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Abstract. Let p ≥ 2 and q ≥ 1 be any integers, and let Hp,q be the pseudo-Riemannian
hyperbolic space of signature (p, q). We prove that if Γ is the fundamental group of a closed
aspherical p-manifold, then the set of representations of Γ to PO(p, q + 1) which are convex
cocompact in Hp,q is a union of connected components of Hom(Γ,PO(p, q + 1)). More gen-
erally, we show that if Γ is any finitely generated group with no infinite nilpotent normal
subgroups and with virtual cohomological dimension p, then the set of injective and discrete
representations of Γ to PO(p, q + 1) preserving a non-degenerate non-positive (p − 1)-sphere
in the boundary of Hp,q is a union of connected components of Hom(Γ,PO(p, q + 1)). This
gives new examples of higher-dimensional higher-rank Teichmüller spaces.
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1. Introduction

Teichmüller theory has a long and rich history. The Teichmüller space of a closed surface S
of genus ≥ 2 is a fundamental object in many areas of mathematics. It can be viewed both as
a moduli space for marked complex structures on S or, via the Uniformization Theorem, as a
moduli space for marked hyperbolic structures on S. In this second point of view, the holonomy
representation of the fundamental group π1(S) naturally realizes the Teichmüller space of S as
a connected component of the G-character variety of π1(S) for G = PSL(2,R), corresponding to
the image, modulo conjugation by G at the target, of a connected component of Hom(π1(S), G)
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consisting entirely of injective and discrete representations. Here Hom(π1(S), G) denotes the
set of representations of π1(S) to G, endowed with the compact-open topology.

An interesting and perhaps surprising phenomenon, which has led to a considerable amount of
research in the past twenty years, is that for certain real semi-simple Lie groups G of higher real
rank such as SL(n+1,R), Sp(2n,R), or O(2, n) for n ≥ 2, there also exist connected components
of Hom(π1(S), G) consisting entirely of injective and discrete representations, and which are
non-trivial in the sense that they are not reduced to a single representation and its conjugates
by G. The images in the G-character variety of these components are now called higher(-rank)
Teichmüller spaces. By work of Choi–Goldman [CG] (for G = SL(3,R)), Fock–Goncharov
[FG], and Labourie [L], these higher-rank Teichmüller spaces include Hitchin components when
G is a real split simple Lie group, which were first investigated in the pioneering work of
Hitchin [H]. By work of Burger–Iozzi–Wienhard [BIW1], higher-rank Teichmüller spaces also
include maximal components when G is a real simple Lie group of Hermitian type, where
the Toledo invariant (a topological invariant generalizing the Euler number) is maximized.
See [BIW2] for details. More recently, new higher-rank Teichmüller spaces were discovered in
[BeP, BCGGO, GLW, BGLPW], consisting of so-called Θ-positive representations of surface
groups introduced by Guichard–Wienhard [GW2, GW3], when G = O(p, q) for p 6= q or
G is an exceptional simple real Lie group whose restricted root system is of type F4; this
conjecturally gives the full list of higher-rank Teichmüller spaces, see [GW2]. The richness
of this very active higher-rank Teichmüller theory (see [BIW2, W, P2]) comes from the many
similarities between higher-rank Teichmüller spaces and the classical Teichmüller space of S:
see for instance [H, CG, FG, L, LM, BIW1, GW1, GMN1, GMN2, BD, BCLS, Z, LZ, BuP,
BeP, BCGGO, GLW, BGLPW].

It is natural to try to generalize the theory further by considering what could be called
higher-dimensional higher-rank Teichmüller theory (or higher higher Teichmüller theory for
short); this idea appears for instance in Wienhard’s ICM survey [W, § 14]. The goal would be,
for certain closed topological manifolds N of dimension n > 2, to find connected components
of representations from π1(N) to higher-rank semi-simple Lie groups G which consist entirely
of injective and discrete representations and are non-trivial as above, and to study their im-
ages in the G-character variety of π1(N). We are particularly interested in such higher higher
Teichmüller spaces for which the connected component in Hom(π1(N), G) contains a represen-
tation with Zariski-dense image in G.1 To our knowledge, for simple G, such higher higher
Teichmüller spaces have so far been shown to exist only for G = PGL(n+ 1,R) or G = O(n, 2)
(see Section 1.1 just below). In the present paper we give new examples where G can be any
indefinite orthogonal group O(p, q + 1) with p ≥ 2 and q ≥ 1.

1.1. Previously known higher higher Teichmüller spaces and new examples. Firstly,
in the context of real projective geometry, Benoist [Be2] proved that for any closed topolog-
ical manifold N of dimension n ≥ 2, if the fundamental group π1(N) has no infinite nilpo-
tent normal subgroups, then the set of injective and discrete representations from π1(N) to
G := PGL(n + 1,R) which are holonomies of convex projective structures on N is closed in
Hom(π1(N), G). This set is also open in Hom(π1(N), G) by earlier work of Koszul [Ko], and
so it is a union of connected components of Hom(π1(N), G).

1By contrast, there exist rigid situations where all representations in the connected component factor through
a semi-simple Lie group of real rank one inside G (see e.g. [P1, KM]), or where the only non-trivial way to deform
a representation inside G is through a compact group centralizing its image (see e.g. [KKP, Kl]).
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In many examples such connected components are non-trivial, and so their images in the
G-character variety of π1(N) are higher higher Teichmüller spaces in the sense above. This is
the case for instance if N is a closed real hyperbolic n-manifold with a closed totally geodesic
embedded hypersurface: then bending à la Johnson–Millson [JM] can be used to continu-
ously deform the natural inclusion π1(N) ↪→ Isom(Hn) = PO(n, 1) ↪→ PGL(n + 1,R) = G
(given by the holonomy representation) into representations with Zariski-dense image inside
Hom(π1(N), G). Interesting examples are also obtained using Vinberg’s theory [V] of linear
reflection groups: see [Be3, CLM].

We note that closedness in the case that N is a closed real hyperbolic n-manifold was first
proved by Choi–Goldman [CG] for n = 2 and by Kim [Ki] for n = 3. See also [CT2] for
an expository proof when π1(N) is Gromov hyperbolic. Benoist’s result was extended by
Marseglia [Ma] to holonomies of convex projective structures of finite Busemann volume on N
when N is not necessarily closed, and by Cooper–Tillmann [CT1] to holonomies of certain
convex projective structures with generalized cusps (recovering also Benoist’s result [Be2] with
a different proof).

Secondly, higher higher Teichmüller spaces were found in the context of anti-de Sitter geome-
try (i.e. Lorentzian geometry of constant negative curvature). Indeed, Mess [Me] (for n = 2) and
Barbot [Ba] (for general n ≥ 2) proved that for any closed real hyperbolic n-manifold N with
holonomy representation σ0 : π1(N) → Isom(Hn) = PO(n, 1) = O(n, 1)/{±I}, the connected
component of (a lift of) σ0 composed with the natural inclusion O(n, 1) ↪→ G := PO(n, 2)
in Hom(π1(N), G) consists entirely of injective and discrete representations. Again, such con-
nected components are non-trivial, and in fact contain representations with Zariski-dense image
in G, as soon as N admits a closed totally geodesic embedded hypersurface, using bending:
see [Kas, § 6]. (For n = 3, see also [MST, Th. 1.20] for non-trivial deformations obtained by
combining several bendings along intersecting hypersurfaces, in some special situation.)

One of the results of the present paper is the following generalization of Barbot’s result to
pseudo-Riemannian geometry of any signature (p, q), whereG = PO(p, q+1) = O(p, q+1)/{±I}.
Theorem 1.1. Let p ≥ 2 and q ≥ 1 be integers. Let N be a closed real hyperbolic p-manifold
with holonomy representation σ0 : π1(N)→ PO(p, 1), and let ρ0 : π1(N)→ PO(p, q+ 1) be the
composition of a lift of σ0 to O(p, 1) with the natural inclusion O(p, 1) ↪→ PO(p, q + 1). Then
the connected component of ρ0 in Hom(π1(N),PO(p, q + 1)) consists entirely of injective and
discrete representations.

Using bending, the connected components in Theorem 1.1 are non-trivial, and in fact contain
representations with Zariski-dense image in G = PO(p, q+ 1) (or PSO(p, q+ 1)), as soon as N
admits q closed totally geodesic embedded hypersurfaces which pairwise do not intersect: see
Appendix A.

Our results are actually more precise and general than Theorem 1.1, as we now explain.

1.2. Hp,q-convex cocompact representations. Convex cocompactness is a classical notion
in the theory of Kleinian groups: recall that a discrete subgroup Γ of the group PO(p, 1) of
isometries of the real hyperbolic space Hp is said to be convex cocompact if it acts properly
discontinuously and cocompactly on some non-empty closed convex subset C of Hp. In that
case, Γ is finitely generated and Gromov hyperbolic: triangles in its Cayley graph (with respect
to any given finite generating subset) are uniformly thin. Convex cocompact subgroups of
PO(p, 1) admit various geometric, topological, and dynamical characterizations that make them
a particularly rich and interesting class of discrete subgroups.
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Inspired by work of Mess [Me] and Barbot–Mérigot [BM, Ba] for the anti-de Sitter space
AdSp+1 = Hp,1, the notion of convex cocompactness was extended in [DGK1] to the setting
of discrete subgroups of the isometry group PO(p, q + 1) of the pseudo-Riemannian hyperbolic
space Hp,q of signature (p, q) for any integers p ≥ 1 and q ≥ 0. By definition, Hp,q is the
pseudo-Riemannian symmetric space PO(p, q + 1)/O(p, q), which can be realized as an open
set in projective space as

Hp,q =
{

[v] ∈ P(Rp+q+1) | b(v, v) < 0
}

where b is any non-degenerate symmetric bilinear form of signature (p, q + 1) on Rp+q+1. For
q = 0, this is the real hyperbolic space Hp. For q = 1, this is the (p + 1)-dimensional anti-de
Sitter space AdSp+1, which is a Lorentzian counterpart of Hp. In general, Hp,q has a natural
pseudo-Riemannian structure of signature (p, q) with isometry group PO(p, q + 1), induced by
the symmetric bilinear form b (see Section 2.2); it has constant negative sectional curvature,
which makes it a pseudo-Riemannian analogue of Hp. Similarly to Hp, the space Hp,q has a
natural boundary at infinity

∂∞Hp,q =
{

[v] ∈ P(Rp+q+1) | b(v, v) = 0
}
.

Recall that a subset of projective space is said to be convex if it is contained and convex in
some affine chart; it is said to be properly convex if its closure is convex. Unlike Hp, for q ≥ 1
the space Hp,q is not a convex subset of the projective space P(Rp+q+1). However, the notion
of convexity in Hp,q still makes sense: a subset C of Hp,q is said to be convex if it is convex
as a subset of P(Rp+q+1), or equivalently, from an intrinsic point of view, if any two points
of C are connected inside C by a unique segment which is geodesic for the pseudo-Riemannian
structure. We say that C is properly convex if its closure C in P(Rp+q+1) is convex.

The notion of Hp,q-convex cocompactness introduced in [DGK1] is the following.

Definition 1.2 ([DGK1, Def. 1.2]). A discrete subgroup of PO(p, q+1) isHp,q-convex cocompact
if it acts properly discontinuously and cocompactly on a closed properly convex subset C of
Hp,q, with non-empty interior, such that the boundary at infinity ∂∞C := C ∩ ∂∞Hp,q of C
does not contain any non-trivial projective segments.

A representation of a discrete group into PO(p, q+1) is Hp,q-convex cocompact if it has finite
kernel and Hp,q-convex cocompact, discrete image.

As in the classical case of Kleinian groups, if a discrete subgroup of PO(p, q + 1) is Hp,q-
convex cocompact, then it is finitely generated and Gromov hyperbolic: see [DGK1, Th. 1.7]
and [DGK2, Th. 1.24]. Moreover, the virtual cohomological dimension vcd(Γ) of Γ (an invariant
of finitely generated groups measuring a notion of their “size”, see Section 2.6) is bounded above
by p [DGK2, Cor. 11.10]. We note that Definition 1.2 fits into a general notion of strong convex
cocompactness in projective space developed in [DGK2]: see [DGK2, Th. 1.24].

An important feature2 is that Hp,q-convex cocompactness is an open condition: see [DGK1,
Cor. 1.12] and [DGK2, Cor. 1.25]. In the present paper, for p ≥ 2 and q ≥ 1, we prove that
Hp,q-convex cocompactness is also a closed condition when Γ is “sufficiently large” in the sense
that vcd(Γ) = p is maximal.

Theorem 1.3. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a Gromov hyperbolic group with
vcd(Γ) = p. Then the set of Hp,q-convex cocompact representations of Γ is a union of connected
components of Hom(Γ,PO(p, q + 1)).

2This feature uses the assumption that ∂∞C contains no segment, and is not true without it, see [DGK3].
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Gromov hyperbolic groups Γ with vcd(Γ) = p include in particular all fundamental groups
of closed real hyperbolic p-manifolds. In general, if vcd(Γ) = p ≥ 2 and if Γ admits an
Hp,q-convex cocompact representation, then the Gromov boundary of Γ is homeomorphic to a
(p − 1)-dimensional sphere [DGK2, Cor. 11.10]. Moreover, in that case Γ is (up to passing to
a finite-index subgroup) the fundamental group of a closed aspherical differentiable manifold:
this follows from [ABBZ] for q = 1 and from the recent work [SST] for general q ≥ 1 and p ≥ 2.
(For p ≥ 6, Bartels–Lück–Weinberger [BLW] proved that in general, any Gromov hyperbolic
group with Gromov boundary a (p− 1)-sphere is the fundamental group of a closed aspherical
topological manifold.)

Here is an immediate consequence of Theorem 1.3, which improves Theorem 1.1.

Corollary 1.4. Let p ≥ 2 and q ≥ 1 be integers. Let N be a closed real hyperbolic p-manifold
with holonomy representation σ0 : π1(N)→ PO(p, 1), and let ρ0 : π1(N)→ PO(p, q+ 1) be the
composition of a lift of σ0 to O(p, 1) with the natural inclusion O(p, 1) ↪→ PO(p, q + 1). Then
the connected component of ρ0 in Hom(π1(N),PO(p, q + 1)) consists entirely of Hp,q-convex
cocompact representations.

Indeed, one readily checks that in this setting ρ0 : π1(N) → PO(p, q + 1) is Hp,q-convex
cocompact (one can take for C a neighborhood of a copy of Hp inside Hp,q).

The Hp,q-convex cocompact representations in Corollary 1.4 could be called Hp,q-quasi-
Fuchsian, by analogy with the theory of Kleinian groups.

Remark 1.5. Theorem 1.3 was previously proved by Barbot [Ba] in the Lorentzian (anti-de
Sitter) case where q = 1. See also the work of Mess [Me] for p = q+1 = 2. Theorem 1.3 was also
known for p = 2 (and q arbitrary), see [DGK1, § 7.2], [DGK2, Cor. 11.15], and [CTT]: in that
case, Γ is a closed surface group and the connected component of ρ0 in Hom(Γ,PO(2, q + 1))
consists of maximal representations in the sense of [BIW1, BIW3].

Theorem 1.3 is classically true also for q = 0. Indeed, assume for simplicity that Γ is torsion-
free. For vcd(Γ) = p ≥ 2, a representation from Γ to PO(p, 1) is (Hp,0-)convex cocompact if
and only if it is injective and discrete. For p = 2, we have Γ = π1(S) for some closed hyperbolic
surface S and the injective and discrete representations of Γ into PO(p, 1) make up one (or two,
reversing orientation) connected component(s) of representations, whose image in the character
variety of π1(S) is the Teichmüller space of S. For p ≥ 3, there is only one injective and discrete
representation of Γ into PO(p, 1) modulo conjugation, by Mostow rigidity.

Remark 1.6. Theorem 1.3 is not true for p = 1. Indeed, in that case, up to replacing Γ by
a finite-index subgroup, it is a free group and Hom(Γ,PO(p, q + 1)) is connected and contains
representations that are not Hp,q-convex cocompact (e.g. the constant representation).

Remark 1.7. Theorem 1.3 is not true in general for 1 ≤ vcd(Γ) < p. Indeed, if vcd(Γ) = 1,
then Γ is a free group up to finite index and we conclude as in Remark 1.6. For 2 ≤ k < p, sup-
pose that Γ = π1(N) for some closed hyperbolic k-manifold N with a closed totally geodesic
embedded hypersurface H separating N into two connected components N1 and N2. Then
vcd(Γ) = k. The holonomy representation of N (with values in PO(k, 1)) lifts to a representa-
tion into O(k, 1) which, composed with the natural inclusion O(k, 1) ↪→ PO(p, q+ 1), yields an
Hp,q-convex cocompact representation σ0 : π1(N)→ PO(p, q+1). The group σ0(π1(H)) is con-
tained in a copy of O(k− 1, 1) in PO(p, q+ 1), and the centralizer of σ0(π1(H)) in PO(p, q+ 1)
is isomorphic to O(p− k + 1, q). Bending à la Johnson–Millson [JM] along H using a compact
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one-parameter subgroup of this O(p− k+ 1, q) yields a continuous family (σθ)θ∈R/2πZ of repre-
sentations from π1(N) to PO(p, q + 1), containing σ0, such that σπ takes values in O(k, 1) but
is not injective and discrete (hence not Hp,q-convex cocompact). Indeed, the preimage of H
in the universal cover Ñ ' Hk divides Hk into connected components, each of which projects
to either N1 or N2. One easily constructs a (σ0, σπ)-equivariant map f : Hk → Hk which is
isometric in restriction to any of these connected components. The fact that f is 1-Lipschitz
and not an isometry then implies that σπ cannot be injective and discrete, by [GK, Prop. 1.13].
(Alternatively, for k ≥ 3 one can argue using Mostow rigidity.)

Recall that a Lorentzian manifold is called anti-de Sitter (or AdS for short) if its sectional
curvature is constant negative. It is called globally hyperbolic if it is causal (i.e. contains no
timelike loop) and if the future of any point intersects the past of any other point in a compact
set (possibly empty). Here is another consequence of Theorem 1.3.

Corollary 1.8. For p ≥ 2 and q ≥ 1, let N be a closed p-manifold, let τ0 : π1(N)→ PO(p, 2)
be the holonomy of a globally hyperbolic AdS spacetime homeomorphic to N × R, and let ρ0 :
π1(N)→ PO(p, q+1) be the composition of a lift of τ0 to O(p, 2) with the natural homomorphism
O(p, 2) → PO(p, q + 1). Then the connected component of ρ0 in Hom(π1(N),PO(p, q + 1))
consists entirely of Hp,q-convex cocompact representations.

Indeed, τ0 : π1(N)→ PO(p, 2) is Hp,1-convex cocompact by [Ba, Th. 1.4] and [BM, Th. 1.1],
hence ρ0 is Hp,q-convex cocompact by [DGK2, Th. 1.16 & 1.24].

The manifolds N in Corollary 1.8 include all closed p-manifolds admitting a real hyperbolic
structure, but also exotic examples where π1(N) is not isomorphic (nor even quasi-isometric)
to a lattice of PO(p, 1): such examples were constructed by Lee–Marquis [LM1] for 4 ≤ p ≤ 8
(using Coxeter groups) and by Monclair–Schlenker–Tholozan [MST] for any p ≥ 4 (using
Gromov–Thurston manifolds). Some of these examples from [LM1, MST] admit non-trivial
continuous deformations (even with Zariski-dense image: see Appendix A) in G = PO(p, q+ 1)
(or PSO(p, q+1)), for q > 1, and so we obtain in this way new higher higher Teichmüller spaces
for Gromov hyperbolic groups that are not quasi-isometric to lattices of PO(p, 1).

We note that there also exist Gromov hyperbolic groups Γ with vcd(Γ) = p that admit
Hp,q-convex cocompact representations for some q ≥ 2, but no Hp,q-convex cocompact repre-
sentations for q = 0 or 1: an example of a Coxeter group satisfying this property was recently
constructed by Lee–Marquis [LM2] for p = 4. This example is rigid, but we expect the existence
of other non-rigid examples, which would provide additional concrete examples of higher higher
Teichmüller spaces obtained from Theorem 1.3.

1.3. Link with Anosov representations. Anosov representations are representations of in-
finite Gromov hyperbolic groups Γ to semi-simple Lie groups with finite kernel and discrete
image, defined by strong dynamical properties. They were introduced by Labourie [L] and fur-
ther studied by Guichard–Wienhard [GW1] and many other authors. They play a major role
in recent developments on discrete subgroups of Lie groups. All known examples of higher-rank
Teichmüller spaces (associated to surfaces) consist entirely of Anosov representations of surface
groups [L, BILW, GLW].

By definition, a representation ρ : Γ→ PO(p, q+1) is P1-Anosov if there exists a continuous,
ρ-equivariant boundary map ξ : ∂∞Γ→ ∂∞Hp,q which

(i) is injective and even transverse: ξ(η) /∈ ξ(η′)⊥ for all η 6= η′ in ∂∞Γ,
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(ii) has an associated flow with some uniform contraction/expansion properties described
in [L, GW1].

We do not state condition (ii) precisely, but refer instead to Definition 2.17 below for an alter-
native definition using a simple condition on eigenvalues, taken from [GGKW]. A consequence
of (ii) is that ξ is dynamics-preserving : for any infinite-order element γ ∈ Γ, the element
ρ(γ) ∈ PO(p, q+ 1) admits a unique attracting fixed point in ∂∞Hp,q, and ξ sends the attract-
ing fixed point of γ in ∂∞Γ to this attracting fixed point of ρ(γ) in ∂∞Hp,q. In particular, by a
density argument, the continuous map ξ is unique, and the image ξ(∂∞Γ) is the proximal limit
set Λρ(Γ) of ρ(Γ) in ∂∞Hp,q, i.e. the closure of the set of attracting fixed points of elements ρ(γ)
for γ ∈ Γ. By [GW1, Prop. 4.10], if ρ(Γ) is irreducible (in the sense that there is no non-trivial
ρ(Γ)-invariant projective subspace of P(Rp,q+1)), then condition (ii) is automatically satisfied
as soon as (i) is.

The dynamical properties of Anosov representations are very similar to those satisfied by
convex cocompact representations of Gromov hyperbolic groups into simple Lie groups of real
rank one, see e.g. [L, GW1, KLP, GGKW, BPS]. The analogy is in fact also geometric, in
particular for representations into PO(p, q + 1), as we now explain.

For this, note that the transversality condition in (i) means that the proximal limit set Λρ(Γ)

of any P1-Anosov representation ρ : Γ→ PO(p, q+ 1) lifts to a subset of the b-isotropic vectors
of Rp,q+1 where the symmetric bilinear form b is non-zero on all pairs of distinct points; we say
that Λρ(Γ) is negative if it lifts to a subset where b is negative on all pairs of distinct points. With
this terminology, Danciger–Guéritaud–Kassel [DGK1] proved that, given a Gromov hyperbolic
group Γ, the Hp,q-convex cocompact representations of Γ to PO(p, q + 1) are exactly the P1-
Anosov representations whose proximal limit set is negative (see Fact 2.18 below); moreover, if
the Gromov boundary of Γ is connected, then any P1-Anosov representation of Γ to PO(p, q+1)
is either Hp,q-convex cocompact or Hq+1,p−1-convex cocompact, where we see Hq+1,p−1 as the
complement of the closure of Hp,q in P(Rp+q+1) after switching the sign of the quadratic form.
Combining this characterization of Hp,q-convex cocompact representations with Theorem 1.3,
we obtain the following.

Corollary 1.9. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a Gromov hyperbolic group with
vcd(Γ) = p. Then

• the set of P1-Anosov representations of Γ whose proximal limit set is negative is a union
of connected components in Hom(Γ,PO(p, q + 1));
• if p = q + 1, then the set of all P1-Anosov representations of Γ is a union of connected
components in Hom(Γ,PO(p, q + 1)).

In particular (see Corollaries 1.4 and 1.8):

• if Γ is a uniform lattice in O(p, 1) and if ρ0 : Γ ⊂ O(p, 1) ↪→ PO(p, q+ 1) is the natural
inclusion, then the connected component of ρ0 in Hom(Γ,PO(p, q+1)) consists entirely
of P1-Anosov representations;
• if N is a closed p-manifold, τ0 : π1(N)→ PO(p, 2) the holonomy of a globally hyperbolic
AdS spacetime homeomorphic to N×R, and ρ0 : π1(N)→ PO(p, q+1) the composition
of a lift of τ0 to O(p, 2) with the natural homomorphism O(p, 2)→ PO(p, q+1), then the
connected component of ρ0 in Hom(π1(N),PO(p, q+ 1)) consists entirely of P1-Anosov
representations.
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1.4. Weakly spacelike p-graphs with proper cocompact group actions. In order to
prove Theorem 1.3, we introduce the notion of a weakly spacelike p-graph in Hp,q: this is a closed
subset of Hp,q, homeomorphic to Rp, on which no two distinct points are in timelike position, or
equivalently which meets every totally negative q-dimensional projective subspace of P(Rp,q+1)
in a unique point (see Definition 3.18, Proposition 3.20, and Remark 3.22). The class of
weakly spacelike p-graphs includes in particular all p-dimensional connected complete spacelike
submanifolds of Hp,q (i.e. immersed C1 submanifoldsM such that the restriction of the pseudo-
Riemannian metric of Hp,q to TM is Riemannian), but this class is larger since we allow M to
not be C1, and the restriction of the metric to only be positive semi-definite. Given a weakly
spacelike p-graphM ⊂ Hp,q, we can consider its boundary at infinity Λ = ∂∞M := M ∩∂∞Hp,q

and associate to it a convex open subset Ω(Λ) of Hp,q: for p ≥ 2 this is the set of points of Hp,q

that see every point of Λ in a spacelike direction (Notation 3.11 and Lemma 3.13). In the
Lorentzian case where q = 1, the set Ω(Λ) is often called the invisible domain of Λ.

Our proof of Theorem 1.3 is based on a study of discrete subgroups of PO(p, q + 1) acting
properly discontinuously and cocompactly on weakly spacelike p-graphs in Hp,q. In particular,
we characterize Hp,q-convex cocompactness as follows.

Theorem 1.10. For p, q ≥ 1, let Γ be a discrete subgroup of PO(p, q + 1) acting properly
discontinuously and cocompactly on a weakly spacelike p-graph M in Hp,q with boundary at
infinity Λ := ∂∞M ⊂ ∂∞Hp,q such that M ⊂ Ω(Λ). Then the following are equivalent:

(1) Γ is Gromov hyperbolic,
(2) any two points of Λ are transverse (i.e. non-orthogonal for b),
(3) Γ is Hp,q-convex cocompact.

As proved in Proposition 3.28.(2) below, if the weakly spacelike p-graphM is actually space-
like (i.e. any two points of M are in spacelike position), then the assumption M ⊂ Ω(Λ) in
Theorem 1.10 is automatically satisfied. We thus obtain the following.

Corollary 1.11. For p, q ≥ 1, let Γ be a discrete subgroup of PO(p, q + 1) acting properly
discontinuously and cocompactly on a spacelike p-graph M in Hp,q (Definition 3.18). Then the
following are equivalent:

(1) Γ is Gromov hyperbolic,
(2) any two points of Λ := ∂∞M are transverse,
(3) Γ is Hp,q-convex cocompact.

Spacelike p-graphs include in particular all p-dimensional connected complete spacelike sub-
manifolds of Hp,q (Example 3.19).

Our proof of Theorem 1.10 is based on convex projective geometry and on the study of
geometric objects in ∂∞Hp,q called crowns, see Section 1.8 below.

In Section 5.6, we construct examples of discrete subgroups Γ of PO(p, q+1) acting properly
discontinuously and cocompactly on spacelike or weakly spacelike p-graphs M in Hp,q, such
that Γ is not Gromov hyperbolic; we prove the existence of higher higher Teichmüller spaces
for such groups in Theorem 1.18 below. In the same Section 5.6 we also construct examples
showing that if we remove the cocompactness assumption in Theorem 1.10 or Corollary 1.11,
then (1) does not imply (2) and (3) anymore.

By Fact 2.15 below, if vcd(Γ) = p, then in Theorem 1.10 and Corollary 1.11 we can replace
“Γ acts properly discontinuously and cocompactly via ρ on” by “Γ acts properly discontinuously



Hp,q-CONVEX COCOMPACTNESS AND HIGHER HIGHER TEICHMÜLLER SPACES 9

via ρ on”. The following proposition shows that we can then also replace it by “ρ has finite
kernel and discrete image and ρ(Γ) preserves”.

Proposition 1.12. For p, q ≥ 1, let Γ be a finitely generated group, let ρ : Γ → PO(p, q + 1)
be a representation, and let M be a weakly spacelike p-graph in Hp,q preserved by ρ(Γ), with
M ⊂ Ω(Λ) where Λ := ∂∞M ⊂ ∂∞Hp,q. Then the following are equivalent:

(1) Γ acts properly discontinuously on M via ρ,
(2) ρ has finite kernel and discrete image.

If this holds and if vcd(Γ) = p, then M is contained in some ρ(Γ)-invariant properly convex
open subset of Hp,q.

1.5. A non-degeneracy result. The second main ingredient of our proof of Theorem 1.3 is
the following. We say that a subset Λ of ∂∞Hp,q is non-degenerate if the restriction of b to
span(Λ) has trivial kernel (Definition 2.8).

Proposition 1.13. For p ≥ 2 and q ≥ 1, let Γ be a finitely generated group with no infinite
nilpotent normal subgroups, such that vcd(Γ) = p. Let ρ : Γ→ PO(p, q+1) be a limit of injective
and discrete representations ρn of Γ, each preserving a weakly spacelike p-graph Mn in Hp,q with
Mn ⊂ Ω(Λn) where Λn := ∂∞Mn, such that the Λn converge to some Λ ⊂ ∂∞Hp,q. Suppose
that the Zariski closure of ρ(Γ) in PO(p, q + 1) is reductive, and let E be a ρ(Γ)-invariant
complementary subspace of V := Ker(b|span(Λ)) in V ⊥. If k < p, suppose that ρ(Γ) preserves a
weakly spacelike (p − k)-graph ME in Hp,q ∩ P(E) ' Hp−k,q−k with ∂∞ME = ΛE := Λ ∩ P(E)
and ME ⊂ Ω(ΛE). Then ρ is injective and discrete, V = {0}, and Λ = ΛE is non-degenerate.

Our proof of Proposition 1.13 is based on algebraic and Lie-theoretic arguments using semi-
proximal representations of algebraic groups, inspired by [Be2]: see Section 1.8 below.

1.6. Existence of invariant weakly spacelike p-graphs. A non-degenerate non-positive
(p − 1)-sphere in ∂∞Hp,q is a closed subset of ∂∞Hp,q, homeomorphic to Sp−1, which lifts to
a subset of Rp,q+1 on which b is non-degenerate and non-positive (see Definitions 2.8 and 3.1
and Proposition 3.10). It is not difficult to check (see Lemma 3.13 and Proposition 3.28) that
if M is a weakly spacelike p-graph in Hp,q with boundary at infinity Λ := ∂∞M such that
M ⊂ Ω(Λ), then Λ is a non-degenerate non-positive (p−1)-sphere in ∂∞Hp,q; if M is preserved
by some subgroup of PO(p, q+1), then so is Λ. The last ingredient of our proof of Theorem 1.3
is the following converse.

Fact 1.14. For p, q ≥ 1, let Λ be a non-degenerate non-positive (p − 1)-sphere in ∂∞Hp,q,
preserved by a subgroup Γ of PO(p, q + 1). Then there exists a weakly spacelike p-graph M
in Hp,q, preserved by Γ, such that ∂∞M = Λ and M ⊂ Ω(Λ).

This is due in full generality to Seppi–Smith–Toulisse [SST], who constructed more specifi-
cally a connected complete spacelike p-manifold M with ∂∞M = Λ which is maximal, in the
sense that its mean curvature vanishes (see Section 2.9); this p-manifold is unique, and so it is
invariant under any subgroup Γ of PO(p, q+ 1) preserving Λ. The existence and uniqueness of
Γ-invariant maximal p-manifolds was first proved for q = 1 (Lorentzian case) by Andersson–
Barbot–Béguin–Zeghib [ABBZ] (for discrete Γ with vcd(Γ) = p) and Bonsante–Schlenker [BS],
and for p = 2 by Collier–Tholozan–Toulisse [CTT] (when Γ is a discrete surface group) and
Labourie–Toulisse–Wolf [LTW]. See [LT] for a detailed study of these p-manifolds when p = 2.
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Remark 1.15. For discrete Γ, Fact 1.14 expresses that the quotient Γ\Ω(Λ) satisfies a certain
form of global hyperbolicity — a classical notion in Lorentzian geometry, recently developed in
signature (p, q) by Troubat [T].

Using Theorem 1.10 and Fact 1.14, we obtain the following, which was first proved for q = 1
by Barbot [Ba, Th. 1.4].

Theorem 1.16. For p, q ≥ 1, let Γ be a Gromov hyperbolic discrete subgroup of PO(p, q + 1)
with vcd(Γ) = p. Then Γ preserves a non-degenerate non-positive (p − 1)-sphere Λ in ∂∞Hp,q

if and only if Γ is Hp,q-convex cocompact. In this case, Λ is actually negative, and equal to the
proximal limit set ΛΓ of Γ.

On the other hand, using Proposition 1.13 and Fact 1.14, we obtain the following.

Theorem 1.17. For p ≥ 2 and q ≥ 1, let Γ be a finitely generated group with no infinite
nilpotent normal subgroups, such that vcd(Γ) = p. Let ρ : Γ→ PO(p, q+ 1) be a representation
such that the Zariski closure of ρ(Γ) in PO(p, q + 1) is reductive, and which is a limit of
representations ρn : Γ → PO(p, q + 1). If each ρn is injective and discrete and preserves a
non-degenerate non-positive (p− 1)-sphere in ∂∞Hp,q, then the same holds for ρ.

This implies Theorem 1.3. Indeed, Hp,q-convex cocompactness is an open condition by
[DGK1, DGK2], and it is a closed condition by Theorems 1.16 and 1.17 together with a short
argument allowing to reduce to ρ(Γ) having reductive Zariski closure (see Section 7.3).

1.7. Higher higher Teichmüller spaces for non-hyperbolic groups. Our proof of The-
orem 1.3 only uses the existence of weakly spacelike p-graphs with no smoothness assumption
(Fact 1.14). However, as mentioned above, by [SST] we know that if a subgroup Γ of PO(p, q+1)
preserves a non-degenerate non-positive (p − 1)-sphere Λ in ∂∞Hp,q, then Γ also preserves a
p-dimensional connected complete spacelike submanifold M of Hp,q with ∂∞M = Λ. It follows
from the Ehresmann–Thurston principle that preserving and acting properly discontinuously
and cocompactly on such a submanifold is an open condition; we deduce the following.

Theorem 1.18. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a finitely generated group with no
infinite nilpotent normal subgroups, such that vcd(Γ) = p. Then the subset of
Hom(Γ,PO(p, q + 1)) consisting of those representations with finite kernel and discrete im-
age preserving a non-degenerate non-positive (p− 1)-sphere in ∂∞Hp,q, is a union of connected
components of Hom(Γ,PO(p, q + 1)).

We refer to Section 5.6 for examples where Γ is a direct product.
By Propositions 1.12 and 3.28, Fact 2.15, and [SST], we can reformulate Theorem 1.18 as

follows.

Theorem 1.19. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a finitely generated group
with no infinite nilpotent normal subgroups. Then the subset of Hom(Γ,PO(p, q + 1)) con-
sisting of those representations acting properly discontinuously and cocompactly on some p-
dimensional connected complete spacelike submanifold of Hp,q, is a union of connected compo-
nents of Hom(Γ,PO(p, q + 1)).

We shall call these representations spacelike cocompact (see Definition 7.4).

1.8. Outline of the proofs of Theorem 1.10 and Proposition 1.13.
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1.8.1. Proof of Theorem 1.10. We introduce a generalization, to ∂∞Hp,q, of the crowns con-
sidered by Barbot [Ba] in the Einstein universe Einp = ∂∞Hp,1: for 1 ≤ j ≤ min(p, q + 1),
we define a j-crown in ∂∞Hp,q to be a collection of 2j points of ∂∞Hp,q which span a linear
subspace of Rp,q+1 which is non-degenerate of signature (j, j) and such that each of the 2j
points is orthogonal to all but one of the other points (Definition 5.1); the crowns considered
by Barbot are 2-crowns.

We prove the following strengthening of Theorem 1.10.

Theorem 1.20. For p, q ≥ 1, let Γ be a discrete subgroup of PO(p, q + 1) acting properly
discontinuously and cocompactly on a weakly spacelike p-graph M in Hp,q with boundary at
infinity Λ := ∂∞M ⊂ ∂∞Hp,q such that M ⊂ Ω(Λ). (For instance, M could be any spacelike
p-graph in Hp,q, see Proposition 3.28.(2).). Let C (Λ) be the convex hull of Λ in Ω(Λ). Then
the following are equivalent:

(1) Γ is Gromov hyperbolic,
(2) any two points of Λ are transverse,
(3) Γ is Hp,q-convex cocompact,
(4) Λ does not contain 2-crowns,
(5) ∂HC (Λ) := ∂C (Λ) ∩Hp,q (see Notation 2.1) does not meet ∂Ω(Λ).

Although the statement of Theorem 1.20 only involves 2-crowns, the proof crucially makes
use of j-crowns for j ≥ 2: see below. One difficulty for proving Theorem 1.20 is that M is not
assumed to be smooth. Two implications particularly require new ideas, namely (4)⇒ (5) and
(1) ⇒ (4).

We prove (4) ⇒ (5) by contraposition, building 2-crowns from the existence of a non-empty
intersection ∂HC (Λ) ∩ ∂Ω(Λ). One difficulty is that for q > 1 we do not have cosmological
geodesics which played a key role in the arguments of [Ba] in the Lorentzian case q = 1.
Instead, we do a more careful geometric construction in Hp,q. We introduce the notion of a
boundary j-crown in Λ, which is by definition a j-crown in Λ which is fully contained in the
orthogonal of some point of Λ. We first observe (Lemma 5.3) that if ∂HC (Λ) meets ∂Ω(Λ), then
Λ contains a boundary 1-crown. The core of the work (Proposition 5.4) is then to construct
a 2-crown in Λ from this boundary 1-crown. We actually construct a j-crown in Λ from a
boundary (j − 1)-crown in Λ for any j ≥ 2, and this is crucial in the proof of (1) ⇒ (4) below
to ensure the existence of crowns in Λ which are not boundary crowns.

We prove (1) ⇒ (4) by contraposition, showing that the existence of j-crowns in Λ with
j ≥ 2 implies that Γ is not Gromov hyperbolic.

For q = 1, Lorentzian geometry is heavily used in [Ba] to prove this implication, through the
existence of a foliation of the invisible domain Ω(Λ) of Λ by Cauchy hypersurfaces which are level
sets of a cosmological time function τ of class C1; the Gauss map for these hypersurfaces yields a
closed embedded submanifold Σ(τ) of the Riemannian symmetric space G/K of G = PO(p, 2),
on which Γ acts properly discontinuously and cocompactly [Ba, Rem. 4.26]. On the other hand,
for any 2-crown in Λ inside the Einstein universe Einp = ∂∞Hp,1, Barbot proves [Ba, § 5.1] that
the maximal flat of G/K determined by the 2-crown is a totally geodesic subspace contained in
Σ(τ); therefore, Σ(τ) is not Gromov hyperbolic, and so the Milnor–Švarc lemma implies that
Γ is not Gromov hyperbolic.

The case q ≥ 2 is more difficult: firstly the above tools from Lorentzian geometry are not
available anymore, and secondly j-crowns in ∂∞Hp,q for 2 ≤ j < min(p, q+1) do not determine
flats in the Riemannian symmetric space of G = PO(p, q + 1) (only parallel sets). We thus do
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not work in this Riemannian symmetric space, but rather in Hp,q itself, using convex projective
geometry. One issue is that Ω(Λ) is not necessarily properly convex, but we show (Proposi-
tion 4.1) that we can find a Γ-invariant properly convex open subset Ω of Ω(Λ) containing M ;
this allows us to use the Hilbert metric dΩ of Ω, which is invariant under Γ. The aforementioned
Proposition 5.4 ensures the existence of j-crowns in Λ which are not boundary j-crowns in Λ,
for some integer j ≥ 2, which we take to be maximal (a priori j could be any integer between
2 and min(p, q + 1) — there is no control on this). For such j-crowns, we introduce a natural
foliation of the convex hull in Ω of the crown by j-dimensional spacelike submanifolds which
are orbits of a j-dimensional diagonal group (Section 5.3). We then observe that the leaves of
the foliation, endowed with the path metric induced by dΩ, are not Gromov hyperbolic (Propo-
sition 5.9), and that some leaf remains at bounded Hilbert distance from M (Lemma 5.11), so
that M endowed with the path metric induced by dΩ is not Gromov hyperbolic. (Note that we
only assume M to be a weakly spacelike p-graph, not a spacelike smooth embedded manifold,
hence we cannot use an induced Riemannian metric.) Since Γ acts properly discontinuously
and cocompactly on M , the non-hyperbolicity of M for the path metric of dΩ, together with
the Milnor–Švarc lemma, implies that Γ is not Gromov hyperbolic.

1.8.2. Proof of Proposition 1.13. Since Γ has no infinite nilpotent normal subgroups, it is a
standard consequence of the Kazhdan–Margulis–Zassenhaus theorem that ρ has finite kernel
and discrete image (see Fact 2.21).

We note in Section 6.3 that ρ lifts to a representation with values in O(p, q + 1), which
we still denote by ρ. We split this semi-simple representation ρ into the direct sum of a
representation ρd (“degenerate part”) with values in GL(k,R), defining the action of ρ(Γ) on
the kernel V ' Rk of b|span(Λ), and a representation ρnd (“non-degenerate part”) with values in
O(p− k, q + 1− k), corresponding to the restriction of ρ to a ρ(Γ)-invariant complement E of
V inside V ⊥. If k < p, our assumption is that the non-degenerate part ρnd (which we denote
by ν in Section 6) preserves a weakly spacelike (p − k)-graph ME in Hp,q ∩ P(E) ' Hp−k,q−k,
such that ∂∞ME = ΛE := Λ ∩ P(E) and ME ⊂ Ω(ΛE). Up to projecting (Lemma 3.31), we
may assume that ME ⊂ P(span(Λ)).

Our goal is then to prove that the degenerate part ρd (which we denote by κ⊕κ∗ in Section 6)
is trivial, i.e. V is trivial. This would be automatic if we knew that ρ(Γ) is not contained in a
proper parabolic subgroup of PO(p, q+ 1), but we do not know this a priori. When q = 1, it is
easy to deduce the triviality of V from the fact that for k = q = 1, the Riemannian symmetric
space of GL(k,R) × O(p − k, q + 1 − k) (on which Γ acts by isometries via ρ = (ρd, ρnd)) has
dimension p = vcd(Γ): see Lemma 6.1. However, when q > 1 the Riemannian symmetric space
of GL(k,R) × O(p − k, q + 1 − k) has dimension > p, and so we cannot conclude so easily.
Instead, we use a careful analysis of proximal and semi-proximal representations as in [Be2]
(Sections 6.2–6.3) to show that if V is non-trivial, then we may modify the degenerate part ρd
of ρ into a sum τ1 ⊕ . . . ⊕ τ` of irreducible representations τi : Γ → GL(Vi) of Γ, where each
Vi is a finite-dimensional real vector space and dim(V1) + . . . + dim(V`) ≤ k, so that Γ acts
properly discontinuously via

τ1 ⊕ · · · ⊕ τ` ⊕ ρnd : Γ −→ GL(V1)× · · · ×GL(V`)×O(p− k, q + 1− k)

on Ω1× · · ·×Ω`×ME , where each Ωi is a non-empty properly convex open subset of P(Vi). In
particular, vcd(Γ) ≤ dim(Ω1) + · · ·+ dim(Ω`) + dim(ME) ≤ (k−1) + (p−k) < p, contradicting
the assumption that vcd(Γ) = p.
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1.9. Organization of the paper. In Section 2 we recall some well-known facts on convex
projective geometry, on the pseudo-Riemannian hyperbolic space Hp,q, on limit cones, and on
Hp,q-convex cocompact representations. In Section 3 we discuss some central notions for the
paper, namely weakly spacelike p-graphs in Hp,q and their boundaries, which are non-positive
(p − 1)-spheres in ∂∞Hp,q. In Section 4 we establish two preliminary results, one that allows
us to pass from a convex to a properly convex open subset of Hp,q in order to use Hilbert
metrics (Proposition 4.1), and that also allows us to prove Proposition 1.12, and another one
about non-degenerate parts of weakly spacelike p-graphs and their boundaries (Proposition 4.3).
In Section 5 we prove Theorem 1.20 (hence Theorem 1.10) and discuss examples of weakly
spacelike p-graphs with proper cocompact actions of non-hyperbolic groups. In Section 6 we
prove Proposition 1.13. In Section 7 we deduce Theorems 1.16 and 1.17, and complete the proofs
of Theorems 1.3 and 1.18–1.19. In Appendix A, we explain how to obtain Zariski-dense Hp,q-
convex cocompact representations for various Gromov hyperbolic groups whose boundary is a
(p− 1)-sphere, including hyperbolic lattices but also more exotic examples, using [LM1, MST].
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2. Reminders

In the whole paper, we denote the signature of a symmetric bilinear form on a finite-
dimensional real vector space by (p,m|n), where p (resp. m) is the dimension of a maximal
positive definite (resp. negative definitive) linear subspace, and n is the dimension of the kernel.
Thus the symmetric bilinear form is non-degenerate if and only if n = 0.

2.1. Properly convex domains in projective space. Let V be a finite-dimensional real
vector space and Ω a properly convex open subset of P(V ), with boundary ∂Ω = ΩrΩ. Recall
the Hilbert metric dΩ on Ω:

(2.1) dΩ(y, z) :=
1

2
log [a, y, z, b]

for all distinct y, z ∈ Ω, where a, b are the intersection points of ∂Ω with the projective line
through y and z, with a, y, z, b in this order. Here [·, ·, ·, ·] denotes the cross-ratio on P1(R),
normalized so that [0, 1, t,∞] = t for all t. The metric space (Ω, dΩ) is complete and proper
(i.e. closed balls are compact), and the automorphism group

Aut(Ω) := {g ∈ PGL(V ) | g · Ω = Ω}

acts on Ω by isometries for dΩ. As a consequence, any discrete subgroup of Aut(Ω) acts properly
discontinuously on Ω.
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Straight lines (contained in projective lines) are always geodesics for the Hilbert metric dΩ.
When Ω is not strictly convex, there can be other geodesics as well.

2.2. The pseudo-Riemannian hyperbolic space Hp,q and its boundary at infinity. In
the whole paper, we fix integers p, q ≥ 1 and consider a symmetric bilinear form b of signature
(p, q + 1|0) on Rp+q+1. We denote by Rp,q+1 the space Rp+q+1 endowed with b. As in the
introduction, we consider the open subset

Hp,q = P({v ∈ Rp+q+1 | b(v, v) < 0})
of P(Rp+q+1) and its double cover

(2.2) Ĥp,q = {v ∈ Rp+q+1 | b(v, v) = −1}.

The non-trivial automorphism of the covering Ĥp,q → Hp,q is given by v 7→ −v.
For any v ∈ Ĥp,q, the restriction of b to v⊥ ' TvĤp,q is a symmetric bilinear form of

signature (p, q|0), and this defines a pseudo-Riemannian metric ĝ of signature (p, q) on Ĥp,q,
which is invariant under the orthogonal group O(b) ' O(p, q+1) of b. It descends to a pseudo-
Riemannian metric g of signature (p, q) on Hp,q, invariant under the projective orthogonal group
PO(b) = O(b)/{±I} ' PO(p, q + 1).

The unparametrized complete geodesics of (Ĥp,q, ĝ) are the connected components of the non-
empty intersections of Ĥp,q with 2-planes of Rp,q+1; the unparametrized complete geodesics of
(Hp,q, g) are the non-empty intersections of Hp,q with projectivizations of 2-planes of Rp,q+1.
There are three types of geodesics: a geodesic is spacelike (resp. lightlike, resp. timelike) if the
defining 2-plane of Rp,q+1 has signature (1, 1|0) (resp. (0, 1|1), resp. (0, 2|0)). For a parametrized
geodesic γ, this is equivalent to ‖γ′‖ĝ or ‖γ′‖g being everywhere > 0 (resp. = 0, resp. < 0).

We say that two distinct points o,m ∈ Hp,q are in spacelike (resp. lightlike, resp. timelike)
position if the unique geodesic through o and m is spacelike (resp. lightlike, resp. timelike).
This is equivalent to the absolute value |b(ô, m̂)| being > 1 (resp. = 1, resp. < 1) for some
(hence any) lifts ô, m̂ ∈ Ĥp,q = {v ∈ Rp+q+1 | b(v, v) = −1} of o,m ∈ Hp,q.

The totally geodesic subspaces of (Ĥp,q, ĝ) are the connected components of the non-empty
intersections of Ĥp,q with linear subspaces of Rp,q+1; the totally geodesic subspaces of (Hp,q, g)
are the non-empty intersections of Hp,q with projectivizations of linear subspaces of P(Rp,q+1).
For k ≥ 1, we shall say that a totally geodesic k-dimensional subspace is spacelike (resp.
lightlike, timelike) if the defining (k+1)-plane of Rp,q+1 has signature (k, 1|0) (resp. (0, 1|k), resp.
(0, k + 1|0)); equivalently, all geodesics contained in the k-dimensional subspace are spacelike
(resp. lightlike, resp. timelike). We shall also call timelike a (k+ 1)-plane of Rp,q+1 of signature
(0, k + 1|0).

We consider the projective closure

(2.3) Hp,q
= P({v ∈ Rp,q+1 r {0} | b(v, v) ≤ 0})

of Hp,q and its boundary

(2.4) ∂∞Hp,q = P({v ∈ Rp,q+1 r {0} | b(v, v) = 0}),
which we call the boundary at infinity of Hp,q.

Notation 2.1. Given a subset A ⊂ Hp,q, we denote by A its closure in P(Rp+q+1) and set
• ∂∞A := A ∩ ∂∞Hp,q (boundary at infinity of A),
• ∂A := Ar Int(A) ⊂ Hp,q,
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• ∂HA := ∂A ∩Hp,q,
• AH

:= A ∩Hp,q.

2.3. The double cover of Hp,q. Recall the double cover Ĥp,q of Hp,q from (2.2). It also has a
boundary at infinity ∂∞Ĥp,q which is a double cover of the boundary at infinity ∂∞Hp,q of Hp,q

from (2.4). This yields a compactification Ĥ
p,q

= Ĥp,q t ∂∞Ĥp,q of Ĥp,q which is a double cover
of the compactification Hp,q of Hp,q from (2.3). Indeed, the double cover Ĥp,q, its boundary at
infinity, and the corresponding compactification of Ĥp,q identify with

Ĥp,q ' {v ∈ Rp,q+1 r {0} | b(v, v) < 0}/R>0,

∂∞Ĥp,q ' {v ∈ Rp,q+1 r {0} | b(v, v) = 0}/R>0,(2.5)

Ĥ
p,q
' {v ∈ Rp,q+1 r {0} | b(v, v) ≤ 0}/R>0.

The non-trivial automorphism of the covering Ĥ
p,q
→ Hp,q is given by [v] 7→ [−v].

We shall use the following notation.

Notation 2.2. For n ≥ 1, we denote by 〈·, ·〉n+1 the standard Euclidean inner product on Rn+1,
by Sn := {y ∈ Rn+1 | 〈y, y〉n+1 = 1} the unit sphere of Rn+1 equipped with its standard spherical
metric gSn, and by Bn := {y = (y0, . . . , yn) ∈ Sn | y0 > 0} the upper open hemisphere of Sn
equipped with the restriction gBn of gSn.

We now give a useful model for Ĥp,q (“conformal model”, see [Ba, Prop. 2.4] for q = 1),
based on the choice of a timelike (q + 1)-plane T of Rp,q+1. Fix such a (q + 1)-plane T . Let
prT : Rp,q+1 → T and prT⊥ : Rp,q+1 → T⊥ be the b-orthogonal projections onto T and T⊥. We
define a function rT : Rp,q+1 → R≥0 by

(2.6) rT (v) :=
√
|b(prT (v),prT (v))|

for all v ∈ Rp,q+1. More explicitly, choose a b-orthogonal basis (e1, . . . , ep+q+1) of Rp,q+1 which
is standard for T in the sense that span(e1, . . . , ep) = T⊥, that span(ep+1, . . . , ep+q+1) = T ,
and that b(ei, ei) is equal to 1 if 1 ≤ i ≤ p and to −1 if p+ 1 ≤ i ≤ p+ q + 1. Then rT sends
any v = (v1, . . . , vp+q+1) in this basis to

√
v2
p+1 + · · ·+ v2

p+q+1. Note that rT (αv) = α rT (v)

for all α ≥ 0 and v ∈ Rp,q+1.

Proposition 2.3. For any timelike (q + 1)-plane T of Rp,q+1, the map

ΨT : Ĥp,q −→ Bp × Sq

x̂ = (v1, . . . , vp+q+1) 7−→
((

1

rT (x̂)
(1, v1, . . . , vp)

)
,

(
1

rT (x̂)
(vp+1, . . . , vp+q+1)

))
(where on the left-hand side x̂ = (v1, . . . , vp+q+1) is expressed in a b-orthogonal basis of Rp,q+1

which is standard for T ) is a diffeomorphism, which defines an isometry between the pseudo-
Riemannian spaces (Ĥp,q, ĝ) and

(Bp × Sq, y−2
0 gBp ⊕−y−2

0 gSq).

We note that (Bp, y−2
0 gBp) is the upper hemisphere model of the hyperbolic space Hp. The

image of T in Ĥp,q corresponds via ΨT to the subset {u0}×Sq of Bp×Sq, where u0 = (1, 0, . . . , 0)
is the mid-point of the upper hemisphere Bp.
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Proof. The map ΨT is clearly a diffeomorphism. Let us check that it defines an isometry
between Ĥp,q and (Bp × Sq, y−2

0 gBp ⊕ −y−2
0 gSq). Fix a point x̂ = (v1, . . . , vp+q+1) ∈ Ĥp,q and

let r := rT (x̂) > 0. The tangent space Tx̂Ĥp,q is the orthogonal direct sum of Tx̂M and Tx̂N
where M and N are the smooth submanifolds of Ĥp,q defined by

M :=
{

(y1, . . . , yp, tvp+1, . . . , tvp+q+1) ∈ Rp,q+1 | t ∈ R>0, 1 + y2
1 + · · ·+ y2

p = t2r2
}
,

N :=
{

(v1, . . . , vp, yp+1, . . . , yp+q+1) ∈ Rp,q+1 | y2
p+1 + · · ·+ y2

p+q+1 = r2
}
.

The pseudo-Riemannian metric ĝ is positive definite (resp. negative definite) in restriction to
M (resp. N). If we write ΨT (x̂) = (u, u′) ∈ Bp × Sq, then the tangent space T(u,u′)(Bp × Sq)
is the orthogonal direct sum of T(u,u′)(Bp × {u′}) and T(u,u′)({u} × Sq), and d(ΨT )x̂ defines an
isometry between Tx̂M (resp. Tx̂N) and Bp × {u′} (resp. {u} × Sq) endowed with the metric
y−2

0 gBp ⊕−y−2
0 gSq . �

Lemma 2.4. Consider two distinct points x̂1, x̂2 ∈ Ĥp,q with b(x̂1, x̂2) ≤ 0. Fix a timelike
(q + 1)-plane T of Rp,q+1 and write ΨT (x̂i) = (ui, u

′
i) ∈ Bp × Sq. Then x̂1 and x̂2 are not in

timelike position (resp. are in spacelike position) if and only if dBp(u1, u2) ≥ dSq(u
′
1, u
′
2) (resp.

dBp(u1, u2) > dSq(u
′
1, u
′
2)).

Proof. Recall from Section 2.2 that x̂1 and x̂2 are in spacelike (resp. lightlike, resp. timelike)
position if and only if |b(x̂1, x̂2)| > 1 (resp. |b(x̂1, x̂2)| = 1, resp. |b(x̂1, x̂2)| < 1). From the
definition of ΨT (Proposition 2.3), we have

b(x̂1, x̂2) = rT (x̂1) rT (x̂2)
(
〈u1, u2〉p+1 − 〈u′1, u′2〉q+1

)
− 1.

Since b(x̂1, x̂2) ≤ 0 by assumption, we deduce that |b(x̂1, x̂2)| > 1 (resp. |b(x̂1, x̂2)| = 1, resp.
|b(x̂1, x̂2)| < 1) if and only if dBp(u1, u2) > dSq(u

′
1, u
′
2) (resp. dBp(u1, u2) = dSq(u

′
1, u
′
2), resp.

dBp(u1, u2) < dSq(u
′
1, u
′
2)). �

Lemma 2.5. For any timelike (q+1)-plane T of Rp,q+1, the map ΨT of Proposition 2.3 extends
continuously to a homeomorphism

ΨT : Ĥ
p,q ∼−→ Bp × Sq,

where Bp is the closure of the upper hemisphere Bp in Sp, i.e. the union of Bp and of the equator
Sp−1 ' {y = (y0, . . . , yp) ∈ Sp | y0 = 0}.

Proof. Let ΨT : Ĥ
p,q
→ Bp × Sq be the map obtained by identifying Ĥ

p,q
with

{v ∈ Rp,q+1 r {0} | b(v, v) ≤ 0}/R>0 as in (2.5), then with

{v ∈ Rp,q+1 | b(v, v) ≤ 0 and rT (v) = 1}

via [v] 7→ v/rT (v), then with {v ∈ T⊥ | b(v, v) ≤ 1} × {v ∈ T | (−b)(v, v) = 1} via (prT⊥ , prT ),
then with Dp × Sq (where Dp is the closed unit disk of Euclidean Rp), then with Bp × Sq via
Dp 3 (y1, . . . , yp) 7→ (

√
1− (y2

1 + · · ·+ y2
p), y1, . . . , yp) ∈ Bp. Then ΨT is a composition of

diffeomorphisms, hence a diffeomorphism. Moreover, the restriction of ΨT to Ĥp,q is the map
ΨT of Proposition 2.3. �

We shall sometimes denote the restriction of ΨT to ∂∞Ĥp,q by

(2.7) ∂∞ΨT : ∂∞Ĥp,q ∼−→ Sp−1 × Sq.
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Lemma 2.6. Let x̂1 ∈ ∂∞Ĥp,q and x̂2 ∈ Ĥ
p,q

. Fix a timelike (q + 1)-plane T of Rp,q+1 and
write ΨT (x̂i) = (ui, u

′
i) ∈ Bp×Sq and x̂i = [vi] where vi ∈ Rp,q+1 r {0} satisfies b(vi, vi) ≤ 0 as

in (2.5). Then b(v1, v2) ≤ 0 (resp. b(v1, v2) < 0) if and only if dBp(u1, u2) ≥ dSq(u′1, u′2) (resp.
dBp(u1, u2) > dSq(u

′
1, u
′
2)).

Here dBp denotes the distance function on Bp induced by the metric gSp .

Proof. After renormalizing each vi by rT (vi), we may assume that rT (v1) = rT (v2) = 1. We
then identify {v ∈ Rp,q+1 | b(v, v) ≤ 0 and rT (v) = 1} with Dp×Sq as in the proof of Lemma 2.5:
the image of v1 is (u1, u

′
1) ∈ Sp−1 × Sq ⊂ Dp × Sq, the image of v2 is (u′′2, u

′
2) ∈ Dp × Sq where

u′′2 corresponds to u2 via the identification Dp ' Bp in the proof of Lemma 2.5, and

(2.8) b(v1, v2) = 〈u1, u
′′
2〉p − 〈u′1, u′2〉q+1 = 〈u1, u2〉p+1 − 〈u′1, u′2〉q+1.

In particular, b(v1, v2) ≤ 0 (resp. b(v1, v2) < 0) if and only if 〈u1, u2〉p+1 ≤ 〈u′1, u′2〉q+1 (resp.
〈u1, u2〉p+1 < 〈u′1, u′2〉q+1), which is equivalent to dBp(u1, u2) ≥ dSq(u′1, u′2) (resp. dBp(u1, u2) >
dSq(u

′
1, u
′
2)). �

2.4. Non-positive subsets of ∂∞Hp,q. Following [DGK1, Def. 3.1], we shall adopt the follow-
ing terminology.

Definition 2.7. A subset Λ̃ of Rp,q+1 is non-positive (resp. negative) if b(x̃, ỹ) ≤ 0 (resp.
b(x̃, ỹ) < 0) for all x̃, ỹ ∈ Λ̃.

A subset of ∂∞Hp,q or ∂∞Ĥp,q is non-positive (resp. negative) if it is the projection to ∂∞Hp,q

or ∂∞Ĥp,q of a non-positive (resp. negative) subset of Rp,q+1, where we see ∂∞Hp,q as a subset
of P(Rp,q+1) and ∂∞Ĥp,q as a subset of (Rp,q+1 r {0})/R>0 as in (2.5).

In the Lorentzian case, where q = 1 and Hp,q is the anti-de Sitter space AdSp+1, non-positive
(resp. negative) subsets of ∂∞Hp,q are called achronal (resp. acausal): see [Ba, Cor. 2.11].

Definition 2.8. Let Λ be a subset of ∂∞Hp,q or ∂∞Ĥp,q. We say that Λ

• spans if the linear subspace span(Λ) of Rp,q+1 spanned by Λ is the whole of Rp,q+1;
• is degenerate if the restriction of b to span(Λ) is degenerate (i.e. has non-zero kernel),
and non-degenerate otherwise.

Note that a negative subset of ∂∞Hp,q or ∂∞Ĥp,q is always non-degenerate. If a non-positive
subset Λ of ∂∞Hp,q or ∂∞Ĥp,q spans, then it is non-degenerate. Conversely, if Λ is non-
degenerate, then the restriction of b to span(Λ) has signature (p′, q′|0) for some 1 ≤ q′ ≤ q + 1

and 1 ≤ p′ ≤ p. Thus a non-degenerate non-positive set Λ always spans in span(Λ) ' Rp′,q′ .

2.5. Jordan projection and limit cone. Let G be a non-compact Lie group which is the
set of real points of a connected reductive real algebraic group G.

Let K be a maximal compact subgroup of G; its Lie algebra k is the set of fixed points of
some involution (Cartan involution) of the Lie algebra g of G. Let p be the set of anti-fixed
points of this involution, so that g = k + p. We fix a maximal abelian subspace a of p (Cartan
subspace of g). The Weyl group WG = NG(a)/ZG(a) acts on a with fundamental domain a
closed convex cone a+ of a (closed positive Weyl chamber).

By the Jordan decomposition, any g ∈ G may be written in a unique way as the commuting
product ghgegu of an element gh ∈ G which is hyperbolic (i.e. conjugate to some element
of exp(a+)), an element ge which is elliptic (i.e. conjugate to some element of K), and an
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element gu ∈ G which is unipotent. We denote by λ(g) the unique element of a+ such that
gh is conjugate to exp(λ(g)). This defines a map λ : G → a+ called the Jordan projection or
Lyapunov projection.

Example 2.9. Let G = PO(p, q + 1), given by the standard quadratic form v2
1 + · · · + v2

p −
v2
p+1 − · · · − v2

p+q+1 on Rp+q+1. Let (e1, . . . , ep+q+1) be the standard basis of Rp,q+1. Let
r := min(p, q+1). We can takeK to be P(O(p)×O(q+1)) and a to be the set of matrices which,
in the basis (e1 + ep+q+1, . . . , er + ep+q+2−r, er+1, . . . , ep+q+1−r, e1− ep+q+1, . . . , er − ep+q+2−r)
of Rp+q+1, are diagonal of the form diag(t1, . . . , tr, 0, . . . , 0,−t1, . . . ,−tr) with t1, . . . , tr ∈ R.
For p 6= q + 1 (resp. p = q + 1 = r), we can take a+ to be the subset of a defined by
t1 ≥ · · · ≥ tr ≥ 0 (resp. t1 ≥ · · · ≥ tr−1 ≥ |tr|). For p 6= q + 1, the Jordan projection
λ = (λ1, . . . , λr) : PO(p, q+ 1)→ a+ gives the logarithms of the moduli of the first r (complex)
eigenvalues of elements of PO(p, q + 1).

The following notion was introduced in full generality by Benoist [Be1].

Definition 2.10. The limit cone LΓ of a subsemigroup Γ of G is the closure in a+ of the cone
spanned by the elements λ(γ) for γ ∈ Γ.

In Section 6.2 we shall use the following four facts. The second one, stated as [Be2, Fait 2.2.c],
is an immediate consequence of [Be1, Prop. 6.2–6.3]. The fourth one is due to Auslander.

Fact 2.11 ([Be1, Th. 1.2]). Let Γ be a Zariski-dense subsemigroup of G. Then the limit cone
LΓ is convex with non-empty interior.

Fact 2.12 ([Be2, Fait 2.2.c]). Let Γ be a Zariski-dense subsemigroup of G. For any open cone
ω of a meeting the limit cone LΓ (Definition 2.10), there exists an open semigroup G′ of G
meeting Γ and whose limit cone is contained in ω.

Fact 2.13. Let (τ, V ) be a finite-dimensional linear representation of G, with kernel G0. Let
Γ be a Zariski-dense discrete subgroup of G such that the Lie algebra g0 of G0 meets the limit
cone LΓ only in {0}. Then Γ ∩G0 is finite and τ(Γ) is discrete in GL(V ).

Proof. The representation τ of G factors through the canonical projection π : G→ G/G0. By
[Be2, Lem. 6.1], the group Γ ∩ G0 is finite and the image π(Γ) is discrete and Zariski-dense
in G/G0. The group G/G0 is still the real points of a connected reductive real algebraic
group. The linear representation of G/G0 induced by τ has finite kernel, hence the image of a
Zariski-dense discrete subgroup of G/G0 is discrete in GL(V ). �

Fact 2.14 (see [R, Ch.VIII] or [A, Cor. 5.4]). Let Gss be the real points of the commutator
subgroup of G, and let π : G → Gss be the natural projection. For any Zariski-dense discrete
subgroup Γ of G, the group π(Γ) is discrete and Zariski-dense in Gss.

2.6. Cohomological dimension. Recall that the cohomological dimension of a group Γ is
the largest integer n ∈ N for which there exists a Z[Γ]-module M with Hn(Γ,M) non-zero.
If Γ admits a finite-index subgroup which is torsion-free (this is the case e.g. if Γ is a finitely
generated linear group, by the Selberg lemma [S, Lem. 8]), then all torsion-free finite-index sub-
groups of Γ have the same cohomological dimension, called the virtual cohomological dimension
of Γ, denoted by vcd(Γ). We shall use the following property (see [S1]).

Fact 2.15. Let Γ be a group admitting a torsion-free finite-index subgroup. Suppose Γ acts
properly discontinuously on a contractible topological manifold M without boundary. Then
vcd(Γ) ≤ dim(M), with equality if and only if the action of Γ on M is cocompact.
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2.7. Hp,q-convex cocompact representations. Recall the notion of Hp,q-convex cocompact-
ness from Definition 1.2. We shall use the following characterization from [DGK2], where the
full orbital limit set Λorb

Ω (Γ) of Γ in Ω is by definition the union of all accumulation points in
∂Ω of all Γ-orbits in Ω [DGK2, Def. 1.10].

Fact 2.16 ([DGK2, Th. 1.24]). Let p, q ≥ 1. For an infinite discrete subgroup Γ of PO(p, q+1),
the following are equivalent:

(1) Γ is Hp,q-convex cocompact,
(2) Γ acts convex cocompactly on some properly convex open subset Ω of Hp,q, i.e. Γ

preserves Ω and the convex hull of the full orbital limit set Λorb
Ω (Γ) in Ω is non-empty

and has compact quotient by Γ.

The notion of Hp,q-convex cocompactness is closely related, by [DGK1, DGK2], to the notion
of a P1-Anosov representation into PO(p, q + 1). Here P1 denotes the stabilizer in G :=
PO(p, q + 1) of an isotropic line of Rp,q+1; it is a parabolic subgroup of G, and G/P1 identifies
with the boundary at infinity ∂∞Hp,q of Hp,q.

The following is not the original definition from [L, GW1], but an equivalent characteri-
zation taken from [GGKW, Th. 4.2]. Recall the notions of transverse, dynamics-preserving
and proximal limit set from Section 1.3, and the Jordan projection λ = (λ1, . . . , λmin(p,q+1)) :

PO(p, q + 1)→ a+ ⊂ Rmin(p,q+1) from Section 2.5.

Definition 2.17. Let Γ be an infinite Gromov hyperbolic group. A representation ρ : Γ →
G = PO(p, q + 1) is P1-Anosov if there exists a continuous, ρ-equivariant boundary map
ξ : ∂∞Γ→ ∂∞Hp,q such that

(i) ξ is transverse,
(ii) ξ is dynamics-preserving and for any sequence (γn)n∈N of elements of Γ in pairwise

distinct conjugacy classes in Γ,

(λ1 − λ2)(ρ(γn)) −→
n→+∞

+∞.

As in Section 1.3, the image ξ(∂∞Γ) is then the proximal limit set Λρ(Γ) of ρ(Γ) in ∂∞Hp,q.

Fact 2.18 ([DGK2, Th. 1.15–1.24 & Cor. 11.10]). Let p, q ≥ 1. For an infinite discrete subgroup
Γ of PO(p, q + 1), the following are equivalent:

(1) Γ is Hp,q-convex cocompact,
(2) Γ is Gromov hyperbolic, the inclusion Γ ↪→ PO(p, q+ 1) is P1-Anosov, and Γ preserves

a non-empty properly convex open subset of Hp,q;
(3) Γ is Gromov hyperbolic, the inclusion Γ ↪→ PO(p, q+1) is P1-Anosov, and the proximal

limit set ΛΓ ⊂ ∂∞Hp,q is negative (Definition 2.7).
If these conditions hold, then ∂∞C = ∂∞Ω = ΛΓ, where C is any Γ-invariant properly convex
closed subset of Hp,q with non-empty interior as in Definition 1.2 of Hp,q-convex cocompactness,
and Ω is any Γ-invariant properly convex open subset of Hp,q as in Fact 2.16.(2). If moreover
vcd(Γ) = p, then ΛΓ is homeomorphic to a (p− 1)-dimensional sphere.

Remark 2.19. The special case where q = 1 and Γ is a uniform lattice in SO(p, 1) follows
from work of Mess [Me] for p = 2 and is work of Barbot–Mérigot [BM] for p ≥ 3.

The following is a consequence of Fact 2.18 and of the fact [L, GW1] that being P1-Anosov
is an open property.
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Fact 2.20 ([DGK1, Cor. 1.12] & [DGK2, Cor. 1.25]). Let p, q ≥ 1. For any finitely generated
group Γ, the set of Hp,q-convex cocompact representations of Γ is open in Hom(Γ,PO(p, q+1)).

2.8. Closedness of injective and discrete representations. The following is a classical
consequence of the Kazhdan–Margulis–Zassenhaus theorem (see e.g. [Be2, Fait 2.5]). It will be
used in Sections 6.3, 7.3, and 7.5.

Fact 2.21. Let Γ be a finitely generated group with no infinite nilpotent normal subgroups, and
let G be a real semi-simple Lie group. Then the set of injective and discrete representations is
closed in Hom(Γ, G).

2.9. Maximal spacelike submanifolds. Let (X, g) be Hp,q, Ĥp,q, or more generally a pseudo-
Riemannian C1 manifold of signature (p, q). We shall call spacelike submanifold of X any
immersed C1 submanifold M of X such that the restriction of the pseudo-Riemannian metric
g to TM is Riemannian, i.e. pointwise positive definite.

If M is a spacelike submanifold of X, then the pull-back bundle of TX to M splits orthog-
onally as TM ⊕ NM , where NM is the normal bundle to M in X. Assuming M and X to
be C2, the second fundamental form II of M is the symmetric tensor on TM whose value at
any point m ∈ M is the symmetric bilinear form IIm : TmM × TmM → NmM defined by the
equation

gm
(
(∇Y Z)m, ξ

)
= gm

(
IIm(Ym, Zm), ξ

)
for all vector fields Y, Z on M and all ξ ∈ NmM , where ∇ is the (pseudo-Riemannian) Levi–
Civita connection of (Hp,q, g). The mean curvature H : M → NM of M is the trace of II
divided by j := dim(M): for any m ∈M and any orthonormal basis (e1, . . . , ej) of TmM ,

H(m) =
1

j

j∑
i=1

II(ei, ei) ∈ NmM.

Definition 2.22. A spacelike submanifold M of a pseudo-Riemannian C2 manifold (X, g) is
maximal if M is at least C2 and the mean curvature of M vanishes.

The terminology comes from the fact that in pseudo-Riemannian geometry of signature
(p, q) with q ≥ 1, the p-dimensional maximal spacelike submanifolds locally maximize the
p-dimensional volume: see [LTW, Cor. 3.24] for p = 2.

3. Non-positive spheres and weakly spacelike graphs

In this section we introduce and discuss the notions of a non-positive (p−1)-sphere in ∂∞Hp,q

or ∂∞Ĥp,q (Definition 3.1) and of a weakly spacelike p-graph in Hp,q (Definition 3.18), which
will be used throughout the rest of the paper.

3.1. Non-positive spheres in ∂∞Ĥp,q and ∂∞Hp,q. The following notion generalizes, to
∂∞Hp,q, the notion of an achronal topological sphere in the Einstein universe Einp = ∂∞Hp,1.

Definition 3.1. Let 0 ≤ ` ≤ p − 1. A non-positive `-sphere in ∂∞Ĥp,q is a subset of ∂∞Ĥp,q

which is non-positive (Definition 2.7) and homeomorphic to an `-sphere. A non-positive `-sphere
in ∂∞Hp,q is the projection to Hp,q of a non-positive `-sphere in ∂∞Ĥp,q.

We will be particularly interested in non-positive `-spheres for ` = p− 1.
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Remark 3.2. Despite its name, a non-positive (p− 1)-sphere in ∂∞Hp,q is not always homeo-
morphic to a (p − 1)-sphere: for p 6= 2, this is the case if and only if Λ is non-degenerate (see
Proposition 3.10 below).

For any n ≥ 1, we endow the sphere Sn with its standard spherical metric, and we denote
the standard Euclidean inner product on Rn by 〈·, ·〉n, as in Notation 2.2.

Lemma 3.3. Fix a splitting ∂∞Ĥp,q ' Sp−1×Sq defined by the choice of a timelike (q+1)-plane
of Rp,q+1 as in (2.7). A subset Λ̂ of ∂∞Ĥp,q is non-positive (resp. negative) (Definition 2.7)
if and only if, in this splitting, it is the graph of a 1-Lipschitz (resp. strictly 1-Lipschitz) map
f : A→ Sq for some subset A of Sp−1.

Here strictly 1-Lipschitz means that dSq(f(u1), f(u2)) < dSp−1(u1, u2) for all u1 6= u2 in A.

Proof. Suppose Λ̂ ⊂ ∂∞Ĥp,q is non-positive (resp. negative): for any v1, v2 ∈ Rp,q+1 projecting
to elements [v1] 6= [v2] of Λ̂ via (2.5), we have b(v1, v2) ≤ 0 (resp. b(v1, v2) < 0). By Lemma 2.6,
if [vi] ∈ ∂∞Ĥp,q corresponds to (ui, u

′
i) ∈ Sp−1 × Sq in our splitting, then dSp−1(u1, u2) ≥

dSq(u
′
1, u
′
2) (resp. dSp−1(u1, u2) > dSq(u

′
1, u
′
2)). Therefore the restriction to Λ̂ of the first-factor

projection Sp−1 × Sq → Sp−1 is injective, and so Λ̂ can be written as the graph of a map
f : A → Sq for some subset A of Sp−1. Moreover, the fact that dSp−1(u1, u2) ≥ dSq(u

′
1, u
′
2)

(resp. dSp−1(u1, u2) > dSq(u
′
1, u
′
2)) implies that f is 1-Lipschitz (resp. strictly 1-Lipschitz).

Conversely, for any subset A of Sp−1 and any 1-Lipschitz (resp. strictly 1-Lipschitz) map
f : A→ Sq, the graph of f in Sp−1×Sq ' ∂∞Ĥp,q is non-positive (resp. negative) (Definition 2.7)
by Lemma 2.6. �

Corollary 3.4. For a subset Λ̂ of ∂∞Ĥp,q, the following are equivalent:
(1) Λ̂ is a non-positive (p− 1)-sphere in ∂∞Ĥp,q (Definition 3.1);
(2) for any splitting ∂∞Ĥp,q ' Sp−1 × Sq as in (2.7), defined by the choice of a timelike

(q + 1)-plane of Rp,q+1, the set Λ̂ is in this splitting the graph of a 1-Lipschitz map
f : Sp−1 → Sq;

(2)’ for some splitting ∂∞Ĥp,q ' Sp−1 × Sq as in (2.7), defined by the choice of a timelike
(q + 1)-plane of Rp,q+1, the set Λ̂ is in this splitting the graph of a 1-Lipschitz map
f : Sp−1 → Sq.

Proof. (1) ⇒ (2): Suppose that Λ̂ ⊂ ∂∞Ĥp,q ' Sp−1 × Sq is a non-positive (p − 1)-sphere.
Consider a splitting ∂∞Ĥp,q ' Sp−1× Sq as in (2.7), defined by the choice of a timelike (q+ 1)-
plane of Rp,q+1. By Lemma 3.3, the set Λ̂ is the graph of a 1-Lipschitz map f : A→ Sq for some
subset A of Sp−1. Since f is continuous, the first-factor projection restricts to a homeomorphism
between Λ̂ and A, hence A is a compact subset of Sp−1 homeomorphic to a (p − 1)-sphere. If
p = 1, this implies A = Sp−1. Suppose p ≥ 2. By the domain invariance theorem, any point
x̂ ∈ Λ̂ admits an open neighborhood in Λ̂ which is mapped by f to an open subset of Sp−1

contained in A, hence A is open in Sp−1. Since Sp−1 is connected we deduce A = Sp−1.
(2) ⇒ (2)’ is clear.
(2)’ ⇒ (1): Suppose that in some splitting ∂∞Ĥp,q ' Sp−1 × Sq as in (2.7), the set Λ̂ is

the graph of a 1-Lipschitz map f : Sp−1 → Sq. Then Λ̂ is a non-positive subset of ∂∞Ĥp,q by
Lemma 3.3. The graph Λ̂ ⊂ Sp−1 × Sq ' ∂∞Ĥp,q is homeomorphic to the first factor Sp−1,
hence it is a non-positive (p− 1)-sphere in ∂∞Ĥp,q. �
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Examples 3.5. Consider a splitting ∂∞Ĥp,q ' Sp−1 × Sq as in (2.7), defined by the choice of
a timelike (q + 1)-plane T of Rp,q+1.

(i) If f : Sp−1 → Sq is a constant map, then the graph of f is a non-positive (p − 1)-sphere
Λ̂ in ∂∞Ĥp,q which is the intersection of ∂∞Ĥp,q with a linear subspace of Rp,q+1 of signature
(p, 1|0) containing T⊥. This Λ̂ is non-degenerate, and in fact negative (Definition 2.7); it is the
boundary of a copy of Hp in Ĥp,q.

(ii) If p ≤ q + 1 and if f : Sp−1 → Sq is given by (t1, . . . , tp) 7→ (|t1|, . . . , |tp|, 0, . . . , 0), then
the graph of f is a non-degenerate non-positive (p − 1)-sphere Λ̂ in ∂∞Ĥp,q, which spans a
linear subspace of Rp,q+1 of signature (p, p|0) containing T⊥. The image Λ of Λ̂ in ∂∞Hp,q is
the intersection of ∂∞Hp,q with the boundary of an open projective simplex O of P(span(Λ))
contained in Hp,q, with vertices x±1 , . . . , x

±
p where x+

i and x−i are in spacelike position, and
span(x+

i , x
−
i ) and span(x+

j , x
−
j ) are orthogonal for all 1 ≤ i < j ≤ p. (Such a set {x±1 , . . . , x±p }

of vertices will be called a p-crown in Section 5.3.) More precisely, Λ is the union of 2p closed
faces of O of dimension p − 1, each determined by p vertices of the form xε11 , . . . , x

εp
p for

ε1, . . . , εp ∈ {±} (see Figure 1 in Section 3.3 below for (p, q) = (2, 1)).

(iii) If p ≤ q + 1 and if f : Sp−1 → Sq is given by (t1, . . . , tp) 7→ (t1, . . . , tp, 0, . . . , 0), then
the graph of f is a degenerate non-positive (p − 1)-sphere Λ̂ in ∂∞Ĥp,q, which spans a totally
isotropic p-dimensional linear subspace of Rp,q+1.

Here is a useful consequence of Corollary 3.4. We consider convergence for the Hausdorff
topology.

Corollary 3.6. For X = Ĥp,q or Hp,q, any sequence of non-positive (p − 1)-spheres in ∂∞X
admits a subsequence that converges to a non-positive (p− 1)-sphere in ∂∞X.

Proof. We consider the case X = Ĥp,q, as it implies the case X = Hp,q (see Definition 3.1).
Let (Λ̂n)n∈N be a sequence of non-positive (p − 1)-spheres in ∂∞Ĥp,q. Consider a splitting
∂∞Ĥp,q ' Sp−1 × Sq as in (2.7), defined by the choice of a timelike (q + 1)-plane of Rp,q+1.
By Corollary 3.4, in this splitting, each Λ̂n is the graph of a 1-Lipschitz map fn : Sp−1 → Sq.
By the Arzelà–Ascoli theorem, some subsequence (fϕ(n))n∈N of (fn) converges to a 1-Lipschitz
map f : Sp−1 → Sq. Then the graph Λ̂ ⊂ ∂∞Ĥp,q of f is the limit of (Λ̂ϕ(n))n∈N, and Λ̂ is a
non-positive (p− 1)-sphere by Corollary 3.4. �

We now discuss further the non-degeneracy (Definition 2.8) of non-positive (p− 1)-spheres.

Lemma 3.7. Fix a splitting ∂∞Ĥp,q ' Sp−1 × Sq defined by the choice of a timelike (q + 1)-
plane T of Rp,q+1 as in (2.7). Let Λ̂ be a non-positive (p− 1)-sphere in ∂∞Ĥp,q which, in this
splitting, in the graph of some 1-Lipschitz map f : Sp−1 → Sq (see Corollary 3.4). Then Λ̂ is
degenerate if and only if S := {u ∈ Sp−1 | f(−u) = −f(u)} is non-empty. In this case,

• S is a totally geodesic copy of Sk−1 in Sp−1, where k is the dimension of the kernel V
of b|span(Λ̂);
• the restriction f |S of f to S is an isometry;
• the graph of f |S is the image of V r{0} in ∂∞Ĥp,q ⊂ (Rp,q+1r{0})/R>0; in particular,
the image of V r {0} in ∂∞Ĥp,q is contained in Λ̂;
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• if k < p, then the set S′ of points of Sp−1 at distance π/2 of S is a totally geodesic copy of
Sp−1−k in Sp−1 and the graph of f |S′ is a non-degenerate non-positive (p−1−k)-sphere
in ∂∞Ĥp,q.

Remark 3.8. For q = 1, Barbot [Ba, Def. 3.7] uses the terminology purely lightlike for non-
positive (p− 1)-spheres of the Einstein universe Einp = ∂∞Hp,1 which are degenerate.

Proof of Lemma 3.7. We first check that the image of V r{0} in ∂∞Ĥp,q ⊂ (Rp,q+1r{0})/R>0

is contained in the graph of f |S. Let z ∈ V r {0}. Then z is isotropic and so, up to scaling it
by some element of R>0, it can be written as

z = (u, u′) ∈ Sp−1 × Sq ' {v ∈ Rp,q+1 | b(v, v) = 0 and rT (v) = 1},
where rT : Rp,q+1 → R≥0 is given by (2.6). By assumption we have b(z, v) = 0 for all v ∈
graph(f). Applying this to v = (u, f(u)) and v = (−u, f(−u)), Lemma 2.6 gives dSq(u′, f(u)) =
dSp−1(u, u) = 0 and dSq(u

′, f(−u)) = dSp−1(u,−u) = π. Therefore u′ = f(u) = −f(−u) and
z = (u, f(u)) belongs to the graph of f |S.

Next, we check that S is a totally geodesic subsphere of Sp−1 and that the restriction f |S
of f to S is an isometry. For this, we observe that for any u ∈ S, we have −u ∈ S; moreover,
since f is 1-Lipschitz and f(u) and f(−u) are antipodal, the restriction of f to any geodesic
segment between u and −u is an isometric embedding. In particular, for any u1, u2 ∈ S with
u1 6= ±u2, the restriction of f to the unique totally geodesic circle of Sp−1 containing u1 and u2

is an isometric embedding, and such a circle is contained in S. This shows that S is a totally
geodesic subsphere of Sp−1 and that the restriction f |S of f to S is an isometry.

For any u ∈ S, the fact that the restriction of f to any geodesic segment between u and −u
is an isometric embedding also shows that dSq(f(u), f(u1)) = dSp−1(u, u1) for all u1 ∈ Sp−1,
hence b((u, f(u), (u1, f(u1))) = 0 for all u1 ∈ Sp−1 by Lemma 2.6, and so z := (u, f(u)) belongs
to V . Thus the image of V r {0} in ∂∞Ĥp,q ⊂ (Rp,q+1 r {0})/R>0 is the full graph of f |S.
In particular, the dimension of the totally geodesic subsphere S (if non-empty) is k − 1 where
k = dim(V ).

Suppose 1 ≤ k < p. Then S′ is non-empty and is a totally geodesic copy of Sp−1−k in Sp−1.
By Lemma 3.3, the graph of f |S′ is a non-positive (p− 1− k)-sphere in ∂∞Ĥp,q. Let us check
that it is non-degenerate. Suppose by contradiction that there exists z 6= 0 in the kernel of b
restricted to span(f |S′). Then z is isotropic and, up to scaling it by some element of R>0, it
can be written as

z = (u, u′) ∈ S′ × Sq ⊂ Sp−1 × Sq ' {v ∈ Rp,q+1 | b(v, v) = 0 and rT (v) = 1}.
As in the first paragraph of the proof, the fact that b(z, (u, f(u))) = b(z, (−u, f(−u))) = 0
implies that f(−u) = −f(u): contradiction since u ∈ S′. �

Lemma 3.9. Let Λ̂ be a non-positive (p− 1)-sphere in ∂∞Ĥp,q. Let V ⊂ Rp,q+1 be the kernel
of b|span(Λ), and let k := dim(V ) ≥ 0. Then

• k ≤ min(p, q + 1);
• if k = p, then Λ̂ is the image of V r{0} in ∂∞Ĥp,q ⊂ (Rp,q+1r{0})/R>0; in particular,
the restriction b|span(Λ̂) has signature (0, 0|k);
• if k < p, then the restriction b|span(Λ̂) has signature (p − k, q′|k) for some 1 ≤ q′ ≤
q + 1− k.

In particular, if q + 1 < p, then we always have k < q + 1.
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Proof. Since V is a totally isotropic subspace of Rp,q+1, we have k ≤ min(p, q + 1).
Fix a splitting ∂∞Ĥp,q ' Sp−1×Sq defined by the choice of a timelike (q+ 1)-plane of Rp,q+1

as in (2.7). By Corollary 3.4, in this splitting, Λ̂ is the graph of a 1-Lipschitz map f : Sp−1 → Sq.
Let S := {u ∈ Sp−1 | f(−u) = −f(u)}. If S is non-empty, let S′ be the set of points of Sp−1 at
distance π/2 of S; if S is empty, let S′ := Sp−1.

If k = p, then by Lemma 3.7 we have S = Sp−1 and Λ̂ is the image of V r {0} in ∂∞Ĥp,q ⊂
(Rp,q+1 r {0})/R>0.

Suppose k < p. By Lemma 3.7, the set S′ is a totally geodesic copy of Sp−k−1 in Sp−1

and the graph of f |S′ is a non-degenerate non-positive (p − 1 − k)-sphere in ∂∞Ĥp,q. Let
(p′, q′|0) be the signature of the restriction of b to E := span(graph(f |S′)). We have q′ ≥ 1
since E contains b-isotropic vectors. The graph of f |S′ is a non-positive (p − 1 − k)-sphere in
∂∞ĤE ' ∂∞Ĥp′,q′−1, where ∂∞ĤE is the intersection of ∂∞Hp,q ⊂ (Rp,q+1 r {0})/R>0 with
the image of E r {0}. Therefore p − k ≤ p′ by Lemma 3.3. On the other hand, we have
E ⊂ span(Λ̂) ⊂ V ⊥, where b|V ⊥ has signature (p−k, q+ 1−k|k). We deduce p′ ≤ p−k (hence
p′ = p− k) and q′ ≤ q + 1− k. �

Here is a consequence of Lemma 3.7. We denote by ς the non-trivial automorphism of
the double covering ∂∞Ĥp,q → ∂∞Hp,q, and refer to Definition 2.8 for the notion of (non-)
degeneracy.

Proposition 3.10. Let Λ be a non-positive (p − 1)-sphere in ∂∞Hp,q, and let Λ̂ be a non-
positive (p − 1)-sphere in ∂∞Ĥp,q projecting onto Λ, so that the full preimage of Λ in ∂∞Ĥp,q

is Λ̂ ∪ ς(Λ̂).

• If Λ is totally degenerate (i.e. spans a totally isotropic subspace of Rp,q+1), then Λ̂ = ς(Λ̂)

is the unique non-positive (p − 1)-sphere of ∂∞Ĥp,q projecting onto Λ; the projection
from Λ̂ to Λ is a double covering.
• If Λ is degenerate but not totally degenerate, then p ≥ 2 and Λ̂ ∪ ς(Λ̂) is connected; Λ̂

and ς(Λ̂) are exactly the two non-positive (p− 1)-spheres of ∂∞Ĥp,q projecting onto Λ;
the projection from Λ̂ to Λ is not injective and not a covering.
• If Λ is non-degenerate, then Λ̂ and ς(Λ̂) are disjoint; they are exactly the two non-
positive (p−1)-spheres of ∂∞Ĥp,q projecting onto Λ; the projection from Λ̂ or ς(Λ̂) to Λ
is a homeomorphism.

Proof. Let ∂∞Ĥp,q ' Sp−1×Sq be the splitting defined by the choice of a timelike (q+ 1)-plane
of Rp,q+1 as in (2.7). By Corollary 3.4, in this splitting, Λ̂ is the graph of some 1-Lipschitz
map f : Sp−1 → Sq. For any (u, u′) ∈ Sp−1 × Sq ' ∂∞Ĥp,q we have ς((u, u′)) = (−u,−u′).
Therefore ς(Λ̂) is the graph of the map f ς : Sp−1 → Sq given by f ς(u) := −f(−u), which is
still 1-Lipschitz, and ς(Λ̂) is still a non-positive (p− 1)-sphere of ∂∞Ĥp,q by Corollary 3.4.

The intersection Λ̂ ∩ ς(Λ̂) is the graph of the restriction of f to

{u ∈ Sp−1 | f(u) = f ς(u)} = {u ∈ Sp−1 | f(−u) = −f(u)} =: S.

The projection from Λ̂ to Λ is two-to-one on the graph of f restricted to S, and one-to-one on
the graph of f restricted to Sp−1 r S. By Lemma 3.7, we have S 6= ∅ (i.e. Λ̂ ∩ ς(Λ̂) 6= ∅, which
for p ≥ 2 is also equivalent to Λ̂ ∪ ς(Λ̂) being connected) if and only if Λ is degenerate, and
S = Sp−1 (i.e. Λ̂ = ς(Λ̂)) if and only if Λ is totally degenerate.



Hp,q-CONVEX COCOMPACTNESS AND HIGHER HIGHER TEICHMÜLLER SPACES 25

If p = 1, then S 6= ∅ implies S = Sp−1 since S is a totally geodesic subsphere of Sp−1 by
Lemma 3.7. Therefore Λ cannot be degenerate but not totally degenerate for p = 1.

Let Λ̂′ be a non-positive (p − 1)-sphere of ∂∞Ĥp,q projecting onto Λ. By Corollary 3.4, in
our splitting, Λ̂′ is the graph of a 1-Lipschitz map g : Sp−1 → Sq. For any u ∈ Sp−1, we have
g(u) = f(u) or g(u) = f ς(u). Let A (resp. B) be the set of elements u ∈ Sp−1 such that
g(u) = f(u) (resp. g(u) = f ς(u)). Then A and B are closed subsets of Sp−1 whose union is
Sp−1 and whose intersection is S. Thus Sp−1 r S is the disjoint union of its two closed subsets
ArS and BrS, and so these two subsets are both unions of connected components of Sp−1rS.
If S is empty or has codimension at least two in Sp−1 then Sp−1 r S is connected, while if S
is non-empty and has codimension one in Sp−1 then Sp−1 r S has two connected components
that are switched by u 7→ −u.

We claim that A and B are both stable under u 7→ −u. Indeed, if u ∈ A and −u ∈ B, then
g(−u) = −f(u) = −g(u), and so Lemma 3.7 ensures that (u, g(u)) = (u, f(u)) belongs to the
kernel V of b|span(Λ̂′) = b|span(Λ̂), hence u ∈ S = A ∩B, which proves the claim.

Therefore one of the sets A r S or B r S is empty, which means that Λ̂′ is equal to Λ̂
or ς(Λ̂). �

3.2. The convex open set Ω(Λ) associated to a non-positive (p− 1)-sphere. Recall the
notion of a non-positive subset of Rp,q+1 or ∂∞Hp,q from Definition 2.7.

Notation 3.11. For a non-positive subset Λ̃ of Rp,q+1, we denote by Ω̃(Λ̃) (resp. Ω̃(Λ̃)) the set
of vectors v ∈ Rp,q+1 such that b(v, x̃) < 0 (resp. b(v, x̃) ≤ 0) for all x̃ ∈ Λ̃.

For a non-positive (p− 1)-sphere Λ of ∂∞Hp,q ⊂ P(Rp,q+1), we denote by Ω(Λ) (resp. Ω(Λ))
the image in P(Rp,q+1) of Ω̃(Λ̃) (resp. Ω̃(Λ̃) r {0}) where Λ̃ is any subset of the non-zero
isotropic vectors of Rp,q+1 whose projection to ∂∞Ĥp,q ⊂ (Rp,q+1 r {0})/R>0 is a non-positive
(p− 1)-sphere projecting onto Λ.

It follows from Proposition 3.10 that Ω(Λ) (resp. Ω(Λ)) does not depend on the choice of
non-positive (p − 1)-sphere of ∂∞Ĥp,q projecting onto Λ. One also readily checks that Ω(Λ)

(resp. Ω(Λ)) is an open (resp. closed) convex subset of P(Rp,q+1), as Ω̃(Λ̃) (resp. Ω̃(Λ̃)) is an
intersection of open (resp. closed) half-spaces of Rp,q+1. If Ω(Λ) is non-empty, then it is the
interior of Ω(Λ), and Ω(Λ) = Ω(Λ) is the closure of Ω(Λ) in P(Rp,q+1).

Remark 3.12. In the Lorentzian case, where q = 1 and Hp,q is the anti-de Sitter space AdSp+1,
the set Ω(Λ) is often called the invisible domain of the achronal set Λ; this terminology is
justified by Lemma 3.13.(4) just below. Invisible domains of achronal subsets of ∂∞AdSp+1

containing at least two points are also called AdS regular domains [Ba, Def. 3.1]; when Λ is a
topological (p − 1)-sphere the AdS regular domain Ω(Λ) is said to be GH-regular (where GH
stands for globally hyperbolic).

Lemma 3.13. Let Λ be a non-positive (p− 1)-sphere in ∂∞Hp,q (Definition 3.1). Then
(1) Ω(Λ) is a convex open subset of Hp,q which, if non-empty, satisfies ∂∞Ω(Λ) = Λ; more

generally, Ω(Λ) ∩ ∂∞Hp,q = Λ;
(2) Ω(Λ) is non-empty if and only if Λ is non-degenerate;
(3) if Λ spans, then Ω(Λ) is properly convex;
(4) if p ≥ 2, then Ω(Λ) is equal to the set Hp,q r

⋃
w∈Λw

⊥ of points of Hp,q that see every
point of Λ in a spacelike direction; if p = 1 and Ω(Λ) is non-empty, then Λ consists of
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two points and Ω(Λ) is one of the two connected components of the set Hp,qr
⋃
w∈Λw

⊥,
namely the component containing the geodesic line of Hp,q between the two points of Λ.

For (4), recall that any point x of Hp,q sees any point w of ∂∞Hp,q in a spacelike direction
(if x /∈ w⊥) or a lightlike direction (if x ∈ w⊥).

Proof. (1) Let us check that the convex open subset Ω(Λ) of P(Rp,q+1) is contained in Hp,q and
that Ω(Λ)∩∂∞Hp,q ⊂ Λ. (The reverse inclusion Ω(Λ)∩∂∞Hp,q ⊃ Λ is clear.) The non-positive
(p− 1)-sphere Λ is the projection to ∂∞Hp,q of some non-positive (p− 1)-sphere Λ̂ of ∂∞Ĥp,q.
Choose a timelike (q + 1)-plane T of Rp,q+1. As in the proof of Lemma 2.5, we can identify
∂∞Ĥp,q with {v ∈ Rp,q+1 | b(v, v) = 0 and rT (v) = 1} and, via (prT⊥ , prT ), with

{v ∈ T⊥ | b(v, v) = 1} × {v ∈ T | (−b)(v, v) = 1} ' Sp−1 × Sq.

Let Λ̃ be the image of Λ̂ in {v ∈ Rp,q+1 | b(v, v) = 0 and rT (v) = 1}; it is a non-positive
subset of Rp,q+1 r {0} which projects onto Λ. It is sufficient to check that for any v ∈ Ω̃(Λ̃),
if v ∈ Ω̃(Λ̃) then b(v, v) < 0, and if b(v, v) = 0 then v is a non-negative multiple of some
element of Λ̃. By Corollary 3.4, the set Λ̃ is the graph of some 1-Lipschitz map f : Sp−1 '
{v ∈ T⊥ | b(v, v) = 1} → {v ∈ T | (−b)(v, v) = 1} ' Sq. Consider v ∈ Ω̃(Λ̃). We can
write v = (αu, α′u′) ∈ T⊥ ⊕ T = Rp,q+1 for some α, α′ ≥ 0 and u ∈ T⊥ and u′ ∈ T with
b(u, u) = −b(u′, u′) = 1. Then b(v, v) = α2 b(u, u) + α′2 b(u′, u′) = α2 − α′2. Since v belongs
to Ω̃(Λ̃) and (u, f(u)) belongs to Λ̃, we have

0 ≥ b(v, (u, f(u))) = α b(u, u) + α′ b(u′, f(u)) ≥ α− α′.(3.1)

If v ∈ Ω̃(Λ̃), then the first inequality in (3.1) is strict, hence α < α′, and so b(v, v) =

α2 − α′2 < 0. If b(v, v) = 0, then α = α′, hence all inequalities in (3.1) must be equali-
ties, and so v is equal to (u, f(u)) ∈ Λ̃ rescaled by α.

(2) Suppose that Λ is non-degenerate. Let Ũ be the interior inside span(Λ) of the R+-span
of Λ̃; it is a non-empty open subset of span(Λ). For any v ∈ Ũ we have b(v, v) ≤ 0, hence
b(v, v) < 0 since Ũ is open in span(Λ) and the restriction of b to span(Λ) is non-degenerate.
For any v ∈ Ũ and x̃ ∈ Λ̃ we have b(v, x̃) ≤ 0, hence b(v, x̃) < 0 since Ũ is open. Thus Ũ is
contained in Ω̃(Λ̃), and its projectivization is contained in Ω(Λ).

Conversely, suppose that Λ is degenerate. Let Λ̂ be a non-positive (p− 1)-sphere of ∂∞Ĥp,q

projecting onto Λ. Consider a splitting Ĥ
p,q
' Bp × Sq as in Lemma 2.5, defined by the choice

of a timelike (q+ 1)-plane of Rp,q+1. By Corollary 3.4, in this splitting, Λ̂ is the graph of some
1-Lipschitz map f : Sp−1 → Sq. By Lemma 3.7, there exists u ∈ Sp−1 such that f(−u) = −f(u).
Then for any (u1, u

′
1) ∈ Bp× Sq, the sign of 〈u1, u〉p+1− 〈u′1, f(u)〉q+1 is opposite to the sign of

〈u1,−u〉p+1 − 〈u′1, f(−u)〉q+1; in other words, the sign of dBp(u1, u)− dSq(u′1, f(u)) is opposite
to the sign of dBp(u1,−u)−dSq(u′1, f(−u)). By Lemma 2.6, this means that the sign of b(v1, v)

is opposite to the sign of b(v1, w) for v1, v, w ∈ Rp,q+1 r {0} corresponding respectively to
(u1, u

′
1) ∈ Ĥp,q, to (u, f(u)) ∈ Λ̂ ⊂ ∂∞Ĥp,q, and to (−u, f(−u)) ∈ Λ̂ ⊂ ∂∞Ĥp,q, where we see

Ĥ
p,q

as a subset of (Rp,q+1 r {0})/R>0 as in (2.5). Since Ω(Λ) ⊂ Hp,q by (1), this shows that
Ω(Λ) is empty.

(3) We argue by contraposition. Suppose that the convex open set Ω(Λ) is not properly
convex. Then Ω(Λ) contains a full projective line ` ⊂ P(Rp,q+1) (see e.g. [GV, Th. 1]). For any
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w ∈ Λ, for dimensional reasons, either ` ⊂ w⊥, or ` ∩ w⊥ is a single point `w ∈ P(Rp,q+1). For
x,w ∈ Λ, if ` lies neither in w⊥ nor in x⊥, then we claim that the points `x and `w are equal.
Indeed, if the points were different, then only one segment of `r {`x, `w} would be contained
in Ω(Λ), which would contradict that ` ⊂ Ω(Λ). Consequently, there is a point o ∈ ` such that
o ∈ x⊥ for all x ∈ Λ, i.e. o ∈ Λ⊥, and so Λ does not span.

(4) By definition of Ω(Λ) (see Notation 3.11), we have Ω(Λ) ⊂ P(Rp,q+1)r
⋃
w∈Λw

⊥. There-
fore Ω(Λ) ⊂ Hp,q r

⋃
w∈Λw

⊥ by (1).
For p ≥ 2, let us check the reverse inclusion. Since p ≥ 2, we can consider a connected subset

Λ̃ of the non-zero isotropic vectors of Rp,q+1 whose projection to ∂∞Ĥp,q ⊂ (Rp,q+1 r {0})/R>0

is a non-positive (p− 1)-sphere projecting onto Λ. Let x ∈ Hp,q r
⋃
w∈Λw

⊥. We can lift x to
x̃ ∈ Rp,q+1 such that b(x̃, w̃) < 0 for some w̃ ∈ Λ̃. Since Λ̃ is connected and b(x̃, w̃) 6= 0 for all
w̃ ∈ Λ̃, by continuity we then have b(x̃, w̃) < 0 for all w̃ ∈ Λ̃, hence x̃ ∈ Ω̃(Λ̃) and x ∈ Ω(Λ).

We now assume that p = 1 and Ω(Λ) is non-empty. By (2), the set Λ is non-degenerate,
and so #Λ = #S0 = 2 and Λ lifts to Λ̃ = {x̃, ỹ} where x̃, ỹ ∈ Rp,q+1 r {0} are isotropic
and satisfy b(x̃, ỹ) < 0. The set Hp,q r

⋃
w∈Λw

⊥ has two connected components, namely
P({v ∈ Rp,q+1 | b(v, x̃) b(v, ỹ) > 0}) and Hp,q ∩ P({v ∈ Rp,q+1 | b(v, x̃) b(v, ỹ) < 0}). The first
component contains the geodesic line of Hp,q between the two points of Λ and is equal to Ω(Λ)
(Notation 3.11). �

Remark 3.14. Lemma 3.13.(1) implies that any non-positive (p − 1)-sphere Λ of ∂∞Hp,q is
filled in the sense of [Ba, Rem. 3.19]: any segment of ∂∞Ω(Λ) between two points of Λ is fully
contained in Λ.

Notation 3.15. For a non-degenerate non-positive (p−1)-sphere Λ ⊂ ∂∞Hp,q, we define C (Λ)
to be the convex hull of Λ in the convex set Ω(Λ). It is a closed convex subset of the open convex
set Ω(Λ).

In other words, the closure C (Λ) of C (Λ) in P(Rp,q+1) is the union of all closed projective
simplices of P(Rp,q+1) with vertices in Λ that are contained in Ω(Λ); the set C (Λ) is the
intersection of C (Λ) with Ω(Λ).

Remark 3.16. Let Λ ⊂ ∂∞Hp,q be a non-degenerate non-positive (p− 1)-sphere. Then
• by Lemma 3.13.(2) and its proof, the open convex set Ω(Λ) and its closed convex
subset C (Λ) are non-empty; since Λ ⊂ ∂∞C (Λ), we have ∂∞C (Λ) = ∂∞Ω(Λ) = Λ by
Lemma 3.13.(1);
• the set C (Λ) ⊂ Hp,q is closed in Hp,q if and only if ∂HC (Λ) ∩ ∂HΩ(Λ) = ∅;
• C (Λ) is properly convex. Indeed, by definition we have C (Λ) ⊂ Ω(Λ)∩P(span(Λ)), and
so it is sufficient to check that Ω(Λ) ∩ P(span(Λ)) is properly convex. For this we note
that Ω(Λ) ∩ P(span(Λ)) coincides with the set Ωspan(Λ)(Λ) as in Notation 3.11 where
we see Λ as a subset of P(span(Λ)) (i.e. Λ spans); we then apply Lemma 3.13.(3).

Example 3.17. In the setting of Examples 3.5, let Λ be the image in ∂∞Hp,q of the non-
positive (p− 1)-sphere Λ̂. In case (i), the set C (Λ) is the copy of Hp bounded by Λ; the convex
open set Ω(Λ) is not properly convex; it is the geometric join of Hp with a (q− 1)-dimensional
timelike totally geodesic subspace of Hp,q, minus this timelike totally geodesic subspace. In
case (ii), the set C (Λ) is the (2p − 1)-dimensional open projective simplex spanned by Λ; if
p = q + 1, then Ω(Λ) = C (Λ), and if p < q + 1, then Ω(Λ) is the geometric join of C (Λ) with
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a (q − p)-dimensional timelike totally geodesic subspace of Hp,q, minus this timelike totally
geodesic subspace. In case (iii), the non-positive (p − 1)-sphere Λ is degenerate and Ω(Λ) is
empty.

3.3. Spacelike and weakly spacelike p-graphs: definition and characterizations. The
following notion generalizes, to Hp,q, the notion of an acausal (resp. achronal) topological
hypersurface in the Lorentzian anti-de Sitter space AdSp+1 = Hp,1.

Definition 3.18. Let X = Hp,q or Ĥp,q. A spacelike (resp. weakly spacelike) p-graph in X
is a closed subset of X on which any two points are in spacelike position (resp. on which no
two points are in timelike position) and which is, with the subset topology, homeomorphic to
a connected p-dimensional topological manifold without boundary.

Note that any spacelike p-graph is in particular a weakly spacelike p-graph. In Section 6 we
will consider the following special class of spacelike p-graphs, see also [SST, Lem. 3.5].

Example 3.19. Any p-dimensional connected complete spacelike C1 submanifold of X = Hp,q

or Ĥp,q is a spacelike p-graph in X.

The goal of this section is to establish the following characterizations, which justify the
terminology of Definition 3.18.

Proposition 3.20. For X = Ĥp,q (resp. Hp,q) and for a subset M̂ (resp.M) of X, the following
are equivalent:

(1) M̂ (resp. M) is a weakly spacelike p-graph in X (Definition 3.18);
(1)’ M̂ (resp. M) is closed in X and meets every q-dimensional timelike totally geodesic

subspace of X in a unique point;
(2) for any splitting Ĥp,q ' Bp×Sq as in Proposition 2.3, defined by the choice of a timelike

(q+ 1)-plane of Rp,q+1, the set M̂ is (resp. the set M lifts injectively to a subset of Ĥp,q

which is) in this splitting the graph of a 1-Lipschitz map f : Bp → Sq;
(2)’ for some splitting Ĥp,q ' Bp × Sq as in Proposition 2.3, defined by the choice of a

timelike (q + 1)-plane of Rp,q+1, the set M̂ is (resp. the set M lifts injectively to a
subset of Ĥp,q which is) in this splitting the graph of a 1-Lipschitz map f : Bp → Sq.

Proposition 3.21. For X = Ĥp,q (resp. Hp,q) and for a subset M̂ (resp.M) of X, the following
are equivalent:

(1) M̂ (resp. M) is a spacelike p-graph in X (Definition 3.18);
(2) for any splitting Ĥp,q ' Bp×Sq as in Proposition 2.3, defined by the choice of a timelike

(q+ 1)-plane of Rp,q+1, the set M̂ is (resp. the set M lifts injectively to a subset of Ĥp,q

which is) in this splitting the graph of a strictly 1-Lipschitz map f : Bp → Sq;
(2)’ for some splitting Ĥp,q ' Bp×Sq as in Proposition 2.3, defined by the choice of a timelike

(q+ 1)-plane of Rp,q+1, the set M̂ is (resp. the set M lifts injectively to a subset of Ĥp,q

which is) in this splitting the graph of a strictly 1-Lipschitz map f : Bp → Sq.

Recall that strictly 1-Lipschitz means that dSq(f(u1), f(u2)) < dBp(u1, u2) for all u1 6= u2 in Bp.

Remark 3.22. Propositions 3.20 and 3.21 imply that any spacelike (resp. weakly spacelike)
p-graph in Hp,q lifts injectively to a spacelike (resp. weakly spacelike) p-graph in Ĥp,q, and that
weakly spacelike p-graphs in Hp,q or Ĥp,q are always homeomorphic to Bp, hence contractible.
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Examples 3.23. Consider a splitting Ĥp,q ' Bp × Sq as in Proposition 2.3, defined by the
choice of a timelike (q + 1)-plane T of Rp,q+1.

(i) If f : Bp → Sq is a constant map, then the graph of f is a spacelike p-graph in Ĥp,q which
is a totally geodesic copy of Hp. Its boundary at infinity Λ̂ = ∂∞M̂ is as in Example 3.5.(i).

(ii) If p ≤ q + 1 and if f : Bp → Sq is given by

f(y0, . . . , yp) =

(√
y2

0

p
+ y2

1, . . . ,

√
y2

0

p
+ y2

p

)
,

then the graph M̂ of f is a spacelike p-graph in Ĥp,q. (In fact, it is a p-dimensional maximal
complete spacelike C∞ submanifold of Ĥp,q, see Lemma 5.8 below with j = p.) Its boundary
at infinity Λ̂ = ∂∞M̂ is as in Example 3.5.(ii). See Figure 1.

H2,1

M
x+1•

x+2
•

x−1•

x−2
•

Figure 1. The 3-dimensional anti-de Sitter space AdS3 = H2,1, intersected
with an affine chart of P(R4), is the interior of the quadric of equation
v2

1 + v2
2 − v2

3 = 1. Here we have represented, in such an affine chart, the image
M in H2,1 of a spacelike 2-graph as in Example 3.23.(ii). Its ideal boundary is
the union of four segments of ∂∞H2,1, joining points x±1 and x±2 .

For the proof of (1)’ ⇒ (1) in Proposition 3.20 we use the following basic observation.

Remark 3.24. Let o ∈ Hp,q and let T be a timelike (q+1)-plane of Rp,q+1 such that o ∈ P(T ).
Consider a b-orthogonal basis (e1, . . . , ep+q+1) of Rp,q+1 such that span(e1, . . . , ep) = T⊥ and
span(ep+1, . . . , ep+q+1) = T , such that o = [ep+q+1], and such that b(ei, ei) is equal to 1 if
1 ≤ i ≤ p and to −1 if p + 1 ≤ i ≤ p + q + 1. For each d ∈ T⊥ with b(d, d) < 1, consider the
timelike (q + 1)-plane

Td := span(ep+1, . . . , ep+q, d+ ep+q+1)

of Rp,q+1. We have T0 = T . In the affine chart {vp+q+1 = 1} of P(Rp+q+1), the sets P(Td) are
affine translates of {v1 = · · · = vp = 0}, with P(Td) and P(Td′) disjoint in the affine chart if
d 6= d′. The map d 7→ P(Td) defines a foliation of the open subset

U := {[v1 : . . . : vp+q : 1] | v1, . . . , vp+q ∈ R, v2
1 + · · ·+ v2

p < 1}
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of Hp,q (which contains o) by q-dimensional timelike totally geodesic subspaces, parametrized by
the open unit disk Dp of Euclidean Rp. The intersection P(Td)∩P(Td′) = P(span(ep+1, . . . , ep+q))

= P(T ) ∩ o⊥ is independent of the choice of d 6= d′ in Dp.

Lemma 3.25. For X = Ĥp,q or Hp,q, letM be a closed subset of X meeting every q-dimensional
timelike totally geodesic subspace of X in a unique point. Then M is homeomorphic to a
connected p-dimensional topological manifold without boundary.

Proof of Lemma 3.25. We give the proof for X = Hp,q; the proof for X = Ĥp,q is similar. Let
M be a closed subset of Hp,q meeting every q-dimensional timelike totally geodesic subspace of
Hp,q in a unique point.

We first fix a pointm ∈M . Choosing a timelike (q+1)-plane T of Rp,q+1 such thatm ∈ P(T ),
Remark 3.24 provides an open neighborhood Um of m in Hp,q and a collection T of timelike
(q+1)-planes of Rp,q+1 containing T such that T is homeomorphic to Dp, the sets P(T ′)∩Um for
T ′ ∈ T define a foliation of Um, and for any T ′ 6= T ′′ in T we have P(T ′)∩P(T ′′) = P(T )∩m⊥ =
P(T ′)rUm. Since M meets every q-dimensional timelike totally geodesic subspace of Hp,q in a
unique point, we have P(T )∩M = {m}, hence P(T ) ⊂ (XrM)∪{m}. For any T ′ ∈ T r{T},
the facts that P(T ′) r Um ⊂ P(T ) and m /∈ P(T ′) then imply P(T ′) ∩M ⊂ Um.

Let ϕm : T → Um ∩M be the map sending any T ′ to the unique intersection point of P(T ′)
with M . We claim that ϕm is a homeomorphism with respect to the subset topology on the
image. Indeed, ϕm is bijective because M meets every q-dimensional timelike totally geodesic
subspace of Hp,q in a unique point and T yields a foliation of Um. The continuity of ϕm follows
from the closedness ofM : if (Tn)n∈N is a sequence of points of T converging to T ′ ∈ T , then by
closedness of M any accumulation point of (P(Tn)∩M)n∈N is contained in P(T ′)∩M , which is
a single point ϕ(T ′), hence ϕ(Tn)→ ϕ(T ′). The continuity of ϕ−1

m readily follows from the fact
that the P(T ′) ∩ Um for T ′ ∈ T foliate Um. Composing ϕ−1

m with a homeomorphism between
T and Dp, we obtain a homeomorphism ψm : Um ∩M → Dp.

We can do this for any m ∈ M . We thus obtain an atlas of charts of M of the form
(Um ∩ M,ψm)m∈M , with values in Dp ⊂ Rp. By construction, chart transition maps are
homeomorphisms, and so M is homeomorphic to a p-dimensional topological manifold without
boundary.

We claim thatM is connected. Indeed, given any two points m1,m2 ∈M , consider arbitrary
timelike (q+1)-planes T1, T2 of Rp,q+1 such that mi ∈ P(Ti) for all i ∈ {1, 2}. Since the space of
timelike (q+1)-planes of Rp,q+1 is path connected (it identifies with the Riemannian symmetric
space of PO(p, q + 1), which is a contractible manifold), we can find a continuous path t 7→ Tt
from T1 to T2 in the space of timelike (q + 1)-planes of Rp,q+1. Then t 7→ P(Tt) ∩M defines a
continuous path from m1 to m2 in M . �

Proof of Proposition 3.20. • (1)⇒ (2) for M̂ : Suppose that M̂ is a weakly spacelike p-graph in
Ĥp,q. The fact that no two points of M̂ are in timelike position means that |b(x̂, ŷ)| ≥ 1 for all
x̂, ŷ ∈ M̂ (see Section 2.2). Since M̂ is connected and b(x̂, x̂) = −1, the continuity of b implies
that b(x̂, ŷ) ≤ −1 for all x̂, ŷ ∈ M̂ . Consider a splitting Ĥp,q ' Bp × Sq as in Proposition 2.3,
defined by the choice of a timelike (q + 1)-plane of Rp,q+1. By Lemma 2.4, in our splitting we
have dBp(u1, u2) ≥ dSq(u

′
1, u
′
2) for all (u1, u

′
1), (u2, u

′
2) ∈ M̂ . Thus the first-factor projection

restricted to M̂ is injective, and so there exist a subset A of Bp and a 1-Lipschitz map f : A→ Sq
such that M̂ is the graph of f . Since f is continuous, the first-factor projection restricted to
M̂ is a homeomorphism onto A. Since M̂ is closed in X = Ĥp,q by assumption, it follows that
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A is closed in Bp. Moreover, since M̂ is homeomorphic to a p-dimensional topological manifold
without boundary, any point x̂ ∈ M̂ admits an open neighborhood in M̂ whose image by the
first-factor projection is an open subset of Bp contained in A, and so A is open in Bp. Since Bp
is connected we have A = Bp. Thus M̂ = graph(f) for a 1-Lipschitz map f : Bp → Sq.
• (1) ⇒ (2) for M : Suppose that M is a weakly spacelike p-graph in Hp,q. Since M is

connected, the full preimage of M in Ĥp,q has at most two connected components. Let M̂
be one of these components. As in the previous paragraph, since no two points of M are
in timelike position, we have |b(x̂, ŷ)| ≥ 1 for all x̂, ŷ ∈ M̂ and in fact b(x̂, ŷ) ≤ −1 for all
x̂, ŷ ∈ M̂ by connectedness of M̂ . In particular, if x̂ ∈ M̂ , then −x̂ /∈ M̂ , which shows
that M̂ projects injectively onto M . Hence the full preimage of M in Ĥp,q has exactly two
connected components and M̂ is a closed subset of Ĥp,q which is homeomorphic to a connected
p-dimensional topological manifold without boundary. Moreover, the inequality b(x̂, ŷ) ≤ −1

for all x̂, ŷ ∈ M̂ shows that no points of M̂ are in timelike position. We conclude using the
implication (1) ⇒ (2) for M̂ .
• (2)⇒ (1)’ for M̂ : Suppose that M̂ satisfies (2). Let T be a timelike (q+1)-plane of Rp,q+1,

and let us check that M̂ meets the image of T in Ĥp,q in a unique point. Consider the splitting
Ĥp,q ' Bp × Sq given by T as in Proposition 2.3. In this splitting, the image of T r {0} in
Ĥp,q is {u0} × Sq where u0 = (1, 0, . . . , 0) is the mid-point of the upper hemisphere Bp. The
fact that M̂ is the graph of a map f : Bp → Sq then implies that M̂ meets the image of T in a
unique point (namely (u0, f(u0))).
• (2) ⇒ (1)’ for M : Suppose that M lifts injectively to a subset M̂ of Ĥp,q satisfying (2).

For any timelike (q + 1)-plane T of Rp,q+1, we have just seen that M̂ meets the image of T in
Ĥp,q in a unique point; therefore, M meets the image of T in Hp,q in a unique point.
• (1)’ ⇒ (1): For X = Ĥp,q (resp. Hp,q), any two points of X which are in timelike position

belong to a common q-dimensional timelike totally geodesic subspace of X. Therefore, the fact
that M̂ (resp. M) meets every such subspace of X in a unique point implies that no two points
of M̂ (resp. M) are in timelike position. We conclude using Lemma 3.25.
• (2) ⇒ (2)’ is clear.
• (2)’ ⇒ (1) for M̂ : Suppose that in some splitting Ĥp,q ' Bp × Sq as in Proposition 2.3,

the set M̂ is the graph of a 1-Lipschitz map f : Bp → Sq. Since f is continuous, the first-factor
projection restricted to M̂ is a homeomorphism onto Bp. In particular, M̂ is closed in X = Ĥp,q

and homeomorphic to a topological p-dimensional manifold without boundary. Since f is 1-
Lipschitz we have dBp(u1, u2) ≥ dSq(u

′
1, u
′
2) for all (u1, u

′
1), (u2, u

′
2) ∈ M̂ , and so Lemma 2.4

implies that no two points of M̂ are in timelike position.
• (2)’ ⇒ (1) for M : Suppose that M admits an injective lift M̂ ⊂ Ĥp,q which, in some

splitting Ĥp,q ' Bp × Sq as in Proposition 2.3, is the graph of a 1-Lipschitz map f : Bp → Sq.
The previous paragraph shows that M̂ is closed in Ĥp,q and homeomorphic to a topological
p-dimensional manifold without boundary. The same holds for M since the natural projection
from M̂ to M is a homeomorphism. Since no two points of M̂ are in timelike position, the
same holds for M . �

Proof of Proposition 3.21. Observe that, by Lemma 2.4, for any splitting Ĥp,q ' Bp × Sq as
in Proposition 2.3, defined by the choice of a timelike (q + 1)-plane of Rp,q+1, and for any
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1-Lipschitz map f : Bp → Sq, the map f is strictly 1-Lipschitz if and only if any two points of
the graph of f in Ĥp,q are in spacelike position.

Proposition 3.21 is an immediate consequence of the equivalences (1)⇔ (2)⇔ (2)’ in Propo-
sition 3.20 and of this observation. �

The following elementary observation will be useful in Section 7.4.

Lemma 3.26. Let M be a weakly spacelike p-graph in Hp,q (resp. Ĥp,q). Then any compact
subgroup of PO(p, q + 1) (resp. O(p, q + 1)) preserving M admits a global fixed point in M .

Proof. We give the proof for Hp,q; the proof for Ĥp,q is similar. Any compact subgroup of
PO(p, q + 1) is contained in a maximal one, hence preserves a q-dimensional timelike totally
geodesic subspace P(T ) of Hp,q. If the compact subgroup preserves M , then it also preserves
the intersection P(T ) ∩M , which is a singleton by Proposition 3.20. �

3.4. Limits, boundaries, and projections of weakly spacelike p-graphs. Here is an easy
consequence of the equivalence (1) ⇔ (2)’ in Proposition 3.20.

Corollary 3.27. For X = Ĥp,q or Hp,q, any sequence of weakly spacelike p-graphs in X admits
a subsequence that converges to a weakly spacelike p-graph in X.

As in Corollary 3.6, we consider convergence with respect to the Hausdorff topology for
subsets of the projective space P(Rp,q+1), restricted to weakly spacelike p-graphs. Using char-
acterization (2) of Proposition 3.20, this coincides with the topology induced by pointwise
convergence of 1-Lipschitz maps f : Bp → Sq for any splitting Ĥp,q ' Bp × Sq as in Proposi-
tion 2.3.

Proof of Corollary 3.27. We consider the case X = Ĥp,q, as it implies the case X = Hp,q (see
Proposition 3.20). Let (M̂n)n∈N be a sequence of weakly spacelike p-graphs in Ĥp,q. Consider a
splitting Ĥp,q ' Bp × Sq as in Proposition 2.3, defined by the choice of a timelike (q + 1)-plane
of Rp,q+1. By Proposition 3.20, in this splitting, each M̂n is the graph of a 1-Lipschitz map
fn : Bp → Sq. By the Arzelà–Ascoli theorem, some subsequence (fϕ(n))n∈N of (fn) converges
to a 1-Lipschitz map f : Bp → Sq. Then the graph M̂ ⊂ Ĥp,q of f is the limit of (M̂ϕ(n))n∈N,
and M̂ is a weakly spacelike p-graph by Proposition 3.20. �

The following will be used throughout the paper.

Proposition 3.28. Let M be a weakly spacelike p-graph in Hp,q, with boundary at infinity
Λ := ∂∞M ⊂ ∂∞Hp,q. Then

(1) Λ is a non-positive (p− 1)-sphere in ∂∞Hp,q (Definition 3.1) and M ⊂ Ω(Λ);
(2) if M is a spacelike p-graph in Hp,q, then M ⊂ Ω(Λ); in particular, Λ is non-degenerate

by Lemma 3.13.(2).

Recall from Lemma 3.13.(4) that the condition M ⊂ Ω(Λ) (rather than just M ⊂ Ω(Λ))
means that any point of M sees any point of Λ in a spacelike direction.

Proof of Proposition 3.28. (1) Consider a splitting Ĥ
p,q
' Bp × Sq as in Lemma 2.5, defined

by the choice of a timelike (q + 1)-plane of Rp,q+1. By Proposition 3.20, we can lift M to a
weakly spacelike p-graph M̂ in Ĥp,q which, in this splitting, is the graph of some 1-Lipschitz
map f : Bp → Sq. Then f extends continuously to a 1-Lipschitz map f : Bp = Bp t Sp−1 → Sq,
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and Λ = ∂∞M is the projection of the graph of f |Sp−1 . Since f |Sp−1 is 1-Lipschitz, Corollary 3.4
implies that Λ is a non-positive (p− 1)-sphere in ∂∞Hp,q.

Since f : Bp → Sq is 1-Lipschitz, Lemma 2.6 implies that b(v1, v) ≤ 0 for all v1, v ∈
Rp,q+1 r {0} corresponding respectively to (u1, f(u1)) ∈ M̂ ⊂ Ĥp,q and (u, f(u)) ∈ Λ̂ :=

∂∞M̂ ⊂ ∂∞Ĥp,q, where we see Ĥ
p,q

as a subset of (Rp,q+1 r {0})/R>0 as in (2.5). Therefore
M ⊂ Ω(Λ) by definition of Ω(Λ) (see Notation 3.11).

(2) Suppose M is in fact a spacelike p-graph in Hp,q. By Proposition 3.21, this means that
the 1-Lipschitz map f : Bp → Sq is in fact strictly 1-Lipschitz, and therefore its continuous
extension f : Bp = Bp t Sp−1 → Sq is also strictly 1-Lipschitz. Lemma 2.6 then implies that
b(v1, v) < 0 for all v1, v ∈ Rp,q+1 r {0} corresponding respectively to (u1, f(u1)) ∈ M̂ ⊂ Ĥp,q

and (u, f(u)) ∈ Λ̂ := ∂∞M̂ ⊂ ∂∞Ĥp,q, where we see Ĥ
p,q

as a subset of (Rp,q+1 r {0})/R>0 as
in (2.5). Therefore M ⊂ Ω(Λ) by definition of Ω(Λ) (see Notation 3.11). �

We note that when M is weakly spacelike but not spacelike, the non-positive (p− 1)-sphere
Λ = ∂∞M may be degenerate. Here is a most degenerate example.

Example 3.29. For p ≤ q, take M to be the projection of graph(f) ⊂ Ĥp,q to Hp,q for the
isometry f : Bp ⊂ Sp ↪→ Sq. ThenM is a weakly spacelike p-graph in Hp,q: it is a p-dimensional
totally geodesic subspace of Hp,q which is lightlike (i.e. it is the projectivization of a (p + 1)-
dimensional linear subspace of Rp,q+1 of signature (0, 1|p), see Section 2.2) and ∂∞M is the
projectivization of a p-dimensional totally isotropic linear subspace of Rp,q+1.

The following proposition implies in particular that if a weakly spacelike p-graph M of Hp,q

satisfies that ∂∞M is the projectivization of a p-dimensional totally isotropic linear subspace
of Rp,q+1, then we are in the setting of Example 3.29.

Proposition 3.30. Let M be a weakly spacelike p-graph in Hp,q whose boundary at infinity
Λ := ∂∞M ⊂ ∂∞Hp,q is degenerate, and let V := Ker(b|Λ). For 1 ≤ ` ≤ k := dim(V ), any
choice of an `-dimensional linear subspace of V determines a foliation of M by `-dimensional
lightlike totally geodesic subspaces of Hp,q. If ` = k = p, then p ≤ q and we are in the setting
of Example 3.29.

(In particular, for ` = 1 this gives a foliation of M by lightlike geodesics.)

Proof. Consider a splitting Ĥ
p,q
' Bp×Sq as in Lemma 2.5, defined by the choice of a timelike

(q+ 1)-plane of Rp,q+1. By Proposition 3.20, we can lift M to a weakly spacelike p-graph M̂ in
Ĥp,q which, in this splitting, is the graph of some 1-Lipschitz map f : Bp → Sq. Then f extends
continuously to a 1-Lipschitz map f : Bp = Bp t Sp−1 → Sq, and Λ = ∂∞M is the projection of
the graph of f |Sp−1 . Let S := {u ∈ Sp−1 | f(−u) = −f(u)}. By Lemma 3.7, the restriction f |S
of f to S is an isometry and P(V ) is the projection of the graph of f |S.

Let V ′ be an `-dimensional linear subspace of V , where 1 ≤ ` ≤ k. Then P(V ′) is the
projection of the graph of f |S′ for some totally geodesic copy S′ of S`−1 in S ' Sk−1. For any
u ∈ (S′)⊥ ⊂ Sp, the set Su := {tu + t′u′ |u′ ∈ S′, t ∈ R, t′ > 0, t2 + t′2 = 1} is a totally
geodesic copy of S` in Sp. Any point of Bp belongs to Su for some unique u ∈ (S′)⊥ ∩ Bp; this
defines a foliation of Bp by hemispheres Bp ∩ Su of totally geodesic copies of S`. If ` = p, then
(S′)⊥ ∩ Bp is a singleton {u} and Bp ∩ Su = Bp.

We claim that for any u ∈ (S′)⊥∩Bp, the restriction of f to Bp∩Su is an isometric embedding.
Indeed, any u1 6= u2 in Bp ∩ Su belong to a totally geodesic circle in Su, which meets S′ in two
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antipodal points u′ and −u′, with u′, u1, u2,−u′ in this cyclic order. We have

π = dSq(f(u′), f(−u′)) ≤ dSq(f(u′), f(u1)) + dSq(f(u1), f(u2)) + dSq(f(u2), f(−u′))
≤ dSp(u′, u1) + dSp(u1, u2) + dSp(u2,−u′) = π.

All inequalities must be equalities, hence dSq(f(u1), f(u2)) = dSp(u1, u2), proving the claim.
We deduce that for any u ∈ (S′)⊥ ∩ Bp, the image by f of the hemisphere Bp ∩ Su is an

`-dimensional totally geodesic subspace of Ĥp,q which is the image of an (` + 1)-dimensional
linear subspace of Rp,q+1 of signature (0, 1|`). �

We conclude this section with a projection result that will be used in the proofs of Proposi-
tions 1.12 and 1.13.

Lemma 3.31. Let M be a weakly spacelike p-graph in Hp,q, with M ⊂ Ω(Λ) where Λ :=
∂∞M ⊂ ∂∞Hp,q. Then the orthogonal projection M ′ of M to P(span(Λ)) is well defined and
is still a weakly spacelike p-graph in Hp,q with ∂∞M ′ = Λ and M ′ ⊂ Ω(Λ). If M is a spacelike
p-graph in Hp,q, then so is M ′.

Proof. By Lemma 3.13.(2) and Proposition 3.28.(1), the set Λ is a non-degenerate non-positive
(p−1)-sphere in ∂∞Ĥp,q, and so we can write Rp,q+1 as the b-orthogonal direct sum of span(Λ)
and Λ⊥. By Lemma 3.9, the restriction b|span(Λ) of b to span(Λ) has signature (p, q′|0) for
some 1 ≤ q′ ≤ q + 1, and the restriction b|Λ⊥ of b to Λ⊥ is negative definite (of signature
(0, q + 1 − q′|0)). The b-orthogonal projection π from Rp,q+1 to span(Λ) induces a projection
from P(Rp,q+1) r P(Λ⊥) to P(span(Λ)), which we still denote by π.

It follows from the definition of Ω(Λ) (Notation 3.11) that Ω(Λ) is contained in the domain
P(Rp,q+1)rP(Λ⊥) of π and that π sends Ω(Λ) inside itself, hence (Lemma 3.13.(1)) inside Hp,q.
In particular, π is well defined on M ; we set M ′ := π(M) ⊂ Ω(Λ) ⊂ Hp,q.

Since b|L⊥ is negative definite, we have b(π(v), π(v)) ≥ b(v, v) for all v ∈ Rp,q+1. Therefore
π sends P(Rp,q+1)rHp,q (resp. P(Rp,q+1)rHp,q) inside itself. Since π sends any projective line
of P(Rp,q+1) to a projective line or a point, we deduce that for any x 6= y in Ω(Λ), if x and y are
not in timelike position (resp. are in spacelike position) and π(x) 6= π(y), then π(x) and π(y)
are not in timelike position (resp. are in spacelike position).

We claim thatM ′ = π(M) meets every (q′−1)-dimensional timelike totally geodesic subspace
ofHp,q∩P(span(Λ)) ' Hp,q′−1 in a unique point. Indeed, let T ′ be a timelike q′-plane of span(Λ).
Then T := T ′⊕Λ⊥ is a timelike (q+1)-plane of Rp,q+1. By Proposition 3.20, the weakly spacelike
p-graph M ⊂ Hp,q meets P(T ), and so M ′ = π(M) meets P(T ′). The intersection M ′ ∩ P(T ′)
is a singleton because no two distinct points of M ′ are in timelike position.

Finally, we claim that M ′ is closed in Hp,q ∩P(span(Λ)) ' Hp,q′−1. Indeed, this follows from
the fact that M is closed in Hp,q, that M meets every q-dimensional timelike totally geodesic
subspace of Hp,q in a unique point (Proposition 3.20) and that, by Remark 3.24, any point
of Hp,q ∩ P(span(Λ)) admits an open neighborhood in Hp,q which is foliated by q-dimensional
timelike totally geodesic subspaces of Hp,q of the form P(T ′⊕Λ⊥) where T ′ is a timelike q′-plane
of span(Λ).

By Proposition 3.20, the setM ′ is a weakly spacelike p-graph in Hp,q∩P(span(Λ)) ' Hp,q′−1.
It then follows from Definition 3.18 thatM ′ is also a weakly spacelike p-graph in Hp,q. Moreover,
if M is a spacelike p-graph in Hp,q, then so is M ′. �
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4. Two useful preliminary results

In this section we prepare the proofs of Proposition 1.13 and Theorems 1.17 and 1.20 by
establishing two preliminary results involving weakly spacelike p-graphs in Hp,q.

4.1. Working in a properly convex open set. Recall from Proposition 3.28.(1) that the
boundary at infinity Λ of a weakly spacelike p-graph of Hp,q is a non-positive (p− 1)-sphere in
∂∞Hp,q. In the setting of Theorem 1.20, the convex open set Ω(Λ) ⊂ Hp,q is properly convex
if Λ spans (Lemma 3.13.(3)), but not in general. In order to use Hilbert metrics in Sections
5.2 and 5.4 below, we need to work in an appropriate properly convex open subset Ω of Ω(Λ)
containing M . The goal of this section is to establish the existence of such Ω.

Proposition 4.1. For p, q ≥ 1, let Γ be a discrete subgroup of PO(p, q + 1) acting properly
discontinuously on a weakly spacelike p-graph M in Hp,q with M ⊂ Ω(Λ) where Λ := ∂∞M ⊂
∂∞Hp,q. Then

(1) the action of Γ on Ω(Λ) is properly discontinuous.
Assume in addition that the action of Γ on M is cocompact. Then

(2) M is contained in some Γ-invariant properly convex open subset Ω ⊂ Ω(Λ) ⊂ Hp,q;
(3) for any Γ-invariant closed subset Z of Ω(Λ) such that ∂HZ ∩ ∂HΩ(Λ) = ∅, we can

choose the set Ω of (2) to contain Z, which implies that the action of Γ on Z is
properly discontinuous; moreover, the action of Γ on Z is cocompact.

Recall from Lemma 3.13.(4) and Proposition 3.28.(1) that the condition M ⊂ Ω(Λ) means
that any point of M sees any point of Λ in a spacelike direction. By Lemma 3.13.(2), this
condition implies that Λ is non-degenerate.

Proposition 4.1 is an easy consequence of the following lemma.

Lemma 4.2. For p, q ≥ 1, let Γ be a discrete subgroup of PO(p, q + 1) acting properly discon-
tinuously on a weakly spacelike p-graph M in Hp,q with M ⊂ Ω(Λ) where Λ := ∂∞M ⊂ ∂∞Hp,q.
Then

(1) any accumulation point in Ω(Λ) of the Γ-orbit of a compact subset of Ω(Λ) is contained
in Λ; in particular, the action of Γ on Ω(Λ) is properly discontinuous;

(2) for any compact subset K of Ω(Λ), the interior of the convex hull of
⋃
γ∈Γ γ · K in Ω(Λ)

is properly convex.

Proof of Lemma 4.2. (1) Let K be a compact subset of Ω(Λ), let (on)n∈N be a sequence of points
of K, and let (γn)n∈N be a sequence of pairwise distinct elements of Γ such that (γn · on)n∈N
converges to some o′ ∈ Ω(Λ). Let us check that o′ ∈ Λ. By Lemma 3.13.(1) we have Ω(Λ) ⊂
Hp,q ∪ Λ, hence it is enough to check that o′ /∈ Hp,q. Suppose by contradiction that o′ ∈ Hp,q.
Consider a point m ∈M in timelike position to o′ (such a point exists by Proposition 3.20.(1)’).
For large enough n, the point γn ·on is in timelike position tom, and so on is in timelike position
to γ−1

n ·m. Up to passing to a subsequence, we may assume that (on)n∈N converges to some point
o ∈ K (because K is compact) and that (γ−1

n ·m)n∈N converges to some point w ∈ Λ = ∂∞M
(because the action of Γ on M is properly discontinuous). Then o and w are not in spacelike
position: contradiction with Lemma 3.13.(4).

(2) Let K be a compact subset of Ω(Λ), and let Ω be the interior of the convex hull of⋃
γ∈Γ γ · K in Ω(Λ). Then Ω is a Γ-invariant convex open subset of Ω(Λ). We may assume that

Ω is non-empty, otherwise there is nothing to prove.
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We claim that Ω∩∂Ω(Λ) ⊂ C (Λ), where C (Λ) is the convex hull of Λ in Ω(Λ) (Notation 3.15).
Indeed, consider a point o ∈ Ω: it is a limit of points on ∈ Ω. By definition of Ω, each on lies
in an open projective simplex in Ω(Λ) whose vertices are of the form γi,n · ki,n where γi,n ∈ Γ
and ki,n ∈ K (with 1 ≤ i ≤ p + q + 1). Up to passing to a subsequence, we may assume that
the ki,n converge in K for each i, and that each sequence (γi,n)n∈N is either constant or consists
of pairwise distinct elements of Γ. Using (1), we deduce that o lies in the relative interior of a
simplex in Ω(Λ) whose vertices lie in Ω(Λ)∪Λ. If at least one of the vertices lies in Ω(Λ), then
o ∈ Ω(Λ). Taking the contrapositive, we get that if o ∈ ∂Ω(Λ), then all vertices lie in Λ, and
so o ∈ C (Λ).

Suppose by contradiction that Ω is not properly convex. Arguing as in the proof of Lemma
3.13.(3), we find a projective line ` fully contained in Ω ⊂ Ω(Λ) and a point o ∈ `∩∂Ω∩∂Ω(Λ)

such that o ∈ x⊥ for all x ∈ Λ. By the claim above we have o ∈ C (Λ) ⊂ P(span(Λ)), and so Λ is
degenerate. On the other hand, by assumption Ω(Λ) is non-empty, and so Λ is non-degenerate
by Lemma 3.13.(2): contradiction. �

Proof of Proposition 4.1. (1) This is contained in Lemma 4.2.(1).
(2) Let D be a compact fundamental domain for the action of Γ on M . By Lemma 4.2, for

any compact neighborhood K of D in Ω(Λ), the interior Ω of the convex hull of
⋃
γ∈Γ γ · K in

Ω(Λ) is a properly convex open subset of Ω(Λ) ⊂ Hp,q which contains M .
(3) Let Z be a Γ-invariant closed subset of Ω(Λ) such that ∂HZ ∩ ∂HΩ(Λ) = ∅. Then Z is

closed in Hp,q, and so Lemma 3.13.(1) implies that Z = Z ∪ ∂∞Z ⊂ Z ∪ Λ.
The set D′ of points of Z that are in timelike or lightlike position with a point of D is

compact. Indeed, the closure D′ of D′ in Hp,q still consists of points that are in timelike or
lightlike position with a point of D. Moreover, D′ ∩ ∂∞Z ⊂ D′ ∩Λ is empty because any point
of Λ is in spacelike position with any point of D (Lemma 3.13.(4)).

We note that Z is contained in the union of the Γ-translates of the compact subset D′.
Indeed, any point o ∈ Z is in timelike position with some point m ∈ M (by Definition 3.18 of
a weakly spacelike p-graph); if m ∈ γ ·D where γ ∈ Γ, then o ∈ γ ·D′.

Taking K to be a neighborhood of D containing D′ in the proof of (2) above, we obtain that
the interior Ω of the convex hull of

⋃
γ∈Γ γ · K in Ω(Λ) is a properly convex open subset of

Ω(Λ) ⊂ Hp,q which contains M and also Z.
Since Γ preserves the properly convex set Ω, the action of Γ on Ω is properly discontinuous

(because it preserves the Hilbert metric dΩ, see Section 2.1). Since Z ⊂ Ω, the action of Γ
on Z is also properly discontinuous. This last action is cocompact because Z is contained in
the union of the Γ-translates of the compact subset D′. �

Proof of Proposition 1.12. (1) ⇒ (2) is clear.
(2) ⇒ (1): By Lemma 3.13.(2) and Proposition 3.28.(1), the set Λ is a non-degenerate non-

positive (p− 1)-sphere in ∂∞Hp,q. By Lemma 3.9, the restriction of b to span(Λ) has signature
(p, q′) for some 1 ≤ q′ ≤ q + 1. The group ρ(Γ) preserves P(span(Λ)), hence preserves the
orthogonal projection M ′ of M to P(span(Λ)) from Lemma 3.31, which is a weakly spacelike
p-graph in Hp,q, and in fact in Hp,q ∩ P(span(Λ)) ' Hp,q′−1. By Lemma 3.13.(3), the set
Ω(Λ) ∩ P(span(Λ)) is a ρ(Γ)-invariant properly convex open subset of P(span(Λ)). If ρ has
finite kernel and discrete image, then the action of Γ on Ω(Λ) ∩ P(span(Λ)) via ρ is properly
discontinuous because it preserves the Hilbert metric dΩ(Λ), see Section 2.1. In particular, the
action of Γ on M ′ via ρ is properly discontinuous. By Proposition 4.1.(1), the action of Γ on



Hp,q-CONVEX COCOMPACTNESS AND HIGHER HIGHER TEICHMÜLLER SPACES 37

the whole of Ω(Λ) via ρ is properly discontinuous. In particular, the action of Γ on M via ρ is
properly discontinuous.

Recall from Proposition 3.20 that M is contractible. If (1) holds and if vcd(Γ) = p, then the
action on M via ρ is cocompact by Fact 2.15, and so M is contained in some ρ(Γ)-invariant
properly convex open subset of Hp,q by Proposition 4.1.(2). �

4.2. A weakly spacelike graph in the non-degenerate part. The following will be used in
the proofs of Proposition 1.13 and Theorem 1.17 in Sections 6.3 and 7.2. We refer to Definitions
3.1 and 3.18 for the notions of non-positive (p − 1)-sphere in ∂∞Hp,q and of weakly spacelike
p-graph in Hp,q.

Proposition 4.3. For p ≥ 2 and q ≥ 1, let Λ be a non-positive (p− 1)-sphere in ∂∞Hp,q. Let
V ⊂ span(Λ) ⊂ Rp,q+1 be the kernel of b|span(Λ), of dimension k := dimV ≥ 0. Suppose k < p.
Let E be a linear subspace of Rp,q+1 such that V ⊥ = V ⊕ E. Then

(1) the restriction b|E is non-degenerate, of signature (p − k, q + 1 − k|0), and so we can
consider HE := Hp,q ∩ P(E) ' Hp−k,q−k;

(2) ΛE := Λ ∩ P(E) is a non-degenerate non-positive (p − k − 1)-sphere in ∂∞HE '
∂∞Hp−k,q−k;

(3) for any weakly spacelike p-graph M ⊂ Hp,q with ∂∞M = Λ, the set ME := M ∩P(E) is
a weakly spacelike (p− k)-graph in HE ' Hp−k,q−k with ∂∞ME = ΛE.

Proof. We may assume k > 0, otherwise there is nothing to prove.
(1) is clear.
(2) It follows from (1) that the restriction b|E⊥ is non-degenerate of signature (k, k|0). Choose

a timelike k-plane TE⊥ of E⊥ and a timelike (q+ 1− k)-plane TE of E, so that T := TE⊥ ⊕TE
is a timelike (q + 1)-plane of Rp,q+1. This determines a splitting

∂∞Ĥp,q ' {v ∈ T⊥ | b(v, v) = 1} × {v ∈ T | (−b)(v, v) = 1} ' Sp−1 × Sq

as in (2.7). Taking the intersection of {v ∈ T⊥ | b(v, v) = 1} with E⊥ (resp. E) gives a totally
geodesic copy S (resp. S′) of Sk−1 (resp. Sp−k−1) in {v ∈ T⊥ | b(v, v) = 1} ' Sp−1. Similarly,
taking the intersection of {v ∈ T | (−b)(v, v) = 1} with E⊥ (resp. E) gives a totally geodesic
copy S′′ (resp. S′′′) of Sk−1 (resp. Sq−k) in {v ∈ T | b(v, v) = 1} ' Sq. By construction, S′ is the
set of points at distance π/2 from S in Sp−1, and S′′′ is the set of points at distance π/2 from
S′′ in Sq.

The non-positive (p− 1)-sphere Λ of ∂∞Hp,q is by definition the projection of a non-positive
(p− 1)-sphere Λ̂ of ∂∞Ĥp,q, which by Corollary 3.4 is, in the above splitting, the graph of some
1-Lipschitz map f : Sp−1 → Sq.

Since V ⊂ E⊥, the image of V r {0} in ∂∞Ĥp,q is contained in S × S′′. Lemma 3.7 then
implies that the image of V in ∂∞Ĥp,q is the graph of f |S, that S is the set of u ∈ Sp−1 such
that f(−u) = −f(u), and that f(S) = S′′.

We claim that f(S′) ⊂ S′′′. Indeed, for any u ∈ S and any u1 ∈ S′ we have

π = dSq(f(u), f(−u)) ≤ dSq(f(u), f(u1)) + dSq(f(u1), f(−u))

≤ dSp−1(u, u1) + dSp−1(u1,−u) = π.

All inequalities must be equalities, hence dSq(f(u), f(u1)) = π/2 for all u ∈ S and all u1 ∈ S′,
proving the claim.
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Thus graph(f) ∩ (S′ × S′′′) = graph(f |S′), and so ΛE := Λ ∩ P(E) is the image in ∂∞Hp,q

of graph(f |S′), where f |S′ : S′ → S′′′ is 1-Lipschitz. Corollary 3.4 then implies that ΛE is a
non-positive (p − 1 − k)-sphere in ∂∞HE ' ∂∞Hp−k,q−k. Since f(−u) 6= f(u) for all u ∈ S′,
this non-positive (p− 1− k)-sphere is non-degenerate by Lemma 3.7.

(3) Let M be a weakly spacelike p-graph in Hp,q with ∂∞M = Λ. The set ME := M ∩ HE

is a closed subset of HE with ∂∞ME = ΛE . By Proposition 3.20, in order to prove that
ME is a weakly spacelike (p − k)-graph in HE , it is enough to check that ME meets every
(q − k)-dimensional timelike totally geodesic subspace of HE in a unique point. Fix a timelike
(q − k + 1)-plane TE of E. As in the proof of (2), we choose a timelike k-plane TE⊥ of E⊥,
so that T := TE⊥ ⊕ TE is a timelike (q + 1)-plane of Rp,q+1. This determines a splitting
Ĥ
p,q
' Bp × Sq as in Lemma 2.5. By Proposition 3.20, the weakly spacelike p-graph M admits

a lift to Ĥp,q which, in our splitting, is the graph of a 1-Lipschitz map f : Bp → Sq. This map
extends continuously to a 1-Lipschitz map f : Bp = BptSp−1 → Sq, such that Λ = ∂∞M is the
projection of the graph of f |Sp−1 . Define S, S′ ⊂ Sp−1 and S′′, S′′′ ⊂ Sq as in (2). By construction
(see Proposition 2.3), the image of T (resp. TE⊥ , resp. TE) in Ĥp,q is {u0}×Sq (resp. {u0}×S′′,
resp. {u0} × S′′′), where u0 = (1, 0, . . . , 0) is the mid-point of the upper hemisphere Bp.

We claim that f(u0) ∈ S′′′. Indeed, for any u ∈ S we have

π = dSq(f(u), f(−u)) ≤ dSq(f(u), f(u0)) + dSq(f(u0), f(−u))

≤ dSp−1(u, u0) + dSp−1(u0,−u) = π.

All inequalities must be equalities, hence dSq(f(u), f(u0)) = π/2 for all u ∈ S, proving the
claim.

Thus graph(f) meets the image of TE in a unique point (namely (u0, f(u0))), and so
ME ∩ P(TE) is a singleton, which completes the proof. �

5. Weakly spacelike p-graphs with proper cocompact group actions

The goal of this section is to prove Theorem 1.20, which contains Theorem 1.10.
In Section 5.1, we first introduce and discuss a generalization, in ∂∞Hp,q, of Barbot’s crowns

[Ba, § 4.7] in the Einstein universe ∂∞Hp,1 = ∂∞AdSp+1. In Section 5.2 we show that in the
setting of Theorem 1.20, crowns in Λ of maximal cardinality are not boundary crowns; from
this we deduce, by contraposition, the implication (4) ⇒ (5) of Theorem 1.20. In Section 5.3
we introduce natural foliations of convex hulls of j-crowns by j-dimensional complete spacelike
submanifolds. In Section 5.4 we use such foliations and the fact that crowns in Λ of maximal
cardinality are not boundary crowns to show that the existence of a j-crown for j ≥ 2 prevents
Gromov hyperbolicity (implication (1)⇒ (4) of Theorem 1.20). Then in Section 5.5 we complete
the proof of Theorem 1.20 using Proposition 4.1 and [DGK2, Th. 1.24].

On the other hand, in Section 5.6 we give examples of weakly spacelike p-graphs with proper
cocompact actions by non-hyperbolic groups.

5.1. Crowns in ∂∞Hp,q. Recall that x, y ∈ ∂∞Hp,q are called transverse if x /∈ y⊥, or equiva-
lently if y /∈ x⊥. The following definition is a generalization of [Ba, Def. 4.30].

Definition 5.1. Let Λ be a subset of ∂∞Hp,q. For j ≥ 1, a j-crown in Λ is a collection C of
2j points x+

1 , x
−
1 , . . . , x

+
j , x

−
j of Λ such that for any 1 ≤ i, i′ ≤ j and any ε, ε′ ∈ {+,−}, the

points xεi and x
ε′
i′ are transverse if and only if i = i′ and ε 6= ε′. Such a j-crown C is a boundary

j-crown in Λ if there exists w ∈ Λ such that C ⊂ w⊥.
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Remarks 5.2. (1) j-crowns in ∂∞Hp,q exist only for j ≤ min(p, q + 1), as the restriction
of b to the span of a j-crown has signature (j, j|0).

(2) 2-crowns in ∂∞Hp,1 = ∂∞AdSp+1 were first introduced in [Ba], where Barbot called
them simply crowns. See Figure 1 in Section 3.3 for an example of a 2-crown C =
{x±1 , x

±
2 } in ∂∞H2,1 = ∂∞AdS3.

(3) Let Λ be a subset of ∂∞Hp,q. A 1-crown in Λ is a pair of transverse points in Λ. A
boundary 1-crown in Λ is a pair of transverse points of Λ which are both contained in
the orthogonal of some common point of Λ.

Lemma 5.3. Let Λ ⊂ ∂∞Hp,q be a non-degenerate non-positive (p − 1)-sphere. If
w⊥ ∩ ∂HC (Λ) 6= ∅ for some w ∈ Λ, then there is a boundary 1-crown in Λ.

Proof. Since Λ is non-positive, we can lift it to Λ̃ ⊂ Rp,q+1 such that b(x̃, ỹ) ≤ 0 for all x̃, ỹ ∈ Λ̃.
Let y ∈ ∂HC (Λ); we can lift it to ỹ ∈ Rp,q+1 such that b(x̃, ỹ) ≤ 0 for all x̃ ∈ Λ̃. Now suppose
y ∈ w⊥ for some w ∈ Λ: we can lift w to w̃ ∈ Λ̃ such that b(w̃, ỹ) = 0. Observe that if L is
a subset of Rd, then any point in the convex hull of L lies in the convex hull of at most d+ 1
points of L. Applying this observation to an affine chart of P(Rp+q+1) containing Ω(Λ), and
given that y ∈ ∂HC (Λ), we get the existence of x̃1, . . . , x̃p+q+1 ∈ Λ̃ and a1, . . . , ap+q+1 > 0 such
that ỹ =

∑p+q+1
i=1 aix̃i. By assumption on Λ̃ we have b(w̃, x̃i) ≤ 0 for all i. Thus b(w̃, ỹ) = 0

implies that b(w̃, x̃i) = 0 for all 1 ≤ i ≤ p + q + 1. Moreover b(ỹ, ỹ) < 0 implies that, up to
re-ordering, b(x̃1, x̃2) < 0. Setting x+ and x− to be the projections of x̃1 and x̃2 to ∂∞Hp,q, we
obtain a 1-crown C = {x+, x−} in Λ. This is a boundary 1-crown in Λ as x± ∈ w⊥. �

5.2. Crowns of maximal cardinality are not boundary crowns. Recall from Remark
5.2.(1) that the cardinality of crowns in ∂∞Hp,q is uniformly bounded.

Proposition 5.4. Let Γ be a discrete subgroup of PO(p, q+ 1) acting properly discontinuously
and cocompactly on a weakly spacelike p-graph M in Hp,q with M ⊂ Ω(Λ) where Λ := ∂∞M ⊂
∂∞Hp,q. For any j ≥ 1, if there exists a boundary j-crown in Λ, then there exists a (j+1)-crown
in Λ.

Thus, if C is a crown of maximal cardinality in Λ, then it is not a boundary crown in Λ.

Proof. Our strategy is inspired by the proof of [Ba, Prop. 5.2]. Let C = {x±1 , . . . , x
±
j } be a

boundary j-crown in Λ: there exists w ∈ Λ such that C ⊂ w⊥. The idea is to carefully
construct a suitable point y ∈ M and a sequence (γn) ∈ ΓN such that, up to passing to a
subsequence, γn · (C ∪ {w, y}) converges to a (j + 1)-crown in Λ.

• Preliminary set-up. By Proposition 3.28.(1), the set Λ is a non-positive (p−1)-sphere. We
lift it to a non-positive subset Λ̃ of Rp,q+1 r {0} (Definition 2.7). By assumption M ⊂ Ω(Λ),
hence we can lift M to M̃ ⊂ Ĥp,q ⊂ Rp,q+1 such that b(x̃, õ) < 0 for all õ ∈ M̃ and all x̃ ∈ Λ̃.

The convex open subset Ω(Λ) of Hp,q is not necessarily properly convex. By Proposi-
tion 4.1.(2), there exists a Γ-invariant properly convex open subset Ω of Ω(Λ) ⊂ Hp,q con-
taining M , and by Lemma 3.13.(1) we have ∂∞Ω = ∂∞M = ∂∞Ω(Λ) = Λ.

• Step 1: Construction of y. Choose respective lifts w̃, x̃±1 , . . . , x̃
±
j ∈ Λ̃ of w, x±1 , . . . , x

±
j ,

so that b(x̃+
i , x̃

−
i ) < 0 and b(x̃±i , x̃

±
j ) = b(x̃±i , x̃

∓
i′ ) = 0 for all i 6= i′ in {1, . . . , j}. For any

1 ≤ i ≤ j, we set

õi :=
1

2

(
x̃+
i + x̃−i

)
∈ Rp,q+1 and oi := [õi] ∈ P(Rp,q+1).
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Then b(õi, õi) = b(x̃+
i , x̃

−
i )/2 < 0 and b(õi, õi′) = 0 for all i 6= i′ in {1, . . . , j}. In particular,

oi ∈ Hp,q for all i and TC := span(õ1, . . . , õj) is a timelike j-plane of Rp,q+1, contained in w⊥.
The spacelike geodesic (x−i , x

+
i ) of Hp,q meets the (j − 1)-dimensional timelike totally geodesic

subspace P(TC) of Hp,q in the singleton {oi}.
Consider a timelike (q + 1)-plane T0 of Rp,q+1 containing TC. Since M is a weakly spacelike

p-graph, by Proposition 3.20 it meets P(T0) in a unique point, which we call y ∈ Hp,q. We have
y ∈M ⊂ Ω(Λ) by assumption, hence y /∈ w⊥, and so y /∈ P(TC) (in particular, j < q + 1).

• Step 2: Construction of (γn). Lift y ∈M to ỹ ∈ M̃ . Then span(TC, ỹ) is a timelike (j+1)-
plane in Rp,q+1. By construction, the restriction of b to span(ỹ, w̃) has signature (1, 1|0), and
so the restriction of b to span(TC, ỹ, w̃) has signature (1, j + 1|0). Taking the orthogonal, the
restriction of b to span(TC, ỹ, w̃)⊥ has signature (p−1, q− j|0). Choose a timelike (q− j)-plane
T ′ in span(TC, ỹ, w̃)⊥; then T := span(TC, T

′) is a timelike q-plane of Rp,q+1, which does not
contain ỹ.

For any t ∈ [0, 1] we set

r̃(t) := (1− t)ỹ + tw̃ ∈ Rp,q+1 and r(t) := [r̃(t)] ∈ P(Rp,q+1).

Then t 7→ r(t), for t ∈ [0, 1), is a reparametrization of the geodesic ray [y, w) of Hp,q.
We claim that span(T, r̃(t)) is a timelike (q + 1)-plane of Rp,q+1 for all t ∈ [0, 1). Indeed, by

construction we have r̃(t) ∈ (T ′)⊥, and so it is enough to check that span(TC, r̃(t)) is timelike
for t ∈ [0, 1). Let ṽ be the unique element of TC such that ṽ + ỹ ∈ T⊥C . For any t ∈ [0, 1),
consider the vector

x̃t := (1− t)ṽ + r̃(t) ∈ span(TC, r̃(t)).

Then x̃t = (1− t)(ṽ + ỹ) + tw̃ belongs to T⊥C . Moreover, the (in-)equalities

b(ṽ, ṽ) < 0, b(ỹ, ỹ) < 0, b(w̃, w̃) = 0,

b(ṽ, w̃) = 0, b(ỹ, ṽ) ≤ 0, b(ỹ, w̃) < 0,

yield b(x̃t, x̃t) < 0 for all t ∈ [0, 1). Therefore span(TC, r̃(t)) = span(TC, x̃t) is timelike, proving
that span(T, r̃(t)) is a timelike (q + 1)-plane of Rp,q+1 for t ∈ [0, 1). It then follows from
Proposition 3.20 that for any t ∈ [0, 1), the intersectionM ∩P(span(T, r̃(t))) is a singleton {yt}.

Note that, taking t = 0, we have M ∩ P(span(T, ỹ)) = {y}. Since y /∈ P(T ), we deduce
M ∩ P(T ) = ∅. In particular, yt /∈ P(T ) for all t ∈ [0, 1).

We claim that
M ∩ P(span(T, r̃(1))) = {w}.

Indeed, by construction we have w ∈ M ∩ P(span(T, r̃(1))). Moreover, the restriction of b to
span(T, r̃(1)) has signature (0, q|1), hence ∂∞Hp,q ∩ P(span(T, r̃(1))) is reduced to {w}, and
so ∂∞M ∩ P(span(T, r̃(1))) = {w}. On the other hand, by Lemma 3.13.(4), the assumption
M ⊂ Ω(Λ) implies that the geodesic ray from any point of M to w is spacelike; this geodesic
ray therefore cannot be contained in P(span(T, r̃(1))), and so M ∩ P(span(T, r̃(1))) = ∅.

The (q+ 1)-planes span(T, r̃(t)) of Rp,q+1 vary continuously with t ∈ [0, 1], and so does their
unique intersection points with M . Therefore yt → w as t→ 1.

Choose a sequence (tn) ∈ (0, 1)N converging to 1. For any n we set yn := ytn . Let D ⊂ M
be a compact fundamental domain for the action of Γ on M . We then define (γn)n∈N to be a
sequence of elements of Γ such that γn · yn ∈ D for all n.
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• Passing to subsequences. Up to passing to a subsequence, we may assume that
(γn · yn) ∈ DN converges to some z ∈M .

Let dΩ be the Hilbert metric on Ω (Section 2.1). Since yn → w ∈ ∂Ω, we have dΩ(y, yn) →
+∞, hence dΩ(γn ·y, γn ·yn)→ +∞ since Γ acts on (Ω, dΩ) by isometries, and so dΩ(γn ·y, z)→
+∞. Therefore, up to passing further to a subsequence, we may assume that (γn · y) ∈ MN

converges to some y ∈M ∩ ∂Ω = Λ.
Since Λ is compact and Γ-invariant and since x±i , w ∈ Λ, up to passing further to a sub-

sequence, we may assume that (γn · x±i ) ∈ ΛN, for 1 ≤ i ≤ j, and (γn · w) ∈ ΛN converge
respectively to some x±i ∈ Λ and w ∈ Λ.

Consider the points o1, . . . , oj ∈ P(TC) ⊂ Hp,q from Step 1. Up to passing to a further
subsequence, we may assume that (γn · oi)n∈N converges in Hp,q to some oi for each 1 ≤ i ≤ j.
We claim that oi ∈ Hp,q. Indeed, for any n ∈ N the points yn and oi are in timelike position
(as the span of yn and TC is timelike), and the same holds for γn · yn and γn · oi. Thus z and
oi are in timelike or lightlike position. However γn · oi ∈ C (Λ) for all n. Thus if oi ∈ ∂∞Hp,q,
then oi ∈ ∂∞C (Λ) ⊂ ∂∞Ω(Λ) = Λ (Lemma 3.13.(1)). However, by Lemma 3.13.(4), the
assumption M ⊂ Ω(Λ) implies that z ∈ M sees any point of Λ in a spacelike direction.
Therefore oi /∈ ∂∞Hp,q.

• Step 3: {x±1 , . . . , x
±
j ,w, y} is a (j + 1)-crown in Λ. We have just seen that oi ∈ Hp,q for

all i. It follows that x+
i is transverse to x−i , as the projective line between x+

i and x−i contains
oi ∈ Hp,q and is thus not isotropic.

For any i 6= i′ the points x±i and x±i′ are non-transverse. The same holds for γn · x±i and
γn · x±i′ for all n. Since being non-transverse is a closed condition, by passing to the limit we
find that x±i and x±i′ are non-transverse for i 6= i′.

Similarly, since span(x±1 , . . . , x
±
j ) ⊂ w⊥, we have span(γn · x±1 , . . . , γn · x

±
j ) ⊂ γn · w⊥ for

all n, hence span(x±1 , . . . , x
±
j ) ⊂ w⊥ by passing to the limit.

We claim that
span(x±1 , . . . , x

±
j ) ⊂ y⊥.

Indeed, given any 1 ≤ i ≤ j, the point oi sees y in a timelike direction, hence the same holds
for γn · oi and γn · y for all n, and by passing to the limit we get that oi sees y in a timelike or
lightlike direction. Since y ∈ Λ ⊂ ∂∞Hp,q, it has to be a lightlike direction, i.e. oi ∈ y⊥. Consider
respective lifts ỹ, x̃+

i , x̃
−
i ∈ Λ̃ ⊂ Rp,q+1 of y, x+

i , x
−
i ∈ Λ. Since oi ∈ [x+

i , x
−
i ], there exists ti ∈ (0, 1)

such that oi lifts to õi := tix̃
+
i +(1−ti)x̃−i ∈ Rp,q+1. Since Λ̃ is non-positive we have b(ỹ, x̃+

i ) ≤ 0

and b(ỹ, x̃−i ) ≤ 0, and since oi ∈ y⊥ we have b(ỹ, õi) = ti b(ỹ, x̃+
i )+(1−ti) b(ỹ, x̃−i ) = 0. Therefore

b(ỹ, x̃+
i ) = b(ỹ, x̃−i ) = 0, which proves the claim.

It remains to show that w is transverse to y. For this, lift each yn ∈M to ỹn ∈ M̃ . We have
seen in Step 2 that yn ∈ P(span(r̃(tn), T )) does not belong to P(T ). Therefore P(span(T, ỹn)) =
P(span(T, r̃(tn))) is a projective hyperplane of P(span(T, w̃, ỹ)) which separates the properly
convex subset C (Λ) ∩ P(span(T, w̃, ỹ)) of P(span(T, w̃, ỹ)) into two connected components,
one containing w and the other one containing y. (Recall that C (Λ) is properly convex by
Remark 3.16.)

Up to passing again to a subsequence, we may assume that (γn · span(T, ỹn))n∈N (resp.
(γn · span(T, w̃, ỹ))n∈N) converges to some element Tz (resp. Tw,y) in the (compact) Grassman-
nian of (q + 1)-planes (resp. (q + 2)-planes) of Rp,q+1, with Tz ⊂ Tw,y and z ∈ P(Tz) and
w, y ∈ P(Tw,y). We note that w, y /∈ P(Tz), as both are in spacelike position to z ∈M , while Tz
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is a limit of timelike (q+1)-planes, hence negative semi-definite with respect to b and therefore
cannot contain spacelike geodesics. Therefore, translating by γn and passing to the limit in the
previous paragraph, we obtain that P(Tz) is a projective hyperplane of P(Tw,y) which separates
the properly convex subset C (Λ) ∩ P(Tw,y) of P(Tw,y) into two connected components, one
containing w and the other one containing y.

Suppose by contradiction that the two points w, y ∈ Λ ⊂ ∂∞Hp,q are not transverse. Then the
segment [w, y] in Ω(Λ) is contained in ∂∞Ω(Λ) = Ω(Λ)∩∂∞Hp,q, hence in Λ (Lemma 3.13.(1)).
Let u ∈ Λ be the intersection point [w, y] ∩ P(Tz), which exists and is unique because w and y

lie in different components of (C (Λ)∩ P(Tw,y))rP(Tz). Then u ∈ Λ∩ P(Tz) and z ∈M are in
spacelike position (Lemma 3.13.(4)). However Tz is the limit of timelike planes and therefore
does not contain a spacelike geodesic: contradiction. Therefore w is transverse to y.

This shows that {x±1 , . . . , x
±
j ,w, y} is a (j + 1)-crown in Λ, as desired. �

5.3. Convex hulls of j-crowns. We shall use the following terminology.

Definition 5.5. Let C = {x±1 , . . . , x
±
j } be a j-crown in ∂∞Hp,q.

• An open convex hull of C inHp,q is an open projective simplex of P(span(C)) contained in
Hp,q, with set of vertices C; in other words, it is a connected component of P(span(C))r⋃j
i=1((x+

i )⊥ ∪ (x−i )⊥) contained in Hp,q.
• A basis adapted to C is a basis (e′1, . . . , e

′
2j) of span(C) such that x+

i = [e′i] and x
−
i =

[e′j+i] for all 1 ≤ i ≤ j and such that b(e′i, e
′
i′) = −δj+i,i′ for all 1 ≤ i ≤ i′ ≤ 2j.

A basis adapted to C always exists since the restriction of b to span(C) has signature (j, j|0).
It is unique up to the action of (R∗)j given by

(t1, . . . , tj) · (e′1, . . . , e′2j) = (t1e
′
1, . . . , tje

′
j , t
−1
1 e′j+1, . . . , t

−1
j e′2j).

Remark 5.6. Let (e′1, . . . , e
′
2j) be a basis adapted to C. Then

• b(e′i, e
′
i′) ≤ 0 for all 1 ≤ i, i′ ≤ 2j; this shows that C is a non-positive subset of ∂∞Hp,q

(Definition 2.7);
• (e′1, . . . , e

′
2j) defines a unique open convex hull O of C in Hp,q, namely the projectiviza-

tion of the R>0-span of (e′1, . . . , e
′
2j); the set ∂∞O = O ∩ ∂∞Hp,q is a non-degenerate

non-positive (j − 1)-sphere in ∂∞Hp,q ∩ P(span(C)) ' ∂∞Hj,j−1 as in Example 3.5.(ii)
with T = span(e′1 + e′j+1, . . . , e

′
j + e′2j); in particular, ∂∞O = O ∩ ∂∞Hp,q is a union

of 2j closed faces of O of dimension j − 1, each determined by j vertices of the form
xε11 , . . . , x

εj
j for ε1, . . . , εj ∈ {±};

• if t1, . . . , tj ∈ R∗ all have the same sign, then (t1, . . . , tj) · (e′1, . . . , e′2j) defines the same
open convex hull O as (e′1, . . . , e

′
2j);

• by replacing (e′1, . . . , e
′
2j) with (t1, . . . , tj) · (e′1, . . . , e′2j) for t1, . . . , tj ∈ R∗ of varying

signs, we see that there are 2j−1 possible open convex hulls of C in Hp,q, and 2j−1

possible corresponding non-degenerate non-positive (j − 1)-spheres of ∂∞Hp,q.

Lemma 5.7. Let Λ be a non-degenerate non-positive (p − 1)-sphere in ∂∞Hp,q and C =
{x±1 , . . . , x

±
j } a j-crown in Λ. Then there is a unique open convex hull of C in Hp,q that is

contained in Ω(Λ); we shall denote it by OΛ(C). We have Ω(Λ) ∩ P(span(C)) ⊂ OΛ(C), with
equality if and only if C is not a boundary j-crown in Λ.
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Proof. As in Notation 3.11, let Λ̃ be a subset of the non-zero isotropic vectors of Rp,q+1 whose
projection to ∂∞Ĥp,q ⊂ (Rp,q+1 r {0})/R>0 is a non-positive (p− 1)-sphere projecting onto Λ.
We can lift each point x±i ∈ C to a point x̃±i ∈ Λ̃. We then have b(x̃−i , x̃

+
i ) < 0 for all 1 ≤ i ≤ j

and b(x̃±i , x̃
±
i′ ) = 0 for all 1 ≤ i < i′ ≤ j, as well as b(x̃±i , w̃) ≤ 0 for all 1 ≤ i ≤ j and w̃ ∈ Λ̃.

Consider a vector v ∈ span(C). We can write v =
∑j

i=1(six̃
−
i + tix̃

+
i ) for some si, ti ∈ R.

For any w̃ ∈ Λ̃ we have b(v, w̃) =
∑j

i=1(si b(x̃−i , w̃) + ti b(x̃+
i , w̃)). In particular, b(v, x̃+

i ) =

si b(x̃−i , x̃
+
i ) and b(v, x̃−i ) = ti b(x̃−i , x̃

+
i ) for all i. Therefore we have v ∈ Ω̃(Λ̃) if and only if

si, ti ≥ 0 for all i, and if v ∈ Ω̃(Λ̃) then si, ti > 0 for all i. This shows that the projectivization
OΛ(C) of the R>0-span of x̃±1 , . . . , x̃

±
j is the unique open convex hull of C contained in Ω(Λ),

and that Ω(Λ) ∩ P(span(C)) ⊂ OΛ(C).
By Lemma 3.13.(4), we have OΛ(C) ∩ ∂Ω(Λ) 6= ∅ if and only if there exists w ∈ Λ such

that OΛ(C) ∩ w⊥ 6= ∅. Consider w̃ ∈ Λ̃ lifting w. Then OΛ(C) ∩ w⊥ 6= ∅ if and only if
there exist si, ti > 0 such that v :=

∑j
i=1(six̃

−
i + tix̃

+
i ) satisfies b(v, w̃) = 0. Since b(v, w̃) =∑j

i=1(si b(x̃−i , w̃) + ti b(x̃+
i , w̃)) where b(x̃±i , w̃) ≤ 0 for all i, we deduce that OΛ(C)∩w⊥ 6= ∅ if

and only if b(x̃±i , w̃) = 0 for all i, or in other words if and only if C ⊂ w⊥. ThusOΛ(C)∩∂Ω(Λ) 6=
∅ if and only if C is a boundary j-crown in Λ. �

Let stabPO(p,q+1)(span(C)) be the stabilizer of span(C) in PO(p, q + 1), and let GC be the
subgroup of stabPO(p,q+1)(span(C)) centralizing span(C)⊥; it is locally isomorphic to PO(j, j).
Let AC be the identity component of the stabilizer of C in GC. Then AC is a closed subgroup
of PO(p, q+ 1) isomorphic to Rj . Indeed, in a basis adapted to C (Definition 5.5), the elements
of AC restricted to span(C) are diagonal of the form

(5.1) exp(a1, . . . , aj) := diag(exp(a1), . . . , exp(aj), exp(−a1), . . . , exp(−aj))

for a1, . . . , aj ∈ R; the map exp defines an isomorphism between Rj and AC. Note that this
isomorphism depends only on C (not on the chosen basis adapted to C).

We consider the foliation of P(span(C))r
⋃j
i=1((x+

i )⊥∪(x−i )⊥) by AC-orbits. It is not difficult
to see that the stabilizer in AC of any point x ∈ P(span(C)) r

⋃j
i=1((x+

i )⊥ ∪ (x−i )⊥ is trivial,
hence we can identify any leaf F = AC · x of the foliation with AC. The following lemma is
designed to clarify the context; it will not be used anywhere in the sequel.

Lemma 5.8. Let C = {x±1 , . . . , x
±
j } be a j-crown in ∂∞Hp,q and let (e′1, . . . , e

′
2j) be a basis

adapted to C, defining an open convex hull O of C in Hp,q (Definition 5.5 and Remark 5.6).
Then

(1) any AC-orbit F in O is a j-dimensional complete spacelike C∞ submanifold of Hp,q ∩
P(span(C)) ' Hj,j−1, with boundary at infinity ∂∞F = ∂∞O = O ∩ ∂∞Hp,q; in partic-
ular, the convex hull of F in O is all of O;

(2) there is exactly one such AC-orbit which is maximal in the sense of Definition 2.22,
namely the one passing through [e′1 + · · ·+ e′2j ];

(3) in the splitting Ĥp,q ∩ span(C) ' Ĥj,j−1 ' Bj × Sj−1 from Proposition 2.3 associated to
the b-orthogonal basis (e1, . . . , e2j) := (e′1−e′j+1, . . . , e

′
j−e′2j , e′1 +e′j+1, . . . , e

′
j+e′2j)/

√
2

of span(C) which is standard for T := span(ej+1, . . . , e2j), the AC-orbit of
∑j

i=1 τiej+i
(where τ1, . . . , τj ∈ R satisfy

∑j
i=1 τ

2
i = 1) is the graph of the 1-Lipschitz map f : Bj →
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Sj−1 given by

f(y0, . . . , yj) =
(√

τ2
1 y

2
0 + y2

1, . . . ,
√
τ2
j y

2
0 + y2

j

)
.

In the case j = p = 2, the maximal AC-orbit in (2) is called in [LT] a Barbot surface. See
Figure 1 in Section 3.3 for an illustration.

Proof. (1) Let F be an AC-orbit in O. One easily checks that F is a j-dimensional C∞
embedded submanifold of Hp,q. Fix x ∈ F and let us check that the restriction of the
metric g to the tangent space TxF is positive definite. Since by construction O is the pro-
jectivization of the R>0-span of (e′1, . . . , e

′
2j), we can lift x to a point of the double cover

Ĥp,q = {v ∈ Rp,q+1 | b(v, v) = −1} of the form x̂ =
∑2j

i=1 vie
′
i with vi > 0 for all i. It is suffi-

cient to check that the restriction of the metric ĝ to the tangent space Tx̂Ĥp,q is positive definite.
Recall that Tx̂Ĥp,q identifies with the orthogonal x̂⊥ of x̂ in Rp,q+1, and the restriction of ĝ to
Tx̂Ĥp,q with the restriction of b to x̂⊥ (see Section 2.2). For any a = (a1, . . . , aj) ∈ Rj r {0},
the tangent vector

(5.2) va :=
d

dt

∣∣∣
t=0

exp(ta1, . . . , taj) · x̂ ∈ Tx̂Ĥp,q

(see (5.1)) is given by va =
∑j

i=1 ai(vi e
′
i − vj+i e′j+i), hence b(va, va) = 2

∑j
i=1 a

2
i vi vj+i > 0.

This shows that the restriction of g to TxF is positive definite. This holds for any x ∈ F , hence
F is spacelike.

Since F is a closed subset of O, we have ∂∞F ⊂ ∂∞O. Let us check the reverse inclusion. As
in Remark 5.6, the boundary at infinity ∂∞O = O ∩ ∂∞Hp,q is a union of 2j closed faces of O
of dimension j − 1, each determined by j vertices of the form xε11 , . . . , x

εj
j for ε1, . . . , εj ∈ {±}.

Thus any point z of ∂∞O lifts to a nonzero vector of Rp,q+1 of the form
∑

i∈I+ zie
′
i+
∑

i∈I− zie
′
j+i

where I+, I− are disjoint subsets of {1, . . . , j} and where zi > 0 for all i ∈ I+ ∪ I−. Let x be
any point of F , lifting to x̂ =

∑2j
i=1 vie

′
i with vi > 0 for all i. Setting ai,t := log(tzi/vi) (resp.

− log(tzi/vi)) for all i ∈ I+ (resp. I−) and ai,t := 0 for all i ∈ {1, . . . , j}r (I+ ∪ I−), we then
have exp(a1,t, . . . , aj,t) · x→ z as t→ +∞. This shows that ∂∞F = ∂∞O.

(2) Let us compute the mean curvature of an AC-orbit F in O. Fix x ∈ F and lift it to a
point of Ĥp,q of the form x̂ =

∑2j
i=1 vie

′
i with vi > 0 for all 1 ≤ i ≤ 2j. For each 1 ≤ i ≤ j, we

set ui := vie
′
i + vj+ie

′
j+i ∈ Rp,q+1 (so that x̂ =

∑j
i=1 ui) and a

(i) := (0, . . . , 0, 1, 0, . . . , 0) ∈ Rj ,
where 1 is at the i-th position. Using notation (5.2), we then have va(i) = vie

′
i − vj+ie′j+i, the

va(i) are b-orthogonal to each other, and b(va(i) , va(i)) = |b(ui, ui)| for all i. Thus the j-tuple
(va(1)/

√
|b(u1, u1)|, . . . , va(j)/

√
|b(uj , uj)|) is an orthonormal basis of Tx̂(AC ·x̂) in Tx̂Ĥp,q ' x̂⊥,

and so the mean curvature of AC · x̂ at x̂ (which is the same as the mean curvature of F = AC ·x
at x) is given by

H(x̂) =

j∑
i=1

1

j |b(ui, ui)|
II(va(i) , va(i))

(see Section 2.9). Since the Levi-Civita connection of Ĥp,q is given by the orthogonal projec-
tion with respect to b of the standard connection on Rp+q+1, for each 1 ≤ i ≤ j the vector
II(va(i) , va(i)) ∈ Tx̂Ĥp,q ' x̂⊥ is the orthogonal projection to (Tx̂(AC · x̂))⊥ ∩ x̂⊥ of

d2

dt2

∣∣∣
t=0

exp(ta(i)) · x̂ = ui.
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Observe that ui ∈ Rp,q+1 belongs to the b-orthogonal complement of Tx̂(AC · x̂) in Rp,q+1;
therefore, its orthogonal projection to (Tx̂(AC · x̂))⊥ ∩ x̂⊥ is just its orthogonal projection
to x̂⊥, and H(x̂) is the orthogonal projection to x̂⊥ of

∑j
i=1 ui/(j |b(ui, ui)|). In particular,

H(x̂) = 0 if and only if
∑j

i=1 ui/(j |b(ui, ui)|) is a multiple of x̂ =
∑j

i=1 ui, if and only if
b(u1, u1) = · · · = b(uj , uj). This is equivalent to e′1 + · · · + e′2j belonging to AC · x̂, i.e. to
[e′1 + · · ·+ e′2j ] belonging to F = AC · x.

(3) For τ1, . . . , τj ∈ R with
∑j

i=1 τ
2
i = 1, the AC-orbit of

∑j
i=1 τiej+i is the set of points of

Ĥp,q∩span(C) ' Ĥj,j−1 of the form
∑j

i=1 τi (sinh(ai) ei+cosh(ai) ej+i) where a1, . . . , aj ∈ R, or
in other words of the form

∑j
i=1 τi

(
si ei +

√
1 + s2

i ej+i) where s1, . . . , sj ∈ R. In the splitting

Ĥp,q ∩ span(C) ' Ĥj,j−1 ' Bj × Sj−1 given explicitly by Proposition 2.3, this corresponds to
the graph of f : (y0, . . . , yj) 7→ (

√
τ2

1 y
2
0 + y2

1, . . . ,
√
τ2
j y

2
0 + y2

j ). �

If C is a 1-crown, then it has a unique open convex hull in Hp,q, namely the open projective
segment Hp,q∩span(C), which is a single AC-orbit. On the other hand, when j ≥ 2 the following
holds.

Proposition 5.9. For j ≥ 2, let C be a j-crown in ∂∞Hp,q, let O be an open convex hull of C in
Hp,q (Definition 5.5), and let F be an AC-orbit in O. Then for any δ > 0, there exist geodesic
quadrilaterals for the Hilbert metric dO, consisting of four projective line segments contained
in F , such that a side of the quadrilateral is not contained in the uniform δ-neighborhood for
dO of the other three sides.

Proof. Let (e′1, . . . , e
′
2j) be a basis adapted to C (Definition 5.5), defining O as in Remark 5.6:

namely, O is the projectivization of the R>0-span of (e′1, . . . , e
′
2j). Let exp : Rj ∼−→ AC be the

isomorphism given by (5.1).
We first observe that for any x ∈ O and any a1, . . . , aj ∈ R,

(5.3) dO
(
x, exp(a1, . . . , aj) · x

)
= max

1≤i≤j
|ai|.

Indeed, consider a lift x̃ =
∑2j

i=1 vie
′
i of x to the R>0-span of (e′1, . . . , e

′
2j), where vi > 0 for all i.

Then y := exp(a1, . . . , aj) · x lifts to ỹ =
∑j

i=1(eai vi e
′
i + e−ai vj+i e

′
j+i), and the projective

line P(span(x, y)) meets ∂O in two points, namely [x̃− e−maxi |ai| ỹ] and [ỹ− e−maxi |ai| x̃]. We
conclude using the formula (2.1) for the Hilbert metric dO.

In particular, for any x ∈ O and any (a1, . . . , aj) ∈ Rj r {(0, . . . , 0)}, the path t 7→
exp(ta1, . . . , taj) · x is a geodesic line for the Hilbert metric dO, which is parametrized at
speed maxi |ai|, and whose image is contained in a projective line.

Fix x ∈ F and, for any R > 0, consider the four points

aR := exp(R,−R, . . . ,−R) · x, bR := exp(−R,R, . . . , R) · x,
cR := exp(−R,−3R, . . . ,−3R) · x, dR := exp(−3R,−R, . . . ,−R) · x

of F ⊂ O. By what we have just seen, the geodesic segment in (O, dO) between aR and bR (resp.
aR and cR, resp. bR and dR, resp. cR and dR) which is contained in a projective line is given by
t 7→ exp(−t, t, . . . , t)·aR (resp. t 7→ exp(−t,−t, . . . ,−t)·aR, resp. t 7→ exp(−t,−t, . . . ,−t)·bR,
resp. t 7→ exp(−t, t, . . . , t) ·cR) for t ∈ [0, 2R], hence its image is contained in F . In particular,
x belongs to the projective line segment [aR, bR]. By (5.3) we have dO(x, y) ≥ R for all y ∈
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[aR, cR]∪ [cR, dR]∪ [dR, bR]. Therefore [aR, bR] is not contained in the uniform δ-neighborhood
for dO of [aR, cR] ∪ [cR, dR] ∪ [dR, bR] for δ < R. �

5.4. Crowns prevent Gromov hyperbolicity. In this section we use Propositions 4.1, 5.4,
and 5.9, together with Lemma 5.7, to prove the implication (1) ⇒ (4) of Theorem 1.20.

Proposition 5.10. Let Γ be a discrete subgroup of PO(p, q+1) acting properly discontinuously
and cocompactly on a weakly spacelike p-graph M in Hp,q with M ⊂ Ω(Λ) where Λ := ∂∞M ⊂
∂∞Hp,q. If there is a j-crown in Λ for some j ≥ 2, then Γ is not Gromov hyperbolic.

We start with the following preliminary result.

Lemma 5.11. In the setting of Proposition 5.10, let C be a j-crown in Λ, and suppose that j is
maximal in the sense that there does not exist any (j+ 1)-crown in Λ. Let F be an AC-orbit in
the open convex hull OΛ(C) ⊂ Ω(Λ) of Lemma 5.7. Then there exist R ≥ 0 and a Γ-invariant
properly convex open subset Ω of Ω(Λ) containing M such that F is contained in the closed
uniform R-neighborhood UR(M) of M in (Ω, dΩ).

Recall that in this setting the convex open set Ω(Λ) ⊂ Hp,q is properly convex if Λ spans
(Lemma 3.13.(3)), but not in general.

Proof of Lemma 5.11. By Proposition 5.4, the maximality of j implies that C is not a boundary
j-crown in Λ. Therefore, Lemma 5.7 implies that F ⊂ OΛ(C) ⊂ Ω(Λ).

Consider the Γ-invariant closed subset

Z := Ω(Λ) ∩
⋃
y∈F

Γ · y

of Ω(Λ), which contains F . It is sufficient to prove that ∂HZ ∩ ∂HΩ(Λ) = ∅. Indeed, if this is
the case, then by Proposition 4.1.(3) there exists a Γ-invariant properly convex open subset Ω
of Ω(Λ) containingM and Z (hence F ), and the action of Γ on Z is properly discontinuous and
cocompact. Consider a compact fundamental domain for the action of Γ on Z: it is contained
in some closed uniform neighborhood UR(M) ofM in (Ω, dΩ). SinceM and Z, and the Hilbert
metric dΩ, are all Γ-invariant, we have Z ⊂ UR(M), hence F ⊂ UR(M), as desired.

Our goal for the rest of the proof is to show that ∂HZ ∩ ∂HΩ(Λ) = ∅. For this, consider
sequences (γn) ∈ ΓN and (yn) ∈ FN, and let us show that the sequence (γn · yn)n∈N in Hp,q

cannot converge to a point of ∂HΩ(Λ).
Write C = {x±1 , . . . , x

±
j } where x

−
i and x+

i are transverse and x±i and x±i′ are not transverse
for 1 ≤ i 6= i′ ≤ j. By definition of OΛ(C) (see Lemma 5.7), we can lift Λ to a non-positive
subset Λ̃ of Rp,q+1 r {0}, and lift each x±i to x̃±i ∈ Λ̃ and OΛ(C) to ÕΛ(C) ⊂ Rp,q+1 r {0} so
that ÕΛ(C) is the R>0-span of C̃ := {x̃±1 , . . . , x̃

±
j }.

For each n, we claim that there exists a timelike (q+1)-plane Tn of Rp,q+1 whose projectiviza-
tion P(Tn) contains yn and meets all j geodesics (x−i , x

+
i ) of OΛ(C) for 1 ≤ i ≤ j. Indeed, con-

sider a lift ỹn ∈ ÕΛ(C) of yn ∈ OΛ(C): there exist si, ti > 0 such that ỹn =
∑j

i=1(six̃
−
i + tix̃

−
i ).

Then the span of the six̃−i + tix̃
−
i for 1 ≤ i ≤ j is a timelike j-plane of Rp,q+1 whose projec-

tivization contains yn, and we can extend it to a timelike (q + 1)-plane Tn of Rp,q+1 with the
desired properties.

Since M is a weakly spacelike p-graph, by Proposition 3.20, for each n there is a unique
intersection point {zn} := P(Tn) ∩M .
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Let D be a compact fundamental domain for the action of Γ on M . For any n there exists
γ′n ∈ Γ such that γ′nγn · zn ∈ D. Up to passing to a subsequence, we may and shall assume
that (γ′nγn · zn)n∈N converges to some z ∈ D, that (γ′nγn ·x±i )n∈N converges to some x±i ∈ Λ for
each i, and that (γ′nγn · yn)n∈N converges to some y ∈ Hp,q.

We claim that C∞ := {x±1 , . . . , x
±
j } is a j-crown in Λ. Indeed, consider 1 ≤ i 6= i′ ≤ j.

For any n the points γ′nγn · x±i and γ′nγn · x±i′ are non-transverse (i.e. orthogonal), and be-
ing non-transverse is a closed condition; therefore x±i and x±i′ are non-transverse. Assume by
contradiction that x−i and x+

i are non-transverse. Then the segment [x−i , x
+
i ] is contained in

∂∞Ω, which is equal to Λ by Lemma 3.13.(1) and Proposition 3.28.(1). But each zn ∈ P(Tn)
is in timelike position with P(Tn) ∩ [x−i , x

+
i ], hence γ′nγn · zn is in timelike position with

P(γ′nγn · Tn) ∩ [γ′nγn · x−i , γ′nγn · x
+
i ]. By passing to a subsequence and taking a limit, we

find a point of [x−i , x
+
i ] that is in timelike or lightlike position with z. This is a contradiction, as

z ∈M is in spacelike position with all of Λ by Lemma 3.13.(4). Thus x−i and x+
i are transverse.

This shows that C∞ is a j-crown in Λ.
Note that y ∈ OΛ(C∞). Indeed, yn ∈ F ⊂ OΛ(C) for all n, hence γ′nγn · yn ∈ γ′nγn · OΛ(C) =

OΛ(γ′nγn · C) for all n, hence y ∈ OΛ(C∞) by passing to the limit.
We claim that y ∈ Hp,q. Indeed, we have y ∈ OΛ(C∞) ⊂ Ω(Λ). By Lemma 3.13.(1) we have

Ω(Λ) ∩ ∂∞Hp,q = ∂∞Ω(Λ) = Λ, hence it is enough to check that y /∈ Λ. Since yn and zn are
in timelike position for all n, the same holds for γ′nγn · yn and γ′nγn · zn, and by passing to the
limit y is in timelike or lightlike position with z ∈ M . Therefore y /∈ Λ by Lemma 3.13.(4),
proving the claim.

We now check that y belongs to OΛ(C∞) (not only OΛ(C∞)). Observe that the group
PO(p, q + 1) acts transitively on the set of 2j-tuples of vectors of Rp,q+1 forming, for some j-
crown C′ of ∂∞Hp,q, a basis adapted to C′ (Definition 5.5). Therefore we can find a converging
sequence (gn) ∈ PO(p, q + 1)N with limit g∞ ∈ PO(p, q + 1) such that for any n ∈ N we have
gnγ

′
nγn ·x±i = x±i for all 1 ≤ i ≤ j and gn ·OΛ(γn ·C) = OΛ(C), and g∞ ·x±i = x±i for all 1 ≤ i ≤ j

and g∞ · OΛ(C∞) = OΛ(C). Note that OΛ(γ′nγn · C) = γ′nγn · OΛ(C) for all n, by Γ-invariance
of Λ. Since the subgroup of the stabilizer of OΛ(C) in GC fixing C pointwise is equal to AC,
for any n we can write gnγ′nγn = anhn where an ∈ AC and where hn ∈ PO(p, q + 1) fixes
span(C) pointwise. Then for any n we have gnγ′nγn ·F = anhn ·F = an ·F = F . In particular,
gnγ

′
nγn · yn ∈ F for all n ∈ N. Moreover, (gnγ

′
nγn · yn)n∈N converges to g∞ · y, which belongs

to Hp,q since y ∈ Hp,q. Therefore g∞ · y ∈ F ⊂ OΛ(C), and so y ∈ g−1
∞ · OΛ(C) = OΛ(C∞), as

desired.
By Proposition 5.4, the maximality of j implies that C∞ is not a boundary j-crown in Λ.

Therefore, OΛ(C∞) ⊂ Ω(Λ) by Lemma 5.7. In particular, we have y = limn γ
′
nγn · yn ∈ Ω(Λ).

Now suppose that (γn ·yn)n∈N converges to some y∞ ∈ Hp,q, and let us check that y∞ ∈ Ω(Λ).
Let K be a small compact neighborhood of y contained in Ω(Λ). For all large enough n, we have
γ′nγn ·yn ∈ K, i.e. γn ·yn ∈ γ′n

−1 ·K. By Proposition 4.1.(1), the action of Γ on Ω(Λ) is properly
discontinuous. This implies that the sequence (γ′n)n∈N has to be bounded: otherwise some
subsequence of γ′n

−1 · K would converge to a point of ∂∞Ω(Λ), contradicting the assumption
that y∞ = limn γn · yn ∈ Hp,q. Therefore, up to subsequence all γ′n are equal to some given
γ′ ∈ Γ, and y∞ = γ′−1 · y belongs to Ω(Λ).

This shows that ∂HZ ∩ ∂HΩ(Λ) = ∅, hence concludes the proof. �
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Lemma 5.12. In the setting of Proposition 5.10, let Ω be a Γ-invariant properly convex open
subset of Ω(Λ) containing M (Proposition 4.1.(2)). Then there exists R0 ≥ 0 such that for any
R ≥ R0, the path metric with respect to dΩ exists on the closed uniform R-neighborhood UR(M)
of M in (Ω, dΩ).

Proof of Lemma 5.12. Let D ⊂M be a compact fundamental domain for the action of Γ onM .
The convex hull C (D) of D in Ω is still compact, hence is contained in UR0(M) for some R0 ≥ 0.
Then C (D) ⊂ UR(M) for all R ≥ R0.

Fix R ≥ R0, and let us check that the path metric with respect to dΩ exists on UR(M). It is
enough to show that any two points o, o′ of UR(M) can be joined by a finite sequence of closed
projective line segments completely contained in UR(M) ⊂ Ω, as these are paths of finite length
for dΩ. For this, consider points mo,mo′ ∈ M such that dΩ(o,mo) = minm∈M dΩ(o,m) and
dΩ(o′,mo′) = minm′∈M dΩ(o′,m′). The projective line segments [o,mo] and [o′,mo′ ] are con-
tained in UR(M). Because UR(M) is preserved by Γ, we can assume without loss of generality
that mo ∈ D. By cocompactness we find finitely many translates γi · D for i = 1, . . . , ` such
that there is path from mo to mo′ contained in these translates; we order them such that there
exists mi ∈ γi ·D∩γi+1 ·D for all i and mo′ ∈ γ` ·D. Then each segment [mi,mi+1] lies inside a
Γ-translate of C (D), and since Γ preserves UR(M), each such segment lies in UR(M). Thus the
segments [o,mo], [o

′,mo′ ] and [mi,mi+1] for i = 1, . . . , ` constitute a finite sequence of closed
projective line segments completely contained in UR(M) ⊂ Ω connecting o and o′ as desired. �

Proof of Proposition 5.10. Suppose there is a j-crown in Λ for some j ≥ 2. Take j to be
maximal in the sense that there does not exist any (j + 1)-crown in Λ. Let C be a j-crown
in Λ. By Proposition 5.4 we know that C is not a boundary j-crown in Λ. Let OΛ(C) be as
in Lemma 5.7, and choose an AC-orbit F in OΛ(C). By Lemma 5.11, there exist R ≥ 0 and a
Γ-invariant properly convex open subset Ω of Ω(Λ) containing M such that F is contained in
the closed uniform R-neighborhood UR(M) of M in (Ω, dΩ). By Lemma 5.12, up to increasing
R we can equip UR(M) with the path metric of dΩ.

By Proposition 5.9, for any δ > 0, there is a geodesic quadrilateral for the Hilbert met-
ric dOΛ(C), consisting of four projective line segments contained in F , such that a side of
the quadrilateral is not contained in the uniform δ-neighborhood of the other three sides in
(OΛ(C), dOΛ(C)). We claim that a side of the quadrilateral is also not contained in the uniform
δ-neighborhood of the other three sides in (Ω, dΩ). Indeed, for this it is sufficient to check that
OΛ(C) = Ω ∩ P(span(C)); then the restriction of dΩ to OΛ(C) coincides with dOΛ(C), as OΛ(C)
is geodesically convex with respect to dΩ. The inclusion OΛ(C) ⊂ Ω ∩ P(span(C)) follows from
the fact that OΛ is contained in the interior of C (Λ)∩P(span(C)); the reverse inclusion follows
from the equality OΛ(C) = Ω(Λ) ∩ P(span(C)) in Lemma 5.7.

Note that the same property (a side of the quadrilateral is not contained in the uniform
δ-neighborhood of the other three sides) also holds for the path metric, as passing to the path
metric is distance non-decreasing (and geodesics for dΩ are also geodesics for the path metric).
Therefore UR(M) with the path metric is not Gromov hyperbolic.

The group Γ preserves UR(M) (which is a geodesic metric space with the path metric of dΩ)
and acts properly discontinuously and cocompactly on it by isometries. Since UR(M) is not
Gromov hyperbolic, the Milnor–Švarc lemma implies that Γ is also not Gromov hyperbolic. �

5.5. Proof of Theorem 1.20. The implication (1)⇒ (4) is Proposition 5.10. The implication
(2) ⇒ (4) is immediate from Definition 5.1 of a j-crown. The implication (3) ⇒ (2) follows



Hp,q-CONVEX COCOMPACTNESS AND HIGHER HIGHER TEICHMÜLLER SPACES 49

from Definition 1.2 of Hp,q-convex cocompactness and from Lemma 3.13.(1). The implication
(3) ⇒ (1) is contained in [DGK2, Th. 1.24] (see Fact 2.18).

The implication (4) ⇒ (5) follows from Lemma 5.3 and Proposition 5.4: indeed, if ∂HC (Λ)
meets ∂Ω(Λ), then it meets w⊥ for some w ∈ Λ (see Notation 3.11).

We now check the implication (5) ⇒ (3). Suppose that ∂HC (Λ) does not meet ∂Ω(Λ). By
Proposition 4.1.(3), there exists a Γ-invariant properly convex open subset Ω of Ω(Λ) ⊂ Hp,q

containing C (Λ), and C (Λ) has compact quotient by Γ. By Lemma 3.13.(1) we have ∂∞Ω =
∂∞C (Λ) = Λ, and so ∂∞C (Λ) = Λ contains the full orbital limit set Λorb

Ω (Γ) (see Section 2.7).
In fact, Λ = ∂∞M is equal to Λorb

Ω (Γ) because Γ acts cocompactly onM (see [DGK2, Cor. 3.6]).
Therefore Γ acts convex cocompactly on Ω, and so [DGK2, Th. 1.24] implies that Γ is Hp,q-
convex cocompact (see Fact 2.16).

5.6. Split spacetimes. The following gives examples of properly discontinuous and cocompact
actions of non-hyperbolic groups on (weakly) spacelike p-graphs in Ĥp,q and Hp,q.

Proposition 5.13. For p, q ≥ 2 and 2 ≤ r ≤ min(p, q), let V1, . . . , Vr be linear subspaces of
Rp,q+1 such that the restriction of b to any Vi is non-degenerate of signature (ki, `i) for some
ki, `i ≥ 1 and Rp,q+1 is the b-orthogonal direct sum of V1, . . . , Vr. For any 1 ≤ i ≤ r, let
Γi be a discrete subgroup of O(b|Vi) ' O(ki, `i) acting properly discontinuously on a weakly
spacelike (resp. a spacelike) ki-graph M̂i in Ĥi := Ĥp,q ∩ Vi ' Ĥki,`i−1 with boundary at infinity
Λ̂i := ∂∞M̂i ⊂ ∂∞Ĥi. Then

(1) M̂ := {
∑r

i=1mi/
√
r |mi ∈ M̂i} is a weakly spacelike (resp. a spacelike) p-graph in Ĥp,q;

(2) the discrete subgroup Γ := Γ1 × · · · × Γr of O(p, q + 1) acts properly discontinuously
on M̂ ; this action is cocompact if and only if the action of Γi on M̂i is cocompact for
all 1 ≤ i ≤ r;

(3) with the identification ∂∞Ĥp,q ' {v ∈ Rp,q+1 r {0} | b(v, v) = 0}/R>0 of (2.5), the
boundary at infinity Λ̂ := ∂∞M̂ of M̂ is the image of Λ̃ := {

∑r
i=1 vi | vi ∈ Λ̃i∪{0}}r{0}

where Λ̃i is the preimage of Λ̂i in {v ∈ Rp,q+1 r {0} | b(v, v) = 0};
(4) M̂ ⊂ Ω̃(Λ̃) if and only if M̂i ⊂ Ω̃(Λ̃i) for all 1 ≤ i ≤ r.

Proof. (1) Since each M̂i is a non-positive (resp. negative) subset of Ĥp,q (Definition 2.7), so
is M̂ . For any 1 ≤ i ≤ r, choose a timelike `i-plane Ti of Vi ' Rki,`i , so that T := T1⊕· · ·⊕Tr is a
timelike (q+1)-plane of Rp,q+1, with orthogonal complement T⊥ = (T⊥1 ∩V1)⊕· · ·⊕ (T⊥r ∩Vr).
By Proposition 3.20 (resp. 3.21), the set M̂i is the graph of a 1-Lipschitz (resp. strictly 1-
Lipschitz) map in the splitting Ĥi ' Bki × S`i−1 associated to Ti (see Proposition 2.3). The
fact that M̂i is a graph means (see the proof of Lemma 2.5) that for any v ∈ T⊥∩Vi = T⊥i ∩Vi,
there is a unique v′ ∈ Ti such that some positive multiple of v + v′ belongs to M̂i. We deduce
that for any v ∈ T⊥, there is a unique v′ ∈ T such that some positive multiple of v + v′

belongs to M̂ . Therefore M̂ is a graph in the splitting Ĥp,q ' Bp × Sq associated to T as in
Proposition 2.3. Since M̂ is non-positive (resp. negative), it is the graph of a 1-Lipschitz (resp.
strictly 1-Lipschitz) map by Lemma 3.3. Therefore M̂ is a weakly spacelike (resp. a spacelike)
p-graph in Ĥp,q by Proposition 3.20 (resp. 3.21).

(2) and (3) are clear.
(4) The fact that M̂ ⊂ Ω̃(Λ̃) means (see Notation 3.11) that b(m, x̃) < 0 for all m ∈ M̂ and

all x̃ ∈ Λ̃. By definition of M̂ , by (3), and by Proposition 3.28.(1), this holds if and only if
b(mi, x̃i) < 0 for all mi ∈ M̂i, all x̃i ∈ Λ̃i, and all i; equivalently, M̂i ⊂ Ω̃(Λ̃i) for all i. �
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Remark 5.14. Let V1, . . . , Vr be as in Proposition 5.13. For any 1 ≤ i ≤ r, let Γi be a
discrete subgroup of O(b|Vi) ' O(ki, `i) acting properly discontinuously on a weakly spacelike
(resp. a spacelike) ki-graph Mi in Hi := Hp,q ∩ P(Vi) ' Hki,`i−1 with boundary at infinity
Λi := ∂∞Mi ⊂ ∂∞Hi. Then each Γi has a subgroup Γ′i of index ≤ 2 which preserves a
weakly spacelike (resp. a spacelike) ki-graph M̂i in Ĥi := Ĥp,q ∩ Vi ' Ĥki,`i−1 lifting Mi.
Proposition 5.13 applies to the Γ′i and M̂i; it gives that the imageM of {

∑r
i=1mi/

√
r |mi ∈ M̂i}

inHp,q is a weakly spacelike (resp. a spacelike) p-graph, on which Γ′ := Γ′1×· · ·×Γ′r acts properly
discontinuously; this action is cocompact if and only if the action of Γi on Mi is cocompact for
all 1 ≤ i ≤ r. Moreover, M ⊂ Ω(Λ) (where Λ := ∂∞M) if and only if Mi ⊂ Ω(Λi) for all i.

Note that by Fact 2.15, the action of Γi on Mi is cocompact if and only if vcd(Γi) = ki.
This is the case for instance if Γi is a uniform lattice in a copy of O(ki, 1) inside O(b|Vi) '
O(ki, `i), in which case Γi acts properly discontinuously and cocompactly on a copy Mi of Hki

in Hp,q ∩ P(Vi) ' Hki,`i−1 (a totally geodesic spacelike ki-manifold). For q = 1 and r = 2, such
Γ = Γ1 × Γ2 with Γi a uniform lattice in SO(ki, 1) = SO(ki, `i) were considered in [Ba, § 4.6],
where the corresponding quotients Γ\Ω(Λ) were called split AdS spacetimes.

Remark 5.15. In the setting of Proposition 5.13 and Remark 5.14,
(1) the set Λ = ∂∞M is a non-positive (p − 1)-sphere in ∂∞Hp,q (Proposition 3.28.(1))

which contains non-transverse points (e.g. a point of Λi is never transverse to a point
of Λj for 1 ≤ i < j ≤ r);

(2) if M ⊂ Ω(Λ), then Λ is non-degenerate (Lemma 3.13.(2)) and contains r-crowns of the
form C = {x±1 , . . . , x±r } where x

+
i and x−i are any two transverse points of Λi;

(3) if at least two groups Γi are infinite (e.g. they act cocompactly on their corresponding
Mi), then Γ = Γ1 × · · · × Γr and Γ′ = Γ′1 × · · · × Γ′r are not Gromov hyperbolic;

(4) if one group Γi is Hki,`i−1-convex cocompact and the other groups Γi are finite, then
Γ = Γ1 × · · · × Γr and Γ′ = Γ′1 × · · · × Γ′r are Gromov hyperbolic, but the actions of Γ

on M̂ and of Γ′ on M are not cocompact.
Points (1)–(2)–(4) show that if we remove the cocompactness assumption in Theorem 1.10 or
Corollary 1.11, then the Gromov hyperbolicity of Γ does not imply the transversality of Λ
anymore, hence does not imply that Γ is Hp,q-convex cocompact.

Example 5.16. In the setting of Proposition 5.13 and Remark 5.14, suppose there exists
1 ≤ j ≤ r such that ki = `i = 1 for all 1 ≤ i ≤ j. For any 1 ≤ i ≤ j we can take for Mi

a spacelike geodesic of Hi with endpoints x+
i and x−i , so that Λi := ∂∞Mi = {x+

i , x
−
i }, and

for Γi ' Z a discrete subgroup of O(b|Vi) ' O(1, 1) generated by a proximal element with
attracting fixed point x+

i and repelling fixed point x−i . Then the set C := Λ1 ∪ · · · ∪ Λj is
a j-crown (Definition 5.1) in the non-positive (p − 1)-sphere Λ = ∂∞M , and the subgroup
Γ1 × · · · × Γj ' Zj of Γ is a lattice in the group AC ' Rj of Lemma 5.8. If j = r = p, then M
is an AC-orbit of an open convex hull O of C as in Lemma 5.8; in particular, M is a complete
spacelike embedded p-submanifold of Hp,q and Λ = ∂∞O. For general 2 ≤ j ≤ r, if each Mi

for j + 1 ≤ i ≤ r is a weakly spacelike (resp. a spacelike) smooth embedded submanifold of Hi,
then M is a weakly spacelike (resp. a spacelike) smooth embedded p-submanifold of Hp,q. Note
that the sectional curvature on M has vanishing directions.

6. Non-degeneracy for reductive limits

The goal of this section is to prove Proposition 1.13.
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In the case q = 1, one can give the following short argument, which implies Proposition 1.13
using Fact 2.21.

Lemma 6.1. For p ≥ 2, let Γ be a finitely generated group with no infinite nilpotent normal
subgroups, such that vcd(Γ) = p. Let ρ : Γ → PO(p, 2) be a representation with finite kernel
and discrete image, such that the Zariski closure of ρ(Γ) in PO(p, 2) is reductive, and let M be
a ρ(Γ)-invariant weakly spacelike p-graph in Hp,1. Then Λ := ∂∞M is non-degenerate.

Proof. By Proposition 3.28.(1), the set Λ = ∂∞M is a non-positive (p − 1)-sphere in ∂∞Hp,1.
Let 0 ≤ k ≤ 2 be the dimension of the kernel V of b|span(Λ). We note that k ≤ 1: indeed, this
follows from Lemma 3.9 if p > 2 = q + 1, and from Proposition 3.30 if p = 2 = q + 1.

Suppose by contradiction that k = 1. Then ρ(Γ) is contained in the stabilizer of an isotropic
line of Rp,2, which is a proper parabolic subgroup of PO(p, 2). Since the Zariski closure G
of ρ(Γ) in PO(p, 2) is reductive, it is actually contained in a Levi subgroup of this parabolic
subgroup, namely a Lie subgroup L isomorphic to (GL(1,R)×O(p− 1, 1))/{±Id}. The group
G is the set of real points of a connected reductive real algebraic group G. Let Gss be the set
of real points of the commutator subgroup of G, and let π : G→ Gss be the natural projection.
By Fact 2.14, the group π(Γ) is discrete and Zariski-dense in Gss. By assumption Γ has no
infinite nilpotent normal subgroups, hence the restriction of π to Γ has finite kernel. Therefore
the action of Γ via π on the Riemannian symmetric space of Gss is properly discontinuous. But
this Riemannian symmetric space has dimension < p. Indeed, Gss is a semi-simple subgroup of
L ' (GL(1,R)×O(p− 1, 1))/{±Id}, hence its intersection with the central subgroup GL(1,R)
of L is trivial (or of cardinality 2), and so Gss is isomorphic to (or a double covering of) its
projection to PO(p− 1, 1); therefore the Riemannian symmetric space of Gss embeds into that
of PO(p− 1, 1), namely Hp−1. Since vcd(Γ) = p, we obtain a contradiction with Fact 2.15.

This shows that k = 0, i.e. Λ is non-degenerate. �

When q > 1, proving the non-degeneracy of Λ (Proposition 1.13) is more difficult, as the
Riemannian symmetric space of GL(k,R) × O(p − k, q + 1 − k) has dimension k(k + 1)/2 +
(p − k)(q + 1 − k) which is then strictly larger than p = vcd(Γ) (the case k = q + 1 < p
is excluded by Lemma 3.9). Our proof of Proposition 1.13 then goes by establishing a more
complicated general bound on cohomological dimension (Proposition 6.12), involving positively
semi-proximal representations in the sense of [Be2]. We next show that we can control this
bound in our situation to prove that V = {0}: see Section 6.3.

6.1. Reminders on semi-proximality. Let V be a finite-dimensional real vector space. An
element g ∈ GL(V ) is called proximal if it has a unique complex eigenvalue of maximal modulus
(this eigenvalue is then necessarily real), and this eigenvalue has multiplicity 1; equivalently, g
has a unique attracting fixed point in the projective space P(V ). The element g ∈ GL(V ) is
called positively proximal if it is proximal and its eigenvalue of maximal modulus is positive.
The element g ∈ GL(V ) is called semi-proximal (resp. positively semi-proximal) if it admits
a real (resp. positive) eigenvalue which has maximal modulus among all complex eigenvalues
of g (without assuming anything on multiplicity nor uniqueness of the eigenvalues of maximal
modulus).

Remark 6.2. Proximality implies semi-proximality, and positive proximality is equivalent to
the conjunction of proximality and positive semi-proximality.
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We now fix a connected reductive real algebraic group G, and denote by G its set of real
points. By a linear representation (τ, V ) of G we mean the restriction to the real points of
a homomorphism of real algebraic groups from G to GL(V). Fix such a linear representation
(τ, V ) of G.

As in Section 2.5, let a be a Cartan subspace of the Lie algebra of G, let a+ be a closed
Weyl chamber in a, and let λ : G→ a+ be the Jordan projection. An element g ∈ G is called
loxodromic (or R-regular) if λ(g) belongs to the interior Int(a+) of a+.

Definition 6.3. Let Γ be a subsemigroup of G. The linear representation (τ, V ) of G is Γ-
proximal (resp. positively Γ-proximal, resp. Γ-semi-proximal, resp. positively Γ-semi-proximal)
if for any element γ ∈ Γ which is loxodromic in G, the image τ(γ) ∈ GL(V ) is proximal (resp.
positively proximal, resp. semi-proximal, resp. positively semi-proximal).

Let T be a maximal compact torus in the centralizer of A := exp(a) in G.

Remark 6.4. Let g be a loxodromic element of G. Then g is conjugate in G to an element of
the form ta where t ∈ T and a ∈ exp(Int(a+)). The element τ(g) is positively semi-proximal
if and only if τ(t) fixes some non-zero vector in the highest eigenspace V + of τ(a) in V , or in
other words det(τ(t)|V + − IdV +) = 0.

Remark 6.5. Let Γ be a subsemigroup of G and let τ1, . . . , τ` be linear representations of G.
(1) Suppose τ1 and τ2 are isomorphic representations. Then τ1 ⊕ · · · ⊕ τ` is positively

Γ-semi-proximal if and only if τ2 ⊕ · · · ⊕ τ` is.
(2) If τ1, . . . , τ` are all positively Γ-semi-proximal, then so is τ1 ⊕ · · · ⊕ τ`.

We shall also use the following fact; recall that the linear representation (τ, V ) of G is called
irreducible if V does not admit any non-trivial τ(G)-invariant linear subspace.

Fact 6.6 ([Be2, Cor. 5.1]). Let Γ be a Zariski-dense subgroup of G. If the linear representation
(τ, V ) of G is irreducible and Γ-semi-proximal, then it is in fact G-semi-proximal.

The statement is not true in general if one changes “semi-proximal” into “positively semi-
proximal”.

Lemma 6.7. Let Γ be a Zariski-dense subgroup of G. Let G′ be an open subsemigroup of G
meeting Γ, and Γ′ := Γ ∩ G′. If the linear representation (τ, V ) of G is positively Γ′-semi-
proximal, then it is also positively Γ-semi-proximal.

Proof. By contraposition, suppose (τ, V ) is not Γ-semi-proximal: there exists an element γ ∈ Γ
which is loxodromic in G and such that τ(γ) is not positively semi-proximal. By Remark 6.4,
the element γ is conjugate in G to an element of the form ta where t ∈ T and a ∈ exp(Int(a+)),
such that det(τ(t)|V + − IdV +) 6= 0 where V + is the highest eigenspace of τ(a) in V . By [Be2,
Cor. 8.5], we can find elements γ′ ∈ Γ′ that are proximal in G and conjugate to elements of the
form t′a′ with a′ ∈ exp(Int(a+)) and t′ ∈ T arbitrarily close to t. In particular, we still have
det(τ(t′)|V + − IdV +) 6= 0, and so τ(γ′) is not positively semi-proximal, which shows that τ is
not positively Γ′-semi-proximal. �

Corollary 6.8. Let Γ be a Zariski-dense subgroup of G. For 1 ≤ i ≤ `, let (τi, Vi) be an
irreducible linear representation of G with highest weight χi ∈ a∗. Suppose that the linear
representation τ1 ⊕ · · · ⊕ τ` of G is positively Γ-semi-proximal.
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(1) ([Be2, Lem. 6.3]) If there exists an element X of the limit cone LΓ such that 〈χ1, X〉 >
〈χi, X〉 for all 2 ≤ i ≤ `, then τ1 is positively Γ-semi-proximal.

(2) If there exists an element X of the limit cone LΓ such that 〈χ1, X〉 > 〈χ2, X〉, then
τ1 ⊕ τ3 ⊕ · · · ⊕ τ` is positively Γ-semi-proximal.

We refer e.g. to [Be2, § 2.1–2.2] for reminders on highest (restricted) weights of irreducible
linear representations of G.

Proof. (1) Suppose there exists X ∈ LΓ such that 〈χ1, X〉 > 〈χi, X〉 for all 2 ≤ i ≤ `. Then

ω := {X ∈ a | 〈χ1, X〉 > max
2≤i≤`

〈χi, X〉}

is an open convex cone of a that meets LΓ. By Fact 2.12, there is an open semigroup G′ of G
meeting Γ and whose limit cone is contained in ω. The representation τ1 is positively Γ′-semi-
proximal, where Γ′ := Γ ∩G′, because τ1 ⊕ · · · ⊕ τ` is positively Γ-semi-proximal. Therefore τ1

positively Γ-semi-proximal by Lemma 6.7.
(2) Suppose there exists X ∈ LΓ such that 〈χ1, X〉 > 〈χ2, X〉. Then

ω := {X ∈ a | 〈χ1, X〉 > 〈χ2, X〉}

is an open convex cone of a that meets LΓ. By Fact 2.12, there is an open subsemigroup G′ of G
meeting Γ whose limit cone is contained in ω. The representation τ1⊕ τ3⊕· · ·⊕ τ` is positively
Γ′-semi-proximal, where Γ′ := Γ ∩ G′, because τ1 ⊕ · · · ⊕ τ` is positively Γ-semi-proximal.
Therefore τ1 ⊕ τ3 ⊕ · · · ⊕ τ` is positively Γ-semi-proximal by Lemma 6.7. �

The following is well known, and follows e.g. from [Be2, Lem. 5.5] by a straightforward
induction on the number of factors.

Fact 6.9 (see e.g. [Be2, Lem. 5.5]). Suppose G = G1 × · · · × Gr is a direct product of finitely
many connected reductive real algebraic groups Gs, with real points Gs. Suppose the linear
representation (τ, V ) of G is irreducible. Then there exist K = R or C and, for each 1 ≤ s ≤ r,
an irreducible real linear representation (σs,Ws) of Gs such that

(τ, V ) = (σ1 ⊗K · · · ⊗K σr,W1 ⊗K · · · ⊗K Wr),

where K = R if some non-trivial σs has an irreducible complexification, and K = C if each
Ws has an invariant complex structure for 1 ≤ s ≤ r. Moreover, τ is G-proximal (resp. G-
semi-proximal) if and only if each non-trivial σs is Gs-proximal (resp. Gs-semi-proximal) for
1 ≤ s ≤ r.

The following is readily obtained from [Be2, Lem. 5.4 & 5.7], as we explain just below.

Fact 6.10 ([Be2, Lem. 5.4 & 5.7]). Suppose the algebraic group G is connected, simply connected,
semi-simple. Let (σ,W ) be a non-trivial irreducible linear representation of G. Suppose that σ
is G-semi-proximal but not G-proximal. Then there exists an irreducible linear representation
(ς,W) of G which is G-proximal, with dim(W) < dim(W ), and satisfies the following property:
for any connected reductive real algebraic group with real points G′, any irreducible linear repre-
sentation (σ′,W ′) of G′, and any Zariski-dense subgroup Γ of G×G′, if σ⊗σ′ : G×G′ →W⊗W ′
is positively Γ-semi-proximal, then so is ς ⊗ σ′ : G×G′ →W ⊗W ′.

Proof. By [Be2, Lem. 5.7], there exists an irreducible linear representation (ς,W) of G which is
G-proximal, with dim(W) < dim(W ), and such that (ς,W) has the same sign (in the sense of



54 JONAS BEYRER AND FANNY KASSEL

[Be2, Def. 5.3]) as (σ,W ). By [Be2, Lem. 5.4.(a)], this means that the highest weights χσ of σ
and χς of ς differ by an element of 2P , where P ⊂ a∗ is the (restricted) weight lattice of G.

Consider any connected reductive real algebraic group with real points G′. Choose a Cartan
subspace a′ of the Lie algebra of G′, and a closed Weyl chamber a′+ of a′. For any irreducible
linear representation (σ′,W ′) of G′, with highest weight χσ′ ∈ a′∗, the representation σ ⊗ σ′ of
G×G′ is irreducible with highest weight χσ +χσ′ ∈ (a+a′)∗, where we see χσ (resp. χσ′) as an
element of (a + a′)∗ vanishing on a′ (resp. a). Similarly, the representation ς ⊗ σ′ of G×G′ is
irreducible with highest weight χς+χσ′ ∈ (a+a′)∗. The fact that χσ and χς differ by an element
of 2P implies that χσ + χσ′ and χς + χσ′ differ by an element of 2P ′′, where P ′′ ⊂ (a + a′)∗

is the (restricted) weight lattice of G × G′. By [Be2, Lem. 5.4.(c)], this implies that for any
Zariski-dense subgroup Γ of G×G′, the representation σ ⊗ σ′ is positively Γ-semi-proximal if
and only if ς ⊗ σ′ is. �

We note that G′ and (σ′,W ′) are allowed to be trivial in this property, yielding (using
Remark 6.2) that if σ is positively Γ-semi-proximal, then ς is positively Γ-proximal.

Fact 6.11 ([Be2, Fait 2.9 & Lem. 3.2]). Let Γ be a subgroup of G.
(1) Suppose τ is irreducible and Γ is Zariski-dense in G. Then τ is positively Γ-proximal if

and only if τ(Γ) preserves a non-empty properly convex open cone in V .
(2) In general, if τ(Γ) preserves a non-empty properly convex open cone in V , then any

element of τ(Γ) is positively semi-proximal.

6.2. A preliminary bound on cohomological dimension. For any non-trivial linear rep-
resentation (τ, V ) of a reductive real Lie group G, we set

(6.1) δ(τ) := dim(V )− `,
where τ splits into irreducible factors as τ = τ1 ⊕ . . .⊕ τ`.

Proposition 6.12. Let G = G1×· · ·×Gr be a real algebraic group which is the direct product of
finitely many factors Gs, each of which is either the multiplicative group or a connected, simply
connected, simple algebraic group. Let Z(G) (resp. Gss) be the center (resp. the commutator
subgroup) of G, i.e. the product of those factors Gs which are the multiplicative group (resp. a
simple group), so that G = Z(G) × Gss. Let G, Z(G), and Gss be the real points of G, Z(G),
and Gss, respectively, and $ : G → Z(G) and π : G → Gss the natural projections. Let Γ be
a Zariski-dense discrete subgroup of G, such that $(Γ) lies in the identity component of Z(G)
for the real topology, and the restriction of π to Γ has finite kernel. Let (υ, F ) be a linear
representation of G which either is the trivial representation, or satisfies that υ(Γ) preserves a
properly convex open cone Ω̃F of F and, inside its projectivization ΩF ⊂ P(F ), a non-empty
subset MF which is homeomorphic to a contractible topological manifold without boundary. Let
(τ, V ) be a (possibly trivial) linear representation of G with the following two properties:

(i) τ ⊕ υ is positively Γ-semi-proximal and non-trivial;
(ii) the Lie algebra of the kernel of τ ⊕υ (or equivalently, of the kernel of (τ ⊕υ)|Gss) meets

the limit cone Lπ(Γ) of π(Γ) (Definition 2.10) only in {0}.
Then vcd(Γ) ≤ δ(τ) + dim(MF ), where we set δ(τ) := 0 if τ is trivial, and dim(MF ) := 0 if υ
is trivial.

(In condition (ii) we implicitly choose a positive Weyl chamber (ass)+ in a Cartan subspace
ass of the Lie algebra of Gss; the condition does not depend on this choice.)
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Proof. It is sufficient to prove the inequality vcd(Γ) ≤ δ(τ) + dim(MF ) for a linear represen-
tation (τ, V ) of G which satisfies (i) and (ii) and for which δ(τ) is minimal among all linear
representations satisfying (i) and (ii). Let us fix such a representation (τ, V ). If τ is non-trivial,
then we write τ =

⊕
i∈I τi as a sum of non-trivial irreducible representations of G, where I

is some non-empty finite set; otherwise, we set I := ∅. Similarly, if υ is non-trivial, then we
write υ =

⊕
j∈J υj as a sum of non-trivial irreducible representations of G, where J is some

non-empty finite set; otherwise, we set J := ∅. Let a be a Cartan subspace of the Lie algebra
of G, with a = (a ∩ z(g))⊕ ass where z(g) is the Lie algebra of Z(G). For a in I (resp. J), let
χa ∈ a∗ be the highest weight of τa (resp. υa).

We start with the following three observations:

(a) a linear representation of G is irreducible if and only if its precomposition with π is;
(b) an element g ∈ G is loxodromic in G if and only if π(g) is loxodromic in Gss;
(c) since $(Γ) lies in the identity component of Z(G) for the real topology, a linear repre-

sentation of G is positively Γ-semi-proximal if and only if its precomposition with π is.

In particular, the restriction (τ ⊕ υ)|Gss of τ ⊕ υ to Gss is positively π(Γ)-semi-proximal.

• Step 1: For any i1 6= i2 in I, the linear representation τi1 |Gss of Gss is not isomorphic
to τi2 |Gss nor to its dual τ∗i2 |Gss. Suppose by contradiction that there exist i1 6= i2 in I
with τi1 |Gss ' τi2 |Gss or τi1 |Gss ' τ∗i2 |Gss . Consider the non-trivial subrepresentation τ ′ :=⊕

i∈Ir{i2} τi of τ . We have δ(τ ′) < δ(τ). The kernel of (τ ′ ⊕ υ)|Gss is equal to the kernel of
(τ ⊕ υ)|Gss , hence τ ′ ⊕ υ still satisfies (ii).

If τi1 |Gss ' τi2 |Gss , then (τ ′⊕υ)|Gss is still positively π(Γ)-semi-proximal by Remark 6.5.(1),
hence τ ′⊕υ is still positively Γ-semi-proximal by Observations (b) and (c) above: contradiction
with the minimality of δ(τ).

So we now assume τi1 |Gss ' τ∗i2 |Gss and τi1 |Gss 6' τi2 |Gss . In particular, the highest weight
χi1 |ass of τi1 |Gss is different from the highest weight χi2 |ass of τi2 |Gss , and these two weights
are images of each other by the opposition involution. Since π(Γ) is Zariski-dense in Gss (see
Fact 2.14), its limit cone Lπ(Γ) ⊂ ass has non-empty interior in ass (Fact 2.11), and so it is
not contained in the hyperplane {〈χi1 , ·〉 = 〈χi2 , ·〉} of ass. Since Lπ(Γ) is invariant under the
opposition involution, it meets the open cone ω := {X ∈ ass | 〈χi1 , X〉 > 〈χi2 , X〉} of ass. By
Corollary 6.8.(2), the representation (τ ′ ⊕ υ)|Gss is still positively π(Γ)-semi-proximal, hence
τ ′ ⊕ υ is positively Γ-semi-proximal by Observations (b) and (c) above: contradiction again
with the minimality of δ(τ).

• Step 2: For any i ∈ I, the representation τi of G is positively Γ-semi-proximal.
Suppose I 6= ∅. Let I ′ be the set of elements i ∈ I for which there exists X ∈ Lπ(Γ) with
〈χi, X〉 > maxa∈(I∪J)r{i}〈χa, X〉. For any i ∈ I ′, the representation τi|Gss is positively π(Γ)-
semi-proximal by Corollary 6.8.(1), hence τi is positively Γ-semi-proximal by Observations (b)
and (c) above.

Consider the subrepresentation τ ′ := ⊕i∈I′ τi of τ . We claim that the representation τ ′ ⊕ υ
of G is still non-trivial (even though τ ′ may be trivial). Indeed, this is clear if υ is non-trivial,
so let us assume that υ is trivial (i.e. J = ∅) and check that I ′ 6= ∅. By Step 1, the highest
weights χi, i ∈ I, are all distinct on ass. Since π(Γ) is Zariski-dense in Gss, its limit cone
Lπ(Γ) has non-empty interior (Fact 2.11), and so Lπ(Γ) is not contained in the union of the
hyperplanes {〈χi1 , ·〉 = 〈χi2 , ·〉} for i1 6= i2 in I. This implies that I ′ 6= ∅ if υ is trivial.
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We claim that I ′ = I (independently of whether υ is trivial or not). Indeed, we have just
seen that the representation τ ′ ⊕ υ of G is non-trivial. Recall that (τ ⊕ υ)|Gss is positively
π(Γ)-semi-proximal. By Corollary 6.8.(2), the representation (τ ′ ⊕ υ)|Gss is still positively
π(Γ)-semi-proximal, hence τ ′ ⊕ υ is positively Γ-semi-proximal by Observations (b) and (c)
above. By construction, for any X ∈ Lπ(Γ) we have maxa∈I∪J〈χa, X〉 = maxa∈I′∪J〈χi, X〉.
Therefore, if X ∈ Lπ(Γ) satisfies 〈χa, X〉 = 0 for all a ∈ I ′ ∪ J , then it satisfies 〈χa, X〉 = 0 for
all a ∈ I ∪ J . This implies that τ ′ ⊕ υ still satisfies (ii). By minimality of δ(τ), we must have
τ = τ ′, i.e. I ′ = I.

• Step 3: For any i ∈ I, the representation τi is positively Γ-proximal. Suppose I 6= ∅
and consider i ∈ I. Let Vi be the representation space of τi. By Step 2, we know that the non-
trivial irreducible representation (τi, Vi) of G is Γ-semi-proximal; let us check that it is actually
Γ-proximal. By Fact 6.9, there exist K = R or C and irreducible real linear representations
(σs,Ws) of Gs, for 1 ≤ s ≤ r, such that Vi = W1⊗K · · ·⊗KWr and τi = σ1⊗K · · ·⊗Kσr. Suppose
by contradiction that τi is not Γ-proximal. Then τi is also not G-proximal, and so by Fact 6.9
there exists 1 ≤ s ≤ r such that σs : Gs → GL(Ws) is non-trivial and not Gs-proximal. Note
that Gs cannot be the multiplicative group, hence it is a connected, simply connected, simple
factor of G. Let G′s be the product of the Gt for t 6= s, and G′s its real points, so that G = Gs×G′s
and G = Gs ×G′s. We can write τi = σs ⊗ σ′s where σ′s is the irreducible representation of G′s
which is the tensor product of the σt for t 6= s, with representation spaceW ′s which is the tensor
product of the Wt for t 6= s. Since τi is Γ-semi-proximal and irreducible, it is G-semi-proximal
by Fact 6.6, and so σs is Gs-semi-proximal by Fact 6.9. By Fact 6.10, there is an irreducible
linear representation (ςs,Ws) of Gs which is Gs-proximal, with dim(Ws) < dim(Ws), such that
ςs ⊗ σ′s is still positively Γ-semi-proximal. If we set

τ ′′ := (ςs ⊗ σ′s)⊕
⊕
j 6=i

τj ,

then τ ′′ ⊕ υ is still positively Γ-semi-proximal by Remark 6.5.(2). Note that the kernel
Ker(τ ′′ ⊕ υ) of τ ′′ ⊕ υ is the direct product of Ker(τ ′′ ⊕ υ) ∩ Gs which is finite (because ςs
is a non-trivial irreducible representation of Gs) and of Ker(τ ′′⊕ υ)∩G′s = Ker(τ ⊕ υ). There-
fore the Lie algebra of the kernel of τ ′′ ⊕ υ is contained in (in fact, equal to) the Lie algebra
of the kernel of τ ⊕ υ, and so τ ′′ ⊕ υ still satisfies (ii). Since δ(τ ′′) < δ(τ), we get a contra-
diction with the minimality of δ(τ). This shows that τi must be Γ-proximal, hence positively
Γ-proximal by Remark 6.2.

• Step 4: Proof of the inequality vcd(Γ) ≤ δ(τ) + dim(MF ). By Fact 2.14, the group π(Γ)
is discrete and Zariski-dense in Gss. By Fact 2.13 applied to (π(Γ),Gss, (τ ⊕ υ)|Gss) instead of
(Γ,G, τ), the group (τ⊕υ)(π(Γ)) is discrete in GL(V ⊕E). We deduce that the group (τ⊕υ)(Γ)
is discrete in GL(V ⊕E). Indeed, the projection to the semi-simple part of (τ⊕υ)(G) restricted
to (τ ⊕ υ)(Γ) has finite kernel and the image of this projection equals (τ ⊕ υ)(π(Γ)).

Moreover, by Fact 2.13 the intersection of π(Γ) with the kernel of τ ⊕ υ is finite. Since the
restriction of π to Γ has finite kernel by assumption, this implies that the intersection of Γ with
the kernel of τ ⊕ υ is finite. In particular, vcd(Γ) = vcd((τ ⊕ υ)(Γ)).

By Step 2 and Fact 6.11.(1), if I 6= ∅, then for any i ∈ I the group τi(Γ) preserves a
non-empty properly convex open set Ωi in P(Vi). Thus the discrete subgroup (τ ⊕ υ)(Γ) of
GL(V ⊕ E) ' (

∏
i∈I GL(Vi)) × GL(E) (where I is now allowed to be empty) preserves the

contractible topological manifold without boundary (
∏
i∈I Ωi) × MF , which has dimension
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δ(τ) + dim(MF ). Moreover, this group acts by isometries on the sum of the Hilbert metrics on
each factor, includingMF , where the metric is taken with respect to the properly convex set ΩF .
Since the Hilbert metric is proper, (τ ⊕υ)(Γ) acts properly discontinuously on (

∏
i∈I Ωi)×MF .

By Fact 2.15, this implies vcd((τ ⊕ υ)(Γ)) ≤ δ(τ) + dim(MF ). �

6.3. Proof of Proposition 1.13. Since Γ has no infinite nilpotent normal subgroups, the
Kazhdan–Margulis–Zassenhaus theorem implies that the set of injective and discrete represen-
tations of Γ is closed in Hom(Γ,PO(p, q + 1)) (Fact 2.21). Therefore ρ, which is the limit of
the injective and discrete representations ρn, is also injective and discrete.

By Corollary 3.27, up to passing to a subsequence, we may assume that the Mn converge to
some weakly spacelike p-graph M in Hp,q. Then M is ρ(Γ)-invariant.

By Propositions 3.20–3.21, we can lift injectively each Mn to a spacelike p-graph M̂n in
Ĥp,q, and M to a weakly spacelike p-graph M̂ in Ĥp,q, in such a way that the M̂n converge
to M̂ . Each element ρn(γ) for γ ∈ Γ has a unique lift to O(p, q + 1) that preserves M̂n (this
follows e.g. from Proposition 3.10 as such elements also preserve Λ̂n := ∂∞M̂n ⊂ ∂∞Ĥp,q, which
is a non-degenerate non-positive (p − 1)-sphere by Proposition 3.28.(1) and Lemma 3.13.(2)).
Choosing the lift preserving M̂n for each γ ∈ Γ gives a representation from Γ to O(p, q + 1)
lifting ρn; we still denote it by ρn : Γ→ O(p, q+ 1). Similarly, we can lift ρ to a representation
from Γ to O(p, q + 1), still denoted by ρ, such that ρ(Γ) preserves M̂ and limn ρn = ρ.

By Proposition 1.12, for any n, the group ρn(Γ) preserves a properly convex open subset of
Hp,q containingMn. Therefore any element of ρn(Γ) is positively semi-proximal by Fact 6.11.(2).
Passing to the limit, the same property holds for ρ(Γ) (see Remark 6.4).

Let G be the Zariski closure of ρ(Γ) in O(p, q + 1); it is reductive by assumption. Let G be
the real points of G. We can view Γ as a discrete subgroup of G and ρ as a linear representation
of G (in the sense of Section 6.1), whose kernel in G is by construction trivial, and which is
positively Γ-semi-proximal by the argument above.

Up to replacing the algebraic group G by its identity component and Γ by its intersection
with the real points of the identity component of G (which is a finite-index subgroup of Γ), we
may and shall assume that G is connected. Furthermore, up to replacing G by a finite cover, Γ
by its preimage in this finite cover (which does not change vcd(Γ)), and ρ by the composition
of ρ with the covering map, we may and shall assume that G = G1×· · ·×Gr is a direct product
of real algebraic groups Gs, each of which is either the multiplicative group or a connected,
simply connected, simple algebraic group (see e.g. [Bo2, Prop. 14.2 & Th. 22.10]). The kernel
of ρ : G→ O(p, q + 1) is then finite.

As in Proposition 6.12, let Z(G) (resp. Gss) be the center (resp. the commutator subgroup)
of G, so that G = Z(G)×Gss. Let Z(G) and Gss be the real points of Z(G) and Gss, respectively,
and $ : G → Z(G) and π : G → Gss the natural projections. Up to replacing Γ by a finite-
index subgroup (which again does not change vcd(Γ)), we may assume that $(Γ) lies in the
identity component of Z(G) for the real topology. Since Γ has no infinite nilpotent normal
subgroups, the restriction of π to Γ has finite kernel.

By Proposition 3.28.(1), the set Λ = ∂∞M ⊂ ∂∞Hp,q is a non-positive (p − 1)-sphere. Let
V ⊂ span(Λ) ⊂ Rp,q+1 be the kernel of b|span(Λ), of dimension k := dimV ≥ 0. It is a ρ(Γ)-
invariant, totally isotropic subspace of Rp,q+1. Its orthogonal V ⊥ is also ρ(Γ)-invariant. Since
the Zariski closure of ρ(Γ) in O(p, q + 1) is reductive, we can find
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• a ρ(Γ)-invariant complementary subspace E of V in V ⊥ (the signature of b|E is then
(p− k, q + 1− k|0));
• a ρ(Γ)-invariant complementary subspace Vtr of V in E⊥, which is totally isotropic (the
signature of b|V⊕Vtr is then (k, k|0)).

Thus we have a splitting of Rp,q+1 into ρ(Γ)-invariant subspaces

Rp,q+1 = V ⊕ Vtr ⊕ E.

The representation ρ splits correspondingly as

(6.2) ρ = κ⊕ κtr ⊕ ν : Γ −→ GL(V )×GL(Vtr)×O(b|E) ⊂ O(p, q + 1).

Since V and Vtr are ρ(Γ)-invariant totally isotropic subspaces of Rp,q+1 that are transverse, the
form b naturally identifies Vtr with the dual V ∗ of V , and κtr with the dual representation κ∗.

Suppose k = p. Then ν takes values in the compact group O(b|E) ' O(q + 1 − k), and
Proposition 6.12 applies with τ = κ⊕ κ∗ and the trivial representation υ.

Suppose k < p. Then HE := Hp,q ∩ P(E) ' Hp−k,q−k. By Proposition 4.3, the set ΛE :=
Λ ∩ P(E) is a non-degenerate non-positive (p − k − 1)-sphere in ∂∞HE ' ∂∞Hp−k,q−k. By
assumption, the group ν(Γ) preserves a weakly spacelike (p−k)-graphME in HE with ∂∞ME =
ΛE and ME ⊂ Ω(ΛE). By Lemma 3.9, the restriction b|spanΛE has signature (p − k, q′|0)
for some 1 ≤ q′ ≤ q + 1 − k, and ν splits as a direct sum ν = νE ⊕ ν⊥ where νE takes
values in the indefinite orthogonal group O(b|span(ΛE)) ' O(p − k, q′) and ν⊥ in the compact
group O(b|Λ⊥E ) ' O(q + 1− k − q′). By Lemma 3.31, the orthogonal projection M ′E of ME to
P(span(ΛE)) is well defined, and is still a weakly spacelike (p−k)-graph inHE with ∂∞M ′E = ΛE
and M ′E ⊂ ΩE(ΛE). Since M ′E is a weakly spacelike (p − k)-graph, it is homeomorphic to a
contractible topological manifold without boundary (Definition 3.18 and Remark 3.22). Since
M ′E is contained in ΩE(ΛE), it is contained in ΩE(ΛE)∩P(span(ΛE)), which is a νE(Γ)-invariant
properly convex open subset of P(span(ΛE)) by Lemma 3.13.(3). Moreover, νE(Γ) preserves a
properly convex open cone of span(ΛE) projecting to ΩE(ΛE) ∩ P(span(ΛE)): indeed, we saw
that ρ(Γ) preserves a weakly spacelike p-graph M̂ in Ĥp,q lifting M ; the group ν(Γ) preserves
the intersection Λ̂E of ∂∞M̂ with (E r {0})/R>0, hence νE(Γ) preserves the properly convex
open cone Ω̃E(Λ̃E)∩ span(ΛE) of span(ΛE) where Λ̃E is any subset of the b-isotropic vectors of
E r {0} whose projection to (E r {0})/R>0 is Λ̂E , as in Notation 3.11. Since ν⊥ takes values
in a compact group, we see that Proposition 6.12 applies with τ = κ ⊕ κ∗ and υ = νE and
MF = M ′E .

Suppose by contradiction that the non-positive (p − 1)-sphere Λ := ∂∞M ⊂ ∂∞Hp,q is
degenerate, which means that κ is non-trivial, with representation space V of dimension k ≥ 1.
Write κ =

⊕
i∈I κi as a sum of non-trivial irreducible representations of G, where I is some

non-empty finite set. Let τ be a subrepresentation of κ ⊕ κ∗ satisfying properties (i) and (ii)
of Proposition 6.12, and such that δ(τ) is minimal among all such subrepresentation of κ⊕ κ∗.
We can write τ =

⊕
i∈Iκ κi ⊕

⊕
i∈Iκ∗ κ

∗
i for some subsets Iκ, Iκ∗ of I. Arguing exactly as in

Step 1 of the proof of Proposition 6.12, we see that Iκ∩Iκ∗ = ∅. Therefore the dimension of the
representation space of τ is at most that of κ, which is k, and so δ(τ) < k. By Proposition 6.12,
we have p ≤ δ(τ) + p− k < p: contradiction.
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7. Closedness of Hp,q-convex cocompact and spacelike cocompact
representations

In this final section we complete the proofs of the main results of the paper. We first deduce
Theorems 1.16 and 1.17 from Theorem 1.10, Proposition 1.13, Fact 1.14, and Proposition 4.3.
We then explain how these results imply Theorem 1.3. Next we discuss the representations
appearing in Theorems 1.18 and 1.19, which we call spacelike cocompact. Finally, we prove
Theorems 1.18 and 1.19.

7.1. Proof of Theorem 1.16. Suppose that Γ preserves a non-degenerate non-positive (p−1)-
sphere Λ in ∂∞Hp,q. By Fact 1.14, it also preserves a weakly spacelike p-graphM with ∂∞M =
Λ and M ⊂ Ω(Λ). By Proposition 1.12 and Fact 2.15, the action of Γ on M is properly
discontinuous and cocompact. Therefore Γ is Hp,q-convex cocompact by Theorem 1.10.

Conversely, suppose Γ is Hp,q-convex cocompact. By Fact 2.18, its proximal limit set ΛΓ

is a non-degenerate non-positive (p − 1)-sphere in ∂∞Hp,q, which is actually negative. This
proximal limit set is invariant under Γ.

7.2. Proof of Theorem 1.17. By assumption, the representation ρ is a limit of injective and
discrete representations ρn, each preserving a non-degenerate non-positive (p − 1)-sphere Λn
in ∂∞Hp,q. By Fact 1.14, for each n there is a ρn(Γ)-invariant weakly spacelike p-graph Mn in
Hp,q with ∂∞Mn = Λn and Mn ⊂ Ω(Λn). By Corollary 3.6, up to passing to a subsequence,
we may assume that the Λn converge to some ρ(Γ)-invariant non-positive (p − 1)-sphere Λ in
∂∞Hp,q. The totally isotropic subspace V := Ker(b|span(Λ)) of Rp,q+1 is ρ(Γ)-invariant, and
so is its orthogonal V ⊥. Since ρ(Γ) has reductive Zariski closure, there is a ρ(Γ)-invariant
complementary subspace E of V in V ⊥. By Proposition 4.3, if k < p, then ΛE := Λ ∩ P(E) is
a non-degenerate (p − k − 1)-sphere in ∂∞Hp,q ∩ P(E) ' ∂∞Hp−k,q−k, and so Fact 1.14 gives
the existence of a ρ(Γ)-invariant weakly spacelike (p− k)-graph ME in Hp,q ∩P(E) ' Hp−k,q−k

with ∂∞ME = ΛE and ME ⊂ Ω(ΛE). We can then apply Proposition 1.13, and obtain that ρ
is injective and discrete, V = {0}, and Λ = ΛE is non-degenerate.

7.3. Proof of Theorem 1.3. Theorems 1.16 and 1.17 imply the following.

Theorem 7.1. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a Gromov hyperbolic group with
vcd(Γ) = p. Then for any finite normal subgroup Γ′ of Γ, the set HomΓ′

cc(Γ,PO(p, q+1)) of Hp,q-
convex cocompact representations of Γ with kernel exactly Γ′ is closed in Hom(Γ,PO(p, q+ 1)).

Proof. Since vcd(Γ) = p ≥ 2, the Gromov hyperbolic group Γ has no infinite nilpotent normal
subgroups (see e.g. [BrH, Prop. III.Γ.3.20]).

Consider a sequence (ρn)n∈N of elements of HomΓ′
cc(Γ,PO(p, q+1)) converging to a represen-

tation ρ ∈ Hom(Γ,PO(p, q + 1)). Then Γ′ is contained in the kernel of ρ. Each representation
ρn factors through an injective Hp,q-convex cocompact representation ρn : Γ/Γ′ → PO(p, q+1),
the representation ρ factors through a representation ρ : Γ/Γ′ → PO(p, q+ 1), and ρn → ρ. By
Fact 2.21, the representation ρ is injective and discrete, hence ρ has kernel exactly Γ′. Let us
check that ρ is still Hp,q-convex cocompact.

If the Zariski closure of ρ(Γ) = ρ(Γ) in PO(p, q + 1) is reductive, then ρ is Hp,q-convex
cocompact by Theorems 1.16 and 1.17, and so ρ is also Hp,q-convex cocompact.

We now treat the general case where the Zariski closure G of ρ(Γ) might not necessarily be
reductive. We can write G as a semi-direct product L n U where U is the unipotent radical
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of G and L is reductive (Levi decomposition). Let πL : G → L be the natural projection.
Following [GGKW], we call semi-simplification of ρ the representation ρss := πL ◦ ρ : Γ → L.
(It is unique up to conjugation by an element of U .) By construction, the Zariski closure of
ρss(Γ) is reductive, and ρss is a limit of conjugates gmρ(·)g−1

m of ρ where (gm) ∈ PO(p, q+ 1)N.
For each m, the sequence (gmρn(·)g−1

m )n∈N converges to gmρ(·)g−1
m , so by a diagonal extraction

argument, there exists mn → +∞ such that (ρ′n)n∈N := (gmnρn(·)g−1
mn)n∈N converges to ρss.

Each ρ′n is still Hp,q-convex cocompact because this property is invariant under conjugation. By
the reductive case treated above, ρss is Hp,q-convex cocompact. But Hp,q-convex cocompactness
is an open condition (Fact 2.20), and so for large enough m the representation gmρ(·)g−1

m is
Hp,q-convex cocompact. Therefore ρ is Hp,q-convex cocompact. �

Corollary 7.2. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a Gromov hyperbolic group with
vcd(Γ) = p. Then the set Homcc(Γ,PO(p, q+1)) of Hp,q-convex cocompact representations from
Γ to PO(p, q+1) is a union of connected components of Hom(Γ,PO(p, q+1)). More precisely, for
any finite normal subgroup Γ′ of Γ, the set HomΓ′

cc(Γ,PO(p, q+1)) of Hp,q-convex cocompact rep-
resentations with kernel exactly Γ′ is a union of connected components of Hom(Γ,PO(p, q+1)).

Proof. Recall (Definition 1.2) that the kernel of any Hp,q-convex cocompact representation of Γ
is a finite normal subgroup Γ′ of Γ. Since Γ is Gromov hyperbolic, there are only finitely
many such subgroups Γ′ (see e.g. [BrH, Th. III.Γ.3.2]). Thus the set Homcc(Γ,PO(p, q + 1))

is a finite disjoint union of subsets HomΓ′
cc(Γ,PO(p, q + 1)), for Γ′ ranging through the fi-

nite normal subgroups of Γ; these subsets are all closed in Hom(Γ,PO(p, q + 1)) by The-
orem 7.1. Therefore Homcc(Γ,PO(p, q + 1)) itself is closed in Hom(Γ,PO(p, q + 1)), and
each subset HomΓ′

cc(Γ,PO(p, q + 1)) is open in Homcc(Γ,PO(p, q + 1)). By Fact 2.20, the set
Homcc(Γ,PO(p, q+1)) is open in Hom(Γ,PO(p, q+1)), and so each subset HomΓ′

cc(Γ,PO(p, q+1))

is open in Hom(Γ,PO(p, q+1)). We deduce that each subset HomΓ′
cc(Γ,PO(p, q+1)) is a union of

connected components of Hom(Γ,PO(p, q+1)), and the same holds for Homcc(Γ,PO(p, q+1)).
�

Theorems 1.1 and 1.3 are contained in Corollary 7.2.

7.4. Spacelike cocompact representations. The following is a consequence of Propositions
1.12 and 3.28, Fact 2.15, and [SST].

Lemma 7.3. Let p, q ≥ 1 be integers, let Γ be a finitely generated group, and let ρ : Γ →
PO(p, q + 1) be a representation. Then the following are equivalent:

(1) vcd(Γ) = p and ρ has finite kernel and discrete image which preserves a non-degenerate
non-positive (p− 1)-sphere in ∂∞Hp,q,

(2) Γ acts properly discontinuously and cocompactly via ρ on some p-dimensional connected
complete spacelike submanifold of Hp,q;

(3) Γ acts properly discontinuously and cocompactly via ρ on some p-dimensional connected
maximal complete spacelike submanifold of Hp,q.

Proof. (1) ⇒ (3): Let Λ be a non-degenerate non-positive (p− 1)-sphere in ∂∞Hp,q, preserved
by ρ(Γ). By [SST], there is a p-dimensional connected maximal complete spacelike submanifold
M of Hp,q, preserved by ρ(Γ), such that ∂∞M = Λ. Since ρ has finite kernel and discrete image,
Γ acts properly discontinuously on M via ρ by Proposition 1.12. Since vcd(Γ) = p and M is
contractible (see Proposition 3.20), this action is cocompact by Fact 2.15.
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(3) ⇒ (2): clear.
(2) ⇒ (1): Let M be a p-dimensional connected complete spacelike submanifold M of Hp,q

on which Γ acts properly discontinuously and cocompactly via ρ. By Proposition 3.28, the ideal
boundary Λ := ∂∞M is a non-degenerate non-positive (p− 1)-sphere in ∂∞Hp,q, preserved by
ρ(Γ). Since the action of ρ on M is properly discontinuous, ρ has finite kernel and discrete
image by Proposition 1.12. Since this action is cocompact and M is contractible, we have
vcd(Γ) = p by Fact 2.15. �

We shall use the following terminology.

Definition 7.4. Let p, q ≥ 1 and let Γ be a finitely generated group with vcd(Γ) = p. A
representation ρ : Γ→ PO(p, q+1) is spacelike cocompact if it satisfies the equivalent conditions
(1), (2), (3) of Lemma 7.3.

Observe that if ρ is spacelike cocompact, then so is the image of ρ by conjugation at the
target by any element of PO(p, q + 1). By Theorem 1.16, if Γ is Gromov hyperbolic with
vcd(Γ) = p, then spacelike cocompact is equivalent to Hp,q-convex cocompact.

Lemma 7.5. Let p, q ≥ 1 and let Γ be a finitely generated group with vcd(Γ) = p. If Γ admits
a spacelike cocompact representation into PO(p, q+ 1), then Γ has only finitely many conjugacy
classes of finite subgroups. In particular, Γ has only finitely many finite normal subgroups.

Proof. Suppose there is a spacelike cocompact representation ρ : Γ→ PO(p, q+1): the group Γ
acts properly discontinuously and cocompactly via ρ on some p-dimensional connected complete
spacelike submanifoldM of Hp,q. LetD ⊂M be a compact fundamental domain for this action.
By proper discontinuity, the set F of elements γ ∈ Γ such that D∩ρ(γ) ·D 6= ∅ is finite. Let Γ′

be a finite subgroup of Γ. By Lemma 3.26, the group ρ(Γ′) has a global fixed point in M . Up
to conjugation in Γ we may assume that this fixed point is contained in D, hence Γ′ ⊂ F . �

7.5. Proof of Theorems 1.18 and 1.19. We check openness and closedness.

Proposition 7.6. Let p, q ≥ 1 and let Γ be a finitely generated group with vcd(Γ) = p. Then
the set Homsc(Γ,PO(p, q+ 1)) of spacelike cocompact representations from Γ to PO(p, q+ 1) is
open in Hom(Γ,PO(p, q + 1)).

Proof. We may assume that Homsc(Γ,PO(p, q+1)) is non-empty, otherwise there is nothing to
prove. By the Selberg lemma [S, Lem. 8], the finitely generated group Γ admits a finite-index
subgroup Γ0 which is torsion-free.

Let ρ ∈ Homsc(Γ,PO(p, q+ 1)), and let M be a p-dimensional connected complete spacelike
submanifold of Hp,q on which Γ acts properly discontinuously and cocompactly via ρ. Let
Λ := ∂∞M . Then M ⊂ Ω(Λ) by Proposition 3.28; moreover, M is contained in some ρ(Γ)-
invariant properly convex open subset Ω ⊂ Ω(Λ) by Proposition 4.1. For ε > 0, consider the
closed ρ(Γ)-invariant neighborhood

C := {expx(v) | x ∈M, v ∈ NxM ⊂ TxHp,q, |g(v, v)| ≤ ε}
of M in Hp,q, where exp : THp,q → Hp,q is the pseudo-Riemannian exponential map, NM the
normal bundle of M in Hp,q, and g the pseudo-Riemannian metric on Hp,q (as in Section 2.2).
For ε small enough, C is diffeomorphic to M × Dq, where Dq is the closed unit disk of Eu-
clidean Rq; moreover, since the action of Γ on M via ρ is cocompact, for ε small enough C is
contained in Ω. The action of Γ0 on C via ρ is then properly discontinuous, cocompact, and
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free, and C := ρ(Γ0)\C is a compact (PO(p, q + 1),Hp,q)-manifold with boundary, containing
the closed submanifold M := ρ(Γ0)\M . By the Ehresmann–Thurston principle (see e.g. [CEG,
Ch. 1] or [G, § 7.2]), there is a neighborhood U of ρ in Hom(Γ,PO(p, q+ 1)) consisting entirely
of representations whose restriction to Γ0 is the holonomy of a (PO(p, q + 1),Hp,q)-structure
on C. Since the developing map depends continuously in the C∞ topology on the represen-
tation [CEG, Ch. 1] and M is compact, we can assume, up to making the neighborhood U
of ρ smaller, that for any ρ′ ∈ U the pseudo-Riemannian metric coming from the associated
(PO(p, q + 1),Hp,q)-structure restricted to the tangent bundle of M is positive definite. Then
M lifts in the universal cover of C to a subset whose image Mρ′ under the developing map is a
p-dimensional connected complete spacelike submanifold of Hp,q on which Γ0 acts properly dis-
continuously, cocompactly, and freely via ρ′. In particular, the restriction of ρ′ to Γ0 is injective
and discrete, and so ρ′ itself has finite kernel and discrete image. In order to conclude that ρ′ is
spacelike cocompact, we can either check that the non-degenerate non-positive (p − 1)-sphere
∂∞Mρ′ is invariant under the full group ρ′(Γ) by showing that the limit set of ρ′(Γ) in ∂∞Hp,q

in the sense of [GGKW, Def. 5.1] is a closed ρ′(Γ)-invariant subset of ∂∞Mρ′ containing all
extremal points of ∂∞Mρ′ , or we can check that Mρ′ is invariant under the full group ρ′(Γ) by
using [SST, Lem. 9.3] which shows thatMρ′ varies analytically and Γ-equivariantly with ρ′. �

Theorems 1.18 and 1.19 are equivalent by Lemma 7.3, and contained in the following more
precise statement.

Theorem 7.7. Let p ≥ 2 and q ≥ 1 be integers, and let Γ be a finitely generated group with no
infinite nilpotent normal subgroups, such that vcd(Γ) = p. Then the set Homsc(Γ,PO(p, q+ 1))
of spacelike cocompact representations from Γ to PO(p, q + 1) is a union of connected compo-
nents of Hom(Γ,PO(p, q + 1)). More precisely, for any finite normal subgroup Γ′ of Γ, the set
HomΓ′

sc(Γ,PO(p, q+ 1)) of spacelike cocompact representations with kernel exactly Γ′ is a union
of connected components of Hom(Γ,PO(p, q + 1)).

Proof. Let us show that for any finite normal subgroup Γ′ of Γ, the set HomΓ′
sc (Γ,PO(p, q+1)) is

closed in Hom(Γ,PO(p, q+1)). Let (ρn)n∈N be a sequence of elements of HomΓ′
sc (Γ,PO(p, q+1))

converging to a representation ρ ∈ Hom(Γ,PO(p, q + 1)). As in the proof of Theorem 7.1 in
Section 7.3, each representation ρn factors through an injective spacelike cocompact repre-
sentation ρn : Γ/Γ′ → PO(p, q + 1), the representation ρ factors through a representation
ρ : Γ/Γ′ → PO(p, q + 1), we have ρn → ρ, and ρ is injective, hence ρ has kernel exactly Γ′. If
the Zariski closure of ρ(Γ) = ρ(Γ) in PO(p, q + 1) is reductive, then ρ is spacelike cocompact
by Theorem 1.17. For a general Zariski closure, we argue again exactly as in the proof of The-
orem 7.1, using the fact that the set Homsc(Γ,PO(p, q + 1)) is open in Hom(Γ,PO(p, q + 1))

(Proposition 7.6) and invariant under conjugation. This shows that HomΓ′
sc (Γ,PO(p, q + 1)) is

closed in Hom(Γ,PO(p, q + 1)).
Recall (Definition 7.4) that the kernel of any spacelike cocompact representation of Γ is

a finite normal subgroup Γ′ of Γ. By Lemma 7.5, there are only finitely many such sub-
groups Γ′. Thus the set Homsc(Γ,PO(p, q + 1)) is a finite disjoint union of closed sub-
sets HomΓ′

sc (Γ,PO(p, q + 1)) of Hom(Γ,PO(p, q + 1)), for Γ′ ranging through the finite nor-
mal subgroups of Γ. Therefore Homsc(Γ,PO(p, q + 1)) is closed in Hom(Γ,PO(p, q + 1)),
and each subset HomΓ′

sc (Γ,PO(p, q + 1)) is open in Homsc(Γ,PO(p, q + 1)). By Proposi-
tion 7.6, the set Homsc(Γ,PO(p, q + 1)) is open in Hom(Γ,PO(p, q + 1)), and so each sub-
set HomΓ′

sc (Γ,PO(p, q + 1)) is open in Hom(Γ,PO(p, q + 1)). We deduce that each subset
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HomΓ′
sc (Γ,PO(p, q + 1)) is a union of connected components of Hom(Γ,PO(p, q + 1)), and the

same holds for Homsc(Γ,PO(p, q + 1)). �

Appendix A. Hp,q-convex cocompact representations with Zariski-dense image

In this appendix we explain how to obtain Zariski-dense Hp,q-convex cocompact represen-
tations for various Gromov hyperbolic groups Γ with vcd(Γ) = p. The groups Γ we consider
include hyperbolic lattices (Section A.1), but also more exotic groups which are not commen-
surable to lattices of PO(p, 1). Examples of Hp,q-convex cocompact representations of such
groups were constructed in [LM1, MST] for q = 1; in Sections A.2 and A.3 below, we explain
how to deform them to get Zariski-dense Hp,q-convex cocompact representations for q > 1.

A.1. Hyperbolic lattices. Bending à la Johnson–Millson [JM] can be used to prove the fol-
lowing.

Proposition A.1. Let p ≥ 2 and q ≥ 1. Let N be a closed orientable real hyperbolic p-manifold,
and let ρ0 : π1(N)→ G := SO(p, q+1) be the composition of the holonomy representation of N
with the natural inclusion PO(p, 1)0 ' O(p, 1)0 ↪→ G. If N contains q two-sided, connected,
totally geodesic embedded hypersurfaces which are pairwise disjoint, then any neighborhood of
ρ0 in Hom(π1(N), G) contains representations whose image is Zariski-dense in G.

The bending construction was originally introduced in [JM] for deformations into SO(p+1, 1)
or PGL(p + 1,R). For the reader’s convenience, we shall describe it for deformations into
SO(p, q + 1), and check Zariski density in this case. We refer to [Kas, § 6] for the case of
deformations into SO(p, 2).

Hyperbolic manifoldsN as in Proposition A.1 exist, which yields the following corollary. This
shows that Theorem 1.1 gives new examples of higher higher Teichmüller spaces corresponding
to connected components of Hom(π1(N), G) containing Zariski-dense representations.

Corollary A.2. Let p ≥ 2 and q ≥ 1. Then there exists a closed orientable real hyperbolic p-
manifold N with the following property: let ρ0 : π1(N)→ G := SO(p, q+1) be the composition of
the holonomy representation of N with the natural inclusion PO(p, 1)0 ' O(p, 1)0 ↪→ G; then
any neighborhood of ρ0 in Hom(π1(N), G) contains representations whose image is Zariski-
dense in G.

A.1.1. Preliminary observations. The following lemma is useful for proving Proposition A.1.

Lemma A.3. Let p ≥ 2 and q ≥ q′ ≥ 1.
(1) The only Lie subalgebra of o(p, q + 1) that strictly contains o(p, q) is o(p, q + 1).
(2) There is an element X ∈ o(p, q+1), centralizing o(p−1, 1), such that the Lie subalgebra

of o(p, q + 1) generated by o(p, q′) and ad(X)(o(p, q′)) is o(p, q′ + 1).

Proof. (1) The O(p, q)-module o(p, q + 1) decomposes as the direct sum of the O(p, q)-module
o(p, q) (where O(p, q) acts by the adjoint action) and of the irreducible O(p, q)-module Rp,q
(where O(p, q) acts by the natural action).

(2) Let J = E1,1 + · · ·+Ep,p −Ep+1,p+1 − · · · −Ep+q+1,p+q+1 ∈ Mp+q+1(R) be the diagonal
matrix with p times the entry 1 and q + 1 times the entry −1. Viewing o(p, q + 1) as the set
of elements Z ∈ Mp+q+1(R) such that TZJ + JZ = 0, and o(p − 1, 1) as its intersection with
span({Ei,j | 2 ≤ i, j ≤ p + 1}), we can take X = E1,p+q′+1 + Ep+q′+1,1. Indeed, X centralizes
o(p−1, 1). Moreover, ad(X)(o(p, q′)) is contained in o(p, q′+1) but not in o(p, q′); therefore the
Lie subalgebra of o(p, q+ 1) generated by o(p, q′) and ad(X)(o(p, q′)) is o(p, q′ + 1) by (1). �
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A.1.2. Proof of Proposition A.1. Let H1, . . . ,Hq be two-sided, connected, totally geodesic em-
bedded hypersurfaces of N which are pairwise disjoint. For each i, the group ρ0(π1(Hi)) is a
uniform lattice in some conjugate of O(p− 1, 1) in SO(p, 1).

Following [JM, § 5], we define a finite oriented graph Y in the following way: the vertices
v1, . . . , vr of Y correspond to the connected components N1, . . . , Nr of N r

⋃q
i=1Hi, with

one oriented edge ei (for some arbitrary choice of orientation) between vertices vj and vj′ for
each hypersurface Hi between components Nj and Nj′ . Then Γ := π1(N) is the fundamental
group of the graph of groups associated to Y with edge groups Gei = π1(Hi), vertex groups
Gvj = π1(Nj), and natural injections ϕe,0 : Ge ↪→ Gvj and ϕe,1 : Ge ↪→ Gvj′ for each oriented
edge e from vj to vj′ (see [JM, Cor. to Lem. 5.3]).

Let T be a maximal tree in Y , and let ΓT be the group generated by the vertex groups
Gv1 , . . . , Gvr with the relations ϕe,0(g) = ϕe,1(g) for all g ∈ Ge for all edges e lying in T .
Bass–Serre theory says that Γ is generated by ΓT and by one element γe for each edge e not
in T , with the relations γe ϕe,0(g) γ−1

e = ϕe,1(g) for all g ∈ Ge for all edges e not in T (see [S2,
§ I.5.4]).

Up to renumbering, we may assume that the edges in T are e1, . . . , er, and that for any
1 ≤ i ≤ r, the oriented edge ei goes between a vertex vji in the subgraph of T spanned by
e1, . . . , ei−1, and another vertex vj′i outside of this subgraph. We set Γ0 := π1(Nj1) and for
1 ≤ i ≤ r, by induction, Γi := Γi−1 ∗π1(Hi)π1(Nj′i

) (amalgamated free product). Then Γr = ΓT .
For each 1 ≤ i ≤ r, let Xi ∈ o(p, q+ 1) be an element of the Lie algebra of the centralizer of

ρ0(π1(Hi)) in SO(p, q + 1). As in [JM, Lem. 5.6], we can define by induction a representation
ρ : ΓT → G by

• ρ|Γ0 := ρ0|Γ0 ;
• for 1 ≤ i ≤ r, if the geodesic segment from vj1 to vj′i in T consists of the edges ek1 , . . . ,

ekmi , ei in this order (disregarding orientation), then ρ|Γi is defined by ρ|Γi−1 and by

ρ|π1(Nj′
i
) := (eXie

Xkmi . . . eXk1 ) ◦ ρ0|π1(Nj′
i
) ◦ (eXie

Xkmi . . . eXk1 )−1.

(Indeed, the fact that Xi belongs to the Lie algebra of the centralizer of ρ0(π1(Hi)) ensures
that ρ|Γi−1 and ρ|π1(Nj′

i
) agree on π1(Hi).)

We claim that for some appropriate choice of theXi, the Zariski closure of ρ(ΓT ) in SO(p, q+1)
is SO(p, r + 1). Indeed, by [JM, Lem. 5.9], for any 1 ≤ j ≤ r the group ρ0(π1(Nj)) is Zariski-
dense in SO(p, 1). Since the group ρ(Γ1) is generated by ρ0(π1(Nj1)) and eX1 ρ0(π1(Nj′2

)) e−X1 ,
it has the same Zariski closure in SO(p, q + 1) as the group generated by SO(p, 1) and
eX1 SO(p, 1) e−X1 . Up to conjugation in SO(p, 1), the group ρ(π1(H1)) = ρ0(π1(H1)) is a
uniform lattice in O(p−1, 1), hence its Zariski closure in SO(p, q+1) has Lie algebra o(p−1, 1)
[Bo1]. By Lemma A.3.(2) with q′ = 1, we may chooseX1 so that the Lie subalgebra of o(p, q+1)
generated by o(p, 1) and ad(X1)(o(p, 1)) is o(p, 2). Then the Zariski closure of the group gen-
erated by SO(p, 1) and eX1 SO(p, 1) e−X1 is SO(p, 2), and so the Zariski closure of ρ(Γ1) in
SO(p, q+ 1) is also SO(p, 2). Similarly, by induction, using Lemma A.3.(2) with q′ = i, for any
1 ≤ i ≤ r we may choose Xi so that the Zariski closure of ρ(Γi) in SO(p, q + 1) is SO(p, i+ 1).
In particular, the Zariski closure of ρ(ΓT ) = ρ(Γr) in SO(p, q + 1) is SO(p, r + 1).

For r + 1 ≤ i ≤ q, we define by induction Γi := Γi−1∗π1(Hi) (HNN extension): namely, Γi is
generated by Γi−1 and γei with the relations γei ϕei,0(g) γ−1

ei = ϕei,1(g) for all g ∈ Gei = π1(Hi).
Then Γq = Γ. Again, choose an element Xi ∈ o(p, q+ 1) in the Lie algebra of the centralizer of
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ρ0(π1(Hi)) in SO(p, q + 1). As in [JM, Lem. 5.7], we can define by induction a representation
ρ : Γ→ G by

• ρ|Γr = ρ|ΓT as above;
• for r + 1 ≤ i ≤ q, if the edge ei goes from vji to vj′i and if the geodesic segment from
vj1 to vji (resp. vj′i) in T consists of the edges ek1 , . . . , ekmi (resp. e`1 , . . . , e`ni ) in this
order (disregarding orientation), then ρ|Γi is defined by ρ|Γi−1 and by

ρ(γei) := (e
X`ni . . . eX`1 ) ρ0(γei) e

Xi (e
Xkmi . . . eXk1 )−1.

(Indeed, by construction we have ρ|π1(Nji )
= (e

Xkmi . . . eXk1 )◦ρ0|π1(Nji )
◦(eXkmi . . . eXk1 )−1 and

ρ|π1(Nj′
i
) = (e

X`ni . . . eX`1 ) ◦ ρ0|π1(Nj′
i
) ◦ (e

X`ni . . . eX`1 )−1; the fact that Xi belongs to the Lie

algebra of the centralizer of ρ0(π1(Hi)) ensures that the relations ρ(γei) ρ(ϕei,0(g)) ρ(γei)
−1 =

ρ(ϕei,1(g)) are satisfied for all g ∈ Gei = π1(Hi).)
We claim that for some appropriate choice of the Xi, the group ρ(Γ) is Zariski-dense in

SO(p, q+1). Indeed, the Zariski closure of ρ(Γr) in SO(p, q+1) is SO(p, r+1). Since the group
ρ(Γr+1) is generated by ρ(Γr) and ρ(γer+1), it has the same Zariski closure in SO(p, q + 1) as
the group generated by SO(p, r + 1) and ρ(γer+1). Since ρ(γer+1) is equal to eXr+1 multiplied
on the left and on the right by elements of SO(p, r + 1), the group generated by SO(p, r + 1)
and ρ(γer+1) contains the group generated by SO(p, r + 1) and eXr+1 SO(p, r + 1) e−Xr+1 . By
Lemma A.3.(2) with q′ = r + 1, we may choose Xr+1 so that the Lie subalgebra of o(p, q + 1)
generated by o(p, r + 1) and ad(Xr+1)(o(p, r + 1)) is o(p, r + 2). Then the Zariski closure of
the group generated by SO(p, r + 1) and eXr+1 SO(p, r + 1) e−Xr+1 is SO(p, r + 2), and so the
Zariski closure of ρ(Γr+1) in SO(p, q + 1) is also SO(p, r + 2). Similarly, by induction, using
Lemma A.3.(2) with q′ = i, for any r+ 1 ≤ i ≤ q we may choose Xi so that the Zariski closure
in SO(p, q+1) of the group ρ(Γi) generated by ρ(Γi−1) and ρ(γei) is SO(p, i+1). In particular,
ρ(Γ) = ρ(Γq) is Zariski-dense in SO(p, q + 1).

Finally, we observe that for any neighborhood U of ρ0 in Hom(Γ, SO(p, q+1)), up to replacing
each Xi by εXi for some small ε > 0, we may assume that the representation ρ we have
constructed belongs to U . This completes the proof of Proposition A.1.

Remark A.4. In the proof we could also replace each Xi by tiXi for some arbitrary ti > 0. By
Theorem 1.3, the representation ρ : Γ → SO(p, q + 1) obtained in this way is still Hp,q-convex
cocompact, hence in particular injective and discrete (even when the ti are arbitrarily large, i.e.
ρ is arbitrary far away from ρ0 in the connected component of ρ0 inside Hom(Γ,SO(p, q+ 1))).

A.1.3. Proof of Corollary A.2. For a standard uniform arithmetic lattice of SO(p, 1), the corre-
sponding closed real hyperbolic manifold N0 admits a closed totally geodesic hypersurface H0:
see [JM, § 7] or [BHW, § 2]. By [BHW, Cor. 1.12], the group π1(N0) is separable over geo-
metrically finite subgroups. Therefore we can find a finite covering N of N0 such that N is
orientable and contains q lifts of H0 which are pairwise disjoint two-sided, connected, totally
geodesic embedded hypersurfaces in N . We conclude by applying Proposition A.1.

A.2. Exotic examples via Coxeter groups. Lee–Marquis [LM1, Th. E] found examples of
Coxeter groups Γ in p+ 3 generators (for p = 4 or 6, see Table 1) with vcd(Γ) = p, which are
not commensurable to lattices in PO(p, 1), and which admit pairs (ρ1, ρ2) of representations as
reflection groups in Rp+2 in the sense of Vinberg [V] which are Hp,1-convex cocompact and such
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that ρ1 cannot be continuously deformed to ρ2 inside the space of Hp,1-convex cocompact repre-
sentations of Γ. We now observe that these representations can be deformed to representations
in Hom(Γ,GL(p+ 3,R)) which are Hp,2-convex cocompact and whose image is Zariski-dense in
O(p, 3).

Proposition A.5. Let Γ be a Coxeter group in p + 3 generators as in Table 1 below, where
p ∈ {4, 6}. Then Γ is a Gromov hyperbolic group with vcd(Γ) = p and there exist a one-
parameter family (ρt)t>0 ⊂ Hom(Γ,GL(p+ 3,R)) of representations of Γ as a reflection group
in Rp+3 in the sense of Vinberg [V] and two positive numbers t1 < t2 such that

(i) for any t ∈ (t1, t2), the group ρt(Γ) preserves a quadratic form Qt of signature (p, 3|0)
on Rp+3, is Zariski-dense in Aut(Qt) ' O(p, 3) and Hp,2-convex cocompact;

(ii) for any t ∈ (0, t1)∪(t2,+∞), the group ρt(Γ) preserves a quadratic form Qt of signature
(p + 1, 2|0) on Rp+3, is Zariski-dense in Aut(Qt) ' O(p + 1, 2) and Hp+1,1-convex
cocompact;

(iii) for any t ∈ {t1, t2}, the group ρt(Γ) preserves a hyperplane Vt of Rp+3 and a quadratic
form Qt of signature (p, 2|0) on Vt, and the restriction of ρt(Γ) to Vt is Zariski-dense
in Aut(Qt) ' O(p, 2) and Hp,1-convex cocompact.

Case (iii) is [LM1, Th. E]. Below we explain how to obtain cases (i) and (ii) from computations
made in [LM1, § 8] for the various examples in Table 1.

` > 9k > 9

∞

k > 11

∞

5
` > 8

k > 7 4

4

∞

` > 8k > 8

∞

4 4

k > 9

∞

4 4
4

4

4

k > 9 4

4

∞

5

k > 11

∞

Table 1. Coxeter diagrams of some Gromov hyperbolic Coxeter groups to
which Proposition A.5 applies, taken from [LM1, Tables 12–13]. In the top-left
(resp. top-right, resp. bottom-left) example we ask (k, `) 6= (9, 9), (9, 10), . . . ,
(9, 18), (10, 10) (resp. (k, `) 6= (7, 8), (7, 9), (8, 8), resp. (k, `) 6= (8, 8)).

Proof of Proposition A.5. For the fact that Γ is a Gromov hyperbolic group with vcd(Γ) = p,
see [LM1, § 8]. To simplify notation, we set N := p + 3. Consider a presentation of Γ by
generators and relations given by the Coxeter diagram of Γ in Table 1:

Γ =
〈
s1, . . . , sN | (sisj)

mi,j = 1 ∀ 1 ≤ i, j ≤ N
〉
,
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where mi,i = 1 and mi,j = mj,i ∈ {2, 3, . . . ,∞} for i 6= j. (By convention, (sisj)
∞ = 1 means

that sisj has infinite order in the group Γ.) For each t ≥ 0, let At be the (N × N) real
matrix whose (i, j)-entry is given by −2 cos(π/mi,j) if mi,j 6=∞, and −2− t if mi,j =∞. Let
(e1, . . . , eN ) be the canonical basis of RN , and (e∗1, . . . , e

∗
N ) its dual basis. For each 1 ≤ i ≤ N ,

we set vi,t := At · ei and let
ρt(si) :=

(
v 7−→ v − e∗i (v) vi,t

)
be the reflection in the hyperplane span{ej | j 6= i} satisfying ρt(si)(vi,t) = −vi,t. This de-
fines a representation ρt : Γ → GL(N,R) of Γ as a reflection group in RN in the sense of
Vinberg [V]: see e.g. [DGKLM, § 3.3]. The representation ρt preserves the subspace Vt :=
span(v1,t, . . . , vN,t) = Im(At), and acts irreducibly on Vt (see e.g. [DGKLM, Prop. 3.23.(2)]).
Since At is symmetric, there is a non-degenerate quadratic form Qt on Vt such that Qt(vi, vj)
is the (i, j)-entry of At for all 1 ≤ i, j ≤ N (see [V, Th. 6]). Let (pt, qt|0) be the signature
of Qt. Then the restriction of ρt(Γ) to Vt is Zariski-dense in Aut(Qt) ' O(pt, qt) by an easy
generalization of [BeH]: see [ADLM]. Moreover, if t > 0, then this restriction is Hpt,qt−1-convex
cocompact: see [DGK1, LM1]. We now compute the signature (pt, qt|0) of Qt by computing
the signature of the symmetric matrix At.

First, observe that if I is the subset of {1, . . . , N} corresponding to the N−2 white vertices in
the Coxeter diagram of Table 1, then the symmetric matrix AIt obtained from At by restricting
to coefficients (i, j) in I2 has signature (N−3, 1|0). Indeed, the Coxeter diagram associated to I
contains a Coxeter sub-diagram with N − 3 vertices which is spherical (of type I2(k)× I2(m)
for some m ≥ 3, or type I2(k)×H4 in the last example), and also a Coxeter sub-diagram with
3 vertices which is Lannér (corresponding to i1, i2, i3 ∈ {1, . . . , N} with mi1,i2 = k, mi1,i3 = 2,
and mi2,i3 = 3 or 4). This implies (see [LM1]) that AIt contains a submatrix of the form AI′t
with #I ′ = N−3 which is positive definite, and also a submatrix of the form AI′′t with #I ′′ = 3
with signature (2, 1). Therefore AIt has signature (N − 3, 1|0).

Note that t 7→ det(At) is a second-degree polynomial, because there is exactly one pair
(i, j) in {1, . . . , N} such that mi,j = ∞. By [LM1, Th. E & § 8], this polynomial has two
positive roots t1 < t2, and the symmetric matrices At1 and At2 have signature (N − 3, 2|1),
which implies that Vt1 and Vt2 are hyperplanes and that (pt1 , qt1) = (pt2 , qt2) = (N − 3, 2).
For t ∈ (0,+∞) r {t1, t2}, the symmetric matrix At is non-degenerate, hence Vt = RN and
the signature (pt, qt|0) of Qt is equal to the signature of At, which satisfies pt ≥ N − 3 and
qt ≥ 1 by the above observation. By developing along the last row and the last column, we
see that the leading coefficient of the polynomial t 7→ det(At) is −det(AIt ), which is positive
by the above observation. We deduce that (pt, qt) = (N − 2, 2) if t ∈ (0, t1) ∪ (t2,+∞), and
(pt, qt) = (N − 3, 3) if t ∈ (t1, t2). �

A.3. Exotic examples via Gromov–Thurston manifolds. Gromov–Thurston [GT] con-
structed closed orientable manifolds admitting a negatively-curved Riemannian metric, but no
hyperbolic metric. They are defined as follows. Fix any p ≥ 4. By [GT], there exist closed
oriented hyperbolic p-dimensional manifolds N admitting two connected embedded totally ge-
odesic hypersurfaces H1 and H2 such that

• each Hi is the set of fixed points of some isometric involution σi of N ,
• Hi is homologically trivial,
• S := H1 ∩H2 is connected,
• H1 and H2 intersect along S with an angle π/n, where n ≥ 2.
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We call such an N an n-dihedral hyperbolic manifold. Indeed, the group generated by σ1 and σ2

is isomorphic to the dihedral group D2n. The product σ1σ2 generates an index-two subgroup
which is cyclic of order n. Let N be the quotient of N by this cyclic subgroup. The quotient
map N → N is a ramified covering of degree n. A cyclically ramified cover Nk/n of N of degree
k 6= n is called a k-ramified Gromov–Thurston manifold over N .

Monclair–Schlenker–Tholozan [MST, Th. 1.1–1.2] constructed Hp,1-convex cocompact repre-
sentations of π1(Nk/n) into SO(p, 2) for such Gromov–Thurston manifolds Nk/n with k > n.
These representations have Zariski-dense image in SO(p, 2): see [GM, Prop. 1.4]. We now ob-
serve that these representations can be deformed, inside Hom(π1(Nk/n),SO(p, q + 1)), into
Hp,q-convex cocompact representations whose image is Zariski-dense in SO(p, q + 1), for any
1 ≤ q ≤ 2k − 2.

Proposition A.6. For p ≥ 4 and k > n ≥ 2, let Nk/n be a k-ramified Gromov–Thurston
manifold over an n-dihedral hyperbolic manifold of dimension p. Then for any 1 ≤ q ≤ 2k− 2,
the Hp,1-convex cocompact representations from π1(Nk/n) to SO(p, 2) constructed in [MST] can
be deformed continuously inside Hom(π1(Nk/n), SO(p, q + 1)) to representations whose image
is Zariski-dense in SO(p, q + 1).

These continuous deformations are Hp,q-convex cocompact by Theorem 1.3.

A.3.1. Preliminary observations. As in [MST], for k > n ≥ 2 we define an equilateral spacelike
2k-polygon of side length π/n in R2,1 to be a cyclically ordered family P = (vj)j∈Z/2kZ of points
of R2,1 such that for any j ∈ Z/2kZ, we have b(vj , vj) = 1 and b(vj , vj+1) = cos(π/n), the
vectors vj+1− cos(π/n)vj and vj−1− cos(π/n)vj belong to two different connected components
of spacelike vectors in v⊥j ' R1,1, and the interior of the segment [vi, vi+1] does not intersect
the segment [vj , vj+1] for i 6= j. We denote by Ek,n the space of such polygons.

For instance, if (e1, e2, e3) is an orthogonal basis of R2,1 in which the quadratic form b is
given by the matrix diag(1, 1,−1), then we can take

(A.1) vj :=
√
αk,n

(
cos
(jπ
k

)
e1 + sin

(jπ
k

)
e2

)
+
√
αk,n − 1 e3

where αk,n := (1− cos(π/n))/(1− cos(π/k)).

Remark A.7. For k > n ≥ 2, if P = (vj)j∈Z/2kZ is an equilateral spacelike 2k-polygon of side
length π/n in R2,1, then for each j ∈ Z/2kZ the subspace span(vj , vj+1) is a 2-plane on which
b is positive definite, and there exists j0 ∈ Z/2kZ such that span(vj0−1, vj0 , vj0+1) = R2,1.

Lemma A.8. For q ≥ 1, let b be the standard quadratic form of signature (2, q) on R2,q. Let
v0, v2 ∈ R2,q be two distinct vectors such that b(v0, v0) = b(v2, v2) = 1. For 0 ≤ c < 1, let
Vv0,v2,c be the set of vectors v1 ∈ R2,q such that b(v1, v1) = 1 and b(v0, v1) = b(v1, v2) = c.

(1) The restriction of b to span(v0, v2) has signature (2, 0|0) (resp. (1, 1|0)) if and only if
|b(v0, v2)| < 1 (resp. |b(v0, v2)| > 1).

(2) Suppose that c 6= 0 and −1 < b(v0, v2) < 2c2 − 1, or that c = 0 and |b(v0, v2)| > 1.
Then Vv0,v2,c is non-empty and does not intersect span(v0, v2). If q = 1, then Vv0,v2,c

consists of two vectors, which vary continuously with v0 and v2 (for fixed c).
(3) For any v1 ∈ Vv0,v2,c such that span(v0, v1, v2) = R2,1 ⊂ R2,q, there is a continuous

path (gt)t∈[0,1] ⊂ SO(2, q) with g0 = Id such that gt · v0 = v0 and gt · v2 = v2 and
gt · v1 ∈ Vv0,v2,c rR2,q−1 for all t > 0.
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Proof. (1) The polynomial t 7→ b(v0 + tv2, v0 + tv2) = t2 + 2b(v0, v2) t+ 1 admits no real roots
(resp. two distinct real roots) if and only if |b(v0, v2)| < 1 (resp. |b(v0, v2)| > 1).

(2) Suppose that c 6= 0 and −1 < b(v0, v2) < 2c2 − 1. By (1), the restriction of b
to span(v0, v2) has signature (2, 0|0). Let v be the unique vector of span(v0, v2) such that
b(v, v) = 1 and c′ := b(v, v0) = b(v, v2) > 0. We have b(v0, v2) = cos(2 arccos(c′)) = 2c′2 − 1,
hence the inequality b(v0, v2) < 2c2 − 1 implies c′ < c. Let v′1 := (c/c′) v. Then 1− b(v′1, v

′
1) =

1− (c/c′)2 < 0, and

Vv0,v2,c =
{
v′1 + w | w ∈ span(v0, v2)⊥, b(w,w) = 1− b(v′1, v

′
1)
}
.

The restriction of b to span(v0, v2)⊥ ' R0,q is negative definite, hence Vv0,v2,c is non-empty
and does not intersect span(v0, v2). If q = 1, then Vv0,v2,c consists of two vectors, which vary
continuously with v0 and v2 (for fixed c).

Suppose that c = 0 and |b(v0, v2)| > 1. Then Vv0,v2,c = {v1 ∈ span(v0, v2)⊥ | b(v1, v1) = 1}.
By (1), the restriction of b to span(v0, v2)⊥ has signature (1, q − 1|0), hence Vv0,v2,c is non-
empty; moreover, Vv0,v2,c does not intersect span(v0, v2). If q = 1, then Vv0,v2,c consists of two
vectors, which vary continuously with v0 and v2 (for fixed c).

(3) Fix v1 ∈ Vv0,v2,c such that span(v0, v1, v2) = R2,1 ⊂ R2,q. Choose a nonzero vector
w ∈ R2,q in the orthogonal of R2,q−1; then b(w,w) < 0.

Suppose that the restriction of b to span(v0, v2) is non-degenerate. Then the restriction of b
to the 2-plane E := (span(v0, v2)⊥ ∩ R2,1)⊕ Rw is non-degenerate. The orthogonal projection
of v1 to E is non-zero and non-isotropic for b. The identity component of the fixator of E⊥ in
SO(2, q) is a one-parameter subgroup (gt)t∈R such that gt · v1 /∈ R2,q−1 for all 0 < t ≤ 1. Since
it fixes v0 and v2, it preserves Vv0,v2,c.

Suppose that the restriction of b to span(v0, v2) is degenerate. Consider a non-zero vector
v ∈ span(v0, v2)∩span(v0, v2)⊥; then b(v, v) = 0 and span(v0, v2) = span(v0, v). The restriction
of b to E := (v⊥0 ∩ R2,1) ⊕ Rw has signature (1, 2). The orthogonal projection of v1 to E is
non-zero and not a multiple of v. The identity component of the fixator of E⊥⊕Rv in SO(2, q)
is a one-parameter unipotent subgroup (gt)t∈R such that gt · v1 /∈ R2,q−1 for all t > 0. Since it
fixes v0 and v2, it preserves Vv0,v2,c. �

Lemma A.9. Fix 0 ≤ c < 1. Let v−1, v0, v1, v2 ∈ R2,1 satisfy b(vj , vj) = 1 for all −1 ≤
j ≤ 2 and b(v−1, v0) = b(v0, v1) = b(v1, v2) = c. Suppose that span(v−1, v0, v1) = R2,1 and
span(v0, v2) = span(v0, v1). Then there exist t0 > 0 and continuous deformations (v0,t)t∈[0,t0] of
v0 = v0,0 and (v1,t)t∈[0,t0] of v1 = v1,0 such that b(v0,t, v0,t) = b(v1,t, v1,t) = 1 and b(v−1, v0,t) =

b(v0,t, v1,t) = b(v1,t, v2) = c for all t, and such that span(v0,t, v1,t, v2) = R2,1 for all t > 0.

Proof. By Lemma A.8.(1), the restriction of b to span(v−1, v0) has signature (2, 0|0), and sim-
ilarly for span(v0, v1).

We can write v0 = cv−1+v′′0 where v′′0 ∈ (v−1)⊥∩span(v−1, v0) satisfies b(v′′0 , v
′′
0) = 1−c2 > 0.

Consider a non-zero vector w ∈ span(v−1, v0)⊥; then b(w,w) < 0. Since v−1 /∈ span(v0, v1) =
span(v0, v2) ' R2,0, we have v2 /∈ span(v−1, v0), hence b(w, v2) 6= 0. Up to replacing w by
−w, we may assume that b(w, v2) < 0. For any t ≥ 0 we have b(v0 + tv′′0 , v0 + tv′′0) − 1 =
(2t+ t2)(1− c2) ≥ 0, and so we can define a continuous deformation (v0,t)t≥0 of v0 = v0,0 by

v0,t := v0 + tv′′0 +

√
b(v0 + tv′′0 , v0 + tv′′0)− 1

|b(w,w)|
w.
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It satisfies b(v−1, v0,t) = c and b(v0,t, v0,t) = 1 for all t ≥ 0.
Since the restriction of b to span(v0, v2) = span(v0, v1) has signature (2, 0|0) and since

b(v0, v1) = b(v1, v2) = c, we have b(v0, v2) = cos(2 arccos(c)) = 2c2 − 1. On the other hand,

b(v0,t, v2) = b(v0, v2) +

√
2(1− c2)t

|b(w,w)|
b(w, v2) +O(t)

as t → 0, and b(w, v2) < 0 by construction, hence there exists t0 > 0 such that −1 <
b(v0,t, v2) < 2c2 − 1 for all 0 < t ≤ t0. By Lemma A.8.(2), we can find a continuous de-
formation (v1,t)t∈[0,t0] of v1 = v1,0 such that b(v1,t, v1,t) = 1 and b(v0,t, v1,t) = b(v1,t, v2) = c for
all t, and such that span(v0,t, v1,t, v2) = R2,1 for all t > 0. �

Lemma A.10. Let k > n ≥ 2. Any element P = (vj)j∈Z/2kZ of Ek,n can be continuously
deformed inside Ek,n into an element P ′ = (v′j)j∈Z/2kZ such that span(v′j−1, v

′
j , v
′
j+1) = R2,1 for

all j ∈ Z/2kZ.

Proof. By Remark A.7, there exists j0 ∈ Z/2kZ such that span(vj0−1, vj0 , vj0+1) = R2,1.
It follows from Lemma A.9 that for any j0 ∈ Z/2kZ, if span(vj0−1, vj0 , vj0+1) = R2,1 but
span(vj0 , vj0+1, vj0+2) 6= R2,1, then we can continuously deform P inside Ek,n (by varying vj0
and vj0+1 and keeping all the other vj fixed) into an element P ′′ = (v′′j )j∈Z/2kZ of Ek,n such
that span(v′′j0 , v

′′
j0+1, v

′′
j0+2) = R2,1; moreover, by taking the deformation small enough we can

ensure that span(v′′j0−1, v
′′
j0
, v′′j0+1) = R2,1, and that span(v′′j0−2, v

′′
j0−1, v

′′
j0

) = R2,1 as soon as
span(vj0−2, vj0−1, vj0) = R2,1. By applying this process iteratively, we can continuously de-
form P inside Ek,n into an element P ′ = (v′j)j∈Z/2kZ such that span(v′j−1, v

′
j , v
′
j+1) = R2,1 for

all j. �

A.3.2. Proof of Proposition A.6. Let σ1 and σ2 be the involutions of N defining its n-dihedral
structure and, as above, let H1 (resp. H2) be the set of fixed points of σ1 (resp. σ2) and
S := H1 ∩ H2. Let HN

1 (resp. HN
2 ) be the closure of a connected component of H1 r S (resp.

H2 rS), chosen so that the oriented angle at S from HN
1 to HN

2 is π/n. Let H1 and H2 be the
projections of HN

1 and HN
2 to N = N/〈σ1σ2〉. As in [MST, § 2.2], we denote by H1, . . . ,H2k

the lifts of H1 and H2 to the ramified cover Nk/n, in cyclic order around S := H1∩H2, and by
Vj the connected component of Nk/nr

⋃2k
i=1Hi bounded by Hj and Hj+1, for each j ∈ Z/2kZ.

Recall the double cover Ĥp,q of Hp,q from (2.2). We choose a point z ∈ Ĥp,1 ⊂ Ĥp,q and a
totally geodesic copy Z of Hp−2 containing z in Ĥp,1 ⊂ Ĥp,q. We can write the tangent space
TzĤp,1 ' Rp,1 as the direct sum of TzZ ' Rp−2,0 and of its orthogonal (TzZ)⊥ ' R2,1. We now
consider equilateral spacelike 2k-polygons of side length π/n in R2,1 as in Section A.3.1, which
we see as subsets of (TzZ)⊥ ⊂ TzĤp,1. As in [MST, Lem. 5.4], such a polygon P = (vj)j∈Z/2kZ
defines a spacelike p-graph (Definition 3.18) in Ĥp,1 which is a finite union

⋃2k
j=1Xj where

• Xj := {expz(u + tw) |u ∈ TzZ, w ∈ [vj , vj+1], t ≥ 0} is a convex set with nonempty
interior inside a totally geodesic copy of Hp inside Ĥp,1;
• the relative boundary of Xi inside Ĥp,1 is Yj ∪ Yj+1, where Yj := {expz(u + tvj) |
u ∈ TzZ, t ≥ 0} is a half-space inside a totally geodesic copy of Hp−1 inside Ĥp,1;
• Xj ∩Xj+1 = Yj+1 and Yj ∩ Yj+1 = Z for all j ∈ Z/2kZ.

As in [MST, Lem. 5.6], we can then construct an atlas of charts on Nk/n, with values in Ĥp,1,
in the following way. For each x ∈ Nk/n, choose a small connected open neighborhood Ux of



Hp,q-CONVEX COCOMPACTNESS AND HIGHER HIGHER TEICHMÜLLER SPACES 71

x in Nk/n such that for any j ∈ Z/2kZ, if x /∈ Hj , then Ux ∩ Hj = ∅; choose a continuous
chart ϕx : Ux → Ĥp,1 mapping isometrically Ux ∩ Vj into Xj and Ux ∩ Hj into Yj for all
j ∈ Z/2kZ. We then consider the atlas of charts (Ux, g ◦ ϕx)x∈Nk/n, g∈SO(p,2)0

. Note that each
transition map is given by a unique element of SO(p, 2)0, because if U1 and U2 are two relatively
open subsets inside two copies of Hp inside Ĥp,1, then any orientation-preserving and time-
orientation-preserving isometry between U1 and U2 is given by a unique element of SO(p, 2)0.
Therefore, as explained in [MST, Cor. 3.32], one can argue similarly to the case of classical
(G,X)-structures to get that this atlas of charts defines a developing map from the universal
cover Ñk/n of Nk/n to Ĥp,1 which is equivariant with respect to a holonomy representation
ρ : π1(Nk/n)→ SO(p, 2). By [MST, Th. 3.33], the image of this developing map is a spacelike
p-graph in Ĥp,1, and the representation ρ : π1(Nk/n)→ SO(p, 2) is Hp,1-convex cocompact. We
note that for any j ∈ Z/2kZ, there are natural embeddings π1(Hj) ↪→ π1(Vj) ↪→ π1(Nk/n), and
the Zariski closure of ρ(π1(Hj)) (resp. ρ(π1(Vj))) in SO(p, 2) is a copy of SO(p − 1, 1) (resp.
SO(p, 1)), preserving the copy of Hp−1 (resp. Hp) in Ĥp,1 with tangent space TzZ ⊕Rvj (resp.
TzZ ⊕ span(vj , vj+1)) at z. Since the vectors vj are not all collinear, the groups π1(Vj) do not
all preserve the same copy of Hp in Ĥp,1; therefore the group ρ(π1(Nk/n)) does not preserve a
copy of Hp in Ĥp,1, and so it is Zariski-dense in SO(p, 2) by Lemma A.3.(1).

By Lemma A.10, up to a continuous deformation inside the space of equilateral spacelike
2k-polygons of side length π/n in R2,1 (which induces a continuous deformation inside the
space of Hp,1-convex cocompact representations of π1(Nk/n)), we may assume that our polygon
P = (vj)j∈Z/2kZ satisfies that span(vj−1, vj , vj+1) = R2,1 for all j. By the above argument
(based on Lemma A.3.(1)), the image under ρ of the subgroup generated by π1(Vj−1) and
π1(Vj) is then Zariski-dense in SO(p, 2) for all j.

Let us fix q ≤ 2k − 2, and view ρ as a representation from π1(Nk/n) to SO(p, q + 1) by
composing with the natural inclusion SO(p, 2) ↪→ SO(p, q+1); then ρ is Hp,q-convex cocompact
(see [DGK1, DGK2]). If q = 1, then we already know that ρ(π1(Nk/n)) is Zariski-dense in
SO(p, q+1), so we now assume q ≥ 2. Our goal is to deform ρ continuously into a representation
whose image is Zariski-dense in SO(p, q+ 1); then Hp,q-convex cocompactness will still hold by
Theorem 1.3.

The deformation will be done by q − 1 successive bendings à la Johnson–Millson (see Sec-
tion A.1). For this, we observe that for every j ∈ Z/2kZ, the union of the codimension-1
submanifolds Hj−1 ∪ Hj+1 is path-connected and separates Nk/n into two connected compo-
nents, namely Vj−1∪Vj∪HjrS and Nk/nr(Vj−1∪Vj). Therefore, by van Kampen’s theorem,
we can write

(A.2) π1(Nk/n) = π1

(
Vj−1 ∪ Vj ∪Hj r S

)
∗π1(Hj−1∪Hj+1) π1

(
Nk/n r (Vj−1 ∪ Vj)

)
.

Consider our point z ∈ Ĥp,1 ⊂ Ĥp,q and our totally geodesic copy Z of Hp−2 containing z
in Ĥp,1 ⊂ Ĥp,q as above. We write the tangent space TzĤp,q ' Rp,q as the direct sum of
TzZ ' Rp−2,0 and of its orthogonal (TzZ)⊥ ' R2,q. Let (e1, . . . , eq+2) be an orthogonal basis of
(TzZ)⊥ ' R2,q in which the quadratic form b is given by the matrix diag(1, 1,−1, . . . ,−1). By
construction, we have span(vj−1, vj , vj+1) = span(e1, e2, e3) for all j ∈ Z/2kZ. The subgroup of
SO(p, q+1) fixing Z pointwise is isomorphic to SO(2, q), acting on (TzZ)⊥ = span(e1, . . . , eq+2).
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We proceed in q − 1 steps: for 1 ≤ j ≤ q − 1, the j-th step produces a continuous fam-
ily (ρ

(j)
t )t∈[0,1] ⊂ Hom(π1(Nk/n), SO(p, q + 1)) and a corresponding continuous deformation

(vj,t)t∈[0,1] ⊂ span(e1, . . . , ej+3) r span(e1, . . . , ej+2) of vj such that

• for any t 6= 0, the group ρ(j)
t (π1(Nk/n)) is contained and Zariski-dense in SO(p, j + 2),

• for any t 6= 0, the image under ρ(j)
t of the subgroup of π1(Nk/n) generated by π1(V1), . . . ,

π1(Vj), π1(V2k−2), π1(V2k−1) is already Zariski-dense in SO(p, j + 2),
• for any t, we have b(vj,t, vj,t) = 1 and b(vj,t, vj+1) = cos(π/n), and the restriction of b
to span(vj,t, vj+1, vj+2) has signature (2, 1|0).

The family (ρ
(j)
t )t∈[0,1] of the j-th step is related to the family (ρ

(j−1)
t )t∈[0,1] of the (j − 1)-th

step by ρ
(j)
0 = ρ

(j−1)
1 , so that we can then concatenate the deformation paths and obtain a

continuous deformation of ρ with Zariski-dense image in SO(p, q + 1). We now explain how to
perform the first step, and how to perform the j-th step having performed the (j − 1)-th step.

We start with the first step. By construction, we have b(v1, v1) = 1 and b(v0, v1) =
b(v1, v2) = cos(π/n), and v1 ∈ span(e1, e2, e3) r span(v0, v2). Therefore Lemma A.8.(3) gives
a continuous family (g

(1)
t )t∈[0,1] of elements of SO(p, 3) ⊂ SO(p, q + 1) fixing Z pointwise and

fixing v0 and v2 inside (TzZ)⊥ = span(e1, . . . , eq+2), such that g(1)
0 = Id, and such that for

any t ∈ (0, 1], the vector v1,t := g
(1)
t · v1 belongs to span(e1, e2, e3, e4) r span(e1, e2, e3) and

still satisfies b(v1,t, v1,t) = 1 and b(v0, v1,t) = b(v1,t, v2) = cos(π/n); moreover, we may assume
that the restriction of b to span(v1,t, v2, v3) still has signature (2, 1|0) for all t ∈ [0, 1]. By
(A.2), for each t we can define a representation ρ

(1)
t : π1(Nk/n) → SO(p, q + 1) to be equal

to ρ on π1(Nk/n r (V0 ∪ V1)), and to g(1)
t ρ(·)(g(1)

t )−1 on π1(V0 ∪ V1 ∪ H1 r S). Indeed, since
g

(1)
t fixes Z pointwise and fixes v0, it acts trivially on the copy of Hp−1 in Ĥp,q with tangent
space TzZ ⊕Rv0 at z, hence it centralizes ρ(π1(H0)); similarly, since g(1)

t fixes Z pointwise and
fixes v2, it centralizes ρ(π1(H2)); therefore g(1)

t centralizes ρ(π1(H0 ∪H2)). We thus obtain a
continuous family (ρ

(1)
t )t∈[0,1] ⊂ Hom(π1(Nk/n), SO(p, q+1)) with values in SO(p, 3), such that

ρ
(1)
0 = ρ. We claim that for any t 6= 0, the image under ρ(1)

t of the subgroup Γ1 of π1(Nk/n)

generated by π1(V1), π1(V2k−2), π1(V2k−1) is Zariski-dense in SO(p, 3). Indeed, ρ(1)
t coincides

with ρ on the subgroup generated by π1(V2k−2) and π1(V2k−1), hence the Zariski closure of
ρ

(1)
t (Γ1) contains SO(p, 2) by the above. Moreover, ρ(1)

t (π1(V1)) is Zariski-dense in the group
g

(1)
t SO(p, 1)(g

(1)
t )−1, which preserves the copy of Hp with tangent space TzZ ⊕ span(v0, v1,t)

at z. Since v1,t /∈ span(e1, e2, e3), the group ρ(1)
t (π1(V1)) does not preserve Ĥp,1; therefore the

group generated by ρ(1)
t (π1(V1)), ρ

(1)
t (π1(V2k−2)), ρ

(1)
t (π1(V2k−1)) does not preserve Ĥp,1, and so

it is Zariski-dense in SO(p, 3) by Lemma A.3.(1).
Suppose we have performed the (j − 1)-th step of our process: we have obtained a con-

tinuous family (ρ
(j−1)
t )t∈[0,1] ⊂ Hom(π1(Nk/n),SO(p, q + 1)) and a corresponding continuous

deformation (vj−1,t)t∈[0,1] ⊂ span(e1, . . . , ej+2) r span(e1, . . . , ej+1) of vj−1 such that

• for any t 6= 0, the group ρ(j−1)
t (π1(Nk/n)) is contained and Zariski-dense in SO(p, j+1),

• for any t 6= 0, the image under ρ(j−1)
t of the subgroup of π1(Nk/n) generated by

π1(V1), . . . , π1(Vj−1), π1(V2k−2), π1(V2k−1) is already Zariski-dense in SO(p, j + 1),
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• for any t, we have b(vj−1,t, vj−1,t) = 1 and b(vj−1,t, vj) = cos(π/n), and the restriction
of b to span(vj−1,t, vj , vj+1) has signature (2, 1|0).

Let us construct (ρ
(j)
t )t∈[0,1] and (vj,t)t∈[0,1], with ρ

(j)
0 = ρ

(j−1)
1 . By Lemma A.8.(3), there is a

continuous family (g
(j)
t )t∈[0,1] of elements of SO(p, j + 2) ⊂ SO(p, q+ 1) fixing Z pointwise and

fixing vj−1,1 and vj+1 inside (TzZ)⊥ = span(e1, . . . , eq+2), such that g(j)
0 = Id, and such that for

any t ∈ (0, 1], the vector vj,t := g
(j)
t ·vj belongs to span(e1, . . . , ej+3)rspan(e1, . . . , ej+2) and still

satisfies b(vj,t, vj,t) = 1 and b(vj−1,1, vj,t) = b(vj,t, vj+1) = cos(π/n); moreover, we may assume
that the restriction of b to span(vj,t, vj+1, vj+2) still has signature (2, 1|0) for all t ∈ [0, 1]. As
above, by (A.2), for each t we can define a representation ρ(j)

t : π1(Nk/n)→ SO(p, q + 1) to be
equal to ρ(j−1)

1 on π1(Nk/nr(Vj−1∪Vj)), and to g(j)
t ρ

(j−1)
1 (·)(g(j)

t )−1 on π1(Vj−1∪Vj ∪HjrS).
We thus obtain a continuous family (ρ

(j)
t )t∈[0,1] ⊂ Hom(π1(Nk/n),SO(p, q + 1)), with values

in SO(p, j + 2), such that ρ(j)
0 = ρ

(j−1)
1 . We claim that for any t 6= 0, the image under

ρ
(j)
t of the subgroup Γj of π1(Nk/n) generated by π1(V1), . . . , π1(Vj), π1(V2k−2), π1(V2k−1) is

Zariski-dense in SO(p, j + 2). Indeed, ρ(j)
t coincides with ρ

(j−1)
1 on the subgroup generated

by π1(V1), . . . , π1(Vj−1), π1(V2k−2), π1(V2k−1), hence the Zariski closure of ρ(j)
t (Γj) contains

SO(p, j + 1) by the (j − 1)-th step. Moreover, ρ(j)
t (π1(Vj)) is Zariski-dense in a conjugate of

SO(p, 1) which preserves the copy of Hp with tangent space TzZ ⊕ span(vj,t, vj+1) at z. Since
vj,t /∈ span(e1, . . . , ej+2), the group ρ

(j)
t (π1(Vj)) does not preserve Ĥp,j ; therefore the group

ρ
(j)
t (Γj) also does not preserve Ĥp,j , and so it is Zariski-dense in SO(p, j+2) by Lemma A.3.(1).
In the end, by concatenating the continuous families (ρ

(j)
t )t∈[0,1], for j ranging from 1 to q−1,

we obtain a continuous deformation of ρ inside Hom(π1(Nk/n),SO(p, q + 1)) whose image is
eventually Zariski-dense in SO(p, q+ 1). These representations are still Hp,q-convex cocompact
by Theorem 1.3. This completes the proof of Proposition A.6.
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