant, regular
Borel measure on the space of (unoriented and unparametrized) geodesics in the universal
cover S of S.

Denote by %'(S) the space of geodesic currents on S endowed with the weak™-
topology, and by P%'(S) := €(S)/Rs the space of projectivized geodesic currents, the
latter being compact | , Proposition 4, Corollary 5]. Many seemingly different
objects are in fact geodesic currents, e.g. homotopy classes of closed curves on S or
isotopy classes of marked hyperbolic structures on S | , Lemma 9]. Martone-
Zhang proved in | , Theorem 3.4], that we can associate to a Hitchin representation
a geodesic current such that k-length functions of the representation can be computed
as intersections (Definition 8.1.1) with this current. More precisely, let F O R be a real
closed field that admits an order-compatible valuation v, see Definition 8.2.1 (for F = R
we can take v = —log). For g € PSL(n,F) with distinct eigenvalues of the same sign,
let A1(g) > ... > An(g) > 0 be the eigenvalues of a lift of g to SL(n,F). For every
k=1,...,n—1 we define the k-length of g as

n

Li(g) = =Y o) + Y v(X(9)

j=1 j=n—k+1

These length functions can be interpreted as the translation length of an element g €
PSL(n,F) acting on the metric space Bpgr,(,,r) as defined in | , Section 3.4 and
4]—a higher rank analogue of the non-Archimedean hyperbolic plane defined by Brumfiel

[ J

We establish the following result announced by Burger-lozzi-Parreau-Pozzetti
[ , Theorem 47]. An equivalent version was proven for maximal representations
by Burger-lozzi-Parreau-Pozzetti | , Theorem 1.2].

Theorem E. Let F D R be a non-Archimedean real closed field with an order-compatible
valuation v (assumed to be —log if F = R) and let p: m(S) — PSL(n,F) be F-positive
and weakly dynamics preserving. Then for every k =1,...,n—1, there exists a geodesic
current MIZ such that for any e # v € m1(S) we have

i(us, ) = Li(p(7)).

The current u]; is non-zero if and only if there exists v € w1 (S) with v(|tr(p(y))]) < 0.

Considering the subset RSp° (Hit (S, n)) of closed points in RSp(Hit(S,n)), this im-
plies the following.

Corollary F. Forallk=1,...,n —1 the map
RSp(Hit(S,n)) — PZ(S),
(0, F)] > |1af]

is well-defined and continuous.
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1.5. Method

The key tool to establish the forward direction of Theorem A, as well as the proofs of
Proposition D (for F-Hitchin representations) and Theorem E, is the Tarski-Seidenberg
transfer principle (Theorem 2.1.13), a real closed analogue of the Lefschetz principle for
algebraically closed fields. It enables to deduce results for real closed extensions of R,
that are stated in first-order logic in the language of ordered fields, from results that
hold true over R.

To prove Theorem A, we first establish Proposition D for F-Hitchin representations
(Proposition 7.2.1). Equipped with this we can construct a limit map for an F-Hitchin
representation p. Namely to the fixed point of a hyperbolic element v we associate the
stable flag of the positively hyperbolic element p(v). To prove its positivity properties,
we use again the Tarski-Seidenberg transfer principle and the positivity properties of
Hitchin representations (Theorem 1.3.3).

The backward direction of Theorem A is more involved. Here we cannot apply the
transfer principle directly, as the notion of F-positive weakly dynamics preserving repres-
entation involves infinitely many conditions. We will show that, actually, a finite set of
data points suffices to determine an F-positive weakly dynamics preserving representa-
tion up to conjugation. The equivariant limit map that comes together with an F-positive
representation allows us to associate to the representation the (adapted) Bonahon-Dreyer
coordinates over F [ |. We then verify that these coordinates satisfy the same poly-
nomial equalities and inequalities as the ones for F-Hitchin representations, which proves
Theorem C. The difficulty lies in the proof of the closed leaf inequality (iv). Together
with the assumption of weakly dynamics preserving, this amounts to proving Propos-
ition D for F-positive representations (Proposition 7.3.1). Following Fock-Goncharov
[ ], we instead prove Proposition 7.3.2, which asserts that the image of every non-
trivial element of 71(S) under an F-positive representation is conjugate to a totally
positive matrix with coefficients in F. We use the Tarski-Seidenberg transfer principle
to establish the theorem of Gantmacher-Krein for real closed fields, see Theorem 5.3.3.
To prove Proposition 7.3.2 we explicitly describe the image of a non-trivial element of
7m1(S) under an F-positive representation in terms of matrices whose entries involve the
triple and double ratios of the representation, compare Theorem 4.3.4.

The proof of Theorem E follows closely that of [ , Theorem 1.2] in the case
of maximal representations. It is based on their result | , Theorem 1.6], where
they show how to associate a geodesic current to a positive cross-ratio (Definition 8.1.2).
To show that to an F-Hitchin representation we can associate a positive cross-ratio we
use that the same statement holds true for R | , Lemma 3.6]. Left to prove is thus
the continuity in Corollary F which is a standard argument similar to the one in | ,
Proposition 5.3].

1.6. Organization

The thesis is organized as follows. Part I provides an introduction to real algebraic
geometry, character varieties and their real spectrum compactification. In Chapter 2 we
define the spectrum of a ring and the real spectrum compactification of a semi-algebraic
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set. Chapter 3 presents a semi-algebraic model for character varieties. Finally, we apply
the general theory from real algebraic geometry to character varieties and collect results
on their real spectrum compactification.

Part II provides the basics on flags and positivity in order to introduce the Bonahon-
Dreyer coordinates for Hitchin components. Even though most results are known to the
experts for R, we carefully study all objects in question with the goal of generalizing to
real closed fields different from R. In Chapter 4 we give the necessary preliminaries on
flags, including the definition of the triple and double ratios. This leads to the notions
of positive k-tuples of full flags in Chapter 5, and we explain the connection between
positivity of flags and total positivity of matrices. To keep the thesis self-contained and
for lack of a good reference for the proof, some important results in Chapter 4 and
Chapter 5 are proven in Appendix A respectively Appendix B.

We prove our results in Part II1. In Chapter 7, we prove Proposition D and collect
properties of F-Hitchin representations. Section 7.4 finishes the proof of Theorem A and
Theorem C. We introduce positive cross-ratios, intersection currents and valuations in
Chapter 8 and finish the chapter with the proofs of Theorem E and Corollary F.
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2. Real algebraic geometry

In the first section we recall general definitions and results from real algebraic geo-
metry and set up notation. The second section describes the semi-algebraic structure
of character varieties following [ |. We finish this chapter by focusing on several
semi-algebraic descriptions of the Hitchin component.

2.1. Background on real algebraic geometry

We refer the reader to | |, in particular Chapters 1, 2 and 5, for more details and
proofs.

Definition 2.1.1. An order on a field F is a total order relation < compatible with the
field operations, i.e.

r<y = z+z2<y+z 0<z,y = 0<zxy forallz,y,zeF.

A field F is orderable if F admits an order. An order < on F is Archimedean if for any
x € F there exists n € N such that © < n. An ordered field is real closed if every positive
element is a square and every odd degree polynomial has a root.

Note that ordered fields are infinite and of characteristic zero. Thus every ordered
field contains Q.

Example 2.1.2. The fields Q and R have a unique order, whereas C cannot be ordered.

The field Q(v/2) has exactly two distinct orderings given by the two embeddings of
Q(Vv2) = R (either we send a preferred root of X2 — 2 to V2 or to —\/5) In general,
the orderings on any number field K (a finite field extension of Q) correspond bijectively
to the embeddings K < R (“the real places”). They are always Archimedean, but never
real closed.

The field of rational functions R(X) can be ordered: Indeed we can define an order
by proclaiming X > 0 but X < X for all A € R<g. Then R(X) is not real closed,
since X is positive but does not have a square root in R(X). With this order R(X)
is Archimedean. However, if we endow R(X) with a different order, say X > A for all
A € R, then R(X) is non-Archimedean.

Examples of real closed fields include the real numbers, as well as the real algebraic
numbers, i.e. the real numbers that are algebraic over Q.

Remark 2.1.3. A real closed field has a unique order. Indeed, the non-negative elements
are exactly the squares.

Example 2.1.4. The field of real Puiseux series is the set of expressions

R(X)" = { i e XE/m ( ko € Z, m € N\ {0}, ¢ € R},
k=ko

13
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together with formal addition and multiplication. An element Ziiko e X*/™ is positive
if ¢k, > 0. With this order R(X)" is real closed, see e.g. | , Theorem 2.91].

Definition 2.1.5. Let F be an ordered field. A real closure for F is an algebraic field
extension K that is real closed and such that the inclusion F < K is order-preserving.

Theorem 2.1.6 ([ , Theorem 1.3.2]). Every ordered field (I, <) has a real closure.
If K and K’ are two real closures of (IF, <), then there exists a unique order-preserving
F-isomorphism K and K'.

Thus in the following we can speak of the real closure of an ordered field F, and we
write F .

Example 2.1.7. The real closure of (Q are the real algebraic numbers Q =0QnR.
The real closure of R(X) (together with the order X > 0 but X < A for all A € R) is

R(X) =R(X)%,, i.e. the field of real Puiseux series that are algebraic over R(X).

A
alg>

The main objects of study in real algebraic geometry are semi-algebraic sets. From
now on let F be a real closed field.

Definition 2.1.8. A subset B C F" is a basic semi-algebraic set, if there exists a poly-
nomial f € F[X,...,X,] such that

B=B(f) ={x cF" [ f(x) > 0}.

A subset X C F" is semi-algebraic if it is a Boolean combination of basic semi-algebraic
sets, i.e. X is obtained by taking finite unions and intersections of basic semi-algebraic
sets and their complements.

A subset X C F" is algebraic if it is the zero set of a set of polynomials in
F[X1,...,Xy]. By Hilbert’s basis theorem algebraic sets are semi-algebraic, see e.g.
[ , Theorem 4.1].

Let X C F" and Y C F™ be two semi-algebraic sets. A map f: X — Y is called
semi-algebraic if its graph Graph(f) C X x Y is semi-algebraic in F"+™,

Proposition 2.1.9 ([ , Proposition 2.2.7]). Let f: X — Y be a semi-algebraic
map. If S C X is semi-algebraic, then so is its image f(S). If T C Y is semi-algebraic,
then so is its preimage f~(T).

Using the order on F we can define a topology on F, where a basis of open sets is
given by the open intervals. Note that if F # R then F is totally-disconnected. However
we have the following notion of connectedness for semi-algebraic sets.

Definition 2.1.10. Let F be a real closed field. A semi-algebraic set X C F" is semi-
algebraically connected if it cannot be written as the disjoint union of two non-empty
semi-algebraic subsets of F" both of which are closed in X.

Theorem 2.1.11 ([ , Theorem 2.4.5]). A semi-algebraic set of R™ is connected if
and only if it is semi-algebraically connected. Every semi-algebraic set of R™ has a finite
number of connected components, which are semi-algebraic.

From now denote by F C K a real closed extension of F.

14
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Definition 2.1.12. Let X C F" be a semi-algebraic set given as

X =/ ﬁ{m € F" | fij(x) %i; 0},

i=1j=1

with fi; € F[Xq,...,X,] and #;; is either < or = for i = 1,...,s and j = 1,...,7;.
The K-extension Xg of X is the set given by the same Boolean combination of sign
conditions as X, more precisely

X = o € K" | figla) =, 0).

i=1j=1

Note that Xk is semi-algebraic and depends only on the set X, and not on the
Boolean combination describing it, see | , Proposition 5.1.1]. The proof of this is
based on the Tarski-Seidenberg transfer principle.

Theorem 2.1.13 (Tarski-Seidenberg transfer principle, | , Theorem 5.2.1]). Let
X C F**! be a semi-algebraic set. Denote the projection pr: F*t! — F” onto the first
n coordinates by pr. Then pr(X) C F" is semi-algebraic. Furthermore, if K is a real
closed extension of F, and pry: K""! — K is the projection on the first n coordinates,
then

pr (Xx) = (pr(X))k-
Using this one can prove an extension theorem for semi-algebraic maps.

Theorem 2.1.14 (] , Propositions 5.3.1, 5.3.3, 5.3.5]). Let X CF" and Y C F™
be two semi-algebraic sets, and f: X — Y a semi-algebraic map. Then (Graph(f))xk is
the graph of a semi-algebraic map fx: Xg — Yk, that is called the K-extension of f.
Furthermore, f is injective (respectively surjective, respectively bijective) if and only if
fx is injective (respectively surjective, respectively bijective), and f is continuous if and
only if fk is continuous.

Finally, we have the following relation between extension of semi-algebraic sets and
semi-algebraically connected components.

Theorem 2.1.15 ([ , Proposition 5.3.6 (ii)]). Let X C F™ be semi-algebraic.
Then X is semi-algebraically connected if and only if Xk is semi-algebraically connected.
More generally, if C'q, . . ., Cy, are the semi-algebraically connected components of X, then
(C1)K,- .-, (Cn)k are the semi-algebraically connected components of Xk.

2.2. The real spectrum of a ring

In this section we introduce the notion of the real spectrum of a ring. We follow [ ,
Chapters 7.1 and 7.2]. Let A be a commutative ring with 1. In our examples, A will often
be a polynomial ring or the coordinate ring of an algebraic set, compare Section 2.3.

Definition 2.2.1. The real spectrum RSp(A) is the topological space

RSp(A) = {(p,<) | p C A prime ideal , < is an order on the fraction field Frac(A/p)}
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together with the following subbasis of open sets: For a € A let
U(a) = {(p, <) € RSp(A) | @ > 0},
where @ is the image of a in Frac(A/p) under the homomorphism
A — A/p — Frac(A/p).
Remark 2.2.2. This topology is called the spectral topology on RSp(A).

Remark 2.2.3. Contrary to the spectrum of a ring (where we consider all prime ideals),
we restrict our attention here to so called real ideals, which motivates the name of the real
spectrum. An ideal is called real if, whenever af + ...+ az € [ for some ay,...,a € A,
we have a; € I for all i = 1,...k, see | , Definition 4.1.3]. By | , Lemma
4.1.6] we see that a prime ideal I C A is real if and only if the fraction field of A/I is
orderable.

Example 2.2.4. (1) Let k be a field. The real spectrum RSp(k) of k is homeomorphic
to the set of orders on k together with the Harrison topology | , Example
7.1.4 a)]. It is non-empty if and only if k is orderable.

(2) The real spectrum of Z is one point corresponding to the zero prime ideal (0) and
the unique order on the fraction field Q of Z.

Example 2.2.5 ([ , Example 7.1.4 (b), 7.5.2]). Let R[X] be the polynomial ring
in one variable. To describe RSp(R[X]) we need to understand the prime ideals of R[X].
Since R is real closed and R[X] is a principal ideal domain, all non-zero prime ideals are
generated by an irreducible polynomial which is either of degree one or two. Irreducible
polynomials of degree one correspond to maximal ideals, hence to elements of R, with
residue field R. Since R is real closed it has a unique order. Irreducible polynomials of
degree two correspond to algebraic extensions of R of degree two, which are algebraically
closed, and hence not orderable. We also need to describe the total orders on the field
of rational function R(X'), which is the fraction field of R[X] corresponding to the prime
ideal (0). It suffices to order the variable X with respect to R. More precisely, we define
the following orders. For A € R we set

e A" We have A <)+ X, but X <1 u for every u € R with A < p.
e A7: We have X < - A, but p <,- X for every p € R with p < .
e fo00: We have p <;o X for all p € R.

e —o0: We have X <_, p for all p € R.

It turns out that this list is the complete set of total orders on R[X]. Putting everything
together we obtain

RSp(R[X]) = {((X = A),<r) | A € R} U{((0),<,) | 0 € {A*, 200} }.

The description of prime ideals in F[X] for F any real closed field is similar. The set
of orders of F(X) is in one-to-one correspondence with the set of cuts (I,J) of F, with
I={peF|p<X}and J={peF|X < pu}. However, in general these need not
correspond to elements in F. For example in the case F = Q N R a cut can be given by
a transcendental number in R\ (Q NR).
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2.2. The real spectrum of a ring

We have an equivalent way of describing points in the real spectrum using homo-
morphisms.

Proposition 2.2.6 ([ , Proposition 7.1.2]). Points (p, <) € RSp(A) are in bijec-
tion with equivalence classes of ring homomorphisms [¢: A — F] for a real closed field I,
where we consider the equivalence relation generated by proclaiming two homomorph-
isms p: A — F and ¢': A — F to be equivalent if there exists an order-preserving field
homomorphism F — F’ such that the diagram commutes:

A2, F

RN

]F/

More precisely, given (p, <) we get a homomorphism from A into the real closure of the
residue field Frac(A/p) with the order < by composing the following maps

p: A — A/p — Frac(A/p) — (Frac(A/p), <)

On the other hand, given [¢: A — F| for a real closed field F, take (ker(y), <) with the
restriction of the order of F to Frac(A/ker(y)). Under this identification we have that
foraec A

U(a) ={[¢p: A — F] | F real closed, p(a) > 0}.

We now define a second topology on the real spectrum that we only use to prove
that the real spectrum is compact. If not otherwise stated, the real spectrum is always
considered with the spectral topology.

Definition 2.2.7. A subset of RSp(A) is called constructible if it can be obtained as a
Boolean combination, i.e. finite unions, finite intersections and complements, from the
sets U(a) defined above. The constructible topology is the topology on RSp(A) which
is generated by the constructible subsets, or equivalently, for which the constructible
subsets form a subbasis of the topology.

The constructible topology has more open sets than the spectral topology, since we
also define U(a)® to be open in the constructible topology.

Example 2.2.8 ([ , Remark 7.1.11]). For A = k the constructible and the spectral
topology on RSp(k) agree. Indeed, for a € k we have

RSp(k) \ U(a) = {orders on k for which a < 0}
= {orders on k for which —a > 0} = U(—a).

Theorem 2.2.9 (| , Theorem 4.1], | , Proposition 7.1.12]). The topological
space RSp(A) together with the constructible topology is a compact, totally disconnected
Hausdorff space. In particular, RSp(A) with its spectral topology is compact (but not
necessarily Hausdorff nor totally disconnected).
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Proposition 2.2.10 (][ , Proposition 7.1.25 (ii)]). Let C' C RSp(A) be a con-
structible subset endowed with the subspace topology of the spectral topology. The
topological space C! of closed points of C is a compact Hausdorff space. In particular
RSp°!(A), the set of closed points of RSp(A), is a compact Hausdorff space.

Example 2.2.11 (continuation of Example 2.2.5). The points ((0), £o00) € RSp(R[X])
are closed. The points ((0), A\*) € RSp(R[X]) for A € R are not closed. We have {A\*} =
{X\*,\}. The space RSp®(R[X]) is homeomorphic to the two point compactification of
R, i.e. to the closed interval [0, 1].

We have the following characterization of closed points of RSp(A). For this we
generalize the notion of Archimedean order from Definition 2.1.1.

Definition 2.2.12. Let A C A’ C T be two subsets of an ordered field F. We say that
A’ is Archimedean over A if for all a’ € A there exists a € A with o’ < a.

With this new definition, an order on F is Archimedean if F is Archimedean over N.

Proposition 2.2.13 (] , Proposition 2.2 (e)]). A point (p, <) € RSp(A) is closed
if and only if Frac(A/p) is Archimedean over ¢(A), where

0: A — Afp — Frac(A/p) — (Frac(A/p), <)

is defined as in Proposition 2.2.6.

2.3. The real spectrum compactification of semi-algebraic
sets

We begin by describing the real spectrum compactification for algebraic sets. Let V' C R"
be an algebraic set, i.e. V is the zero set of a family of polynomials with coefficients in
R. Let A(V) :=R[Xy,...,X,]/I be the coordinate ring of V', where I is the ideal of all
polynomials vanishing on V', i.e. I = {f € R[X1q,..., X,,] | f(v) =0 for all v € V'}. Note
that A(V) is naturally an R-algebra, hence contains R.

Lemma 2.3.1. Let ¢: A(V) — F, for F a real closed field, represent a point in
RSp(A(V)). Then R C F and ¢ is R-linear.

Proof. The ring homomorphism ¢ restricted to R is injective (since the only ideals of R
are trivial and ¢ sends one to one), hence R C F via ¢. Furthermore, for A € R and
f e A(V), we have p(Af) = p(A)p(f), since ¢ is a ring homomorphism. O

Proposition 2.3.2 (| , Proposition 7.1.5]). The map
v V—)RSp(A(V)), V= <<X1—1}1,...,Xn—’l)n>,§]R),

where <g is the unique order on R (refer to Remark 2.1.3), is injective and induces
a homeomorphism from V', with its Euclidean topology, onto its image in RSp(A(V)),
with its spectral topology.
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2.8. The real spectrum compactification of semi-algebraic sets

Proof. The injectivity of ¥ is clear. We write V for its image in RSp(A(V')). To show
the second part we consider for every e > 0 and v = (v1,...,v,) € V the element

n

feo(X1,. o Xn) ==Y (X —0i)” € A(V).

i=1
Then
—(X—w
VOU(few) = {({X = w), <p) € RSP(A(V)) |w eV, T, > 0}
— {w cV ‘ Z(wl —vi)2 < 5},
i=1
which is the usual basis of the Euclidean topology of V. 0

Example 2.3.3. We have already seen an example of the above proposition in Ex-
ample 2.2.5 for V =R.

We now consider R? with its standard basis (e1, e2). Let R[X, Y] be the polynomial
ring in two variables. The sequences s, := ¥(nej) and s, := ¥U(ney) converge (up to
subsequence) in RSp(R[X, Y]), since the latter is compact. We claim that lim,, o $pn #
limy, o0 s,,. We first verify that lim,, o $p, = ((Y), <400), where <, denotes the order
as in Example 2.2.5 on the fraction field of R[X,Y]/(Y) = R[X]. Then we show that
limy o0 57, # ((Y), <00)-

Let us describe the basic open sets U(f) with ((Y), <io) € U(f). By definition,
this mean that f<Y> >0 0. If we write

FXY) =D a XY =) aX + ) ai XYY,
7

] J#0,

we see that f(X,Y)+ (V) =>".ajpX"+ (V). Thus ?<Y> > 400 0 is equivalent to asking
that p(X) == f(X,0) = >, ajoX" >400 0. The latter means that the coefficient agegyp,o
of Xdeer ig positive.

Choose any f € R[X,Y] with ((Y), <,s) € U(f). Recall that for (z,y) € R? we
have ¥(x,y) € U(f) if and only if f(z,y) > 0. Thus s, € U(f) for all n > ng € N, since
f(ney) = f(n,0), which is positive for all n large enough by the assumption on f. Thus
for all open neighborhoods U of ({(Y), <,), there exists ng € N such that s, € U for
all n > ng, in other words lim, o0 sp = ((Y), <i400)-

On the other hand, if we choose f € R[X] C R[X,Y] with ((Y), <i~) € U(f) and
constant term ¢ < 0 (which exists by the above considerations), then f(ne2) = f(0,n) =
c<0,s0 s, ¢U(Sf) for all n € N. Thus lim,, 0 s, # ((V), <4c0)-

Theorem 2.3.4 ([ , Theorem 7.2.3]). Let V' C F” be an algebraic set. If X C V
is a semi-algebraic set given by a Boolean combination of the basic semi-algebraic sets
B(f;) for some f; € A(V) (Definition 2.1.8), then we define X to be the constructible
subset of RSp(A(V)) given by the same Boolean combination of the open sets U(f;)
(Definition 2.2.1).
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(1) There is an isomorphism of Boolean algebras

{semi-algebraic subsets of V'} <+ {constructible subsets of RSp(A(V))}
X=X ,
XNV« X.

(2) X is closed (respectively open) if and only if X is closed (respectively open).

Remark 2.3.5 (| , Corollary 7.2.4, Remark 7.2.5]). It turns out that X is intrins-
ically defined by the semi-algebraic set X (up to homeomorphism) and does not depend
on the algebraic set V' in which X is embedded.

Proposition 2.3.6 (| , Proposition 7.2.7]). Let X be a closed (respectively open)
semi-algebraic subset of an algebraic set V. Then X is the smallest (respectively largest)
closed (respectively open) subset of RSp(A(V')) whose intersection with ¥ (V') is ¥(X).

With this at hand we are now ready to define and study the properties of the real
spectrum compactification of semi-algebraic sets.

Definition 2.3.7. Let X C V C R"” be a semi-algebraic subset of some algebraic set V.
Its real spectrum compactification RSp(X) is the closure of its image

X CV <% RSp(A(V)).

The definition of the compactification depends on an embedding X C V. This is
not the case if we restrict ourselves to closed semi-algebraic sets. The following result,
together with Remark 2.3.5, implies that in this case the real spectrum compactification
RSp(X) is intrinsic to X.

Lemma 2.3.8. Let X C V C R" be a closed semi-algebraic subset of some algebraic
set V. Then RSp(X) = X.

Proof. We use Proposition 2.3.6. Clearly ¥(X) € RSp(X) N ¥(V). But since ¥ is a
homeomorphism onto its image (Proposition 2.3.2) we have equality. If Y is now any
closed subset of RSp(A(V)) with Y N (V) = ¥(X), then ¥(X) C Y, and since Y is
closed, also the closure of U(X) is in Y. Thus RSp(X) = X by Proposition 2.3.6. [

From now on let X C V be a closed semi-algebraic set. We saw in Example 2.2.5 and
Example 2.2.11 that in general X is not open in RSp(X) (not even for algebraic sets).
Moreover, RSp(X) with its spectral topology is in general not Hausdorff (Theorem 2.2.9),
which is something one often desires when compactifying a Hausdorff topological space.
Both of these issues can be resolved when considering the subset of closed points, see
Theorem 2.3.11.

Definition 2.3.9. Let RSp®(X) := X< be the subset of closed points in RSp(X).

Remark 2.3.10. If we view X C V as a closed semi-algebraic subset of some algebraic
set V, then RSp(X) = X NRSp(A(V)), since X is closed by Theorem 2.3.4 (2).
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2.8. The real spectrum compactification of semi-algebraic sets

Theorem 2.3.11. The closed semi-algebraic set X is dense in RSp(X), and open and
dense in RSp®(X). In particular, RSp®(X) provides a compactification of X.

Before proving this we need the following lemma. Recall that all points in ¥(X) are
closed. On the other hand for boundary points we have the following implication using
the point of view of homomorphisms as in Proposition 2.2.6.

Lemma 2.3.12. Let X C V C R” be a closed semi-algebraic subset of some algebraic
set V, and A(V) = R[Xy,...,X,]/I(V) the coordinate ring of V. Let [p: A(V) — F] €
ORSp(X). Then @(A(V)) is non-Archimedean over R; in other words, there exists
i€ {1,...,n} such that [¢(X;)| > p for all p € R.

Proof. Assume that ¢: A(V) — F represents a point in ORSp®(X) and is such that
©(A(V)) is Archimedean over R. We know that Frac(A(V')/ker(y)) is Archimedean
over p(A(V)), since the homomorphism represents a closed point, see Proposition 2.2.13.
Thus Frac(A(V)/ ker(y)) is Archimedean over R and hence a subfield of R, compare e.g.
[ ]. Since it contains R we obtain Frac(A(V)/ker(¢)) = R. Thus ¢: A(V) — R
is surjective, since it is also R-linear by Lemma 2.3.1. Hence ker(y) corresponds to a
maximal ideal in A(V'), i.e. a point in ¥(X). This is a contradiction, since we started
with a point in the boundary. O

Proof of Theorem 2.3.11. By definition X is dense in RSp(X). For the second claim we
simplify the exposition and assume that X = V. Similar arguments then also prove the
general case.

We need to prove that the image of V is open and dense in RSp?(A(V)). We already
know that V is dense in RSp(A(V)), hence also in RSp(A(V)). For v € V let ¥(v) =
((X —v), <g) be its image in RSp®'(A(V')). We construct an open neighbourhood of ¥(v)
contained in W(V), which implies that the latter is open in RSp(A(V)). Consider, as
in the proof of Proposition 2.3.2, the element f., € A(V). Then clearly ¥(v) € U(fz)
and we claim that

U(f-) VRSP (A(V)) C W(V).

We take the point of view of homomorphisms as in Proposition 2.2.6. We immediately
see that if ¢: A(V) — F is in U(f:,y), then

lo(X;) —vi| <eforali=1,...,n,

which implies that ¢(A(V)) is Archimedean over R. However the only closed points
Archimedean over R are points in ¥(V'), see Lemma 2.3.12, which proves the claim. O

RSp(X)

Let us collect some important properties of the real spectrum compactification of
closed semi-algebraic sets. Recall that in this case we have RSp(X) = X.

X

RSp(X)
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Proposition 2.3.13 (] , Proposition 7.5.1]). Let X be a semi-algebraic set.
Then X is semi-algebraically connected if and only if X is connected. Furthermore,
if X1,..., Xy are the semi-algebraically connected components of X, then Xi,..., X,
are the connected components of X.

From this remark we immediately obtain that the real spectrum compactification
of a closed connected semi-algebraic set is connected. The following proposition tells us
that semi-algebraic maps extend continuously to the compactification.

Proposition 2.3.14 (] , Proposition 7.2.8]). Let X and Y be two semi-algebraic
sets and f: X — Y a semi-algebraic map. Then there exists a unique map f: X — Y
such that for all semi-algebraic subsets Y’ C Y we have

e~

FY) = ),
If additionally f is a homeomorphism then so if f .

In 2.2.5, we saw that RSp®(R) is homeomorphic to the closed interval. In higher
dimension, this compactification is no longer a closed ball. However, there is still a
fixed-point theorem for this compactification.

Theorem 2.3.15 (] |, Hopf fixed point theorem for semi-algebraic maps | D.
Let X C R™ be a semi-algebraic set and f: X — X a continuous semi-algebraic map
with tr(f.) # 0, where

n

tr(fe) = Y (=1 tr(fur Hi(X;Q) — Hi(X;Q))

1=0

is the Lefschetz number of f. Then either f has a fixed point in X or f has a closed
fixed point in X.

Remark 2.3.16. If X C R" is contractible semi-algebraic, then tr(f.) = 1 for any
continuous semi-algebraic map f: X — X, so the Hopf fixed point theorem implies a
Brouwer fixed point theorem for semi-algebraic maps, compare | ].
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3. Character varieties and
compactifications

3.1. Character varieties

Let ' be a finitely generated group. Let G < GL,, be a connected semisimple algebraic
group defined over R. Its real points G(R) are a real Lie group. Let G be a subgroup
of G(R) which contains the identity component of G(R), i.e. G(R)° C G C G(R).
Note that G is not necessarily a real algebraic group. However, since G has finite index
in G(R), it is open and closed, hence made out of components of G(R) and therefore
semi-algebraic.

Example 3.1.1. If we take G = PGL,, < GL,,2, then PGL,,(R)° = PSL,,(R), which
has index two in PGL,,(R), and G can thus be either PSL,,(R) or PGL,,(R).

The topology of G endows the space Hom(I', G) of group homomorphisms from I’
to G with the topology of point-wise convergence. The group G acts on Hom(I', G) by
conjugation, i.e. for all p € Hom(T',G) and g € G we have

(9-0)(7) = gp(y)g~" forall y €T.

Definition 3.1.2. A representation p: I' — G is reductive if, seen as a linear representa-
tion on R”, it is completely reducible, i.e. a direct sum of irreducible subspaces. Similarly,
if F is a real closed field extension and Gy the F-extension of G (Definition 2.1.12), we
say that p: I' — G is reductive if, seen as a linear representation on F”, it is completely
reducible.

Denote the set of reductive homomorphisms from I' to G by Hom,eq(I', G). Any
irreducible representation is reductive.

Theorem 3.1.3 (| , §20, p. 376 Corollaire a)]). Let p,p’: I' = GL(n,R) be two
reductive linear representations of I' with tr(p(vy)) = tr(p/(v)) for all v € T'. Then p and
o' are conjugate, i.e. there exists g € GL(n,R) with p(y) = gp'(7)g~" for all vy € I'. In
other words, reductive representations are up to isomorphism determined by their trace
function. The same holds true for reductive representations into GL(n,F).

The subset of reductive homomorphisms is invariant under the action of G on
Hom(T", G) by conjugation, which allows us to define the following.

Definition 3.1.4. The character variety is the topological quotient
X(I',G) == Hom,q(T', G) /G,

where G acts on Hom,q(I', G) by conjugation.

23



Chapter 3. Character varieties and compactifications

The following theorem explains why we restrict our attention to the set of reductive
representations.

Theorem 3.1.5. Let I and G be as above. A representation p: I' — G is reductive if
and only if the orbit G - p is closed in Hom(T", G).

For a proof of this result see e.g. | , Theorem 30] based on an argument by
[ , Theorem 1.1]. From this we see that the quotient Hom(I', G)/G has non closed
points in general. This is the reason why we replace Hom(T', G) by Hom,eq(I', G) in the
above definition. In fact more is true.

Theorem 3.1.6. The character variety x(I', G) is a Hausdorff topological space.

This follows from Theorem 3.2.8. For more details on the subtleties in the various
definitions of character varieties and how they relate, we refer to [ , Sections 2

and 3].

3.2. Semi-algebraic models for character varieties and
their components

Let I' and G be as in Section 3.1. The real semi-algebraic structure of G endows the space
Hom(T", G) with a real semi-algebraic structure by choosing a finite set of generators for
I'. More precisely, if F' = {7y1,...,7} is a finite generating set for I, the map

ev: Hom(T,G) = GF,  p— (p(m),---, p())

induces a homeomorphism between Hom(I',G) and its image Xp(I',G). Note that
Xp(T,G) is a semi-algebraic subset of RV for some N € N. If F’ is a different choice
of a generating set for ', then Xp(I',G) and X (', G) are semi-algebraically homeo-
morphic. From now on we drop the choice of a generating set F' from the notation.
Denote by X™4(T', G) the image under the map ev of the space of reductive homomorph-
isms Hom,eq(T', G). We show in Lemma 3.2.9 that X™4(T", @) is real semi-algebraic as
a subset of X (I',G). From now on we identify Hom(I', G) and Hom,eq(I', G) with their
respective images under the map ev.

Definition 3.2.1. A semi-algebraic model for x(I',G) is a semi-algebraic, continuous
map
p: Homyeq(T', G) — R?

for some d € N, such that the fibres over the image of p are exactly the G-orbits, and p
induces a homeomorphism Hom,eq(T', G)/G = Im(p) C R%.

Note that Im(p) as the image of a semi-algebraic map is semi-algebraic, see Propos-
ition 2.1.9.

Lemma 3.2.2. A semi-algebraic model for x(I", G) is unique up to semi-algebraic homeo-
morphism, that means that if p: Hom,eq(I', G) — R? and p’: Hom,eq (T, G) — R? are
two such models, then there exists a unique semi-algebraic homeomorphism f: Im(p) —
Im(p') with fop=1p'.
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3.2. Semi-algebraic models for character varieties and their components

Proof. Assume we have two semi-algebraic models p and p’ for x(I',G). The map p

factors through Im(p’), since both p and p’ have the same fibres, and induces a continuous

bijective map p: Im(p’) — Im(p). We claim that p is also semi-algebraic. We have
Graph(p) = {(z,y) € Im(p') x Im(p) | p(z) = y}

z,y) € Im(p’) x Im(p) | ¢ € Hom,eq (T, G) s.t. p'(c) = x, p(c) =y},

—

which by Tarski-Seidenberg, see Theorem 2.1.13, is a semi-algebraic set since both p and
p’ are semi-algebraic. Reversing the roles of p and p’ in the above argument proves the
claim. O

If C € Hom(I', G) is a G-invariant connected component-hence semi-algebraic by
Theorem 2.1.11-consisting of reductive homomorphisms, we can define in an analogous
way a semi-algebraic model for the quotient C/G. Indeed, the restriction to C of the
semi-algebraic model for the whole character variety coming from | , Theorem 7.6]
provides a semi-algebraic model for C/G. In general we can find different such mod-
els, which are related by semi-algebraic homeomorphisms, see Lemma 3.2.2. In fact,
for connected components of geometric significance, there are often other semi-algebraic
models that exploit their geometric interpretation. For example in Chapter 6 we in-
troduce a variant of the Bonahon-Dreyer coordinates for the Hitchin component, which
generalize the shear coordinates for Teichmiiller space (the case of PSL(2,R)) developed
by Thurston [ , Section 9] and | , Theorem A].

Lemma 3.2.3. Let p: C — R? be a semi-algebraic model for C/G, with image p(C). For
a real closed field extension R C IF, we can consider the F-extension of this model, i.e.

Pr: Cp — Fd
with image p(C)r = pr(Cr). Then the fibres over p(C)r are exactly the Gp-orbits.

Proof. For p € C the fibre over p(p) := [p] is exactly its G-orbit, since p is a semi-algebraic
model. Hence

p (o)) = {' €Cplp) =p(p)}

={peC|3geG:p=ygpyg"}
=pre ({(09) €Cx G lp=gp'g™"}),

which is semi-algebraic as a projection of a semi-algebraic set by the Tarski-Seidenberg
principle (Theorem 2.1.13). Thus the pp-fibre over p(C)r is a Gg-orbit; see also The-
orem 2.1.14. 0

C
F-extension F

1™

p(C) p(C)r

(—‘>
F-extension
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Chapter 3. Character varieties and compactifications

The aim for the rest of this section is to show the existence of a semi-algebraic model
for x(I', G). For this we follow Richardson-Slodowy | ]. We first state the general
theory developed by the authors and later apply it to character varieties. Let G be as
before. Choose a Cartan involution §: G — G and let K = GY be the subgroup of
fixed points of . Then K is compact. Furthermore the Lie algebra g of G splits as a
direct sum in the +1 and —1 eigenspaces of 6, denoted € respectively p. Let V be a
finite dimensional complex vector space and G — GL(V) a rational representation of G
defined over R. The real structure of V is a real vector space V and we are interested
in the orbit spaces of the induced G-action on V', i.e. G — GL(V).

Remark 3.2.4. For all v € V there exists a unique closed G-orbit in the closure of G- v,
see [ , Section 7.3.1]. This allows us to define the following, compare | , Section
7.2].

Definition 3.2.5. Let V//G be the set of closed G-orbits on V. We define
m: V — VG, v — unique closed G-orbit in the closure of G - v.

We endow V//G with the quotient topology under the map 7 and call it the Richardson-
Slodowy quotient of V' by G.

In the following we describe how V /G is homeomorphic to a closed semi-algebraic
set in some R?, which implies that VG is Hausdorff.

The action of G on V induces a homomorphism g — gl(V'), the Lie algebra of GL(V).
There is a K-invariant scalar product (, ) on V such that p acts on V' by self-adjoint
operators, compare | , Section 2].

Definition 3.2.6. We say that v € V is a minimal vector if (v,v) < (gv, gv) for all
g € G. The set of minimal vectors is denoted by M.

The main results about minimal vectors are the following.
Theorem 3.2.7 (| , Theorem 4.3, 4.4]). Let v € V. Then the following hold.

(1) ve M < (X -v,v) =0 for all X € p. Furthermore, if v € M then G-vNM =
K -v.

(2) G-vNM #( if and only if G- v is closed.

Theorem 3.2.8 (| , Theorem 7.6, 7.7]). The inclusion M C V induces a homeo-
morphism M/K — V//G. In particular, VG is homeomorphic to a closed semi-
algebraic set in some RY.

More generally, if X is a closed G-invariant subset of V', set Mx = M N X. Then
the continuous map Mx /K — X /G determined by the inclusion map Mx — X is a
homeomorphism. If, in addition, X is a real semi-algebraic subset of V', then X /G is
homeomorphic to a closed semi-algebraic set in some R%.

By Theorem 3.2.7 (1) we see that M is an algebraic subset of V, compare | ,
Remark 4.5 (e)]. Thus the fact that M /K is homeomorphic to a closed semi-algebraic
subset of some R¢ follows from classical results in the study of quotients by compact
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3.8. The real spectrum compactification of character varieties

Lie groups and go back to Schwarz [ ]. We refer to | , Section 7.1] or for more
details to | , Section 11].

We apply the general theory to character varieties in the following way: The map
which associates to a reductive homomorphism the K-equivalence class of the minimal
vector of its conjugacy class is a semi-algebraic model for the character variety, refer to
Theorem 3.2.11. Let us describe it in more detail. As in Section 3.1 let I' be a finitely
generated group on k generators and G C Mat(m,R) = R™*™ a closed semi-algebraic
subset. We consider the vector space V = @5:1 Mat(m,R), on which G acts diagonally
by conjugation. We saw in Section 3.2 how Hom(I', G) can be naturally identified with a
closed semi-algebraic subset X := X (I', G) C V, which is invariant under G-conjugation.
Thanks to Theorem 3.1.5 and Theorem 3.2.7 (2) minimal homomorphisms are reductive,
ie. Mx C X' = X G). Let us take this moment to explain something we
announced at the beginning of this section.

Lemma 3.2.9. The set X" is semi-algebraic.

Proof. Consider the semi-algebraic set M’ := {(z,9) € XxG | gz € Mx} C X xG. By
the Tarski-Seidenberg transfer principle, see Theorem 2.1.13, the image of the projection
map

pr: M' = X, (z,9) = x

is semi-algebraic. But pr(M’) is exactly X' by Theorem 3.2.7 (2). O

Remark 3.2.10. By Theorem 3.1.5, the reductive homomorphisms are exactly those
with closed G-orbit, hence their Richardson-Slodowy quotients agree, i.e. X /G = X"/ G.
Since minimal homomorphisms are reductive, we also have M yrea = Mx.

Theorem 3.2.11. The composition of maps
p: Homeq(T, G) =5 x4 5 x4 )G > M yrea /K C RY
is a semi-algebraic model for x(I', G).

Proof. We apply Theorem 3.2.8 to X™4, and obtain that p is continuous, surjective onto
a semi-algebraic set in R¢ such that the fibres over the image of p are exactly the G-orbits,
and such that p induces a homeomorphism of Hom,eq(I', G)/G onto its image. O

3.3. The real spectrum compactification of character
varieties

We finish the preliminaries by combining the results of Section 2.3 and Section 3.2. In
the last subsection we saw that x(I', G) is homeomorphic to a closed semi-algebraic set
X(T,G) = Mxrea/K of some RY. Using the results from Section 2.3 we can embed

X(T', G) in the compact space

—~—

RSp(x(T',G)) = X(I',G) C RSp(R[ X1, ..., X4))

with dense image, and hence the latter provides a compactification of x (I, G).
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Chapter 3. Character varieties and compactifications

We saw in Theorem 1.2.1 that a point in the compactification can be represented
by a reductive representation p: I' — Gy for F O R a real closed field. Even more is
true: In the equivalence class of (p,F) there is a “smallest” field of definition for p. Let
us make this precise.

Definition 3.3.1. Let F be a real closed field and p: F — Gg a homomorphism. Then
F is p-minimal if there is no proper real closed subfield K C F such that p is conjugate
into Gk by an element of Gy.

Proposition 3.3.2 (] ). If p: T' — G is reductive, then there exists a unique
real closed subfield IF, C IF such that p is Gp-conjugate to a representation p': I' = G,
and F, is p/-minimal.

We can now state a refined version of Theorem 1.2.1 from the introduction.

Theorem 3.3.3 ([ , Theorem 2]). Let I' and G be as above. Then
~ p: I' = Gf, reductive homomorphism, /
RSp(x(I', @) = {(p, Fy) ‘ F, O R real closed, p-minimal '

for the same equivalence relation as in Theorem 1.2.1. Points in the boundary correspond
to representations into Gy, for F, a non-Archimedean field. Moreover F, is of finite
transcendence degree over R.

Let us now focus on the case when I' = 1 (5) is a surface group and G = PSL(n, R).
The Hitchin component Hit(S,n) C x(S, PSL(n,R)) is again closed semi-algebraic as it
is a connected component of a closed semi-algebraic set. We denote by RSp(Hit(S,n))
its real spectrum compactification. By Theorem 2.3.4 and Proposition 2.3.13 it agrees
with the closure of Hit(S,n) in RSp(x (S, PSL(n,R))). Recall from Definition 1.4.1 that
a representation p: m1(S) — PSL(n, F) is F-Hitchin if its PSL(n, F)-equivalence class lies
in the F-extension of Hit(S,n).

Theorem 3.3.4 (| , Theorem 46]).

RSp(Hit(S, n)) = {(p,Fp) ‘ p: m(S) — PSL(n,F,) is F,-Hitchin, }/ o

F, 2 R real closed, p-minimal

Furthermore, F, = R(tr(Ad(p))) , where Ad is the adjoint representation of PSL(n, F,).
In addition, (p,[F,) represents a closed point if and only if IF, is Archimedean over the
ring of traces R[tr(Ad(p))] of Ad o p.

Loosely speaking, the goal of the following chapters is to replace the word “F,-
Hitchin” by the word “F,-positive weakly dynamics preserving” in this theorem. Let us
end the preliminaries by illustrating in an example how one can think of a sequence of
representations to converge in the real spectrum compactification.

Example 3.3.5. Let A = A(3,3,4) := (a,b | a® = b® = (ab)* = 1) be the (3,3,4)-
triangle rotation group. It contains a surface subgroup m(S) of genus two of finite
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3.8. The real spectrum compactification of character varieties

index. Long-Reid-Thistlethwaite [ | prove that for all ¢ € R the restriction of

Pt - A — PSL( ,R),

1 1 2—t+t? 3+ 2
0], b= |0 —2+2t—12 —1+41t—¢
0 0 3—3t+¢t2 (t—1)2

to m1(S) are Hitchin representations. Denote by p = lim;_ o p; the limit of this se-
quence of representations as t — oo in RSp(x(A,PSL(3,R))). By similar argument as
in Example 2.2.5 and Example 2.3.3, p can be represented by the homomorphism

p: A — PSL(3,R(X) ),
00 1 1 2-X+X? 3+ X?
a—[1 0 0], b— |0 —24+2X-X%2 —14+X-X?2],
010 0 3-3X+ X2 (X —1)?
- )
where R(X) denotes the real closure of R(X) together with the order +oo, compare

Example 2.2.5. The restriction of p to m(.S) then describes a point in RSp(Hit(S, 3)) and
is R(X) -Hitchin. Note that ¢ — —oo gives a different limit point in the compactification.
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Part 11.

Coordinates for the Hitchin
component
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4. Configuration spaces of tuples of flags

In this part we describe an explicit semi-algebraic model for the Hitchin component. It

is based on the seminal work of Fock-Goncharov | ]. For an introduction to their
work in low-dimensional cases we recommend | 1, [ |, and more generally
[ ]. Originally defined for non-closed surfaces, Bonahon-Dreyer | | adapt their

coordinates to closed surfaces. To define them we make use of the positive limit map into
the flag variety associated to Hitchin representations, see Theorem 1.3.3. Thus before
we introduce them, we need to study the configuration space of tuples of flags and the
notion of positivity.

For now let F be any field.

Definition 4.0.1. A (full) flag E in F™ is an increasing sequence of subspaces in the
finite-dimensional F-vector space F", i.e.

E = ({0} —EOcEWc. . .cEMDcEM = ]F") :

such that dim (E(a)) =qgforalla=0,... n.

Given a flag E we use the notation E(®) to denote the a-dimensional subspace of
F™ defined by E. In this thesis we are only concerned with full flags, and we omit the
word full in the following when referring to full flags in F"*. The natural action of the
general linear group GL(F™) on F” induces an action on the space of flags Flag(F™). The
action descends to an action of the projective linear group PGL(F™) on Flag(F"), which
is transitive.

Definition 4.0.2. A k-tuple (E1, ..., Ey) of flags in F” is called transverse if for every
ai,...,ar € {0,...,n} with Zleai =n

EY 4 4 B

The space of k-tuples of transverse flags is denoted by Flag(F™)®).

Definition 4.0.3. For k > 1 consider the diagonal action of PGL(F") on Flag(F™)®*).
The space
Conf®)(F) := Flag(F")*) /PGL(F")

is the configuration space of k-tuples of transverse flags in F".

We observe that PGL(F") acts transitively on flags. For a pair of transverse flags
(E, F) the subspaces E@  F=atl) for = 1,...,n are one-dimensional and in direct
sum. By considering a basis adapted to this line decomposition of F™ one sees that
PGL(F") acts transitively on pairs of transverse flags. Hence Conf™ (F) = Conf®) (F) =
{-}. As soon as k > 2 we have |Conf®)(F)| > 1. We will now parametrize Conf'®)(F)
and Conf ™ (F).
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Chapter 4. Configuration spaces of tuples of flags

4.1. Triple ratios and configuration spaces of triples of flags

The goal of this section is to find coordinates to describe the configuration space Conf ) (F).
We begin with the following observation about the stabilizer in PGL(F™) of a triple of
transverse flags.

Proposition 4.1.1. Let (E, F,G) € Flag(F")®) be a transverse triple of flags. Then
Stabpar@n) (E, F, G) = {Idpgr,n)}-

Proof. By the transversality of the triple, we can choose a basis €],..., e/, of F" such
that for all a =0,...,n
E@ = (... e), and F@ = (¢! € ai1)-

7a n7

Let 0 # g € GO be a generator, and write g = > giel for some g; € F. Again by
transversality, g; # 0 for all i = 1,...,n, and we set ¢; = 1 -¢i. Then eq,...,e, is a
basis of " such that g = e; + ... —|— en. Let now ¢ € GL(IF”) be in the stablhzer of
(E, F,G). The matrix M representing ¢ in the basis ej,...,e, is diagonal. Since M
maps the vector e; +. ..+ e, to a non-trivial multiple of itself, it follows that there exists

0 # a € F such that M = diag(a,...,a), and thus M lies in the center of GL(n,F). O

To parametrize the configuration space of triples of transverse flags, we introduce
so-called triple ratios, which are rational maps from Flag(F”)(3) to F. The triple ratios
are expressed in terms of the exterior algebra A" F™ of F". If F is a full flag, then
for every a between 0 and n the space A\* E(@) is isomorphic to F. Choose a non-zero
element e € A® E(®), We use the same notation to denote its image in A\“F". The
following definition is mdependent of the choices of e(® € A* E@

Definition 4.1.2. Let (E, F,G) be a transverse triple of flags in F”. For a,b,c €
{1,...,n— 2} with a + b+ ¢ = n, we define the (abc)-triple ratio Ty of (E, F,G) by

elatl) g f(0) A gle=1)
ela=1) A f(b) /\g(c""l)

(@) A fO=1) A gletl)  gla=1) o f(b+1) p g(e)

Ce@) A fOrD) A glemD) T glat) A f0-1) A glo)

Tabc(E7 F7 G) =

el.

Since the ratios involve elements of A"F", Ty.(E, F,G) is an element in F. Note
that all of the involved expressions are non-zero by the transversality of the triple. The
triple ratios are invariant under the action of PGL(F™). In fact the following theorem
relates the triple ratios and the action of PGL(F™) on Flag(F™)®),

Theorem 4.1.3 (] , Section 9], | , Theorem 4.1]). Let F be a field, and
(E,F,G), (E',F',G") € Flag(F")®) two triples of transverse flags. Then there exists
¢ € PGL(F™) with ¢(E,F,G) = (E', F',G") (which is unique by Proposition 4.1.1) if
and only if

Tose(E, F,G) = Topo(E', F', G

foralla4+b+c=mn, a,b,c € Nyg.
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4.2. Double ratios and configuration spaces of quadruples of flags

Furthermore, for all (a,b,c) € N3 such that a + b+ ¢ = n, pick xe. € F\ {0}.
Then there exists a triple of transverse flags (E, F,G) such that Type(E, F,G) = xape for
all such (a,b,c) € Nio. Thus there is a one-to-one correspondence between

(n—=1)(n—2)

Conf®(F) «— (F\ {0})" = .

We will give a proof of the first statement in the above theorem in Appendix A,
which follows | ].

Let us draw our attention to the low-dimensional cases. For n = 2 a flag in F? is
nothing but a line in F2, hence a point in FP', the one-dimensional projective space over
F. Two lines in F? are transverse if they are distinct, hence define different points in
FP'. Basic linear algebra shows that we can send any triple of distinct lines in F? to any
other, hence Flag(F?)®) /PGL(F?) is just one point, which is consistent with the fact
that for n = 2 there are no triple ratios.

For n = 3 there is exactly one triple ratio Ty11(E, F, G) for (E, F,G) € Flag(F?)®),
If F is an ordered field, the triple ratio is positive if and only if, in an affine chart of the
2-dimensional projective space FP2, the points E®), F(1) and GM) are on the boundary
of a convex domain bounded by the lines E), F(2) and G@, as in Figure 4.1; see [ ,
Lemma 9.1]. Positivity of tuples of flags will be discussed in more detail in Section 5.1.

:F(q ¥(ﬂ

G(’-? £ \

Figure 4.1.: A configuration of a positive (left) and a negative (right) triple in F? visu-
alized in an affine chart of FIP2,

In fact, the case n = 3 is more general than it seems, since all triple ratios of a
transverse triple of flags in F” for any n > 3 arise in this way. A more precise statement
can be found in Appendix A.1.

4.2. Double ratios and configuration spaces of quadruples
of flags

Let us now turn our attention to the case k = 4. We consider another PGL(n,F)-

invariant rational function, so-called double ratios, which are, similarly to the triple

ratios, expressed in terms of the exterior algebra A" F"™ of F", and we keep the notations
that were introduced in Section 4.1.
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Chapter 4. Configuration spaces of tuples of flags

Definition 4.2.1. Let (E, F,G, H) be a transverse quadruple of flags in F". For a =
1,...,n — 1 we define the a-th double ratio D, of (E,F,G,H) by

e(a) A f(n_a‘_l) /\g(l) e(a_l) AN f(n_a) A h(l)
c@ A frma D A pD) e A fma) p ()

Do(E,F,G,H) = —

For later use we also define the a-th quadruple ratio Qg of (E, F,G) by

ela=1) A fln=a) p g1 (@) A f(1) A gln—a=1)

Qa(E7F’ G) - ela) A f(n—a—l) A g(l) . ela=1) A f(l) A g(n—a)
elatl) g fln—a=1) @) p f(n—a)
" elat) A gln—a=1) * gla) A g(n—a)
foralla=1,...,n— 1.

We remark that the definition of the double ratios only involves the one-dimensional
subspaces of the flags G and H. We summarize Lemmas 5, 6 and 7 from | ], which
relate the different ratios defined above and explain how they behave under permutations
of the involved flags in the following lemma. The proof is a direct computation.

Lemma 4.2.2 (| , Lemmas 5, 6, 7]). Let (E, F,G) be a transverse triple of flags in
™.

(1) Tupe(E, F,G) = Tpea(F, G, E) = Tyooe(F, E,G) " for all a + b+ c = n, a,b,c € Nx,
(2) Qu(E,F,G) =1l e>1pte=n—a Labe(E, F,G) foralla=1,...,n — 1.
Let H be a fourth flag in F” such that (E, F,G, H) is a transverse quadruple.
(3) Do(E,F,H,G) = D,(E,F,G,H) ! foralla=1,...,n—1,
(4) Do(F,E,G,H) = Dy, o(E,F,G,H) ' foralla=1,...,n— 1.

Even though we will not use the following theorem it illustrates why we consider
double ratios, and how triple and double ratios can be used to parametrize the config-
uration space of quadruples of flags.

Theorem 4.2.3 (] , Proposition 5.5]). Let F be a field, and (F,F,G, H),
(E',F',G',H') € Flag(F")® two quadruples of transverse flags. Then there exists ¢ €
PGL(F") with ¢(E,F,G,H) = (E', F',G', H') (which is unique by Proposition 4.1.1) if
and only if

Tabc(E7F7 G) - TabC(E/7F/7G/)7
Tabc(E7 G7H) = Tabc(Ela G,, H/),
D, E,G,F,H) = DQ(E',G',F',H’)

forala+b+c=mn,a,b,ceNspganda=1,...,n— 1.
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4.8.  Triangulations of polygons and parametrizing the base change

4.3. Triangulations of polygons and parametrizing the
base change

We explain how to associate triple and double ratios to a transverse k-tuple of flags.
The following definition is used to single out preferred subtriples and -quadruples. Let
Y1, ...,y be distinct points on the unit circle S! that are cyclically ordered in clockwise
direction, and P the inscribed polygon that we obtain by connecting consecutive points
by a straight line.

Definition 4.3.1. An ideal triangulation of P is a collection of oriented diagonals £ =
{e1,...,ex_3}, i.e. straight lines in P that do not intersect and that connect two non-
consecutive vertices, such that P\ £ is a union of k£ —2 triangles, together with a choice of
preferred vertex ¢, € {y1,...,yx} for each triangle ¢y,... ,tx—2. Let V = {z¢,, ..., z¢,_, }.

A choice of ideal triangulation (€, V) gives the following information, compare Figure 4.2.

— Each connected component t of P\ &, together with a choice of preferred vertex
x; € V, singles out a triple of vertices (zy,x},x}) that appear in this clockwise
order around the circle.

— Each oriented diagonal e € £ is contained in the closure of exactly two connected
components of P\ £ with vertices x +, Ter, .~ and .+, x.—, T, respectively, and
therefore e singles out four vertices z .+, Ter, .-, 0 which appear in this clockwise
order around the circle.

X,i: Yer Yo

K Xy Xe+
Figure 4.2.: Part of an ideal triangulation (€,V) of a polygon.

For every choice of ideal triangulation (£,V) we can define a map

ey FlagE)® o FU 2" (k=2  plh-3)(n-1) (4.1)
by assigning to a k-tuple (Fy, ..., Fy) of transverse flags the following data:

— for each triangle t of P\ &, together with a choice of preferred vertex x; € V, we

compute the ("71)2& triple ratios Type(Fy,, Fy, Fx;’)> and

— for each oriented diagonal e € &, we compute the n — 1 double ratios
Da(F$e+7FZ‘€77Fwer7Fdfel)7
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Chapter 4. Configuration spaces of tuples of flags

where we set F,, := F; for all ¢ = 1,...,k. Note that the triple ratios depend on the
choice of preferred vertex. Any two such choices permute the flags and are thus related
by the equalities given in Lemma 4.2.2 (1).

We now explain how an ideal triangulation of P can be used to describe an element
in GL(n,F) that maps one subtriple of a k-tuple of transverse flags to another. It is
given as a product of elementary matrices with entries given by the triple and double
ratios of subtriples and -quadruples of P singled out by the ideal triangulation. For an
interpretation of the matrices defined in the following we refer to Appendix B.1 and
Appendix B.2. Roughly speaking, they describe base change matrices between different
bases that can be associated to a triple of transverse flags.

Definition 4.3.2. For k=1,...,n—1 let

Idg_1

Ey =1d, + Ej 41 = € GL(n,F)

O =

Idn—k—l

be the elementary upper triangular matrix with ones on the diagonal, a 1 at position
(k,k + 1) and zeroes everywhere else. We also set Fj = EkT, the transpose of Fj. For
xe€F\ {0} and k=1,...,n let

1
Hy(z) =diag(1,...,1,z,...,2) = (%) € GL(n,F)
k k

n—

be the diagonal matrix with the first k£ entries equal to 1, and the last n — k entries equal
to x. Furthermore, we set

e

Definition 4.3.3. Let (E, F,G) be a transverse triple of flags in F". Define

n—1 k—1
Mg ra) = H ((H Fn—k+i—1Hn—k+z‘(ﬂﬁk—z‘,i,n—k)) Fnl) ;

k=1 =1

where xgpe = Tope(E, F, G) denotes the (abc)-triple ratio for all integers a, b, ¢ > 1 with
a+b+c=n. Let (E,F,G, H) be a transverse quadruple of flags in F” and denote by
dr = Dy(E,G, F, H) the k-th double ratio of (E,G, F, H) for all k =1,...,n—1. Define

D, re,m) =
R P

In the following we describe a particular ideal triangulation of a polygon P with k
vertices x1,...,Zk in clockwise order around the polygon. Fix 4 < j < k — 2. Consider
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4.8.  Triangulations of polygons and parametrizing the base change

the following ideal triangulation & = &; of P as indicated in Figure 4.3: the diagonals
of £ are formed by the (directed) edges eq,...,ex_3, labelled from left to right, from

the vertex x3 to the vertices 1, oy, Tr—1, ... 2 42, as well as from the vertices zy4,...,x;
to the vertex x;12. We label the triangles obtained in this way from left to right by
to,...,tx_3. For i = 1,... k — 4 the preferred vertex of ¢; is where two diagonals of

& meet, i.e. either x3 or z;12. We define the preferred vertex of ¢y to be z3 and the
preferred vertex of t;_3 to be x;42. For all ¢ = 1,...,k — 3 the triangle ¢; lies to the left
of the (directed) edge e;.

‘;(3 5(.. \(3-,_ ){3-‘ Xd
E’
1
te
'kk.' ) Cus "
) -
tes N %o
U VY
XL {0 \{ \ \) {h:-'i x:‘tg
e, Jr'\ e k 1 Q
2 3 2.
)
Ql.-‘;— \ N
iy
X, X K Xps X

Figure 4.3.: The triangulation &; of the polygon P.

Let (Fy,...,F) € Flag(F*)*) be a transverse k-tuple of flags associated to P, i.e.
to the vertex x; we associate the flag F; for all j = 1,..., k. We now compute the
matrices defined in Definition 4.3.3 for the subtriples and -quadruples singled out by
this triangulation. Every triangle t; together with its preferred vertex determines a
unique triple (Ej,, Fy,,Gy,) of transverse flags singled out by the triple of vertices of
t;, starting at the preferred vertex, that appear in this clockwise order around P. For
example for ¢y we obtain E;, = F3, Fy, = F} and G, = F». Weset forall: =0,...,k—3

M; = M(tz) = M(Etithithi)'

Similarly every oriented diagonal e; € £ is contained in exactly two adjacent triangles
of P\ &, and hence the four vertices of the two adjacent triangles, starting from the
forward endpoint of e; in clockwise order around P, single out four transverse flags
(Ey,, Fy,,Gy,, Hy,). Weset foralli=1,...,k—3

Dz’ = D(ez) = S_lD(Etinthti,Hti)S'

With these notations we can now explain how the ideal triangulation of P can be used to
describe an element of GL(n,F) that maps one subtriple to another. The following the-
orem will later be applied in the proof of Proposition D for F-positive representations (see
Proposition 7.3.2) to an F-positive representation p with limit map £,. More precisely, for
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Chapter 4. Configuration spaces of tuples of flags

v € m1(S) we consider a transverse triple of flags ({,(x),£,(y),{,(2)) and its y-translate
(&p(vx), €5(vY), €p(v2)), which lie in the same PGL(F")-orbit by p-equivariance of &,.
We can then express p() in terms of the triple and double ratios.

Theorem 4.3.4 (| , Proposition 9.2]). Let (Fi,...,F}) € Flag(F")*) be a trans-
verse k-tuple of flags associated to a polygon P with k vertices x1, ...,z in clockwise or-
der around the polygon. Assume either that there exists 4 < j < k—2 so that (F1, Fy, F3)
and

(1) (Fj+2, Fj, Fjya), or
(2) (Ej1, Fiva, Fy)

have the same triple ratios, and let o € PGL(F") be the element that maps (Fy, Fy, F3)
to the corresponding triple. Then, in the respective cases, there exists a basis of F™ in
which @ is represented by

(1) My = (I Dity) (TI5E 0 DiSM;'S7Y), or
(2) My = Mo (T2 DMy ) (TTES 0 DiSMTS™Y) D,

where the D; and M; are defined as above associated to the ideal triangulation &; as
described before.

A self-contained proof of this theorem is presented in Appendix B.3.
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5. Positivity

5.1. Positivity of tuples of flags

The definitions from the last section allow us to define positive triples and quadruples
of flags in F” for F any ordered field. It is defined analogously as in | | for R.

Definition 5.1.1. A triple (E, F,G) of flags in F" is called positive if the triple is
transverse and all triple ratios are positive. A quadruple (E, F,G,H) of flags in F"
is called positive if the quadruple is transverse, the triples (E, F,G) and (E,G, H) are
positive, and all double ratios of (E, G, F, H) are positive.

Example 5.1.2. For n = 3, Figure 4.1 shows a positive triple of transverse flags and a
negative triple (that means with a negative triple ratio) of transverse flags. A quadruple
of flags in 3 is positive if and only if the convex quadruple in FP? formed by the
one dimensional subspaces, is inscribed in the convex quadruple formed by the two-
dimensional subspaces | , Lemma 2.4], compare Figure 5.1.

Let B = (e1, ea, e3) be a basis of F2, and let E = ({(e1) C (e1, e2) C F?) the ascending,
F = ({e3) C (eq,e3) C F3) the descending flags associated to B and

G= ((el+62+63> C(eg+ex+es,ea+ (t+1)es) §F3) fort € F.

Then (E, F,G) is positive if and only if ¢ > 0. Note that up to PGL(F?)-action, every
triple of transverse flags is of the above form.

We can also define a notion of positivity for k-tuples of flags with k£ > 4 by fixing
the additional data of an ideal triangulation (Definition 4.3.1).

Definition 5.1.3. Let £ be an ideal triangulation of a polygon with k vertices. A k-
tuple of flags (Fi, ..., F}) € Flag(F™)®) is positive if b v)(F1, ..., Fl) has only positive
coordinates. We denote the space of positive k-tuples of flags by Flag(IF™)(#-+).

Example 5.1.4. For n = 3, a k-tuple of positive flags can be visualized in FP? as a
k-gon defined by the one-dimensional subspaces inscribed into a k-gon defined by the
two-dimensional subspaces, see Figure 5.1.

At first sight, it seems that this definition depends on the choice of triangulation
(€,V). Fock-Goncharov proved in | , Theorem 5.8, Theorem 9.1] that if a k-tuple is
positive with respect to one triangulation it is positive with respect to any other. From
this is also follows that if (F, F, G, H) is a positive quadruple, then all possible subtriples
are positive. Their proof gives an explicit rational expression, which preserves positivity,
for the change of coordinates under a flip of a diagonal, that is, for a pair of adjacent
triangles we remove the edge that forms the diagonal and add an edge that forms the
other diagonal of that quadrilateral. Since we can get from any ideal triangulation of a
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Chapter 5. Positivity

Figure 5.1.: A configuration of a positive quadruple (left) and a positive 8-tuple (right)
in F3 visualized in an affine chart of FIP2.

polygon to any other by a sequence of flips of diagonals | |, we obtain the desired
result. We also recommend | , Section 2.2] for a detailed account of how the
flip of a diagonal changes the coordinates ¢¢ y). Since the triple and double ratios are
PGL(F")-invariant, a k-tuple is positive if and only if a k-tuple in the same PGL(F")-
orbit is. We refer the reader to [ | for the more general definition of positivity for
k-tuples of flags which clarifies the minus sign in the definition of the double ratios.

Remark 5.1.5. In light of the above definition of positive k-tuples of flags an F-positive
map Fix(S) — Flag(F") (Definition 1.3.2) can equivalently be defined as a map that
sends k-tuples of distinct points in Fix(S), occurring in this clockwise order, to positive
k-tuples of flags for any k£ > 3.

5.2. Total positivity

In this section we shed light on the connection between positivity of flags and total
positivity of matrices. For a more conceptual approach to the latter definition we refer
the reader to [ .

Definition 5.2.1. Let F be an ordered field. An element in GL(n,F) is totally non-
negative, respectively totally positive, if all its minors are non-negative, respectively
positive. An upper respectively lower triangular matrix in GL(n,TF) is totally positive if
all its minors are positive, except the minors that are necessary zero because the matrix
is triangular.

Example 5.2.2. Consider the matrices
1 2 3 1 20 1 2 3
Mi=1[1 3 5], Mx=1|1 3 5|, M3=|0 2 4
1 4 8 0 4 8 0 0 3
Then M is totally positive, Ms is totally non-negative and M3 is upper triangular totally

positive.

The following theorem is due to Fock-Goncharov, see | , Section 9]. We also refer
to | , Section 4.4] and | , Section 5.1] for a detailed treatment of this theorem
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5.83.  Positive hyperbolicity

in the case F = R. The version in which it is stated here is adapted for our setting from
[ , Proposition 5.4]. A self-contained proof which relies on Theorem 4.3.4 can be
found in Appendix B.4.

Theorem 5.2.3 (| , Theorem 9.3]). Under the hypotheses and conclusions of The-
orem 4.3.4, if we additionally assume that (Fy,...,Fy) € Flag(F")(k’H 1S a positive
k-tuple of flags, then M, is a totally positive matrix.

5.3. Positive hyperbolicity

Over real closed fields, totally positive matrices are positively hyperbolic.

Definition 5.3.1. Let F be a real closed field. A matrix M € GL(n,F) is positively
hyperbolic if all its eigenvalues Ay, ..., A, € F are distinct and positive. In this case we
sort them in descending order, i.e. we assume Ay > ... > A, > 0. If M is positively
hyperbolic, then M is diagonalizable over F. In this case, let V7, ..., V,, be the eigenspaces
corresponding to the eigenvalues A\ > ... > A, > 0. We define its stable flag FJ\'Z and
its unstable flag F; by

Fi=MCVehc..CVa..&Ve),
Fy=VaCVa®Vya C...CVad...0W).

For positively hyperbolic elements of PSL(n,F) (Definition 1.4.4) we define analogously
their stable and unstable flags.

Example 5.3.2. Let M = diag(2,1,1/2) be a diagonal matrix in a basis (ey, ez, e3) for
F3. Then Fy; = ({e1) C (e1,e2) C F3).

Theorem 5.3.3. Let F be a real closed field, and M € GL(n,F) totally positive. Then
M is positively hyperbolic.

Proof. We first assume that the theorem holds for the field Q" of real algebraic numbers,
the real closure of Q. Then we can prove the theorem using the Tarski-Seidenberg
transfer principle as in the proof of Proposition 7.2.1. Indeed, every real closed field
F contains Q. Since the set of totally positive matrices Pos(n,@r) in GL(n,@r) is a
semi-algebraic subset of (@r)”xn, we can consider the projection onto the first n x n
coordinates of the semi-algebraic set

{M,vi,...;00, AMi,..., A\ | M € Pos(n,@T),
v; € T\ {0}, \j € F, Mu; = Ao, Ay > ... > A} — Pos(n,Q),

which is surjective by assumption. By the Tarski-Seidenberg transfer principle, see
Theorem 2.1.13, we obtain that for any real closed field FF, the extension of the above
map to a map between the F-extensions is still surjective. Since Pos(n, Q' )g = Pos(n, F),
we conclude.

Let now M € GL(n,Q") be a totally positive matrix. Since Q" C R, we can apply
the theorem of Gantmacher-Krein, which tells us that M € GL(n,R) is diagonalizable
over R with distinct positive eigenvalues A\; > ... > A, > 0 € R, see | , Theorem
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6.1]. Left to show is that the eigenvalues are algebraic over Q. Since they are the roots
of the characteristic polynomial, which has only real algebraic coeflicients they are by
definition algebraic over an algebraic extension of QQ, hence algebraic. O

Remark 5.3.4. The last theorem implies that a totally positive matrix in GL(n,TF)
is positively hyperbolic. Conversely, He-Lusztig proved in | , Theorem 2.6] that a
positively hyperbolic matrix can be conjugated to lie in Pos(n, F).

As a consequence we can associate to every totally positive matrix its stable flag.
We now show that this defines a semi-algebraic map.

Lemma 5.3.5. The spaces Flag(F"), Flag(F")* and Flag(F")*) are semi-algebraic.

Proof. The product of Grassmannians Gr(1,n)p X ... X Gr(n —1,n)p is an algebraic set,
see for example | , Proposition 3.4.4]. In the proof they define a bijection

Wy: Gr(k,n)p — {M € Mat(n,F) | M" = M, M? = M, tr(M) = k} = Hy
Vi Pv,

where Py is the matrix of the orthogonal projection on V with respect to some scalar
product on F™. If V, W C F™ are two subspaces, then V' C W if and only if Py Py = Py .
Thus the image of Flag(F™) under the map ¥y x --- x ¥,,_; is the algebraic set

{(Ml,...,Mn_l)Eﬂl X‘~-XHn_1|Mi+1MZ’:Mi forallizl,...,n—Q}.

Thus Flag(F") and Flag(F")* are algebraic. Since being transverse is a semi-algebraic
condition, it follows that Flag(F")*) is semi-algebraic. O

Lemma 5.3.6. Let F be a real closed field. The map
f: Pos(n,F) — Flag(F"), M — Fy,
is semi-algebraic. The same is true if we replace the stable flag by the unstable flag.
Proof. We need to prove that Graph(f) is semi-algebraic (Definition 2.1.8). We have
Graph(f) = {(M, F) € Pos(n,F) x Flag(F") | F = F;;}

={(M,F) € Pos(n,F) x Flag(F") | 3A1 > ... > A\, € Fug, v1,...,v, € F":
det(v1] ... |vn) # 0, Muv; = Nwi, v1,...,v; € FD foralli=1,...,n}.

As in the proof of Theorem 5.3.3, we can conclude that Graph(f) is semi-algebraic as
the projection of a semi-algebraic set to its first coordinates (Theorem 2.1.13). Note

that the condition vy, ...,v; € F) can be expressed as Ppq(v;) = vj forall j = 1,...,i;
see the proof of Lemma 5.3.5. 0
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6. A variant of the Bonahon-Dreyer
coordinates

6.1. The coordinates

In | | and | |, Bonahon-Dreyer introduce coordinates to parametrize the Hitchin
component, which in the case n = 2 agree with the shear coordinates associated to a
maximal geodesic lamination (Definition 6.1.1) to parametrize Teichmiiller space, see
[ , Section 9] and | , Theorem A]. In the following, we give a slight variant
of Bonahon-Dreyer’s parametrization presented in | ], that gives a semi-algebraic
model of the Hitchin component in the sense of Definition 3.2.1. It allows thus to be
generalized to real closed fields different from R. The coordinates built on the existence
of positive limit maps for Hitchin representations, see Theorem 1.3.3 due to Labourie and
Fock-Goncharov. We would like to emphasize that what is presented here differs only
from the original Bonahon-Dreyer coordinates by not taking logarithms and requiring
an additional positivity condition. For the convenience of the reader, we recall the
definition of the coordinates here. For a more detailed description and more information
we recommend | ]

In order to define the coordinates we need to fix some topological data on the
connected, closed, oriented topological surface S of genus g > 2. Choose an auxiliary
hyperbolic metric on S. Denote by 95 the boundary of the universal cover S of S.

Definition 6.1.1. A lamination A of S is a closed subset of S that is partitioned into
smooth curves, called the leaves of the lamination. A geodesic lamination X on S is a
lamination of S whose leaves are geodesics. We say A is finite if A has finitely many
leaves. It is called mazimal if it is maximal with respect to inclusion. In this case a
connected component of its complement S\ A is called an ideal triangle.

|

S

Figure 6.1.: A maximal geodesic lamination of S (left) and of a pair of pants (right).
The white and shaded regions are ideal triangles.

Example 6.1.2. To obtain a finite maximal geodesic lamination on S we can first
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Chapter 6. A wvariant of the Bonahon-Dreyer coordinates

decompose S into pairs of pants. Then for each pair of pants choose three infinite
geodesics that spiral around the three boundary components, see Figure 6.1.

Fix a maximal geodesic lamination A\ of S with finitely many leaves, and denote
by A C S its lift to S. Although geodesic laminations can be defined in a metric-
independent way and, in particular, are purely topological objects, see for example
[ , Proposition 8.9.4] or | , Lemma 18], it is convenient here to fix a hyperbolic
metric on S. Furthermore, we (arbitrarily) choose an orientation on each leaf of . Note
that the leaves of A come in two flavours: there are closed leaves and infinite, or so called
open leaves. Finally, for every closed geodesic leaf v in A we choose an arc k that is
transverse to A, cuts 7 in exactly one point z, and has endpoints in S \ A\. We write
O\ C A8 for the endpoints of the leaves of . Since X is a closed subset of S, we observe
that OX C Fix(S).

We now describe the Bonahon-Dreyer coordinates that parametrize the Hitchin com-
ponent. Let p: m1(S) — PSL(n,R) be a Hitchin representation in the equivalence class
of [p] € Hit(S,n), and &,: Fix(S) — Flag(R") the limit map associated to p by The-
orem 1.3.3. Before we define the invariants let us quickly explain where they come from.
Since p is determined by £, we would like a way to encode the limit map. However it
turns out that it suffices to have the data of the flag decoration, i.e. the restriction of
&y to X C Fix(S). By p-equivariance of &, this is the same as the data of a k-tuple
of positive flags for some k, since A has only finitely many leaves. We have seen in
Chapter 4 that triple and double ratios are crucial in encoding the data of k-tuples of
positive flags. Thus we associate to [p] the following invariants.

(1) Triangle invariants: For every ideal triangle ¢ of S\ A and every vertex v of t, we
associate for a,b,c € N>; with a + b + ¢ = n the triangle invariant

Tclt)bc( ) = Tabc(él)(ﬁ)a gp(ﬁl)a fp(f)”)),

where 0,7, 7" are the vertices of a lift £ of ¢ to S, ¥ is the vertex corresponding to
the vertex v of ¢, and Ty is the (abc)-triple ratio (Definition 4.1.2) of the triple of
flags. The vertices 0,7",9” € Fix(S) are labelled in clockwise order around ¢.

(2) Shear invariants for infinite leaves: For every infinite leaf h € A, let h be a lift of
hto S, h* € Fix(9S) its positive respectively negative endpoint, and z, 2’ € Fix(95)
the third vertices of ¢ and ¢/, respectively, where t and ¢’ are the ideal triangles
that lie on the left respectively right side of h (where the orientation of h comes
from the orientation of h which was part of the topological data), see Figure 6.2.
We associate to h for a = 1,...,n — 1 the shear invariant

Di(h) = Da(&o(h"),&5(h7),€p(2), &p(2)),

where D, denotes the a-th double ratio (Definition 4.2.1) of the quadruple of flags.

46



6.1. The coordinates

Figure 6.2.: The construction of the shear invariants for infinite leaves.

(3) Shear invariants for closed leaves: For every closed leaf v € A, let 4 be a lift of v to
S, v € Fix(9) its positive respectively negative endpoint, and z, 2’ € Fix(S) are
vertices of the triangles ¢ and ¢ defined by the arc k intersecting ~ in the following
way: Lift k£ to an arc k that intersects 4 in exactly one point. The two endpoints of
k lie in two ideal triangles t and 7, that each share one vertex with the endpoints
of 4 (this is by definition of the arc k), and such that  lies to the left of 4 and ¢ to
the right of 4. Now z, 2’ are the vertices of ¢ respectively ¢ that are not adjacent
to a component of S\ (fU#) that contains 7, see Figure 6.3 for one of the four
possible configurations. We associate to v for a = 1,...,n — 1 the shear invariant

DE(y) = Da(&(v), £p(77), £0(2), £4(2)),

where D, denotes the a-th double ratio (Definition 4.2.1) of the quadruple of flags.

Figure 6.3.: The construction of the shear invariants for closed leaves.

Remark 6.1.3. We note that the above definitions do not depend on the choice of p
in its equivalence class, since if p/ and p are conjugate by an element g € PSL(n,R),
then §, = g¢,. This is however not a problem since the triple and double ratios are
PSL(n, R)-invariant.
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6.2. The relations

The Bonahon-Dreyer coordinates are not independent but satisfy the following relations.

(i) Positivity condition: For every ideal triangle t € S\ A and every vertex v of ¢, the
triangle invariants T(fbc(t,v) are positive for all a,b,c € N>y with a + b+ ¢ = n.
Similarly for every (infinite or closed) leaf I € X the shear invariants D4 (1) are
positive for alla =1,...,n — 1.

(ii) Rotation condition: For every ideal triangle t € S\ with vertices v and v’ such that
v immediately follows v when going in clockwise direction around the boundary
of t, and for every a,b,c € N>y with a + b+ ¢ = n, we have

chbc( ) prca ( /)

(iii) Closed leaf equality: For every closed leaf v € A and every a = 1,...,n — 1, we

have _
Lg#(7) = Lg™ (),

where L5E"(y) and L% (y) will be defined in the following paragraph.
(iv) Closed leaf inequality: For every closed leaf v € A and every a = 1,...,n — 1, we

have '
Lisht(y) > 1,
Recall that we chose an orientation on each leaf of A. Let us now quickly define Lieht (7)
and L (v) for  a closed leaf of the finite maximal lamination A\. Choose a side of .
Denote by h; and t; for [ =1, ...,k the infinite leaves and the ideal triangles that spiral
on the chosen side of «. An infinite leaf appears twice in this list if its two ends spiral
on the selected side of . The spiralling of the triangle ¢; on this side of v occurs in the
direction of a vertex which we call v;. Define
D(ht) = DE(hy),  if hy is oriented toward 7,
v D _.(ly), if by is oriented away from ~.

If the chosen side is the right side of v, we define

Lrlght( ) H hl H H abc tlavl

=1 =1 b+c=n—a

if the spiralling of the triangles occurs in the direction of the orientation of -, and
otherwise

—1
szight = (HDn a hl H H (n a)be tl)”l)) .

=1 b+c=a
Similarly, if the chosen side is the left side of 7, we define

L 1
Lleft o <H‘D hl H H bc tlﬂ)l ) ’

=1 b+c=n—a
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if the spiralling of the triangles occurs in the direction of the orientation of -, and

otherwise
k

k
leeft(’Y) = Hﬁn—a(hl) H H T(pn—a)bc(tl’vl)'

=1 =1 b+c=a

Note that the triangles and infinite leaves that spiral towards a side of v differ depending
on which side of v we choose.

6.3. The parametrization

Suppose the geodesic lamination A has p closed leaves and ¢ infinite leaves, and its
complement S \ A consists of r ideal triangles. There are (n — 1)(n — 2)/2 triples of
integers a,b,c > 1 with a + b+ ¢ = n. For

N = 3r =2 o (p 4 g)(n — 1)

the functions {Tj;.} and {D,} define a map from the Hitchin component to RY satisfying
the following properties:

(A) For all a,b,c € N>1 with a + b+ ¢ = n, the function T,;. associates a positive real
number Typ.(t,v) to every triangle ¢ € S\ A and to every vertex v of ¢;

(B) For all a = 1,...,n — 1, the function D, associates a positive real number D,(I)
to each leaf [ € \;

(C) For every triangle ¢t € S\ A and all indices a,b,c € N>y with a + b+ ¢ = n, the
functions T, satisfy the rotation condition as in Section 6.2 (ii);

(D) For every closed leaf v € A and every index a = 1,...,n— 1, the functions Ty, and
D, satisfy the closed leaf equality and the closed leaf inequality as in Section 6.2
(iii) respectively Section 6.2 (iv).

Consider now the semi-algebraic subset P C RY defined by the properties (A)-(D).
More precisely, let

(wabc,t,vv ym,l) € RN

where a+b+c=n,m=1,...,n—1,vis avertex of t € S\ A and [ is a leaf of A. Then
P is the set of all (Zgpe,tv5 Ym,i) € RY satisfying:

— Zabetvs Ym, > 0 for all a, b, ¢, t,v,m,l (Positivity condition (i));

~ Tabetw = Theart,o 10T all @, b, ¢, t, where v’ € tis the vertex that follows v in clockwise
direction (Rotation condition (ii));

— For every closed leaf of A and every index 1,...,n — 1 the coordinates Zpc.t v, Ym,
satisfy the closed leaf equality and inequality as in (iii) respectively (iv).

We have seen in Section 6.1 and Section 6.2 that the map that assigns to a Hitchin
representation its triangle and shear invariants has image in P. In fact, the image of the
map is exactly P.
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Theorem 6.3.1 (| , Theorem 17]). The semi-algebraic set P C R is homeo-
morphic to Hit(S,n).

The difficult part of the proof is the construction of a representation from a given
point in P that has the correct Bonahon-Dreyer coordinates. From a point in P they
construct a flag decoration O\ — Flag(R™) and show that there is a unique representation
p: m1(S) = PGL(n,R) for which the flag decoration is p-equivariant. They conclude by
showing that this representation is valued in PSL(n,R), a Hitchin representation and
has the right invariants.

Using this parametrization we can define a semi-algebraic model for the Hitchin
component in the sense of Definition 3.2.1.

Definition 6.3.2. We define Homp; (71 (S), PSL(n,R)) as the connected component of
Hom(m(S), PSL(n,R)) that contains ¢, o j as defined in Definition 1.3.1.

With this definition Hit(.S, n) = Hompyit (71 (S), PSL(n, R))/PSL(n,R). Thus a Hitchin
representation is the same as an element of Homp;i (71 (.5), PSL(n, R)).

Proposition 6.3.3. The map
prBP: Hompy (71(S), PSL(n, R)) — P
defined by Bonahon-Dreyer in Section 6.1 (1)-(3) is a semi-algebraic model for Hit (.S, n).

Proof. The map pr=P is continuous and its image P is by Theorem 6.3.1 homeomorphic
to Hit(S,n), thus the fibres over P are exactly the PSL(n, R)-orbits. We need to prove
that prP is a semi-algebraic map. Let y = (y1,...,yr) be the finite set of points in
Fix(S) that are endpoints of the lifts of the leaves of the lamination A needed to define
the Bonahon-Dreyer coordinates. The points ¥, ...,y define a polygon P. Given a
k-tuple of transverse flags we can assign it to the polygon P. In the same way as in the
definition of the Bonahon-Dreyer coordinates we then obtain a map

éx: Flag(R™)*) — RN,

for N as in Section 6.3 by assigning the triangle and shear invariants Section 6.1 (1)-(3)
according to A. The map prPP is then the composition of the maps ¢y o &y, where the
latter is defined as

&, Hompq (1 (S), PSL(n, R)) — Flag(R™)®),
p = (fp(yl)v s 7£p(yk))

We show that ¢, and , are semi-algebraic. Refer to Lemma 5.3.5 for the real semi-
algebraic structure on Flag(R”)(k). The map ¢, is given by the triple and double ratios,
and is hence semi-algebraic as a regular rational mapping on Flag(R")(k).

Let us discuss &,. Let v1,...,v € m1(S) with %+ = 1;. Recall from Section 1.3 that
Eo(yi) = F/;E%) for all i = 1,...,k. By Lemma 5.3.6 it follows immediately that &, is

semi-algebraic. Putting the two maps together we obtain that prtP is semi-algebraic. [
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6.4. Extension to real closed fields

Let F be a real closed field extension of R. We would like to generalize the coordinates
for the F-Hitchin component.

Definition  6.4.1. Let Hompyj(mi(S),PSL(n,F)) be the F-extension of
Homypi (71 (S), PSL(n, R)).

Lemma 6.4.2. The F-extension Homp;; (71 (S), PSL(n, F)) is the semi-algebraically con-
nected component of Hom(m(S), PSL(n,F)) that contains ¢, o j as defined in Defini-
tion 1.3.1.

Proof. This follows from Theorem 2.1.11 and Theorem 2.1.15. O
Corollary 6.4.3. The semi-algebraic set Pr C FV is homeomorphic to Hit(S,n)r.

Proof. We consider the F-extension of the semi-algebraic model for Hit(S,n), i.e.
pre® : Hompge (71(S), PSL(n, F)) — Pr.

By Lemma 3.2.3, prEP induces a continuous bijection between Hit(S,n)r and Pg. To
prove that this is a homeomorphism, we consider the inverse map of prBP from P —
Hit(S,n). It is continuous and semi-algebraic, thus its extension to F is continuous; see
Theorem 2.1.14. O
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Part I111.

Hitchin representations over real
closed fields
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7. Properties of boundary
representations

7.1. F-Hitchin representations lift to SL(n,F)

Let T be a real closed field. The group SL(n,F) is naturally an algebraic subset of the
set of n X n-matrices, denoted Mat(n, F), which we can identify with F*.

Lemma 7.1.1. The group PGL(n, F) is algebraic. The group PSL(n,F) is semi-algebraic.

Proof. By the Skolem-Noether theorem, see e.g. | , Theorem 2.7.2], PGL(n,F) is
isomorphic to the set of F-algebra automorphisms Aut(Mat(n,F)) of the set of n x n-
matrices, and the isomorphism is given by the adjoint representation

Ad: PGL(n,F) — Aut(Mat(n,F)), [A] — (M — AMA™Y).

Thus PGL(n,F) = Aut(Mat(n,F)) C GL(n2,F) is a real algebraic subset of F"'*1,
since being an F-algebra automorphism is an algebraic condition. Hence PSL(n,F)—
as a connected component of the algebraic set PGL(n,F)—is real semi-algebraic, see
Theorem 2.1.11. O

As in the real case, we have PSL(n,F) = SL(n,F) when n is odd, and PSL(n,F) is
an index two subgroup of SL(n,F) when n is even. Thus the following considerations
only concern the case when n is even.

Lemma 7.1.2. The natural projection map SL(n,F) — PSL(n,F) is semi-algebraic.
Proof. The projection map is realized by the semi-algebraic map
Ad: SL(n,F) — Aut(Mat(n,F)), A (M — AMA™Y). O

Remark 7.1.3. If F is a real closed extension of R, the extension to [ of the real semi-
algebraic sets SL(n,R) and PSL(n,R) correspond to the groups SL(n,F) respectively
PSL(n,TF).

Let S be a closed connected orientable surface of genus at least two, and m;(5) its
fundamental group. We denote by G either SL(n,R) or PSL(n,R). We saw in Section 3.2
how we identify the space Hom(m(S), G) with a real semi-algebraic set by choosing a
finite set of generators for m(.S). Assume from now on that R C F.

Remark 7.1.4. The adjoint representation Ad in the proof of Lemma 7.1.2 induces
a continuous semi-algebraic map, which we also denote by Ad, between the spaces of
homomorphisms

Ad: Hom(m(S),SL(n,F)) — Hom(71(S), PSL(n, F)).
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Chapter 7. Properties of boundary representations

Definition 7.1.5. We define
Hompji (71 (S), SL(n,F)) = Adﬂ;1 (Homgst (m1(S), PSL(n, F)))
as the set of F-Hitchin representations into SL(n,F) (as opposed to PSL(n,F)).

Proposition 7.1.6. The space Homyit (71 (.5), SL(n, F)) is non-empty and semi-algebraic.
Furthermore, every F-Hitchin representation lifts to an F-Hitchin representation into
SL(n, ).
Proof. Goldman proved in | , Theorem A] that representations j: m(S) — PSL(2,R)
that are discrete and faithful lift to representations into SL(2, R), and hence ¢, o j lifts to
SL(n,R) C SL(n,F); see Definition 1.3.1. Thus Homp;t(m1(S), SL(n,F)) is non-empty.
The set Hompit (71(5), SL(n, F)) is semi-algebraic as it is the preimage of a semi-algebraic
set under a semi-algebraic map, see Proposition 2.1.9.

Since the set of Hitchin representations is connected, it follows that all Hitchin
representations lift. In other words, the map Ad, when restricted to the set of Hitchin
representations into SL(n, R),

Ad: Homps(71(S), SL(n, R)) — Hompjt (71 (S), PSL(n,R))

is surjective. If now F is a real closed field extension of R, the extension of the map Ad
to F, when restricted to F-Hitchin representations into SL(n, F),

AdF : Homygy, (7‘1’1(5), SL(n, F)) — Homyy;t (71'1 (S), PSL(n, F))

is still surjective, see Theorem 2.1.14. Hence every F-Hitchin representation is the image
of an F-Hitchin representation into SL(n,F) under the map Adp, and thus every F-
Hitchin representation lifts to an F-Hitchin representation into SL(n, F). O

Remark 7.1.7. Note that Homy; (71(S), SL(n, F)) is only semi-algebraically connected
if n is odd. Otherwise it is a union of 229*! semi-algebraically connected components if
n is even, where ¢ is the genus of S. This follows from the equivalent statement over R
and Theorem 2.1.15.

7.2. F-Hitchin representations are positively hyperbolic

For this section let F be a real closed field extension of R. Recall that a representation
p: m1(S) — PSL(n,F) is called positively hyperbolic if for every non-trivial v € 7 (S5)
the element p(7) is positively hyperbolic (Definition 1.4.4).

Proposition 7.2.1. Let p: m1(S) — PSL(n,F) be an F-Hitchin representation. Then p
is positively hyperbolic.

Proof. Fix a non-trivial v € 71(5). Since Homp; (71 (.5), SL(n, R)) is real semi-algebraic
we can consider the real semi-algebraic subset X, C R29(nxn) 5 R7*" 5 R™ defined by

Xy ={(p,v1,...,0n; A1, ..., An) | o) € Hompig(m1(S), SL(n, R)),
v; € R\ {0}, \i € R, p/(7)v; = \w; for all i = 1,...,n,
det(vi|...|vn) 0, A1 >...> A, >00r \; <...< )\, <O0}.
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Then the projection pr onto the first 2g(n x n) coordinates gives a surjection of semi-
algebraic sets onto the component of Hitchin representations into SL(n, R)

pr: X, — Homp;i(71(S), SL(n, R)),
(plavia )‘1) = P,-

This map is surjective since for every Hitchin representation p’': 71(S) — SL(n,R) and
every non-trivial v € m1(S) the matrix p/(y) is diagonalizable over R with distinct
eigenvalues all of the same sign; refer for example to | , Proposition 8 and Lemma
9], since every Hitchin representation into SL(n,R) is a lift of a Hitchin representation
into PSL(n,R). By the Tarski-Seidenberg transfer principle, see Theorem 2.1.13, we
obtain that for any real closed extension F of R,

pr((Xy)r) = (pr(Xy))r = Hompt (1 (5), SL(n, ).

This means that F-Hitchin representations into SL(n,F) are diagonalizable over F with
distinct eigenvalues all of the same sign. Now every F-Hitchin representation into
PSL(n,F) lifts to an F-Hitchin representation into SL(n,F) (Proposition 7.1.6), which
proves the lemma. ]

7.3. F-positive representations are positively hyperbolic

We have seen that F-Hitchin representations are positively hyperbolic in the last section.
Now we deduce that F-positive representations are positively hyperbolic. This result is
crucial in the backward direction of the proof of Theorem A; namely it will imply the
closed leaf inequality Section 6.2 (iv). Recall that a representation p: 71 (S) — PSL(n,F)
is F-positive if there exists a p-equivariant F-positive map &,: Fix(S) — Flag(F"), i.e. £,
maps any triple respectively quadruple of cyclically ordered points in Fix(.S) to a positive
triple respectively quadruple of flags (Definition 5.1.1). In particular, Remark 5.1.5
implies that £, maps any k cyclically ordered points in Fix(S) to a positive k-tuple of
flags (Definition 5.1.3) for any k > 3.

Proposition 7.3.1. Let p: m(S) — PSL(n,F) be F-positive. Then p is positively
hyperbolic.

The proof of this proposition follows from Theorem 5.3.3 and the following propos-
ition. Recall that an element in GL(n,F) is totally positive, if all its minors are positive
(Definition 5.2.1).

Proposition 7.3.2. Let F be an ordered field (not necessarily real closed) and p: m1(S) —
PSL(n,F) an F-positive representation. Then for all v € 71(S) non-trivial, p(y) €
PSL(n,F) admits a lift p(y)" to SL(n,F) that is conjugate (in GL(n,F)) to a totally
positive matrix.

The idea of the proof is to recover F-positive representation from their limit maps
which are transverse and equivariant with respect to the representation. This allows us
to explicitly describe the image of the representation in terms of the triple and double
ratios.
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Chapter 7. Properties of boundary representations

Proof of Proposition 7.3.2. Let v € m1(S) non-trivial. Fix the topological data A on S
that is needed to define the Bonahon-Dreyer coordinates, see Section 6.1, such that the
geodesic representative of v is not a leaf of A.

We begin by explaining how to associate to v and A a finite polygon P, j ;, inscribed
in S. This description follows [ , Section 5.2]. Choose a point zp on the axis
of 4 in the interior of an ideal triangle to of S \ A. We remark that all sides of ¢y are
lifts of open leaves of A. In the following we are considering the two triangles ¢y and its
~y-translate ~tg, see Figure 7.1. We make two observations.

First, there are only finitely many lifts of closed leaves in A that separate ty and ~ytg.
Indeed, if a lift of a closed leaf separates ty and vty it must intersect the axis of v, but
the geodesic representative of v intersects only finitely many times the (finitely many)
closed leaves in A. Since the preimage under the covering map of a closed geodesic is
a discrete subset of S there are finitely many lifts of a closed geodesic that separate tg
and ~tg, since xg and yzg have a finite distance, namely the length of v in the chosen
auxiliary hyperbolic metric on S.

Secondly, if we choose for every lift 77 of a closed leaf n of A, that separates the two
ideal triangles, and a lift 12:77 of a transverse arc k), that intersects 7 but none of the sides
of ty and ~tg, then there exists only finitely many lifts of infinite leaves that separate tg
and ~tg, and that do not intersect any of the chosen lifts I;:n. In fact, since A is a closed
subset of S, both ends of an open leave spiral towards closed leaves in A. If infinitely
many lifts of an open leaf separate tg and ~tg, then so does a lift of the closed leaf
towards which the open leaf spirals, call it n € A\. By the choice of 12,7 and the condition
that we only consider those lifts of open leaves that do not intersect /;:77, we single out a
finite number of lifts of open leaves.

1

Figure 7.1.: Definition of the finite polygon P, ) ., in the case that one lift of a closed
leaf n in A separates tg and ~tg

We label by (eq,...,ep), by proximity to ¢y, the finite collection of lifts of those open
leaves of A that separate the triangles ty and +tg, and that do not intersect any of the
lifts l;:n of the transverse arcs, where we assume that e; is the edge of ty closest to vtg,
and e, is the edge of 7ty closest to . We set eg = 7*1617 and ep41 = ~yer, and define

&= 5%)\7330 = (60, oo ,€p+1).
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7.4. Equivalence of F-Hitchin and F-positive weakly dynamics preserving
representations

The vertices that are endpoints of elements in £ determine a finite cyclically ordered
list of points (x1,...,x%) on dS, which defines the desired polygon P = P,y 1t is
important to remark that the set of triangles defined by £ is not necessarily a subset of
S\ X as soon as one of the elements of € is the lift of a closed leaf in A. Label the vertices
of tg by x1, xa, x3 in clockwise order, and the vertices of vty by y1 = Y1, Yo = Y2,
y3 = vx3 such that the open leaf e; € A connects 1 to x3. We have the two possible
cases depicted in Figure 7.2, since the geodesic representative of 7 is not a leaf of A.

Figure 7.2.: The possible cases of how the axis of v intersects the triangles tg and tg.

Let &, be the limit map associated to the F-positive representation p as in Definition 1.4.3.
The important observation is that we can recover p from §,. Indeed by p-equivariance
of £,, we obtain that there exists ¢, € PGL(F") such that

(€p(y1):§p(y2), Ep(y3)) = @ (p(@1), Ep(T2), Ep(3)).

By uniqueness (Proposition 4.1.1) there exists a basis of F™ in which ¢, is represented
by p(v) € PSL(n,F).

Since &, is positive, it sends the vertices of the polygon P,  ;, to a positive tuple
of flags, see Remark 5.1.5. Since « is not a leaf of A and the surface is closed, we are in
the setting of Theorem 5.2.3 applied to the finite polygon P,  ;, and the two triples of
flags (&p(21), &p(22),Ep(x3)) and (§,(y1),&p(y2),Ep(y3)). The theorem tells us that there
exists a (potentially different) basis of F” in which a lift of ¢, is represented by a totally
positive matrix M, . Since ¢, is as well represented by p(7), also p(y) admits a lift
p(7)" to SL(n,F) that is conjugate to M, , which is what we had to prove. O

7.4. Equivalence of F-Hitchin and F-positive weakly
dynamics preserving representations

We recall Theorem A.

Theorem A. Let F be a real closed extension of R. A representation p: m(S) —
PSL(n,F) is PGL(n,F)-conjugate to an F-Hitchin representation if and only if it is
F-positive and weakly dynamics preserving.
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Chapter 7. Properties of boundary representations

Proof (= ). We first prove the “only if” direction, namely we show that an F-Hitchin
representation  (Definition 1.4.1) is F-positive weakly dynamics preserving
(Definition 1.4.3). Let thus p: m1(S) — PSL(n,F) be an F-Hitchin representation. By
Proposition 7.2.1, we know that for every non-trivial v € 71(S) we can lift p() to a mat-
rix p(vy)" € SL(n,F) which is diagonalizable over F with eigenvalues A\; > ... > \,, > 0.
We can now construct a limit map §,: Fix(S) — Flag(F") associated to p that has
the desired properties. For z € Fix(S), choose a non-trivial v € 71(S) with z = T,
where we write v, v~ for the attracting respectively repelling fixed point of v acting
on Fix(S) C 8S. Then we define &y by

¢,: Fix(9) — Flag(F"), z+— F[;W,
where FpJE“/)’ denotes the stable flag of p(v)" (Definition 5.3.1). We need to check that
this map is well-defined since we made several choices (the choice of v and the choice of
a lift of p(7)). Indeed, first note that the definition of £, is independent of the choice
of the lift of p(y) to SL(n,F), since two lifts differ by multiplication with £1, which
preserves the eigenspaces and the moduli of the eigenvalues. Furthermore, for any non-
trivial y1,v2 € m1(S) with # = 7" = ~5, we have 4; = 75, and thus 'yfl = 752 for some
ki,ks € Z. But then, since we know that both p(y1) and p(7y2) are diagonalizable and
they agree up to some power (since 77 and 2 do), they must have the same eigenspaces

and hence F7_ ., = F" | which shows that the map &, is well-defined.
p(71) p(v2) P

The map &, is p-equivariant: Let v € 71(S) be a non-trivial element and n* € Fix(S)
for some non-trivial n € m1(S5). Then

&(v-n) =& ((ym ™)) = p(N&MT),

by observing that v -5t is the attracting fixed point of yny~!, and that the stable flag
of p(yny™1) = p(v)p(n)p(y) ! is obtained by applying p(7) to the stable flag of p(n).

To verify that £, is F-positive, we use the Tarski-Seidenberg transfer principle, in
the same way as we did in Proposition 7.2.1. By Remark 5.1.5 it suffices to check that
&y sends any triple and quadruple of distinct points to a triple respectively quadruples
of positive flags.

(a) We first show that the image of any two distinct points is transverse (Defini-
tion 4.0.2). Let x = v+, y = n* be distinct points in Fix(S) for v # n € m(S).
We need to show that the flag tuple (£,(77),&,(nT)) is transverse, i.e. for all
7 =0,...,n we have

fp(7+)(j) + 59(77+)(n_j) =F".
Since £,(y") is defined as the stable flag of p(v) the above transversality condition
can be encoded in the following polynomial inequality

det(vi|...|vjlw1] ... |wp—;) # 0 for all j =0,...,n,

where v; and w; are eigenvectors of p(7) respectively p(n) with eigenvalues A;
respectively p; with [A1| > ... > |A\y] > 0 and || > ... > |un| > 0. We should
in fact first lift p to a Hitchin representation into SL(n,F), but this is possible
without problems by the considerations in Section 7.1, compare also the proof of
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Proposition 7.2.1 for more details. By the Tarski-Seidenberg transfer principle
(Theorem 2.1.13) this inequality holds true over F since it holds true over R; see
Theorem 1.3.3.

We verify that any three distinct points positively oriented around the circle are
mapped to a positive triple of flags. Let x1 = '7f , Ty = '7? , Ty = '7:? be distinct
points in Fix(.S) for some non-trivial v1,7v2,v3 € 71(5), positively oriented around
the circle. We need to show that the flag triple (£,(71), &,(75 ), €,(73)) is positive,
i.e. it is transverse and all triple ratios are positive. In other words, for all integers
a,b,c > 0 with a + b+ ¢ = n we have

5p(’71+)(a) + fp('yér)(b) + fp('Y:;r)(c) =F",

and for all integers a,b,c > 1 with a + b+ ¢ = n we have

Tave (6,71, €0, &(77)) > 0.

We have already seen in (a) how to encode the transversality condition in a semi-
algebraic way. The positivity condition on the triple ratios can be encoded by the
following boolean combination of polynomial inequalities

[det(v1] ... |vagr|wi]. .. |wplur|. .. |uc—1)
~det(vi] ... |vglwr] ... |wp—1|ur] ... |tet1)
~det(vq] ... |vg—1|wi] ... Jwpri|ug| ... |uc) > 0 and
det(vy] ... |vg—1|wi] ... |wplu|.. . |ucs1)
~det(v1] ... |vglwr] ... |wpgr|ur] ... |uc—1)
~det(vi]. .. |[vag1|wi|. .. |wp—1lu] ... |uc) > 0]
or
[det(v1]. .. |vagi|wi] ... wplusl. .. |tc—1)
~det(vy]...|vg|wi| ... Jwe—1|ur] ... |uct1)
~det(v1] ... |ve—1|wi] ... Jwpsi|ui] ... |uc) < 0 and
det(vy] ... |vg—1|wi] ... |wplus|. .. |tcs1)
~det(v1] ... |vg|wi] ... Jwpgi|ur] ... |uc—1)
~det(vy] ... [vag1|wi] ... [wp—1]us] ... |uc) < O]

for all integers a, b, c > 1 with a+ b+ ¢ = n, where v;, w; and u; are eigenvectors of
p(71), p(72) respectively p(vy3) with eigenvalues \;, u; respectively v; with |A1| >
o> A >0, Jpa] > oo > el > 0 and i > .0 > v > 0. Asin (a), we
should consider a lift of p to an F-Hitchin representation into SL(n,[F). Again by
the Tarski-Seidenberg transfer principle, this property holds true over F since it
holds true over R.

Let x1, 22, 23,24 be distinct points in Fix(S) occurring in this order around the
circle. We need to show that the flag quadruple

(€p(w1), Ep(2), Ep(23), §p(T4))
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is positive, i.e. the flag quadruple is transverse, the two flag subtriples

(&p(71),&p(w2), &p(w3)) and (§p(21),§p(w3), Ep(4)) are positive, and all double ra-
tios are positive. In particular, for alla =1,...,n — 1 we have

Dy (§p(x1),€p(3), §p(12), p(24)) > 0.

Choose v; € m(S) non-trivial distinct so that ’yj =z, for all j =1,2,3,4. We
have already seen in (a) and (b) how the transversality condition and the positivity
of the triple ratios can be expressed using polynomial equalities and inequalities.
The positivity of the double ratios is expressed similarly as the positivity of the
triple ratios in (b). Again by the Tarski-Seidenberg transfer principle, this property
holds true over F since it holds true over R.

This proves that p is F-positive. Furthermore, by definition of &,, we immediately have
that p is weakly dynamics preserving, which proves one direction. ]

For the “if” direction we establish Theorem C, which we recall here.

Theorem C. The set of PGL(n,F)-equivalence classes of F-positive weakly dynamics
preserving representations is described by the Bonahon-Dreyer coordinates over F and
hence homeomorphic to a closed semi-algebraic subset of some FN.

Proof. For the proof we use Proposition 7.3.1 and the multiplicative variant of the
Bonahon-Dreyer coordinates for parametrizing the Hitchin component as in Chapter 6.
Fix therefore the necessary topological data A on the surface S, see Section 6.1. We
use the same notation as in Chapter 6. Suppose the geodesic lamination A has p closed
leaves and ¢ infinite leaves, and its complement S \ A consists of r ideal triangles. Set

N =3rl==2 4 (p 4 g)(n— 1),

The idea of the proof is as follows. We define a map ¥ from the set of F-positive
weakly dynamics preserving representations to FY by associating to a representation the
F-valued triangle and shear invariants using the F-positive limit map as in Section 6.1.
If p: m(S) — PSL(n,F) is an F-positive weakly dynamics preserving representation, we
show that W(p) satisfies the relations (i)-(iv) of Section 6.2 . In other words, ¥(p) € Pp—
the F-extension of the polytope P C R¥ that is homeomorphic to the Hitchin component
Hit(S,n), compare Section 6.3 and Section 6.4.

The triangle and shear invariants can be defined using a flag decoration, by which
we mean an equivariant map from dA — Flag(F™). Thus, in the same way as in (1)-(3)
in Section 6.1 we can associate triangle and shear invariants to F-positive representations
using only the associated limit map restricted to X C Fix(S). This defines the map ¥.

Let us show that ¥ satisfies (A)-(D) in Section 6.3 over F. The positivity conditions
(A) and (B) follow from the F-positivity of the limit map. Note that the rotation
condition (C) follows directly since it is a property of triple ratios and how they behave
under permutation of the flags, see Lemma 4.2.2 (1). Left to show are therefore the closed
leaf equality and closed leaf inequality (D). For Hitchin representations, the proof of the

closed leaf equalities relies on | , Proposition 13]. We prove in a complete analogue
fashion the multiplicative version of this proposition for the coordinates associated to
[F-positive representations; see also | , Remark 15] for a multiplicative version of the
statement of | , Proposition 13].
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Proposition 7.4.1. Let p: m(S) — PSL(n,F) be an F-positive representation with
limit map &,. For every closed leaf v € A and every a = 1,...,n — 1, we have

- Aa(p(7)")
nght v) = — Lleft v
= Rty ~
where A\, (p(7)) is the eigenvalue of a lift p(y)" of p() to SL(n,F) corresponding to the
one-dimensional eigenspace &,(7+)(@ N ¢, (y7) ot

Proof. By Proposition 7.3.1, we can lift p(y) € PSL(n,F) to p(y)" € SL(n,F) such
that the matrix p(v)" is diagonalizable with eigenvalues \,(p(7y)") > 0 and p()" acts by
multiplication with A,(p(7)") on &,(vH)(@/¢,(v) (@D, We will show that Ly (y) =

% and Ll*ft(y) = % Note that this quotient is independent of the lift of

p(7y) since two lifts differ by multiplication with +Id,.

The proof works in the same way as the proof of | , Proposition 13| by replacing
Tabe DY Tape and o, by D, (where 745, = log(Type) and o4 = log(Da) following the notation
from [ |) and by writing everything multiplicatively. We also refer to this reference
for more details on the computations. The important observation is how p(v)" acts on
the flags fp(vi) associated to the endpoints of 7; see Equation (7.1).

We only discuss the exemplary case when we are on the right-hand side of v and
the spiralling of the triangles occurs in the direction of the orientation of v. We recall

the definition of
Ly () HD (ht) H H et v),
=1 b+c=n—a

which we will show is equal to %,

Let hy,...,hg and ¢y, ..., 1 be the infinite leaves in A and the ideal triangles in S\ A
that spiral on the right side of v and assume the spiralling occurs in the direction of the
orientation of . Let the labelling be such that ¢; is bounded on the left by h;_1. Let v;
be the vertex of ¢; in the direction of the spiralling. See Figure 7.3 for the corresponding
picture in the universal cover. We set E = &,(y"), Fi := §,(21), where z; is the endpoint
of hy different from ~T, and it is convenient to also define Gy := F}, and G} := F;_; for
l=2,...,k+ 1. By the choice of orientation we have ~y hy = th and yt; = 1. We
first remark that

D, (h‘l) — (Eaﬂaﬂ—laﬂ+l) — Da(EaGl+1aGl7E+1)7 and
Tabc(tlyvl) Tabc(Ev-FlaI?l-i—l) = Tabc(EyﬂaGl),

where the first equality follows by checking the two cases (h; is oriented towards ~y or
not) and using the properties of the double ratios under permutation of flags. We rewrite
D,(E, F;, F;_1, Fi41) to obtain

Dy(ly) = Do(E, Fy, Fi_1, Fi11) =

(@) /\fl(n—a—l) /\gl(l) ' (@) /\fl(n—a)
ela=1) A fl(n—a) /\g(l) elat1) A fl(n—a—l)

QSR AR Y
el@ A fl YA Z(ZIG 2 el@ A gl(-ﬁa)
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Chapter 7. Properties of boundary representations

Figure 7.3.: Spiralling in the universal cover.

Note that the minus sign disappears when we swap the order in the wedge product in
the nominator and denominator of the third factor, since it involves exterior powers of
degrees that differ by one. What is important to note is that within the first bracket
only the index [ appears, and in the second bracket only the index [ + 1.

The second step is to reorder Hle Dy(h) = Hle D,(E,F;,F;_1,F;+1). Using the
last equality and an index shift, we obtain

T~
S|

B e(a) /\fl(n—a—l) /\ggl) ' e(a) /\fl(n—a)
ela—1) /\fl(n—a) /\ggl) elat1) /\fl(n—a—l)

= \ Lel DA f" “ A gz(l) elat) A fl(n =

| [e(al) A fl(l) A gz(”_a) olat1) A gl(n—a—l)] >

6(0’) A fl(l) /\g(n—a—l) 6(0’) /\gl(n_a)

a— (1) n—a a n—a—1
_[( I)Afk /\915:+1) (+1)/\91(c+1 )]

CRY Y MY

k+1

Since xp41 = yx1 we have Fi11 = §,(vx1) = p(7)&,(x1) = p(7)F1 by p-equivariance of
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representations

& The last bracket simplifies to

ele=D A f]gi)l /\gl(gr_la) ' elat1) A (n—la—1)

Tl

_ ela—1) Ap( )fl Ap(v) gn a) . elat1) /\p(,y)/ggnfafl)

—e@ A p(n) FY A p(r) g Y e A (gt

~ () el A FY A gl (p(y) et gt Y

e )Af(l)A P () te@) gl

— , e(a 1) /\f1 gYH’) 1 elat1) /\ggn—aq)

el@) A fl(l) /\ggn_“_l) Nas1(p()) ) 95"_“) ’

since p(y)'~! acts trivially on A" (F"), and for all a = 1,...,n, we have

p(y) (e(“)) = <H /\i(P(’Y)/)> el®). (7.1)
=1

Indeed, since the spiralling occurs in the direction of the orientation of v and the flag

associated with the positive endpoint of 7 is the stable flag of p(), see the proof of
Proposition 7.3.1, Equation (7.1) holds. Thus

e X))
L1 2ot = 3550

ela) p fl(nfafl) A gl(l) . el@) A fl(”*fl)
e ela—1) /\fl(n—a) /\gl(l) ela+1) /\fl(n—a—l)

' [ (a 1) /\fl /\gln a) 6(a-&-l) Ag[(nal)])

ﬁk

/\fl n a—1) ela) /\gl(n—a)
Aalp(y
=N N a E FaG )
>\a+1(,0 HQ 1L, G

by definition of @,. By Lemma 4.2.2 (2), we have

HE hl ( ), H H Tabc E E;Gl> )

a+1 P fy l 1 b+c=n—a
which, by definition of F; and Gy, yields

Aalp())) T
G
Aat1(p(7) 1;[ () ll_[1b+c1_£ a bc G
k
:H a(h1) H I Th.(t,w) = Ly (),
=1 =1 b+c=n—a
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Chapter 7. Properties of boundary representations

which was to prove.

If the spiralling occurs in the opposite direction of the orientation of «, then we con-
sider the flag E' = £,(77) associated with the negative endpoint of v, which is therefore
the unstable flag of p(y). Thus

p(v) (e@) = ( ﬁ /\i(p('y)’)> e(®)

i=n—a+1

for all a = 1,...,n. Adapting the above computation to this case concludes the argu-
ment.

To consider the left-hand side of 7, we can reverse the orientation of v and consider

the right-hand side to obtain the result by observing that D% () is replaced by D’ _ (7).

O

The above proposition immediately implies the closed leaf equality in (D). Further-
more by Proposition 7.4.1, the closed leaf inequality amounts to showing that

Aa !
(p(7) )/ -1
Aat1(p(7))
for all @ = 1,...,n — 1. Since p is assumed to be weakly dynamics preserving (Defin-
ition 1.4.3), it follows that % >1foralla=1,...,n— 1. Proposition 7.3.1

implies that Aq(p(7y)’) are all of the same sign and distinct, and thus the closed leaf
inequality holds. Thus ¥ satisfies conditions (A)-(D), in other words Im(¥) C Py. The
forward direction of Theorem A imply that Im(¥) = Pr.

Let p,p': m1(S) — PSL(n,F) be two F-positive representations that are weakly
dynamics preserving with limit map &, respectively §,. Left to show is that if ¥(p) =
W(p'), then p and p' are conjugate in PGL(n, F). Let W(p) = ¥(p') = (Tapetv> Ymy) € FY,
where a,b,c > 1 are integers with a +b4+c=n, m =1,...,n — 1, v is a vertex of
t C S\ X and ! is aleaf of A\. The idea of the proof is to reconstruct a flag decoration
F: O\ — Flag(F™) from the triple and double ratios, which will agree up to an element
of PGL(n,F) with £, and {,, when the latter are restricted to O

Recall the notations (1)-(3) from Section 6.1 in the definition of the Bonahon-Dreyer
coordinates. The statement of the following lemma in the real case is | , Lemma
24]. It can be proven in a complete analogue fashion for general real closed fields by
writing everything multiplicatively.

Lemma 7.4.2. Let (Zapetw, Ym,1) € Pr. Then there exists a flag decoration F: o\ —
Flag(F™) such that

(1) Zapepp = Tizc(t, v) for every component ¢ of S\ A, for every vertex v of ¢, and

integers a,b,c > 1 with a + b+ c =n;
(2) yma = D, (1) for every leaf | of A and integer m =1,...,n — 1.

Furthermore, F is unique up to postcomposition by an element of PGL(n,F).
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Since ¥(p) = ¥(p'), the uniqueness statement in the above lemma implies that there
exists g € PGL(n,F) with g&,|55 = &y|55- Thus for z € OX and 7 € 71(S) we have

(9p(M) g™ N (&w (@) = gp(7)ép(x) = g€p(vx) = &y ().

Similarly, for a triple of distinct points z,y, z € OX we have

(9p(Mg ) (Ep (), €0 (1), €0 (2)) = (& (V), & (V) € (72)),

which implies that gp(7)g~' = p'(y) by p'-equivariance of ¢y and Proposition 4.1.1.
Thus p and p’ are conjugate, which finishes the proof. O

Corollary 7.4.3. Let p,p': m1(S) — PSL(n,F) be two representations, where p is F-
positive weakly dynamics preserving and p’ is F-Hitchin. Assume that ¥(p) = prEP(p').
Then p and p’ are conjugate in PGL(n, F).

Proof. Denote the limit map of p’ constructed in the proof of the forward direction of
Theorem A by £y, and let &, denote the limit map of p. Viewing p’ as an F-positive
weakly dynamics preserving representation, we see immediately from the definitions of
¥ and pr]ngD that

U(p') =pr” (o)) = ¥(p).

We conclude using Theorem C. O
We can now finish the proof of Theorem A.

Proof of Theorem A (<= ). Let p be an F-positive representation that is weakly dy-
namics preserving. Then its PGL(n,F)-equivalence class [p] corresponds under the
above homeomorphism from Theorem C to a point in Pgp. But since P is homeo-
morphic to Hit(S,n)rp (Corollary 6.4.3) this point gives rise to [p'] € Hit(S,n)p. Now
U(p) = prI]?D(p’ ), and thus by Corollary 7.4.3 we have that p and p’ are conjugate in
PGL(n,F). Since Hit(S,n)r is the space of PSL(n,F)-equivalence classes of F-Hitchin
representations, it follows that p is PGL(n,F)-conjugate to an F-Hitchin representa-
tion. 0

7.5. F-positive weakly dynamics preserving representations
are irreducible

Let F be a field and I' a finitely generated group.

Definition 7.5.1. A representation p: I' — GL(F") is irreducible if the only p(T')-
invariant subspaces of F" is {0} or F". Denote by Grp the space of all non-trivial
subspaces of F™. A representation p: I' — PGL(F™) is irreducible if its action on Grp
has no fixed point.

Remark 7.5.2. Let ~1,...,7 be a finite generating set for I' and W C F” a vector
subspace. Then p(I")YWW C W if and only if p(v;)W C W for all j =1,... k. A similar
statement holds true for projective representations.
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Chapter 7. Properties of boundary representations

From now on let F be real closed. We would like to show that F-positive weakly dy-
namics preserving representations are irreducible. We already know by [ , Lemma
10.1] that Hitchin representations are irreducible. Thus the following proposition is an
easy consequence of the Tarski-Seidenberg transfer principle and Theorem A.

Proposition 7.5.3. Let p: m1(S) — PSL(n,F) be F-positive and weakly dynamics
preserving. Then the restriction of p to every finite index subgroup is irreducible.

Proof. Let ~v1,...,724 be a finite set of generators for 71(S5). We saw in Lemma 5.3.5
that Gr(k,n) is algebraic for all k =1,...,n — 1. Since Gr = Gry is the finite union of
Gr(1,n)R,...,Gr(n —1,n)g it is also algebraic. Consider the semi-algebraic set

{(P, V) € HomHit(ﬂ-l(s)a PSL(an)) x Gr | p(’yl)v =V,... ’p(’72g)v = V}

Then | , Theorem 10.1] implies that this set is empty. By the Tarski-Seidenberg
transfer principle (Theorem 2.1.13), so is its F-extension. Since F-positive weakly dy-
namics preserving representations are F-Hitchin, see Theorem A, we conclude that F-
positive weakly dynamics preserving representations are irreducible. The restriction of
p to every finite index subgroup of 7 (S) corresponds to an F-Hitchin representation of
the corresponding cover of S, thus the restricted representation is also irreducible. [
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8. Intersection geodesic currents for
boundary representations

8.1. Positive cross-ratios and intersection currents

More information on geodesic currents can be found in | Jor | ].

As was hinted at in the introduction, the space of geodesic currents €'(S), see Defin-
ition 1.4.5, comes equipped with an intersection form generalizing the geometric inter-
section number. Recall that we endow S with an auxiliary hyperbolic structure. Denote
by G the space of (unoriented and unparametrized) geodesics of S.

Definition 8.1.1. Consider G?) C G x G the set of pairs of transversely intersecting
geodesics. We define the intersection form

i C(8) x C(S) = Reo, i) = (ux n)(GP /mi(9)),
where p x 7 is the product measure.

Bonahon proved that ¢ is finite, continuous, symmetric and bilinear, and generalizes
the geometric intersection number of homotopy classes of closed curves on S | ,
Proposition 4.5].

To associate to a representation in a higher rank Teichmiiller space a geodesic cur-
rent, we make use of positive cross-ratios. There are many (non-equivalent definitions) of
cross-ratios. The convention of how to arrange the arguments in the cross-ratio follows
[ , Definition 2.4]. However the cross-ratio is defined on a smaller set and is not
assumed to be continuous as in [ , Definition 3.1]. Compare also to | ,
Remark 3.2] for a comparison between the various definitions in the literature.

Definition 8.1.2. Let X C 95 be a m(S)-invariant non-empty subset, e.g. Fix(S),
and let X4 denote the set of positively oriented, i.e. cyclically ordered (in clockwise
direction), quadruples in X. A cross-ratio is a 71(S)-invariant function

B: XW SR,
that is

(1) symmetric, i.e. for all x = (z,y,2z,w) € X we have B(z,y,z,w) = B(z,w,z,y),
and

(2) additive, i.e. B(x,y,z,w) + B(x,y,w,t) = B(z,y, z,t) for all ,y,z,w,t € X that
are positively oriented.
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Chapter 8. Intersection geodesic currents for boundary representations

A cross-ratio B is positive if B(z,y, z,w) > 0 for all (z,y, z,w) € X4. Denote the set
of positive cross-ratios on X by CR*(X). The B-period of a non-trivial v € 71(S) with
e Xis
tp(7) =By, z,72)

for some (any) z € X \ {7} such that (v, 7", z,vz) € X4, where 4 respectively v~
is the attracting respectively repelling fixed point of 7. A geodesic current u € €(S) is
an intersection current for B if for every non-trivial v € m(S) with 4* € X we have
¢p(vy) =1i(u,7y), where we view « as a geodesic current; see e.g. | , 81].

Example 8.1.3. The Liouville current is an intersection current for the pull-back of the
standard cross-ratio on JH? via the developing map | , Proposition 14].

For a general cross-ratio, intersection currents do not need to exist. If we assume
X = 8§ and B continuous, then an observation of Hamenstéadt in | |, refer to
[ , Appendix A] for a detailed proof, implies that if B is positive, then there exists
a unique intersection current for B. More generally, we have the following.

Theorem 8.1.4 (] , Theorem 1.6]). Let X C A5 be a 7 (S)-invariant non-
empty subset and B a positive cross-ratio on X. Then there is a geodesic current p on
S such that for all e # v € 71(5)

Cp(y) =ik, 7).

The geodesic current p depends continuously on the cross-ratio B, where CR*(X) is
endowed with the subspace topology of the topological vector space of cross-ratios on X
with the topology of pointwise convergence.

8.2. Valuations and big elements

For an introduction to valuations we refer the reader to | ).

Definition 8.2.1. Let F be a field. A valuation on F is a map
v:F— RU{oco}

such that e™: F — R is a norm that satisfies the triangle inequality. The valuation is
trivial if v(a) = 0 for all a € F*, otherwise non-trivial.

If F is ordered, we say that a valuation v is order-compatible if foral 0 <z <y € F
we have v(z) > v(y). We say that v is non-Archimedean if v(z + y) > min{v(z),v(y)}.
Two valuations v and v’ are equivalent if there exists r € R positive with v = rv’.

Lemma 8.2.2. Let v be a valuation on F. Then v(1) =0, v(¢) = 0 for ¢ a root of unity
in F, v(z7!) = —v(z) and v(—z) = v(z) for all x € F. If v is non-Archimedean and
x,y € F with v(z) # v(y), then v(z+vy) = min{v(z),v(y)}. If F is ordered and v is non-
Archimedean order-compatible, then for z,y € Fsy we have v(x+y) = min{v(z),v(y)}.

Proof. For the first statements see | , Section 1.3 and (1.3.4)]. For the last statement
we can without loss of generality assume that v(z) < v(y). We already know v(z +y) >
v(x). Since x,y > 0 we have x + y > z, and thus by order-compatibility of v we have
v(r +y) <v(x). O
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Example 8.2.3. The function — log is an order-compatible valuation on R. The map
R(X) — RU{o0}, % — deg(q) —deg(p), where deg denotes the degree of the polynomial,
is an order-compatible non-Archimedean valuation on R(X) with the order +o00, compare
Example 2.2.5.

Definition 8.2.4. Let F be an ordered field. A positive element b € F is big if for all
x € IF there exists n € N such that x < b". For b a big element, the logarithm with basis
b is defined by

logy: Fsg = R, z—inf{ge Q |z <b}.

Note that a big element is always bigger than 1.

Lemma 8.2.5 (| , Proposition 5.2.(f)-(g)]). Let b be a big element in an ordered
field F. To b we can associate the following non-trivial order-compatible valuation

-1 if 0
vp: F = RU{o0}, z+ ogs([1) 1 z#0,
00 if x =0.
If F is non-Archimedean, so is vy,.
Lemma 8.2.6 (| , Proposition 5.2.(d)]). Let b and b € F be two big elements.

Then logy, = logy () - logy, i.e. the logarithms differ by a positive scalar multiple.

It follows that the associated valuations vy, and v} are equivalent (with scaling factor
—Ub/(b) = lOgb/(b) > 0)

Example 8.2.7. In R every element larger than 1 is a big element in the above sense. If
F is an Archimedean ordered field, i.e. a subfield of R, then log, is the usual logarithm,
for which the last lemma is known.

In R(X) with the order +o0, X is a big element. The valuation vx associated to
X is the one from Example 8.2.3. If F is any non-Archimedean field then no rational
number is big.

Lemma 8.2.8. Let F be an ordered field with a big element b € F and v any order-
compatible valuation on F. Then

v=—v(b) - vp.

In other words, up to scaling, all order-compatible valuations come from the construction
in Lemma 8.2.5, hence are equivalent by Lemma 8.2.6.

Proof. Let x € F be positive. Then vy(x) = —inf{qg € Q | z < b?}. Assume z < b9,
then v(x) > qu(b) by order-compatibility of v. Since b is big, v(b) < 0 and hence
v(x)/v(b) < g. This implies that v(x)/v(b) > —uvp(z), as the latter is defined as the
infimum over all such gq.

Take now ¢’ € Q with ¢’ < v(z)/v(b). Assume z < b?. By order-compatibility
v(z) > ¢'v(b) and hence v(z)/v(b) < ¢/, a contradiction. Thus v(z) = —v(b) - vy(x). By
Lemma 8.2.2 the same conclusion holds for z < 0, since v(—z) = v(z). O

Lemma 8.2.9 (] , 85], [ , Chapter VI, §10]). Let K C F be an ordered field
of finite transcendence over a subfield K which contains a big element. Then F contains
a big element.
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Chapter 8. Intersection geodesic currents for boundary representations

8.3. Positive cross-ratios for F-positive weakly dynamics
preserving representations

Theorem 8.3.1 ([ , Proposition 2.24, Theorem 3.4]). Let p: m1(S) — PSL(n,R) be
a Hitchin representation. Then for all kK =1,...,n — 1, there exists a unique cross-ratio
By, such that for all v € m(S) non-trivial

1oe A1) - Mulp(7)
fpp(7) =log An—k+1(p(7) - Aalp(7))’

where A\ (p(7y)) > ... > Au(p(y)) > 0 are the absolute values of the eigenvalues of p(7).
Furthermore, the cross-ratio Bz is positive.

In particular, it follows from this together with Theorem 8.1.4, that there exists
an intersection current ,u’; for p. Similar results hold for maximal representations in
Sp(2n,R) | , Section 4.2] and ©-positive representations in PO(p,q) [ , The-
orem 4.9].

The following lemma is a generalization of the above theorem to F-Hitchin rep-
resentations. Recall that a representation p: m(S) — PSL(n,F) is called F-Hitchin if
it lies in the F-extension of the real semi-algebraic Hitchin component Hit(S,n), see
Definition 1.4.1. Let now F be a real closed field together with a non-trivial order-
compatible valuation v. Recall from 1.4 that for g € SL(n,F) totally hyperbolic and for
k=1,...,n—1 we define the k-length of g as

n

Li(g) ==Y _v(N@)+ > v(x9).

j=1 j=n—k+1

Lemma 8.3.2. Let F D R be a real closed field with non-trivial order-compatible
valuation v (if F = R we assume v = —log). Let p: m1(S) — PSL(n,F) be F-positive
weakly dynamics preserving with associated F-positive limit map &,: Fix(S) — Flag(F").
Then forallk=1,...,n—1

By = 3(B{+ B ),
is a positive cross-ratio on Fix(S), where for z = (z1,...,24) € Fix(S)" we define

o (1) ™ A gy (w3) ™ ) Ep(w2) ™ ™H A &y ()W
. Ep(x1) =R A&y (2a) R €,y (w2) (=R A € (23) k)

Here we adapt the same notation as in Section 4.1 to define M (x). Furthermore, for
all e # v € m1(S) we have

M (x) , and BY(z) = —v(MF(x)).

Cpe(v) = Li(p(7)).

Proof. Since &, is p-equivariant, it follows that Bf is m(S)-invariant. Symmetry and
additivity are computations.

For F = R and v = —log in the proof of Theorem 8.3.1, Martone-Zhang prove that
already the expression Bf(z) is positive for all 2 € Fix(S)M. Equivalently M{(z) > 1
for all 2 € Fix(S)M. Thus for fixed = € Fix(S) the set

S, = {p € Homps; (m1(S), PSL(n, R)) | MF(x) > 1}
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8.83. Positive cross-ratios for F-positive weakly dynamics preserving representations

is semi-algebraic by Lemma 5.3.6, and equal to Homgj(71(S), PSL(n,R)). Hence by
the Tarski-Seidenberg transfer principle (Theorem 2.1.13) the same holds true for its F-
extension, i.e. (S;)r = Hompi (1 (S), PSL(n,F)) for all = € Fix(S)4. Since F-positive
weakly dynamics preserving representations are PGL(n, F)-conjugate to F-Hitchin rep-
resentations (Theorem A), Bj is PGL(n,F)-invariant, and v is order-compatible this
concludes the positivity of BY.

To show that (e (v) = Li(p(y)) we use similar arguments as in the proof of Pro-

position 7.4.1. Hence for y = (y",7~,z,vx) we have using Equation (7.1)

s A ()W (v )R A p(y )£p<>
+)(n k) /\P( )€p< ) gp('y )(n k)/\gp( )
1

>\k+1 )\ o AlAk

1 - )
o kil An

M) = fpf

where A\; > ... > )\, are the eigenvalues of p(v)’, a lift of p() to SL(n,F). With the
definition of By, and the order-compatibility of v, the claim follows. O

We are ready to prove Theorem E, which we restate here.

Theorem E. Let F D R be a non-Archimedean real closed field with an order-compatible
valuation v (assumed to be —log if F = R) and let p: m1(S) — PSL(n,F) be F-positive
and weakly dynamics preserving. Then for every k =1,...,n—1, there exists a geodesic
current MIZ such that for any e # v € w1(S) we have

i1k, ) = Li(p(7)).

The current u’; is non-zero if and only if there exists v € m1(S) with v(|tr(p(vy))|) < 0.

Proof. Lemma 8.3.2 shows that for every £ = 1,...,n — 1 we can associate to p a
positive cross-ratio BY, whose period is equal to the k-length. Theorem 8.1.4 applied to
X = Fix(S) and B = By, provides a geodesic current ,u]; with the desired intersection
property.

Left to show is the last statement. We only need to consider the non-Archimedean
case. If g € SL(n,F) is totally hyperbolic with positive eigenvalues Ai(g) > ... >
An(g) > 0, then by order-compatibility of v we have v(A1(g)) < ... < v(A(g)). Thus
by an iterated application of the last statement of Lemma 8.2.2 we have

7 -1

—U<ZA )) = min v0y() = vin)

Furthermore, since det(g) = 1 we have \,(g) < 1 and thus v(\,(g)) > 0.

We first show one direction of the claim for £ = 1. Recall that v(z) = v(—z) for all
x € F (Lemma 8.2.2), and hence v(tr(p(v)) is independent of a choice of lift of p(v) to
SL(n,F). If there exists v € m1(S) with v(tr(p(v))) < 0, then by the above remark, we
have

i(pp, ) = Li(p(7)) = —v(A(p(7))) + v(Anl(p(7))) = —v(tr(p(y))) > 0,
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and hence p,, is non-zero. For k > 1 we note that Lg(p(7y)) > Li(p(7y)) and hence ,u’; # 0.
Conversely, assume that ,u is non-zero. Otal | , Théoreme 2] proved that
geodesic currents are determlned by their intersection function, and hence there exists

e # v € m(S) with

0 <l ) = Lalp() = = ()

Now assume by contradiction that v(tr(p(v*))) > 0 for all s € N. Newton’s identities, see
e.g. | |, imply that the coefficients of the characteristic polynomial of p(v) belong
to the ring O = {x € F | v(z) > 0}. Since O C F is a valuation ring, it is integrally
closed in F, see | , Theorem 3.1.3.(1)], and hence A1 (p(7)), ..., An(p(7)) € O. Since
[T, (o)) = 1, it follows that 20 — X, (5(3)2a(p(7)) -+ A_1(s(1)) € O, a
contradiction. The same argument works t)or general k> 1. O

The above theorem allows us to assign to closed points in the real spectrum com-
pactification of the Hitchin component RSp® (Hit(S,n)) a projective class of a geodesic
current. Let us recall the following characterization from Section 3.3:

p: m1(S) = PSL(n,F,) is F,-Hitchin,
RSp(Hit(S,n)) = < (p,F,) | F, D R real closed, p-minimal, / ~
F, Archimedean over Ritr(Ad(p))]
where [, is the p-minimal field; see Definition 3.3.1 and Theorem 3.3.4.

Lemma 8.3.3. Forall k =1,...,n — 1 the map

@ RSp(Hit(S,n)) — PCR T (Fix(S)),
[(p,Fp)] = [By]

is well-defined and continuous.
Let us show how this lemma implies Corollary F, which we recall here.
Corollary F. Forallk=1,...,n —1 the map
RSpC(Hit(S,n)) — PZ(S),
[(p.F)] > |1ik]
1s well-defined and continuous.
Proof. For every k=1,...,n—1 the map is given as the following composition of maps
RSp(Hit (S, n)) — PCR* (Fix(9)) — PZ(S),

where the first map is continuous by Lemma 8.3.3, and the second map is given by
Theorem 8.1.4 (before projectivizing) and proven to be continuous. O

Before we prove Lemma 8.3.3 we need some preliminary considerations.
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Lemma 8.3.4. Let (p,F) represent a point in RSp°(Hit(S,n)) with F = F, the p-
minimal field (Definition 3.3.1). Let F' be a finite symmetric generating set for 7 (5)
and E = F?"~1. Set

by = Z tr(p(v))? € F. (8.1)
yeE

Then b, is positive and a big element in F.

Proof. Since b, is a sum of squares, it is clearly positive. If (p,[F) represents a closed
point then F, the minimal field of definition, is non-Archimedean by Theorem 3.3.4 and
of finite transcendence degree over R, hence contains a big element (Lemma 8.2.9). Since
the trace determines the representation (Theorem 3.1.3), we have that tr(p(y))? is big

for some v € m;(5). A result of Procesi | | tells us that there is a finite set of traces
that we need to consider (here the traces of the images of v € E under p suffice). Thus
b, is big. O

Thus to (p,F) we can associate the non-trivial order-compatible valuation v, = vy,
from Lemma 8.2.5, which is unique up to scaling by Lemma 8.2.8.

Lemma 8.3.5. If (p,F,) and (p/,F,/) represent the same point in RSp (Hit(S,n)), then
Bl =By .

Proof. Let us abbreviate F := F, and ' := F,. Also write b := b, and V/ = by
for the corresponding big elements defined in Equation (8.1). Since (p,F) and (p/,F")
represent the same point, we can without loss of generality assume that there exists an
order-preserving isomorphism «: F — F" and g € PSL(n,F’) such that for all v € 71(.5)

a(p(7)) = gp' (v)g "

We note that if £, is the limit map of p/ then g€, is the limit map of a o p. It is easy

to see that oM. P =M ;j P = Mf M?'. Since the trace is conjugation invariant we also have
by = baop = a(b). Hence

BY = 1(logy( Mf’ )+ logb(M %))
= 5 (1og, ) ( b) ) +10ga )(Mp_k))
= %(10gb/ + logb,(Mn k))
B,’; O

Proof of Lemma 8.5.5. Forallk =1,...,n—1the map y, is well-defined by Lemma 8.3.5.
We would like to show that ¢y, is continuous, where RSp(Hit(S,n)) is endowed with
the spectral topology, CR™(Fix(S)) with the topology of pointwise convergence and
PCR™ (Fix(S)) with the quotient topology. The following sets form a subbasis of closed
sets for the topology on CR™(Fix(S)): For U C R>q closed and x = (z1, 2,23, 74) €
Fix(S)™, we define the closed set

C(U,z) = {b € CRT(Fix(S)) | b(z) € U}
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Chapter 8. Intersection geodesic currents for boundary representations

A basic closed set is of the form
C([o,t],x) ={b e CR*(Fix(S)) | b(x) < t}

for t > 0.
By Lemma 8.3.5 we can lift ¢ to a map

s RSpC (Hit (S, n)) — CR*(Fix(5)),  [(p,Fp)] = By

such that the diagram

RSp (Hit(S, 1)) — 2 CRT(Fix(S))

T, |

PCR* (Fix(S))

commutes. It suffices thus to show that @, is continuous. We show that @, *(C([0,],z))
is closed in RSp® (Hit(S,n)) for all t > 0 and z € Fix(S)%. We have

& (C([0,t],2)) = {[(p,F)] € RSp™(Hit(S,n)) | Gr([(p,F)]) € C([0,1],2)}
{[(p,F)] € RSp™(Hit(S,n)) | Bp(z) < t}

{[(p,F)] eRspd(Hlus n)) | log,, (Mf(z)M]_, (x))"/?) <t}
{ (p,F)] € RSp(Hit(S,n)) | (M ()M (x))"? < b /1)

Il

= () {(p, F)] € RSpI(Hit(S, ) | (Mf(2)M]_(2))" < b7}

>

SIS
-

The left hand side of the expression
(M,f(x)Mf;ik(x))q < b?)p

depends rationally on p, since all involved flags that are needed to define the left hand
side are the stable flags of p(y1),...,p(74), where z; = ;7. By Lemma 5.3.6, we know
that the stable flag depends rationally on the positive hyperbolic element. Thus

M {[(p.F)] € RSP (Hit(S,n)) | (M (x)M_, (x))? < b2} C RSp®(Hit(S,n))

r
q>t

is closed, which was to prove. O
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Appendix A.

Parametrization of configurations of
triples of flags by triple ratios

A.1. Triple ratios and low dimensions

The arguments follow closely [ |, that describe the real case. Let now F be any
field. At the end of Section 4.1 we already hinted at the fact that low-dimensional
cases are more general than it seems at first glance Let us make this precise. For
(E,F,G) € Flag(F3)®) and integers a,b,¢c > 1 with a + b + ¢ = n we consider the
(n — 3)-dimensional subspace

Wape = B@~) 4 FO-D 4 gle=) C .

We can define three flags E, F, G in the 3-dimensional quotient space F /W . using the
projection F" — F"™ /W .. More precisely we have

E(l) — E(a)/Wabc ~ E(a)/E(a—l) C E@) — E(a—l—l)/WabC ~ E(a—i—l)/E(a—l),

7. FO /W = FO /p0-1) C 73 . FOH) /W, o2 pO+D)  p-1)

@(1) — G(C)/Wabc ~ G(C)/G(c_n C @(2) — G(C+1)/Wabc ~ G(c+1)/G(C—1)’
where the isomorphisms follow from the transversality of the flags (E, F, G).

Lemma A.1.1. Let (E,F,G) € Flag(F*)® be a transverse triple of flags, and let
a,b,c > 1 be integers with a + b+ ¢ = n. Then the triple of flags (E, F,G) in F"*/W .
constructed above is transverse.

Proof. By symmetry we only need to consider two cases.
Assume first that E(l) - F(Q). Then E@ 4+ 01 Gle=1) C E(“_1)+F(b+1)+G(C_1),
which contradicts the transversality of (E, F,G), since it implies that

E@ 4 p+D) 4 gle=) ¢ pla—1) 4 pl+1) 4 Gle=1)

and the left hand side has dimension a + (b+ 1) 4+ (¢ — 1) = n, whereas the right hand
side only has dimension (¢ — 1)+ (b+ 1)+ (c—1)=n— 1.
Assume now that E(l) - F(l) +6(1). Then E@ 4 p0-1) 4 Gle=1) - Ela=1) 4 p®) 4
G9), which contradicts the transversality of (E, F,Q), since it implies that
E@ 4 p® 4 gl ¢ pla=l) 4 p®) 4 glo)

and the left hand side has dimension a + b+ ¢ = n, whereas the right hand side only has
dimension (a —1) +b+c=n—1. O
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Appendiz A. Parametrization of configurations of triples of flags by triple ratios

In the following we relate the triple ratios of (E, F, G) to the triple ratios of (E, F', G).
More precisely we have the following relation.

Proposition A.1.2. Let (E,F,G) € Flag(IF")(3) be a transverse triple of flags, and let
a,b,c > 1 be integers with a + b+ ¢ = n. Then

Tlll(Ea F, é) = Tabc(Ea Fa G)7

where E, F', G are the transverse flags in the 3-dimensional quotient space F"/(E (a=1) 4
FO-1) 4 gle=),

Proof. Let us choose non-zero generators e(@~1) ¢ /\a_1 Ela=1)  p-1) ¢ /\b_1 FO-1)
and gD e A1 G and vectors e, € E@, e,y € E@HD | f, e FO £, e PO+,
ge € G9 and g1 € GtV in such a way that

ela=1) A eq #0in /\a E(a), ela=1) A ea Negr1 # 0in /\a+1 plath)
FEVN Sy £0in NTFOL fOV A A f £ 00 AT PO

c c+1
g(c—l) A ge # 0 in /\ G(C), g(c—l) A ge N Get1 # 0 in "

We compute

G(C+1).

el Aeg Aegrr A FETDA f A gleD
ela=) A FO=D A f A gle=D) A go A gert
e@ D Aeg A FOTD A gD A go A geyt
@D Aeg A SODA fy A fyir A gleD
DA FEVN fy A forr A gD Age
el Aeg Aegir A fED A gD A g,
_ @At Afy @ NGeANGer1 fo A fora AGe
oA GeAGer1 B ASoAforr €a A Car1 Ade
=T (E,F,G). 0

Tabc(E7 F7 G) =

A.2. Snakes and their associated bases

Let A C F™ be a linear subspace. The dual subspace of A is the linear subspace At C
(F™)*, the space of linear functionals on F” that vanish on A. If A is a-dimensional,
then AL is (n — a)-dimensional. Let (E,F,G) € Flag(F*)®). We will associate a line
decomposition of (F™)* using the flags F, F' and G, and a so-called snake. To define
snakes, we have to introduce some notation.

Recall that the triple ratios are indexed by integers a,b,c > 0 with a+b+c=n. It
is convenient to think of these arranged in a discrete triangle

@n = {(CL,b,C) S Z3 ‘ a+b+c:n7 a’b’CE O}
We also define the interior of ©,, by

int(0,) = {(a,b,c) €Z* |a+b+c=n, a,b,c>0}.
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A.2. Snakes and their associated bases

To remember the expressions ela) A f(b/) A g(c/) € N"F" that appear in the definition
of the triples ratios Typ.(F, F, G) (Definition 4.1.2), we can visualize them as forming a
small hexagon in ©,, around (a,b,c) € ©,. Whether they appear in the numerator or
denominator alternates as we go around the hexagon.

(on-1,9)

Aw29e  o(On-2,4)

('v-l.ﬂl.o). . . «@ 1 m-2)

o . . . . (0,0 w4
(~ay0,0) (l\'l1°l1) (4|Q‘h—l) '

Figure A.1.: The discrete triangle O,, (left), its interior int(©,,) and visualizing the (abc)-
triple ratio (right).

Definition A.2.1. A snake o is a sequence of points o(k) = (o, Bk, Vk) in ©,_1 for
k=1,...n such that

(1) o(1) = (n—1,0,0), and

(ak‘ - 175.@ + ]-”yk‘)a or

2 ol = {(ak =1, Bk +1).

The conditions mean that a snake always starts at the bottom left of the discrete
triangle ©,,_1 and can only go up or right. We always have ap, = n—kforallk=1,... n.
There are two special snakes oiop and opet, called the top and bottom snakes, defined by

Otop(k) = (n —k,k—1,0),
Obot(k) = (n —k,0,k—1) forall k =1,...,n.
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Appendiz A. Parametrization of configurations of triples of flags by triple ratios

Figure A.2.: A snake (left) and the top and bottom snakes (right) in ©,,_1.

Recall that we would like to define a line decomposition of (F")* using the transverse
flag triple (E, F,G) and a snake o in O,,_;. For o(k) = (ag, Bk, V) consider

1
Ly — ( plow) ¢ g 4 Gm)) C (F")*

for all k = 1,...,n. Since (E,F,Q) is transverse, dim(E(@) + F() 1 GO®)) = o) +
Bk + v =n — 1 (see the sentence after Definition 4.0.2), and hence dim(Ly) = 1.

Lemma A.2.2. The lines Li,...,L, C (F")* associated to a snake o in ©,_; and
(E,F,G) € Flag(F")®) define a line decomposition of (F™)*, i.e.

(F")* = P L.
k=1

Proof. We already know that the L;’s are all 1-dimensional. By definition each Ly C

1 1
Elaw)™ = =k~ gince a = n — k. An induction shows that L, ..., L generate
1 1
E(=K~ and hence Ly, ..., L, generate EO~ = (F™)*. For dimension reasons the lines
are in direct sum. O

For the special snakes oo, and oy,0; we obtain the following line decompositions of
(F™)* associated to the transverse triple (F, F,G), namely for all k =1,...,n we have

P = (E(nfk) n F(k71)>L, bt — (E(nfk) n G(kfl))L'

We would like to refine this information by choosing non-zero vectors ug € Ly in such a
way, that ug,...,u, are uniquely determined by ui, (E, F,G) and 0. The way that we
will define the vectors uy will show that if we scale u; by x € F\ {0} then ug, ..., u,
will be scaled by = as well. Thus the so constructed basis of (F")* will be unique up to
scaling, and we will call it the basis associated to (E, F,G) by o.

Let (E, F,G) € Flag(F")® and o a snake in ©,,_;. We define inductively the basis
of (F™)* associated to (E, F,G) by o. Choose u; € L1 = (E 1)L a non-zero generator.
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A.2. Snakes and their associated bases

From now on, ug € L for k > 2 will be uniquely defined by u;. By definition of o we

have
-1 1, %),
olh+1) = (ak — 1, B + 1,7%), or
(g — 1, B, + 1).
In the first case, the snake slithers up, in the second case, it slithers right. Depending
on these two ways the snake can slither, let

LY

1
w o= (E(ak—l) + F(Brt1) + G(’Yk))

s
LY, = ( Elex=1) | p(Be) 4 Gm“))

be the two possibilities for Ly.q. Then LZI_JH, Lt k1 and Lj all belong to the 2-dimensional
plane Py = (E(akfl) + FB) 4 GOw))L | and all three lines are pairwise distinct, i.e.
k+1 #* Lk—',—l’ k+1 =% Ly and LkJrl =% L. Since they are all contained in P, which is
2-dimensional, they are linearly dependent, and there exists unique non-zero elements
wh € LR and wfy, € LYY, such that
ug + U+ U1 = 0.
We define
Uk+1 = {uza ?f L =Ly,
—upyy Af Lppa = Lif .
Definition A.2.3. The basis B* = {uj,...,u,} is the basis of (F")* associated to
(E,F,G) by o. For the special snakes otop and opoy Wwe obtain two bases Bf,, =

{ul®, ..., upP} and By, = {ub°t, ... ubot} of (Fm)*.

Example A.2.4. Let (E,F,G) be a trlple of transverse flags. We would like to compute
top = {ump, ey u}f’p}. To ease notation we denote the vectors by uq,...,u,. Choose a

basis e1,...,e, of F” such that for all i = 0,...,n, we have

ED =(er,....e)), FO = (en, ... en_iy1), GY = (e1+ ...+ ¢,).

Denote by e],...,e;, its dual basis. By definition of op, for all i = 1,...,n, we have

. . 1
L® = (E(”_l) + F(Z_1)> = (€1, s CniyCny.-., en,Hg)J‘ =(en_it1)s
n

. . 1
L' = (E(nﬂ) + F0=2) 4 G(1)> = (€1, -y Eniy sy Creits, Z ej>l
j=1
= (€n—it1 ~ €n_iy2)-

Recall that the vectors uy, ..., u, are defined recursively. Choose u; = e};,. Then u; =
u? e <en i1) With w;_q +uup+urt =0anduf' € (e}_; 1 —€;_; o). Setu; = pel_;. 1,
and u}' = vi(el_; 4 en71+2) for some p;,v; € F\{O} We need to determine p;. Putting
it together we obtain

0= pi—1€p_iyo + Hi€n_ip1 + Vil€h_if1 — €piqa) = —li = Vi = Pi-1,
and thus, using p; =1,

Ui = Pi€p i1 = (1) e i1 foralli=1,.
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A.3. Snake moves

Recall that if A and A’ are two bases of F" the base change matrix Tf' expressing A’
in A is defined as follows: we write the i-th basis vector of A’ in the basis A and the
corresponding coefficients form the i-th column of Tj‘/. We would like to compute the

For this we make

B . . . :
base change matrix T B:‘Z,pt expressing the basis Bf  in the basis Bf,,.

use of so-called snake mowves: the diamond and the boundary move. They allow us to
replace a snake by a different snake, which differs from the original one in exactly one
point. If we iteratively apply these moves we can transform oo, into opet.

Definition A.3.1. A diamond move at step k + 1 replaces a snake o given by

U(k) = (ak75k77k)7
o(k+1) = (ar — 1,8+ 1, %),
o(k+2)= (=2, + 1,7 +1)
by a snake ¢’ given by

o' (j) =o(j) forall j <k
Ul(k + 1) = (Ctk - 17/8’67’)% + 1)7
o'(j) = o(j) for all j >k + 2.

The snakes o and ¢’ differ only at the point k& + 1.

Figure A.3.: A diamond move at step k + 1.

Let o and ¢’ be two snakes in ©,,_1 such that ¢’ is obtained from o by a diamond
move at step k + 1. Let B* and B™* be the two bases of (F")* associated to (E, F,G) €
Flag(F”)(S) by the snakes o respectively /. We now relate the change of basis to the
triple ratio T(q, —1 8, +1,,+1)(&; F,G). This can be visualized by drawing ©,,_1 and ©,
in the same picture, and by observing that we obtain the snake ¢’ from the snake o in
©,—1 by sweeping over the vertex (ag — 1,8, + 1,y + 1) in ©,, see Figure A.4. This is
formalized in the following proposition.
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%
L

ER 3 '“‘ll)

=(chpe s ) 6 'AV' \ Q'A ‘f'i*im-w
O v

RN

e"\-q @,‘

Figure A.4.: The visualization of the base change of a diamond move at step k + 1: the
snake in ©,,_1 sweeps through the vertex (ap — 1,8t + 1,7 + 1) in ©,,.

Proposition A.3.2. Let o and ¢’ be two snakes in ©,,_; such that ¢’ is obtained from
o by a diamond move at step k + 1. Let B* = {u1,...,u,} and B™ = {u},...,ul} be
the two bases of (F*)* associated to (E, F, Q) € Flag(F")® by the snakes o respectively

o’. Then, after a possible normalization so that u; = u}, we have for all i =1,...,n
Uj, if ¢ < k?,
u;: Uk + Uk+1, ifi=k+1,

T(ak—17/3k+17’¥k+1) (E, F, G)uz, ifi > k42,

where o (k) = (ag, Bk, ) and zg = Tia,—1,8,+1,7+1)(E, F,G) € F\ {0} denotes the
(g — 1, Bk + 1,y + 1)-triple ratio associated to (E, F,G). In particular, we have

Idy

TBI* _

O =
_ =

xp Idy g2
where 1d,,, denotes the m x m identity matrix.

Proof. We structure the proof in four steps.

Step 1: i < k. Because o and ¢’ coincide at all points o (i) = o/ (i) for all i < k, we
have u}, = u; for all i < k once we have normalized such that v} = u;.

Step 2: ¢+ =k + 1. Recall that

up . up
U if L =1L

. k41 k+1 k+1°
Uk+1 = { ’ -

rt : _ g1t
—uhy A L = Ly,
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Appendiz A. Parametrization of configurations of triples of flags by triple ratios

with ", and w}!, | unique such that uy 4+ u;?, +uj'; = 0. Since B* is associated to
(E,F,G) by o we are in the case that

Li= LR,
Thus ug41 = u,Y ;. On the other hand, for o’ we are in the case that
/ / t
k1 = (Lpg)™
and thus uj ,; = —(uj,)". Since o(k) = o'(k) we have by uniqueness that
t t
UEJPA = (u;s+1)uP and UZ-H = (u§c+1)r .
Putting this together we obtain
U;c+1 = —(U;ﬁq)rt = _u;ct—&-l =up + u;‘il = Uug + U1,

which is what we had to prove.

Step 3: ¢ > Lk + 2. Let us assume that we know already that
U0 = Tlap—1,8u4+1,7p+1) (B, Fy G)ugio (which will be proven in Step 4). Since (i) =
o'(i) for all 4 > k + 2, this assumption directly implies that

Ui = T(akflﬁkJrl,’YkJrl)(E’F’ Gus,

for all i > k 4 2, since the definition of u; only uses u;—1 and o ().
Step 4: i = k + 2. It is left to show that

U§c+2 = T(akq,ﬁkﬂ,wﬂ)(E, F,G)ugo,

and we will see how the triple ratios appear. Recall that o(k + 2) = o/'(k +2) =
(ar — 2, Bs + 1,75 + 1). Thus upso, ) o € Liyo = (B2 4 FOHD 4 GLUrtD)L Tand
hence there exists € F\ {0} such that

/
Upyo = TUk42-

We need to show that x =z = T(q, _1 8, +1,y,+1)(E; F, G).
By definition of up;2 and uj_, we have

L
Wl — Uppa € (E(ak—m 4 FBt2) 4 Gm))

1
Upoy + Uy € ( Blew=2) ¢ p(r) 4 Gm+2>> '

up
U, | 4 (o(fl. KS\L*I‘\[J
/

/ _ vt
Uers = — Yewa

“h‘u.: ( U&'ﬁﬂue
W= U‘It - - _.(“:\' 1;{(5!.' ‘6\:."1—3
0(9=5'1): (<, pre) “esa (Weag)

U4

Figure A.5.: The definition of ugyo and uj_,.
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A.3. Snake moves

Thus the linear forms uy, = uy, ugpy1, Uy, Upr2 and uj_, in (F*)* are elements of
(Blex=2) 4 ) 4 GOR))E | hence they all vanish on B(®x=2) 4 F() 4+ GO¥) which is
(n — 3)-dimensional. Hence we have induced linear forms

o 7= 1! 2,/ I
Uk Uk4-15 Uk+2, Ups Upy 15, Up 1 o° Vi = F

on the 3-dimensional quotient space Vj, := F/(E(x=2) 4 FB) 1 GOk)),
The flags E, F, G € Flag(F") induce flags E, F, G € Flag(V}) by

E(l) — E(akfl)/E(ak*@ - E(Q) — E(ak)/E(ak*m
F(l) — F(ﬁkH)/p(ﬁk) C f@) — F(ﬁk+2)/F(ﬂk)

GY = gt jgOw) ¢ P = GOt jGom),

as in Appendix A.1. The transversality of (E, F,G) implies that (E, F,G) is transverse

in V, see Lemma A.1.1. In particular, (F,Q) is transverse, and we can choose a basis
{f,g,h} for V} such that

FeFY 5ed™, and h e FP na®?.

Choose a generator e; € E(l). Since (E, F,G) is transverse, the coefficients of &; in the
basis {f,g,h} are non-zero. We can therefore rescale the basis elements in such a way
that

er=f+g+h
Finally, add a vector és to form a basis {€1, é2} of E®. We can without loss of generality

assume that e = yf + zg with y,z € F\ {0}. By definition of the triple ratios and
Proposition A.1.2 we have

T(ak—l,ﬁk-i-l,%-i-l)(Ea F, G) = Tlll(E7 F, é)
e@ A fO g AgD  F2) AgH)

FOAgD e A FD @ A gD
(f+ag+mWAwf+zg)nf (F+g+h)Agnh
fAGAR (f+g+h)ANfAR
fARNAG
(f+g+n)A(yf+29)Ng
_hAzgANf fAGAR fARANG 2 (A1)
 fAGAR GAfAR hAyfAG Yy '

The next step is to express the linear forms uy, uk+1,uk+2,u7€, u) H,u% 4o in the dual
basis {f*,g*, h*}. Recall upy1 — upyo € (E(O‘k_Z) + FBet2) 4 G(W))L, thus Ugy1 — Ukt2
vanishes on F\2) = F(5+2) /F®%). By definition of the dual basis, we have

—_ —_ —%
Uk4+1 — Ug42 = ag
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Appendiz A. Parametrization of configurations of triples of flags by triple ratios

for some 0 # a € F. Similarly, we have uj_ ; +uj_, € (Bler=2) 4 pBr)  GOrt2)) L thus
u}_,; + uj , vanishes on G% = gw+2) /GO®) . Hence

Uiy + Wz = O
for some 0 # b € F. Since uj_ o, = Tugys € (El@x=2) 4 pBetl) 1 GORFDYL the form
Uy, o = TUpy2 vanishes on Y g = FBet1) /pBr)  GOwt1) /GOR) | hence

U o = VU2 = ch*

for some 0 # ¢ € F. Putting everything together we obtain

_ —% —_ —% [

Uk+1 = ag" + Ugy2 = ag +;h

Uy, g = bf* — Uy o = bf* — ch*

_ 1)\ -
w=uz+1—w=bf*‘”§*‘c<”x> "

We recall that

1
U € (E(ak) + FB) 4 G(%))
1L
e € (B 1 PO 1 go0)
1L
U;c_i,_l S (E(akfl) + F(ﬁk) + G(’YkJrl)) ’

and hence wy; vanishes on E(2), Uk+1 vanishes on E(l) + F(l) and u, 41 vanishes on
E(l) + é(l). Remembering that & = f + g+ h and & = yf + 2§ we obtain
0="mug(E1) =b—a—c(l+1)

0= uk+1(él) =a+ %

0=wu (e1)=b—c
0 =ug(e2) =uw(yf +29) = by — az
We solve this system of equations and obtain
(& 4

— — — c —
b=c,a=—7,cy=—572 = T ==

Thus we have shown that z = T(4, —1,8,+1,y,+1) (£, F, G), compare to Equation (A.1),
which finishes the proof. O

Definition A.3.3. A boundary move replaces a snake ¢ ending with
o(n—1) = (1, Bn-1,%-1),
o(n) = (0, Bn-1 +1,7-1)
by a snake ¢’ given by
o'(j) = o(j) for all j <n—1
U/(n) = (0, Bn—1,Vn—1 +1).

The snakes o and ¢’ differ only at the point n.
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A.4. Top and bottom snakes

(4’ Ph-a ).\(N'A) v

(OI (b'\-4+ 1 ) X‘\-‘l)

Figure A.6.: A boundary move.

Proposition A.3.4. Let o and ¢’ be two snakes in ©,,_1 such that ¢’ is obtained from
o by a boundary move. Let B* = {uy,...,u,} and B* = {u),...,u),} be the two bases
of (F™)* associated to (E,F,G) € Flag(F")® by the snakes o respectively /. Then,
after a possible normalization so that u; = v}, we have

o u;, ifi<n-—1,
i = e
Up_1+ Up, ifi=mn

for all = 1,...,n. In particular, we have
Idn—2
TE = 11
01

Proof. For i <n — 1 the snakes 0 and ¢’ agree. Hence u] = u; for all i <n — 1.

Let now i = n. By definition of o, we have u,, = uy," with uy® € (E(O) + F(Bnat1) 4
GOm=1))L such that u,_1 + un® + utf = 0. For o’ we have u/, = —(u/,)"* with (u/,)" €
(EO 4 FBn-1) 1 GOn—1+1) L guch that u!/, | + (ul)"™ + (ul,)"* = 0. Since u, 1 = v, 1,
we have by uniqueness that u,” = (u},)"" and ul! = (u/,)™. Thus

/)rt:_ rt

! _ up _
uy, = —(uy, Uy, = Up—1 + UNP = Up_1 + Up,

which is what we had to prove. O

A.4. Top and bottom snakes

Recall the two special snakes oo, and oy, defined for all k =1,...,n by

otop(k) = (n —k,k —1,0),
Obot (k) = (n — k,0,k — 1),

and the associated bases Bi,, and Bj of (F")" Denote by Biop
= {v|",..., o0 "} and Byoy = {vb°, ..., 0%} the bases of (F")™ = F" dual to By,

respectively B} ,, i.e.
w P (W) = big, up(07%) = 8.
The following proposition tells us how we can recover the transverse triple (E, F, G) from

Biop and B
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Appendiz A. Parametrization of configurations of triples of flags by triple ratios

Lemma A.4.1. For all integers a,b,c > 0 we have

(1) B = (0P, e o) = (0%, on),

(2) FO = (..., 5,P),
(3) GO = (ybot .. yboty,
Proof.

(1) By definition of oyop and By, we have u;”® € Ly = (EM™=F) 4 p:-=D)L  which
implies that w\°?,...,u® € (E®M)L (since if i < k then E®~% C =9 and

hence (E=9)L C (EM=F)L), Now uEOP(U;()p) = 0 if i # j shows that

Ut v € (BT HE = B,
Dimensionality reasons now imply that <fu,t;f1, . ,v%o )= E(=k) which shows the
first claim. The same argument applied to oot and By using Lz‘)t =(FE (n—k) 4
GH=D)L shows that (vp%, ..., vp0t) = E(=h),
(2) As in the proof of (1), we have u”® € (E~%) 4+ F*=D)L Hence u;”, ..., un® €

(F®=D)L (since if i > k then F*~1) C FG~1) and hence (F(—1)L C (Fh-1)L),

Again, u!°P(v'°?) = 0 if i # j shows that
i \Yj

WPl (FED)LyL = plED),
and by dimension reasons we have (viOP, e ,vzo_pl> = pk-1),

(3) The same argument as in the proof of (2) applied to op,04 and Byt implies (3).
U

We defined in Definition 4.3.2 the matrices Ej, = Id,, + Ej j41 for k=1,...,n -1
and Fy, == E|, the transpose of Ey, in GL(n,F). Furthermore, for € F\ {0} and
k=1,...,n we set

Hy(z) = diag(1,...,1,z,...,x).
N— N —
k n—k
With these notations we see from Proposition A.3.2 and Proposition A.3.4 that the
matrix representing the base change of a diamond move at the (k + 1)-st step is

Idg

= EyHyq1(xr) = Hyp1 (x1) Eg,

O
—_

T Idp g2

and the matrix representing the base change of a boundary move is

Idan
1 1 | =E;-1.
01
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A.4. Top and bottom snakes

Proposition A.4.2. Let oy, and oy, be the top and bottom snakes in ©,,_1. Le ;*Op

and B, be the corresponding bases of (F")*. After normalizing such that u}*® = u}°*,

the base change matrix expressing By, in Bf,, is given by

5 n—1 —k—

bot __
Tpr = [[.( I
k=1 i=1

where ; ik = Tin—i—kix(E, F,G) denotes the (i,n—i—k, k)-triple ratio of (E, F, G).

n 1

Hn—i(xi,nik,k)En—i—1> , (A.2)

Proof. The idea of the proof is to modify the top snake oo by a sequence of diamond
and boundary moves until we arrive at the bottom snake oy,o¢. Let us denote o1 := oqp.
We start with one boundary move, followed by n — 2 diamond moves starting at step
n — 1 up to step 2, and we call the snake obtained in this way oo. It is parallel to o1,
slithering only upwards from position 2 on, more precisely,

o2(1) = (n—1,0,0), o2(k) = (n — k,k — 2,1) for all k> 2.

We modify o2 by one boundary move, followed by n — 3 diamond moves at step n — 1

up to step 3 to obtain o3. We continue this process and obtain for all i = 1,...,n
(n—Fk,0,k—1), if k<1,
oi(k) = . . .
n—kk—ii—1), ifk>1

with o, = opot.

~) s~ —~
el ol
L - . . . L] . L] . .
« s s s . . . . . .
.___.__/. ———————
Tn-4 n= Ot

Figure A.7.: The sequence of snake moves from oiop t0 oot
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Appendiz A. Parametrization of configurations of triples of flags by triple ratios

We make use of the following observation: If Ay, A and As are three bases of a vector
space V' then
A Ao i As
Tay = T3 T, -
Denote by Bj the bases associated to (E,F,G) of (F")* by the snake o, for all k =

1,...,n. Let us describe ng. By the above remark, Proposition A.3.2 and Proposi-
tion A.3.4 we obtain the following, remembering the sequence of snake moves from oy
to o09:

B*
TBf =FEn1- (Ho1(x1n—2,1)En—2) - (Hn—2(x2,n—3,1)Fn_3)

(Hp—3(z3n-41)En—a) ...  (Hao(zn-21,)E1)
n—2

=FE, <H Hn—i(xi,n—i—l,l)En—z‘—1> ,
i—1

where g = Tupe(E, F, G) denotes the (abc)-triple ratio for all integers a,b,c > 1 with
a + b+ ¢ = n. Similarly, we obtain

B
Tgi = En-1- (Hp—1(x1,n—32)En—2) - (Hp—2(x2n—12)En—_3)
(Hp—3(x3n-52)En—a) ...  (H3(rn-3,1,2)E2)
n—3
=FE, <H Hn—i(xi,n—i—2,2)En—i—1> :
i1

More generally, from B} to B, the base change is given by

B n—k—1
k+1
TB;; =FE, 1 H Hy—i(@ip—i—k ) En—i1] .
i=1

Putting everything together, we obtain
TBﬁot—ﬁTBZ“—ﬁE (nﬁlﬂ (imini) En s )
Biop _k:1 . _k:1 n—1 i n—i\Tin—i—kk)En—i-1 | -
O

Corollary A.4.3. Let ot and oyt be the top and bottom snakes in ©,_1. Let Biop
and Byt be the to (E, F, G) € Flag(F ")(3) by 0top and ope; associated bases of F™. After

normalizing such that v} = vP°% the base change matrix expressing Biop in Bpoy is
given by
5 . T n—1 k—1
Ty = <TB£::) = 191_11 ((1_[1 Fn—k+i—1Hn—k+z’(ﬂﬁk—i,z‘,n—k)) Fn—1> , (A.3)
= 1=

where g = Tupe(E, F, G) denotes the (abc)-triple ratio for all integers a,b,c > 1 with
a+b+c=n,and Fy :E,I.
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A.5. Proof that triple ratios parametrize

Proof. This follows from Proposition A.4.2 and the following general fact from linear
algebra: If A and A’ are two bases of a vector space V and A* and A™* their dual bases,

then - T
T = (™) = ()

O
A.5. Proof that triple ratios parametrize
We are now ready to prove Theorem 4.1.3, which we recall here.
Theorem 4.1.3 (] , Section 9], | , Theorem 4.1]). Let F be a field, and

(E,F,Q), (E',F',G") € Flag(F")®) two triples of transverse flags. Then there exists
¢ € PGL(F™) with ¢(E,F,G) = (E', F',G") (which is unique by Proposition /.1.1) if
and only if

Tope(E, F,G) = Topo(E', F', G

foralla4+b+c=mn, a,b,c € Nyg.

Furthermore, for all (a,b,c) € N3 such that a + b+ ¢ = n, pick xq. € F\ {0}.
Then there exists a triple of transverse flags (E, F,G) such that Typ.(E, F,G) = xape for
all such (a,b,c) € Nio. Thus there is a one-to-one correspondence between

(n—1)(n—2)

Conf®(F) «— (F\ {0})" =2 .

Proof. We only prove the first part of the statement. It is clear by the definition of the
triple ratios, that if (E, F, G) and (E’, F', G’) are two triples of transverse flags that lie in
the same PGL(F™)-orbit, then their triple ratios agree. For the converse direction, recall
that we would like to show that if (E, F,G) and (E’, F',G’) are two triples of transverse
flags with the same triple ratios, then there exists a unique element in PGL(F") that
sends (E, F,G) to (E', F',G"). Let Biop, Bhot and By, By, be the bases of F" associated
to (E,F,G) respectively (E', F',G’) by the top and bottom snakes oiop and opet in
©,_1, normalized such that v{®® = vt = (v})PP = (v})P°!. Let ¢ € GL(F") be a
linear automorphism that sends Biop to Bi,,. Since (E, F,G) and (E', F',G") have the
same triple ratios, the base change matrix from By, to Biop is equal to the base change
matrix from Bj , to B{Op, see Corollary A.4.3: the base change is completely determined
by the triple ratios. This implies that ¢ maps Byt to By . By Lemma A.4.1, ¢ maps
(E,F,G) to (E',F',G"). Let ¢ € GL(F"™) be another linear automorphism of F" with
the property that it maps (E, F,G) to (E', F',G"), then 1)~! o ¢ stabilizes the transverse
triple (E, F,G). By Proposition 4.1.1, ¢ and 1 define the same element of PGL(F"),
which proves the claim. O
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Appendix B.

Description of the base change by triple
and double ratios

B.1. Associated bases and their base changes

Let (E, F,G) be a transverse triple of flags in F”. We have seen how we can associate
to (E, F,G) two bases of (F")* (and hence, by taking their duals, of F™) by the top
and bottom snakes. It turns out, that if we consider this triple only up to cyclic per-
mutation, we can in fact, associate to (E, F,G) six bases of F" by the top and bottom
snakes: Namely, consider the two bases associated to the triple (F,G, F) and to the
triple (G, E, F) by the top and bottom snakes.

Figure B.1.: The six bases associated to a cyclically ordered triple of transverse flags
(E,F,G).

As in the above figure, we denote them by
Ber, Bec, Bak, Bar, Bra and Brg.

If it is not clear from the context what is the third flag G that determines the basis
corresponding to the line decomposition given by E and F', we sometimes write Begr g
instead of Bgp. Their dual bases will be decorated with an . With this new notation, we
can give an interpretation of the matrices defined in Definition 4.3.2 and Definition 4.3.3
as base change matrices between the above bases.

Proposition B.1.1 (| , Proposition 9.2]). Let (E, F,G) be a transverse triple of
flags in F", and Bgr, Brg, Bar, Bar, Brg and Brg the six projective bases of F”
associated to it by the top and bottom snakes. Then we have the following expressions
for the base change matrices:
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Appendiz B. Description of the base change by triple and double ratios

(1) TE"" = i ((Hfz_ll Fn—k+i—1Hn—k+z’($k—i,i,n—k)) Fnﬂ) = Mg ra),

Bra
(_1)n71

B
(2) Tgrr = = =S,

-1
1

B, — _
(3) TgSF = SM(E{FQS 1

Proof.
(1) This is Corollary A.4.3.
(2) Choose a basis eq, ..., e, of F" such that for all i = 0,...,n

EW =(er,....e)), FO = (en, ... en_iy1), GY = (e1+ ...+ ¢,).

*

Denote by ej,...,e; its dual basis. After normalizing so that u; = ej,, we know

by Example A.2.4 that
w; = (—1)""tei_; . foralli=1,...,n.

On the other hand, the vectors Uy,...,U, € By are defined by the condition
Uiy = -U* € (e}_;q) with U1 + U;P + U* = 0 and U;” € (e,_;.1 —€_;.q)-
Set U; = Mie}, .1, and U;® = Ny(e},_, .1 —el_;,,). By the same argument as in
Example A.2.4 we obtain, using M; = 1 after normalizing such that u; = Uy,

U= Me;, ;11 =€, ;. foralli=1,... n.
(=t

B* n
Thus we have T,.7" = -1 =5, and hence
FE 1
—1
1

TBer _ (TB?:F)_l — (s HT =&

Bre Brg

(3) This follows from linear algebra and (1) and (2), since

Boe _ mBer mBec Bee _ -1 -1
TBFE - TBFE TBEF TBEG - SM(E,F,G)S :

B.2. Double ratios and base changes

We now turn to the question how double ratios and the associated bases defined in
Definition A.2.3 relate. The proof is adapted from | , Proposition 2.17]. We recall
and reprove it here to keep the notation consistent.
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B.2. Double ratios and base changes

Let (E, F,G,H) be a transverse quadruple of flags in F”. The subtriples (E, F, GQ)
and (F,G, H) determine two bases B p = {u1,...,un} (associated to (E,F,G) by
obot) and By i = {Ui, ..., Un} (associa%ed to (E,G, H) by 0top). Both correspond to
the line decomposition Ly = (EM™~F) 4 GE=D)L of (F7)*.

E Beve & *

Figure B.2.: The subtriples (E,F,G) and (E,G,H) of the transverse quadruple
(E,F,G,H).

Proposition B.2.1 (] , Lemma 9.3]). Let (E, F,G, H) be a transverse quadruple
of flags in F" and B p = {u1,...,un} and Byg y = {Ui,...,Uyn} as above. After
normalizing such that vy = Uy, we have for all 1 <i <n

1
U’ - Ug,
i dper

where dy, '= Dy (E, G, F, H) is the k-th double ratio of (E, G, F, H) forallk =1,...,n—1.
In particular, the base change matrix expressing B,  in the basis By, p is diagonal,
namely

Bra.n . 1 1 1 1
TB*EG’F - dlag(l’ dnfl ’ dn72dnfl e dn—i+1'-~~'dn71 [ dl'-n'dnfl)
1
1
dnfl
1
- dn—2dn—1
1
dyodn_1
Proof. Choose a basis ey, ..., e, of F" such that for all : =0,...,n

ED =(er,....e)), GYD = (en,....en_iy1), FY = (e1+ ... 4+ ¢,).
Denote by e, ..., e% its dual basis. Pick 0 # h € HM) and write h = > j=1 hje; with

0# hjeFforall j=1,...,n Recall that D;(E,G, F, H) depends only on the flags E
and G, and the one-dimensional subspaces F(!) and H® of the flags F' respectively H.
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Appendiz B. Description of the base change by triple and double ratios

We compute
d; =D;,(E,G,F,H)
1N AeiNep Ao Neipa A (D05 €5)
61/\.../\ei/\en/\.../\eHg/\(Z?ZIhjej)
erN...Ne—1 /\en/\.../\eiﬂ/\(zyzl hjej) h;

61/\.../\ei_l/\en/\.../\eiH/\(Z?Zlej) B hi-i—l.

Similar to Example A.2.4 (by swapping the roles of F' and G), we have that
. . 1
(E(n_z) + G(z_1)> - <617 ey Cp—iy€Eny .. 7677,77:+2>L - <6:<7,—i+1>7

. . 1 n
(E(”fl) + FO 4 G(%Q)) = (e1,...,En—i, Z €jseny .- - ,en_i+3>J‘
j=1

= (€n—it1 — €n_ita), and

. . 1 n
(E("ﬂ) + G2 4 H(1)> = (€1, -y Cniy ey Cnit3, Z hje;j, V= (u),
j=1

with u € <6;—i+1767*1—i+2> and h € ker(u). Let u = € _ir1 T pey_ ;. o for some p € F.
We then have 0 = u(h) = (e}i_;,; + M624+2)(Z?:1 hjej) = hp—it1 + php—it2, which
hn—i+1

implies that p = i T dn—i+1, and thus

* *
u € (en_ijt1 + dn—it1€_i12)-

Recall that the vectors uq,...,u, and Uy, ..., U, are defined recursively. We normalize
such that uy = ej,. Since By is associated to (E, F,G) by onet (see Figure B.2) we

have u; = —uf* € (e_,. 1) with ui_1 +u;” +ul* =0 and u;® € (e} _,, | —er ;. 5). Set
u; = pi€e)_; i1, and u;” = vi(€_ip1 — €5 _iio). Putting it together we obtain
* * * *
0= Hi—1€p_jt2 + Vi(en—i—H - en—i—i—?) T Hi€p_ip1 = i = Vi = fli-1,
and thus, using p1 =1,

Ui = i€y ;i1 =€y ;i q foralli=1,... n.

Similarly Bj, 5 is associated to (E, G, H) by oop (see Figure B.2), hence U; = U;® €
(ef iyq) with Uiy + U;P + U = 0 and U/ € (u) = (€}_; 1 + dn—iv1€}_; o). Set
U; = Mse;_;., and Ut = Ni(ey_i 1+ dniy1€)_;. o). Again we obtain

* * * *
0= M, 1€, ;1 o9+ Mey ;11 + Ni(e, i1+ dnivien ;1)

M,;_
— M; =—-N; = Ul ,
dn—it1
and thus, using M; =1,
M;_
Ui = Miey_i1q = #62—141
dp—i+1
1 . 1
= €, _ = U,
Apivtevedpr " i dy
for all i = 1,...,n, which is what we had to prove. ]
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B.3.  Proof of the description of the base change

Note that this result together with the remark in the proof of Corollary A.4.3 implies
that the base change matrix is

B .
T S = diag(1,dn—1,dp—2dn_1,...,d1 ... dn_1) = D(g pc o)

Bea,F

where the latter was defined in Definition 4.3.3.

B.3. Proof of the description of the base change

In this appendix we prove Theorem 4.3.4, which we recall here.

Theorem 4.3.4 (| , Proposition 9.2]). Let (Fi,...,Fy) € Flag(F")*) be a trans-
verse k-tuple of flags associated to a polygon P with k vertices x1, ..., xy in clockwise or-
der around the polygon. Assume either that there exists 4 < j < k—2 so that (F1, Fy, F3)
and

(1) ( ]+27FJ7FJ+1) or

(2) (Fjt1, Fjt2, )

have the same triple ratios, and let ¢ € PGL(F") be the element that maps (F1, Fa, F3)
to the corresponding triple. Then, in the respective cases, there exists a basis of F™ in
which @ is represented by

(1) My = (T Dity) (TI5E 0 DiSM;'S7Y), or

(2) M, = My (H DM) (Hl 4 DiSM'S )Dk,g,

where the D; and M; are defined as above associated to the ideal triangulation &; as
described before.

For the definition of the matrices D;, M; and S we refer to Section 4.3. The idea
of the proof comes from the following observation in the proof of Theorem 4.1.3 in
Appendix A.5, which showed us how to find an explicit matrix in GL(n,F) representing
the linear automorphism ¢ that maps (E, F,G) to (E', F',G’). Indeed, if A and A are
two bases of an n-dimensional F-vector space V', and ¢ € GL(V) is such that ¢(A) = A/,
then

MA W) =17,

where M ;‘l‘(z/)) € GL(n,F) denotes the matrix representing the linear isomorphism 1
in the basis A. Recall that if (E,F,G) and (E', F',G’) have the same triple ratios,
¢: (E,F,G) — (E', F',G'") is the automorphism of F” with the property

¥ (Bmp) B;

top?

where Biop and By, denote the bases of F" associated to (£, F, G) respectively (£, F', G")
by the top snake oop in ©,_1. By the above remark, we obtain

Btop Béop
Mgmp (p) = TBtOp :

99



Appendiz B. Description of the base change by triple and double ratios

top

We would like to give an explicit description of Ty °”, which involves the triple and

double ratios of all the subtriples and -quadruples of (Fy,y ..., Fy) smgled out by the

triangulation £ of the polygon P. Similarly, we could also consider TBfO:'

Proof of Theorem 4.5.4. We use the triangulation £ = &; from Section 4.3 to describe
the base change matrix from the basis B := Br,r, F, to the basis B’ := Bp, i1 P,y 10
case (1). By the above remarks this matrix sends (F1, Fs, F3) to (Fji2, Fj, Fjt1), and
we will show that it is equal to the desired product.

Every directed diagonal e;, 1 = 1,...,k — 3, in the triangulation £ defines two bases
B} and Bf of F™ (corresponding to the line decomposition given by the flags at the
endpoints of e;), which are associated to the triple of flags of the triangle lying to the
right and to the left of the diagonal. Observe that B = B and set Bj,_, = B'. We
obtain

k—3
/ Br
T8 = HTB Ty*.

From Proposition B.1.1(1) and (3) it follows that

Bz‘r+1_ Mi, iflgigk_j_l’
E SM;S™, ifk-j<i<k-3,
foralli=1,...,k— 3. From Proposition B.2.1 and a close observation of the definition

of quadruple of flags associated to an oriented edge, it follows that

TBlZ = Dz

foralli=1,...,k — 3, which proves the claim.
For (2), we describe the base change matrix from the basis B := Bp,, r, to the basis
B' = Br,F; , F;,,- We observe that

/ Bi 4 k 3
7§ = <H Tor T > s o =M,
by the same arguments as before. O

B.4. Total positivity of the base change

We prove that the matrices M, defined in the last theorem are totally positive. This
will immediately imply Theorem 5.2.3, which we recall here.

Theorem 5.2.3 ([ , Theorem 9.3]). Under the hypotheses and conclusions of The-
orem 4.5.J, if we additionally assume that (Fy,...,F}) € Flag(IF")(k’*) s a positive
k-tuple of flags, then M is a totally positive matriz.

We need some preliminary results about totally positive matrices. We begin by
recalling Cauchy-Binet’s formula, see for example | , Chapter 1]. Let B be an
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B.4. Total positivity of the base change

n x n-matrix over any field. For 1 <14y < ... <i, <mand 1 <j; <... < jp, <n denote

by
Zg<?h..wip>
J1,--- 7.717
the p x p-minor of B obtained by taking the determinant of the submatrix of B with

TOWS 11, ...,i, and columns ji,...,j,. If B,C, D are n x n-matrices over any field and
B = CD, then Cauchy-Binet’s formula states that

yenn,t Tyenn,t ki,...,k
B (i) Z o w)za(_’ p)
<]1,...,jp> Z (kl,...,kp Jis-sJp

1<ki<..<kp<n

If B is invertible, we have

p . .
— ila"-ai (_1)Zk:11k+ﬂc j/v"'7.j/—
(i) S s ()

jla"'vjp det B AEREERX

y» ‘n—p

where i < ... <, ,and j; < ... < jj_, are so that {i1,...,dip} U {i],... 0 ,} =

{1,...,n}and {j1,...,Jpy U{j1, s dnp} ={1,...,n}.

The following lemma about products of totally positive/non-negative (upper/lower
triangular) matrices (see Definition 5.2.1) is a direct application of this formula and is
classical.

Corollary B.4.1. Let [F be an ordered field.

(1) The product of a totally positive matrix with a totally non-negative matrix is
totally positive. The same holds true if we restrict to the set of upper or lower
triangular matrices.

(2) The product of a totally positive lower triangular matrix with a totally positive
upper triangular matrix is totally positive.

Proposition B.4.2. If (E, F,G) € Flag(F")31) then Mg F,q) is totally positive lower
triangular, and SM (_El F G)S’ —1 is totally positive upper triangular.

The second part of the proposition follows from the first part together with the
following more general statement.

Lemma B.4.3. Let F be an ordered field. Let M € GL(n,F) be a totally positive lower
triangular matrix. Then SM~1S~! is totally positive upper triangular.

Proof. Tt is clear that SM~1S~! is upper triangular. Note that S~! = (=1)""1S. We
make use of Cauchy-Binet’s formula, the shape of S and M, and expressing the minors

of M~1 in terms of the minors of M. By | , Theorem 2.8] we only need to prove
that
1,...,k
SM=tsTh (. ot >0
( >(]+1,...,j+k>
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Appendiz B. Description of the base change by triple and double ratios

forall j =0,...,n—kand k=1,...,n. We compute

1.k
J41,..., 54k

_(_1\(n—D)k 1,...,k -1 n—k+1,...,n
(=1) S(n—k—i— ,...,n) M <n—(j+k)+1,...,n—j

'S<n—U+%O+L“wn—j)

(&w4s4)(

J+1,...,0+k
1 L...,n—(G+k,n—j+1,....n
— M ’ ’ ’ ) ) >0
det M < 1,...,.n—k ’
since M was assumed to be totally positive lower triangular, and j < n — k. O

Proof of Proposition B.4.2. We recall the definition of

n—1 k—1
M =Mgrag = H ((H Fn—k+i—1Hn—k+i(iUk—i,i,n—k)) Fn—l) :

k=1 i=1
To simplify notation we set
k-1
By, = <H Fnk+z’1an+i($ki,i,nk)> Fo_1.
i=1

Then M = By - ... - B,_1. We investigate the structure of By more closely, and we see
that forall k=1,...,n—1

Idy— (k11

Bk — il X1
12 X192

k—1 k—1
Hj:l T Hj:l Zj

for some positive elements x1,...,z5_1 € F (the x;’s that appear in the By’s are exactly
the triple ratios of (F, F, G) but we only care about their positivity and not their exact
value, which is why for simplicity we omit the indices). It is clear that M is lower
triangular totally non-negative, since all By’s are. To check total positivity of M it
suffices to verify that

M<n—{+1,:j..,n) >0forallj=1,...,n

by | , Proposition 2.9] (beware of different notions in the reference: what we call
total non-negativity in this thesis is called total positivity, and what we call total pos-
itivity is called strict total positivity). We again use Cauchy-Binet’s formula and the
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shape of the By’s. Let us begin with the case j = 1 for simplicity:

M (ZL) - 12;”(31 o By (,;) . ({)
=(B1-...-By_s) <Z> 5 G)
_ B, (nﬁ1> By (Z:;) B, (;) . (f) g

by the definition of the By’s and the fact that all x; are positive. For 1 < j < n the
general formula is given by

M(n—{—i—l,...,n) By B;) (n—j—i-l,...,n)

.y ] n—j7j4+1,....n

(n—J7+1,....n ' n—7,...,n—1
B <n—j,...,n—1>BJ“ <n—j—1,...,n—2>

3,...,+2 2,...,7+1
- B2 (2,...,j+1> Bn ( 1,...,j >
Since all of the above factors are determinants of triangular matrices with positive entries
on the diagonal, we obtain for all j =1,...,n that

M(n—j—i—l,.:.,n) >0,
1,...,J

which is what we had to prove. O

Proof of Theorem 5.2.53. In the first case we are in the situation of Theorem 4.3.4 (1).
Using the definitions of D;, M; and S as before, we obtain that

k—j—1 k—3
M, = ( 11 D,-Mi> I Ditsa;'s™
i=1 i=k—j
is a matrix representing ¢ € GL(F") that satisfies @(F1, Fa, F3) = (Fjyo, Fj, Fj+1).
Since (F1,...,Fy) is by assumption a positive k-tuple of flags, the triple and double
ratios of all subtriples respectively -quadruples of flags are positive (see the discussion
after Definition 5.1.3)—in particular those, that we obtain from the triangulation &;
defined before Theorem 4.3.4.

Proposition B.4.2 then implies that M; is totally positive lower triangular and
SMi_lS_1 is totally positive upper triangular for all ¢ = 1,...,k — 3. Furthermore,
the matrices D; are diagonal with only positive entries on the diagonal, since all double
ratios are assumed to be positive, and conjugation by S~! preserves positivity. Thus,
by Corollary B.4.1 (1), D;M; and Di(SMiflS ~1) are totally positive lower respectively
upper triangular for all ¢ = 1,...,k — 3. The assumption 4 < j < k — 2 assures that
both of the above products in M, are non-empty. Corollary B.4.1 (2) implies that M,
is totally positive.

In the second case, we apply Theorem 4.3.4 (2), and obtain the result by the same
arguments as before. O
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