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Classical results /C

X smooth projective variety over C

Theorem (Hodge decomposition)

(X", C) ~ P HI(X, %)

i+j=n

Non-abelian Hodge theory provides a generalisation for cohomologies
with coefficients.



Classical results /C
oeo

Narasimhan—Seshadri correspondence

e dmX=1

{ irreducible unitary } ~y { stable vector bundles}
(X)

C-representations of ;%" of degree 0 over X

V o= X x V/a%P(X)



Classical results /C
oeo

Narasimhan—Seshadri correspondence

e dmX=1

{ irreducible unitary } ~y { stable vector bundles}
(X)

C-representations of ;%" of degree 0 over X

V o= X x V/a%P(X)

@ X = universal covering of X
top

o Action of g € m;°°(X) is given by g(x, v) = (g(x), g(v)).
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Narasimhan—Seshadri correspondence

e dmX=1

{ irreducible unitary } ~y { stable vector bundles}
(X)

C-representations of ;%" of degree 0 over X

V o= X x V/a%P(X)

o X = universal covering of X

o Action of g € m°P(X) is given by g(x, v) = (g(x),g(v)).

o A vector bundle E over X is stable (resp. semi-stable) if for any sub
vector bundle F of E, we have

deg(E)

H(F) < (resp. <) p(E),  where u(E) = 55
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Hitchen—Simpson correspondence

o A Higgs bundle (E,0)/X : E a vector bundle over X and
0:E— EQg, Q%(/cc an Ox-linear morphism such that A § = 0.
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Classical results /C
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Hitchen—Simpson correspondence

o A Higgs bundle (E,0)/X : E a vector bundle over X and
0:E— EQg, Q%(/C an Ox-linear morphism such that A § = 0.

irreducibl ~ stable Higgs bundles
{C-represe:\rtraetigﬁls oef 7Ttop(X)} > {with zero Chern classes (E,0)
! over X

| T

{ irreducible unitary } ~ { stable vector bundles} E
C-representations of 7;°°(X)) dmX=1 | of degree 0 over X

@ For a C-representation V and (E, ) associated Higgs bundle,

H(X?", V) ~ H"(E @6, U /)
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P-adic theory: Hodge—Tate decomposition

@ K a finite %tension of Qp, K an algebraic closure of K,
Gk = Gal(K/K), Ok, O rings of integers,
ﬁc = ﬁ? and C = ﬁc[%]
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P-adic theory: Hodge—Tate decomposition

@ K a finite %tension of Qp, K an algebraic closure of K,
Gk = Gal(K/K), Ok, O rings of integers,
Oc = Oy and C = Oc[1].

@ X a smooth proper variety over K.

Theorem (Faltings, Niziol, Tsuji/ Scholze)

3 a canonical Gk-equivariant C-linear isomorphism

Hgt(XR» Qp) ®Qp C—= @ Hi(XaQJ)'qK) QK C(_j)7 (2-1)
i+j=n

where the action of Gk on H'(X, QJX/K) is trivial and on C(—j) is given
by powers of p-adic cyclotomic character
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P-adic theory: Hodge—Tate decomposition

@ K a finite gtension of Qp, K an algebraic closure of K,
Gk = Gal(K/K), Ok, O rings of integers,
Oc = Oy and C = Oc[1].

@ X a smooth proper variety over K.

Theorem (Faltings, Niziol, Tsuji/ Scholze)

3 a canonical Gk-equivariant C-linear isomorphism

Hgt(XR» Qp) ®Qp C—= @ Hi(XaQJ)'qK) QK C(_j), (2-1)
i+j=n

where the action of Gk on H'(X, QJX/K) is trivial and on C(—j) is given
by powers of p-adic cyclotomic character

@ Non-abelian theories:
@ P-adic Simpson correspondence: Faltings, Abbes—Gros and Tsuji.

@ P-adic Riemann—Hilbert correspondence: Liu—Zhu,
Diao-Lan-Liu—Zhu.
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P-adic Simpson correspondence

o O¢=lim . Oc/plc, Ant =W(0) b 0.
o Ker(0) = (&), Aint.n = Aine/E", Oc = Ainf 1.
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P-adic Simpson correspondence

o Ot =lim Oc/pOc, Ant =W(08) S Oc.

o Ker(0) = (&), Aint.n = Aine/E", Oc = Ainf 1.

e X smooth projective /0y (works with semi-stable reduction).

o A family of smooth Cartesian liftings X = (X,)/(Ainf,n)n>1 of
Xeoe/Oc. Cartesian: Xpy1 Xa Ainf,n = Xp.

inf,n+1
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P-adic Simpson correspondence

o

. 9
o¢=\im_ , 0c/pOc, At =W(O¢) = Oc.
Ker(g) - (f)! Ainf,n = Ainf/é.nv ﬁc - Ainf,l-
X smooth projective /Ok (works with semi-stable reduction).

A family of smooth Cartesian liftings X = (X,)/(Ainf,n)n>1 of
Xeoe/Oc. Cartesian: Xpy1 Xa Ainf,n = Xp.

Roughly speaking, X induces an equivalence

inf,n+1

Hy : GRepsma”(X) = HBsmall(XC)

between small generalized representations and small Higgs bundles.
It is established by a “period ring” &7.
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P-adic Simpson correspondence

o Ot =lim Oc/pOc, Ant =W(08) S Oc.
o Ker(0) = (&), Aint.n = Aine/E", Oc = Ainf 1.
e X smooth projective /0y (works with semi-stable reduction).

o A family of smooth Cartesian liftings X = (X,)/(Ainf,n)n>1 of
Xeoe/Oc. Cartesian: Xpy1 Xa Ainf,n = Xp.

@ Roughly speaking, X induces an equivalence

inf,n+1

Hy : GRepsma”(X) = HBsmall(XC)

between small generalized representations and small Higgs bundles.
It is established by a “period ring” &7.

@ In the curve case, Hxy can be extended to GRep(X).
GRep(X) contains the category Repc(71(X%)) of continuous finite
dimensional C-representations of 7 (X5) as a full subcategory.

@ In this talk, we characterize the Higgs bundles associated to
Repc(m1(Xz)) for curves.
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P-adic Simpson correspondence: objects

o HB(Xc) Higgs bundle: (M,6), M € VB(Xc), 0 : M = M ® Q5 .

© HBsmai(Xc): (M, 0) is small, if 3 a model M° € Coh(Xg,) of M
such that O(M°) C p*M° ® Q% ,, fora € Q. 1 .
L



P-adic Simpson correspondence
[e]e] lele}

P-adic Simpson correspondence: objects

o HB(Xc) Higgs bundle: (M,6), M € VB(Xc), 0 : M = M ® Q5 .

© HBsmai(Xc): (M, 0) is small, if 3 a model M° € Coh(Xg,) of M
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o GRep(X) generalized representations: certain modules in Faltings
ringed topos (Ex, Bx) of X;
Locally, they are representations of 7 (X5) over finite projective
modules over a certain p-adic ring.

o Rep¢(71(X%)) — GRep(X) full subcategory.
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P-adic Simpson correspondence: objects

o HB(Xc) Higgs bundle: (M,6), M € VB(Xc), 0 : M = M ® Q5 .
© HBsmai(Xc): (M, 0) is small, if 3 a model M° € Coh(Xg,) of M
such that O(M°) C p*M° ® Q% ,, fora € Q. 1 .
=

o GRep(X) generalized representations: certain modules in Faltings
ringed topos (Ex, Bx) of X;
Locally, they are representations of 7 (X5) over finite projective
modules over a certain p-adic ring.

o Rep¢(71(X%)) — GRep(X) full subcategory.

e GRep,,.(X): It is small, if locally, a representation admits a basis,
whose 71 (X)-action is trivial modulo p? for 3 € Q. 2.
=

o (Tsuji) Small generalized representations = Dolbeault modules.
Dolbeault modules are those generalized representations satisfying
the admissible condition defined by €.
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P-adic Simpson correspondence: picture

@ In the curve case, one can extend Hy to all generalized
representations Hx gy, by a choice of Exp.
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P-adic Simpson correspondence: picture

@ In the curve case, one can extend Hy to all generalized
representations Hx gy, by a choice of Exp.

o log:1+mec—C, x> 7 (-1 )”+1(X b

exp: B={xeC||x| < p7r- 1}—>1+mc,x»—>zn>oxn—:
is an inverse of log on B. -
@ As 1+ mc is divisible, exp extends to a section of log:

Exp: (C,+) = (1 +mc, X).
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In the following, we assume dim X¢ =1

Hx

GRep,,.i(X) = HBsman(Xc) (E,0)
GRep(X) — — — X% _ _ L HB(Xc)
=
Repc(m1(X5)) ~ W VB (Xc) E

o Conjecture: image Hx gp(Repc(m1(X5))) = semi-stable Higgs
bundles of degree zero /Xc.

o Faltings sketched a proof of C.
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In the following, we assume dim X¢ =1

Hx

GRep,,.i(X) = HBsman(Xc) (E,0)
GRep(X) — — — X% _ _ L HB(Xc)
=
Repc(m1(X5)) ~ W VB (Xc) E

o Conjecture: image Hx gp(Repc(m1(X5))) = semi-stable Higgs
bundles of degree zero /Xc.

o Faltings sketched a proof of C.

@ Describe essential image of Hy gy with the help of
Deninger—Werner's functor, which fits into above diagram:

VPW VBPY(Xc) — Repe(mi(Xx)).

A p-adic analogue of Narasimhan—Seshadri correspondence.
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Deninger—Werner's theory

Definition

Let k be the residue field of K and Z a smooth proper k-curve. A vector
bundle E on Z is strongly semi-stable, if F7(E) is semi-stable for every
integer n > 0.
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Let k be the residue field of K and Z a smooth proper k-curve. A vector
bundle E on Z is strongly semi-stable, if F7(E) is semi-stable for every
integer n > 0.

Example: Suppose genus of Z is > 2. Then Fz .(07) is a stable bundle
of rank p, but F3(Fz .(07z)) is not semi-stable.
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Deninger—Werner's theory

Definition

Let k be the residue field of K and Z a smooth proper k-curve. A vector
bundle E on Z is strongly semi-stable, if F7(E) is semi-stable for every
integer n > 0.

Example: Suppose genus of Z is > 2. Then Fz .(07) is a stable bundle
of rank p, but F3(Fz .(07z)) is not semi-stable.

Definition (Deninger-Werner)

Let X be a projective Ok-curve with semi-stable reduction.

(i) VBPY(Xg.): A vector bundle .% is DW if for every irreducible
component Z; of X; and Z; = normalisation of Z;, the pullback

ﬂﬂz is strongly semi-stable of degree zero.

(i) VBPY(Xc): Image of VBPY(X4.) — VB(Xc).
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Theorem (Deninger—Werner)
TFAE: (i) 7 /X, is DW.

(i) ¥n > 1, after taking a finite extension of K, 3 a projective Ox-curve
Y with semi-stable reduction and a proper map f : Y — X such that

o fz: Y — X is a Galois étale cover.
@ The action of Aut(Yy/Xy) extends to an action over Y /X.
o 7,(#,) is a trivial bundle, f, = f @, Or/p"Ox.

.

This allows us to associate representation to DW vector bundles.
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Theorem (Deninger—Werner)
TFAE: (i) 7 /X, is DW.

(i) ¥n > 1, after taking a finite extension of K, 3 a projective Ox-curve
Y with semi-stable reduction and a proper map f : Y — X such that

o fz: Y — X is a Galois étale cover.
@ The action of Aut(Yy/Xy) extends to an action over Y /X.
o 7,(#,) is a trivial bundle, f, = f @, Or/p"Ox.

This allows us to associate representation to DW vector bundles.
@ I an universal isomorphism Ok = A«(Oy), X canonical map.

o If r = rank %, we obtain a representation (parallel transport)
Gal(Yi/Xg) O (Y5, FolF0)) = (O /P"OR)".

o VPV VB™™(Xsc) = Repyypro (m1(Xg)), VOV = lim VPW[1]
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Theorem (Deninger—Werner)

TFAE: (i) % | Xe. is DW.

(i) ¥n > 1, after taking a finite extension of K, 3 a projective Ox-curve
Y with semi-stable reduction and a proper map f : Y — X such that

° f? : Y? — XR is a Galois étale cover.

@ The action of Aut(Yy/Xy) extends to an action over Y /X.

o 7,(#,) is a trivial bundle, f, = f @, Or/p"Ox.

This allows us to associate representation to DW vector bundles.
@ I an universal isomorphism Ok = A«(Oy), X canonical map.

o If r = rank %, we obtain a representation (parallel transport)
Gal(Yi/Xg) O (Y5, FolF0)) = (O /P"OR)".

o VPV VB™™(Xsc) = Repyypro (m1(Xg)), VOV = lim VPW[1]
o Compatibility between VPW and p-adic Simpson correspondence (X.)

o Higher dimensional case: Deninger—Werner, Wiirthen.
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Definition

Let X be a smooth projective curve /0.
(i) HBPY(Xg.): M € VBPY (X, ) and a small Higgs field 6 on M.
(i) HBPW(Xc): Image of HB®W (X, ) — HB(Xc).
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Definition

Let X be a smooth projective curve /0.
(i) HBPY(Xg.): M € VBPY (X, ) and a small Higgs field 6 on M.
(i) HBPW(Xc): Image of HB®W (X, ) — HB(Xc).

@ To extend above definition for a general Higgs field, we need twisted
pullback functor for Higgs bundles (compatible with pullback
functoriality of p-adic Simpson correspondence).



Parallel transport for Higgs bundles over curves
0000000000

Definition

Let X be a smooth projective curve /0.
(i) HBPY(Xg.): M € VBPY (X, ) and a small Higgs field 6 on M.
(i) HBPW(Xc): Image of HB®W (X, ) — HB(Xc).

@ To extend above definition for a general Higgs field, we need twisted
pullback functor for Higgs bundles (compatible with pullback
functoriality of p-adic Simpson correspondence).

o Let Y be a smooth projective Ok-curve, Y = (Yn)/(Aint,n) a
smooth Cartesian lifting of Ys./Oc.

@ A proper map f : Y — X such that fx is finite induces:

5 x Exp(= f°) 1 HB(Xc) — HB(Yc).
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Definition

Let X be a smooth projective curve /0.
(i) HBPY(Xg.): M € VBPY (X, ) and a small Higgs field 6 on M.
(i) HBPW(Xc): Image of HB®W (X, ) — HB(Xc).

@ To extend above definition for a general Higgs field, we need twisted
pullback functor for Higgs bundles (compatible with pullback
functoriality of p-adic Simpson correspondence).

o Let Y be a smooth projective Ok-curve, Y = (Yn)/(Aint,n) a
smooth Cartesian lifting of Ys./Oc.

@ A proper map f : Y — X such that fx is finite induces:
5 x Exp(= f°) 1 HB(Xc) — HB(Yc).

@ When Higgs field = 0, f°(M,0) = (f¢(M),0).
@ When Higgs field £ 0, ° is different to f* by a “twist”.

Definition

HB% by (Xc)(= HBPY(Xc)): (M, 0) € HB(Xc) such that after 3

f:Y — X as above and f°(M,0) € HB°W(Yc).
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(i) Hu Exp sends Repe(m1 (X)) to HB% £ (Xc)-
(ii) 3 a quasi-inverse of Hy gxp:

Vaep(=V): HBF;)\aD,\é\ip(XC) —+ Repc(m1(Xg))-

(iii) (E,0) € HB% £, (Xc) and V = V(E,0), we have

HE (X, V) ~ H*(Xc, E S E @ Q)).
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(i) Hu Exp sends Repe(m1 (X)) to HB% £ (Xc)-
(ii) 3 a quasi-inverse of Hy gxp:

Vaep(=V): HBF;)\aD,\é\ip(XC) —+ Repc(m1(Xg))-

(iii) (E,0) € HB% £, (Xc) and V = V(E,0), we have

HE (X, V) ~ H*(Xc, E S E @ Q)).

v

(i) HBE’YE?\QQP(XC) C semi-stable Higgs bundles of degree zero /Xc.

(ii) Every Higgs line bundle of degree zero € HBS(D’\QLP(XC).

(iii) HBPXI?\QQP(XC) is abelian and closed under extensions.

.

o It is expected that assertion (i) is an equivalence.



Parallel transport for Higgs bundles over curves
0O@00000000

(i) Hu Exp sends Repe(m1 (X)) to HB% £ (Xc)-
(ii) 3 a quasi-inverse of Hy gxp:

Vaep(=V): HBF;)\aD,\é\ip(XC) —+ Repc(m1(Xg))-

(iii) (E,0) € HB% £, (Xc) and V = V(E,0), we have

HE (X, V) ~ H*(Xc, E S E @ Q)).

v

(i) HBE’YE?\QQP(XC) C semi-stable Higgs bundles of degree zero /Xc.

(ii) Every Higgs line bundle of degree zero € HBS(D’\QLP(XC).

(iii) HBPXI?\QQP(XC) is abelian and closed under extensions.

.

o It is expected that assertion (i) is an equivalence.
o Higgs line bundles: Heuer, Abeloid: Heuer—-Mann—Werner.
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Tsuji's approach to p-adic Simpson correspondence

e V is an extension of VPV to Higgs bundles.
It is based on Tsuji's approach to p-adic Simpson correspondence.

@ In this approach, small Higgs bundles are interpreted as crystals on a
site (X/Ainf), where X = p-adic completion of Xg,.
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Tsuji's approach to p-adic Simpson correspondence

e V is an extension of VPV to Higgs bundles.
It is based on Tsuji's approach to p-adic Simpson correspondence.

@ In this approach, small Higgs bundles are interpreted as crystals on a
site (X/Ainf), where X = p-adic completion of Xg,.

@ An object (T, z) of (X/Ains) consists of a sequence of morphisms
T=(..Tw = Tnt1...)n>1 of p-adic formal schemes Ty over
Spf(Aine/EN) such that

o Tn — Tn+1 is a closed immersion;
o for N > 2, the morphism of the modulo p reduction of Ty — Tny1 is
a nilpotent immersion;
o The morphism p : 07, — O, is injective for all N > 1;
° Ker(ﬁTN — ﬁTn) = §nﬁTN for1<n<N,
° Ker(§ 01y — ﬁTN) is fN_lﬁTN;
and a morphism z: 71 — X.

e A morphism (77,2') = (T, z) is a family of compatible morphisms
fn : Ty — Tn of formal schemes over An¢ such that zo f; = 2.
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Higgs crystals

o Topology: Cov(T,z) = {(ta : (Tas2a) = (T,2))acat such that
(i) uq is étale and Cartesian for all « € A
(i) Usea taa (Ta1) = T1.

e Functor (T, z) + (71, 07;) defines a sheaf of rings Ox /4

inf

o Consider Ox/an= Ox/a/P " Ox/an: Ox/anls]:
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Higgs crystals

o Topology: Cov(T,z) = {(ta : (Tas2a) = (T,2))acat such that
(i) uq is étale and Cartesian for all « € A

(i) Unen a1 (Ta,1) = Ti.
Functor (7',z) + ['(T1, O7;) defines a sheaf of rings Ox 4

inf

@ Consider E:{/Ainf,n = 5%/Amf/pnﬁx//4inf7 E:{/Ai"f[%].

HCq(X/Ainf): Crystals of Ox/a,. g[3]-modules on (X/Aiy), defined
as in crystalline site.

o A smooth Cartesian (formal) lifting X = (Xy) of X over Aiy¢ defines
an object of (X/Ainf). The evaluation at X induces:

' . 1 ) .
HCq(X/Ains) = Higgs ﬁx[;]-modules with convergent conditions
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Higgs crystals

o Topology: Cov(T,z) = {(ta : (Tas2a) = (T,2))acat such that
(i) uq is étale and Cartesian for all « € A
(i) Usea tar (Ta,1) = T1
e Functor (T, z) + (71, O7;) defines a sheaf of rings Oxa,,
o Consider Ox/an= Ox/a/P " Ox/an: Ox/anls]:
o HCq(X/Ainf): Crystals of Ox/a, ol;]-modules on (X/Ais), defined
as in crystalline site.

o A smooth Cartesian (formal) lifting X = (Xy) of X over Aiy¢ defines
an object of (X/Ainf). The evaluation at X induces:

' . 1 ) .
HCq(X/Ains) = Higgs ﬁx[;]-modules with convergent conditions

@ HBgman(Xc) is contained in the image of ¢x.
o HCg fin(X/Ainf) its essential image.
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From Higgs crystals to generalized representations

o Suppose X = Spec(R) — G4, étale. Let {V; — Xz} be the

universal cover, R; the integral closure of R in V; and R = R;.

. M
Set A = 71(X5), which acts continuously on R.

Generalized representations Rep(A,ﬁ[%]).
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From Higgs crystals to generalized representations

o Suppose X = Spec(R) — G4, étale. Let {V; — Xz} be the

universal cover, R; the integral closure of R in V; and R = R;.

R lim,,
Set A = m1(X5), which acts continuously on R.
Generalized representations Rep(A,ﬁ[%]).

o Let (M,0) be a small Higgs bundle and M associated crystal.

o (Spf(Ains(R)/€N)) defines an object of (X/Ain), denoted by D.

@ The A-action on D induces (local p-adic Simpson correspondence)

=1
V: HCQﬁn(X/Ainf) — Rep(A, R[;]), M F(D,M)
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From Higgs crystals to generalized representations

o Suppose X = Spec(R) — G4, étale. Let {V; — Xz} be the

universal cover, R; the integral closure of R in V; and R = R;.

R lim,,
Set A = m1(X5), which acts continuously on R.
Generalized representations Rep(A,ﬁ[%]).

o Let (M,0) be a small Higgs bundle and M associated crystal.

o (Spf(Ains(R)/€N)) defines an object of (X/Ain), denoted by D.

@ The A-action on D induces (local p-adic Simpson correspondence)
=1
V: HCQ7ﬁn(x/Ainf) — Rep(A, R[;]), M = F(D,M)

o Globalize Vx : HCq fin(X/Ainf) — GRep(X) (independent of X).
o Vxouiy: HBsma”(Xc) = HCQ’ﬁn(x/Ainf) — GRep(X) is a
quasi-inverse of Hy : GRep,,.i(X) = HBsman(Xc)-

@ The construction of V also applies to certain integral (or torsion)
Higgs bundles/crystals.
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From Higgs crystals to generalized representations

o Suppose X = Spec(R) — G4, étale. Let {V; — Xz} be the

universal cover, R; the integral closure of R in V; and R = R;.

N lim,,
Set A = 71(X5), which acts continuously on R.
Generalized representations Rep(A,ﬁ[%]).
o Let (M,0) be a small Higgs bundle and M associated crystal.
o (Spf(Ains(R)/€N)) defines an object of (X/Ain), denoted by D.
@ The A-action on D induces (local p-adic Simpson correspondence)

=1
V: HCQ7ﬁn(x/Ainf) — Rep(A, R[;]), M = F(D,M)

o Globalize Vx : HCq fin(X/Ainf) — GRep(X) (independent of X).
o Vxouiy: HBsma”(Xc) = HCQ’ﬁn(x/Ainf) — GRep(X) is a
quasi-inverse of Hy : GRep,,.i(X) = HBsman(Xc)-

@ The construction of V also applies to certain integral (or torsion)
Higgs bundles/crystals.

o Crystals on prismatic site: Morrow=Tsuji, Min—Wang.
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Pullback functoriality: review of f°: HB(Xc) — HB(Yc)

@ f: Y — X a map of smooth projective curve and fx is finite étale.

frig : (MF) — (mf), fing © HCq.fin(X/Aing) = HCq fin(Q)/ Aing)

compatible with p-adic Simpson correspondence Vx, Vy.
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Pullback functoriality: review of f°: HB(Xc) — HB(Yc)

@ f: Y — X a map of smooth projective curve and fx is finite étale.

fuic 1 (V/Aine) = (X/Aine), i - HCqfin(X/Aine) — HCqfin(D/ Ainf)
compatible with p-adic Simpson correspondence Vx, Vy.
@ It is compatible with twisted pullback fa‘,’X Exp of small Higgs
bundles after choosing smooth Cartesian I|ft|ngs Y, X via vy, tx.
e (M,0) € HB(Xc) of rank r, ~» a point in the Hitchin base
c € ®f_1T(Xc, (2. )®') and a spectral cover:

T Ly = SpecﬁXC(Sym Tx./characteristic polynomial of 8) — Xc.

m, induces an equivalence between line bundles on Zy and Higgs
bundle whose Hitchin image is c.
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Pullback functoriality: review of f°: HB(Xc) — HB(Yc)

@ f: Y — X a map of smooth projective curve and fx is finite étale.

frig : (MF) — (mf), fing © HCq.fin(X/Aing) = HCq fin(Q)/ Aing)

compatible with p-adic Simpson correspondence Vx, Vy.
@ It is compatible with twisted pullback fa‘,’X Exp of small Higgs
bundles after choosing smooth Cartesian I|ft|ngs Y, X via vy, tx.
e (M,0) € HB(Xc) of rank r, ~» a point in the Hitchin base
c € ®f_1T(Xc, (2. )®') and a spectral cover:

T Ly = SpecﬁXC(Sym Tx./characteristic polynomial of ) — Xc.

m, induces an equivalence between line bundles on Zy and Higgs
bundle whose Hitchin image is c.

@ The obstruction of lifting fg. to Vo —-» X2/ Ains,2 defines a class
or € HY(2), f*(Ty)). Consider line bundle L:Ej(gp as the image:

PZex 0

Exp
Hl(zL f*(TQJ)) - Hl(Zf*(G')’ ﬁzf*((})) - H (Zf*(9)7 ﬁx)

e f°(M,0) := f*(M,0) B0z, ) LEf;’, viewed as line bundles /Zf. )
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Trivializable property of H

We extend the trivilizable property of VBPY to HBPW.

Let M be a vector bundle of rank r over Xg., 0 a small Higgs field on M,
and M the associated Higgs crystal. TFAE:

(i) (M, ) belongs to HB®"(Xs,).

(ii) For every integer n > 1, after taking a finite extension of K, there
exists an Ok-curve Y with semi-stable reduction and a proper map

f: Y — X such that:

@ fx is a finite étale.
* —or
o fig(Mn) = ﬁ@/Amf,n'
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We extend the trivilizable property of VBPY to HBPW.

Let M be a vector bundle of rank r over Xg., 0 a small Higgs field on M,
and M the associated Higgs crystal. TFAE:

(i) (M, ) belongs to HB®"(Xs,).

(ii) For every integer n > 1, after taking a finite extension of K, there
exists an Ok-curve Y with semi-stable reduction and a proper map

f: Y — X such that:

@ fx is a finite étale.
* —or
o fig(Mn) = ﬁ@/Amf,n'

@ To construct V, we may assume moreover that f? is a Galois étale
cover and that the action of Aut(Y%/Xy) extends to Y/X.
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BDW

Trivializable property of H

We extend the trivilizable property of VBPY to HBPW.

Let M be a vector bundle of rank r over Xg., 0 a small Higgs field on M,
and M the associated Higgs crystal. TFAE:

(i) (M, ) belongs to HB®"(Xs,).

(ii) For every integer n > 1, after taking a finite extension of K, there
exists an Ok-curve Y with semi-stable reduction and a proper map

f: Y — X such that:

@ fx is a finite étale.
* —or
leG(Mn) = ﬁ@/Amf,n'

To construct V, we may assume moreover that f is a Galois étale
cover and that the action of Aut(Y%/Xy) extends to Y/X.

Idea: we can find such covers f : Y — X trivializing bundles or
Higgs fields modulo some power of p.
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Construction of V : HBpDW(Xc) — Repc(m1(X%))

o (M, ) € HB®W(X4,) of rank r
@ M associated Higgs crystal and n an integer > 1.
o f:Y — X a proper map of curves trivializing M, as above.
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o f:Y — X a proper map of curves trivializing M, as above.

o Generalized representation Vx(M,) also satisfies a similar
trivializable property in Faltings ringed topos (Ey,@y) of Y:

O (Vx(M,)) = Vy (Fig(Ma)) =~ By,

where ¢ : (Ey,@y) — (EX,@X) induced by f.
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Construction of V : HBpDW(Xc) — Repc(m1(X%))

o (M, ) € HB®W(X4,) of rank r
@ M associated Higgs crystal and n an integer > 1.
o f:Y — X a proper map of curves trivializing M, as above.

o Generalized representation Vx(M,) also satisfies a similar
trivializable property in Faltings ringed topos (Ey, Zy) of Y:

O (Vx(M,)) = Vy (Fig(Ma)) =~ By,

where ¢ : (Ey,@y) — (EX,@X) induced by f.

o Faltings’ comparison theorem ~~ an almost isomorphism
Gal(Yee/Xz) O T(Ey, ®*(Vx(M,))) = (6c/p"6c)®".

o V,: HB®YW(Xs.) = Repy poc (m1(X)).
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Construction of V : HBpDW(Xc) — Repc(m1(X%))

o (M, ) € HB®W(X4,) of rank r
@ M associated Higgs crystal and n an integer > 1.
o f:Y — X a proper map of curves trivializing M, as above.

o Generalized representation Vx(M,) also satisfies a similar
trivializable property in Faltings ringed topos (Ey, Zy) of Y:

O (Vx(M,)) = Vy (Fig(Ma)) =~ By,

where ¢ : (Ey,@y) — (EX,@X) induced by f.

Faltings' comparison theorem ~~ an almost isomorphism

Gall( Y/ Xig) © T(Ev, " (Vx(M.,))) =~ (6c/p"6c) "

V, : HB®Y(Xsc) = Rep s o (m1( X))
Taking projective limit and descent, we obtain

V : HBPY(Xc) — Repc(mi(Xx)).
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@ Show V is a quasi-inverse of H, i.e. V is compatible with p-adic
Simpson correspondence.
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@ Show V is a quasi-inverse of H, i.e. V is compatible with p-adic
Simpson correspondence.
For (M, ) € HB®Y (X4, ), show an almost isomorphism:

@ With above notations, such an isomorphism exists after pullback
along f : Y — X and is equipped with descent data.
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V and p-adic Simpson correspondence

@ Show V is a quasi-inverse of H, i.e. V is compatible with p-adic
Simpson correspondence.
For (M, ) € HB®Y (X4, ), show an almost isomorphism:

@ With above notations, such an isomorphism exists after pullback
along f : Y — X and is equipped with descent data.

@ We conclude the assertion by the cohomological descent in Faltings
topos (T. He).
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