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Abstract. Let X = G/H be a reductive homogeneous space with H noncom-
pact, endowed with a G-invariant pseudo-Riemannian structure. Let L be a reduc-
tive subgroup of G acting properly on X and Γ a torsion-free discrete subgroup
of L. Under the assumption that the complexification XC is LC-spherical, we
prove an explicit correspondence between spectral analysis on the standard locally
homogeneous space XΓ = Γ\X and on Γ\L via branching laws for the restric-
tion to L of irreducible representations of G. In particular, we prove that the
pseudo-Riemannian Laplacian on XΓ is essentially self-adjoint, and that it admits
an infinite point spectrum when XΓ is compact or Γ ⊂ L is arithmetic. The
proof builds on structural results for invariant differential operators on spherical
homogeneous spaces with overgroups.
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1. Introduction

Let H ⊂ G be two linear reductive Lie groups. Classically, the space X = G/H
admits a G-invariant pseudo-Riemannian structure (Lemma 3.4); for semisimple G,
such a structure is induced for instance by the Killing form of the Lie algebra g. If
Γ is a discrete subgroup of G acting properly discontinuously and freely on X (or
“discontinuous group for X”), then the quotient space XΓ := Γ\X = Γ\G/H is a
manifold, and the covering map

(1.1) pΓ : G/H = X −→ XΓ = Γ\G/H.
transports the pseudo-Riemannian structure of X to XΓ. The Laplacian of XΓ is the
second-order differential operator

(1.2) �XΓ
= div grad,

where the divergence is defined with respect to the pseudo-Riemannian structure
of XΓ. When the pseudo-Riemannian structure is positive definite, this is the usual
Laplacian on a Riemannian manifold, for which we also write ∆XΓ

instead of �XΓ
.

When the pseudo-Riemannian structure is not definite, the Laplacian �XΓ
is not an

elliptic differential operator. We are interested in the spectral analysis of �XΓ
in that

setting.
More generally, we consider “intrinsic” differential operators of higher order on XΓ,

defined as follows. Let DG(X) be the C-algebra of G-invariant differential operators
on X. Any operator D ∈ DG(X) induces a differential operator DΓ on XΓ such that

(1.3) D ◦ p∗Γ = p∗Γ ◦DΓ,

where p∗Γ : C∞(XΓ) → C∞(X) is the pull-back by pΓ. In particular, the Laplacian
�X is G-invariant and (�X)Γ = �XΓ

. For F = A (resp. C∞, resp. L2, resp. D′),
let F(XΓ) be the space of real analytic (resp. smooth, resp. square integrable, resp.
distribution) functions on XΓ. For any C-algebra homomorphism

λ : DG(X) −→ C,
we denote by F(XΓ;Mλ) the space of (weak) solutions f ∈ F(XΓ) to the system

DΓf = λ(D)f for all D ∈ DG(X) (Mλ).

For F = A (resp. C∞, resp. D′), the space F(XΓ;Mλ) identifies with the set of
analytic (resp. smooth, resp. distribution) Γ-periodic joint eigenfunctions for DG(X)
on X with respect to λ ∈ HomC-alg(DG(X),C); for F = L2, there is an additional
requirement that the eigenfunctions be square-integrable on the quotient XΓ with
respect to the natural measure induced by the pseudo-Riemannian structure. By
definition, the discrete spectrum Specd(XΓ) of XΓ is the set of homomorphisms λ
such that L2(XΓ;Mλ) 6= {0} (“joint L2-eigenvalues for DG(X)”). Any element of
L2(XΓ;Mλ) is in particular an L2-eigenfunction (as a weak solution in L2) of the
Laplacian �XΓ

for the eigenvalue λ(�X), yielding discrete spectrum (or point spec-
trum) of �XΓ

.
Very little is known about F(XΓ;Mλ) when H is noncompact and Γ infinite. For

instance, the following questions are open in general.

Questions 1.1. (a) Is Specd(XΓ) nonempty, e.g. when XΓ is compact?
(b) Does L2(XΓ;Mλ) contain smooth eigenfunctions as a dense subspace?
(c) Does the Laplacian �XΓ

defined on C∞c (XΓ) extend to a self-adjoint operator on
L2(XΓ)?

These questions have been studied extensively in the following two cases:
(i) H = K is a maximal compact subgroup of G (i.e. XΓ is a Riemannian locally

symmetric space);



SPECTRAL ANALYSIS ON STANDARD LOCALLY HOMOGENEOUS SPACES 3

(ii) (G,H) is a reductive symmetric pair and Γ = {e} is trivial (i.e. XΓ = X is a
reductive symmetric space).

In case (i), the discrete spectrum Specd(XΓ) is infinite when Γ is an arithmetic sub-
group of G [BG], whereas Specd(XΓ) is empty when Γ = {e}; Questions 1.1.(b)–(c)
always have affirmative answers by the general theory of the Laplacian on Riemann-
ian manifolds (without the arithmeticity assumption on Γ): see [KKK, Th. 3.4.4]
(elliptic regularity theorem) for (b) and [Ga, Wf1, S] for (c). In case (ii), the discrete
spectrum Specd(X) is nonempty if and only if the rank condition

(1.4) rankG/H = rankK/H ∩K
is satisfied, in which case Specd(X) is in fact infinite [F, MO]; Questions 1.1.(b)–(c)
also have affirmative answers by the general theory of unitary representations and
symmetric spaces: see [Gå] for (b) and [Ba] for (c). However, the questions remain
wide open when H is noncompact and Γ infinite.

In previous work [KK1, KK2] we constructed nonzero generalized Poincaré series
and obtained L2-eigenfunctions on XΓ corresponding to discrete spectrum (which we
call of type I) under the assumption that X satisfies the rank condition (1.4) and the
action of Γ on X satisfies a strong properness condition called sharpness (see [KK2,
Def. 4.2]); this provided a partial answer to Question 1.1.(a).

In the current paper, we study joint eigenfunctions for DG(X) using a different
approach. We assume that Γ is contained in a reductive subgroup L of G acting
properly on X (i.e. XΓ is standard, see Section 1.1) and that XC is LC-spherical (see
Section 1.2), which ensures that the larger C-algebra DL(X) ⊃ DG(X) of L-invariant
differential operators on X is commutative. Using [KK3], we introduce a pair of
transfer maps ν and λ (see (2.4)), which are inverse to each other, and such that λ
sends spectrum from the classical Riemannian setting of Γ\L/(L∩K) to the pseudo-
Riemannian setting of Γ\G/H = XΓ. From a representation-theoretic point of view,
these transfer maps reflect the restriction of irreducible G-modules to the subgroup L
(branching laws). Using this, we obtain a description of the whole discrete spectrum
of XΓ (Theorem 2.7), and find new infinite spectrum (which we call of type II)
when XΓ is compact or of an arithmetic nature (Theorem 1.10). Moreover, via the
transfer map λ, we prove that any compactly supported smooth function on XΓ can
be developed into joint eigenfunctions of DG(X) (Theorem 1.9). The assumptions
on XΓ here are different from [KK1, KK2]: we do not assume the rank condition (1.4)
to be necessarily satisfied, but restrict ourselves to the case that XΓ is standard and
XC is LC-spherical. In this setting we give affirmative answers to Questions 1.1.(a)–
(c). The main tool of the proof is analysis on spherical homogeneous spaces with
overgroups, as developed in [KK3].

Before we state our main results in a more precise way, let us introduce some
definitions.

1.1. Standard quotients. When the reductive homogeneous space X = G/H is
non-Riemannian, not all discrete subgroups of G act properly discontinuously on X.
For instance, a lattice of G cannot act properly discontinuously if H is noncompact,
by the Howe–Moore ergodicity theorem.

An important class of examples is constructed as follows: a quotient XΓ = Γ\X
of X by a discrete subgroup Γ of G is called standard if Γ is contained in some
reductive subgroup L of G acting properly on X. Then the action of Γ on X is
automatically properly discontinuous, and this action is free whenever Γ is torsion-
free; the quotient XΓ is compact if and only if Γ is a uniform lattice in L and L acts
cocompactly on X.

Example 1.2. Let X = AdS2n+1 = SO(2n, 2)/SO(2n, 1) be the (2n+1)-dimensional
anti-de Sitter space. It is a reductive symmetric space with a G-invariant Lorentzian



SPECTRAL ANALYSIS ON STANDARD LOCALLY HOMOGENEOUS SPACES 4

structure of constant negative sectional curvature, making it a Lorentzian analogue of
the real hyperbolic spaceH2n+1. The group L = U(n, 1) acts properly and transitively
on X, and any torsion-free discrete subgroup Γ ⊂ L yields a standard quotient
manifold XΓ.

Example 1.3. Let X = (8G × 8G)/Diag(8G) be a group manifold, where 8G is a
noncompact reductive Lie group and Diag(8G) denotes the diagonal of 8G × 8G. Let
8K be a maximal compact subgroup of 8G. The group L = 8G×8K acts properly and
transitively on X, and any torsion-free discrete subgroup Γ ⊂ L yields a standard
quotient manifold XΓ.

Almost all known examples of compact quotients of reductive homogeneous spaces
are standard, and conjecturally [KY, Conj. 3.3.10] any reductive homogeneous space
admitting compact quotients admits standard ones. We refer to [KK2, § 4] for more
details.

Remark 1.4. For simplicity, in the statements of the theorems below, we shall
assume the discontinuous Γ to be torsion-free. However, the theorems still hold, with
the same proof, under the weaker assumption that Γ acts freely onX; indeed, the only
thing we need is that the quotient XΓ = Γ\X be a smooth manifold with covering
map X → Γ\X. One could also extend the theorems to the framework of orbifolds
(or V -manifolds in the sense of Satake), allowing the discontinuous group Γ to not
act freely on X.

1.2. Spherical homogeneous spaces. Recall that a connected complex manifold
endowed with a holomorphic action of a complex reductive Lie group GC is called
GC-spherical if it admits an open orbit of a Borel subgroup of GC (Definition 3.1).
For instance, any complex reductive symmetric space is spherical [Wf2].

One expects solutions to (Mλ) on XΓ = Γ\G/H for varying joint eigenvalues
λ ∈ HomC-alg(DG(X),C) to be abundant enough to expand arbitrary functions on XΓ

only if the algebra DG(X) is commutative, or equivalently only if the complexification
XC = GC/HC is GC-spherical. In this case, C∞(X;Mλ) is a representation of G of
finite length for any λ by [KOT], and we expect to relate spectral analysis on XΓ to
representation theory of G on C∞(X).

In this paper, we shall consider spectral analysis on standard quotients XΓ with
Γ ⊂ L in the following setting.

Main setting 1.5. We consider a reductive homogeneous space X = G/H with G
noncompact and simple, a reductive subgroup L of G acting properly on X, such
that XC = GC/HC is LC-spherical, and a torsion-free discrete subgroup Γ of L. We
assume G, H, and L to be connected.

Here we call a homogeneous space X = G/H reductive if G is a real reductive
Lie group and H a closed subgroup which is reductive in G. A typical example of
a reductive homogeneous space is a reductive symmetric space, namely G is a real
reductive Lie group and H an open subgroup of the group of fixed points of G under
some involutive automorphism σ.

In the setting 1.5, the complexification XC is automatically GC-spherical, and the
action of L on X is transitive, by [KOT, Lem. 4.2] and [Ko2, Lem. 5.1].

Remark 1.6. All the theorems in the paper remain true if we relax the assumption of
the real reductive Lie groups G, H, L being connected into G, H, L being contained
in connected complexifications GC, HC, LC. Indeed, we can use [KK3, Th. 5.1 &
Prop. 5.5] and replace everywhere the maximal compact subgroup LK of L by its
identity component.
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Table 1.1 below provides a full list of triples (G,H,L) of the setting 1.5, up to
connected components and coverings. It is obtained from Oniščik’s list [On] of triples
(G,H,L) with compact simple G such that HL = G and from the classification
[Kr2, Br, Mik] of spherical homogeneous spaces. Note that the pair (g, h) of Lie
algebras is a reductive symmetric pair in all cases except (ix). The complexification
GC is simple in all cases except (vii). In all cases the action of L on X = G/H is
cocompact, and so there exist finite-volume (resp. compact) quotients XΓ = Γ\X:
one can just take Γ to be a torsion-free lattice (resp. uniform lattice) in L.

G H L
(i) SO(2n, 2) SO(2n, 1) U(n, 1)
(i)′ SO(2n, 2) SO(2n, 1) SU(n, 1)
(ii) SO(2n, 2) U(n, 1) SO(2n, 1)
(iii) SU(2n, 2) U(2n, 1) Sp(n, 1)
(iv) SU(2n, 2) Sp(n, 1) U(2n, 1)
(v) SO(4n, 4) SO(4n, 3) Sp(1) · Sp(n, 1)
(v)′ SO(4n, 4) SO(4n, 3) U(1) · Sp(n, 1)
(vi) SO(8, 8) SO(8, 7) Spin(8, 1)
(vii) SO(8,C) SO(7,C) Spin(7, 1)
(viii) SO(4, 4) Spin(4, 3) SO(4, 1)× SO(3)
(ix) SO(4, 3) G2(2) SO(4, 1)× SO(2)

rankX
1
1
dn/2e

1
n
1
1
1
2
1
1

Table 1.1. Complete list of triples (G,H,L) in the setting 1.5, up
to a covering of G and up to connected components. In case (i)′ we
assume n ≥ 2.

1.3. Density of analytic eigenfunctions. In our setting where H is noncompact,
the natural pseudo-Riemannian structure on XΓ is not positive definitive, and the
Laplacian �XΓ

is not an elliptic differential operator. Thus weak L2-solutions (or
distribution solutions) to Mλ are not necessarily smooth functions: see Section 3.1
for an elementary example. Nevertheless, in the setting 1.5, we give an affirmative
answer to Question 1.1.(b) as follows.

Theorem 1.7 (Density of analytic eigenfunctions). In the setting 1.5, for any λ ∈
HomC-alg(DG(X),C), the space (A ∩ L2)(XΓ;Mλ) is dense in the Hilbert space
L2(XΓ;Mλ), and A(XΓ;Mλ) is dense in D′(XΓ;Mλ).

Theorem 1.7 applies to the homogeneous spaces X = G/H of Table 1.1. We prove
it in Section 7.2 by constructing a dense analytic subspace of eigenfunctions via a
transfer map ν, see Theorem 2.3 below.

1.4. Self-adjointness and spectral decomposition for the Laplacian. Let (M, g)
be a pseudo-Riemannian manifold. The Laplacian �M , defined on the space C∞c (M)
of compactly supported smooth functions on M , is a symmetric operator, namely

(�Mf1, f2)L2(M) = (f1,�Mf2)L2(M)

for all f1, f2 ∈ C∞c (M). In this paper we consider the existence and uniqueness of a
self-adjoint extension of the Laplacian �M on L2(M).

More precisely, recall that the closure of (�M , C∞c (M)) in the graph norm is defined
on the set S of f ∈ L2(M) for which there exists a sequence fj ∈ C∞c (M) such that
‖fj−f‖L2(M) → 0 and �Mfj ∈ C∞c (M) converges to an element of L2(M), which we
can identify with the distribution �Mf . The adjoint �∗M of the symmetric operator
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(�M ,S) is defined on the set S∗ of f ∈ L2(M) such that the distribution �Mf belongs
to L2(M). Clearly, S ⊂ S∗. The Laplacian �M is called essentially self-adjoint on
L2(M) if S = S∗, or equivalently if there exists a unique self-adjoint extension of
(�M , C∞c (M)). When (M, g) is Riemannian and complete, the Laplacian �M is
always essentially self-adjoint, see [S] and references therein. On the other hand,
to the best of our knowledge there is no general theory ensuring the essential self-
adjointness of the Laplacian �M in the pseudo-Riemannian setting, even when M is
compact.

Here we prove that S = S∗ for M = XΓ for any standard XΓ with Γ ⊂ L for
X = G/H and L as in Table 1.1.

Theorem 1.8 (Self-adjoint extension). In the setting 1.5, the pseudo-Riemannian
Laplacian �XΓ

is essentially self-adjoint on L2(XΓ).

In particular, in this setting the Hilbert space L2(XΓ) admits a spectral decompo-
sition with real spectrum for the Laplacian �XΓ

. Note that we do not assume XΓ to
have finite volume. Theorem 1.8 will be proved in Section 6.

By combining the existence of a transfer map λ (Proposition 5.10) with the repre-
sentation theory of the subgroup L on L2(Γ\L), we obtain a spectral decomposition
on XΓ = Γ\G/H by joint eigenfunctions of DG(X).

Theorem 1.9 (Spectral decomposition). In the setting 1.5, there exist a measure dµ
on HomC-alg(DG(X),C) and a measurable family of maps

Fλ : C∞c (XΓ) −→ C∞(XΓ;Mλ),

for λ ∈ HomC-alg(DG(X),C), such that any f ∈ C∞c (XΓ) may be expanded into joint
eigenfunctions on XΓ as

(1.5) f =

∫
HomC-alg(DG(X),C)

Fλf dµ(λ),

with a Parseval–Plancherel type formula

‖f‖2L2(XΓ) =

∫
HomC-alg(DG(X),C)

‖Fλf‖2L2(XΓ) dµ(λ).

Moreover, (1.5) is a discrete sum if XΓ is compact.

Theorem 1.9 will be proved in Section 7.3.

1.5. Square-integrable joint eigenfunctions. We now focus on the discrete spec-
trum of the Laplacian or more generally of the “intrinsic” differential operators DΓ

onXΓ coming from DG(X), as given by (1.3). In Section 4, for joint L2-eigenfunctions
on XΓ, we introduce a Hilbert space decomposition

L2(XΓ;Mλ) = L2(XΓ;Mλ)I ⊕ L2(XΓ;Mλ)II

according to the analysis on the homogeneous spaceX = G/H: namely, L2(XΓ;Mλ)I
is associated with discrete series representations for the homogeneous space X =
G/H, and L2(XΓ;Mλ)II is its orthogonal complement in L2(XΓ;Mλ). For i ∈
{I, II}, we set

Specd(XΓ)i := {λ ∈ Specd(XΓ) : L2(XΓ;Mλ)i 6= {0}},

so that
Specd(XΓ) = Specd(XΓ)I ∪ Specd(XΓ)II.

Discrete spectrum of type I may exist only if the rank condition (1.4) is satisfied.
In this case, in [KK2] we constructed eigenfunctions of type I for sufficiently regular λ
when Γ is sharp — a strong form of proper discontinuity [KK2, Def. 4.2].
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In the classical setting where H = K, namely XΓ is a Riemannian locally sym-
metric space Γ\G/K, the discrete spectrum on XΓ is always of type II. In our
pseudo-Riemannian setting it is not clear if there always exist L2-eigenfunctions of
type II on XΓ. We shall prove the following in Section 10.

Theorem 1.10. In the setting 1.5, the set Specd(XΓ)II (hence Specd(XΓ)) is infinite
whenever Γ is cocompact or arithmetic in L.

Theorem 1.10 applies to the triples (G,H,L) of Table 1.1. It gives an affirma-
tive answer to Question 1.1.(a), and guarantees that the Laplacian ∆XΓ

has infin-
itely many L2-eigenvalues in this setting. We note that Specd(XΓ)I is empty (i.e.
Specd(XΓ) = Specd(XΓ)II) for all Γ in case (ii) with n odd and in case (vii) of
Table 1.1: see Remark 4.6.(3).

Remark 1.11. S. Mehdi and M. Olbrich have announced that they can prove analo-
gous results to Theorems 1.8 and 1.10 for the Laplacian for most triples (G,H,L) in
Table 1.1, by computing linear relations among the Casimir elements of g, l∩k, and l in
the enveloping algebra U(gC), similarly to Proposition 5.3. As far as we understand,
their method does not apply to higher-order differential operators on XΓ.

1.6. Group manifolds. In this paper we also consider reductive symmetric spaces of
the form X = G/H = (8G×8G)/Diag(8G) as in Example 1.3. For L = 8G×8K where
8K be a maximal compact subgroup of 8G, the complexification XC is not always
LC-spherical (see Example 3.2.(3)), but we are still able to extend our techniques to
prove the following analogue of Theorems 1.7, 1.8, and 1.10 for standard quotients
XΓ with Γ ⊂ L.

Theorem 1.12. Let 8G be a noncompact reductive Lie group, 8K a maximal compact
subgroup of 8G, and Γ a torsion-free discrete subgroup of L = 8G×8K. Then

(1) for any λ ∈ Specd(XΓ), the Hilbert space L2(XΓ;Mλ) contains real analytic
eigenfunctions as a dense subset,

(2) the closure of the pseudo-Riemannian Laplacian �XΓ
on Cc(XΓ) is a self-

adjoint operator on L2(XΓ),
(3) Specd(XΓ)II (hence Specd(XΓ)) is infinite whenever 8Γ is cocompact or arith-

metic in 8G.

Beyond the classical case where Γ is of the form 8Γ×{e} and L2(XΓ) = L2(8Γ\8G),
we may obtain torsion-free discrete subgroups Γ of L = 8G × 8K by considering a
torsion-free discrete subgroup 8Γ of 8G and taking the graph of a homomorphism
ρ : 8Γ → 8G with bounded image. Nontrivial such homomorphisms exist in many
situations, for instance when 8Γ is a free group, or when 8G = SO(n, 1) or SU(n, 1) and
8Γ is a uniform lattice of 8G with H1(8Γ;R) 6= {0} (such lattices exist by [Mil, Kaz]).

See Section 7.2 (resp. 6.1, resp. 10) for the proof of statement (1) (resp. (2), resp.
(3)) of Theorem 1.12.

1.7. The example of AdS3. As one of the simplest examples, let X be the 3-
dimensional anti-de Sitter space

AdS3 = G/H = SO(2, 2)/SO(2, 1) ' (SL(2,R)× SL(2,R))/Diag(SL(2,R)),

which lies at the intersection of Examples 1.2 and 1.3. Then rankX = 1, and so the
C-algebra DG(X) of G-invariant differential operators on X is generated by a single
element, namely the Laplacian �X . Since X is Lorentzian, the differential operator
�X is hyperbolic. For any discrete subgroup Γ of SO(2, 2) acting properly discon-
tinuously and freely on X, we may identify Specd(XΓ) with the discrete spectrum of
the Laplacian �XΓ

. With this identification, the following holds, independently of
the fact that XΓ is compact or not.
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Proposition 1.13. Let Γ be a discrete subgroup of SO(2, 2) acting properly discon-
tinuously and freely on X = AdS3. Then

(1) Specd(XΓ)I ⊂ Specd(X) = {k(k + 2)/4 : k ∈ N} ⊂ [0,+∞),
(2) 0 ∈ Specd(XΓ)II if and only if vol(XΓ) < +∞,
(3) in the standard case where Γ ⊂ L := U(1, 1),

• Specd(XΓ)I is infinite, and contains {k(k + 2)/4 : k ∈ N, k ≥ k0} for
some k0 ∈ N if −1 /∈ Γ,
• Specd(XΓ)II ⊂ (−∞, 0],
• Specd(XΓ)II is infinite whenever Γ is cocompact or arithmetic in L.

Proposition 1.13 will be proved in Section 11.6. It shows that Specd(XΓ)I ∩
Specd(XΓ)II = ∅ for all standard quotients XΓ of infinite volume when X is the
group manifold (8G×8G)/Diag(8G) with 8G = SL(2,R).

1.8. Organization of the paper. In Section 2 we explain the main method of proof
for the results of Section 1, and state refinements of Theorems 1.7 and 1.10, to be
proved later in the paper.

Part 1 concerns generalities on invariant differential operators and their discrete
spectrum on quotient manifolds XΓ = Γ\X where X = G/H is a spherical homo-
geneous space. We start, in Section 3, by recalling some basic facts on G-invariant
differential operators on X, on joint eigenfunctions for DG(X) on X or XΓ, and on
discrete series representations for X. Then, in Section 4, we introduce the notions of
discrete spectrum of type I and type II. In Section 5, we consider a reductive sub-
group L of G acting properly and spherically on X, and we discuss relations among
the three subalgebras DG(X), dr(Z(lC ∩ kC)), and d`(Z(lC)) of DL(X); we introduce
several conditions, which we call (A), (B), (Ã), (B̃), and (Tf) for the existence of
a pair of transfer maps ν and λ between eigenvalues on the Riemannian space YΓ

and on the pseudo-Riemannian space XΓ, and we prove in particular that conditions
(A), (B), and (Tf) are satisfied in the setting 1.5 (Proposition 5.10) and in the group
manifold case (Proposition 5.11).

Part 2, which is the core of the paper, provides proofs of the theorems of Sec-
tion 1. We start, in Section 6, by establishing the essential self-adjointness of the
pseudo-Riemannian Laplacian �XΓ

(Theorems 1.8 and 1.12.(2)); the proof, based on
the important relation (5.3), already illustrates the underlying idea of the transfer
maps. In Section 7, using the transfer map λ, we complete the proofs of Theorems 1.7
and 1.12.(1) (density of analytic eigenfunctions) and Theorem 1.9 (spectral decom-
position). Section 8 is devoted to representation theory: we analyze the G-module
structure together with the L-module structure (branching problem) on the space of
distributions on X = G/H under conditions (A) and (B) (Theorem 8.3). In Sec-
tion 9, by using these results, we prove that the transfer maps preserve spectrum of
type I and type II (Theorem 9.2). Thus we complete the proof of Theorems 1.10
and 1.12.(3) (existence of an infinite discrete spectrum of type II) in Section 10.

Finally, Part 3 is devoted to the proof of Theorem 2.7, which describes the discrete
spectrum of type I and type II of XΓ in terms of the representation theory of the re-
ductive subgroup L via the transfer map λ. For this, we provide a general conjectural
picture about L2-spectrum on XΓ = Γ\G/H and irreducible unitary representations
of G in Section 11, which we prove in two special cases in Section 12. These special
cases combined with the results in Section 9 complete the proof of Theorem 2.7, see
Section 12.5.

Convention. In the whole paper, we assume that the respective Lie algebras g, h, l
of the real reductive Lie groups G, H, L are defined algebraically over R.
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2. Method of proof

In this section we explain our approach for proving the results of Section 1. We
give refinements of Theorems 1.7 and 1.10, namely Theorems 2.3 and 2.7.

2.1. Overview. In most of the paper (specifically, in Sections 5 to 10), we work in
the following general setting.

General setting 2.1. We consider a reductive homogeneous space X = G/H with
H noncompact, and a reductive subgroup L of G acting properly and transitively
on X; then LH := L∩H is compact. We also consider a maximal compact subgroup
K of G such that LK := L∩K is a maximal compact subgroup of L containing LH ;
then X fibers over the Riemannian symmetric space Y := L/LK of L, with compact
fiber F := LK/LH :

(2.1) q : X = G/H ' L/LH
F−→ L/LK = Y.

For simplicity we assume G, H, L to be connected (see Remark 1.6).

The main setting 1.5 of our theorems corresponds to the case that XC = GC/HC
is LC-spherical and G simple, and the group manifold setting of Theorem 1.12 to the
case (G,H,L) = (8G×8G,Diag(8G), 8G×8K) where 8G is a noncompact reductive Lie
group and 8K a maximal compact subgroup as in Example 1.3.

As in Section 1, we consider standard pseudo-Riemannian locally homogeneous
spaces XΓ = Γ\X with Γ ⊂ L, and our goal is to analyze joint eigenfunctions on XΓ

for the differential operators DΓ with D ∈ DG(X). The groups involved here are
summarized in the following diagram.

G ⊃ H

⊂ ⊂

Γ ⊂ L ⊃ LK ⊃ LH

For this goal we consider, not only the algebra DG(X), but also the larger C-
algebra DL(X) of L-invariant differential operators on X. Let Z(lC) be the center
of the enveloping algebra U(lC) and d` : Z(lC) → DL(X) the natural C-algebra
homomorphism (see (3.1)). Assuming that XC = GC/HC is LC-spherical and G sim-
ple, in [KK3] we proved the existence of transfer maps ν and λ which relate the
subalgebra DG(X) and the image d`(Z(lC)) inside DL(X), and thus relate the repre-
sentations of the group G and the subgroup L generated by eigenfunctions of DG(X)
and d`(Z(lC)) respectively. In the current paper, these maps enable us to construct
joint eigenfunctions on pseudo-Riemannian locally symmetric spaces XΓ with Γ ⊂ L
using (vector-bundle-valued) eigenfunctions on the corresponding Riemannian locally
symmetric space YΓ = Γ\L/LK . We now explain this in more detail.

2.2. Vector-bundle valued eigenfunctions in the Riemannian setting. In the
whole paper, we denote by Disc(LK/LH) the set of equivalence classes of (finite-
dimensional) irreducible representations (τ, Vτ ) of the compact group LK with nonzero
LH -fixed vectors.

For any (τ, Vτ ) ∈ Disc(LK/LH), the contragredient representation V ∨τ has a nonzero
subspace (V ∨τ )LH of LH -fixed vectors. For F = A, C∞, L2, or D′, let F(YΓ,Vτ ) be the
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space of analytic, smooth, square-integrable, or distribution sections of the Hermitian
vector bundle

(2.2) Vτ := Γ\L×LK Vτ
over YΓ. There is a natural homomorphism

(2.3) iτ,Γ : (V ∨τ )LH ⊗F(YΓ,Vτ ) ↪−→ F(XΓ)

sending vτ ⊗ϕ to 〈ϕ, vτ 〉, where we see ϕ as an LK-invariant element of F(Γ\L)⊗Vτ
under the diagonal action, and 〈ϕ, vτ 〉 as an LH -invariant element of F(Γ\L). The
map iτ,Γ is injective and continuous (see Remark 4.3 for the topology on the space of
distributions). Under the assumption that XC is LC-spherical, the space (V ∨τ )LH ' C
is one-dimensional (see [KK3, Lem. 4.2.(4) & Fact 3.1.(iv)]), and so iτ,Γ becomes a map
from F(YΓ,Vτ ) to F(XΓ); the algebraic direct sum

⊕
τ F(YΓ,Vτ ) is dense in F(XΓ)

via the iτ,Γ (see Lemma 6.3). When Γ = {e} is trivial we shall simply write iτ for
iτ,Γ. Then p∗Γ ◦ iτ,Γ = iτ ◦ p′Γ

∗ (see Observation 9.5), where p∗Γ : F(XΓ) → D′(X)
and p′Γ

∗ : F(YΓ,Vτ )→ D′(Y,Vτ ) denote the maps induced by the natural projections
pΓ : X → XΓ and p′Γ : Y → YΓ, respectively.

The enveloping algebra U(lC) acts on the left on F(Y,Vτ ) as matrix-valued dif-
ferential operators. In particular, this gives a C-algebra homomorphism d`τ from
Z(lC) to the C-algebra DL(Y,Vτ ) of L-invariant differential operators on F(Y,Vτ ).
In turn (by commutativity with the action of Γ), for any z ∈ Z(lC) the operator d`τ(z)
induces a matrix-valued differential operator d`τ(z)Γ acting on F(YΓ,Vτ ). For any
C-algebra homomorphism ν : Z(lC)→ C, let F(YΓ,Vτ ;Nν) be the space of solutions
ϕ ∈ F(YΓ,Vτ ) to the system

d`τ(z)Γ ϕ = ν(z)ϕ for all z ∈ Z(lC) (Nν).

This space F(YΓ,Vτ ;Nν) is nonzero only if ν vanishes on Ker(d`τ ), in which case we
can see ν as an element of HomC-alg(Z(lC)/Ker(d`τ ),C). The space F(YΓ,Vτ ;Nν) is
a subspace of A(YΓ,Vτ ;Nν) by the elliptic regularity theorem, since the system (Nν)
contains an elliptic differential equation when YΓ is Riemannian.

Example 2.2. When τ is the trivial one-dimensional representation of LK , the space
F(Y,Vτ ) identifies with F(Y ), the C-algebra DL(Y,Vτ ) with DL(Y ), and the map d`τ
with the natural C-algebra homomorphism d` : Z(lC) → DL(Y ), see (3.1); likewise,
F(YΓ,Vτ ;Nν) identifies with F(YΓ,Nν), and the map iτ,Γ of (2.3) is the pull-back of
the projection map qΓ : XΓ → YΓ.

2.3. Transferring Riemannian eigenfunctions. We wish to understand joint eigen-
functions of the algebra DG(X) on F(XΓ). When XC is LC-spherical, DG(X) leaves
the subspace iτ (F(YΓ,Vτ )) ⊂ F(XΓ) invariant for every τ (see [KK3, Th. 4.9]). On
the other hand, we have seen that the center Z(lC) naturally acts on F(YΓ,Vτ ).
Although there is no direct map between the two algebras DG(X) and Z(lC), the
respective eigenvalues of DG(X) and Z(lC) are still related as follows.

Assuming that XC = GC/HC is LC-spherical and G simple, in [KK3] we con-
structed “transfer maps” in a compact setting. Via holomorphic continuation of in-
variant differential operators, we obtain for any τ ∈ Disc(LK/LH) analogous maps

(2.4)
{

ν(·, τ) : HomC-alg(DG(X),C) −→ HomC-alg(Z(lC),C),
λ(·, τ) : HomC-alg(Z(lC)/Ker(d`τ ),C) −→ HomC-alg(DG(X),C),

referred to also as transfer maps, which are described explicitly in each case. These
maps have the following properties:

• ν(λ(ν, τ)) = ν for all ν ∈ HomC-alg(Z(lC)/Ker(d`τ ),C);
• λ(ν(λ, τ)) = λ for all λ ∈ Spec(X)τ ,
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where Spec(X)τ denotes the set of λ ∈ HomC-alg(DG(X),C) such that D′(X;Mλ) ∩
iτ (D′(Y,Vτ )) 6= {0}. We note that ν(λ, τ) vanishes on Ker(d`τ ) if λ ∈ Spec(X)τ ,
see [KK3, Prop. 4.8], and thus the composition λ(ν(λ, τ)) is well defined for λ ∈
Spec(X)τ .

We shall briefly review the existence of the maps ν(·, τ) and λ(·, τ) in Section 5,
by introducing conditions (A) and (B) on G- and L-submodules of C∞(X), and
conditions (Ã) and (B̃) on invariant differential operators on X. Using ν(·, τ), we
now construct a dense subspace of F(XΓ;Mλ) consisting of real analytic functions,
in terms of the Riemannian data A(YΓ,Vτ ;Nν); this refines Theorem 1.7.

Theorem 2.3 (Transfer of Riemannian eigenfunctions). In the general setting 2.1,
suppose that XC = GC/HC is LC-spherical and G simple, and let Γ be a torsion-
free discrete subgroup of L; in other words, we are in the main setting 1.5. For any
τ ∈ Disc(LK/LH), we have

iτ,Γ
(
C∞(YΓ,Vτ ;Nν(λ,τ))

)
⊂ C∞(XΓ;Mλ).

Moreover, the algebraic direct sum⊕
τ∈Disc(LK/LH)

iτ,Γ
(
A(YΓ,Vτ ;Nν(λ,τ))

)
is dense in F(XΓ;Mλ) for F = A, C∞, or D′ in each topology, and⊕

τ∈Disc(LK/LH)

iτ,Γ
(
(A ∩ L2)(YΓ,Vτ ;Nν(λ,τ))

)
is dense in the Hilbert space L2(XΓ;Mλ).

Theorem 2.3 applies to the triples (G,H,L) of Table 1.1. An analogous result
does not hold anymore if we remove the assumption that XC is LC-spherical: see
Example 8.7.(1) for trivial Γ.

We also obtain the following refinement of Theorem 1.12.(1).

Theorem 2.4 (Transfer of Riemannian eigenfunctions in the group manifold case).
In the setting of Theorem 1.12, the same conclusion as Theorem 2.3 holds with

(G,H,L, LK , LH) :=
(8G×8G,Diag(8G), 8G×8K, 8K ×8K,Diag(8K)

)
.

Theorems 2.3 and 2.4 assert that the space C∞(YΓ,Vτ ;Nν) of joint eigenfunctions
for the center Z(lC) is transferred by iτ,Γ into a space of joint eigenfunctions for
DG(X). They imply that, in their respective settings, Specd(XΓ) is infinite if XΓ is
compact, giving an affirmative answer to Question 1.1.(a). These theorems will be
proved in Section 6.2 in the special case where rankG/H = 1, and in Section 7.2 in
general.

Here is a consequence of Theorem 2.3 (see Section 7.2).

Corollary 2.5. In the main setting 1.5, the spaces L2
d(XΓ;Mλ), for varying λ ∈

HomC-alg(DG(X),C), are orthogonal to each other.

The algebras DG(X) and Z(lC) are described by the Harish-Chandra isomorphism
(see Section 3.3), the set Disc(LK/LH) is described by (a variant of) the Cartan–
Helgason theorem (see [Wr, Th. 3.3.1.1]), and the maps ν(·, τ) are described explicitly
in [KK3, § 6–7] in each case of Table 1.1. Here is one example; we refer to [KK3] for
others.

Example 2.6 ([KK3, § 6.2]). Let X = G/H = SO(4m, 2)0/U(2m, 1) where m ≥ 1.
The space X is a complex manifold of dimension 2m2 + m, endowed with an indef-
inite Kähler structure of signature (2m, 2m2 −m) on which G acts holomorphically
by isometries. The C-algebra DG(X) is generated by m algebraically independent
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differential operators Pk of order 2k, for 1 ≤ k ≤ m, and HomC-alg(DG(X),C) is
parametrized by the Harish-Chandra isomorphism

HomC-alg(DG(X),C) ' Cm/W (BCm),

where W (BCm) := Sm n (Z/2Z)m is the Weyl group for the root system of type
BCm. Let L := SO(4m, 1)0. By the Harish-Chandra isomorphism again, we have

HomC-alg(Z(lC),C) ' C2m/W (B2m),

whereW (B2m) := S2mn(Z/2Z)2m. The group L acts properly and transitively onX,
and we have a diffeomorphism X ' L/LH where LH = U(2m). By taking LK =
SO(4m), the fiber F = LK/LH is the compact symmetric space SO(4m)/U(2m).
The Cartan–Helgason theorem gives a parametrization of Disc(LK/LH) by{

µ = (j1, j1, . . . , jm, jm) ∈ Z2m : j1 ≥ · · · ≥ jm ≥ 0
}
,

where the vector µ corresponds to the irreducible finite-dimensional representation
(τ, Vτ ) ∈ Disc(LK/LH) of LK = SO(4m) with highest weight µ. The transfer map

ν(·, τ) : HomC-alg(DG(X),C) −→ HomC-alg(Z(lC),C)

of (2.4), as constructed in [KK3, § 1.3], sends λ = (λ1, . . . , λm) mod W (BCm) to
1

2
(λ1, 2j1 + 4m− 3, λ2, 2j2 + 4m− 7, . . . , λm, 2jm + 1) mod W (B2m).

2.4. Describing the discrete spectrum. In the main setting 1.5, we now give a
description of the discrete spectrum (of type I and II) for L2(XΓ) = L2(Γ\G/H) by
means of the data for the regular representation of the subgroup L of G on L2(Γ\L),
via the transfer map λ of (2.4). For this we use the following notation from repre-
sentation theory.

For a real reductive Lie group L, let L̂ be the set of equivalence classes of irreducible
unitary representations of L. Given a closed unimodular subgroupM of L, we denote
by Disc(L/M) the set of ϑ ∈ L̂ such that HomL(ϑ,L2(L/M)) is nonzero. Let LK be
a maximal compact subgroup of L. For τ ∈ L̂K , we set

L̂(τ) :=
{
ϑ ∈ L̂ : HomLK (τ, ϑ|LK ) 6= {0}

}
and

Disc(L)(τ) := Disc(L) ∩ L̂(τ).

When L is noncompact, L̂(τ) contains continuously many elements for any τ ∈ L̂K ,
whereas Disc(L)(τ) is either empty (e.g. if τ is the trivial one-dimensional representa-
tion of LK) or finite-dimensional by the Blattner formula [HS]. If ϑ ∈ L̂(τ), then the
infinitesimal character χϑ ∈ HomC-alg(Z(lC),C) of ϑ (see Section 11.1) vanishes on
Ker(d`τ ), since ϑ is realized in D′(Y,Vτ ) and since the action of Z(lC) factors through
d`τ : Z(lC)→ DL(Y,Vτ ). We regard χϑ as an element of HomC-alg(Z(lC)/Ker(d`τ ),C).

Theorem 2.7. In the general setting 2.1, suppose that XC = GC/HC is LC-spherical
and G simple, and let Γ be a torsion-free discrete subgroup of L; in other words, we
are in the main setting 1.5. Then

Specd(XΓ) =
⋃

τ∈Disc(LK/LH)

{
λ(χϑ, τ) : ϑ ∈ Disc(Γ\L) ∩ L̂(τ)

}
,

Specd(XΓ)I =
⋃

τ∈Disc(LK/LH)

{
λ(χϑ, τ) : ϑ ∈ Disc(Γ\L) ∩Disc(L)(τ)

}
,

Specd(XΓ)II =
⋃

τ∈Disc(LK/LH)

{
λ(χϑ, τ) : ϑ ∈ Disc(Γ\L)∩L̂(τ)rDisc(L)(τ)

}
.
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Theorem 2.7 will be proved in Section 12.5. The point is to give a description of
the full discrete spectrum of XΓ, both of type I and type II.

The approach here for discrete spectrum of type I is very different from our earlier
approach from [KK2]. Namely, in [KK2], using work of Flensted-Jensen [F] and
Matsuki–Oshima [MO], we constructed (via generalized Poincaré series) an infinite
subset of Specd(XΓ)I under the rank assumption (1.4) whenever the action of Γ on X
is sharp in the sense of [KK2, Def. 4.2], which includes the case of standard XΓ. We
showed that in many cases this infinite subset of Specd(XΓ)I is invariant under any
small deformation of Γ inside G. In Theorem 2.7 we do not assume the rank condition
(1.4) to be satisfied.

Part 1. Generalities

In this Part 1, we introduce some basic notions that are used in stating the main
results, and set up some machinery for the proofs.

In Section 3, we start by briefly summarizing some basic facts on (real) spherical
manifolds, on the algebra DG(X) of G-invariant differential operators on X, and
on irreducible representations which are realized in the space D′(X) of distributions
on X.

Any joint eigenfunction f of DG(X) on a quotient manifold XΓ generates a G-
submodule Uf of D′(X), which is of finite length when X is real spherical. We
wish to relate the spectrum for DG(X) on XΓ with the representation theory of G.
In Section 4, we introduce a definition of L2-eigenfunction of type I and type II;
averaging L2-eigenfunctions on X by the discrete group Γ yields discrete spectrum
of type I [KK2] (under some sharpness assumption, see [KK2, Def. 4.2]), whereas
discrete spectrum in the classical setting where X is Riemannian is of type II.

Section 5 is devoted to the existence of transfer maps ν and λ. Our strategy for
spectral analysis of DG(X) on standard locally homogeneous spaces XΓ is to use
the representation theory of the subgroup L of G, which contains Γ. In general,
spectral information coming from irreducible L-modules is described by the action
of the center Z(lC) of the enveloping algebra U(lC), which is different from that by
DG(X). In Section 5, we study how spectral information for DG(X) and for Z(lC)
are related. For this, we use the L-equivariant fiber bundle structure F → X → Y
of (2.1). We formulate the “abundance” of differential operators coming from Z(lC)

(resp. DG(X)) inside DL(X) as condition (Ã) (resp. (B̃)) in terms of complexified Lie
algebras, and also as condition (A) (resp. (B)) in terms of representation theory of
the real Lie groups G and L. We prove the existence of transfer maps relating the two
algebras DG(X) and Z(lC) (condition (Tf)) when XC is LC-spherical and G simple
(Proposition 5.10) by reducing to the compact case established in [KK3].

3. Reminders: spectral analysis on spherical homogeneous spaces

In this section we set up some terminology and notation, and recall basic facts
on (real) spherical manifolds, on G-invariant differential operators on X, on joint
eigenfunctions for DG(X) on quotient manifolds XΓ, on discrete series representa-
tions for X, and on generalized matrix coefficients for distribution vectors of unitary
representations.

3.1. An elementary example. Eigenfunctions of the Laplacian on a pseudo-Riem-
annian manifold are not always smooth, making Theorem 1.7 nontrivial. We illustrate
this phenomenon with an elementary example where an analogue of the elliptic reg-
ularity theorem does not hold for the Laplacian in a pseudo-Riemannian setting.

Let M be the torus R2/Z2 equipped with the pseudo-Riemannian metric ds2 =
dx2−dy2. The Laplacian�M = ∂

∂x2− ∂
∂y2 is a differential operator which is hyperbolic,
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not elliptic, and so the elliptic regularity theorem does not apply. In fact, there exists
a distribution eigenfunction of �M which is not C∞. Indeed, recall the Paley–Wiener
theorem, which characterizes functions (or distributions) f on the torus XΓ ' S1×S1

in terms of the Fourier series

f(x, y) =
∑
n∈Z

ane
2iπ(mx+ny)

as follows:
• f ∈ D′(M) ⇔ supm,n∈Z |am,n|(1 +m2 + n2)−N < +∞ for some N > 0,
• f ∈ L2(M) ⇔

∑
m,n∈Z |am,n|2 < +∞,

• f ∈ C∞(M) ⇔ supm,n∈Z |am,n|(1 +m2 + n2)N < +∞ for all N > 0.
If we take am,n = δm,n (Kronecker symbol), then f ∈ D′(M) and �Mf = 0 in
the distribution sense, but f /∈ C∞(M). If we take am,n = δm,n/(|n| + 1), then
f ∈ L2(M) and �Mf = 0 in the distribution sense, but f /∈ C∞(M). This shows
that weak solutions are not necessarily smooth solutions.

3.2. Spherical manifolds. We shall use the following terminology.

Definition 3.1. • A connected real manifold X endowed with an action of a
real reductive Lie group G is G-real spherical if it admits an open orbit of a
minimal parabolic subgroup P of G.
• A connected complex manifold XC endowed with a holomorphic action of a
complex reductive Lie group GC is GC-spherical if it admits an open orbit of
a Borel subgroup BC of GC.

We now fix a real reductive Lie group G and a complexification GC of G.

Example 3.2. (1) Any complex reductive symmetric space GC/HC is GC-sphe-
rical [Wf2].

(2) If X = G/H is a homogeneous space whose complexification XC = GC/HC is
GC-spherical, then X is G-real spherical (see [KOT, Lem. 4.2]). In particular,
any complex reductive symmetric space GC/HC is G-real spherical.

(3) Any homogeneous space G/H where G is a compact reductive Lie group is
G-real spherical.

(4) Let 8G be a noncompact reductive Lie group and 8K a maximal compact sub-
group of 8G. ThenX = (8G×8K)/Diag(8K) is always (8G×8K)-real spherical by
the Iwasawa decomposition; its complexification XC is (8GC × 8KC)-spherical
if and only if each noncompact simple factor of 8G is locally isomorphic to
SO(n, 1) or SU(n, 1), by Cooper [C] and Krämer [Kr1].

3.3. Invariant differential operators on X. Let X = G/H be a reductive homo-
geneous space. In this paragraph, we recall some classical results on the structure of
the C-algebra DG(X) of G-invariant differential operators on X. We refer the reader
to [Hel, Ch. II] for proofs and more details.

Let U(gC) be the enveloping algebra of the complexified Lie algebra gC := g⊗R C
and U(gC)H the subalgebra of AdG(H)-invariant elements; the latter contains in par-
ticular the center Z(gC) of U(gC). Recall that U(gC) acts on C∞(G) by differentiation
on the left, with(

(Y1 · · ·Ym) · f
)
(g) =

∂

∂t1

∣∣∣
t1=0

· · · ∂

∂tm

∣∣∣
tm=0

f
(

exp(−tmYm) · · · exp(−t1Y1)g
)

for all Y1, . . . , Ym ∈ g, all f ∈ C∞(G), and all g ∈ G. It also acts on C∞(G) by
differentiation on the right, with(

(Y1 · · ·Ym) · f
)
(g) =

∂

∂t1

∣∣∣
t1=0

· · · ∂

∂tm

∣∣∣
tm=0

f
(
g exp(t1Y1) · · · exp(tmYm)

)
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for all Y1, . . . , Ym ∈ g, all f ∈ C∞(G), and all g ∈ G. By identifying the set of smooth
functions on X with the set of right-H-invariant smooth functions on G, we obtain
a C-algebra homomorphism

(3.1) d`⊗ dr : U(gC)⊗ U(gC)H −→ D(X),

where D(X) the full C-algebra of differential operators on X. We have d`(Z(gC)) =
dr(Z(gC)). The homomorphism dr has image DG(X) and kernel U(gC)hC ∩U(gC)H ,
hence induces a C-algebra isomorphism

(3.2) U(gC)H/U(gC)hC ∩ U(gC)H
∼−→ DG(X)

[Hel, Ch. II, Th. 4.6].

Fact 3.3. Let X = G/H be a reductive homogeneous space. The following conditions
are equivalent:
(i) the complexification XC is GC-spherical,
(ii) the C-algebra DG(X) is commutative,
(iii) there exists C > 0 such that dim Homg,K(πK , C

∞(X)) ≤ C for all irreducible
(g,K)-modules πK ,

where Homg,K(πK , C
∞(X)) is the set of (g,K)-homomorphisms from πK to C∞(X).

For (i)⇔ (ii), see [Vi] for instance; for (i)⇔ (iii), see [KOT].
If XC is GC-spherical, then by work of Knop [Kn] the C-algebra DG(X) is finitely

generated as a Z(gC)-module and there is a C-algebra isomorphism

(3.3) Ψ : DG(X)
∼−→ S(jC)W ,

where S(jC)W is the C-algebra of W -invariant elements in the symmetric algebra
S(jC) for some subspace jC of a Cartan subalgebra of gC and some finite reflection
group W acting on jC. The integer

r := dimC jC

is called the rank of G/H.
As a particular case, suppose that X is a reductive symmetric space, defined by

an involutive automorphism σ of G. Let g = h + q be the decomposition of g into
eigenspaces of dσ, with respective eigenvalues +1 and −1. Then in (3.3) we can take
j to be a maximal semisimple abelian subspace of q, and W to be the Weyl group of
the restricted root system Σ(gC, jC) of jC in gC. In particular, DG(X) is a polynomial
algebra in r generators. The isomorphism (3.3) is known as the Harish-Chandra
isomorphism.

3.4. Pseudo-Riemannian structure on X. We recall the following classical fact
on reductive homogeneous spacesX = G/H, for which we give a proof for the reader’s
convenience.

Lemma 3.4. Let X = G/H be a reductive homogeneous space. There exists a G-
invariant pseudo-Riemannian structure gX on X.

Proof. For a real vector space V , we denote by Symm(V ) the set of symmetric bi-
linear forms on V , and by Symm(V )reg the set of nondegenerate ones. If a group
H acts linearly on V , then it also acts linearly on Symm(V ), leaving Symm(V )reg

invariant. We take V to be g/h, on which H acts via the adjoint representation.
Then there is a natural bijection between Symm(g/h)Hreg and the set of G-invariant
pseudo-Riemannian structures on X, by the G-translation of an H-invariant nonde-
generate symmetric bilinear form on g/h ' TeHX. Thus it is sufficient to see that
Symm(g/h)Hreg is nonempty when G and H are reductive.
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By a theorem of Mostow [Mo] and Karpelevich [Kar], there exists a Cartan invo-
lution θ of G that leaves H stable. Let B be a G-invariant, nondegenerate, sym-
metric bilinear form on g which is positive definite on p := g−dθ, negative definite
on k := gdθ, and for which p and k are orthogonal. If G is semisimple, we can take
B to be the Killing form of g. The restriction of B to h is nondegenerate because
h = (h ∩ k) + (h ∩ p), and so B induces an H-invariant, nondegenerate, symmetric
bilinear form on g/h, i.e. an element of Symm(g/h)Hreg. �

The pseudo-Riemannian structure gX in Lemma 3.4 determines the Laplacian �X .
Let q be the orthogonal complement of h in g with respect to B. Then q = (q ∩ k) +
(q ∩ p), and the pseudo-Riemannian structure has signature (dim(q ∩ p), dim(q ∩ k)).

Examples 3.5. (1) If X = G/H is a reductive symmetric space, then �X ∈
d`(Z(g)) = dr(Z(g)). If moreover X is irreducible, then the G-invariant
pseudo-Riemannian structure on X is unique up to scale, and induced by the
Killing form of g.

(2) For (G,H) = (SO(4, 4)0, Spin(4, 3)) or (SO(4, 3)0, G2(2)), the homogeneous
space X = G/H is not a symmetric space. However, the G-invariant pseudo-
Riemannian structure on X is still unique up to scale, and induced by the
Killing form of g, because the representation of H on g/h is irreducible.

(3) IfX=G/H is not a symmetric space, then theG-invariant pseudo-Riemannian
structure on X may not be unique (even if G is simple) and �X may not be
contained in dr(Z(g)). For instance, let G be SL(3,R) and let H be the sub-
group of G consisting of diagonal matrices. Then Symm(g/h)Hreg ' (R∗)3, giv-
ing rise to a 3-parameter family of G-invariant pseudo-Riemannian structures
on X. On the other hand, there are only 2 parameters worth of differential
operators of order ≤ 2 in dr(Z(g)).

3.5. Joint eigenfunctions for DG(X) on quotient manifolds XΓ. Let Γ be a
discrete subgroup of G acting properly discontinuously and freely on the reductive
homogeneous space X = G/H. Then XΓ = Γ\X is a manifold with a covering
pΓ : X → XΓ, and any D ∈ DG(X) induces a differential operator DΓ on XΓ

satisfying (1.3). Let F = L2 (resp. C∞, resp. D′). For any C-algebra homomorphism
λ : DG(X)→ C, we denote by F(XΓ;Mλ) the set of square integrable (resp. smooth,
resp. distribution) weak solutions on XΓ to the system

DΓf = λ(D)f for all D ∈ DG(X) (Mλ).

If XC is GC-spherical, then DG(X) is commutative (Fact 3.3) and we may use
the spaces F(XΓ;Mλ) of joint eigenfunctions of DG(X) to expand functions on XΓ.
Through the isomorphism Ψ : DG(X)

∼→ S(jC)W of (3.3), we shall identify the space
HomC-alg(DG(X),C) of C-algebra homomorphisms from DG(X) to C with j∗C/W . We
set

Specd(XΓ) =
{
λ ∈ j∗C/W : L2(XΓ;Mλ) 6= {0}

}
.

Suppose that X is a reductive symmetric space, defined by an involutive auto-
morphism σ. Let θ be a Cartan involution of G commuting with σ, and let B be a
G-invariant, nondegenerate, symmetric bilinear form on g which is positive definite
on p := g−dθ, negative definite on k := gdθ, and for which p and k are orthogonal. If G
is semisimple, we can take B to be the Killing form of g. The restriction of B to h is
nondegenerate because h = (h∩ k) + (h∩p), and so B induces an H-invariant, nonde-
generate, symmetric bilinear form on g/h ' TeHX, which we extend to a G-invariant
pseudo-Riemannian structure on X. In turn, this determines a Laplacian �X as in
(1.2). The symmetric bilinear form B also induces the Casimir element CG ∈ Z(gC)
for symmetric X, and its image is the Laplacian �X .
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We now assume that j is θ-stable. Then B induces a nondegenerate W -invariant
bilinear form 〈·, ·〉 on j∗, which we extend to a complex bilinear form 〈·, ·〉 on j∗C. Let
Σ+(gC, jC) be a positive system and let ρ ∈ j∗C be half the sum of the elements of
Σ+(gC, jC), counted with root multiplicities. The following remark is a consequence
of the description of the Harish-Chandra isomorphism Ψ in Section 3.3.

Remark 3.6. If X is a reductive symmetric space, then for anyλ ∈ Specd(XΓ) the
Laplacian �XΓ

acts on L2(XΓ;Mλ) as the scalar tλ := 〈λ, λ〉 − 〈ρ, ρ〉 ∈ C:

L2(XΓ;Mλ) ⊂ Ker(�XΓ
− tλ),

where the kernel Ker(�XΓ
− tλ) is understood as weak solutions in L2.

Remark 3.7. When rankG/H > 1, it may happen that some complex number t is
equal to tλ for more than one λ ∈ Specd(XΓ): by [KK4], this is the case for infinitely
many t ∈ C if rankG/H = rankK/H ∩K > 1 and if Γ is sharp in the sense of [KK2,
Def. 4.2] (for instance if XΓ is standard in the sense of Section 1.1, as in the setting
of the present paper).

3.6. Discrete series representations for X. Let L2(X) be the space of square-
integrable functions on X with respect to the natural G-invariant measure. Recall
that an irreducible unitary representation π of G is called a discrete series representa-
tion for the reductive homogeneous space X = G/H if there exists a nonzero contin-
uous G-intertwining operator from π to the regular representation of G on L2(X) or,
equivalently, if π can be realized as a closedG-invariant subspace of L2(X). In the case
that X is a group manifold, i.e. X = (8G×8G)/Diag(8G) for some reductive group 8G,
the discrete series representations for X were classified by Harish-Chandra; in gen-
eral, discrete series representations for X = G/H are different from Harish-Chandra’s
discrete series representations for G since L2(X) 6= L2(G)H for noncompact H.

Suppose that X is a reductive symmetric space. For λ ∈ Specd(X), the space
L2(X;Mλ) of Section 3.5 is preserved by the left regular representation of G and
splits into a finite direct sum of discrete series representations for X. If the natural
homomorphism Z(gC) → DG(X) is surjective (e.g. if G is classical or X is a group
manifold), then any discrete series representation for X is contained in L2(X;Mλ)
for some λ ∈ Specd(X), by Schur’s lemma. In general, Flensted-Jensen [F] and
Matsuki–Oshima [MO] proved that there exist discrete series representations forX, or
equivalently Specd(X) is nonempty, if and only if the rank condition (1.4) is satisfied.
For X = (8G × 8G)/Diag(8G), this condition is equivalent to Harish-Chandra’s rank
condition rank 8G = rank 8K where 8K is a maximal compact subgroup of 8G.

In the case that X = G/H is a compact reductive homogeneous space, not nec-
essarily symmetric, any irreducible representation of G occurring in C∞(X) is au-
tomatically a discrete series representation for X = G/H, and the constant C in
Fact 3.3 is equal to one. Thus Fact 3.3 is refined as follows.

Fact 3.8. Let X = G/H be a compact reductive homogeneous space. Then the
following conditions are equivalent:
(i) the complexification XC = GC/HC is GC-spherical,
(ii) the C-algebra DG(X) is commutative,
(iii) the discrete series representations for X = G/H have uniformly bounded multi-

plicities,
(iv) X = G/H is multiplicity-free (i.e. all discrete series representations for X =

G/H occur exactly once).

For (iii)⇔ (iv), see [Kr1]. Note that the multiplicity-freeness in (iv) does not hold
in general for noncompact reductive groups G.
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3.7. Regular representations on real spherical homogeneous spaces. Real
spherical homogeneous spaces are a class of spaces extending real forms of spheri-
cal complex homogeneous spaces (see Example 3.2.(1)). Recall that, for a complex
reductive Lie algebra gC, a gC-module V is called Z(gC)-finite if the annihilator
AnnZ(gC)(V ) of V in Z(gC) has finite codimension in Z(gC). A (gC,K)-module is
called Z(gC)-finite if the underlying gC-module is Z(gC)-finite. We shall use the
following general lemma.

Lemma 3.9. Let G be a real linear reductive Lie group, H a closed subgroup, and
Vτ := G ×H Vτ → X the G-equivariant bundle over X = G/H associated with a
finite-dimensional representation (τ, Vτ ) of H.

(1) Any Z(gC)-finite (g,K)-module in D′(X,Vτ ) is contained in A(X,Vτ ).
(2) If X is G-real spherical, then any Z(gC)-finite (g,K)-module in D′(X,Vτ ) is

of finite length.

Proof. (1) This is well known: since d`(CG)−2dr(CK) is an elliptic operator, any
generalized eigenfunction of d`(CG)− 2dr(CK) is real analytic by the elliptic
regularity theorem (see [KKK, Th. 3.4.4] for instance).

(2) This was proved in [KOT, Th. 2.2] under the slightly stronger assumption that
Z(gC) acts as scalars. Since the successive sequence of (hyperfunction-valued)
boundary maps βiµ for (i, µ) in a poset in the proof (see [KOT, p. 931]) is well
defined for hyperfunctions (in particular smooth functions, distributions, etc.)
that are annihilated by an ideal of finite codimension in Z(gC) [O2], the proof
goes similarly. �

3.8. Smooth and distribution vectors of unitary representations of G. In
the proof of Theorem 2.7 (Section 12), we shall need a generalized concept of matrix
coefficient associated to distribution vectors of unitary representations of Lie groups,
which we now summarize briefly. See [He] and [Wl, Vol. I, Ch. I].

Let π be a continuous representation of a Lie group G on a Hilbert space H with
inner product (·, ·)H and norm ‖ · ‖H. The space

H∞ := {v ∈ H : the map G 3 g 7→ π(g)v ∈ H is C∞}

of smooth vectors of H carries a Fréchet topology given by the seminorms |v|u :=
‖dπ(u)v‖H for u ∈ U(gC). The space H−∞ of distribution vectors of (π,H) is defined
to be the space of continuous, sesquilinear forms on H∞; it is isomorphic to the
complex conjugate of the complex linear functional of H∞. We write π−∞ for the
natural representation of G on H−∞.

Suppose (π,H) is a unitary representation. It can be seen as a subrepresentation
of (π−∞,H−∞) by sending v ∈ H to (v, ·)H ∈ H−∞. The triple

(3.4) H∞ ⊂ H ⊂ H−∞

is called the Gelfand triple associated with the unitary representation (π,H). We
write (·, ·) for the pairing of H−∞ and H∞; it coincides with the inner product (·, ·)H
in restriction to H×H∞. For u ∈ H−∞ and v ∈ H∞ the matrix coefficient associated
with u and v is the smooth function on G defined by

(3.5) g 7−→ (π−∞(g−1)u, v) = (u, π(g)v).

We now extend the notion of matrix coefficient to H−∞. For this, we observe that
for ϕ ∈ C∞c (G) and F ∈ H−∞ the Gårding vector

π(ϕ)F :=

∫
G
ϕ(g)π(g)Fdg
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is a smooth vector of (π,H). We also observe that if F ∈ H∞, then the smooth
function g 7→ (π−∞(g−1)u, F ) may be regarded as a distribution on G by

ϕ 7−→
∫
G
ϕ(g)(π−∞(g−1)u, F )dg

=

(∫
G
ϕ(g)π−∞(g−1)udg, F

)
=

(
u,

∫
G
ϕ(g)π−∞(g)Fdg

)
∈ C

for ϕ ∈ C∞c (G). We now define a sesquilinear map

(3.6) T : H−∞ ×H−∞ −→ D′(G)

such that for any u, F ∈ H−∞, the distribution T (u, F ) ∈ D′(G) is given by

ϕ 7−→
(∫

G
ϕ(g)π−∞(g−1)udg, F

)
=

(
u,

∫
G
ϕ(g)π−∞(g)Fdg

)
∈ C

for ϕ ∈ C∞c (G). Then

(3.7) T (π−∞(g1)u, π−∞(g2)F ) = T (u, F )(g−1
1 · g2)

for all g1, g2 ∈ G. If F ∈ H∞, then the distribution T (u, F ) identifies with a smooth
function via the Haar measure, equal to the matrix coefficient (3.5) associated with
u and F .

A distribution vector u ∈ H−∞ is called cyclic if any v ∈ H∞ satisfying
(π(g−1)u, v) = 0 for all g ∈ G is zero. If u ∈ H−∞ is cyclic, then any F ∈ H−∞
satisfying (π(g−1)u, F ) = 0 in D′(G) is zero, because if π(ϕ)F = 0 for all ϕ ∈ C∞c (G)
then F = 0.

3.9. (g,K)-modules of admissible representations of real reductive Lie groups.
We now suppose that G is a real linear reductive Lie group with maximal compact
subgroup K. A continuous representation π of G on a complete, locally convex topo-
logical vector space H is called admissible if dim HomK(τ,H) < +∞ for all τ ∈ K̂.
Then the space

HK :=
{
v ∈ H : dimCC-span{π(k)v : k ∈ K} < +∞

}
of K-finite vectors is a dense subspace of H, and there is a natural (g,K)-module
structure on HK , called the underlying (g,K)-module of H. The following theo-
rem of Harish-Chandra [Ha] creates a bridge between continuous representations and
algebraic representations without any specific topology.

Fact 3.10. Let (π,H) be a continuous admissible representation of G of finite length.
Then there is a lattice isomorphism between the closed invariant subspaces V of H
and the (g,K)-invariant subspaces VK of HK , given by V  VK = V ∩ HK and
VK  V = VK .

4. Discrete spectrum of type I and II

In this section we consider joint L2-eigenfunctions on quotient manifolds XΓ, where
X = G/H is a reductive homogeneous space and Γ a discrete subgroup of G acting
properly discontinuously and freely on X. We assume the complexification XC is
GC-spherical (e.g. X is a reductive symmetric space).

Part of the discrete spectrum on the pseudo-Riemannian locally symmetric spaceXΓ

is built from discrete series representations for X = G/H (“stable spectrum” in
[KK1, KK2], which neither varies nor disappears under small deformations of the
discontinuous group Γ), but it is easy to see that in some cases there also exists
another type of discrete spectrum, of a somewhat different nature.
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Example 4.1. Let X = (SL(2,R) × SL(2,R))/Diag(SL(2,R)), which is isomorphic
to the 3-dimensional anti-de Sitter space AdS3 = SO(2, 2)/SO(2, 1) of Example 1.2.
By [KK2, Th. 9.9], there is a constant RX > 0 such that for any uniform lattice 8Γ of
SL(2,R) with −I /∈ 8Γ (resp. with −I ∈ 8Γ), if we set Γ = 8Γ× {e}, then the discrete
spectrum of the Laplacian �XΓ

on the Lorentzian 3-manifold XΓ contains the infinite
set {1

4
k(k + 2) : k ∈ N, k ≥ RX

} (
resp.

{1

4
k(k + 2) : k ∈ 2N, k ≥ RX

})
coming from discrete series representations for X = G/H. (See Section 11.6 for nor-
malization.) However, we note that L2(8Γ\H2) embeds into L2(XΓ) = L2(8Γ\SL(2,R))
and the restriction to L2(8Γ\H2) of the Laplacian �XΓ

corresponds to −2 times the
usual Laplacian ∆ 8Γ\H2 on the hyperbolic surface 8Γ\H2 (see [Lg, Ch.X]). Therefore
�XΓ

is essentially self-adjoint and also admits infinitely many negative eigenvalues
coming from eigenvalues of ∆ 8Γ\H2 . These eigenvalues vary under small deformations
of 8Γ inside SL(2,R) (see [Wp, Th. 5.14]).

Motivated by this observation, we now introduce a definition of discrete spectrum
(and joint L2-eigenfunctions) of type I and type II on XΓ.

Remark 4.2. In Section 9.2, for standard Γ ⊂ L, we shall introduce a similar
notion of type I and type II for Hermitian vector bundles Vτ over the Riemannian
locally symmetric space YΓ = Γ\L/LK , by using Harish-Chandra’s discrete series
representations for L. We shall prove that the maps iτ,Γ of Section 1.3 preserve
type I and type II when XC is LC-spherical (Theorem 9.2).

4.1. Definition of type I and type II. We introduce Hilbert space decompositions

L2(XΓ) = L2
d(XΓ)⊕ L2

ac(XΓ)(4.1)
=

(
L2
d(XΓ)I ⊕ L2

d(XΓ)II
)
⊕ L2

ac(XΓ),

defined as follows.
Recall (Corollary 2.5) that in the main setting 1.5 of the theorems of Sections 1

and 2, the subspaces L2(XΓ;Mλ), for varying λ ∈ Specd(XΓ), are orthogonal to each
other inside L2(XΓ). We set

L2
d(XΓ) :=

∑⊕

λ∈Specd(XΓ)

L2(XΓ;Mλ),

where
∑⊕ denotes the Hilbert completion of the algebraic direct sum, and let L2

ac(XΓ)
be the orthogonal complement of L2

d(XΓ) in L2(XΓ).
Next we introduce, for any λ ∈ Specd(XΓ), two subspaces L2(XΓ;Mλ)I and

L2(XΓ;Mλ)II of L2(XΓ;Mλ). For this we first specify the topology that we consider
on the space D′(X) of distributions on X.

Remark 4.3. Let C∞c (X) be the space of compactly supported, smooth functions
on X, with the locally convex inductive limit topology. We endow D′(X) with the
topology of uniform convergence on all bounded sets B in C∞c (X), i.e. the topology
defined by the family of seminorms

| · |B :=
(
u 7−→ sup{〈u, ϕ〉 : ϕ ∈ B}

)
.

With this topology, D′(X) is a complete, locally convex (though not metrizable)
topological space and the map p∗Γ : L2(XΓ) → D′(X) induced by the projection
pΓ : X → XΓ is continuous.

Notation 4.4. For any λ ∈ Specd(XΓ), we let L2(XΓ;Mλ)I be the preimage, un-
der p∗Γ, of the closure in D′(X) of L2(X;Mλ), and L2(XΓ;Mλ)II be the orthogonal
complement of L2(XΓ;Mλ)I in L2(XΓ;Mλ).
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This orthogonal complement is well defined by the following elementary observation.

Lemma 4.5. For any λ ∈ Specd(XΓ),
(1) L2(XΓ;Mλ) is a closed subspace of the Hilbert space L2(XΓ),
(2) L2(XΓ;Mλ)I is a closed subspace of L2(XΓ;Mλ).

Proof. All elements in DG(XΓ) are closed operators, which implies (1). The map
(pΓ)∗ : L2(XΓ) ↪→ D′(X) is continuous, and so L2(XΓ;Mλ) is a closed subspace of
L2(X;Mλ). Since L2(X;Mλ) is contained inD′(X;Mλ), so is its closure L2(X;Mλ),
hence p∗Γ(L2(X;Mλ)) ⊂ L2(XΓ;Mλ), which implies (2). �

Thus for any λ ∈ Specd(XΓ) we have the Hilbert space decomposition

L2(XΓ;Mλ) = L2(XΓ;Mλ)I ⊕ L2(XΓ;Mλ)II .

For i = I, II, we then set

(4.2) L2
d(XΓ)i :=

∑⊕

λ∈Specd(XΓ)

L2(XΓ;Mλ)i,

where
∑⊕ denotes again the Hilbert completion of the algebraic direct sum. We also

set

Specd(XΓ)I := {λ ∈ Specd(XΓ) : L2(XΓ;Mλ)I 6= {0}},
Specd(XΓ)II := {λ ∈ Specd(XΓ) : L2(XΓ;Mλ)II 6= {0}}.

Then
Specd(XΓ) = Specd(XΓ)I ∪ Specd(XΓ)II.

This union is not disjoint a priori. By construction, Specd(XΓ)I ⊂ Specd(X).
For instance, for X = G/H = (SL(2,R) × SL(2,R))/Diag(SL(2,R)), the discrete

spectrum Specd(XΓ) identifies with the discrete spectrum of the Laplacian �XΓ
; the

positive (resp. negative) spectrum described in Example 4.1 is of type I (resp. type II);
we refer to Section 11.6 for more details on this example.

Remarks 4.6. (1) Take Γ = {e}. If the complexification XC is GC-spherical, then
L2
d(X)II = {0}. In fact, L2(X;Mλ) is a unitary representation of finite length by

[KOT], hence it splits into a direct sum of irreducible unitary representations of G.
If X is a reductive symmetric space, an explicit decomposition of L2

ac(X) is given in
[D] as a direct integral of irreducible unitary representations of G with continuous
parameter.

(2) In [KK2], building on [F], we constructed discrete spectrum of type I for
XΓ when X = G/H is a reductive symmetric space satisfying the rank condition
rankG/H = rankK/K ∩ H and the action of Γ on X is sharp (a strong form of
proper discontinuity, satisfied in many examples, see [KK2, Def. 4.2]).

(3) If X = G/H is a reductive symmetric space that does not satisfy the rank
condition above (e.g. if X = G/H = G/K is a Riemannian symmetric space), then
G/H does not admit discrete series [MO], and so L2

d(XΓ)I = {0} and Specd(XΓ) =
Specd(XΓ)II.

Lemma 4.7. If X is a reductive symmetric space and Γ a discrete subgroup of G act-
ing properly discontinuously and freely on X, then all the eigenvalues of the Laplacian
�XΓ

corresponding to Specd(XΓ)I are positive, except possibly for a finite number.

Proof. Let j∗R be the R-span of Σ(gC, jC): it is a real subspace of j∗C, invariant under
the Weyl group W . By the classification of discrete series representations for X
by Matsuki–Oshima [MO], we have Specd(X) ⊂ j∗R/W , and Specd(X) is discrete
in j∗R/W . We then use the inclusion Specd(XΓ)I ⊂ Specd(X) and the fact that
the Laplacian �XΓ

acts by the scalar 〈λ, λ〉 − 〈ρ, ρ〉 on L2(XΓ;Mλ) for λ ∈ j∗C/W
(Remark 3.6). �
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4.2. Definition of type I and type II using Z(gC) instead of DG(X). In Sec-
tion 11, instead of using systems (Mλ) for the C-algebra DG(X), we shall consider
systems (Nν) for the center Z(gC) of the enveloping algebra U(gC), as follows.

Let F = A, C∞, L2, or D′. For any ν ∈ HomC-alg(Z(gC),C), let F(XΓ;Nν) be the
space of (weak) solutions ϕ ∈ F(XΓ) to the system

d`(z)Γ ϕ = ν(z)ϕ for all z ∈ Z(gC). (Nν)

Via the C-algebra homomorphism d` : Z(gC)→ DG(X), we have a natural inclusion

F(XΓ;Mλ) ↪−→ F(XΓ;Nλ◦d`)
which is bijective as soon as d` is surjective. In the general setting 2.1, for Γ ⊂ L,
we sometimes also use a similar map d` : Z(lC) → DL(X). We note that d` :
Z(gC)→ DG(X) is always surjective when XC is LC-spherical and G simple, whereas
d` : Z(lC)→ DL(X) is not surjective in most cases.

Similarly to Notation 4.4, we divide joint eigenfunctions on XΓ into two types:
type I coming from discrete series representations for G/H, and type II defined by
taking an orthogonal complement.

Notation 4.8. For any ν ∈ HomC-alg(Z(gC),C), we let L2(XΓ;Nν)I be the preimage,
under p∗Γ, of the closure of L2(X;Nν) in D′(X), and L2(XΓ;Nν)II be the orthogonal
complement of L2(XΓ;Nν)I in L2(XΓ;Nν). For i = ∅, I, or II, we set

Spec
Z(gC)
d (XΓ)i :=

{
ν ∈ HomC-alg(Z(gC),C) : L2(XΓ;Nν)i 6= {0}

}
,

so that Spec
Z(gC)
d (XΓ) = Spec

Z(gC)
d (XΓ)I ∪ Spec

Z(gC)
d (XΓ)II. We also set

SpecZ(gC)(XΓ) :=
{
ν ∈ HomC-alg(Z(gC),C) : D′(XΓ;Nν) 6= {0}

}
.

Note that here we consider more general eigenfunctions which are not necessarily
square integrable. Eigenfunctions are not automatically smooth, which is why we use
a formulation with the space D′ of distributions.

In Section 11 we shall give constraints on SpecZ(gC)(XΓ) (Proposition 11.4) and
conjectural constraints on Spec

Z(gC)
d (XΓ)i for i = ∅, I, II (Conjecture 11.3).

5. Differential operators coming from L and from the fiber F

Our strategy for spectral analysis on a standard locally homogeneous space XΓ =
Γ\G/H, where Γ is contained in a reductive subgroup L of G as in the general
setting 2.1, is to use the representation theory of L, and for this it is desirable to have
a control on:

• the G-modules generated by irreducible L-modules in C∞(X);
• the L-module structure of irreducible G-modules in C∞(X).

In this section, we introduce two conditions (A) and (B) to formulate these two
types of control (Definition 5.9). They use the L-equivariant fiber bundle structure
X = G/H ' L/LH → L/LK = Y of (2.1).

In order to verify conditions (A) and (B), as well as the existence of transfer
maps ν and λ as in (2.4) (condition (Tf), see Definition 5.7 below), we consider
two additional conditions (Ã) and (B̃) involving subalgebras d`(Z(lC)), DG(X), and
dr(Z(lC ∩ kC)) of the algebra DL(X) of L-invariant differential operators on X, as in
[KK3, § 1.4]. These conditions (Ã) and (B̃) indicate that the contribution of the fiber
F = LK/LH to DL(X) is “large”. We observe (Lemma 5.19) that (Ã) implies (A),
that (B̃) implies (B) whenever XC is GC-spherical, and that (Ã) and (B̃) together
imply (Tf) (existence of transfer maps).

Whereas conditions (A), (B), and (Tf) are defined using real forms, conditions (Ã)
and (B̃) are formulated simply in terms of complex Lie algebras; in particular, it is
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sufficient to check them on one real form in order for them to hold on any other real
form. This allows us to use [KK3, Cor. 1.12], which concerns compact real forms, to
prove that condition (Tf) is satisfied in the setting 1.5 (Proposition 5.10).

We shall discuss applications of conditions (A) and (B) to the relation between
spectral theory for the pseudo-Riemannian space X and the Riemannian symmetric
space Y in Section 8, and their quotients XΓ and YΓ in Section 9. Conditions (A),
(B), and (Tf) will play a crucial role in the proof of our main theorems.

5.1. L-invariant differential operators on X. We work in the general setting 2.1.
As in (3.1), the differentiations of the left and right regular representations of L on
C∞(L) induce a C-algebra homomorphism

(5.1) d`⊗ dr : U(lC)⊗ U(lC)LH −→ D(X),

where U(lC)LH is the subalgebra of LH -invariant elements in the enveloping algebra
U(lC), and D(X) the full C-algebra of differential operators on X. In particular,
d` is defined on the center Z(lC) of the enveloping algebra U(lC), and d`(Z(lC)) =
dr(Z(lC)).

The Casimir element of l gives rise to the Laplacian ∆Y on the Riemannian sym-
metric space Y . More precisely, choose any Ad(L)-invariant bilinear form on l; this
defines a Riemannian structure on Y and the Casimir element CL ∈ Z(lC). Then the
following diagram commutes, where q∗ is the pull-back by the L-equivariant projec-
tion q : X → Y .

C∞(X)
d`(CL) // C∞(X)

C∞(Y )

q∗

OO

∆Y // C∞(Y )

q∗

OO

More generally, any element z ∈ Z(lC) gives rise (similarly to (5.1)) to an L-invariant
differential operator d`Y (z) on Y such that d`(z) ◦ q∗ = q∗ ◦ d`Y (z).

Since we have assumed L to be connected, so is LK ; therefore the adjoint action of
LK on the center Z(lC ∩ kC) is trivial, and dr(Z(lC ∩ kC)) is well defined. Geometri-
cally, the algebra dr(Z(lC ∩ kC)) corresponds to the algebra DLK (F ) of LK-invariant
differential operators on the compact fiber F = LK/LH . More precisely, similarly to
(5.1), we can define a map

drF : U(lC ∩ kC)LH −→ DLK (F ).

There is a natural injective homomorphism ι : DLK (F ) ↪→ DL(X) such that the
following diagram commutes (see [KK3, § 2.3]).

Z(lC ∩ kC)

drF
��

⊂ U(lC)LH

dr
��

DLK (F ) �
� ι // DL(X)

When XC is LC-spherical and G simple, the map drF is actually surjective (see [KK3,
Lem. 2.6]), and so

(5.2) dr(Z(lC ∩ kC)) = ι(DLK (F )).

Remark 5.1. If XC is LC-spherical, then DL(X) is commutative (Fact 3.3). In
particular,
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• the three subalgebras DG(X), d`(Z(lC)), and dr(Z(lC ∩ kC)) = ι(DLK(F ))
commute;
• DG(X) and DLK (F ) are commutative, and so XC is GC-spherical and FC =

(LC ∩KC)/(LC ∩HC) is (LC ∩KC)-spherical (Fact 3.3).
In fact, the following implications hold (see Example 3.2).

FC ' (LC ∩KC)/(LC ∩HC)
(LC ∩KC)-spherical

XC ' LC/LC ∩HC
LC-spherical

ks

��

+3 X ' L/LH
L-real spherical

��

X = G/H
symmetric space

+3 XC = GC/HC
GC-spherical

+3 X = G/H
G-real spherical

Remark 5.2. Using Lemma 3.9.(2), one can prove that if X is L-real spherical,
then dimD′(XΓ;Nν) < +∞ for any ν ∈ HomC-alg(Z(lC),C) and any torsion-free
cocompact discrete subgroup Γ of L.

5.2. Relations between Laplacians. Recall that the Laplacian �X is defined by
the G-invariant pseudo-Riemannian structure of Lemma 3.4 on X = G/H, and
�X ∈ DG(X). In most cases the Laplacian �X and the Casimir operator CL for the
subalgebra l are linearly independent, but the following proposition shows that the
“error term” (after appropriate normalization) comes from the action of dr(Z(lC∩kC))
on the fiber F .

Proposition 5.3. In the general setting 2.1, choose any Ad(L)-invariant, nondegen-
erate, symmetric bilinear form on l and let CL ∈ Z(l) be the corresponding Casimir
element. If XC = GC/HC is GC-spherical and G simple, then there exists a nonzero
a ∈ R such that

(5.3) �X ∈ a d`(CL) + dr(Z(lC ∩ kC)).

Even if G is simple, L need not be (see Table 1.1), and so the invariant bilinear
form on l may not be unique. For any choice of such form, Proposition 5.3 holds for
the corresponding Casimir element CL.

For simple GC, Proposition 5.3 is a consequence of [KK3, Cor. 1.7]; in each case of
Table 1.1, the nonzero scalar a ∈ R is the one computed explicitly in [KK3, § 6–7] for
the corresponding compact real forms.

Example 5.4. Let G = SO(2n, 2)0. If (H,L) is either (SO(2n, 1)0,U(n, 1)) (so that
X = G/H is the anti-de Sitter space AdS2n+1 of Example 1.2) or (U(n, 1), SO(2n, 1)0),
then d`(CG) = 2d`(CL)− dr(CLK ).

Proof of Proposition 5.3 when GC is simple. Recall from Lemma 3.4 and Example
3.5.(1)–(2) that a G-invariant pseudo-Riemannian structure gX on X = G/H is
unique up to scale, and induced by the Killing form of g. Let CG ∈ Z(g) be the
corresponding Casimir element. Then �X = d`(CG). Let CG,C ∈ Z(gC) be the
Casimir element of the complex simple Lie algebra gC, and CL,C ∈ Z(lC) the Casimir
element of lC associated to the complex extension of the bilinear form on l defining CL.
Then d`(CG,C) and d`(CL,C) are holomorphic differential operators on the complex
manifold XC = GC/HC, whose restrictions to the totally real submanifold X = G/H
are d`(CG) and d`(CL), respectively: see [KK3, Lem. 5.4]. By [KK3, Cor. 1.7], there
is a nonzero a ∈ R such that

d`(CG,C) ∈ ad`(CL,C) + dr(Z(lC ∩ kC)).

We obtain (5.3) by restricting to X = G/H. �
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By the classification of Table 1.1, the remaining case is (G,H,L) =
(SO(8,C), SO(7,C),Spin(7, 1)) up to covering. In this case, where GC is not sim-
ple because G itself has a complex structure, there exist two linearly independent
G-invariant second-order differential operators on X = G/H, and not all of their
linear combinations are contained in the vector space C d`(CL) + dr(Z(lC ∩ kC)) (see
Remark 5.16). However, we now check that the Laplacian �X with respect to the
G-invariant pseudo-Riemannian structure on X (which is unique up to scale) belongs
to this vector space. We start with the following general lemma.

Lemma 5.5. Let g be the Lie algebra of a complex semisimple Lie group G, and
g⊗R C ' gholo ⊕ ganti the decomposition corresponding to the sum

(5.4) (TeG)C ' T 1,0
e G⊕ T 0,1

e G

of the holomorphic and anti-holomorphic tangent spaces at the origin. We denote by
CG,R the Casimir element of g (regarded as a real Lie algebra), and by Cholo and
Canti those of gholo and ganti (regarded as complex Lie algebras), respectively. Then
CG,R = Cholo + Canti in Z(g⊗R C).

Proof. Let B : g × g → C be the Killing form of g as a complex Lie algebra, and
BR : g × g → R the Killing form of g as a real Lie algebra (forgetting the complex
structure). Then

BR(X,Y ) = 2 ReB(X,Y )

for all X,Y ∈ g. Let J be the complex structure of G, and k the Lie algebra of a
maximal compact subgroup of G. The Cartan decomposition g = k + Jk holds. The
Killing form B takes real values on k × k, where it is in fact negative definite. We
choose a basis {X1, . . . , Xn} of k over R such that B(Xk, X`) = −δk,` for 1 ≤ k, ` ≤ n.
Then {X1, . . . , Xn, JX1, . . . , JXn} is a basis of g over R, and

BR(Xk, X`) = −BR(JXk, JX`) = −2δk,`

and B(Xk, JX`) = 0 for all 1 ≤ k, ` ≤ n. The Casimir elements CG and CG,R with
respect to the two Killing forms B and BR are given by

CG = −
n∑
k=1

X2
k , CG,R =

1

2

n∑
k=1

(
(JXk)

2 −X2
k

)
.

We note that CG does not change if we replace J by −J .
On the other hand, corresponding to the decomposition (5.4) of the complexified

tangent space, we have a decomposition of the complexification of g into two complex
Lie algebras:

g⊗R C ' gholo ⊕ ganti(5.5)

X 7→ 1

2

(
X −

√
−1JX

)
+

1

2

(
X +

√
−1JX

)
,

where gholo and ganti are the eigenspace of the original complex structure J for the
eigenvalues

√
−1 and −

√
−1, respectively. The Casimir elements Cholo and Canti of

the complex Lie algebras gholo and ganti are given by

Cholo = −1

4

n∑
k=1

(
Xk −

√
−1JXk

)2
, Canti = −1

4

n∑
k=1

(
Xk +

√
−1JXk

)2
.

Therefore CG,R = Cholo + Canti in Z(g⊗R C). �

Proof of Proposition 5.3 for (G,H,L)=(SO(8,C),SO(7,C), Spin(7, 1)). The complex-
ification of the triple (G,H,L) is given by

(GC, HC, LC) =
(
SO(8,C)× SO(8,C), SO(7,C)× SO(7,C), Spin(8,C)

)
,
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and its compact real form by

(GU , HU , LU ) =
(
SO(8)× SO(8), SO(7)× SO(7),Spin(8)

)
.

For i = 1, 2, let C(i)
GU

be the Casimir element of the i-th factor of GU . The Casimir

element of GU is given by CGU = C
(1)
GU

+ C
(2)
GU

. By [KK3, Prop. 7.4.(1)], we have
d`(CGU ) = 6d`(CLU )− 4dr(CL∩K). Let CG,R, Cholo, and Canti be as in Lemma 5.5,
and define CL,R similarly for L. Then d`(CGU ) and d`(CG,R) extend to the same
holomorphic differential operator on XC, and similarly for d`(CLU ) and d`(CL,R).
Thus d`(Cholo + Canti) is equal to 6d`(CL) − 4dr(CL∩K), and the Laplacian �X =
d`(CG,R) satisfies (5.3) with a = 6 by Lemma 5.5. �

Remark 5.6. Let X := (8G×8G)/Diag(8G) and L := 8G×8K, where 8G is a noncom-
pact reductive Lie group and 8K a maximal compact subgroup as in Example 1.3. For
i = 1, 2, let C(i)

L be the Casimir element of the i-th factor of L. Then CL = C
(1)
L +C

(2)
L .

We have �X = d`(C
(1)
L ) and d`(C

(2)
L ) = dr(C

(2)
L ) ∈ dr(Z(lC ∩ kC)), hence (5.3) holds

with a = 1, even though XC is not necessarily LC-spherical (see Example 3.2.(4)).

5.3. The maps pτ,Γ. We continue with the general setting 2.1. Let Γ be a torsion-
free discrete subgroup of L. The L-equivariant fibration q : X = G/H ' L/LH

F−→
L/LK = Y of (2.1) induces a fibration

(5.6) qΓ : XΓ
F−→ YΓ

with compact fiber F ' LK/LH .
Let F = A, C∞, L2, or D′. For any (τ, Vτ ) ∈ Disc(LK/LH), we now introduce a

projection map pτ,Γ : F(XΓ)→ (V ∨τ )LH⊗F(YΓ,Vτ ), where (V ∨τ )LH denotes the space
of LH -fixed vectors in the contragredient representation of (τ, Vτ ), as in Section 2.2.

For v ∈ Vτ , the map k 7→ τ(k)v from LK to Vτ is right-LH -invariant. Let dk be
the Haar probability measure on the compact group LK . Consider the map

F(XΓ)⊗ Vτ −→ F(YΓ,Vτ )

f ⊗ v 7−→
∫
LK

f(·k) τ(k)v dk,

where f ∈ F(XΓ) is seen as a right-LH -invariant element of F(Γ\L). The integral
vanishes if v belongs to the orthogonal complement of (Vτ )LH , hence it induces a
homomorphism

(5.7) pτ,Γ : F(XΓ) −→ ((Vτ )LH )∨ ⊗F(YΓ,Vτ ) ' (V ∨τ )LH ⊗F(YΓ,Vτ ).

The map pτ,Γ is surjective and continuous for F = A, C∞, L2, or D′ in each topology.
If iτ,Γ : ((Vτ )LH )∨ ⊗ F(YΓ,Vτ ) → F(XΓ) is as in (2.3), then pτ,Γ ◦ iτ,Γ = id on
F(YΓ,Vτ ) by the Schur orthogonality relation for the compact group LK . When
Γ = {e} is trivial we shall simply write pτ for pτ,Γ. Then pτ ◦ p∗Γ = p′Γ

∗ ◦ pτ,Γ
(see Observation 9.5), where p∗Γ : F(XΓ) → D′(X) and p′Γ

∗ : F(YΓ,Vτ ) → D′(Y,Vτ )
denote the maps induced by the natural projections pΓ : X → XΓ and p′Γ : Y → YΓ,
respectively.

We refer to Remark 6.4 for a more general construction.

5.4. Conditions (Tf), (A), (B) on higher-rank operators. In order to establish
the theorems of Sections 1 and 2, we shall use the following conditions (Tf), (A), (B),
which we prove are satisfied in the setting of these theorems.

For τ ∈ Disc(LK/LH), recall the algebra homomorphism

d`τ : Z(lC) −→ DL(Y,Vτ )
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from Section 2.2, where DL(Y,Vτ ) is the C-algebra of L-invariant matrix-valued dif-
ferential operators acting on F(Y,Vτ ); this map generalizes the natural map d` :
Z(lC) → DL(Y ) of (3.1), see Example 2.2. We note that F(Y,Vτ ;Nν) 6= {0} only if
ν ∈ HomC-alg(Z(lC),C) vanishes on Ker(d`τ ).

Definition 5.7. In the general setting 2.1, we say that the quadruple (G,L,H,LK)
satisfies condition (Tf) if for every τ ∈ Disc(LK/LH) there exist maps

ν(·, τ) : HomC-alg(DG(X),C) −→ HomC-alg(Z(lC),C)

and
λ(·, τ) : HomC-alg(Z(lC)/Ker(d`τ ),C) −→ HomC-alg(DG(X),C)

with the following properties for F = C∞ and D′:
(1) for any λ ∈ HomC-alg(DG(X),C),

pτ
(
F(X;Mλ)

)
⊂ (V ∨τ )LH ⊗F(Y,Vτ ;Nν(λ,τ)) ;

(2) for any ν ∈ HomC-alg(Z(lC)/Ker(d`τ ),C),

iτ
(
(V ∨τ )LH ⊗F(Y,Vτ ;Nν)

)
⊂ F(X;Mλ(ν,τ)).

We shall call ν and λ transfer maps.

Remark 5.8. If the quadruple (G,L,H,LK) satisfies condition (Tf),
then the transfer maps ν and λ are inverse to each other, in the sense that

(1) for any τ and λ such that pτ (C∞(X;Mλ)) 6= {0} we have

λ
(
ν(λ, τ), τ

)
= λ,

(2) for any τ and ν such that C∞(Y,Vτ ;Nν) 6= {0} we have

ν
(
λ(ν, τ), τ

)
= ν.

We also introduce two other conditions, (A) and (B), which relate representations
of the real reductive Lie group G and of its reductive subgroup L. We denote by
g and l the respective Lie algebras of G and L. As above, a gC-module V is called
Z(gC)-finite if the annihilator AnnZ(gC)(V ) of V in Z(gC) has finite codimension in
Z(gC); equivalently, the action of Z(gC) on V factors through the action of a finite-
dimensional C-algebra.

Definition 5.9. In the general setting 2.1, we say that the quadruple
(G,L,H,LK) satisfies

• condition (A) if iτ (ϑ) is Z(gC)-finite for any τ ∈ Disc(LK/LH) and any Z(lC)-
finite l-module ϑ ⊂ C∞(Y,Vτ ),
• condition (B) if pτ (V ) is Z(lC)-finite for any τ ∈ Disc(LK/LH) and any
Z(gC)-finite g-module V ⊂ C∞(X).

The following two propositions are used as a stepping stone to the proof of the
theorems of Sections 1 and 2, which are stated either in the main setting 1.5 of these
theorems or in the group manifold case.

Proposition 5.10. In the general setting 2.1, suppose that XC = GC/HC is LC-
spherical and G simple. Then conditions (Tf), (A), (B) are satisfied for the quadruple
(G,L,H,LK).

Proposition 5.11. Let 8G be a noncompact reductive Lie group and 8K a maximal
compact subgroup of 8G. Let

(G,H,L) = (8G×8G,Diag(8G), 8G×8K)

and K = LK = 8K × 8K, as in Example 1.3. Then conditions (Tf), (A), (B) are
satisfied for the quadruple (G,L,H,LK).
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Propositions 5.10 and 5.11 state in particular the existence of transfer maps ν
and λ. We now explain why they are true, based on [KK3]; a formal proof will be
given in Section 5.6.

Remark 5.12. In Proposition 5.10, we cannot remove the LC-sphericity assumption:
see Section 8.3.

5.5. Conditions (Ã) and (B̃), and their relation to conditions (Tf), (A), (B).
Under some mild assumptions (which are satisfied in all but one case of Table 1.1),
conditions (Tf), (A), (B) are consequences of two conditions (Ã) and (B̃) that only
depend on complexifications of X and Y and of the Lie algebras, as we now explain.

We first observe that the C-algebra DG(X) depends only on the pair of complex-
ified Lie algebras (gC, hC), and is also isomorphic to the C-algebra DGC(XC) of GC-
invariant holomorphic differential operators on the complex manifold XC = GC/HC,
where GC is any connected complex Lie group with Lie algebra gC, and HC a con-
nected subgroup with Lie algebra hC. This consideration allows us to use results for
other real forms, e.g. compact real forms as in [KK3].

In [KK3, § 1.4] we introduced two conditions, (Ã) and (B̃), in the general setting
of reductive Lie algebras gC ⊃ hC, lC, rC over C such that

(5.8) gC = hC + lC and lC ∩ hC ⊂ rC ⊂ lC.

(The notation (gC, hC, lC, rC) here corresponds to the notation (g̃C, h̃C, gC, kC) in
[KK3, § 1.4].) Let GC ⊃ HC, LC be connected complex reductive Lie groups with Lie
algebras gC, hC, lC, respectively. We may regard DGC(XC), dr(Z(rC)), and d`(Z(lC))
as subalgebras of DLC(XC). We note that the elements of DGC(XC) and d`(Z(lC))
naturally commute because LC ⊂ GC, and similarly for the right action dr(Z(rC))
and the left action d`(Z(lC)).

Definition 5.13 ([KK3, § 1.4]). The quadruple (gC, lC, hC, rC) satisfies
• condition (Ã) if DGC(XC) ⊂ 〈d`(Z(lC)), dr(Z(rC))〉,
• condition (B̃) if d`(Z(lC)) ⊂ 〈DGC(XC), dr(Z(rC))〉,

where 〈·〉 denotes the C-algebra generated by two subalgebras.

Going back to the general setting 2.1, we now take GC to be the complexification
of a real reductive Lie group G, and rC = lC ∩ kC where K is a maximal compact
subgroup of G such that LK := L∩K is a maximal compact subgroup of L containing
LH := L∩H. In this case, the subalgebra DLK (F ) of invariant differential operators
coming from the compact fiber F = LK/LH is equal to dr(Z(rC)) (see Section 5.1),
and conditions (Ã) and (B̃) mean that this subalgebra is sufficiently large in DL(X)
so that the two other subalgebras DG(X) and d`(Z(lC)) are comparable modulo
DLK (F ).

Example 5.14. Suppose XC = GC/HC is GC-spherical. If rankG/H = 1, then
DG(X) is generated by the Laplacian �X (see Sections 3.3–3.4). In particular,
in this case the relation (5.3) implies that condition (Ã) holds for the quadruple
(gC, lC, hC, lC ∩ kC).

In the case that rankG/H > 1, the C-algebra DG(X) is not generated only by the
Laplacian �X , and so (5.3) does not imply condition (Ã). The following is a direct
consequence of [KK3, Cor. 1.12 & Rem. 1.13].

Fact 5.15 ([KK3]). In the general setting 2.1, assume that XC = GC/HC is LC-
spherical.

(1) If the complexified Lie algebra gC is simple, then condition (Ã) holds for the
quadruple (gC, lC, hC, lC ∩ kC).
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(2) If the real Lie algebra g is simple (in particular, if the complexification gC is
simple), then condition (B̃) holds for the quadruple (gC, lC, hC, lC ∩ kC).

Proof of Fact 5.15. Without loss of generality, after possibly replacing H by some
conjugate in G, we may and do assume that H ∩K is a maximal compact subgroup
of H. If GU is a maximal compact subgroup of GC, then K := G ∩ GU , HU :=
HC ∩ GU , and LU := LC ∩ GU are also maximal compact subgroups of G, HC,
and LC, respectively, and LU ∩ HU = LH = L ∩ H. Since XC is LC-spherical, L
acts transitively on G/H and LU acts transitively on GU/HU by [Ko2, Lem. 5.1].
Moreover, lU ∩ k is a maximal proper Lie subalgebra of lU containing hU ∩ lU because
l∩k is a maximal proper Lie subalgebra of l containing l∩h. Thus we can apply [KK3,
Cor. 1.12 & Rem. 1.13] for compact Lie groups. (The notation (gC, lC, hC, lC∩kC) here
corresponds to the notation (g̃C, gC, h̃C, kC) in [KK3].) �

Remark 5.16. In Fact 5.15.(1)–(2), we cannot relax the condition of LC-sphericity
of XC to GC-sphericity: see Examples 8.7 and 8.8.

Conditions (Ã) and (B̃) still hold in the group manifold case, even though the
complexification GC is not simple, and even though GC/HC is not necessarily LC-
spherical (see Example 3.2.(4)).

Lemma 5.17. In the setting of Proposition 5.11, conditions (Ã) and (B̃) hold for
the quadruple (gC, lC, hC, lC ∩ kC).

Proof. This follows immediately from the fact that

DGC(XC) = d`(Z(8gC)) = dr(Z(8gC)),

d`(Z(lC)) = 〈d`(Z(8gC)), dr(Z(8kC))〉,
d`(Z(lC ∩ kC)) = d`(Z(8kC)). �

When (gC, hC, lC) = (so(8,C)⊗R C, so(7,C)⊗R C, spin(8,C)), condition (Ã) does
not hold for the quadruple (gC, hC, lC, lC ∩ kC), see [KK3, Prop. 7.5]. Instead, we
consider the following weaker condition, where R is the C-subalgebra of DLC(XC)
generated by d`(Z(lC)) and dr(Z(lC ∩ kC)):

Condition (Ã′): DLC(XC) is finitely generated as an R-module.
Then the following holds.

Fact 5.18 (see [KK3, Prop. 7.5]). Condition (Ã′) holds for the quadruple
(gC, hC, lC) = (so(8,C)⊗R C, so(7,C)⊗R C, spin(8,C)).

Propositions 5.10 and 5.11 are a consequence of Facts 5.15 and 5.18 and Lemma 5.17,
together with the following lemma.

Lemma 5.19. In the general setting 2.1,
(1) condition (Ã) or (Ã′) for the quadruple (gC, lC, hC, lC ∩ kC) implies condi-

tion (A) for the quadruple (G,L,H,LK);
(2) condition (B̃) for the quadruple (gC, lC, hC, lC ∩ kC) implies condition (B) for

the quadruple (G,L,H,LK) whenever XC is GC-spherical;
(3) conditions (Ã) and (B̃) together for the quadruple (gC, lC, hC, lC ∩ kC) imply

condition (Tf) for the quadruple (G,L,H,LK);
(4) condition (Tf) holds for the quadruple

(G,L,H,LK) = (SO(8,C), Spin(7, 1), SO(7,C),Spin(7)).

In view of Lemma 5.19.(3), the relation (5.3) between Laplacians, which partially
implies condition (Ã) (see Example 5.14), is part of the underlying structure of the
existence of transfer maps.
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We summarize the relations among conditions (Tf), (A), (Ã), (B), (B̃) in the fol-
lowing table. The double arrows⇒ or⇐ indicate that the conditions in the complex
setting (symbolically written as XC) imply those in the real setting (symbolically
written as X) when XC is GC-spherical.

X XC X Applications to C∞(X)

(Tf) Lem. 5.19.(3)⇐====
(Ã)

Lem. 5.19.(1)
====⇒ (A) L ↑ G (Prop. 8.1)

(B̃)
Lem. 5.19.(2)
====⇒ (B) G ↓ L (Th. 8.3)

Def. 5.7 Def. 5.13 Def. 5.9

Remark 5.20. It is natural to expect that representations π ofG occurring in C∞(X)
and representations ϑ of L occurring in C∞(Y,Vτ ) should be closely related via iτ
and pτ . Lemma 5.19.(3) shows that this is the case under conditions (Ã) and (B̃). In
the future paper [KK4], we shall use Lemma 5.19.(3) to find the branching laws for
the restriction to L of infinite-dimensional representations of G realized in D′(X).

5.6. Proof of Lemma 5.19 and Propositions 5.10 and 5.11. We now complete
these proofs by discussing how the structure of DL(X) in terms of the three subal-
gebras DG(X), d`(Z(lC)), dr(Z(lC ∩ kC)) (given by conditions (Ã) and (B̃)) controls
representation-theoretic properties of the groups G and L (given by conditions (A)
and (B)).

Proof of Lemma 5.19.(1). Suppose that condition (Ã) or (Ã′) holds for the quadruple
(gC, lC, hC, lC ∩ kC). Let τ ∈ Disc(LK/LH) and let ϑ be a Z(lC)-finite l-submodule of
C∞(Y,Vτ ). By Schur’s lemma, Z(lC ∩ kC) acts on the irreducible representation τ of
lC ∩ kC as scalars, hence also on iτ (ϑ) via dr. Therefore, the annihilator of iτ (ϑ) has
finite codimension in the C-algebra R generated by d`(Z(lC)) and dr(Z(lC ∩ kC)). If
condition (Ã) holds, then the C-algebra R contains DG(X), and so the annihilator of
iτ (ϑ) has finite codimension in the subalgebra d`(Z(gC)) ⊂ DG(X). If condition (Ã′)
holds, then we can write DL(X) =

∑k
j=1Ruj for some u1, . . . , uk ∈ DL(X), and so

we can inflate iτ (ϑ) to

iτ (ϑ)∼ := DLC(XC) iτ (ϑ) =

k∑
j=1

uj iτ (ϑ),

which is an l-module as well as a DLC(XC)-module. Since the annihilator of iτ (ϑ)∼ has
finite codimension in R, so does it as a DLC(XC)-module. Therefore the annihilator
of iτ (ϑ)∼ has finite codimension in the subalgebra d`(Z(gC)). Thus condition (A)
holds for the quadruple (G,L,H,LK). �

Proof of Lemma 5.19.(2). Suppose that condition (B̃) holds for the quadruple
(gC, lC, hC, lC ∩ kC). Let V be a Z(gC)-finite g-submodule of C∞(X) and let τ ∈
Disc(LK/LH). If XC is GC-spherical, then DG(X) is finitely generated as a
d`(Z(gC))-module (see Section 3.3). Take D1, . . . , Dk ∈ DG(X) such that DG(X) =∑k

j=1 d`(Z(gC)) ·Dj and let Ṽ :=
∑k

j=1Dj · V ⊂ C∞(X). Then Ṽ is a Z(gC)-finite
DG(X)-module; therefore, it is DG(X)-finite. Since Z(lC ∩ kC) acts on pτ (C∞(X))

via dr as scalars, the action on pτ (Ṽ ) of the C-algebra generated by DG(X) and
dr(Z(lC ∩ kC)) factors through the action of a finite-dimensional algebra, and so does
the action of Z(lC) due to condition (B̃). Thus condition (B) holds for the quadruple
(G,L,H,LK). �

The proof of Lemma 5.19.(3) is based on the following observation.
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Remark 5.21. In the general setting 2.1, let D be an element of d`(Z(lC)) or
dr(Z(lC ∩ kC)). For any τ ∈ Disc(LK/LH), the differential operator D on X in-
duces an End ((V ∨τ )LH ⊗Vτ )-valued differential operator Dτ acting on the sections of
the vector bundle (V ∨τ )LH ⊗ Vτ over Y such that

(5.9) D(iτ (ϕ)) = iτ (Dτϕ)

for any ϕ ∈ (V ∨τ )LH ⊗F(Y,Vτ ), where F = A, C∞, or D′: see Definition-Proposition
6.6. The operator Dτ is L-invariant. See Example 6.7 for the case D ∈ d`(Z(lC))
and Example 6.8 for the case D ∈ dr(Z(lC ∩ kC)).

Proof of Lemma 5.19.(3). Fix τ ∈ Disc(LK/LH) and let F = A, C∞, or D′.
Let λ ∈ HomC-alg(DG(X),C). If condition (B̃) holds for the quadruple

(gC, lC, hC, lC ∩ kC), then for any z ∈ Z(lC), we can write d`(z) =
∑

j dr(Qj)Pj
in DL(X), for some Pj ∈ DG(X) and Qj ∈ Z(lC∩ kC), 1 ≤ j ≤ m. By Schur’s lemma,
each Qj acts on pτ (F(X)) via dr as a scalar cj ∈ C (depending on τ). For any
F ∈ F(X;Mλ), we then have

d`τ (z)
(
pτ (F )) =

(∑
j

cj λ(Pj)
)
pτ (F ).

This proves the existence of a map ν(·, τ) as in condition (Tf) for the quadruple
(G,L,H,LK).

Conversely, let ν ∈ HomC-alg(Z(lC),C). Any z ∈ Z(lC) acts as the scalar ν(z) on
F(Y,Vτ ;Nν) via the operator d`τ , hence also on iτ ((V ∨τ )LH ⊗F(Y,Vτ ;Nν)) by (5.9).
On the other hand, any z′ ∈ Z(lC∩ kC) acts as a scalar on iτ ((V ∨τ )LH ⊗F(Y,Vτ ;Nν))

via dr by Remark 5.21. Thus, if condition (Ã) holds for the quadruple (gC, lC, hC, lC∩
kC), then any element of DG(X) acts as a scalar on iτ ((V ∨τ )LH ⊗ F(Y,Vτ ;Nν)). By
construction, the scalar depends only on ν modulo Ker(d`τ ), proving the existence
of a map λ(·, τ) as in condition (Tf) for the quadruple (G,L,H,LK). �

Proof of Lemma 5.19.(4). The compact real form of the complexification of the triple
(G,L,H) is given by

(GU , LU , HU ) =
(
SO(8)× SO(8),Spin(8),SO(7)× SO(7)

)
,

and there is a unique maximal connected proper subgroup of LU containing LH =
LU ∩ HU , namely LK ' Spin(7). This means that the LU -equivariant fiber bundle
GU/HU → LU/LH and the L-equivariant fiber bundle G/H → L/LH have the same
fiber F = LK/LH . Then Lemma 5.19.(4) follows from [KK3, Prop. 4.8 & Th. 4.9] in
the compact case via holomorphic continuation. �

Proof of Proposition 5.10. By Facts 5.15 and 5.18, conditions (Ã) or (Ã′) and (B̃)
hold for the quadruple (gC, lC, hC, lC ∩ kC) when XC = GC/HC is LC-spherical and
G simple. Therefore condition (A) (resp. (B), resp. (Tf)) holds for the quadruple
(G,L,H,LK) by Lemma 5.19.(1) (resp. (2), resp. (3)–(4)). �

Proof of Proposition 5.11. By Lemma 5.17, conditions (Ã) and (B̃) hold for the quadru-
ple (gC, lC, hC, lC ∩ kC) in the group manifold setting of Proposition 5.11. Moreover,
XC = GC/HC is GC-spherical for (GC, HC) = (8GC×8GC,Diag(8GC)). Therefore con-
dition (A), (B), and (Tf) hold for the quadruple (G,L,H,LK) by Lemma 5.19. �

5.7. Explicit transfer maps. When XC = GC/HC is LC-spherical and G simple,
the maps ν and λ of condition (Tf) can be given explicitly. Let tC be a Cartan
subalgebra of lC, andW (lC) the Weyl group of the root system ∆(lC, tC). Let jC ⊂ gC
andW = W (gC, jC) be as in Section 3.3. The notation (G,H,L, jC,W, tC,W (lC)) here
corresponds to the notation (G̃, H̃, G, ãC, W̃ , jC,W (gC)) in [KK3, Th. 4.9].



SPECTRAL ANALYSIS ON STANDARD LOCALLY HOMOGENEOUS SPACES 32

Proposition 5.22. In the general setting 2.1, suppose that XC = GC/HC is LC-
spherical and G simple. For any τ ∈ Disc(LK/LH), there is an affine map
Sτ : j∗C → t∗C such that the diagram

j∗C

��

Sτ // t∗C

��

j∗C/W t∗C/W (lC)

HomC-alg(DG(X),C)

Ψ∗ ∼

OO

ν(·,τ) //___ HomC-alg(Z(lC),C)

Φ∗
∼

OO

induces a map

ν(·, τ) : HomC-alg(DG(X),C) −→ HomC-alg(Z(lC),C).

Moreover, there is a unique map

λ(·, τ) : HomC-alg(Z(lC)/Ker(d`τ ),C) −→ HomC-alg(DG(X),C)

such that ν(λ(ν, τ)) = ν for all ν ∈ HomC-alg(Z(lC)/Ker(d`τ ),C).

In [KK3, Th. 4.9 & Prop. 4.13] we proved the proposition when G is compact, with
an explicit expression of the affine map Sτ in terms of the highest weight of τ . We
now briefly explain how to reduce to this case.

Proof of Proposition 5.22. Without loss of generality, we may and do assume that the
subgroups H and L are preserved by a Cartan involution θ of G. Let GC ⊃ HC, LC
be connected complex Lie groups containing G ⊃ H,L as real forms. We can find
a compact real form GU of GC such that HU := GU ∩ HC and LU := GU ∩ LC
are maximal compact subgroups of HC and LC, respectively. We set XC := GC/HC
and YC := LC/(LC ∩KC), as well as XU := GU/HU and YU := LU/LK . Since LU
acts transitively on XU and LU ∩ HU = LH , we have an LU -equivariant fibration
LK/LH → XU → YU , which may be thought of as a compact real form of the LC-
equivariant fibration (LC∩KC)/(LC∩HC)→ XC → YC which is the complexification
of the L-equivariant fibration LK/LH → X → Y . We note that the fiber LK/LH
is common to these two real fibrations. Via the holomorphic extension of invariant
differential operators, we have natural C-algebra isomorphisms DG(X) ' DGC(XC) '
DGU (XU ) and DL(Y,Vτ ) ' DLC(YC,VCτ ) ' DLU (YU ,Vτ,U ) for all τ ∈ Disc(LK/LH),
where Vτ,U := LU ×LK τ is an LU -equivariant vector bundle over YU associated to τ ,
and VCτ := LC ×LC∩KC τ

C is an LC-equivariant holomorphic vector bundle over YC
associated to a holomorphic extension τC of τ by the Weyl unitary trick as in [KK3,
Lem. 5.4]. Thus the proposition for G follows from the proposition for GU , which is
established in [KK3, Th. 4.9]. �

In this setting, explicit formulas for ν(λ, τ) in each case of Table 1.1 are given in
[KK3, § 6–7]: see for instance Example 2.6 for the case G/H = SO(4n, 2)0/U(2n, 1).

Part 2. Proof of the theorems of Section 1

In this Part 2, we provide proofs of the theorems of Sections 1 and 2.3.
We start, in Section 6, by establishing the essential self-adjointness of the pseudo-

Riemannian Laplacian �XΓ
(Theorems 1.8 and 1.12.(2)). For this we reduce to the

Riemannian case using the relation (5.3) between the pseudo-Riemannian Laplacian
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�X and the Casimir element CL; this relation is part of the underlying structure of
the existence of transfer maps, as mentioned just after Lemma 5.19.

In Section 7, using the transfer maps ν and λ of Section 5, we complete the proofs
of Theorems 2.3 and 2.4, hence of Theorems 1.7 and 1.12.(1), as well as the proof of
Theorem 1.9.

In Section 8 we derive two consequences of conditions (A) and (B) of Section 5.4;
in particular, we prove (Theorem 8.3) that any infinite-dimensional representation
of G realized in D′(X) decomposes discretely as a representation of the subgroup L
under condition (B).

In Section 9 we show (Theorem 9.2) that the discrete spectrum of type I and type II
from Section 4 is compatible for the pseudo-Riemannian locally homogeneous space
XΓ and for the vector bundle Vτ over the Riemannian locally symmetric space YΓ,
as a counterpart of discrete decomposability results (Theorem 8.3) for the restriction
of representations of G to its subgroup L, which contains the discrete group Γ.

In Section 10 we complete the proof of Theorem 1.10, which states the existence of
an infinite discrete spectrum of type II when Γ is cocompact or arithmetic in L: this
is deduced from Theorem 9.2 and from the classical Riemannian case (Fact 10.1).

6. Essential self-adjointness of the Laplacian

In this section we address Questions 1.1 by establishing the following.

Proposition 6.1. In the general setting 2.1, consider a G-invariant pseudo-Rieman-
nian structure on X (see Lemma 3.4) and let �X be the corresponding Laplacian.
Choose any Ad(L)-invariant, nondegenerate, symmetric bilinear form on l and let
CL ∈ Z(l) be the corresponding Casimir element. If (5.3) holds for some nonzero
a ∈ R, then for any torsion-free discrete subgroup Γ of L,

(1) the closure of the pseudo-Riemannian Laplacian �XΓ
defined on C∞c (XΓ) in

the graph norm gives a self-adjoint operator on L2(XΓ),
(2) for any λ ∈ Specd(XΓ), the space L2(XΓ;Mλ) contains real analytic functions

as a dense subset,
(3) the pseudo-Riemannian Laplacian �XΓ

on XΓ has infinitely many L2-eigenva-
lues as soon as the Riemannian Laplacian ∆YΓ

on YΓ has (e.g. if Γ is a uni-
form or arithmetic lattice in L), and �XΓ

has absolutely continuous spectrum
as soon as ∆YΓ

has.

As mentioned above, the idea is to use the relation (5.3) to derive Proposition 6.1
from the corresponding results for the Riemannian Laplacian on YΓ.

6.1. Proof of Theorems 1.8 and 1.12.(2). Postponing the proof of Proposition 6.1
till Section 6.3, we now prove the self-adjointness of the pseudo-Riemannian Lapla-
cian �XΓ

in the setting 1.5 (Theorem 1.8) and in the group manifold case (Theo-
rem 1.12.(2)).

Proof of Theorem 1.8 assuming Proposition 6.1. In the setting 1.5, the group L acts
transitively on X, and by Proposition 5.3 there exists a nonzero a ∈ R such that (5.3)
holds. Thus the Laplacian �XΓ

is essentially self-adjoint by Proposition 6.1.(1). �

Proof of Theorem 1.12.(2) assuming Proposition 6.1. By Remark 5.6, there exists a
nonzero a ∈ R such that (5.3) holds, and so �XΓ

is essentially self-adjoint by Propo-
sition 6.1.(1). �

Remark 6.2. If rankX = 1 (as in examples (i), (i)′, (iii), (v), (v)′, (vi), (vii), (ix)
of Table 1.1), then the C-algebra DG(X) is generated by the Laplacian �X , and so
for any discrete subgroup Γ of G acting properly discontinuously and freely on X,
we may identify Specd(XΓ) with the discrete spectrum of the Laplacian �XΓ

. In this
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case, based on the relation (5.3) (which holds for some nonzero a by Proposition 5.3),
one can use the same approach as in the proof of Proposition 6.1.(2)–(3) to obtain
the abundance of real analytic joint eigenfunctions (Theorem 2.3) and the existence
of an infinite discrete spectrum of type II under certain assumptions (Theorem 1.10).
To prove these results in the general case, allowing for rankX > 1, we shall use
conditions (Tf) and (B) of Section 5.4: see Sections 7.2 and 10.

6.2. A decomposition of L2(XΓ) using discrete series for the fiber F . In
preparation for the proof of Proposition 6.1, we introduce a useful decomposition
of L2(XΓ).

We work again in the general setting 2.1. Recall from (5.6) that the L-equivariant
fibration q : X = G/H ' L/LH → L/LK = Y induces a fibration of the quotient
XΓ over the Riemannian locally symmetric space YΓ = Γ\L/LK with compact fiber
F = LK/LH .

By the Frobenius reciprocity theorem, for any irreducible representation (τ, Vτ ) of
the compact group LK , the space (Vτ )LH of LH -fixed vectors in VH is nonzero if and
only if τ belongs to Disc(LK/LH); in this case we consider the (finite-dimensional)
unitary representation (V ∨τ )LH⊗Vτ of LK (a multiple of Vτ ). There is a unitary equiv-
alence of LK-modules (isotypic decomposition of the regular representation of LK):

(6.1) L2(LK/LH) '
∑⊕

τ∈Disc(LK/LH)

(V ∨τ )LH ⊗ Vτ

(Hilbert direct sum). We shall use this decomposition to compare spectral analysis
on the pseudo-Riemannian locally homogeneous space XΓ and on the Riemannian
locally symmetric space YΓ.

For F = A, C∞, L2, or D′, and for τ ∈ Disc(LK/LH), we denote by F(YΓ,Vτ ) the
space of analytic, smooth, square-integrable, or distribution sections of the Hermitian
vector bundle

Vτ := Γ\L×LK Vτ −→ YΓ,

respectively. Recall the continuous linear maps{
iτ,Γ : (V ∨τ )LH ⊗F(YΓ,Vτ ) ↪−→ F(XΓ),
pτ,Γ : F(XΓ) −� (V ∨τ )LH ⊗F(YΓ,Vτ )

from (2.3) and (5.7), respectively, for F = A, C∞, L2, or D′.
For F = L2, the maps iτ,Γ : (V ∨τ )LH ⊗ L2(YΓ,Vτ )→ L2(XΓ) are isometric embed-

dings, whose images are orthogonal to each other for varying τ ∈ Disc(LK/LH), and
they induce a unitary operator

(6.2) iΓ :
∑⊕

τ∈Disc(LK/LH)

(V ∨τ )LH ⊗ L2(YΓ,Vτ )
∼−→ L2(XΓ).

We endow Γ\L with an L-invariant Radon measure such that the pull-back of the
submersion Γ\L→ XΓ ' Γ\L/LK induces an isometry between Hilbert spaces

(6.3) L2(XΓ)
∼−→ L2(Γ\L)LH .

For τ ∈ Disc(LK/LH), the map iτ,Γ ◦ pτ,Γ : L2(XΓ) → L2(XΓ) is the orthogonal
projection onto iτ,Γ((V ∨τ )LH ⊗ L2(YΓ,Vτ )). If χτ : LK → C∗ denotes the character
of τ , then iτ,Γ ◦ pτ,Γ is induced by the integral operator

L2(Γ\L) −→ L2(Γ\L)(6.4)

f 7−→ (dim τ)

∫
LK

χτ (k) f(· k) dk,
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which leaves the subspace L2(Γ\L)LH ' L2(XΓ) invariant. By construction, pτ,Γ is
the adjoint of iτ,Γ: for any f ∈ L2(XΓ) and ϕ ∈ (V ∨τ )LH ⊗ L2(YΓ,Vτ ),

(6.5) (pτ,Γ(f), ϕ)L2(YΓ,Vτ ) = (f, iτ,Γ(ϕ))L2(XΓ).

In general, the following holds.

Lemma 6.3. In the general setting 2.1, let Γ be a torsion-free discrete subgroup of L.
Let F = A, C∞, L2, or D′.

(1) For any τ ∈ Disc(LK/LH), we have pτ,Γ ◦ iτ,Γ = id on F(YΓ,Vτ ).
(2) The maps iτ,Γ induce an injective linear map

iΓ :=
⊕
τ

iτ,Γ :
⊕

τ∈Disc(LK/LH)

(V ∨τ )LH ⊗F(YΓ,Vτ ) ↪−→ F(XΓ),

which is continuous with dense image. More precisely, any f ∈ F(XΓ) can be
approximated by finite sums of the form

∑
τ iτ,Γ ◦ pτ,Γ(f).

Proof. (1) This follows from the Schur orthogonality relation for the compact group LK .
(2) By the Peter–Weyl theorem for the compact group LK , the matrix coefficients

for Vτ , as τ ranges through L̂K , span a dense subspace of F(LK). Therefore, by
taking right-LH -invariant vectors, we see that the algebraic direct sum⊕

τ∈Disc(LK/LH)

(V ∨τ )LH ⊗ Vτ

is contained in A(LK/LH) ' A(LK)LH and dense in F(LK/LH) ' F(LK)LH . Ex-
plicitly, for any τ ∈ Disc(LK/LH), we define two continuous linear maps{

i0τ : (V ∨τ )LH ⊗ Vτ ↪−→ F(LK/LH),
p0
τ : F(LK/LH) −� (V ∨τ )LH ⊗ Vτ

as follows: i0τ sends any v′ ⊗ v ∈ (V ∨τ )LH ⊗ Vτ to(
k 7−→ 〈v′, τ(k−1)v〉

)
∈ F(LK/LH),

and p0
τ sends any ψ ∈ F(LK/LH) to(

v 7−→ (dim τ)

∫
LK

ψ(k−1) τ(k)v dk

)
∈ End(Vτ ) ' V ∨τ ⊗ Vτ .

Then i0τ takes values in A(LK/LH). The composition p0
τ ◦ i0τ is the identity on

(V ∨τ )LH ⊗ Vτ , and any ψ ∈ F(LK/LH) can be approximated by finite sums of the
form

∑
τ i

0
τ ◦ p0

τ (ψ) for F = A, C∞, L2, or D′.
The maps{

id⊗ i0τ : F(Γ\L)⊗ (V ∨τ )LH ⊗ Vτ −→ F
(
Γ\L)⊗F(LK/LH),

id⊗ p0
τ : F

(
Γ\L)⊗F(LK/LH) −→ F(Γ\L)⊗ (V ∨τ )LH ⊗ Vτ

induce maps{
id⊗ i0τ : (V ∨τ )LH ⊗F(Γ\L, Vτ ) −→ F

(
Γ\L,F(LK/LH)

)
,

id⊗ p0
τ : F

(
Γ\L,F(LK/LH)

)
−→ (V ∨τ )LH ⊗F(Γ\L, Vτ ),

for which we use the same notation. For a direct product of two real analytic manifolds
M and N with Radon measures, there is a natural isomorphism

F(M,F(N)) ' F(M ×N),

where D′(M,D′(N)) is defined to be the dual space of C∞c (M,C∞c (N)). In particular,
if a compact Lie group LK acts on M and N , and if one of the actions is free, then
we obtain a natural isomorphism F(M,F(N))LK ' F(M ×LK N). Applying this
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observation to M = Γ\L and N = LK/LH , we see that the following diagram
commutes in restriction to the iτ arrows or to the pτ arrows:

F(XΓ) ' F
(
Γ\L,F(LK/LH)

)LK
pτ,Γ
����

⊂ F
(
Γ\L,F(LK/LH)

)
id⊗p0

τ

��

(V ∨τ )LH ⊗F(YΓ,Vτ ) ' (V ∨τ )LH ⊗F
(
Γ\L, Vτ

)LK?�
iτ,Γ

OO

⊂ (V ∨τ )LH ⊗F
(
Γ\L, Vτ

)id⊗i0τ

OO

Since any ψ ∈ F(LK/LH) can be approximated by finite sums of the form
∑

τ i
0
τ ◦

p0
τ (ψ), we obtain that any f ∈ F(XΓ) can be approximated by finite sums of the form∑
τ iτ,Γ ◦pτ,Γ(f). In particular, the map iΓ =

⊕
τ iτ,Γ has dense image in F(XΓ). �

Remark 6.4. The pairs of maps (iτ,Γ,pτ,Γ) and (i0τ ,p
0
τ ) from the proof of Lemma 6.3

are part of a more general construction. Namely, let Q be a manifold endowed with
a free action of a compact group LK . For any closed subgroup LH of LK , we have a
fibration Q/LH → Q/LK with compact fiber LK/LH , and for any τ ∈ Disc(LK/LH)
and F = A, C∞, or D′ we obtain natural continuous linear maps{

iQτ : (V ∨τ )LH ⊗F(Q/LK ,Vτ ) −→ F(Q/LH),

pQτ : F(Q/LH) −→ (V ∨τ )LH ⊗F(Q/LK ,Vτ ),

with iQτ injective and pQτ surjective. The maps (iτ,Γ,pτ,Γ) and (i0τ ,p
0
τ ) correspond to

Q = Γ\L and Q = LK , respectively.

Recall that by Schur’s lemma, the center Z(lC ∩ kC) acts on the representation
space of any irreducible representation τ of LK as scalars, yielding a C-algebra ho-
momorphism Ψτ : Z(lC ∩ kC)→ C.

Lemma 6.5. In the general setting 2.1, let Γ be a torsion-free discrete subgroup
of L. Let F = A, C∞, L2, or D′. For any τ ∈ Disc(LK/LH), the image of iτ,Γ is
characterized by a system of differential equations as follows:

Image (iτ,Γ) =
{
f ∈ F(XΓ) : dr(z)f = Ψτ∨(z)f for all z ∈ Z(lC ∩ kC)

}
.

Proof. Let z ∈ Z(lC∩kC). Then dr(z) acts on the subspace (V ∨τ )LH⊗Vτ ofA(LK/LH),
see (6.1), by the scalar Ψτ∨(z), hence the inclusion ⊂ holds.

To prove the opposite inclusion, we observe that LK is connected. Therefore
τ ∈ L̂K is uniquely determined by its infinitesimal character Ψτ . Then the inclusion
⊃ follows from Lemma 6.3.(2). �

We now consider the following condition for a differential operator D on X:

(6.6) D ◦ dr(z) = dr(z) ◦D for all z ∈ Z(lC ∩ kC).

Definition-Proposition 6.6 (Operators Dτ and Dτ
Γ). In the general setting 2.1, let

τ ∈ Disc(LK/LH).
(1) Any differential operator D on X satisfying (6.6) induces a matrix-valued

differential operator Dτ acting on (V ∨τ )LH ⊗C∞(Y,Vτ ) such that D(iτ (ϕ)) =
iτ (Dτϕ) for all ϕ ∈ (V ∨τ )LH ⊗ C∞(Y,Vτ ), as in (5.9).

(2) If D is L-invariant, then Dτ induces a differential operator Dτ
Γ acting on

(V ∨τ )LH ⊗ C∞(YΓ,Vτ ) for any torsion-free subgroup Γ of L.
(3) If XC is LC-spherical, then any D ∈ DL(X) satisfies (6.6) and we obtain a

C-algebra homomorphism

DL(X) −→ DL(YΓ,Vτ ).

D 7−→ Dτ
Γ
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Proof. (1) By (6.6), the differential operator D preserves the image of iτ , which is de-
scribed in Lemma 6.5. Therefore D induces an endomorphism Dτ of
(V ∨τ )LH ⊗C∞(Y,Vτ ), because iτ is injective. Since Dτ does not increase the support,
it is a differential operator.

(2) Clear as in (1.3).
(3) If XC is LC-spherical, then the C-algebra DL(X) is commutative (Fact 3.3),

hence (6.6) holds for any D ∈ DL(X). Moreover, in that setting (V ∨τ )LH is one-
dimensional (see Section 2.2), hence (3) follows from (2). �

Example 6.7. If D = d`(z) for z ∈ Z(lC), then Dτ is a differential operator of the
form Dτ = id ⊗ d`τ (z) where d`τ : Z(lC) → DL(F(Y,Vτ )) is a homomorphism as in
Section 2.2.

Example 6.8. If D = dr(z) for z ∈ Z(lC ∩ kC), then the differential operator Dτ
Γ

acts on iτ,Γ((V ∨τ )LH ⊗ L2(YΓ,Vτ )) as the scalar Ψτ∨(z), which is independent of Γ.
Indeed, by Schur’s lemma, D acts on Vτ (seen as a subspace of A(LK/LH) by (6.1))
as the scalar Ψτ∨(z), and Dτ

Γ acts on iτ,Γ((V ∨τ )LH ⊗ L2(YΓ,Vτ )) by the same scalar.

6.3. Proof of Proposition 6.1. Suppose that (5.3) holds for some nonzero a ∈ R,
i.e. there exists z ∈ Z(lC ∩ kC) such that �X = a d`(CL) + dr(z).

Let Γ be a torsion-free discrete subgroup of L. For any τ ∈ Disc(LK/LH), the
image d`(CL) of the Casimir element CL ∈ Z(lC) induces an elliptic differential
operator d`(CL)τΓ on C∞(YΓ,Vτ ), and also on (V ∨τ )LH⊗C∞(YΓ,Vτ ) (see Section 6.2).
When τ is the trivial one-dimensional representation of LK , the space C∞(YΓ,Vτ )
identifies with C∞(YΓ) (Example 2.2) and d`(CL)τΓ is the usual Laplacian ∆YΓ

on the
Riemannian locally symmetric space YΓ.

We endow the principal bundle L → Y = L/LK with the canonical connection,
which induces a connection on the principal LH -bundle Γ\L→ YΓ. Then the curva-
ture tensor Ωτ on the associated bundle Vτ → YΓ is an End (Vτ )-valued 2-form on YΓ

given by
Ωτ
(
d`(g−1)u,d`(g−1)v

)
= dτ([u, v])

for u, v ∈ l ∩ p, where l = l ∩ k + l ∩ p is the Cartan decomposition of the Lie
algebra l, and d`(g−1) identifies the tangent space TΓgLKYΓ with lp for every g ∈ L.
In particular, the operator norm of the curvature tensor Ωτ is bounded on YΓ. Then
a similar argument to [Ga, Wf1] applied to Clifford bundles implies that d`(CL)τΓ on
C∞c (YΓ,Vτ ) extends uniquely to a self-adjoint operator on L2(YΓ,Vτ ) (see [R]).

On the other hand, the element z ∈ Z(lC ∩ kC) acts on (V ∨τ )LH ⊗ L2(YΓ,Vτ ) via
dr as the scalar Ψτ∨(z) (see Example 6.8), and so by (5.3) we may write

(6.7) �XΓ
◦ iτ,Γ = a d`(CL)τΓ + c(τ)

on (V ∨τ )LH ⊗ L2(YΓ,Vτ ), where c(τ) := Ψτ∨(z).
Since�XΓ

and d`(CL)τΓ are symmetric operators on L2(XΓ) and (V ∨τ )LH⊗L2(YΓ,Vτ )
respectively, and since a ∈ R, the function c : Disc(LK/LH) → C in (6.7) actu-
ally takes values in R. Therefore the Laplacian �XΓ

has a self-adjoint extension on
L2(XΓ), with domain equal to the image, under the unitary operator i of (6.2), of
the set of

∑
τ∈Disc(LK/LH) ϕτ with∑
τ

‖ϕτ‖2 < +∞ and
∑
τ

∥∥a d`(CL)τΓ ϕτ + c(τ)ϕτ
∥∥2
< +∞.

This proves Proposition 6.1.(1).
For any λ ∈ Specd(XΓ), let tλ ∈ C be the corresponding eigenvalue of �XΓ

. (See
Remark 3.6 for an explicit formula for λ 7→ tλ when X = G/H is a reductive sym-
metric space.) By (5.9), the Laplacian �XΓ

commutes with the projection operator
pτ : L2(XΓ) → (V ∨τ )LH ⊗ L2(YΓ,Vτ ) for any τ ∈ Disc(LK/LH). Therefore, by (6.7)
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we have the following direct sum decomposition of the L2-eigenspace Ker(�XΓ
− tλ)

as a Hilbert space:

Ker(�XΓ
− tλ) '

∑⊕

τ∈Disc(LK/LH)

iτ,Γ
(
aKer

(
d`(CL)τΓ − tλ + c(τ)

))
.

The right-hand side contains the algebraic sum⊕
τ∈Disc(LK/LH)

iτ,Γ
(

Ker
(
ad`(CL)τΓ − tλ + c(τ)

))
as a dense subspace. Since a 6= 0, the differential operator ad`(CL)τΓ − tλ + c(τ)
is nonzero and elliptic. By the elliptic regularity theorem, this subspace consists of
analytic functions. Therefore, L2(XΓ;Mλ) contains real analytic eigenfunctions as a
dense subset for any λ ∈ Specd(XΓ), proving Proposition 6.1.(2).

Finally, (6.7) implies that iτ,Γ(ϕτ ) is an eigenfunction of �XΓ
for any eigenfunction

ϕτ of d`(CL)τΓ. In particular, taking τ to be the trivial one-dimensional representation
of LK , for which d`(CL)τΓ is the usual Laplacian ∆YΓ

on the Riemannian locally
symmetric space YΓ, we find that �XΓ

has an infinite discrete spectrum (resp. has
continuous spectrum) as soon as ∆YΓ

does, proving Proposition 6.1.(3).

7. Transfer of Riemannian eigenfunctions and spectral decomposition

In this section, using Propositions 5.10 and 5.11, we complete the proof of Theorems
2.3 and 2.4, which describe joint eigenfunctions on the pseudo-Riemannian locally
symmetric space XΓ by means of the regular representation of the subgroup L on
C∞(Γ\L). In particular, this establishes Theorems 1.7 and 1.12.(1). We then prove
Theorem 1.9 concerning the spectral decomposition of L2-eigenfunctions on XΓ with
respect to the systems of differential equations for DG(X).

7.1. The transfer maps ν and λ in the presence of a discrete group Γ.
We work again in the general setting 2.1. Recall from (5.6) that for any torsion-
free discrete subgroup Γ of L, the quotient XΓ fibers over the Riemannian locally
symmetric space YΓ = Γ\L/LK with compact fiber F = LK/LH . Since any L-
invariant differential operator on X induces a differential operator on XΓ via the
covering map X → XΓ, and since condition (Tf) (Definition 5.7) is formulated in
terms of two algebras of L-invariant differential operators on X (namely d`(Z(lC))
and DG(X)), the following holds by definition of the transfer maps.

Remark 7.1. In the general setting 2.1, suppose condition (Tf) is satisfied for the
quadruple (G,L,H,LK), with transfer maps ν and λ. Let F = A, C∞, L2, or D′,
and let Γ be a torsion-free discrete subgroup of L. Then

(1) for any (λ, τ) ∈ HomC-alg(DG(X),C)×Disc(LK/LH),

pτ,Γ
(
F(XΓ;Mλ)

)
⊂ (V ∨τ )LH ⊗F(YΓ,Vτ ;Nν(λ,τ)) ;

(2) for any (ν, τ) ∈ HomC-alg(Z(lC)/Ker(d`τ ),C) × Disc(LK/LH) with
D′(Y,Vτ ;Nν) 6= {0},

iτ,Γ
(
(V ∨τ )LH ⊗F(YΓ,Vτ ;Nν)

)
⊂ F(XΓ;Mλ(ν,τ)).

In particular, the maps ν and λ given by condition (Tf) can be used to transfer
discrete spectrum from the Riemannian locally symmetric space YΓ to the pseudo-
Riemannian space XΓ. Indeed, taking τ to be the trivial one-dimensional repre-
sentation, there is a natural isomorphism of Hilbert spaces L2(YΓ,Vτ ) ' L2(YΓ)
(Example 2.2), and we obtain an embedding

Spec
Z(lC)
d (YΓ) ↪−→ Specd(XΓ)
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by Remarks 7.1.(2) and 5.8.(2), where Spec
Z(lC)
d (YΓ) is defined as in Notation 4.8

with g replaced by l. We shall see (Theorem 9.2.(3)) that if condition (B) holds (Def-
inition 5.9), then the image of this embedding is actually contained in Specd(XΓ)II,
which implies Theorem 1.10 (see Section 10).

7.2. Proof of Theorems 2.3–2.4 (Transfer of Riemannian eigenfunctions)
and Corollary 2.5. Theorems 2.3 and 2.4 are refinements of Theorems 1.7 and
1.12.(1). They are consequences of Propositions 5.10 and 5.11, of Lemma 6.3, of
Remark 7.1, and of the following regularity property for vector-bundle-valued eigen-
functions on the Riemannian locally symmetric space YΓ.

Lemma 7.2. Let Y = L/LK be a Riemannian symmetric space, where L is a real
reductive Lie group and LK a maximal compact subgroup. Let Γ be a torsion-free
discrete subgroup of L. For any ν ∈ HomC-alg(Z(lC),C) and τ ∈ L̂K ,

L2(YΓ,Vτ ;Nν) ⊂ D′(YΓ,Vτ ;Nν) = C∞(YΓ,Vτ ;Nν) = A(YΓ,Vτ ;Nν).

Proof. Let l = l ∩ p + l ∩ k be a Cartan decomposition corresponding to the maximal
compact subgroup LK of L. As in the proof of Lemma 3.4, we choose an Ad(L)-
invariant nondegenerate symmetric bilinear form B on l which is positive definite on
l∩p and negative definite on l∩k, and for which l∩p and l∩k are orthogonal. Let CL ∈
Z(l) be the Casimir element defined by B. Let F = C∞, L2, or D′. Then d`(CL)τΓ
is a (matrix-valued) elliptic differential operator acting on F(YΓ,Vτ ), and therefore
F(YΓ,Vτ ;Nν) is contained in A(YΓ,Vτ ), by the elliptic regularity theorem. �

Proof of Theorems 2.3 and 2.4. Condition (Tf) for the quadruple (G,L,H,LK) is
satisfied in the setting 1.5 by Proposition 5.10, and in the group manifold case by
Proposition 5.11. Thus there is a transfer map

ν : HomC-alg(DG(X),C)×Disc(LK/LH) −→ HomC-alg(Z(lC),C),

and by Remark 7.1.(1), for any torsion-free discrete subgroup Γ of L and any (λ, τ) ∈
HomC-alg(DG(X),C)×Disc(LK/LH),

pτ,Γ(F(XΓ;Mλ)) ⊂ (V ∨τ )LH ⊗F(YΓ,Vτ ;Nν(λ,τ)).

Fix λ ∈ HomC-alg(DG(X),C) and let f ∈ F(XΓ;Mλ), where F = A, C∞, L2,
or D′. By Lemma 6.3, we can approximate f , in each topology depending on F , by
a sequence of finite sums of the form

∑
τ iτ,Γ(ϕτ ) where

ϕτ = pτ,Γ(f) ∈ (V ∨τ )LH ⊗F(YΓ,Vτ ;Nν(λ,τ)).

By Lemma 7.2 we have ϕτ ∈ (V ∨τ )LH ⊗ (F ∩ A)(YΓ,Vτ ;Nν(λ,τ)) for all τ . Since
iτ,Γ(ϕτ ) ∈ (F ∩A)(XΓ;Mλ) by Remark 7.1.(2), we obtain Theorem 2.3. �

Proof of Corollary 2.5. Given τ ∈ Disc(LK/LH), the spaces L2
d(YΓ,Vτ ;Nν), for vary-

ing ν ∈ SuppZ(lC)(L̂(τ)), are orthogonal to each other. The maps

iτ,Γ : (V ∨τ )LH ⊗ L2(YΓ,Vτ )→ L2(XΓ),

for τ ∈ Disc(LK/LH), combine into a unitary operator iΓ as in (6.2). In particular,
the spaces iτ,Γ((V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν)), for varying τ ∈ Disc(LK/LH) and ν ∈
SuppZ(lC)(L̂(τ)), are orthogonal to each other. We conclude using Theorem 2.3, which
states that for any λ ∈ HomC-alg(DG(X),C) the algebraic direct sum⊕

τ∈Disc(LK/LH) iτ,Γ((V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν(λ,τ))) is dense in the Hilbert space
L2(XΓ;Mλ). �
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Remark 7.3. The proofs show that Theorem 2.3 and Corollary 2.5 hold without
assuming that XC is LC-spherical: it is sufficient to assume, in the general setting 2.1,
that condition (Tf) is satisfied for the quadruple (G,L,H,LK), with transfer maps
ν and λ.

7.3. Proof of Theorem 1.9 (Spectral decomposition). Proposition 5.10 and
Remark 7.1 imply that in the setting 1.5, any spectral information on the vector
bundles Vτ over the Riemannian locally symmetric space YΓ transfers to spectral
information on the pseudo-Riemannian locally symmetric space XΓ, and vice versa,
leading to Theorem 1.9 on the spectral decomposition of smooth functions on XΓ by
joint eigenfunctions of DG(X).

Proof of Theorem 1.9. Since the reductive Lie group L is of type I in the sense of von
Neumann algebras [Ha], the Mautner theorem [Ma] states that the right regular rep-
resentation of L on L2(Γ\L) decomposes uniquely into a direct integral of irreducible
unitary representations:

(7.1) L2(Γ\L) '
∫
L̂
Hϑ dm(ϑ),

where dm is a Borel measure on the unitary dual L̂ of L with respect to the Fell
topology and Hϑ is a (possibly infinite) multiple of the irreducible unitary repre-
sentation ϑ depending measurably on ϑ ∈ L̂. We note that the Fréchet space H∞ϑ
of smooth vectors is realized in C∞(Γ\L) by a Sobolev-type theorem. There is a
measurable family of continuous maps

Tϑ : L2(Γ\L)∞ −→ H∞ϑ ⊂ C∞(Γ\L),

for ϑ ∈ L̂, such that for any f ∈ L2(Γ\L)∞ we can write f =
∫
L̂
Tϑf dm(ϑ) with

‖f‖2L2(Γ\L) =

∫
L̂
‖Tϑf‖2L2(Γ\L) dm(ϑ).

Let (L̂)LH be the subset of L̂ consisting of (equivalence classes of) irreducible unitary
representations of L with nonzero LH -fixed vectors, where LH = L ∩ H. Via the
identification L2(XΓ) ' L2(Γ\L)LH of (6.3), we can view any f ∈ C∞c (XΓ) as an
LH -fixed element of L2(Γ\L)∞ and write

(7.2) f =

∫
(L̂)LH

Tϑf dm(ϑ) with ‖f‖2L2(XΓ) =

∫
(L̂)LH

‖Tϑf‖2L2(XΓ) dm(ϑ).

Let K be a maximal compact subgroup of G such that LK := L ∩K is a maximal
compact subgroup of L containing LH . Using (7.2) and Lemma 6.3, we obtain, for
any f ∈ C∞c (XΓ), the decomposition

f =
∑

τ∈Disc(LK/LH)

iτ,Γ ◦ pτ,Γ(f)

=
∑

τ∈Disc(LK/LH)

iτ,Γ ◦ pτ,Γ

(∫
(L̂)LH

Tϑf dm(ϑ)

)

=
∑

τ∈Disc(LK/LH)

∫
(L̂)LH

iτ,Γ ◦ pτ,Γ(Tϑf) dm(ϑ).(7.3)

By Proposition 5.10, condition (Tf) holds for the quadruple (gC, lC, hC, lC ∩ kC),
with transfer maps ν and λ. Consider the map

Λ : (L̂)LH ×Disc(LK/LH) −→ HomC-alg(DG(X),C)
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given by Λ(ϑ, τ) = λ(χϑ, τ), where χϑ is the infinitesimal character of ϑ, which we
see as an element of HomC-alg(Z(lC)/Ker(d`),C). Since there are at most finitely
many elements ϑ of (L̂)LH with the same infinitesimal character, Λ−1(λ) is at most
countable for every λ. By Remark 7.1, for any f ∈C∞c (XΓ) and any (τ, ϑ) ∈ (L̂)LH×
Disc(LK/LH) we have iτ,Γ ◦ pτ,Γ(Tϑf) ∈ C∞(XΓ;MΛ(ϑ,τ)). We set

(7.4) Fλf :=
∑

(ϑ,τ)∈Λ−1(λ)

iτ,Γ ◦ pτ,Γ(Tϑf) ∈ C∞(XΓ;MΛ(ϑ,τ)).

We define a measure dµ on HomC-alg(DG(X),C) as the pushforward by Λ of the
direct product of the measures on Disc(LK/LH) and (L̂)LH . Then (7.3) yields that
any f ∈ C∞c (XΓ) is expanded into joint eigenfunctions of DG(X) as

f =

∫
HomC-alg(DG(X),C)

∑
(ϑ,τ)∈Λ−1(λ)

iτ,Γ ◦ pτ,Γ(Tϑf) dµ(λ)

=

∫
HomC-alg(DG(X),C)

Fλf dµ(λ).

Using the definition (7.4) of Fλf and the fact that the images of the maps iτ are
orthogonal to each other for varying τ ∈ Disc(LK/LH) (see Section 6.2), we have∫

HomC-alg(DG(X),C)
‖Fλf‖2L2(XΓ) dµ(λ)

=

∫
HomC-alg(DG(X),C)

∥∥∥∥∥ ∑
(ϑ,τ)∈Λ−1(λ)

iτ,Γ ◦ pτ,Γ(Tϑf)

∥∥∥∥∥
2

L2(XΓ)

dµ(λ)

=

∫
HomC-alg(DG(X),C)

∑
(ϑ,τ)∈Λ−1(λ)

∥∥iτ,Γ ◦ pτ,Γ(Tϑf)
∥∥2

L2(XΓ)
dµ(λ),

which is equal to ∫
(L̂)LH

∑
τ∈Disc(LK/LH)

∥∥iτ,Γ ◦ pτ,Γ(Tϑf)
∥∥2

L2(XΓ)
dm(ϑ)

=

∫
(L̂)LH

‖Tϑf‖2L2(XΓ) dm(ϑ)

by the definition of the measure dµ and by (6.2). Thus (7.2) implies

‖f‖2L2(XΓ) =

∫
HomC-alg(DG(X),C)

‖Fλf‖2L2(XΓ) dµ(λ).

If XΓ is compact, then the integral (7.1) is a Hilbert direct sum by a result of
Gelfand–Piatetski-Schapiro (see e.g. [Wr, Ch. IV, § 3.1]), and accordingly the inversion
formula in (7.2) is a discrete sum. Therefore the measure dµ is supported on a
countable subset of HomC-alg(DG(X),C). �

8. Consequences of conditions (A) and (B) on representations of G
and L

In this section we analyze infinite-dimensional representations realized on function
spaces on a reductive homogeneous space X = G/H on which a proper subgroup
L of G acts spherically. The results do not involve any discrete group Γ. Under
conditions (A) and (B) of Section 5.4, we establish some relations between infinite-
dimensional representations of G and of L (Proposition 8.1 and Theorem 8.3). We
shall use these results in Section 9 to prove Theorem 9.2, a key tool from which we
shall derive Theorems 1.10 and 1.12.(3) in Section 10, and Theorem 2.7 in Section 12.
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8.1. A consequence of condition (A) in a real spherical setting. Condition (A)
(see Definition 5.9) controls the smallest G-module containing a given irreducible
module of the subgroup L. In this section we show that (Harish-Chandra’s) discrete
series representations of the subgroup L generate a G-module of finite length, which
is actually a direct sum of discrete series representations for G/H.

We work again in the general setting 2.1. Let τ ∈ L̂K . Since LK is compact,
any irreducible unitary representation ϑ of L that occurs in the regular representa-
tion on L2(Y,Vτ ) is a Harish-Chandra discrete series representation. By Frobenius
reciprocity, [ϑ|LK : τ ] 6= 0, and there are at most finitely many discrete series rep-
resentations ϑ of L with [ϑ|LK : τ ] 6= 0 by the classification of Harish-Chandra’s
discrete series representations in terms of minimal K-type (the Blattner parameter).
We denote by L2

d(Y,Vτ ) the sum of irreducible unitary representations of L occurring
in L2(Y,Vτ ). Then we have a unitary isomorphism

L2
d(Y,Vτ ) '

⊕
ϑ∈Disc(L)

[ϑ : τ ]ϑ (finite sum).

Note that L2
d(Y,Vτ ) = {0} if τ is the trivial one-dimensional representation.

Proposition 8.1. In the general setting 2.1, suppose that X = G/H is G-real
spherical and that condition (A) holds for the quadruple (G,L,H,LK). For any
τ ∈ Disc(LK/LH), there exist at most finitely many discrete series representations
πj for G/H such that {

(V ∨τ )LH ⊗ L2
d(Y,Vτ ) ⊂ pτ

(⊕
j πj
)
,

iτ ((V ∨τ )LH ⊗ L2
d(Y,Vτ )) ⊂

⊕
j πj .

(By a little abuse of notation, we also write πj for the vector space on which it is
realized.)

Proof. Let τ ∈ Disc(LK/LH). We write ϑ for the unitary representation of L on
the Hilbert space (V ∨τ )LH ⊗ L2

d(Y,Vτ ). Since Y = L/LK is a Riemannian symmetric
space, ϑ is the direct sum of at most finitely many (possibly zero) irreducible unitary
representations of L. The underlying (l, LK)-module ϑLK is Z(lC)-finite by Schur’s
lemma, and so iτ (ϑLK ) is Z(gC)-finite by condition (A). Since the actions of G and
Z(gC) commute, the G-span of iτ (ϑLK ) in (L2 ∩ C∞)(X) is Z(gC)-finite. Let V be
the closure in L2(X) of this G-span. The group G acts as a unitary representation on
the Hilbert space V . Since V is still Z(gC)-finite in the distribution sense, so is the
underlying (g,K)-module VK in the usual sense. Since X is G-real spherical, VK is
of finite length as a (g,K)-module by Lemma 3.9.(2). Therefore, V is a direct sum of
at most finitely many irreducible unitary representations πj of G, which are discrete
series representations for G/H by definition. Taking the completion in L2(X), we
obtain iτ (ϑ) ⊂

⊕
j πj . Then we also have ϑ ⊂ pτ (

⊕
j πj) because pτ ◦ iτ is the

identity on (V ∨τ )LH ⊗ L2(Y,Vτ ). �

8.2. A consequence of condition (B). Condition (B) (see Definition 5.9) controls
the restriction of representations of G to a subgroup L of G. We now formulate this
property in terms of the notion of discrete decomposability.

Recall that any unitary representation of a Lie group can be decomposed into irre-
ductible unitary representations by means of a direct integral of Hilbert spaces, and
this decomposition is unique up to equivalence if the group is reductive. However,
in contrast to the case of compact groups, the decomposition may involve continu-
ous spectrum. For instance, the Plancherel formula for a real reductive Lie group G
(i.e. the irreducible decomposition of the regular representation of G on L2(G)) al-
ways contains continuous spectrum if G is noncompact. Discrete decomposability is
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a “compact-like property” for unitary representations: we recall the following termi-
nology for unitary representations and its algebraic analogue for (g,K)-modules.

Definition 8.2. Let G be a real reductive Lie group.
A unitary representation of G is discretely decomposable if it is isomorphic to a

Hilbert direct sum of irreducible unitary representations of G.
A (g,K)-module V is discretely decomposable if there exists an increasing filtration

{Vn}n∈N such that V =
⋃
n∈N Vn and each Vn is a (g,K)-module of finite length.

Here we consider the question whether or not a representation π of G is discretely
decomposable when restricted to a reductive subgroup L. When V is the underlying
(g,K)-module πK of a unitary representation π of G of finite length, the fact that
V is discretely decomposable as an (l, LK)-module is equivalent to the fact that it
is isomorphic to an algebraic direct sum of irreducible (l, LK)-modules (see [Ko5,
Lem. 1.3]). In this case the restriction of the unitary representation is discretely
decomposable, i.e. π decomposes into a Hilbert direct sum of irreducible unitary
representations of the subgroup L [Ko6, Th. 2.7].

The definition of discrete decomposability for an (l, LK)-module V makes sense
even when V is not unitarizable. In the following theorem, we do not assume V to
come from a unitary representation of G.

Theorem 8.3. In the general setting 2.1, suppose that condition (B) holds for the
quadruple (G,L,H,LK). Then

(1) any irreducible (g,K)-module πK occurring as a subquotient of the space
D′(X) of distributions on X is discretely decomposable as an (l, LK)-module;

(2) for any irreducible unitary representation π of G realized in D′(X), the restric-
tion π|L decomposes discretely into a Hilbert direct sum of irreducible unitary
representations of L. Further, if π is a discrete series representation for G/H,
then any irreducible summand of the restriction π|L is a Harish-Chandra dis-
crete series representation of the subgroup L; in particular, πLK = {0} if L
is noncompact;

(3) if X is L-real spherical (resp. if XC is LC-spherical), then the multiplicities
in the branching law of the (g,K)-module πK when restricted to (l, LK) are
finite (resp. uniformly bounded) in (1) and (2).

Remark 8.4. Theorem 8.3.(2) applies, not only to discrete series representations
for X, but also to irreducible unitary representations π of G that contribute to the
continuous spectrum in the Plancherel formula of L2(X). Branching problems with-
out the assumption that L acts properly on X were discussed in [Ko8].

Remark 8.5. The main goal of [Ko4] was to find a sufficient condition for an irre-
ducible unitary representation π of G to be discretely decomposable when restricted
to a subgroup L, in terms of representation-theoretic invariants of π (e.g. asymptotic
K-support that was introduced by Kashiwara–Vergne [KV]). Theorem 8.3 treats a
special case, but provides another sufficient condition without using such invariants.
We note that all the concrete examples of explicit branching laws in [Ko1, Ko2] arise
from the setup of Theorem 8.3.

Proof of Theorem 8.3. Let πK be an irreducible (g,K)-module realized in D′(X). By
Lemma 3.9.(1), it is actually realized in C∞(X). Any element of Z(gC) acts on πK
as a scalar, hence pτ (πK) is Z(lC)-finite for any τ ∈ Disc(LK/LH), by condition (B).
Since Y is L-real spherical, this implies that pτ (πK) is of finite length as an (l, LK)-
module for any τ , by Lemma 3.9.(2).

(1) The irreducible (g,K)-module πK contains at least one nonzero (l, LK)-module
of finite length, namely iτ ◦ pτ (πK) for any τ with pτ (πK) 6= {0}. Therefore, the
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irreducible (g,K)-module πK is discretely decomposable as an (l, LK)-module by
[Ko5, Lem. 1.5].

(2) Let π be an irreducible unitary representation of G realized in D′(X). The
underlying (g,K)-module πK is discretely decomposable as an (l, LK)-module by (1);
therefore the first statement follows. For the second statement, suppose that π is
a discrete series representation for G/H. Then the underlying (g,K)-module πK is
dense in π, and so is pτ (πK) in the Hilbert space pτ (π). Therefore the unitary repre-
sentation pτ (π) is a finite sum of (Harish-Chandra) discrete series representations of L
for any τ ∈ Disc(LK/LH), because pτ (πK) is of finite length as an (l, LK)-module.
(The fact that any irreducible summand of pτ (π) is a Harish-Chandra discrete se-
ries representation of L is also deduced from the general result [Ko3, Th. 8.6].) The
inclusion

π ⊂
∑⊕

τ∈Disc(LK/LH)

iτ ◦ pτ (π)

then implies that π decomposes discretely into a Hilbert direct sum of discrete series
representations of L. If L is noncompact, then there is no discrete series representation
for the Riemannian symmetric space L/LK , and therefore pτ (π)LK = {0} for all
τ ∈ Disc(LK/LH). Thus πLK = {0}.

(3) If X is L-real spherical, then

dim Homl,LK (ϑLK , C
∞(X)) < +∞

for any irreducible (l, LK)-module ϑLK by Lemma 3.9.(2); in particular,

dim Homl,LK (ϑLK , πK) < +∞

in (1). If XC is LC-spherical, then Fact 3.3 implies the existence of a constant C > 0
such that

dim Homl,LK (ϑLK , C
∞(X)) ≤ C

for any irreducible (l, LK)-module ϑLK ; in particular,

dim Homl,LK (ϑLK , πK) ≤ C

in (1). To control the multiplicities of the branching law in (2), we use the inequality

dim HomL(ϑ, π|L) ≤ dim Homl,LK (ϑLK , πK).

(In our setting where restrictions are discretely decomposable, the dimensions actually
coincide [Ko6, Th. 2.7].) �

Remark 8.6. In the general setting 2.1 suppose that condition (B) holds for the
quadruple (G,L,H,LK). If we drop the assumption that X is L-real spherical, then
the conclusion of Theorem 8.3.(3) does not necessarily hold. For example, if

(G,H,L) =
(8G×8G,Diag(8G), 8G× {e}

)
where 8G is a noncompact semisimple Lie group, then the multiplicities in the branch-
ing law are infinite in Theorem 8.3.(1)–(2) for any infinite-dimensional irreducible
(g,K)-module πK .

8.3. Examples where condition (A) or (B) fails. In the general setting 2.1, the
maps iτ = iτ,{e} and pτ = pτ,{e} of (2.3) and (5.7) are well defined, and conditions
(A) and (B) make sense for the quadruple (G,L,H,LK). However, as mentioned in
Remarks 5.12 and 5.16, if XC is not LC-spherical, then neither (A) nor (B) holds in
general.

Indeed, let 8G be a real linear reductive group. The tensor product representation
π∞1 ⊗ π∞2 is never Z(8gC)-finite when π1 and π2 are infinite-dimensional irreducible
unitary representations of 8G, as is derived from [KOY, Th. 6.1]. We use this fact to



SPECTRAL ANALYSIS ON STANDARD LOCALLY HOMOGENEOUS SPACES 45

give an example where condition (A) or (B) fails when τ is the trivial one-dimensional
representation of LK .

Example 8.7. Let X = 8G × 8G and G = 8G × 8G × 8G. We now view X as a G-
homogeneous space G/H in two different ways, and in each case we find a closed
subgroup L of G such that XC is not LC-spherical and condition (A) or (B) fails for
the quadruple (G,L,H,LK), where LK is a maximal closed subgroup of L.

(1) The group G acts transitively on X by

(g1, g2, g3) · (x, y) := (g1xg
−1
3 , g2yg

−1
3 ).

The stabilizer of e is the diagonal H of 8G × 8G × 8G, and so X ' G/H. Note
that XC := GC/HC is GC-spherical for 8G = SL(2,R) or SL(2,C). Let L := 8G ×
8G × {e}. Then L acts transitively and freely (in particular, properly) on X. The
group LH := L ∩ H is trivial. Let 8K be a maximal compact subgroup of 8G, so
that LK := 8K × 8K × {e} is a maximal compact subgroup of L. For j = 1, 2, take
any 8K-type τj of πj , and let τ := τ∨1 � τ∨2 ∈ L̂K ' Disc(LK/LH). The matrix
coefficients of the outer tensor product representation ϑ := π∞1 � π∞2 of L give a
realization of ϑ in C∞(Y,Vτ ) (where Y := L/LK) on which the center Z(lC) acts
as scalars; in other words, ϑ ⊂ C∞(Y,Vτ ;Nν) for some ν ∈ HomC-alg(Z(lC),C). On
the other hand, iτ (ϑ) is not (1⊗ 1⊗ Z(8gC))-finite, because the third factor 8G of G
acts diagonally on X from the right, hence iτ (ϑ) is neither DG(X)-finite nor Z(gC)-
finite. In particular, condition (A) fails. We also note that the fact that iτ (ϑ) is not
DG(X)-finite implies that iτ (C∞(Y,Vτ ;Nν)) is not contained in C∞(X,Mλ) for any
λ ∈ HomC-alg(DG(X),C).

(2) The group G acts transitively on X

(g1, g2, g3) · (x, y) := (g1x, g2yg
−1
3 ).

The stabilizer of e is H := {e}×Diag(8G), and so X ' G/H. Let L := Diag(8G)×8G.
Then L acts transitively and freely (in particular, properly) on X. Let 8K be a
maximal compact subgroup of 8G, so that LK := Diag(8K)×8K is a maximal compact
subgroup of L. The space V ⊂ C∞(8G × 8G) of matrix coefficients of π∞1 � π∞2 as
above is a subrepresentation of the regular representation C∞(8G×8G) for the action
of (8G×8G)×(8G×8G) by left and right multiplication, and restricts to a representation
of G. Then V is Z(gC)-finite. However, pτ (V ) is not Z(lC)-finite because the first
factor 8G of L acts diagonally on π∞1 � π∞2 . Thus condition (B) fails.

In Example 8.7.(2), condition (B) fails but XC is not GC-spherical. Here is another
example showing that condition (B) may fail even when X = G/H is a reductive
symmetric space.

Example 8.8. Let  G = SO(2n, 2)0 × SO(2n, 2)0,
H = Diag(SO(2n, 2)0),
L = SO(2n, 1)0 ×U(n, 1).

Let K be a maximal compact subgroup of G such that LK := L ∩K is a maximal
compact subgroup of L. The group L acts transitively and properly on X = G/H,
and XC is GC-spherical but not LC-spherical. For any holomorphic discrete series
representation π1 of SO(2n, 2)0, the outer tensor product π1 � π∨1 is a discrete series
representation for G/H. It is not discretely decomposable when we restrict it to L, in
fact the first factor π1|SO(2n,1)0

involves continuous spectrum [Ko3, ÓØ]. Therefore,
by Theorem 8.3.(2), condition (B) does not hold for the quadruple (G,L,H,LK).
In particular, by Lemma 5.19.(2), condition (B̃) does not hold for the quadruple
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(gC, lC, hC, lC∩kC). Moreover, the conclusion of Lemma 5.19.(3) does not hold because
at least one of the summands in the L-decomposition

π1 � π
∨
1 '

∑⊕

τ∈Disc(LK/LH)

pτ (π1 � π
∨
1 )

contains continuous spectrum for L-irreducible decomposition, and thus Z(lC) cannot
act on it as scalar multiplication.

8.4. Existence problem of discrete series representations. Proposition 8.1 and
Theorem 8.3 have the following consequence, which is not needed in the proof but
might be interesting in its own right. Recall that the condition Disc(G/H) = ∅ is
equivalent to the rank condition (1.4) not being satisfied.

Corollary 8.9. In the general setting 2.1, assume that XC = GC/HC is GC-spherical.
(1) If condition (A) holds for the quadruple (G,L,H,LK) (in particular, if con-

dition (Ã) holds for the quadruple (gC, lC, hC, lC∩ kC)) and if Disc(G/H) = ∅,
then Disc(L/LH) = ∅.

(2) If condition (B) holds for the quadruple (G,L,H,LK) (in particular, if condi-
tion (B̃) holds for the quadruple (gC, lC, hC, lC ∩ kC)) and if Disc(L/LH) = ∅,
then Disc(G/H) = ∅.

Discrete series representations for L/LH form a subset of Harish-Chandra’s discrete
series representations for L because LH is compact. However, this subset may be
strict: Disc(L/LH) = ∅ does not necessarily imply Disc(L/{e}) = ∅.

Example 8.10. Disc(SO(2n, 1)/U(n)) = ∅ if and only if n is odd, but
Disc(SO(2n, 1)/{e}) 6= ∅ for all n ∈ N+.

Proof of Corollary 8.9. Suppose condition (A) holds. For any ϑ∈Disc(L/LH), Propo-
sition 8.1 implies the existence of finitely many πj ∈ Disc(G/H) such that iτ (ϑ) ⊂⊕

j πj . Thus Disc(L/LH) 6= ∅ implies Disc(G/H) 6= ∅.
Suppose condition (B) holds. By Theorem 8.3.(2)–(3), any π ∈ Disc(G/H) splits

into a direct sum of Harish-Chandra discrete series representations ϑj of L. Since
π is realized on a closed subspace of L2(G/H) ' L2(L/LH), such ϑj are realized
on closed subspaces of L2(L/LH), i.e. belong to Disc(L/LH). Thus Disc(G/H) 6= ∅
implies Disc(L/LH) 6= ∅. �

9. The maps iτ,Γ and pτ,Γ preserve type I and type II

In Section 4.1 we decomposed joint L2-eigenfunctions of DG(X) on pseudo-Rieman-
nian locally homogeneous spaces XΓ = Γ\G/H into type I and type II: those of
type I arise from distribution vectors of discrete series representations for X = G/H,
and those of type II are defined by taking an orthogonal complement in L2(XΓ). In
this section we introduce an analogous notion for Hermitian vector bundles Vτ over
the Riemannian locally symmetric space YΓ = Γ\L/LK , by using Harish-Chandra’s
discrete series representations for L. We prove (Theorem 9.2) that the transfer maps
ν and λ preserve discrete spectrum of type I and of type II between L2(XΓ) and
L2(YΓ,Vτ ) if conditions (Tf), (A), (B) of Section 5.4 are satisfied and X is G-real
spherical. This is the case in the main setting 1.5 by Proposition 5.10, and in the
group manifold case by Proposition 5.11. The results of this section play a key role
in the proof of Theorem 2.7 (see Section 12.5).

9.1. Type I and type II for Hermitian bundles. Let Y = L/LK be a Rie-
mannian symmetric space, where L is a real reductive Lie group and LK a maximal
compact subgroup of L. Let Γ be a torsion-free discrete subgroup of L. As in Sec-
tion 1.3, for (τ, Vτ ) ∈ L̂K and F = A, C∞, L2, or D′, we denote by F(YΓ,Vτ ) the
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space of analytic, smooth, square-integrable, or distribution sections of the Hermitian
vector bundle Vτ := Γ\L×LK Vτ over YΓ. We may regard L2(Y,Vτ ) as a subspace of
D′(Y,Vτ ), where D′(Y,Vτ ) is endowed with the topology coming from Remark 4.3.
Consider the linear map

p′Γ
∗

: L2(YΓ,Vτ ) −→ D′(Y,Vτ )

induced by the natural projection p′Γ : Y → YΓ. For any C-algebra homomorphism
ν : Z(lC)→ C, we define L2(YΓ,Vτ ;Nν)I to be the preimage, under p′Γ

∗, of the closure
of L2(Y,Vτ ;Nν) in D′(Y,Vτ ). Given τ , there are at most finitely many ν such that
L2(Y,Vτ ;Nν) 6= {0} by the Blattner formula for discrete series representations [HS],
hence there are at most finitely many ν such that L2(YΓ,Vτ ;Nν)I 6= {0}. On the other
hand, there may exist countably many ν such that L2(YΓ,Vτ ;Nν)II is nonzero. As in
Lemma 4.5, the subspace L2(YΓ,Vτ ;Nν)I is closed in the Hilbert space L2(YΓ,Vτ ;Nν);
we define L2(YΓ,Vτ ;Nν)II to be its orthogonal complement in L2(YΓ,Vτ ;Nν), so that
we have the Hilbert space decomposition

L2(YΓ,Vτ ;Nν) = L2(YΓ,Vτ ;Nν)I ⊕ L2(YΓ,Vτ ;Nν)II.

We also set
L2
d(YΓ,Vτ ) := L2

d(YΓ,Vτ )I ⊕ L2
d(YΓ,Vτ )II,

where

L2
d(YΓ,Vτ )I :=

⊕
ν

L2(YΓ,Vτ ;Nν)I (finite sum),

L2
d(YΓ,Vτ )II :=

∑⊕

ν

L2(YΓ,Vτ ;Nν)II (Hilbert completion).

Notation 9.1. For any τ ∈ L̂K and any i = ∅, I, II, we set

Spec
Z(lC)
d (YΓ,Vτ )i :=

{
ν ∈ HomC-alg(Z(lC),C) : L2(YΓ,Vτ ;Nν)i 6= {0}

}
.

Then, by definition,

Spec
Z(lC)
d (YΓ,Vτ ) = Spec

Z(lC)
d (YΓ,Vτ )I ∪ Spec

Z(lC)
d (YΓ,Vτ )II.

9.2. The maps iτ,Γ and pτ,Γ preserve type I and type II. We now go back
to the general setting 2.1 of the paper. For a torsion-free discrete subgroup Γ of L,
recall the notation L2(XΓ;Mλ)i and L2

d(XΓ)i as well as Specd(XΓ)i from Section 4.1,
and conditions (Tf), (A), (B) from Section 5.4. For (τ, Vτ ) ∈ Disc(LK/LH), for
ν ∈ HomC-alg(Z(lC),C), and for i = ∅, I, or II, recall the notation L2(YΓ,Vτ ;Nν)i

and L2(YΓ,Vτ )i as well as Spec
Z(lC)
d (YΓ,Vτ ) from Section 9.1.

The following theorem shows that the pseudo-Riemannian spectrum Specd(XΓ)i

(for i = I or II) is obtained from the Riemannian spectrum Spec
Z(lC)
d (YΓ,Vτ ) via the

transfer maps ν and λ of condition (Tf).

Theorem 9.2. In the general setting 2.1, suppose that condition (Tf) is satisfied for
the quadruple (G,L,H,LK), with transfer maps ν and λ. Let Γ be a torsion-free
discrete subgroup of L.

(1) If condition (A) holds and X is G-real spherical, then for any (ν, τ) ∈
HomC-alg(Z(lC)/Ker(d`τ ),C)×Disc(LK/LH),

iτ,Γ
(
(V ∨τ )LH ⊗ L2

d(YΓ,Vτ ;Nν)I
)
⊂ L2

d(XΓ;Mλ(ν,τ))I ;

in particular, for any τ ∈ Disc(LK/LH),

iτ,Γ
(
(V ∨τ )LH ⊗ L2

d(YΓ,Vτ )I
)
⊂ L2

d(XΓ)I.
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(2) If condition (B) holds, then for any (λ, τ) ∈ HomC-alg(DG(X),C) ×
Disc(LK/LH),

pτ,Γ
(
L2
d(XΓ;Mλ)I

)
⊂ (V ∨τ )LH ⊗ L2

d(YΓ,Vτ ;Nν(λ,τ))I ; .

in particular, for any τ ∈ Disc(LK/LH),

pτ,Γ
(
L2
d(XΓ)I

)
⊂ (V ∨τ )LH ⊗ L2

d(YΓ,Vτ )I.

(3) If condition (B) holds, then for any (ν, τ) ∈ HomC-alg(Z(lC)/Ker(d`τ ),C) ×
Disc(LK/LH),

iτ,Γ
(
(V ∨τ )LH ⊗ L2

d(YΓ,Vτ ;Nν)II
)
⊂ L2

d(XΓ;Mλ(ν,τ))II ;

in particular, for any τ ∈ Disc(LK/LH),

iτ,Γ
(
(V ∨τ )LH ⊗ L2

d(YΓ,Vτ )II
)
⊂ L2

d(XΓ)II.

(4) If condition (A) holds and X is G-real spherical, then for any (λ, τ) ∈
HomC-alg(DG(X),C)×Disc(LK/LH),

pτ,Γ
(
L2
d(XΓ;Mλ)II

)
⊂ (V ∨τ )LH ⊗ L2

d(YΓ,Vτ ;Nν(λ,τ))II ;

in particular, for any τ ∈ Disc(LK/LH),

pτ,Γ
(
L2
d(XΓ)II

)
⊂ (V ∨τ )LH ⊗ L2

d(YΓ,Vτ )II.

(5) If conditions (A) and (B) both hold and X is G-real spherical, then for any
λ ∈ HomC-alg(DG(X),C),

L2
d(XΓ;Mλ)I '

∑⊕

τ∈Disc(LK/LH)

iτ,Γ
(
(V ∨τ )LH ⊗ L2

d(YΓ,Vτ ;Nν(λ,τ))I
)
,

L2
d(XΓ;Mλ)II '

∑⊕

τ∈Disc(LK/LH)

iτ,Γ
(
(V ∨τ )LH ⊗ L2

d(YΓ,Vτ ;Nν(λ,τ))II
)
,

where ' denotes unitary equivalence between Hilbert spaces.

Theorem 9.2 will be proved in Section 9.3.
The following is a direct consequence of Theorem 9.2.(5).

Corollary 9.3. In the general setting 2.1, suppose that X is G-real spherical and
that conditions (Tf), (A), (B) hold. Let Γ be a torsion-free discrete subgroup of L.
Then for i = ∅, I, or II,

Specd(XΓ)i =
⋃

τ∈Disc(LK/LH)

{
λ(ν, τ) : ν ∈ Spec

Z(lC)
d (YΓ,Vτ )i

}
.

Remark 9.4. There exist elements τ ∈ L̂K such that L2
d(YΓ,Vτ )I = {0} for any Γ:

indeed, by the Blattner formula for discrete series representations [HS], there are some
“small” representations τ of LK for which L2(Y,Vτ ) = L2(L/LK ,Vτ ) has no discrete
series representation (for instance the one-dimensional trivial representation τ). On
the other hand, there exist elements τ ∈ L̂K such that L2

d(YΓ,Vτ )I 6= {0} as soon as
rankL = rankLK , because in that case L2

d((Γ × {e})\(L × L)/Diag(L))I 6= {0} by
[KK2]. In the setting of Theorem 9.2, we have a refinement of this statement: there
exists τ ∈ Disc(LK/LH) such that L2

d(YΓ,Vτ )I 6= {0}.
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9.3. Proof of Theorem 9.2. For any torsion-free discrete subgroup Γ of L, we
denote by

p∗Γ : L2(XΓ) −→ D′(X)

the linear map induced by the natural projection pΓ : X → XΓ. We shall use the
following observation.

Observation 9.5. In the general setting 2.1, for any τ ∈ Disc(LK/LH), the maps
iτ : (V ∨τ )LH ⊗ L2(Y,Vτ ) → L2(X) and pτ : L2(X) → (V ∨τ )LH ⊗ L2(Y,Vτ ) extend
to continuous maps iτ : (V ∨τ )LH ⊗ D′(Y,Vτ ) → D′(X) and pτ : D′(X) → (V ∨τ )LH ⊗
D′(Y,Vτ ) (for the topology given by Remark 4.3), and for any torsion-free discrete
subgroup Γ of L the following diagram commutes.

(V ∨τ )LH ⊗ L2(Y,Vτ )

⊂

� � iτ // L2(X)

⊂

pτ // (V ∨τ )LH ⊗ L2(Y,Vτ )

⊂

(V ∨τ )LH ⊗D′(Y,Vτ ) �
� iτ // D′(X)

pτ // (V ∨τ )LH ⊗D′(Y,Vτ )

(V ∨τ )LH ⊗ L2(YΓ,Vτ )

� ?

p′Γ
∗

OO

� � iτ,Γ // L2(XΓ)

� ?

pΓ
∗

OO

pτ,Γ // (V ∨τ )LH ⊗ L2(YΓ,Vτ )

� ?

p′Γ
∗

OO

Proof of Theorem 9.2.(1). By Remark 7.1.(2), it is sufficient to check that

iτ,Γ((V ∨τ )LH ⊗ L2
d(YΓ,Vτ )I) ⊂ L2

d(XΓ)I

for all τ ∈ Disc(LK/LH). Let ϕ ∈ (V ∨τ )LH ⊗ L2
d(YΓ,Vτ )I. By definition of

L2
d(YΓ,Vτ ;Nν)I, the element p′Γ

∗(ϕ) ∈ (V ∨τ )LH ⊗D′(Y,Vτ ) can be written as a limit
of elements ϕ̃j ∈ (V ∨τ )LH ⊗ L2

d(Y,Vτ ;Nν). By Observation 9.5,

p∗Γ
(
iτ,Γ(ϕ)

)
= iτ

(
p′Γ
∗
(ϕ)
)

= iτ
(

lim
j
ϕ̃j
)

= lim
j

iτ (ϕ̃j).

If condition (A) holds andX is G-real spherical, then by Proposition 8.1 each iτ (ϕ̃j) is
contained in a finite direct sum of discrete series representations for G/H. Therefore,
iτ,Γ(ϕ) ∈ L2

d(XΓ)I. �

Proof of Theorem 9.2.(2). By Remark 7.1.(1), it is sufficient to prove that

pτ,Γ(L2
d(XΓ)I) ⊂ (V ∨τ )LH ⊗ L2

d(YΓ,Vτ )I

for all τ ∈ Disc(LK/LH). Consider π ∈ Disc(G/H), with representation space Vπ ⊂
L2(X). If condition (B) holds, then by Theorem 8.3.(2) the restriction π|L is discretely
decomposable and we have a unitary equivalence of L-modules

π|L '
∑⊕

ϑ∈L̂

nϑ(π)ϑ,

where ϑ is a Harish-Chandra discrete series representation of L. Note that the mul-
tiplicities nϑ(π) are possibly infinite. Let τ ∈ Disc(LK/LH). Since pτ : L2(X) →
(V ∨τ )LH⊗L2(Y,Vτ ) is an L-homomorphism, pτ (nϑ(π)ϑ) is a multiple of discrete series
representation for (V ∨τ )LH ⊗L2(Y,Vτ ), which must vanish for all but finitely many ϑ,
because there are at most finitely many discrete series representations for L2(Y,Vτ ).
Thus pτ (Vπ) is a finite sum of Harish-Chandra discrete series representations:

pτ (Vπ) '
⊕
ϑ∈L̂

n′ϑ(π)ϑ ⊂ (V ∨τ )LH ⊗ L2
d(Y,Vτ ),
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where n′ϑ(π) ≤ nϑ(π). In particular,

pτ (Vπ) ⊂ (V ∨τ )LH ⊗ L2
d(Y,Vτ ),

where · denotes the closure in D′(X) and in (V ∨τ )LH ⊗D′(Y,Vτ ), respectively.
Suppose f ∈ L2

d(XΓ;Mλ)I. By definition, there exist at most finitely many
π1, . . . , πk ∈ Disc(G/H) such that

p∗Γ(f) ∈
k⊕
j=1

Vπj (⊂ D′(X)),

where p∗Γ : L2(XΓ) → D′(X) is the pull-back of the projection pΓ : X → XΓ. By
Observation 9.5,

p′Γ
∗
(pτ,Γf) = pτ (p∗Γf) ⊂

k∑
j=1

pτ (Vπj ) ⊂ (V ∨τ )LH ⊗ L2
d(Y,Vτ ).

This shows that pτ,Γ(L2
d(XΓ)I) ⊂ (V ∨τ )LH ⊗ L2

d(YΓ,Vτ )I. �

Proof of Theorem 9.2.(3). Let (ν, τ) ∈ HomC-alg(Z(lC)/Ker(d`τ ),C)×Disc(LK/LH)

and ϕ ∈ (V ∨τ )LH ⊗ L2
d(YΓ,Vτ ;Nν)II. By Remark 7.1.(2), we have iτ,Γ(ϕ) ∈

L2
d(XΓ;Mλ(ν,τ)). If condition (B) holds, then by Theorem 9.2.(2) we have pτ,Γ(f) ∈

(V ∨τ )LH ⊗ L2
d(YΓ,Vτ )I for all f ∈ L2

d(XΓ;Mλ(ν,τ))I. Moreover, by Remarks 7.1.(1)
and 5.8 we have pτ,Γ(f) ∈ (V ∨τ )LH⊗L2(YΓ,Vτ ;Nν). Therefore, (pτ,Γ(f), ϕ)L2(XΓ) = 0

by definition of L2
d(YΓ,Vτ )I. By duality (see (6.5)), we obtain (f, iτ,Γ(ϕ))L2(XΓ) = 0.

Since f is arbitrary, this shows that iτ,Γ(ϕ) ∈ L2
d(XΓ;Mλ(ν,τ))II. �

Proof of Theorem 9.2.(4). Let (λ, τ) ∈ HomC-alg(DG(X),C)×Disc(LK/LH) and f ∈
L2(XΓ;Mλ)II. By Remark 7.1.(1), we have

pτ,Γ(f) ∈ (V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν(λ,τ)).

If condition (A) holds and X is G-real spherical, then by Theorem 9.2.(1) and
Remarks 7.1.(2) and 5.8 we have iτ,Γ(ϕ) ∈ L2(XΓ;Mλ)I for all ϕ ∈ (V ∨τ )LH ⊗
L2(YΓ,Vτ ;Nν(λ,τ))I. Therefore, (f, iτ,Γ(ϕ))L2(XΓ) by definition of L2(XΓ;Mλ)I. By
duality (see (6.5)), we obtain (pτ,Γ(f), ϕ)L2(YΓ,Vτ ) = 0. Since ϕ is arbitrary, this
shows that pτ,Γ(f) ∈ (V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν(λ,τ))II. �

Proof of Theorem 9.2.(5). Suppose X is G-real spherical and conditions (A) and (B)
both hold, and let λ ∈ HomC-alg(DG(X),C). Applying (6.2) to the closed subspace
L2(XΓ;Mλ) of the Hilbert space L2(XΓ), we have an isomorphism of Hilbert spaces

L2(XΓ;Mλ) '
∑⊕

τ∈Disc(LK/LH)

iτ,Γ ◦ pτ,Γ
(
L2(XΓ;Mλ)

)
.

For i = I or II, it follows from Theorem 9.2.(2) or (4) that

pτ,Γ
(
L2(XΓ;Mλ)i

)
⊂ (V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν(λ,τ))i

for all τ ∈ Disc(LK/LH). Therefore,

L2(XΓ;Mλ)i ⊂
∑⊕

τ∈Disc(LK/LH)

iτ,Γ
(
(V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν(λ,τ))i

)
.

Conversely, in view of Remark 5.8, it follows from Theorem 9.2.(1) or (3) that
iτ,Γ
(
(V ∨τ )LH ⊗ L2(YΓ,Vτ ;Nν(λ,τ))i

)
⊂ L2(XΓ;Mλ)i. The result follows. �
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10. Infinite discrete spectrum of type II

We have established Theorems 1.8 and 1.12.(2) in Section 6, and Theorems 1.9
and 2.3 in Section 7. We now prove Theorem 1.10 and Theorem 1.12.(3) by using
Theorem 9.2 and the following classical fact in the Riemannian case (see Notation 4.8
with g replaced by l).

Fact 10.1. Let Y = L/LK be a Riemannian symmetric space, where L is a real re-
ductive Lie group and LK a maximal compact subgroup. If Γ is a torsion-free uniform
lattice or a torsion-free arithmetic subgroup of L, then Spec

Z(lC)
d (YΓ) is infinite.

We give a proof of Fact 10.1 for the sake of completeness.

Proof. The usual Laplacian ∆YΓ
on the Riemannian manifold YΓ has an infinite

discrete spectrum, and for any eigenvalue s of ∆YΓ
the corresponding eigenspace

Ws := Ker(∆YΓ
− s) ⊂ L2(YΓ) is finite-dimensional: this holds in the compact case

(i.e. when Γ is a uniform lattice in L) by general results on compact Riemannian
manifolds, and in the arithmetic case by work of Borel–Garland [BG]. The center
Z(lC) of the enveloping algebra U(lC), acting on L2(YΓ) via d`, preservesWs and thus
defines a finite-dimensional commutative subalgebra of End(Ws), which is generated
by normal operators. Therefore, the action of Z(lC) onWs can be jointly diagonalized
andWs is the direct sum of joint eigenspaces of Z(lC). Thus the fact that the discrete
spectrum of ∆YΓ

is infinite implies that Spec
Z(lC)
d (YΓ) is infinite. �

Proposition 10.2. In the general setting 2.1, if conditions (Tf) and (B) hold,
then Specd(XΓ)II is infinite for any torsion-free discrete subgroup Γ of L for which
Spec

Z(lC)
d (YΓ) is infinite.

Proof. Let Γ be a torsion-free discrete subgroup of L. Recall from Example 2.2 that
when τ is the trivial one-dimensional representation of LK , the map iτ,Γ of (2.3) is
the pull-back q∗Γ of the projection map qΓ : XΓ → YΓ. Applying Remark 7.1.(2) with
this trivial τ , we see that if condition (Tf) holds, then for any ν ∈ Spec

Z(lC)
d (YΓ) there

exists λ ∈ HomC-alg(DG(X),C) (depending on ν) such that

q∗Γ L
2(YΓ;Nν) ⊂ L2(XΓ;Mλ).

Recall that the whole discrete spectrum of the Riemannian locally symmetric space YΓ

is of type II (Remark 4.6.(3)). If moreover condition (B) holds, then Theorem 9.2.(3)
implies

q∗Γ L
2(YΓ;Nν) ⊂ q∗Γ L2

d(YΓ)II ⊂ L2
d(XΓ)II.

Thus λ ∈ Specd(XΓ)II. On the other hand, Remarks 7.1.(1) and 5.8.(2) imply that
λ determines ν. Therefore, if Spec

Z(lC)
d (YΓ) is infinite, then so is Specd(XΓ)II. �

Proof of Theorem 1.10 and Theorem 1.12.(3). By Propositions 5.10 and 5.11, condi-
tions (Tf) and (B) are satisfied in the setting of Theorems 1.10 and 1.12. Proposi-
tion 10.2 then implies that Specd(XΓ)II is infinite whenever Spec

Z(lC)
d (YΓ) is; this is

the case whenever Γ is cocompact or arithmetic in L by Fact 10.1. �

Part 3. Representation-theoretic description of the discrete spectrum

In this Part 3, we give a proof of Theorem 2.7, which describes the discrete spectrum
of type I and type II of standard pseudo-Riemannian locally homogeneous spaces
XΓ = Γ\G/H with Γ ⊂ L ⊂ G in terms of the representation theory of the reductive
group L via the transfer map λ. For this we use the machinery developed in Part 2,
in particular Theorem 9.2.
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Before that, in Section 11 we find an upper estimate (Proposition 11.4) for the set
SpecZ(gC)(XΓ) of joint eigenvalues of differential operators on XΓ coming from the
center Z(gC). We also give conjectural refinements of this (Conjectures 11.2 and 11.3)
as statements relating L2-eigenvalues and unitary representations. Evidence for these
conjectures is provided in Section 11.6 in the special case of standard 3-dimensional
anti-de Sitter manifolds XΓ, for which we show that the discrete spectrum of type I
(resp. type II) of the Laplacian �XΓ

is nonpositive (resp. nonnegative).
Theorem 2.7 is proved in Section 12, based on a partial solution (Theorem 11.9)

to Conjecture 11.3.

11. A conjectural picture

We begin in this section with some preliminary set-up and a general conjectural
picture (expressed as Conjectures 11.2 and 11.3) which we shall prove in some special
cases.

More precisely, let X = G/H be a reductive homogeneous space and Γ a discrete
subgroup of G acting properly discontinuously and freely on X (not necessarily stan-
dard in the sense of Section 1.1). Any eigenfunction f on XΓ = Γ\G/H generates a
representation Uf of G in D′(X). If X is G-real spherical, then by Lemma 3.9, this
representation is of finite length, and so it would be natural to study eigenfunctions f
on XΓ by the representation theory of G. However, even a basic question such as the
unitarizability of Uf for L2-eigenfunctions f on XΓ is not clear. This is the object of
Conjectures 11.2 and 11.3 below.

Conjecture 11.3 is true in the case whenH is compact (Theorem 11.9) orX = G/H
is a group manifold (Proposition 11.11), as we shall prove in Sections 12.4 and 12.5,
respectively. In Section 11.6 we examine in detail the case of the 3-dimensional anti-
de Sitter space, by using the classification of the unitary dual of SL(2,R), and we
provide a proof Proposition 1.13.

11.1. Z(gC)-infinitesimal support for sets of admissible representations. We
start by introducing some general notation.

Let G be a real linear reductive Lie group. We denote by Ĝad the set of infinitesimal
equivalence classes of irreducible admissible representations of G. Here we say that
two admissible representations π, π′ are infinitesimally equivalent if the underlying
(g,K)-modules πK , π′K are isomorphic. Recall that every (g,K)-module V of finite
length always admits a globalization, i.e. a continuous representation π of G on a
complete, locally convex topological vector space such that πK ' V . Moreover, V is
irreducible if and only if π is (Fact 3.10). Thus Ĝad is naturally identified with the
set of equivalence classes of irreducible (g,K)-modules.

We note that a globalization of a (g,K)-module is not unique. However, if an
admissible representation π of G of finite length is realized on a Banach space, then
the smooth representation π∞ on the space of all smooth vectors (see Section 3.9)
is determined only by the underlying (g,K)-module. Such π∞ is characterized by
a property of moderate growth of matrix coefficients. By the Casselman–Wallach
globalization theory [Wl, II, Chap. 2], there is a natural equivalence between the
category of (g,K)-modules πK of finite length and the category of admissible (smooth)
representations π∞ of G of finite length that are of moderate growth.

Let Ĝ be the unitary dual of G, i.e. the set of unitary equivalence classes of ir-
reducible unitary representations of G. By a theorem of Harish-Chandra, there is a
bijection between Ĝ and the set of irreducible unitarizable (g,K)-modules (see e.g.
[Wl, I, Th. 3.4.(2)]). Thus we may regard Ĝ as a subset of Ĝad. More directly, the
correspondence π 7→ π∞ yields an injection Ĝ ↪→ Ĝad.
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Recall that Schur’s lemma holds for irreducible admissible smooth representations:
the center Z(gC) acts as scalars on the representation space π∞ for any π ∈ Ĝad,
yielding a C-algebra homomorphism χπ : Z(gC) → C called the Z(gC)-infinitesimal
character of π. For any subset S of Ĝad, we denote by

(11.1) Supp(S) ≡ SuppZ(gC)(S) ⊂ HomC-alg(Z(gC),C)

the set of Z(gC)-infinitesimal characters χπ of elements π ∈ S. By the Langlands
classification [Ls] of Ĝad, the fiber of the projection Ĝad → Supp(Ĝad) is finite.

For any closed subgroup H of G, we set

(Ĝad)H :=
{
π ∈ Ĝad : HomG

(
π∞,D′(G/H)

)
6= {0}

}
=

{
π ∈ Ĝad : HomG

(
π∞, C∞(G/H)

)
6= {0}

}
=

{
π ∈ Ĝad : (π−∞)H 6= {0}

}
,

where (π−∞)H is the set of H-invariant elements in the space of distribution vectors
of π (see Section 3.8), and (Ĝ)H := Ĝ ∩ (Ĝad)H . If H is unimodular, then G/H
carries a G-invariant Radon measure and G acts on L2(G/H) as a unitary repre-
sentation. As in Section 2.4, we denote by Disc(G/H) the set of π ∈ Ĝ such that
HomG(π, L2(G/H)) 6= {0}. Clearly,

(11.2) Disc(G/H) ⊂ (Ĝ)H ⊂ (Ĝad)H .

Since the action of Z(gC) on C∞(G/H) factors through the homomorphism
d` : Z(gC)→ DG(X) of (3.1), we have the following constraint on Supp((Ĝad)H):

(11.3) Supp
(
(Ĝad)H

)
⊂ HomC-alg(Z(gC)/Ker(d`),C).

Remark 11.1. If H is compact, then (Ĝ)H coincides with the set of π ∈ Ĝ such that
πH 6= {0} by the Frobenius reciprocity. Furthermore, Disc(G/H) = (Ĝ)H = (Ĝad)H
if G is compact. On the other hand, for noncompact G, the inclusions in (11.2) are
strict in general. For instance, if G/H is a reductive symmetric space, then the set
Disc(G/H) is countable (possibly empty), whereas (Ĝ)H contains continuously many
elements [O1].

11.2. A conjecture: L2-eigenfunctions and unitary representations. We now
assume that H is a reductive subgroup of the real reductive Lie group G. We consider
a discrete subgroup Γ of G acting properly discontinuously and freely on X = G/H
(not necessarily standard in the sense of Section 1.1). We assumeH to be noncompact
and Γ to be infinite. Then L2(XΓ) is not a subspace of L2(X) or L2(Γ\G) on which G
acts unitarily. Nevertheless, when X is G-real spherical, we expect L2-eigenfunctions
on XΓ to be related to irreducible unitary representations of G, as follows.

For f ∈ D′(XΓ), we denote by Uf the minimal G-invariant closed subspace of
D′(X) containing p∗Γf , where pΓ : X → XΓ is the natural projection. We know from
Lemma 3.9 that if f ∈ D′(XΓ;Mλ) for some λ ∈ HomC-alg(DG(X),C), then Uf is of
finite length as a G-module.

Conjecture 11.2. Let X = G/H be a reductive homogeneous space which is G-real
spherical, and Γ a discrete subgroup of G acting properly discontinuously and freely
on X. For any λ ∈ HomC-alg(DG(X),C) and any nonzero f ∈ L2(XΓ;Mλ), the
representation Uf of G contains an irreducible unitary representation as a subrepre-
sentation.

Conjecture 11.2 concerns the unitarity of representations. We now reformulate it in
terms of spectrum, by using the Z(gC)-infinitesimal character instead of the C-algebra
DG(X) of invariant differential operators. The conjectural statement (11.4) below as-
serts that any joint L2-eigenvalue of d`(Z(gC)) should occur as the Z(gC)-infinitesimal



SPECTRAL ANALYSIS ON STANDARD LOCALLY HOMOGENEOUS SPACES 54

character of some irreducible unitary representation of G. We also refine it by con-
sidering the type (I or II) of the spectrum. Recall Notation 4.8 for Spec

Z(gC)
d (XΓ)i,

i = ∅, I, II.

Conjecture 11.3. Let X = G/H be a reductive homogeneous space which is G-real
spherical. For any discrete subgroup Γ of G acting properly discontinuously and freely
on X,

(11.4) Spec
Z(gC)
d (XΓ) ⊂ Supp(Ĝ).

More precisely,

(0) Spec
Z(gC)
d (XΓ) ⊂ Supp((Ĝ)H),

(1) Spec
Z(gC)
d (XΓ)I ⊂ Supp(Disc(G/H)),

(2) Spec
Z(gC)
d (XΓ)II ⊂ Supp((Ĝ)H r Disc(G/H)).

Note that (1) is clear from the definitions, so the point of the conjecture is (0)
and (2). Statement (0) is nontrivial because p∗(L2(XΓ)) 6⊂ L2(Γ\G), and state-
ment (2) is nontrivial because p∗Γ(L2(XΓ)) 6⊂ L2(X). Here p : Γ\G → XΓ and
pΓ : X → XΓ are the natural projections.

In the sequel, we provide evidence for Conjecture 11.3.(0):
• a weaker assertion holds by dropping unitarity (Proposition 11.4);
• it is true if Conjecture 11.2 is (Proposition 11.5);
• it is compatible with the essential self-adjointness of the Laplacian (Ques-
tion 1.1.(c)), see Conjecture 11.6 below;
• it holds ifH is compact (Theorem 11.9) or if G/H is a group manifold (Propo-
sition 11.11).

Proposition 11.4. Let X = G/H be a reductive homogeneous space which is G-real
spherical. For any discrete subgroup Γ of G acting properly discontinuously and freely
on X,

SpecZ(gC)(XΓ) ⊂ Supp
(
(Ĝad)H

)
.

In particular,
Spec

Z(gC)
d (XΓ) ⊂ Supp

(
(Ĝad)H

)
.

Proof. Suppose ν ∈ SpecZ(gC)(XΓ). This means there exists a nonzero f ∈ D′(XΓ;Nν).
Recall the natural projection pΓ : X → XΓ. Since the pull-back p∗Γ : D′(XΓ)→ D′(X)
preserves weak solutions to (Nν), we have p∗Γf ∈ D′(X;Nν). Let Uf be the minimalG-
invariant closed subspace of D′(X;Nν) containing p∗Γf . As a G-module, Uf is of finite
length by Lemma 3.9. In particular, there exists an irreducible submodule πf of Uf
that is realized in D′(X). Since πf ∈ (Ĝad)H , we conclude ν ∈ Supp((Ĝad)H). �

Proposition 11.4 shows that the set SpecZ(gC)(XΓ), which is originally defined as a
subset of the algebraic variety HomC-alg(Z(gC),C) of dimension equal to rank gC, is
in fact contained in the subvariety Supp((Ĝad)H) of dimension rankX ≤ rank gC if
XC = GC/HC is GC-spherical. We refer to Table 1.1 for examples with rankX. The
proof of Proposition 11.4 also shows the following.

Proposition 11.5. If XC is GC-spherical, then Conjecture 11.2 implies Conjec-
ture 11.3.(0).

Proof. Suppose ν ∈ SpecZ(gC)(XΓ). For a nonzero f ∈ L2(XΓ;Nν), we consider the
G-module Uf ⊂ D′(X;Nν) as in the proof of Proposition 11.4. By definition, Z(gC)
acts on Uf as scalars via d`. Since XC is GC-spherical, DG(X) is finitely generated
as a d`(Z(gC))-module (see Section 3.3) and we can enlarge Uf to a DG(X)-module
Ũf as in the proof of Lemma 5.19.(2); then Ũf is also a G-module. We note that
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Uf = Ũf if d` : Z(gC) → DG(X) is surjective. Since the action of DG(X) on Ũf
factors through the action of a finite-dimensional commutative algebra, there is a
joint eigenfunction h ∈ Ũf for the action of DG(X). If Conjecture 11.2 is true, then
the G-module Ũf contains an irreducible subrepresentation πh of G which is unitary.
By construction, πh ∈ (Ĝ)H . Since Z(gC) acts on the enlarged space Ũf by the same
scalar ν, we conclude that ν ∈ Supp((Ĝ)H). �

11.3. Real spectrum. The spectrum of any self-adjoint operator is real. Therefore,
an affirmative answer to Question 1.1.(c) on the self-adjoint extension of
(�XΓ

, C∞c (XΓ)) would imply the following.

Conjecture 11.6. For any reductive symmetric space X = G/H and any dis-
crete subgroup Γ of G acting properly discontinuously and freely on X, we have
Specd(�XΓ

) ⊂ R.

Proposition 11.7. If rankX = 1, then Conjecture 11.3.(0) (hence Conjecture 11.2)
implies Conjecture 11.6.

Proof. LetX = G/H be a reductive symmetric space and Γ a discrete subgroup Γ ofG
acting properly discontinuously and freely on X. The Casimir operator CG ∈ Z(gC)
acts as a real scalar on any irreducible unitary representation on G in the space of
smooth vectors (see Parthasarathy [P]), hence also in the space of distribution vectors.
On the other hand, CG acts as the Laplacian �X on X = G/H. If rankX = 1, then
the C-algebra DG(X) is generated by d`(CG), and so the inclusion Spec

Z(gC)
d (XΓ) ⊂

Supp((Ĝ)H) implies Specd(�XΓ
) ⊂ R. �

Remark 11.8. As in Section 1.4, let (�XΓ
,S) be the closure of (�XΓ

, C∞c (XΓ)),
and (�∗XΓ

,S∗) the adjoint of (�XΓ
,S), so that C∞c (XΓ) ⊂ S ⊂ S∗ ⊂ L2(XΓ). Since

(�XΓ
, C∞c (XΓ)) is a symmetric operator, if �XΓ

f = λ f for some nonzero f ∈ S,
then λ ∈ R: indeed, writing f = limj fj and �XΓ

= limj �XΓ
where fj ∈ C∞c (XΓ),

we have

λ(f, f) = (�XΓ
f, f) = lim

j
(�XΓ

f, fj) = lim
j

(f,�XΓ
fj) = (f,�XΓ

f) = λ(f, f).

However, our definition of Specd(�XΓ
) (see the beginning of Section 1) uses the larger

space S∗, and the above argument does not imply Specd(�XΓ
) ⊂ R.

In Section 6 we proved (Theorems 1.8 and 1.12.(2)) that the pseudo-Riemannian
Laplacian �XΓ

extends uniquely to a self-adjoint operator on L2(XΓ) in the main
setting 1.5 and in the group manifold case, and so Conjecture 11.6 holds in these
settings.

11.4. The case of compact H. Conjecture 11.3 is true for compact H, as given by
the following theorem, which will be proved in Section 12.4.

Theorem 11.9. Let G be a real reductive Lie group and H a compact subgroup of G
such that X = G/H is G-real spherical. For any torsion-free discrete subgroup Γ
of G,

Spec
Z(gC)
d (XΓ) = Supp

(
Disc(Γ\G) ∩ (Ĝ)H

)
,

Spec
Z(gC)
d (XΓ)I = Supp

(
Disc(Γ\G) ∩Disc(G/H)

)
,

Spec
Z(gC)
d (XΓ)II = Supp

(
Disc(Γ\G) ∩ ((Ĝ)H r Disc(G/H))

)
.

Let us now state a variant of Theorem 11.9, involving a maximal compact subgroup
K of G instead of H. The Riemannian symmetric space G/K is clearly G-real
spherical. We use the notation of Section 9.1 with Y = G/K instead of L/LK . In
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particular, for (τ, Vτ ) ∈ K̂, we define a Hermitian vector bundle Vτ := Γ\G×KVτ over
YΓ = Γ\G/K and define Spec

Z(gC)
d (YΓ,Vτ )i for i = ∅, I, II similarly to Notation 9.1

for YΓ = Γ\G/K. We also define the following two subsets of Ĝ:

• Ĝ(τ) is the set of ϑ ∈ Ĝ such that [ϑ|K : τ ] 6= 0,
• Disc(G/K; τ) is the set of ϑ ∈ Ĝ(τ) that are Harish-Chandra discrete series
representations for G.

With this notation, we shall prove the following in Section 12.4.

Theorem 11.10. Let G be a real reductive Lie group and K a maximal compact
subgroup of G. For any torsion-free discrete subgroup Γ of G and any (τ, Vτ ) ∈ K̂,
setting YΓ := Γ\G/K, we have

Spec
Z(gC)
d (YΓ,Vτ ) = SuppZ(gC)

(
Disc(Γ\G) ∩ Ĝ(τ)

)
,

Spec
Z(gC)
d (YΓ,Vτ )I = SuppZ(gC)

(
Disc(Γ\G) ∩Disc(G/K; τ)

)
,

Spec
Z(gC)
d (YΓ,Vτ )II = SuppZ(gC)

(
Disc(Γ\G) ∩ (Ĝ(τ) r Disc(G/K; τ))

)
.

Theorem 11.10 actually implies Theorem 11.9. Indeed, let H be a compact sub-
group of G such that X = G/H is G-real spherical. Consider a maximal compact
subgroup K of G containing H. Then the fibration K/H → XΓ → YΓ induces a
decomposition

L2(XΓ) =
∑⊕

τ∈Disc(K/H)

(V ∨τ )H ⊗ L2(YΓ,Vτ )

(see (6.2) with (G,K,H) instead of (L,LK , LH)) and a bijection

Spec
Z(gC)
d (XΓ)i =

⋃
τ∈Disc(K/H)

Spec
Z(gC)
d (YΓ,Vτ )i

for i = ∅, I, or II. Since

(Ĝ)H =
⋃

τ∈Disc(K/H)

Ĝ(τ) and Disc(G/H) =
⋃

τ∈Disc(K/H)

Disc(G/K; τ),

we see that Theorem 11.10 implies Theorem 11.9.

11.5. The case of group manifolds. Conjecture 11.3 is also true in the case that
X = G/H is a group manifold (8G×8G)/Diag(8G) and Γ ⊂ 8G×8K as in Example 1.3.
In this case the C-algebra homomorphism d` : Z(8gC)→ DG(X) of (3.1) is bijective,
and so the statement is as follows.

Proposition 11.11. Let X = G/H be a group manifold (8G × 8G)/Diag(8G), where
8G is a real linear reductive Lie group contained in a connected complexification 8GC.
We identify the C-algebra DG(X) with Z(8gC) via d`.

(1) For any discrete subgroup Γ of G = 8G × 8G acting properly discontinuously
and freely on X,

Specd(XΓ)I ⊂ Supp(Disc(8G)).

(2) Moreover, in the standard case where Γ ⊂ L := 8G×8K,

Specd(XΓ) ⊂ Supp(8̂G),

Specd(XΓ)II ⊂ Supp(8̂Gr Disc(8G)).

Statement (1) is immediate from the definition. Statement (2) will be proved in
Section 12.5, by reducing to Theorem 11.10 and using Theorem 9.2.
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Remark 11.12. In contrast to the case 8G = SL(2,R) (see Proposition 1.13),
in general Specd(XΓ)I and Specd(XΓ)II may have nonempty intersection for X =
(8G × 8G)/Diag(8G). The proof of Proposition 1.13 (see Section 11.6 just below)
uses the fact that for 8G = SL(2,R), irreducible unitary representations having the
same infinitesimal character as the trivial one-dimensional representation are Harish-
Chandra’s discrete series representations; this does not hold for more general real
reductive groups. In fact, the unitarization of Zuckerman’s derived functor modules
Aq(0) for θ-stable parabolic subalgebra q (⊂ gC) are such examples if the normalizer
of q in G is noncompact [Vo].

11.6. The example of X = AdS3: proof of Proposition 1.13. Let X be the
3-dimensional anti-de Sitter space

AdS3 = G/H = SO(2, 2)/SO(2, 1) ' (SL(2,R)× SL(2,R))/Diag(SL(2,R)).

Then rankX = 1, and so the C-algebra DG(X) of G-invariant differential operators
onX is generated by the Laplacian �X . Thus, for any discrete subgroup Γ of SO(2, 2)
acting properly discontinuously and freely on X, we may identify Specd(XΓ) with the
discrete spectrum of the Laplacian �XΓ

.
We already know from Theorem 1.10 (proved in Section 10) that Specd(XΓ)II

is infinite whenever Γ is cocompact or arithmetic in L. We now prove the other
statements of Proposition 1.13 using Proposition 11.11. For this, recall that the
irreducible unitary representations of 8G := SL(2,R) are classified up to unitary
equivalence in the following list:

1 trivial one-dimensional representation,
πiν,δ unitary principal series representations

(ν ≥ 0 for δ = +, or ν > 0 for δ = −),
πλ complementary series representations (0 < λ < 1),
$+
n holomorphic discrete series representations (n ∈ N+),

$−n antiholomorphic discrete series representations (n ∈ N+),
$+

0 limit of holomorphic discrete series representations,
$−0 limit of antiholomorphic discrete series representations.

We use the following parametrization: the smooth representations 1, πiν,δ, πλ, $±n ,
and $±0 are subrepresentations of the unnormalized principal series representations
C∞(8G/8P,Ls,ε) of 8G = SL(2,R) with (s, ε) = (0,+), (1 + iν, δ), (λ,+),
(n+ 1, (−1)n+1), and (1,−1), respectively. Here Ls,ε is a 8G-equivariant line bundle
over the real flag manifold 8G/8P associated to a one-dimensional representation of
the parabolic subgroup 8P :=

{(
a b
0 a−1

)
: a ∈ R∗, b ∈ R

}
given by(

a b
0 a−1

)
7−→

{
|a|s for ε = +,
|a|s sgn(a) for ε = −.

We normalize the Harish-Chandra isomorphism

HomC-alg(Z(8gC),C) ' C/(Z/2Z), χλ ←→ λ

so that the infinitesimal character of the trivial one-dimensional representation 1 is
equal to χλ for λ = 1 ∈ C/(Z/2Z). Then the infinitesimal character of C∞(8G/8P,Ls,ε)
is s − 1 ∈ C/(Z/2Z), and therefore the infinitesimal characters of πiν,δ, πλ, and $±n
are given by iν, λ− 1, and n respectively.

As subsets of C/(Z/2Z), we have

Supp
(
Disc(8G)

)
= {n : n ∈ N+},

Supp
(
8̂Gr Disc(8G)

)
= {iν : ν ≥ 0} ∪ {µ : 0 ≤ µ ≤ 1}.

Therefore, by Proposition 11.11,

Specd(XΓ)I ⊂ {n : n ∈ N+}
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for any discrete subgroup Γ of G = SO(2, 2) acting properly discontinuously and
freely on X, and

Specd(XΓ)II ⊂ {iν : ν ≥ 0} ∪ {µ : 0 ≤ µ ≤ 1}

whenever Γ ⊂ L := U(1, 1).
Let BK be the Killing form on sl(2,R). We use 2BK to normalize the Lorentzian

metric on X ' SL(2,R), the Casimir element C ∈ Z(sl(2,C)), and the Laplace–
Beltrami operator �X . Then the norm of the root vector is equal to one, and χλ(C) =
1
4(λ2 − 1). Therefore, via the bijection

HomC-alg(Z(8gC),C)(' C/(Z/2Z))
∼−→ C

χλ 7−→ χλ(C) =
1

4
(λ2 − 1),

we have

Specd(XΓ)I ⊂
{1

4
(n2 − 1) : n ∈ N+

}
=
{1

4
k(k + 2) : k ∈ N

}
for any discrete subgroup Γ of G = SO(2, 2) acting properly discontinuously and
freely on X, and

Specd(XΓ)II ⊂ (−∞, 0]

whenever Γ ⊂ L = U(1, 1). By [KK2, Th. 3.8 & 9.9], the set Specd(XΓ)I is infinite
as soon as Γ is sharp (a strong form of proper discontinuity, see [KK2, Def. 4.2]); this
includes the case that XΓ is standard; more precisely, there exists k0 ∈ N such that

Specd(XΓ)I ⊃
{1

4
k(k + 2) : k ∈ N, k ≥ k0

}
if −1 /∈ Γ, and the same holds with N replaced by 2N if −1 ∈ Γ.

Finally, 0 is contained in Specd(XΓ)II if and only if the trivial one-dimensional
representation 1 contributes to the L2-spectrum, which happens if and only if the
constant function on XΓ is square integrable (see Proposition 12.11 below for details),
namely, vol(XΓ) < +∞. This completes the proof of Proposition 1.13.

Remark 11.13. We may compare the example of X = AdS3 with the classical Rie-
mannian example of X = G/H = SL(2,R)/SO(2). In the latter case, Specd(XΓ)I = ∅
and Specd(XΓ)II ⊂ (−∞, 0] for any discrete subgroup Γ of G (see Remark 1.4), and
Selberg’s 1

4 Conjecture asserts that Specd(XΓ)II ⊂ (−∞,−1/4] if Γ is a congruence
subgroup, namely, complementary series representations πλ do not contribute to the
discrete spectrum.

12. The discrete spectrum in terms of group representations

The goal of this section is to prove Theorem 2.7, in the main setting 1.5. For this
we provide a proof of Theorems 11.9 and 11.10, which describe the discrete spectrum
of type I and II in terms of representations of G into spaces of functions (or of sections
of vector bundles) on the two G-spaces Γ\G and X = G/H. Recall that conditions
(Tf), (A), (B) hold in the setting 1.5 (Proposition 5.10); therefore Theorem 2.7 follows
from Corollary 9.3 and from Theorem 11.10 with (G,H,K) replaced by (L,LH , LK).

Recall from Section 4.1 that the definition of discrete spectrum of type I is built on
the L2-analysis of X, whereas the definition of type II relies on the L2-inner product
on XΓ, which is not related in general to that of X. A key idea in the proof of Theo-
rem 11.9 is to introduce aG-intertwining operator Tf ≡ T (·, p∗f) from aG-submodule
of D′(Γ\G) into a G-submodule of D′(X) for every tempered (Definition 12.2) joint
eigenfunction f ∈ D′(XΓ;Nν) (see Lemma 12.3), and to study carefully the de-
pendence of the intertwining operator Tf on the properties of f such as being an
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eigenfunction of type I or type II (see Proposition 12.11). Here p : Γ\G→ XΓ is the
natural projection, as given by the following diagram.

(12.1) G

pΓ

yyrrr
rrr

rrr
rrr

r
p

''OO
OOO

OOO
OOO

OO

Γ\G
p

%%KK
KKK

KKK
KKK

X = G/H

pΓ

wwppp
ppp

ppp
pp

XΓ = Γ\G/H

12.1. Representations Vπ and Wπ. Let G be a real reductive Lie group. The
differential of the inversion g 7→ g−1 of G gives rise to an antiautomorphism η
of the enveloping algebra U(gC), defined by Y1 · · ·Ym 7→ (−Ym) · · · (−Y1) for all
Y1, . . . , Ym ∈ gC. This antiautomorphism induces an involutive automorphism of
the commutative subalgebra Z(gC). Note that

(12.2) dr(z) = d` ◦ η(z)

on D′(G) for all z ∈ Z(gC), where d`,dr : U(gC) → D(G) are the C-algebra homo-
morphisms given by the differentiation from the left or the right, respectively (see
(3.1) with H = {e}).

Let Γ be an arbitrary torsion-free discrete subgroup of G, and let ν ∈
HomC-alg(Z(gC),C). As in Section 4.2, we define the system (Nν) of differential
equations on Γ\G by d`(z)Γ ϕ = ν(z)ϕ for all z ∈ Z(gC). For F = A, C∞, L2 or D′,
consider the regular representation of G on F(Γ\G), given by g · f = f(· g) for all
g ∈ G and f ∈ F(Γ\G). By (12.2), any z ∈ Z(gC) acts on F(Γ\G;Nν) by ν ◦ η(z).
Twisting by η, we define the set

(12.3) Ĝν := {π ∈ Ĝ : χπ = ν ◦ η},

which is finite.
Similarly to Lemma 4.5, the subspace L2(Γ\G;Nν) is closed in the Hilbert space

L2(Γ\G). Moreover, the system (Nν) on Γ\G is right-G-invariant. Thus we obtain a
unitary representation of G on L2(Γ\G;Nν). This unitary representation is a finite
direct sum of isotypic unitary representations of G:

(12.4) L2(Γ\G;Nν) '
⊕
π∈Ĝν

Vπ.

The representation Vπ is unitarily equivalent to HomG(π, L2(Γ\G)) ⊗ π, and the
multiplicity of π in Vπ is dimC HomG(π, L2(Γ\G)), which may be 0 or +∞ (since we
do not impose any assumption on Γ such as vol(Γ\G) < +∞).

According to the decomposition (12.4), we have a finite direct sum decomposition

(12.5)
{
L2(Γ\G;Nν)∞ '

⊕
π∈Ĝν V

∞
π ,

L2(Γ\G;Nν)−∞ '
⊕

π∈Ĝν V
−∞
π .

By a Sobolev-type theorem, L2(Γ\G)∞ ⊂ C∞(Γ\G); in particular,

V∞π ⊂ L2(Γ\G;Nν)∞ ⊂ C∞(Γ\G).

Therefore, the sesquilinear continuous map C∞(Γ\G)→ C sending f to f(Γe) induces
elements of L2(Γ\G;Nν)−∞ and of V −∞π for π ∈ Ĝν , which will be denoted by δ
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and δπ, respectively. Then
δ =

∑
π∈Ĝν

δπ

according to the decomposition (12.5). Clearly δ ∈ L2(Γ\G;Nν)−∞ is a cyclic vector.
Let H be a reductive subgroup of G such that X = G/H is G-real spherical.

Similarly to Vπ for Γ\G, we now introduce aG-moduleWπ forX = G/H. A difference
is that we consider the space D′(X) fo distributions on X rather than L2(X). For
any ν ∈ SpecZ(gC)(XΓ) and any π ∈ Ĝν , let

(12.6) Wπ ≡Wπ(H) =
∑
A

A(πK) ⊂ D′(X),

where A ranges through Homg,K(πK ,D′(X)) and · denotes the closure in D′(X). For
any A, the image A(πK) is contained in D(X;Nν◦η) which is a G-module of finite
length, hence Wπ is a G-submodule of D′(X). Moreover, Nπ :=
dim Homg,K(πK ,D′(X)) < +∞, and the underlying (g,K)-module (Wπ)K is iso-
morphic to a direct sum of Nπ copies of πK . We note that D′(X;Nν◦η) is not
always completely reducible, and the quotient (D′(X;Nν◦η)/Wπ)K may contain an
irreducible submodule which is isomorphic to πK . We have Wπ 6= {0} if and only if
π ∈ (Ĝ)H . Moreover, Wπ ∩

⊕
π′∈Ĝνr{π}Wπ′ = {0}.

Here is a brief summary concerning the two representations Vπ and Wπ.

Lemma 12.1. Suppose X = G/H is G-real spherical.
(1) The group G acts on Vπ as a unitary representation, and Vπ is the maximal

G-invariant closed subspace of L2(Γ\G) which is isotypic to π.
(2) The group G acts on Wπ as a continuous representation of finite length, and

Wπ is the maximal G-invariant closed subspace of D′(X) whose underlying
(g,K)-module is a multiple of πK .

Proof. Statement (1) is clear. By Lemma 3.9, the regular representation of G on the
complete, locally convex topological space

D′(X;Nν◦η) = {F ∈ D′(X) : d`(z)F = ν ◦ η(z)F ∀z ∈ Z(gC)}
is of finite length (but not necessarily completely reducible). Thus statement (2)
follows from Fact 3.10. �

We shall relate Vπ and Wπ in Proposition 12.11.

12.2. Intertwining operators associated with eigenfunctions on XΓ. Recall
the projections p : Γ\G → XΓ and pΓ : X → XΓ from (12.1). Given ν ∈
HomC-alg(Z(gC),C) and a joint eigenfunction f ∈ L2(XΓ;Nν), we can consider two
G-modules: the G-submodule generated by p∗f ∈ D′(Γ\G;Nν) in the right regular
representation on D′(Γ\G), and the G-submodule generated by p∗Γf ∈ D′(X;Nν) in
the left regular representation on D′(X). We do not expect these two G-modules
to be isomorphic to each other. Instead, in Lemma 12.3 below we construct a G-
intertwining operator

T (·, p∗f) : L2(Γ\G;Nν)−∞ −→ D′(X;Nν◦η)
for each tempered eigenfunction f ∈ D′(XΓ;Nν). This intertwining operator T (·, p∗f)
depends on the eigenfunction f , and we shall formulate this dependency in terms of
representation theory in Lemma 12.3.(3), which will play a crucial role in proving
Theorem 11.9 in Section 12.4. Here we use the following terminology.

Definition 12.2. Let ν ∈ HomC-alg(Z(gC),C). An eigenfunction f ∈ D′(XΓ;Nν) is
called tempered if p∗f ∈ D′(Γ\G;Nν) belongs to L2(Γ\G;Nν)−∞.
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(Recall that G acts on H := L2(Γ\G;Nν) as a unitary representation; H∞ ⊂ H ⊂
H−∞ is the Gelfand triple (3.4) associated with H.)

If H is compact, then any L2-eigenfunction f is tempered because p∗f ∈
L2(Γ\G;Nν) ⊂ L2(Γ\G;Nν)−∞.

Lemma 12.3. Suppose X = G/H is G-real spherical. Taking matrix coefficients
for distribution vectors of the unitary representations of G on L2(Γ\G;Nν) induces
a sesquilinear map

T : L2(Γ\G;Nν)−∞ ×
(
L2(Γ\G;Nν)−∞

)H −→ D′(X;Nν◦η)

with the following properties. Let f ∈ D′(XΓ;Nν) be any tempered eigenfunction,
namely p∗f ∈ D′(Γ\G) belongs to (L2(Γ\G;Nν)−∞)H . Then

(1) the map Tf := T (·, p∗f) : L2(Γ\G;Nν)−∞ → D′(X;Nν◦η) is a continuous
G-homomorphism.

(2) T (δ, p∗f) = p∗Γf , where p
∗
Γf is the complex conjugate of p∗Γf ;

(3) writing p∗f =
∑

π∈Ĝν Fπ according to the decomposition (12.5), we have, for
all π ∈ Ĝν ,

T (δ, Fπ) = T (δπ, p
∗f) = T (δπ, Fπ),(12.7)

T
(
L2(Γ\G;Nν)−∞, Fπ

)
= T (V −∞π , p∗f) ⊂Wπ.(12.8)

Proof. (1) Let $ be a unitary representation of G on the Hilbert space H =
L2(Γ\G;Nν), and consider the continuous map

T : H−∞ ×H−∞ −→ D′(G)

of (3.6) sending (u, F ) ∈ H−∞ × H−∞ to the corresponding matrix coefficient for
distribution vectors. If $(h)F = F for all h ∈ H, then T (u, F ) is invariant under the
right action of H by (3.7), and therefore T induces a map

H−∞ × (H−∞)H −→ D′(X),

which we still denote by T . By (3.7) again, T (·, F ) is a continuous G-homomorphism
from H−∞ to D′(X). We conclude by taking F := p∗f and using the fact that the
center Z(gC) acts on H−∞ by the scalar ν ◦ η.

(2) By the definition (3.6) of T and the definition of δ, the element Tf (δ) ∈ D′(G)
sends a test function ϕ ∈ C∞c (G) to∫

G
ϕ(g) p∗f(Γg) dg =

∫
G
ϕ(g) p∗Γp

∗f(g) dg.

We define ϕH ∈ C∞c (X) by ϕH(gH) :=
∫
H ϕ(gh)dh. Then p∗Γf ∈ D′(X), regarded

as an H-invariant distribution on G, sends ϕ to∫
X
ϕH(x) p∗Γf(x) dx =

∫
G
ϕ(g) p∗p∗Γf(g) dg.

We conclude using the equality p∗Γ ◦ p∗ = p∗ ◦ p∗Γ from Diagram (12.1).
(3) Let us first check that T (V −∞π , p∗f) ⊂Wπ. By (1),

Tf : L2(Γ\G;Nν)−∞ −→ D′(X;Nν◦η)
is aG-intertwining operator and Vπ is a unitary representation ofG which is a multiple
of the single irreducible unitary representation π (in particular, it is discretely decom-
posable). Since D′(X;Nν◦η) is of finite length by Lemma 3.9, the image Tf (V −∞π ) is
a direct sum of finitely many copies of the (g,K)-module πK by Lemma 12.4 below.
By definition (12.6) of Wπ, we conclude Tf (V −∞π ) ⊂ Wπ. The equalities in (12.7)
and (12.8) follow from the fact that T (u, v) = 0 for all u ∈ V −∞π and v ∈ V −∞π′ with
π 6' π′. �
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In general, the space of distribution vectors of a unitary representation π could
be huge. However, it behaves in a reasonable way if π is discretely decomposable
(Definition 8.2), as follows.

Lemma 12.4. Let U be a discretely decomposable unitary representation of a real
reductive Lie group G and V a continuous representation of G of finite length on
a complete, locally convex vector space. Suppose T : U−∞ → V is a continuous
G-homomorphism and let W be the closure of T (U−∞) in V . Then the underlying
(g,K)-module WK is completely reducible and unitarizable. More precisely, if U '∑

π∈Ĝ
⊕mπ π (Hilbert direct sum) where mπ ∈ N ∪ {∞}, then WK is isomorphic to a

finite direct sum
⊕

π∈Ĝ nπ π where nπ ≤ mπ for all π.

Proof. We first consider the case where the unitary representation U has finite length.
Since the underlying (g,K)-module UK is a direct sum of finitely many irreducible,
unitarizable (g,K)-modules, so is T (UK). Since UK is dense in U−∞, so is T (UK)
in W . Thus the two (g,K)-modules T (UK) and WK coincide by Fact 3.10. In
particular, WK is completely reducible and unitarizable.

Suppose now that U is a general discretely decomposable unitary representation
of G. Let (UN )N be an increasing sequence of closed G-invariant subspaces such that
U =

⋃
N UN and that the unitary representation UN is of finite length for any N .

We regard (UN )−∞ as a subspace of U−∞ by using the orthogonal decomposition
U = UN ⊕ (UN )⊥.

If W ′ is a closed G-invariant proper subspace of W such that T (U−∞N ) ⊂ W ′ for
all N , then

T (U−∞) ⊂
⋃
N

T (U−∞N ) ⊂ W ′,

and so W ′ = W since T (U−∞) = W . This shows that T (U−∞N ) = W for some N .
Then the conclusion of the lemma follows from the case of finite length. �

12.3. A preliminary result on Harish-Chandra discrete series representa-
tions. In order to prove Theorems 11.9 and 11.10, we will need the following.

Proposition 12.5. Suppose X = G/H is G-real spherical, with H compact. Let
(π,H) be a Harish-Chandra discrete series representation of G. If ψ ∈
Homg,K(πK ,D′(X)), then ψ(HK) ⊂ L2(X).

Remark 12.6. This is not true anymore if we drop one of the assumptions on H, as
follows.

1) H is noncompact. For instance, let X = G/H be the reductive symmetric
space SO(n + 1, 1)/SO(n, 1) with n ≥ 3. Then there exists (π,H) ∈ Disc(G/H)
such that Homg,K(πK ,D′(X)) contains two linearly independent elements ψ1, ψ2 with
ψ1(HK) ⊂ L2(X) and ψ2(HK) ∩ L2(X) = {0} (see [MO, O1]).

2) H is compact but G/H is not G-real spherical. For instance, take H = {e},
any (π,H) ∈ Disc(G), and any w ∈ H−∞ r H. Define a (g,K)-homomorphism
ψ : HK → C∞(G) by v 7→ (w, π(g)−1v), with the notation of Section 3.9. Then
ψ(HK) ∩ L2(G) = {0}.

Proposition 12.5 relies on the following lemma.

Lemma 12.7. For (τ, Vτ ) ∈ K̂, let Vτ be the G-equivariant Hermitian vector bun-
dle G ×K Vτ over the Riemannian symmetric space G/K. Let (π,H) be a (Harish-
Chandra) discrete series representation of G, with underlying (g,K)-module (πK ,HK).
Then ψ(HK) ⊂ L2(G/K,Vτ ) for all ψ ∈ Homg,K(πK ,D′(G/K,Vτ )).

Proof of Lemma 12.7. By the elliptic regularity theorem, the image of the (g,K)-
homomorphism ψ : πK → D′(G/K,Vτ ) is contained in C∞(G/K,Vτ ). Let H∞ be
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the Fréchet space of smooth vectors of the unitary representation (π,H), as in Sec-
tion 3.8. By the Casselman–Wallach globalization theorem [Wl, II, Ch. 2], the (g,K)-
homomorphism ψ extends to a continuous G-homomorphism H∞ → C∞(G/K,Vτ ),
still denoted by ψ. We identify C∞(G/K,Vτ ) with

C∞(G,Vτ )K := {f : G→ Vτ smooth : f(gk) = τ(k)−1f(g)∀g ∈ G, ∀k ∈ K}.
Thus we can define a linear map

Φ : H∞ −→ Vτ

by u 7→ ψ(u)(e); it is a K-homomorphism because ψ is a G-homomorphism. Taking
the adjoint of Φ, we have a K-homomorphism A : Vτ → H−∞ such that

(Φ(u), v)Vτ = (u,A(v))H

for all u ∈ H∞ and v ∈ Vτ , where (·, ·)Vτ and (·, ·)H are the respective inner products of
the Hilbert spaces Vτ and H. We note that the image of A is contained in (H−∞)K =
HK because A is a K-homomorphism. Then for any g ∈ G, u ∈ H, and v ∈ Vτ , we
have

(ψ(u)(g), v)Vτ = (Φ(π(g−1)u), v)H = (π(g)−1u,A(v))H.

The right-hand side is the matrix coefficient associated with u,A(v) ∈ H, and so it is
square-integrable on G. Since v is arbitrary, we conclude that ψ(u) ∈ L2(G/K,Vτ )
for all u ∈ H∞. �

Proof of Proposition 12.5. Since H is compact, we can take a maximal compact sub-
groupK of G containing H. For (τ, Vτ ) ∈ Disc(K/H), we set `τ := dimC((V ∨τ )H) ≥ 1
and let iτ : (V ∨τ )LH ⊗ D′(G/K,Vτ ) ↪→ D′(G/H) and pτ : D′(G/H) � (V ∨τ )LH ⊗
D′(G/K,Vτ ) be the natural G-homomorphisms associated with the G-equivariant
fiber bundleG/H → G/K with compact fiberK/H as in (2.3) and (5.7) with Γ = {e}.
We note that pτ ◦ iτ = id for all τ and

∑
τ iτ ◦ pτ = id. Then∑

τ∈Disc(K/H)

`τ dimC Homg,K(πK ,D′(G/K,Vτ )) = dimC Homg,K(πK ,D′(G/H)).

Since G/H is G-real spherical, the right-hand side is finite-dimensional by Lemma 3.9.
Since `τ 6= 0 for τ ∈ Disc(K/H), the following subset of K̂ is finite:

K̂H(π) := {τ ∈ Disc(K/H) : Homg,K(πK ,D′(G/K,Vτ )) 6= {0}}.
Thus any ψ ∈ Homg,K(πK ,D′(G/H)) is decomposed into a finite sum

ψ =
⊕

τ∈K̂H(π)

iτ ◦ pτ ◦ ψ.

Since pτ ◦ψ(HK) ⊂ (V ∨τ )LH ⊗L2(G/K,Vτ ) by Lemma 12.7 and since iτ : (V ∨τ )LH ⊗
L2(G/K,Vτ )→ L2(G/H) is an isometric embedding for any τ (see (6.2) with Γ = {e}
and with (L,LH) replaced by (G,H)), we have

ψ(HK) ⊂
⊕

τ∈K̂H(π)

iτ
(
(V ∨τ )LH ⊗ L2(G/K,Vτ )

)
⊂ L2(G/H). �

12.4. Proof of Theorems 11.9 and 11.10. In this section we complete the proof
of Theorems 11.9 and 11.10, where H is assumed to be compact. Before entering the
details of the argument, let us briefly clarify the point.

By definition, eigenfunctions of type I on XΓ = Γ\G/H are given by discrete series
representations for X = G/H, whereas eigenfunctions of type II are orthogonal to
them in the Hilbert space L2(XΓ). However, this orthogonality in L2(XΓ) is not a
priori reflected in L2(X) because the image of p∗Γ : L2(XΓ)→ D′(X) is not contained
in L2(X), and in particular p∗Γ is not an isometry.
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On the other hand, p∗ : L2(XΓ) → L2(Γ\G) is an isometry since H is compact,
and the orthogonality of type I and type II in L2(XΓ) is preserved in L2(Γ\G).
We carry out the proof of Theorems 11.9 and 11.10 by connecting the two maximal
isotypic G-submodules Vπ ⊂ L2(Γ\G) and Wπ ⊂ D′(X) for each π ∈ Ĝ (see (12.4)
and (12.6)) through intertwining operators Tf which are defined in Lemma 12.3 for
each joint eigenfunction f ∈ D′(XΓ;Nν).

We start by proving the first equality in Theorem 11.9.

Lemma 12.8. Assume H is compact. For any ν ∈ HomC-alg(Z(gC),C),

(12.9) L2(XΓ;Nν) '
⊕
π∈Ĝν

HomG(π, L2(Γ\G))⊗ πH .

In particular,
Spec

Z(gC)
d (XΓ) = Supp

(
Disc(Γ\G) ∩ (Ĝ)H

)
.

Proof. Since H is compact, we may identify L2(XΓ;Nν) with the subspace
L2(Γ\G;Nν)H of H-fixed vectors in the regular representation L2(Γ\G;Nν). Tak-
ing H-fixed vectors in the isomorphism of unitary representations (12.4), we obtain
(12.9). �

For (π, V ) ∈ Ĝ, we denote by πK the underlying (g,K)-module on the space VK
of K-finite vectors in V . Suppose X = G/H is G-real spherical. We denote by Uπ
the closure of

∑
A(V ) in D′(X), where A ranges through HomG(π, L2(X)), which is

a submodule of Wπ ≡Wπ(H) (see (12.6)).

Lemma 12.9. (1) Uπ 6= {0} if and only if π ∈ Disc(G/H).
(2) Uπ ⊂Wπ.
(3) If H is compact, then Uπ = Wπ.

Proof. (1) and (2) are clear. (3) is a consequence of Proposition 12.5. �

Suppose now that H is compact, the pull-back of the projection p : Γ\G→ XΓ =
Γ\G/H gives an isometric embedding of Hilbert spaces:

p∗ : L2(XΓ)

∪

� � // L2(Γ\G)

∪

L2(XΓ;Nν) �
� // L2(Γ\G;Nν).

In particular, we may regard L2(XΓ;Nν) as a subspace of (L2(Γ\G;Nν)−∞)H , and
apply Lemma 12.3 to F = p∗f for all L2-eigenfunctions f ∈ L2(XΓ;Nν).

For ν ∈ HomC-alg(Z(gC),C), recall from (12.3) that Ĝν is the set of irreducible
unitary representations of G with infinitesimal character ν ◦ η. We now define the
following disjoint subsets of the set Ĝν of (12.3):

I(ν) := Ĝν ∩Disc(G/H),

II(ν) := Ĝν ∩ ((Ĝ)H r Disc(G/H)).

We note that Supp((Ĝ)H) and Supp(Disc(G/H)) are both invariant under η.

Lemma 12.10. Let G be a real reductive Lie group and H a closed unimodular
subgroup of G.

(1) The involution π 7→ π∨ of the unitary dual Ĝ leaves Disc(G/H) and (Ĝ)H
invariant.
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(2) The involution ν 7→ ν ◦η of HomC-alg(Z(gC),C) leaves Supp(Disc(G/H)) and
Supp((Ĝ)H) invariant.

Here π∨ denotes the contragredient unitary representation of π.

Proof. For a unitary representation (π,H), we form the conjugate representation
(π,H) by giving H the conjugate complex structure. Then π is unitarily equiva-
lent to the contragredient representation π∨. Thus statement (1) is clear from the
counterpart in (π,H).

If π has Z(gC)-infinitesimal character χπ, then the contragredient representation
π∨ has Z(gC)-infinitesimal character χπ ◦ η. Since π ∈ Ĝ if and only if π∨ ∈ Ĝ, the
set Supp(Ĝ) is preserved by the involution ν 7→ ν ◦ η. Thus statement (2) follows
from statement (1). �

Recall from Lemma 12.1 that Vπ ≡ Vπ(Γ) is a maximal G-invariant closed subspace
of L2(Γ\G) which is isotropic to π ∈ Ĝ, and that Wπ ≡ Wπ(H) is a maximal G-
invariant closed subspace of D′(X) whose underlying (g,K)-module is a multiple
of πK . The following proposition shows that we can determine whether or not f ∈
L2(XΓ;Nν) is of type I or of type II by means of theG-submodule generated by p∗f in
D′(Γ\G), or equivalently by means of theG-submodule generated by p∗Γf inD′(G/H).
This proposition is a key to the second and third equalities in Theorem 11.9.

Proposition 12.11. Suppose G/H is G-real spherical, with H compact. Let ν ∈
HomC-alg(Z(gC),C) and i = I or II. Then the following three conditions on f ∈
L2(XΓ;Nν) are equivalent:
(i) f ∈ L2(XΓ;Nν)i;
(ii) p∗Γf ∈

⊕
π∈i(ν)Wπ;

(iii) p∗f ∈
⊕

π∈i(ν) Vπ.

Proof of Proposition 12.11. We first prove the equivalence (ii)⇔ (iii) for i = I and II.
Consider the decomposition f =

∑
π fπ such that p∗f =

∑
π p
∗fπ ∈ L2(Γ\G) is the

decomposition of (12.5), with p∗fπ ∈ Vπ for all π. Then condition (iii) is equivalent
to p∗fπ = 0 for all π /∈ i(ν). On the other hand, by Lemma 12.3.(2), we have
p∗Γfπ = T (δ, p∗fπ) ∈ Wπ. Since p∗Γf =

∑
π p
∗
Γfπ, condition (ii) is equivalent to

p∗Γfπ = 0 for all π /∈ i(ν), i.e. to p∗Γfπ = 0 for all π /∈ i(ν). Since both p∗ and p∗Γ are
injective, the equivalence (ii)⇔ (iii) is proved.

For i = I, the equivalence (i)⇔ (ii) follows from Lemma 12.12.
Finally, we prove the equivalence (i)⇔ (iii) for i = II. Condition (i) is equivalent

to f being orthogonal to L2(XΓ;Nν)I in L2(XΓ); since p∗ : L2(XΓ) ↪→ L2(Γ\G) is an
isometry, this is equivalent to p∗f being orthogonal to

⊕
π∈I(ν) Vπ in L2(Γ\G), which

is equivalent to (iii). �

Lemma 12.12. Suppose X = G/H is G-real spherical, with H compact. Then

L2(XΓ;Nν)I = (p∗Γ)−1
⊕

π∈I(ν◦η)

Uπ

= (p∗Γ)−1
⊕

π∈I(ν◦η)∩Disc(Γ\G)

Wπ.

Proof of Lemma 12.12. The first equality holds by definition of type I. To check the
second equality, we recall that Uπ = Wπ if π ∈ Disc(G/H) (Lemma 12.9.(3)), and so

(12.10) L2(XΓ;Nν)I = (p∗Γ)−1
⊕

π∈I(ν◦η)

Wπ.
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By Lemma 12.3, the map T (·, p∗f) : V −∞π → Wπ is a continuous G-homomorphism
for π ∈ Ĝν . By Lemma 12.4, the (g,K)-module (Wπ)K is a multiple of πK . By
Lemma 12.3 again,

p∗Γf =
∑
π∈Ĝν

T (δ, (p∗f)π) =
∑
π∈Ĝν

T (δπ, p
∗f) ∈

⊕
π∈Ĝν

Wπ.

Thus we only need to consider π satisfying (p∗f)π 6= 0 in the right-hand side of
(12.10). In particular, π belongs to Disc(Γ\G). This completes the proof. �

Proof of Theorem 11.9. By Lemma 12.10 and the equivalence (i)⇔ (iii) in Proposi-
tion 12.11, we have

L2(XΓ;Nν)i = (p∗)−1

( ⊕
π∈i(ν)

Vπ

)
for i = I or II. Since Vπ ⊂ L2(Γ\G), we have L2(XΓ;Nν)i 6= {0} if and only if
i(ν) ∩Disc(Γ\G) 6= ∅. �

Proof of Theorem 11.10. The argument works similarly to that of Theorem 11.9.
More precisely, consider the two projections

Γ\G
q

%%KK
KK

KK
KK

KK
Y = G/K

qΓ

xxppp
ppp

ppp
pp

YΓ = Γ\G/K

Fix τ ∈ K̂ and π ∈ Disc(Γ\G). Recall Vπ ≡ Vπ,τ (Γ) ⊂ L2(Γ\G) from (12.4) and
define Wπ ≡Wπ,τ ⊂ V ∨τ ⊗D′(G/K,Vτ ;Nν) by

Wπ :=
∑
A

A(πK),

where A ranges through V ∨τ ⊗ Homg,K(πK ,D′(G/K,Vτ ;Nν)). Then, analogously to
Proposition 12.11, the following holds.

Proposition 12.13. Suppose (τ, Vτ ) ∈ K̂, and ν ∈ HomC-alg(Z(gC),C), and i = I
or II. Then the following three conditions on f ∈ L2(XΓ,Vτ ;Nν) are equivalent:
(i) f ∈ L2(YΓ,Vτ ;Nν)i;
(ii) q∗Γf ∈

⊕
π∈i(ν)Wπ;

(iii) q∗f ∈
⊕

π∈i(ν) Vπ.

For the proof of Proposition 12.13, we use a sesquilinear map

T : L2(Γ\G;Nν)−∞ ×D′(YΓ,Vτ ;Nν) −→ D′(YΓ,Vτ ;Nν◦η)
defined similarly to Lemma 12.3. The proof is parallel to that of Lemma 12.3 and
Proposition 12.11, so we omit the details. �

12.5. Proof of Theorem 2.7 and Proposition 11.11. We are now ready to give
a proof of Theorem 2.7 describing Specd(XΓ)i (i = ∅, I, II) by the data of the
Riemannian locally symmetric space YΓ = Γ\L/LK .

Proof of Theorem 2.7. By Proposition 5.10, conditions (Tf), (A), (B) hold for the
quadruple (G,L,H,LK). Moreover, since XC is LC-spherical (in particular, GC-
spherical), X is G-real spherical. Therefore, we can apply Corollary 9.3 and obtain
Theorem 2.7 via the transfer map λ from the corresponding results for the (vector-
bundle-valued) Riemannian results given in Theorem 11.10, with (G,H,K) replaced
by (L,LH , LK). �
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Proof of Proposition 11.11. Statement (1) is immediate from the definition of discrete
spectrum of type I. To check (2), we set LK := 8K×8K, which is a maximal compact
subgroup of L = 8G×8K, and LH := Diag(8K). By the Peter–Weyl theorem,

Disc(LK/LH) =
{

(8τ)∨ � 8τ : 8τ ∈ 8̂K
}
.

Using the notation of Section 11.4, for τ = (8τ)∨ � 8τ ∈ Disc(LK/LH) we have

L̂(τ) =
{8ϑ� 8τ : 8ϑ ∈ 8̂G such that Hom8K((8τ)∨, 8ϑ|8K) 6= {0}

}
,

and Disc(L/LK ; τ) is the set of 8ϑ � 8τ ∈ L̂(τ) such that 8ϑ is a Harish-Chandra
discrete series representation of 8G. By Proposition 5.11, conditions (Tf), (A), (B)
hold for the quadruple (G,L,H,LK). The transfer map λ of condition (Tf) is given
by

λ(ϑ, τ) = χ8ϑ

for τ = (8τ)∨ � 8τ ∈ Disc(LK/LH) and ϑ = 8ϑ � 8τ ∈ L̂(τ), via the isomorphism
d` : Z(8gC)

∼−→ DG(X). We can apply Theorem 9.2 and obtain statement (2) of
Proposition 11.11 via the transfer map λ from the corresponding results for the
(vector-bundle-valued) Riemannian results given in Theorem 11.10, with (G,H,K)
replaced by (L,LH , LK). �
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