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Abstract. Let k be a perfect field of characteristic p > 0. Let B be a fi-
nite flat separable Z,-algebra. Let D and E be two Barsotti-Tate groups
over k which are left B-modules, i.e., we have ring homomorphisms from
B to End(D) and End(F). We show that the non-decreasing sequence
(dim(Homg (D[p"], E[p™])))n>0 becomes constant of constant value that does
not change if D and F are interchanged or replaced by Barsotti-Tate groups
D" and E’ which are left B-modules isogenous to D and E (respectively).
The case when D and F have the same dimension and codimension is gen-
eralized to certain relative contexts provided by Barsotti-Tate groups over
k endowed with a group in the sense of [GV]. If a truncated Barsotti-Tate
group G of level m over k and a finite commutative group scheme H over
k annihilated by p™ are also left B-modules, then we classify all cases when
dim(Homg (G, H)) = dim(Homg(H, G)); for instance, the identity holds al-
ways if B = Z,. We also identify general cases when a stronger form of
this identity holds, which is an identity that involves the Lie algebras of
Homg (G, H),eq and Homp(H, G),eq and a quotient of the Grothendieck group
of the multiplicative monoid scheme over k associated to the reduced ring
scheme Endg(G)eq X Endg(H )%, In the process, we introduce and charac-
terize several subclasses of ‘balanced’” objects H in terms of homological and
filtration properties, including the subclass of all H which lift to the ring of
p-typical Witt vectors with coefficients in k.
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monoid, quasi-algebraic group, proalgebraic group, representation, ring, trun-
cated Barsotti-Tate group.
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1 Introduction

Let p be a prime, let k be a perfect field of characteristic p and let k be
an algebraic closure of k. We will abbreviate a Barsotti-Tate group (i.e.,
a p-divisible group) by BT and a truncated Barsotti-Tate group of level
m € N* by BT,,,. Let G and H be two objects of the category Fj of finite
commutative group schemes over k of p power order. Let Hom(G, H) be
the affine group scheme over k of homomorphisms from G to H. We have
Hom(G, H) = Hom(G, H)(k) and we define

v(G, H) := dim(Hom(G, H)).

Let * : F,, — JF be the Cartier duality involutory antiequivalence of cate-
gories. So 0' : H' — G" is the Cartier dual of a homomorphism ¢ : G — H.
The canonical identification Hom (G, H) = Hom(H*, G*) in particular gives

WG, H) =~y(H",G"). (1)

Let ay, := a,,;; be the kernel of the Frobenius endomorphism of G, x; we
have a, = a;. We recall that the a-number of G is

ac = v(a,, G).

Equivalently, ag is the largest integer such that a;¢ is isomorphic to a sub-
group scheme of G, and such a subgroup scheme of GG is unique and it will be
denoted by a,(G). In general, ag # ag: (see Example 1 of Subsection 2.1)
but it is well-known that if G is a truncated BT, then we have an equality

ag = agt

(for instance, see [GV], Subsect. 3.5), which, based on Equation (1), can be
rewritten more symmetrically as

’Y(ap’ G) = 7(G7ap)' (2)
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The goal of the paper is to generalize Equation (2) in order to get symmetry
and isogeny properties for several subclasses of objects of F. To achieve this
goal, as main tools, a few filtrations and duality and homological theories,
notions and properties are used or developed.

We begin with the ‘sequence context’ provided by two BTs D and E over
k. Following [GV], Subsect. 6.1, let np g be the smallest non-negative integer
for which the following statement holds: if £ is a BT over k endowed with a
short exact sequence 0 — Ej — & — Dy — 0 whose truncation of level np g
splits, then this short exact sequence splits. From properties (i) and (ii) of
[GV], Subsect. 6.1 we get that np g is also the smallest non-negative integer
for which the sequence (vp,g(n))nznp  is constant, where, following [GV],
for n € N we will use the shorter notation

vp.6(n) == ~(D[p"], E[p"])."
Following [LNV], Def. 7.9 we denote

SD,E ‘= 7D7E(nD’E) and Sp ‘= SD,D-

We generalize the invariants np g and sp g as follows. Let B be a finite
flat separable Z,-algebra, i.e., a Z,-algebra isomorphic to a finite product of
matrix algebras over finite unramified extensions of Z,,.

Definition 1. We say that a commutative group scheme T over k annihilated
by a power of p is a left B-module if it is endowed with a ring homomorphism
pr : B — End(Y). If 6 : Ty — Yy is a homomorphism between commutative
group schemes over k annihilated by a power of p and if py, : B — End(Y;)
and py, : B — End(Y3) are two homomorphisms defining left B-module
structures, we say that 0 is a left B-module homomorphism if for all b € B
we have py,(b) o d = d o py,(b).

We similarly speak about BT's over k£ which are left B-modules and about
left B-module homomorphisms and isogenies between them.

Let F2 be the category of finite commutative group schemes over k of p
power order endowed with left B-actions; we identify canonically .7-",€Z P = Fi.
If (G, pg) and (H, py) are objects of F2, then we will usually not mention
explicitly the ring homomorphisms pg : B — End(G) and py : B — End(H)

"We have vp g(1) =0 < apagp =0« D or E is ordinary (i.e., is a direct sum of étale
and multiplicative type BTs over k), and these imply that np g = 0.
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and we let Homg (G, H) be the closed subgroup scheme of Hom(G, H) of left
B-module homomorphisms: for a k-algebra R, we have

Homg (G, H)(R) := {6 € Hom(G, H)(R)|p(b)r 08 = § 0 pe(b)r b € B}

Let Homg (G, H) := Hom((G, pc), (H, p)) = Homg (G, H) (k) C Hom(G, H).
Let
(G, H) := dim(Homg (G, H)).

If D and E are also left B-modules, let
7p,5(n) = (D[p"], E[p")).

The abstract groups Exty(D, E) and Extg(G, H) are defined similarly to
Ext'(D, E) and Ext'(G, H) (respectively) but using short exact sequences
of left B-modules. So Hom(G, H) = Homyz, (G, H), (G, H) = v,(G, H),
Ext'(G, H) = Ext%p(G, H) and Endg(G) is a ring scheme over k.

Theorem 1. Ifthe BTs D and E over k are left B-modules, then the following
three properties hold:

(a) There exists a smallest non-negative integer n%E for which the fol-
lowing statement holds: if € is a BT over k which is a left B-module and we
have a short exact sequence 0 — Er — & — Dp — 0 of left B-modules whose
truncation of level ”]%,E splits, then this short exact sequence splits.

(b) The number n%E is the smallest non-negative integer for which the
sequence WBE(n))nZn%E is constant.

(c) The dimension

51135,E = 7%,E(n%,E>

is a symmetric isogeny invariant: if D' --+ D and E' --+ E are left B-module
isogenies between BTs over k, then we have s% . = s% , = s%, .. Moreover,
we have the symmetry property n% , =nk .

The case D = E, D' = E' and B = Z, of Theorem 1 (i.e., the equality
sp = spr) was first proved in [V2], Thm. 1.2 (e) (see also [GV], Rm. 4.5).
From the very definition of ng g in terms of extensions and the symmetry
property ng B = n% p we get:

Corollary 1. We assume that k = k. For n € N we consider the two
homomorphisms of abstract groups Extg(D, E) — Extg(D[p"], E[p"]) and
Extgy(E, D) — Extg(E[p"], D[p"]). Then one is injective if and only if the
other one is injective.



Subsection 3.1 proves Theorem 1 (a) and (b) based on [GV]. Theorem
1 (c) is proved is Subsections 3.2 to 3.4 using general properties of quasi-
algebraic and affine proalgebraic groups over k recalled or proved in Subsec-
tions 2.2 to 2.5. In particular, we will use extensively the Serre duality for
unipotent connected commutative quasi-algebraic groups over k£ and its con-
nection to duals of finitely generated modules over the ring W (k) of p-typical
Witt vectors with coefficients in £k as recalled in Subsection 2.5.

The particular case of Theorem 1 in which D and E have the same di-
mension and codimension is generalized in Subsection 3.5 to relative contexts
provided by quadruples (L, ¢,9,G) and (L, gp, 99", G), where (L, ¢,9) and
(L, g¢,9g~ ") are the (contravariant) Dieudonné modules of two BTs over k,
where G is a smooth integral closed subgroup scheme of GL;, subject to the
two axioms of [GV], Sect. 5, and where g € G(W (k)) is such that the Lie
algebra of G is invariant under the left (equivalently, right) multiplication by
g; this invariance holds, for instance, if G is the group scheme of invertible
elements of a W (k)-subalgebra of Endyy (L) which as a W (k)-module is a
direct summand of Endyy)(L).

The motivation for Theorem 1 and these generalizations stems out from
applications to level m stratifications of special fibers of good integral models
of Shimura varieties of Hodge type in unramified mixed characteristic (0, p)
(see [V2], Sect. 4) and [V4], Cor. 1.4). Theorem 5 can be used for appli-
cations to all unitary Shimura varieties which involve adjoint group schemes
over SpecZ, that are products of Weil restrictions of PGL,, group schemes
over unramified finite covers of SpecZ, (here n > 2).

For a ring A (with identity), let Mod s iengin (A) be the category of left A-
modules of finite length; we will omit ‘left” from its notation as it will be used
only for self-dual rings A, i.e., for rings A isomorphic to their dual A°?. The
classical (contravariant) Dieudonné theory constructs a self-dual Cartier—
Dieudonné ring E = E(k) (see Subsection 2.1) and an antiequivalence of
categories

D: F, — MOdﬁn.length(]E>‘

Let J = J(k) := E®z,B°?. For m € N*, we have self-dual rings B,,, := B/p™B,
E, = Ep(k) :=E/p"E and J,,, = I (k) := J/p"] = E,, @z/pmz B, If Fipm,
and Fﬁk are the full subcategories of F;, and Fp (respectively) defined by
all objects annihilated by p™, then we obtain antiequivalences of categories

D: -Fk,m — MOdﬁn.length(Em)7



DB : FE — MOdﬁn.length(J) and DB : ./—'.Em — MOdﬁn.length(Jm)-

The identification .FZ ? = Fj restricts to an identification .7:,? y, = Frm and

we also identify canonically D% = D.

Due to standard Morita equivalences, it is often more convenient to work
with the subring L, := E,, ®z/,mz C,, of J,,, where C,, is the center of BP.
The Grothendieck group Ky(J,,) of the monoid of isomorphism classes of
finitely generated projective left J,,-modules is a free abelian group whose
rank is a positive integer easily computable in terms of k£ and C; (see Corol-
lary 4 (a)). Moreover, the Frobenius automorphism o of k acts naturally
on Ko(Jn). If Go(J,n) is the Grothendieck group of the abelian category
Mod i, tengin(J1m), then we have a natural bilinear map

() KoJm) X Go(Jm) = Z (3)

(see Equation (28) of Subsection 6.2). If G and H are left B-module annihi-
lated by p™, we define their classes [G] := [D®(G)], [H] := [D®(H)] in Go(J,)
and we remark that both e, (G) and (e, (G"))" are semisimple left B-modules.
Moreover, if G is also a BT,,, then we show that there exists a projective
resolution 0 — P, — Py — DB(G) — 0 with P, and P, finitely generated
projective left J,,-modules (see Proposition 4) and we define a class

(G] = [D*(G)] = [Po] = [P1] € Ko(Tnm) = Ko(Ln)

satisfying index(|G]) = 0, where the homomorphism index : Ko(J,,) — Z
maps the isomorphism class of each indecomposable finitely generated pro-
jective left J,,-module to 1 (see Corollary 4 (b)). The class [G] is zero if and
only if it is fixed by o.

I F} s> Fhommute A0 F2 1000 are the full subcategories of F},, formed
by objects which as finite groups over k are étale, of multiplicative type and
local-local (respectively), then we have a natural equivalence of categories
Fi.

,m,loc-loc

B B B
Fem = Frmer X Fr,

m,mult X

which induces a ‘product decomposition’ isomorphism
Go(Im) = G5 (Tm) > Gg""(T) x G5 (Tm)-

Definition 2. (a) If G is a BT,, over k and a left B-module, we say it
is projectively balanced if we have [G] = 0 € Ky(IL,,), equivalently, we have
[Glp]] = 0 € Ko(Lh).



(b) If G is a BT,, over k endowed with a left B-action, we say it is fully
projectively balanced if we have [G[p]] = 0 € Ko(E; ®r, Cop), where Cap
is the center of the semisimplification of Im(Endg(Gj) — Endg(G[plz)) and
Gpli is endowed with a unique up to isomorphism left Cq g-action via every
Cy-algebra homomorphism Cgp — Im(Endg(Gj) — Endg(Gpl;)) that lifts
the identity automorphism of Cap (see Subsection 5.3).

(c) An object H of FE,, is called balanced if [H] = [HP)] € Go(J,,,) and is
called aep-balanced if the left B-modules a,(H) and (a,(H®))" are isomorphic
(equivalently, a,(H) and (a,(H"))" are isomorphic when endowed with left
Cy-actions).

(d) An object H of f,?m is called fully balanced if the classes of H and
H®) coincide in the Grothendieck group of the abelian category of finite
commutative group schemes over k annihilated by p™ and endowed with a left
action by the reduced multiplicative monoid scheme over k associated to the
ring scheme Endg(H) and is called fully a,-balanced if a,(H) and (a,(H"))"*

are isomorphic as left modules over the mentioned monoid scheme.

(e) An object H of F,]Em is called BT-balanced if it has an increasing
separated and exhaustive filtration in F, whose quotients are BT s endowed
with a left B-action. 7

(f) An object of Fy. is called fully BT-balanced or unramified liftable if it
is the fiber over k of a finite flat commutative group scheme over Spec W (k).

If G is a BT, over k endowed with a left B-action, then it is projectively
balanced (resp. fully projectively balanced) if C; (resp. Cgp) is a product
of finite fields which are linearly disjoint from a given field [ over F,, where [
can be any subfield of k& such that G[pl; is defined over I (see Corollary 4 (a)
and Example 7); also it is a,-balanced if and only if the object G[p] of Fy 1
is so. An object H of F}}, is fully balanced if either is defined over I, (i.e.,
is the pull back of an object of F&m) or (see Lemma 10 (b)) is BT-balanced
or (see Lemma 10 (a)) as an object of Fy ,, is fully BT-balanced.

In Section 6 we will prove the following general symmetry principle.

Theorem 2. Let m € N*. Then the following three properties hold:
(a) Let G and H be objects of F}Em. If G is a BT,,, then we have

18(G, H) —s(H, G) = —([G], [H]) (4)



and thus we have ([G],[H]) = 0 if and only if we have the symmetric identity

(b) We have a canonical identification GY<°°(J,,) = Ko(J,) and the
bilinear map (3) factors through the projection Go(J,,) — GX(J,,) (see
(a)) inducing a symmetric bilinear map

(1) Ko(Jm) X Ko(Im) — Z (6)

whose matriz representation with respect to the standard basis of Ko(J.,)
formed by classes of indecomposable finitely generated projectively left J,,-
modules is diagonal and, in case By is a simple ring, it is a positive integer
times the identity matrixz of the same size.

(c) If G is a BT,, endowed with a left B-action, then the following three
statements are equivalent:

1) The left B-module G[p] is projectively balanced.
© Equation (5) holds for all objects H of Foo k-
© The left B-module G[p] is a,-balanced.
(d) For an object H offﬁyk, the following two statements are equivalent:

The left B-module H is balanced.
Equation (5) holds for each BT,, G endowed with a left B-action.

The injective and projective resolutions over J,, required to prove The-
orem 2 are presented in Sections 4 and 5 (respectively). These resolutions
and other homological properties will be used in Section 6 to include a non-
commutative duality over E,, which is analogous to the fact that for an affine
connected smooth curve Spec R over k, the R-module Frac(R)/R maps iso-
morphically to the R-torsion submodule in the k-dual of the space of one
forms on Spec R via the ‘residue at infinity’ functional.

Note that Equation (5) applied with B equal to Z, also implies that
sShp = Spp and n} p = nf  and, when combined with [V2], Thm. 1.2
(e), that sp g = sp g (see Example 9 of Subsection 6.6)). The following
proposition (proved in Subsection 6.7 based on Example 10 of Subsection
6.6) shows that Equation (5) does not hold in general if G is a truncated BT
of some level n but p™ does not annihilate H.



Proposition 1. Let m > n > 0 be integers. We assume that G is a BT,
over k and that the finite commutative group scheme H over k is annihilated
by p™. Then the following three properties hold:

(a) If G and H are left B-modules such that either G[p] is projectively
balanced or H is balanced, then we have optimal inequalities

Lo(H,G) < 95(G, H) < Zas(H,G) (7)

(b) The difference v(G,H) —~v(H,G) can be an arbitrary integer.

(c) We assume that the left E-modules D(G) and D(H) (resp. and D(H"))
are cyclic and that H is not annihilated by p™ . When m varies subject to
the inequalities m > n > 0, the difference v(G,H) — v(H,G) can be an
arbitrary negative (resp. positive) integer.

Section 7 presents a few equivalent characterizations of fully BT-balanced
objects of Fj in terms of filtrations (see Theorem 6), including Deligne’s
filtrations of objects of Fj. defined by nilpotent endomorphisms of them which
are compatible with Cartier duality and which in the abstract context of
abelian categories were introduced in [De], Subsect. (1.6). Subsections 7.1
and 7.2 complement loc. cit.

For a group scheme T over k, let T,.q be the reduced group scheme of T
and let Lie(T) be its Lie algebra, viewed below just as a k-vector space.

We assume that both G and H are left B-modules. The left B-modules
a,(G) and (a,(G"))" are isomorphic if and only if their associated left B-
modules Lie(a,(G)) and Lie((e,(G"))") are so. An element b € B acts, say,
on Lie(a,(G)) via the Lie differential Lie(p(b)) : Lie(a,(G)) — Lie(a,(G))
of the endomorphism pg(b) : a,(G) = a,(G) induced by pg(b) : G — G and
denoted in the same way.

Let M be the multiplicative monoid scheme over k associated to the re-
duced ring scheme

EndB(G)red Xk EndB(H)fgd = End]B(G)red Xk EndBop(Ht)red.

By a left M-module Z (or a representation Z of M) we mean a k-vector
space Z endowed with a homomorphism oz from M to the multiplicative
monoid scheme over k associated to the ring scheme End(Z) = End(Z);cq.
For a M-module Z we get a M®-module Z® and we let Z(®) be the M-
module which is the k-vector space Z® but endowed with the homomorphism
0, = (02)® o Froby, where Froby : M — M®) is the relative Frobenius.
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Let Ko(M) be the Grothendieck group of the abelian category of finite
dimensional left M-modules Z; let [Z] € Ky(M) be the element corresponding
to Z. Let I(M) be the subgroup of Ky(M) generated by all elements of the
form [Z(?)] — [Z] with Z an arbitrary finite dimensional left M-module.

Let

L1 = Lie(HomB(G, H)red) and Lg = Lie(HomB(H, G)red)'

Let LY := Homy (L, k) be the dual k-vector space.

Both Ly and Ly are naturally left M-modules. For instance, working just
with Lo, if (n1,72) € M(k) = Endg(G)(k) x Endg(H)P(k), then we have
an endomorphism ¢, ,,, : Homg(H, G)yeq — Homg(H, G),eq which maps each
d € Homp(H,G)rea(k) to my 06 0o my € Homp(H, G)req(k) and (my,72) acts
on Ly via the Lie differential Lie(c,, n,) : Lo — Ly of ¢, ,,. We have the
following refinement of Theorem 2 which is proved in Section 9.

Theorem 3. Let m € N*. Let G and H be objects of f,]?im. We assume that
G is a BT, over k. We also assume that either G is fully projectively balanced
or H is fully balanced. Then the image of [Ly] — [Lg] in Ko(M)/Io(M) is 0.

The need to mod out by In(M) is seen already in the simplest local-local
case when k = k, m = 1, G = H = S[p| with S a supersingular elliptic curve
over k, and B = W (F,2): the left actions of M on the 1 dimensional k-vector
spaces LY and Ly factor through an epimorphism M — F?, = B} of monoids,
and as F?,-modules we have Ly = LY = (LY)@®) .= [(LY)@)]@).

The kernel of the dimension homomorphism dim : Ky(M) — Z contains
Iy(M) and thus it induces a dimension homomorphism

denoted in the same way. Thus Theorem 3 implies Theorem 2 (a) when the
hypotheses of Theorem 3 are satisfied. But we emphasize that the proof of
Theorem 3 we present does rely on Theorem 2 applied to left By ®z, W (lo)-
modules Gy and Hy, where By runs through the simple factors of B, where
Gy and Hj run through certain direct summands of G and H (respectively)
which are left Byp-modules, and where [y runs through a finite number of
finite fields of characteristic p (and this explains the ‘fully’ assumptions in
Theorem 3). It also relies on the following general result which is proved in
Section 8 and which we think it is of interest in its own.
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Theorem 4. We assume that k is a finite field. Let'Y be a reduced scheme
of finite type over k and let f,h € O(Y;) be such that for every finite field
extension k — k' there exists an element a € Gal(k'/F,) such that we have
f=aoh onY(k), ie., as elements of Maps(Y (k'), k). Then there exists
7 € W(k/F,), i.e., an integral power of the Frobenius generator Frob, €
Gal(F,) := Gal(k/F,), such that we have f =7 oh € Maps(Y (k), k).

2 Group scheme theoretical preliminaries

We recall that W (k) is the ring of p-typical Witt vectors with coefficients in
k. Let B(k) := Frac(W (k)) be the field of fractions of W (k). We denote also
by o the Frobenius automorphism of W (k) or B(k). Let

L = L(k) := B(k),[F, F]

be the skew (twisted) Laurent polynomial ring in which for all « € B(k) we
have FaF~! = og(a), i.e., it is the group of formal sums

{Z a;F'|a; € B(k),a; = 0 for all but a finite number of i € Z}

1€EZL

with multiplication (37, i F*)(30icp BiF") = 3 icn (3o ez @i0? (Bij)) F'. Let
V :=pF~l €L and let

E = E(k) := W(k)[F, V]

as a subring of .. We have an involutory antiautomorphism ¢ : E — E that
interchanges F' and V' and that fixes W (k).
For m € N*| we recall that E,,, = E,,(k) = E/p™E and let

Wi (k) == W(k)/p™W (k).

The reduction ¢,, = t,(k) : E,, — E,, of ¢+ modulo p™ is an involutory
antiautomorphism of E,, which allows us to transform right E,,-modules
into left E,,-modules.

Let M := D(G): it is a left E-module M which as a W(k)-module is
torsion and finitely generated. If G is annihilated by p™, then M is a left
E,,-module. If G is a BT,,, then M is a free W,,(k)-module of finite rank.
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2.1 On the a-number

We have
ag = dim,(M/(FM +VM)),

agr = dimy(Ker(F : M — M) N Ker(V : M — M)).

If G is local-local (i.e., both G and G* are connected), then ag is the minimal
number of generators of the left E-module M.

We recall that a,(G) was defined in Section 1. Let 8,(G) be the unique
closed subgroup scheme of G such that G//8,(G) is isomorphic to ", i.e., we
have (G/B,(G))" = a,(G*). We obtain two increasing filtrations (e, (G);)jez
and (B8,(G);) ez of G defined by the initial rules

a,(Go =0, a,(G)1:=0a,(G), By(G)-1:=By(G), By(G)o:=G,

and the inductive rules

a,(G)jr1/ap(Q); = ap(G/a,(G);) and By(G)-j-1:= By(Bp(G)-;) Vi €N.

The filtration (o, (G);) ez (resp. (Bp(G);)jez) of G is exhaustive (resp. sep-
arated) if and only if G is local-local.

Example 1. Let G be such that M is a k-vector space of dimension 3 which
has a basis {v1,va,v3} with the properties that Fvy = Fuy = Vu; = Vg =0,
Fuvs = vy, and Vvs = vy. Then ag = 1 while age = 2. Thus we have
o, (G) = By(G) ~ ap, ap(GY) = B,(G') ~ a; and short evact sequences
0—=a,—=G—=a —-0and0—oa =G = a, =0 Thusay(G), =G
and B,(G)_2 = 0. Moreover, we have v(G,G") = 4 and v(G',G) = 3.

2.2 Brief review of quasi-algebraic groups over k

Following [Sel], Subsect. 1.4 we recall several ways to introduce a quasi-
algebraic group ) over k. The simplest way is to define ) to be a group
object of the category of perfect varieties over k, i.e., of the full subcategory
of the category of schemes over k whose objects admit finite open covers
by spectra of perfections of finitely generated k-algebras (equivalently, of
reduced finitely generated k-algebras) and thus are quasi-compact and topo-
logically noetherian, hence quasi-separated. Each perfect variety over k is
the perfection of a (reduced) scheme over k of finite type, see [Sel], Prop. 9
and Cor. after it.2 The arguments of loc. cit. and [G1], Ch. 1, Sect. 6, Prop.

2Loc. cit. works only with separated schemes and (perfect) varieties but following the
proof — partly left to the reader — there exists no usage of the “separated” assumption.
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(6.3.3) show that every affine perfect variety over k is the perfection of an
affine reduced scheme of finite type over k, and every affine quasi-algebraic
group over k is the perfection of an affine smooth algebraic group over k.
Thus ) can be identified with a covariant functor from the category of com-
mutative perfect k-algebras to the category of groups which is representable
by a perfect variety over k. Each quasi-algebraic group over k is the perfec-
tion of a group scheme over k of finite type (see [Sel], Prop. 10; the proof of
loc. cit. applies in the non-commutative case over k as well).

We also recall that an affine proalgebraic group over £ is an affine perfect
group scheme over k and can be viewed as a filtered projective limit (as a
functor on the category of perfect k-algebras) of affine quasi-algebraic groups
over k or as a pro-object of the category of affine quasi-algebraic groups over
k (see [Sel], Def. 1 of Subsect. 2.1 and [SY], Subsect. 3.3). Each affine
quasi-algebraic group over k is an affine proalgebraic group over k.

Let Q be the abelian category of commutative quasi-algebraic groups over
k (see [Sel], Prop. 5 applied over k).

Fact 1. Let [ : Q1 — Q2 be a morphism of the category Q. Then f is an
isomorphism if and only if the abstract homomorphism f(k) : Q1(k) — Qa(k)
is an isomorphism.

Proof: This follows from the fact that each one of these two statements is
equivalent to the third statement that both Ker(f) and Coker(f) are trivial.(]

2.3 The y, function on prounipotent groups

For this and the next subsection we will assume that k is algebraically closed.
Let P be the abelian category of commutative affine proalgebraic groups
over k (see [Sel], Prop. 7; see [DG|, Ch. III, Sect. 3, Thm. 5.6 and
Thm. of Subsect. 7.2 for why cokernels are affine). Note that the full
subcategory of Q formed by affine objects is a full subcategory of P. We
have a thick (Serre) subcategory of P whose objects are finite dimensional
affine proalgebraic groups (those which are projective limits of commutative
affine quasi-algebraic groups of bounded dimension) and on it the dimension
function dim (defined in the obvious way) is additive. Similar to Fact 1, if K
is an algebraically closed field which contains k, then the K-valued functor
from P to the category of abelian groups is a faithful exact functor.

For unipotent group schemes over k we refer to [SGA3-2], Exp. XVIIL.
By a prounipotent group over £ we mean a projective limit of affine perfect
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unipotent group scheme over k.
We now specialize to a commutative prounipotent group U over k. For
each n € N we have a natural multiplication by p epimorphism

(P"U)/ (" U) = (") (pTRU).

Thus, if U/pU is finite dimensional, then we have a decreasing sequence
(dim((p"U)/(p""U)))nen of non-negative integers and hence there exists a
smallest nyy € N with the property that (dim((p"U)/(p""'U)))p>n,, is a con-
stant sequence. Thus the connected component of the identity element of
Ker(p : p"wU — p™U) is contained in all p"U with n > ny and hence it
is trivial. Thus we have dim(Ker(p : p"vU — p"U)) = 0. By a decreas-
ing induction on i € {0,...,ny} we get that Ker(p : p'U — p'U) is finite
dimensional.

The full subcategory of P whose objects are those commutative prounipo-
tent groups U for which U/pU is finite dimensional is thick and on it we have
an integral valued additive function (see snake lemma) defined by the rule

Xp(U) := dim(U/pU) — dim(Ker(p : U — U)).

Fact 2. Let U be a commutative prounipotent group over k such that U/pU
is finite dimensional. Let ny € N be as above. Then the following two
properties hold:

(a) We have x,(U) = dim(p™vU/p™v*tU) > 0.

(b) The following three statements are equivalent:

We have x,(U) = 0.

The commutative prounipotent group p™vU 1is zero dimensional.
The commutative prounipotent group U 1is finite dimensional.
Proof: If pU = 0, then x,(U) = dim(U) — dim(U) = 0. Based on the
additivity of x,, a simple induction on i € N* shows that if p'U = 0, then
Xp(U) =0 and U is finite dimensional.

In general, from the additive equality x,(U) = x,(U/p"U) + x,(p"vU)

and from the facts that dim(Ker(p : p"vU — p"U)) = 0 (see above) and
Xp(U/p"U) = 0 (see previous paragraph), we get that

Xp(U) = xp(p"0U) = dim(p" U/p" 1 U) > 0,

14



i.e., part (a) holds.

It is clear that (2 = G3). If ©3) holds, then (dim((p"U)/ (" U)))nsny

is a constant sequence of constant value 0 and from part (a) we get that
xp(U) =0, 1ie., holds. If holds, then the endomorphism p™ U 2 p™ U

has zero dimensional cokernel (see part (a)) and it is easy to see that this
implies that the connected component of the identity element of p"vU is
trivial, hence holds. Thus part (b) holds. O

2.4 Prounipotent groups associated to W (k)-modules

Each finitely generated W (k)-module O defines a commutative prounipotent
group O over k which to a k-algebra homomorphism ¢ : Ry — Ry between
perfect k-algebras associates the additive homomorphism

W(5) ®1p: W(Rl) Qw (k) 0 — W(Rg) Qw (k) 0.
The quotient O/pO is finite dimensional and we have

Xp(Q) = dimp ) (O @wwy B(k)).

If x,(O) = 0 (i.e., if O has finite length), then O is a commutative quasi-
algebraic group over k£ and we have

dim(Q) = lengthy;;,(O).

If X is a finite dimensional B(k)-vector space, then we view it as an in-
ductive limit X of commutative affine proalgebraic groups L given by lattices
L of X (i.e., by free W (k)-submodules L of X of rank equal to dimp)(X)).

Definition 3. We say that a subgroup U of X is admissible if and only if
there exist lattices L1 and Lo of X such that U is an affine proalgebraic
subgroup of Ly that contains Ly, i.e., we have Ly C U C L;.

If U; and U, are admissible subgroups of X, we can define the index
X(Ul, UQ) = dll’n(Ul/Ug) — dlm(Ug/Ug) €7

for each admissible subgroup Us of X contained in both U; and U,; this
generalizes the definition of x(L1, Ls) for lattices L; and Lo of X which was
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introduced in [Se2], Ch. II, Subsect. 1.2 and which equals x (L1, Ly). For all
integers ¢ we have

X(P'Ur, p'Us) = x(Uy, Us) = —x(Us, Uy). (8)

For four admissible subgroups Uy, U,, Uz, and Uy of X we also have the
following interchanging identity

X(Uy, Us) = x(Us, Us) = x(Us, Us) = x(Us, Us). (9)

Example 2. Let U be an admissible subgroup of X, let L be a lattice of X,
and let n € N. As 0 = x(U, L) — x(p"U,p"L) = x(U,p"U) — x(L,p"L) (see
Equations (8) and (9)) we get that

x(U,p"U) = x(L,p"L) = dim(L/p"L) = lengthyy ) (L/p"L) = ndimp) (X).

Definition 4. Let T : X — X' be a homomorphism between the underlying
abelian groups of two finite dimensional B(k)-vector spaces. We say that T
is proalgebraic if and only if it comes from a proalgebraic homomorphism
between lattices Ty : L — L', i.e., we have

T=X—-X=Tyk)®2Z[1/p] : L @7 Z[1/p| — L' @z Z[1/p].

If T: X — X'is proalgebraic and if Ly and L] are lattices of X and
X' (respectively) such that T'(Ly) C L, then T comes from a proalgebraic
homomorphism 74 : Ly — L. To check this, by multiplying by some power
of p we can assume that L; C L and L} C L’; the composite of the restriction
Tor : Ly — L' of Ty with the projection L' — L'/L} is 0 on k-valued points
and hence it is 0, and thus we can take T} to be the factorization of Tp.

If T is proalgebraic, we get an inductive homomorphism

T:X X =Ty®zZ[1/p] : L&z Z[1/p] = L' @z Z[1/p]

which will be also called proalgebraic.
If T is proalgebraic, we consider for each n € N* the kernel of

(To mod p") : L/p"L — L'/p"L".

The images in L/pL of such kernels form a decreasing sequence of quasi-
algebraic subgroups, and thus they become constant for n > n; for some
ny € N*, with constant value equal to the image in L/pL of Ker(Tp) (we recall
that filtered inverse limits are exact in our abelian category P of commutative
affine proalgebraic groups, see [Sel], Subsects. 2.3 and 2.5).

The proof of the following basic elementary fact is left to the reader:

16



Fact 3. We assume that T : X — X' is proalgebraic. Let Ty : L — L' and
n1 € N* be as above. Then the following two properties hold:

(a) The proalgebraic group p™~Coker(Ty) is torsion free.

(b) The following three statements are equivalent:

The homomorphism T is surjective.
@ The cokernel Coker(Ty) is killed by a power of p.
@ The cokernel Coker(Ty) is finite dimensional.

Definition 5. Let T : X — X' be a proalgebraic homomorphism between
the underlying groups of two finite dimensional B(k)-vector spaces. We say
that T : X — X' (or T : X — X') is admissible if and only if it comes
from a proalgebraic homomorphism between lattices Ty : L — L' whose kernel
Ker(Ty) and cokernel Coker(Ty) are finite dimensional (this is independent
of the choice of lattices L and L').

As Ker(Ty) & Ker(Tp) is a monomorphism, Ker(7T}) is finite dimensional
if and only if dim(Ker(75)) = 0 and if and only if Ker(7}) is a free finitely
generated Z,-module. If 7" is admissible, then 7" is surjective (see Fact 3 (b)).

The additivity of the function x, gives that

xp(Ker(Tp)) — xp(Coker(Tp)) = xp(L) — xp(L) = dimp)(X) — dimp) (X').

Thus, if the B(k)-vector spaces X and X’ have the same dimension, then
xp(Ker(Tp)) = xp(Coker(Tp)) and from Fact 2 (b) we get that the finite di-
mensionality of Ker(7p) is equivalent to the finite dimensionality of Coker(7p).

Example 3. Let i and j be distinct integers. Let 6; : X — X' be a o'-linear
map and let §; : X — X' be a o?-linear map; thus T :=6;+0; : X — X' is
proalgebraic and for each lattice L of X there exists a lattice L' of X' such
that T comes from a proalgebraic homomorphism Ty : L — L' (for instance,
we can take L' to contain §;(L) + 6;(L)). We assume that either §; or §; is
invertible (thus X and X' have the same dimension). The Dieudonné—Manin
classification of o*-F -isocrystals over k with £ € {i—j, j—i} C Z\{0} implies
that Ker(T) is a finite dimensional Q,-vector space. Thus the intersection
LNKer(T) is a free finitely generated Z,-module, i.e., dim(Ker(7p)) = 0 and
therefore Coker(1y) s finite dimensional (i.e., T(L) is an admissible subgroup
of X'). Thus T is admissible.
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Lemma 1. Let T : X — X' be admissible. Let Uy and Uy (resp. Ui and
Uj) be admissible subgroups of X (resp. of X'). Then the following three
properties hold:

(a) We have x(U}, T(Us))~x(UL, T(UL)) = x(Ul, U})— x(Us, U) and thus
we have X(Uév U{) = X(U27 Ul) if and only if X(Ué7I<U2>> = X(ULI(Ul))

(b) We have dimp)(X) = dimp (X').

(c) If T(U) C U and if ny € N is such that p™* annihilates U'JT(U),
then for all integers n > ny the kernel of the induced map U/p"U — U’ [p"U’
has dimension equal to dim(U’'/T'(U)).

Proof: As T is admissible, Ker(7}) is a free finitely generated Z,-module
and this implies that we have

X(L(Uy), L(U1)) = x(Uz, Uy). (10)

From Equation (9) applied with (Uy, Us, Us, Uy) = (U}, T(Us), Uy, T(Uy)) and
Equation (10) we get that part (a) holds. By taking U; = pUs in Equation
(10), from Example 2 applied with n = 1 we get that part (b) holds. For part
(¢), we note that we have p"U’ C T(U) as well as two short exact sequences

0— Ker(T:U/p"U = U'/p"U") - U/p"U — T(U)/p"U" — 0

and 0 — T(U)/p"U" — U'/p"U" — U'/T(U) — 0. This implies that
the dimension of Ker(T' : U/p"U — U'/p"U’) is equal to the expression
dim(U'/T(U)) +dim(U/p"U) —dim(U’ /p"U’). Based on Example 2 and part
(b), the two dimensions dim(U/p"U) and dim(U’/p"U’) are equal and there-
fore this expression is equal to dim(U’/T'(U)). Thus part (c) also holds. [

2.5 Serre duality

For a group scheme T over k, let Y° be the connected component of its
identity element.

Let U be the full subcategory of Q whose objects are unipotent connected
commutative quasi-algebraic groups over k. For Serre duality of the category
U we refer to [Sel], [Be], Sect. 1 and [BD], Sect. 3. We recall that Serre
duality is an additive involutory antiequivalence % : Y — U which preserves
dimensions and short exact sequences (for instance, see [Be], Prop. 1.2.1).

We also recall that for a finitely generated W, (k)-module O and its dual

OV = Homyy,, 1) (O, W, (k)),
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the Serre dual of O is OV in a functorial way with respect to all o*-linear
maps with ¢ € Z (see [Sel], Subsect. 8.4, Prop. 4 and Lem. 2).

Lemma 2. For a morphism f : Uy — Us of the category U and its Serre
dual f* : Uy — Uy the following three properties hold:

(a) The Ker(f)° and Coker(f*) are canonically Serre dual and so we have

dim(Ker(f)) = dim(Coker(f*)) = dim(Ker(f*)) 4+ dim(U;) — dim(Us). (11)

(b) The homomorphism f is an isogeny if and only if f* is an isogeny.’

Proof: Using the isogeny U, /Ker(f)? — Im(f) and the short exact sequences
0 — Im(f) — Uy — Coker(f) — 0

and
0 — Ker(f)" — Uy — Uy /Ker(f)° — 0,

we get that dim(Coker(f)) = dim(Ker(f)) — dim(U;) + dim(Us). As Serre
duality preserves short exact sequences and dimensions, Coker(f)* is a sub-
group of Ker(f*) and dim(Ker(f*)) > dim(Coker(f)*) = dim(Coker(f)).
Thus dim(Ker(f*)) > dim(Ker(f)) — dim(U;) + dim(Us). As Serre duality
is involutory, we have f = (f*)* and thus by replacing f with f* in the last
inequality we get (based on dimension preservation) the ‘reversed’ inequality
dim(Ker(f)) > dim(Ker(f*)) —dim(Usy)+dim(U;). Thus Equation (11) holds
and we have dim(Ker(f*)) = dim(Coker(f)*). By reasons of dimensions, the
canonical monomorphism Coker(f)* — Ker(f*)" is an isomorphism. From
this, by replacing (f, f*) with (f*, (f*)*) = (f*, f), we get that part (a) holds.

Part (b) follows from part (a) and the fact that f (or f*) is an isogeny if
and only if dim(U;) = dim(Us;) and Ker(f) (or Ker(f*)) has dimension 0. [J

For examples and future usage, let I' be a finite abstract group with the
identity element 1 and let |I'| be its order.

Example 4. We assume that I acts on an object U of U. Let
f:U — Maps(I',U)

be the homomorphism that maps u € U(k) to the function
fu:T = Uk), fua)=(a—1)(v)=au—ucU(k).

3See the proof of [Be|, Prop. 1.2.1 for another argument for this.
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Let U' := Ker(f): we have UY (k) = {u € U(k)|au = u Va € T'}. Similarly,
we identify Coker(f*) = (U*)r := U*/ " cr Im(a — 1). From Lemma 2 (a)
we get that (UT)° and (U*)r are canonically Serre dual.

If p 1|1, then er = ﬁ(zaer a) € Zyy[I'] is an idempotent such that
erU = U" and Ker(er : U — U) = Y, pIm(a — 1), hence U™ = (U")" is
connected and naturally identified with Ur. From this and its analogue for U*
we get (see prior paragraph) that UY and (U*)' are canonically Serre dual.

Example 5. Let I' act on two objects Uy and Uy of U. Let f : U — U,
be a T-invariant homomorphism. As Ker(f)° and Coker(f*) are canonically
Serre dual (see Lemma 2 (a)), the identification (Ker(f)%)* = Coker(f*) is
[-invariant. Thus, if p{|T|, then from Example 4 applied with U = Ker(f)°
we get that (Ker(f)°)' and Coker(f*)' are canonically Serre dual.

3 Proof of Theorems 1

If n € N* and A is a ring, let M,,(A) be the ring of n X n matrices with
entries in A; we identify canonically M;(A) = A. If i is a left ideal of A, let
Ji1(i) :==1and for n > 2 let

Jn(1) == {(ijhicijen € Mp(A)|ir €10 =+ =i =0Vi € {1,...,n}}.

Let m € N*. We have W,,,(F,) = Z/p™Z. We recall that B is a finite
flat separable Z,-algebra and B,, = B/p™B. We say that B is connected if
B, is a simple ring, i.e., it is isomorphic to a matrix ring over a finite field
(see [Bo2], Sect. 18, Thm. 2). If B is connected, let s,q € N* be such that
B is isomorphic to the matrix Z,-algebra M;(W (F,)); we will often use an
identification B = M(W (Fpq)). The Z,-algebras B and B°P are isomorphic
but non-canonically if B is not commutative. We recall that

J=J(k) = E @z, B® and Jp = (k) = I/p"T = En @, r,) B
A left module over E,, or J,, has finite length if and only if has finite
length over W, (k). The classical Dieudonné theory also gives that:

e The category of BTs over k endowed with a left B-action is antiequivalent
to the category of left J-modules which as W (k)-modules are free of finite
rank.

To prove Theorem 1 we can assume that k is algebraically closed and
that B is connected. So in this section we assume we have k = k.
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3.1 Proof of Theorem 1 (a) and (b)

Let L and J be the (contravariant) Dieudonné modules of D and E (re-
spectively). We recall that the dual E* of E has (contravariant) Dieudonné
module JV := Homyyu(J, W(k)) with F' and V acting on § € J¥ via the
rules: Fo(z) = o(6(Vz)) and Vi(x) = o1 (§(Fx)) for all x € J.

In order to match our notation with the one of [GV] (modulo the replace-
ment of M by L& J),let ¢ : LdJ - LdJandd : LdJ — LdJ
be the o-linear map and the o~ '-linear map (respectively) such that for
each x € L @ J we have ¢(x) = Fx and J(z) = Vao. We denote also by
¢ : Endpuy(L[1/p] @ J[1/p]) = Endpwy(L[1/p] ® J[1/p]) the o-linear auto-
morphism induced naturally by ¢: it maps y € Endga (L[1/p] ® J[1/p]) to
poyo¢t e Endpyy(L[1/p] ® J[1/p]). Therefore ¢(y) =p 'FyV.

Let G be a smooth closed subgroup scheme of GLq; with connected
generic fiber Gp(y). Thus the scheme G is integral. Let g := Lie(G) be the
Lie algebra over W (k) of G. In this section we will assume that the following
two axioms introduced in [GV], Sect. 6 hold for the triple (L & J, ¢, G):

(AX1) The Lie subalgebra g[1/p| of Endwu) (L @ J)[1/p] (i.e., of the
direct sum Endp) (L[1/p]) & Homp (L[1/p], J[1/p]) & Endp@)(J[1/p]) &
Hompy (J[1/p], J[1/p])) is stable under ¢, i.e., we have ¢(g[1/p]) = g[1/p].

(AX2) There exist a direct sum decomposition L & J = P! @ P° such
that the following two properties hold:

(a) The kernel of the reduction of ¢ modulo p is P! := P'/pP".

(b) The cocharacter yi : G, wk)y — GLLg,s which acts trivially on P° and
via the inverse of the identical character of Gy, ) on P! normalizes G.
The triple (L @ J, ¢,G) is called an F'-crystal with a group over k, see

[V1], Def. 1.1 (a) and Subsect. 2.1; we always view it as just a member of
the family {(L & J, g¢,G)|g € G(W (k))} of F-crystals with a group over k.

Definition 6. For g1, g, € G(W(k)) we say that the two F-crystals with a
group (L®J, g1¢,G) and (L& J, g6, G) are G-isogenous (resp. G-isomorphic)
if there exists an element h € G(B(k)) (resp. h € G(W(k))) such that
hg1¢ = godh. We also call such an h as a G-isogeny (resp. as an inner
isomorphism or as a G-isomorphism,).

We recall from [GV], Subsect. 5.1 that n$ j, is the smallest non-negative
integer that has the following property: for each element g € G(W (k)) con-

nG . . . .
gruent to 1ps; modulo p"per, there exists an inner isomorphism between
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(L® J,¢,G) and (L ® J, gp,G). The existence of n$ is implied by [V1],
Main Thm. A.If G = GLyg,, then n§_ is the i-number (isomorphism
number) npgr of D@ E as used in [V1] and [GV] (see [GV], Subsect. 5.1)*.

If £ is a left B-module, then E' is a left B°°-module, J is a left J-
module and JV is a left E ®z, B-module. Until Subsection 3.5 we will assume
that D and F are left B-modules; hence L and J are left J-modules. If
D or E is trivial (i.e., L or J is 0), then Theorems 1 (a) and (b) hold:
we can take n', ; = s} 5 = 0. So to prove Theorems 1 (a) and (b) we
can assume that L and J are non-zero. Due to this, as B and B°° are
connected, the ring homomorphisms B°® — Endg(L) C Endw (L) and
B — Endg(J) C Endw ) (J) are injections to be viewed as inclusions. As
we have a product decomposition W (k) ®z, B® = [[{_, W,; whose fac-
tors W, are isomorphic to Ms(W(k)) and are permuted transitively by
o ® lgop, the W(k)-algebra homomorphisms W (k) ®z, B® — Endy g (L)
and W (k) ®z, B°® — Endy ) (J) are injective. Due to this transitivity and
the standard Morita equivalence between the categories of W (k)-modules
and M (W (k))-modules, there exist sp,s; € N* such that we have direct
sum decompositions

L= L} and J=@a_,J"’ (12)

into projective left W (k) ®z, B°*-modules with the property that each W, ;
acts as zero on L; and J; if j # ¢ and L; and J; are ‘simple’ left W, ;-modules
in the sense that L;/pL; and J; /pJ; are simple left W, ;/pW, ;-modules; iden-
tifying W, ; = M (W (k)), L; and J; become isomorphic to Js(W(k)). Based
on decompositions (12), it is easy to see that the following two properties

hold:
(i) The centralizers C;, and C; of B°? in GL;, and GL (respectively) are re-
ductive group scheme over Spec W (k) isomorphic to GL§L7W(k) and GLZLW(,C)
(respectively).
(ii) The centralizer b = b, == Homw(k)®ZpBop(J, L) of B°? in Homyy 4 (J, L)
is a direct summand of Homyy ) (J, L) and we have ¢(b[1/p]) = b[1/p].

Let B be the smooth closed subgroup scheme of GL; whose Lie algebra
is b and such that for each commutative k-algebra R, we have

B(R) = lwmyewwren + W(R) @wa) b.

4If D @ E is either étale or of multiplicative type (i.e., its formal deformation space is
Spfk), then here, as in [GV], we have npgp = 0, and this differs from the other convention,
for instance followed by [LNV], under which npggr would be 1 for such a D & E.
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We check that the triple (L@ J, ¢,B) is an F-crystal with a group over k.
Property (ii) implies that Axiom (AX1) holds for the triple (L& J, ¢,B). As

each element b € B is fixed by ¢, P! = [P*N(L/pL)]®[PN(J/pJ)] is a left
k®r, B}"-module and hence it has a direct supplement PBYin (L/pL)®(J/pJ)
which is a left k ®g, BP-module satisfying Py = (PN L/pL) ® (PY N .J/pJ).
Thus we have a cocharacter G,,, — Cp i Xx Cj) which acts trivially on
PO and via the inverse of the identical character of Gyl 01 P! and from
[SGA3-2|, Exp. XV, Thms. 3.6 and 7.1 we get that it lifts to a cocharacter
Gm,W(k) — CL X Spec W (k) CJ. As Im(Gm,W(k) — CL X Spec W (k) CJ) normalizes
B and b, Axiom (AX2) holds for the triple (L & J, ¢, B).

Moreover, we have a direct sum decomposition into W (k)-modules
b=b_1 Dby by (13)

such that for i € {—1,0,1}, G,, w@) acts on b; via the —i-th power of the
identical character of G, w ). We have

d(pb_y ® by ®p~thy) = b. (14)

We denote the rank of the free W (k)-module by by dy,. For v € {D, E}, if
dy and ¢y are the dimension and the codimension of V (respectively), then
we have formulas

dpcg

_¢otdp and SJ_CE+dE and dy =
— — b =

5q 5q s2q? (15)

SL

For m € N* let ¢,,, U, be the reductions modulo p™ of ¢ and 9 (respec-
tively). Let 9°) be the pullback (or the tensorization) of some W (k)-linear
map or W (k)-module 9 via . Thus L) := W (k) ®,wu) L, etc.

We consider the group scheme

Hom(D[p™], E[p™])erys

over k of homomorphisms from (J/p™J, ¢, ) to (L/p™L, ¢y, Upm). Thus,
if R is a commutative k-algebra and if o is the Frobenius endomorphism
of the ring W,,,(R) of p-typical Witt vectors of length m with coefficients in
R, then Hom(D[p™], E[p™])erys(R) is the group of those W, (R)-linear maps
g € Wi(R) ®w,, ) Homyy,, 4y (J/p™J, L/p™ L) that satisfy the two identities

(Iw,. () ® dm) 087 =10 (L, (r) ® bm),
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5 o (lw, (k) ® Im) = (Lwu(r) ® V) ® B
here ¢, and 9, are viewed as W,,(k)-linear maps (L/p™L & J/p"J)) —
L/pm"L&® J/p™J and L/p" L@ J/p™J — (L/p™L& J/p™J)) (respectively).
We consider the closed subgroup scheme

Hom(D[p™], E[p™])?

crys

of Hom(D[p™], E[p™])crys such that for each commutative k-algebra R inside
W (R) @w,, (k) Homyy, ey (J/p™J, L/p™ L) we have

Hom(D[p™], E[p"™))crys (1) = Hom(D[p™], E[p™])crys (R)N[Win(R)@w,, 1) (6/p™0)].

crys crys

If we have a short exact sequence 0 — F — & — D — 0 as in
Theorem 1 (a), then the left J-module proj.lim., ., D¥(E[p"]) is isomorphic
to (L @ J,gp,9g7 ") for some arbitrary element g € B(W(k)), the triple
(L & J,g¢,9g~ ", B) being uniquely determined up to inner isomorphisms.
Moreover, the short exact sequence splits modulo p” if and only if we can
assume that g € Ker(B(W(k)) — B(W,,(k))). The last two sentences imply
that n, ; = nBgp (to be compared with [V1], Lem. 3.2.2 and [GV], Subsect.
6.1) and that Theorem 1 (a) holds.

For m € N* let Aut(D[p™]® E[p™])B. . be the group scheme over k defined

crys

in [GV], Def. 2 (a). We have a canonical identification

Hom(D([p™], E[p™])érys = Aut(D[p™] & E[p™])Gys (16)
of affine group schemes over k, which for a commutative k-algebra R maps
each §f € Hom(D[p™], E[p™])%ys(R) to lw(r)ey (Lo +1, where § is identified
with the W, (R)-linear endomorphism of W, (R) ®w,, &) (L & J) that annihi-
lates W, (R) ®w,, ) L and that maps W, (R) @w,, @) J to Wi, (R) Qw,. k) L
in the same way as g does.

As b C Endy (L @ J) is stable under products (we have b*> = 0), the
condition (i) of [GV], Thm. 6 holds for the triple (L & J, ¢,B). Thus the fact
that Theorem 1 (b) holds follows from [GV], Prop. 2 (¢) and Thm. 6 and
from Equation (16). We only need to point out that the footnote of Subsec-
tion 1 applies in this context as well: as both D[p|/B,(D[p]) and a,(E[p])
are left B-modules, Homg(DI[p|/B,(D[p]), a,(E[p])) is a closed subscheme of

Homg (DIp], E[p]) and therefore the following implications hold

7%,]3(1) =0 <= apag =0 <= Dor Eis ordinary = n}.; = 0.
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3.2 Proalgebraic constructions

If O is a finitely generated left J-module and M is a left J-module of fi-
nite length, then Homy(O, M) has a natural structure of a commutative
quasi-algebraic group Homy(O, M) over k. This can be checked easily by
choosing a finite presentation of O and an expression of M as a direct
sum of cyclic W (k)-modules and by checking directly the independence of
the resulting commutative quasi-algebraic group structure Homy(O, M) of
Homj(O, M) from the choices made. Similarly, if O and O’ are finitely gen-
erated left J-module and O’ is also finitely generated as a W (k)-module, then
Homy(O, O') has a natural structure of a commutative affine pro-algebraic
group Homy(O, O’) over k.
We consider the finite dimensional B(k)-vector space

X := Homp (J[1/p], L[1/p]) = Homyy ) (J, L)[1/p] = Homy (1) (J, L)’[1/p).

Let Homyy ) (J, L)” be the sublattice of Homyy ) (J, L) formed by W (k)-linear
maps that send VJ to VL. We note that, inside X, we have an identity

Homyy (1) (J, L)” = Homyy 1 (J, L) N Homyy () (V.J, VL)

and Homyy (z)(J, L)’ is the largest sublattice of Homyy () (J, L) for which we
have a homomorphism of prounipotent groups

\IJ]’L : HomW(k)(J, L)b — HomW(k)(J, L)

defined by the abstract (proalgebraic) homomorphism
W r, : Homy () (J, L)’ — Homyy ) (J, L)

that maps z € Homy ) (J, L)’ to . — p~'FaV = z — ¢(z). It induces an
admissible proalgebraic endomorphism ¥ : X — X in the sense of Section 2
(see Example 3).

It is well-known that the kernel of ¥ is the affine proalgebraic group
Homg(J, L) = Hom(D, E) of Dieudonné module homomorphisms. We check
that the kernel of the reduction of ¥;; modulo p" is the quasi-algebraic

group Hom(D[p"], E[p"]) = Hom(D[p"], E[p"])P** of the abstract group

Homg, (J/p"J, L/p"L) = Hom(D[p"], E[p"]) = Hom(D[p"], E[p"])(k)
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of homomorphisms between Dieudonné modules modulo p™. The crystalline
Dieudonné theory provides a natural evaluation morphism

Dpipny, epe) - Hom(D[p"], E[p"]) — Ker(¥,, mod p")

of the abelian category Q. From [LNV], Lem. 8.7 we get that the abstract
homomorphism D pyn), gpei (k) is an isomorphism and therefore from Fact 1
we conclude that Dppyn) gpn) itself is an isomorphism.

We have a B variant as follows. As b = HOIHW(k)@ZpBop(J, L) is a direct
summand of Homyy () (J, L) and due to Equations (13) and (14) we have

b” := b N Homyy(J, L)” = pb_1 @ by ® by

and b is the largest W (k)-submodule of b with the property that W re-
stricts to an abstract (proalgebraic) homomorphism

Uh, 0 b
defining a homomorphism of prounipotent groups
Ui, b —b (17)

whose kernel is the affine proalgebraic groups Homy(J, L) = Homg (D, E') and
which induces an admissible proalgebraic endomorphism Vg : Xg — Xp in
the sense of Section 2 (see Example 3), where

Xp = b[1/p].

Moreover, Dpn), gpe) Testricts to an isomorphism

D%[p"LE[p"] : Homg (D[p"], E[p"]) — Ker(¥’; mod p")

as DI%[P”]: E[pn](k‘) is an isomorphism, which follows by taking centralizers of
B°P in the source and the target of D ppmy ppn (k).

Let D' and E’ be BTs over k isogenous to D and E (respectively). Let L’
and J' be the (contravariant) Dieudonné modules of D’ and E’ (respectively).
We have natural identifications L[1/p| = L'[1/p], J[1/p] = J'[1/p] and X =

Hompg (J)[1/p], L'[1/p]) = Homyu(J', L')[1/p] = Homyu(J', L')’[1/p]
and ¥ : X — X is also induced by a homomorphism of prounipotent groups

\IIJ’,L’ : HomW(k)(J’, L/)b — HOH]W(k)(J/, L,)
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defined by a homomorphism W : Homyy gy (J', L) — Homyy k)(J’,L’)
which satisfies the same rule as W;: it maps v € Homyy ) (J', L ) to x —
p tFzV = z—¢(z). If B inside Endyy ) (L)[1/p] and EndW ) (J)[1/p] leave
invariant L' and J’ (respectively), equivalently, if D" and E’ are compatibly
left B-modules, then we similarly define

b/ = HomW(k)®ZpBop(J', L) - HOHIW (JI L)

and Wy 1/ restricts to a homomorphism of prounipotent groups

\I[E’,L’ : (b/>b — b_/

We have ¢(Homyy)(J, L)) = Homyy 4y (FJ, FL). We consider the lattice
HomW(k)(Jv L)ﬁ = HomW(k)<<], L) + HomW(k) (FJ, FL)

of the B(k)-vector space X. As for an element x € Homy)(J, L) we
have p~'FzV = ¢(z) € Homy ) (FJ, FL), the admissible proalgebraic ho-
momorphism of B(k)-vector spaces ¥ : X — X that maps z € X to

—p 'FzV = x — ¢(z) € X induces (see Example 3) a homomorphism
between prounipotent groups

Wy r+ - Homyy(J, L) — Homyy gy (J, L)%

Its kernel is the affine proalgebraic group Homg(J, L) = Hom(D, E) of
Dieudonné module homomorphisms and thus is equal to the kernel of W .
Moreover, from Equation (14) we get that

b* := b[1/p] N Homyy (1 (J, L) is equal to b+ ¢(b_;)

and W 4 restricts to a homomorphism between prounipotent groups
U5, bbbt (18)

whose kernel is the affine proalgebraic group Homy(J, L) = Homg(D, E).

. . . B
3.3 The isogeny invariance of sp,

As the sequence (7}, (1)) _ is constant (see Theorem 1 (b)), from Lemma

n>n

1 (c) applied to W% Wjp we get that for all n > n}, , we have

'YD,E(”) = dim(g/h(b_)),
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equivalently, we have
sp.e = x(0, U5, (0)). (19)

The dimension of the k-vector space b/b’ is dy (see Equation (14)) and from
Equation (15) we get that it is equal to the dimension of the k-vector space
b’/(b')*. From this equality and Equation (9) applied with (Uy, Us, Us, Uy)
equal to (b, b, (b')°,b") we get:

x(¥',b) = x((b'), 1), (20)

From Equation (20) and Lemma 1 (a) applied with (T, Uy, Us, Uy, U})
equal to (Ug, b°, (b')°, b, (b)) we get directly that x(b’, WE, L ((6'))) is equal
to x(b, U5 (6”)). From this and Equation (19) and its analogue with (J, L)

replaced by (.J', L) we get that s}, ; = s}, g is an isogeny invariant.

B
3.4 The symmetry of s 5
In this subsection we will use Serre duality to prove that s7, ; = s 5.

Fact 4. The following two inclusions B> C b and b C b* induce a quasi-
isomorphism from (17) to (18) viewed as complexes of prounipotent groups
and thus for all m € N* they also induce a quasi-isomorphism between the
complezes (17) and (18) modulo p™ viewed as complexes of unipotent con-
nected commutative quasi-algebraic groups. In particular, for all m € N* the
kernels of the reductions modulo p™ of W5, and W' | have equal dimensions.

Proof: This is equivalent to the fact that the induced W (k)-linear map at
the level of cokernels

b/Im(¥7 ;) — b°/Im(V5, )
is an isomorphism, and thus is equivalent to the following two identities
Im(¥5, ) =bNIm(¥},,) and b+Im(¥5, ,)=>b"

The inclusions ‘C’ are obvious. We now check the reversed inclusions ‘O’

Let z € bNIm(W5, ). Let y € b be such that = W5,  (y); so
r=y—p 'FyV. Then p~'FyV = x —y € b, hence y € b”. Thus we have
T = \I’EI?,L(?J) € Im(‘I’]LB;,L)
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Let 2 € b%. Let (y,w) € b x ¢(b_1) be such that 2/ = ¢ + w. Let
uw € b_; C b besuch that w = ¢(u) =p 'FuV. Thus 2’ — (y +u) =w—u €
Im(05, ). Hence @’ = (y + u) + (w —u) € b+ Im(P5, ).

The reversed inclusions ‘D’ follow from the last two paragraphs. O

We are now ready to complete the proof of Theorem 1. Let m € N*. The

Serre dual of (18) modulo p™ is isomorphic to the reduction of

Wby, = by (21)

modulo p™ (see the paragraph before Lemma 2); here (21) is the analogue
of (17) but with the roles of J and L interchanged. Based on this and
Equation (11), we get that Homg(E[p™], D[p™]) = Homg(E[p™], D[p™])Pe!
(i.e., the kernel of the reduction of \I/]IB; ; modulo p™) has the same dimension

as the kernel of the reduction of ¥5; | modulo p™ and thus (see Fact 4)
as Homg(D[p™], D[E™]) = Homg(D[p™], E[p™])P*! (i.e., as the kernel of the

reduction of W%, modulo p™). As this holds for all m € N*, we get that

np p = npp and that s, ; = s% .> This ends the proof of Theorem 1. [

3.5 A relative context

We recall that k = k and L is the (contravariant) Dieudonné module of a
BT D over k. We take F to be trivial; so J = 0 and we identify L & J = L.
Thus we have a triple (L, ¢, G) which is an F-crystal with a group over k.

Definition 7. A pair (g1, 92) € G(W (k))? is called Lie compatible if we have
glgggl = g (equivalently, for one h € {glggl,gngl} we have either hg = g
or gh=g).

For ¢ € G(W(k)) let Dy be the BT over k of the same dimension
dp and codimension c¢p as D whose (contravariant) Dieudonné module is
(L,gp,9g~"). Thus D = Dy, and (g, g) is Lie compatible. The pair (1., g) is
Lie compatible if and only if the pair (g, 17) (or the pair (11, ¢~ 1)) is Lie com-
patible. If G = GL, then each BT over k of dimension dp and codimension
¢p is isomorphic to D, for some g € G(W (k)).

SWe also get that, referring to Theorem 2 (d), if H is a BT,, (such an H is balanced
by Lemma 10 (b) below), then holds.
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Example 6. If G(W (k)) =1 + g or if G is the group scheme of units of a
W (k)-subalgebra of Endyy ) (L) which as a W (k)-module is a direct summand
of Endyw i) (L), then all pairs (g1, g2) € G(W (k))? are Lie compatible.

We consider the closed subgroup scheme

Hom (D[p™], Dy[p™])?

crys

of Hom(D[p™], Dy[p™])erys such that for each commutative k-algebra R, its
group of R-valued points Hom(D[p™], Dy[p™])8..s(R) is the subgroup

crys
Hom (D[p™], Dg[p™)erys (1) O [Win(R) @w,. k) (9/P™ )]
The group schemes

End(D[p™])é,ys = Hom(D[p™], D[p™])ys
were first introduced in [GV], Subsect. 5.2.
The following theorem generalizes the particular case of Theorems 1 (b)
and (c¢) in which D and E have the same dimension and codimension.

Theorem 5. Let g € G(W (k)) be such that the pair (11,9) € G(W (k))? is
Lie compatible. Then the following three properties hold:

(a) There exists a smallest non-negative integer n%, , such that for all
=g
integers n > nj, p, Wwe have an equality

= dim(Hom(D[p"?>1], D,[p">2))3,.,).

crys

dim(Hom(D[p"], D,[p"])

grys )

Moreover, if n%pg > 0, then the finite sequence

(dim(Hom(D[p"], Dg[p")erys)neqr,...nt, 1 3

D,Dgy

is strictly increasing.’
(b) If shp, = dilrn(Hom(D[p”%%],Dg[pn%”ja])g ), then sp, p, is a Lie

crys
compatible isogeny invariant: for all pairs (g1,92) € G(W(k))?* which are
Lie compatible and such that (L,g1¢0,G) and (L, g2, G) are G-isogenous to

(L,$,G) and (L, g9, G) (respectively), we have s, , = S%gl,Dgg'

°If G = GL, part (a) follows from [GV], Subsect. 6.1 as n}, , =np, p,, see Section 1.
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(c) Let Tr : Endyy (L) x Endw (L) — W (k) be the trace bilinear map
that maps a pair (x,y) € Endw ) (L) x Endy (L) to the trace of the W (k)-
linear endomorphism x oy : L — L. We assume that there exists { € N such
that Tr restricts to p* times a perfect bilinear map Try : g x g — W (k) (if
¢ =0, this forces G to be a reductive group scheme over W(k)). Then we
have the following symmetry properties sp, , = s}, p and n, p, =np, p."
Proof: Let Ly and Ly be L. The (contravariant) Dieudonné module of the
BT D& D,is (L& L,¢p®gp) = (L1 B La,p & gp). Let bh be the abelian
Lie subalgebra of Endy ) (L @ L) = Endywx)(L1 @ L) formed by all those
W (k)-linear endomorphisms of L & L = Ly & L, which annihilate L;, which
map Ly to Ly, and for which the resulting W (k)-linear map from Ly = L to
L, = L is an element of g.

Similar to B, let H be the closed subgroup scheme of GL4; whose Lie
algebra is h and such that for each commutative k-algebra R, we have

H(R) = 1W(R)®W(k)(L@L) + W(R) Qw k) b.

We check that the triple (L & L, ¢ @ g¢,H) is an F-crystal with a group
over k, i.e., Axioms (AX1) and (AX2) hold for it. Axiom (AX2) holds for

this triple as one can see by considering the direct sum decomposition
LoL=(PloPR)o(PoPR),

where, for (i,7) € {0,1} x {1,2}, P; is P but viewed as a W (k)-submodule
of L;. As the pair (11, 9) € G(W (k))? is Lie compatible, the fact that Axiom
(AX1) also holds for this triple follows from the identities

o(a[1/p))g™" = all/plg~" = a[1/p].

For m € N* let Aut(D[p™] & D,[p™])& . be the group scheme over k

crys

defined in [GV], Def. 2 (a). Similar to Equation (16) we have an identification

Hom (D[p™], Dy[p™))%,s = Aut(D[p™] & Dy[p™])e (22)

crys crys

"We get a variant of part (c) if we have a direct sum decomposition (g, ¢) = @icr(l;, @)
which (without ¢) is orthogonal with respect to Tr and which has the property that for
each i € I there exists /; € N such that the restriction of Tr to [; is p% times a perfect
bilinear map Try, : [; X [; = W (k). E.g., this holds if G is a reductive group scheme over
Spec W (k), the Killing form of the Lie algebra of the derived group scheme of G is perfect,
and the maximal torus of the center of G is equal to its double centralizer in GLy,.
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of affine group schemes over k, which for a commutative k-algebra R maps
cach & € Hom(D[p"], D,fp™])8s(R) 0 Liv(iyoyy o et + 8 Where & s iden-

tified with the W,,(R)-linear endomorphism of
Wi (R) @, k) (L ® L) = Wi (R) @w, k) (L1 ® Lg)

which annihilates W, (R) ®w,,x) L1 and which maps W, (R) ®w,, ) L2 to
W (R) ®w,, (k) L1 in the same way as § does.

To check part (a) we can assume that there exists ng € N* such that we
have dim(Hom(D[p™], D,[p"])8..s) > 0. As h C Endwu) (L1 @ Lo) is stable

under products (we have h? = Oy), the condition (i) of [GV], Thm. 6 holds
for the triple (L & L, ¢ ® go,H). Thus part (a) follows from [GV], Prop. 2
(c) and Thm. 6 and from Equation (22) which give that nj, , = n%@Dg >0
(if nih, p, = 0, then loc. cit. implies that ny does not exist).

To prove parts (b) and (c¢) we consider the o-linear isomorphisms

®D,pys $D,.D g[1/p] — g[1/p]

which map w € g[1/p] to powo ¢~ lg~! and gpoho ¢! (respectively). For
all z,y € Endy (x)(L) we have an identity

o(Tr(z,y)) =Tr(¢p,p,(*), ép,p(Y))-

Thus the fact that Try is perfect implies that Try induces an isomorphism of
latticed F-isocrystals from the dual of (g, ¢p, p) to (g, #p,p,). Based on this,
the proofs of parts (b) and (c) are entirely analogous to the proofs of Subsec-
tions 3.3 and 3.4, with the roles of (L, J) being replaced by (L = Ly, L = Ly)
and with the roles of b = b;;, C Homy 4 (J, L) and by ; C Homyy ) (L, J)
being replaced by the Lie subalgebra g of Endy ) (L) = Homyyx)(La, L1)
and of Endyy (L) = Homyy (L1, La) (respectively). We would only like to
add that, with the same notation Homyy((J, L)” and Homyyx)(J, L)* as in
Subsections 3.3 and 3.4 but used under the mentioned replacement of roles,
for o = D, Dy let v, := 2 and for ¢ = D, D let v, := 1 and we take g’ to be

gmHomW(k) (L’U<>7 113—110)b = {.ZU € g|¢<>(l’) € HomW(k) (L’U<>7 L3—Uo)} - ngS;I(Q)
and we take g to be
a[1/plNHomyy ) (Lo, L) = g+(a[1/plNde(Homyw () (Lo, Ls—v,))) = g+¢0(9)-

Note that the dual of gﬁD’Dg is Qz)g,p and the dual of 93),Dg is g%mD. O

Taking ¢ = 1, and go = ¢;, from Theorem 5 (b) we obtain another
generalization of [V2], Thm. 1.2 (e) (see also [GV], Rm. 4.5):

32



Corollary 2. Let s}, := 3%,13' Then sp is an isogeny invariant: if g1 €
G(W (k)) is such that (L, g1¢,G) is G-isogenous to (L, ¢, G), then s% = sngl.

4 Injective resolutions of rings of fractions

We have E,,F = FE,, and E,,V = VE,,. From this and the identities
FV =VF and p™ = 0 in E,, we get that each non-zero element of the union
U, =E,FUE,V UpE,, is a left and a right zero divisor of E,,. Let

Sm :=En \ Up,.
For z € S; let dp(2),dy(Z) € N be such that we can write

dr(2) dy (5)

=Y qF + = Z o F 4 Z BV,

i=0 j=1

where Qg = ﬂo, aq, ... ,O{dF(g)7/817 <. ,de(g) € k with A (z) 7& 0, /de(g) 7é 0.
The k-algebra monomorphism E; — E;/(V) x E;/(F) = k[F] x k[V] maps
Z to a pair (Zp, Zy) € k[F| x k[V] and dp(Z) and dy(Z) are the degrees of zZp
and Zy in F' and V (respectively).

For x € E,, we have x € S,, if and only if z modulo p belongs to Sy, if and
only if both the images of z in k[F] = E,,/(p, V) and in k[V] = E,,/(p, F') are
non-zero, and if and only if the left W,,(k)-module E,,/E,,z (equivalently,
the right W,,(k)-module E,, /zE,,) is finitely generated.

Lemma 3. For m € N* the following three properties hold:

(a) The subset S, of E,, is the multiplicative set of reqular (equivalently,
of left reqular or of right reqular) elements of E,,-modules.

(b) The multiplicative set S,, admits calculus of left and right fractions,
i.e., the left and right Ore conditions are satisfied.

(c) If z € Sy, lifts z € Sy, then the W, (k)-modules E,, /E,,z and E,,/zE,,
are free of rank dp(Z) + dy(Z2).

Proof: It suffices to prove part (a) for m = 1. If z € S; is as above, then
for each x = Y7 jofF" + Z?Zl BiV7 € By with o, ... o, B1,... 8 € k such
that either o, # 0 or 3, # 0, the coefficients of either Fe+dr(f) or Vd+dv(f) in
zZx and xZ are non-zero and thus zz # 0 and Zx # 0. Thus part (a) holds.
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Based on part (a), part (b) is equivalent to the fact that for each pair
(z,z) € S, X Eppy, the intersections S,,x NE,,z and zS,, N zE,, are non-empty.
We will work work only with S,,z N E,,z and it suffices to show that each
element x + E,,z € O,, := E,,/E,,z is annihilated by an element w € S,,.

The ring [E,, is left and right noetherian and moreover [E; is semiprime,
i.e., it is non-zero and its only two-sided nilpotent ideal is 0. Thus the fact
that part (b) holds for m = 1 follows from [Di], Thm. 3.6.12.

For m € N* from the previous paragraph we get inductively that for
i€{l,...,m} there exists w; € S,, such that (Hjl:z w;)z+E,,z € p'O,, and
thus we can take w := Hjl:m w;. Therefore part (b) holds.®

For part (c), again we work only with O, = E,,,/E,,z. As the E,,-linear
monomorphism E,,z — E,, between flat W,,(k)-module is injective modulo
p, we have Tor‘l/vm(k)(k, Om) = 0. From this and the nilpotent ideal case
of [M], Thm. 22.3 we get that O,, is flat over W, (k) and thus free. To
compute its rank we can assume m = 1; so z = z. Thus part (c) holds as
{FO+Eyz,..., FirG-1 VI LBz, VWG L E 2} is a k-basis of O;. [

Let K, := Frac(E,,) = S,'E,, = E,,S.,! be the ring of fractions of E,,,
i.e., the (left or right) localization of E,, with respect to S,, and let E,, — K,,
be the natural inclusion of rings.

We check that the multiplicative set P, := {(F + V)'|i € N} C S,,
also satisfies the left and right Ore conditions. Working as above only with
Omi = E,/E,(F + V), it suffices to show that each element of O,,; is
annihilated by an element of P,,, which follows from the fact that F' and V'
and hence F' + V are nilpotent on O,, ;.

Inverting F'+ V in E,, we get the product of skew Laurent polynomial
rings P 'E,, = E,,P,t = W,,(k)[F, F~'] x W,,(k)[V, V'] C K,,. This gives
a product decomposition K, = Frac(W,,(k)[F]) x Frac(W,,(k)[V]): thus
K,, is flat over Z/p™Z and modulo p it is the product k(F') x k(V') of two
non-commutative division rings.

8The existence of w € S,, can be proved directly, i.e., without using the abstract result
[Di], Thm. 3.6.12, as follows. As the left E,,-module E,,/E,,z is finitely generated over
Wi (k), it has a composition series whose factors are simple left E,,,-modules annihilated by
p and it suffices to show that for each simple left E;-module S and every y € S\ {0}, there
exists w, € S; such w,y = 0. Each such S is finite dimensional over £ and corresponds to
a simple object of Fj 1. There exist three possibilities: (i) # =V =0 on S and we can
take wy, = F' + 5; (ii) V. =0 on S, F' bijective on S, and we can take w, to be a generator
of the annihilator of y in k[F]; (iii) same as (ii) but with F' and V interchanged.
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Lemma 4. The following three properties hold:

(a) The short exact sequence 0 — E,, — K,, — K,,/E,, — 0 is an
injective resolution of left (or right) E,,-modules.

(b) The left (or right) E,,-module K,, is the injective hull of the left (or
right) E,,-module E,, .

(c) For each left E,,-module of finite length N we have a natural iden-
tity Homg,, (N, K,,/E,,) = Exty (N,E,,) of left E,,-modules (of right E,,-

m

modules transformed via v, into left E,,-modules).

Proof: As in the proof of Lemma 3 (¢) we argue based on [M], Thm. 22.3
that K,,/E,, is flat over either W,,, (k) or Z/p™Z. To prove part (a) we have
to show that for each left E,,-module N, for %, € {K,,,K,,/E,,} we have
Exty (N, %) = 0. Using the long exact sequence of Ext groups for short
exact sequences of the form 0 — pN — N — N/pN — 0, we get that we
can assume that pN =0, i.e., N is a left [£;-module.

Using the standard free resolution

R, LR, BE, S E -0

of the left E,,-module E; and the fact that %, is a flat (hence free) W, (k)-
module, we get that Extg (Eq, %.,) = 0 for all i € N*. From this and [CE],
Ch. VI, Prop. 4.1.4 (also [CE], Ch. XVI, Sect. 5) we get that

Extl};m(N, *n) = ExtﬁEl(N, Homg, (Eq, %)) = Ext%:l(N, *1),

where the last equality follows from the flatness of the W,,(k)-module ¥%,.
Thus to prove that ExtIlEm (N, %) = 0 we can assume that m = 1.

As m = 1, using the short exact sequence 0 - VN — N — N/VN — 0,
we can assume that N is annihilated by either F or V. To fix the ideas,
say N is a k[F]-module. The infinite complex with alternating (right or left)
multiplication by F' and V maps

L Lheleabal
is exact for & € {E;,K;} and thus also for & = % ;. Using the resolution

BB SE LS EF >0 (23)
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(with V and F' as right multiplications) of the left E,-module k[F] we get
that '
Extp (K[F],#) =0 V(i,#) € N" x {Eq, %}

Thus, again by loc. cit., for all + € N* we have
Exty, (N, %1) = Extyp (N, Homg, (K[F], %1)). (24)

As k[F] is a (non-commutative) principal ideal domain, from Baer criterion
we get that the injective k[F]-modules are the divisible ones. Note that

Homp, (k[F], %1) = {2 € %:1|[Vz = 0} = Fok, € {k(F), k(F)/Fk[F]} (25)

is a divisible k[F]-module. Based on the last two sentences, from Equation
(24) and (25) we get the identity Exty, (IV, %) = 0. Taking ¢ = 1 we conclude
that part (a) holds.

Based on part (a), the injective hall of, say, the left E,,-module E,, is a left
[E,,-submodule of K,, which contains [E,, and which has a direct supplement
in K,,,. As each non-zero left E,,,-submodule of K,,, intersects [E,, non-trivially,
this direct supplement is 0, hence part (b) holds.

For part (c), we first remark that we have Exty (N,K,,) = 0 (see part
(a)). Therefore we have an exact complex of left E,,-modules

Homg,, (N, K,,) = Homg,, (N, K,,/E,,) = Exty (N,E,,) — 0.

As N is of finite length we have Homg, (N,K,,) = 0. Thus the functorial
E,,-linear map Homg,, (N, K,,/E,,) = Exty (N,E,,) is an isomorphism. O

5 Projective Resolutions

In Subsection 5.1 we present a criterion of when a flat finitely generated
left J,,-module is free. Subsection 5.2 characterizes truncated BTs over k£ in
terms of tor and projective dimensions. Subsection 5.3 introduces the main
semisimple rings associated to BT,,s over k& which are left B-modules and
checks that fully projectively balanced implies projectively balanced.

5.1 Flat finitely generated J,,-modules

Let A be a left and right possibly non-commutative principal ideal domain.
The multiplicative set A* := A\ {0} satisfies the left and right Ore conditions
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(this simple fact also follows from the general result [Di], Thm. 3.6.12) and
we have a division ring of fractions Frac(A) := (A*)™'A = A(A*)™'. Asin
the commutative case, a left A-module © is flat if and only if for all x € A
we have Tor} (A/zA,©) = 0, i.e., © is torsion free (equivalently, the natural
A-linear map © — Frac(A) ®, O is injective). Moreover, if © is flat and
finitely generated of rank r € N, then there exists w € A* such that we have
© C Frac(A) ®, © = Frac(A)” D A" D Ow and it is well-known that © is
a free left A-module. Recall that each A-submodule of a free (left or right)
A-module is free (see [Bol], Ch. VII, Sect. 3, Thm. 1).

By loc. cit. and the standard Morita equivalence between the categories
of A-modules and M(A)-modules with s € N*, each left ideal of M(A) is iso-
morphic to the projective left M (A)-module J,(A)? for some d € {0,..., s},
a submodule of a free left M,(A)-module of finite rank is isomorphic to J,(A)?
for some d € N and hence it is free if and only if s divides d (if free, its rank
is d/s), and every left M (A)-module has projective dimension at most 1.

We will extend these properties to rings

X =X(k,q) :=k[F| ®r, Fpe and V =V(k,q) :=k[V]®p, Fp
which are not integral domains in general (here ¢ € N*).
We consider the W, (k)-algebra
Ym = Ym(k, q) = Wm<]€) ®Wm(Fp) WmGqu).
If B = M(W(Fp)), then Y,, is a W,,,(k)-subalgebra of J,,,. The cyclic group
{c*|t € Z} acts transitively on the set
T=1,,

of indecomposable idempotents of Y,,: if e € Z, then o(e) := (e®1w,,r,q))(€)-
Embedding [F,q into k let I, :=knN Fpa: so i = Fpa with ¢; € N a divisor of
g. Then Z can be identified with the set of indecomposable idempotents of
[y ®r, 1 and thus has ¢; elements. For e € Z, let € € Y; be the reduction of e
modulo p. Thus k. := Y€ is a finite Galois extension of k of degree ;il which
up to isomorphism does not depend on e. We have a product decomposition

Y1 =k @, Fpo = [ % (26)

ecT

of rings and product decompositions into left ideals

=P, Yme,
X =k[F] ®p, Fpe = P GIXG and V=k[V]® =P, Ve
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Lemma 5. The following four properties hold:

(a) Let e € Z. Then each non-zero submodule P of the left X-module Xe
is isomorphic to Xe' for some ¢’ € T.

(b) Each X-submodule Q of a finite direct sum @_, Xe; with each e; € T
(equivalently, of a free X-module of finite rank) is projective and isomorphic
to a finite direct sum @, (Xe)%, where each d. € N is uniquely determined.

(c) Referring to (b), O is a free left X-module if and only if d. is inde-
pendent of e € L and in such a case it is free of rank d..

(d) Parts (a) to (c) hold with X replaced by V.

Proof: We have Xé = &2 F'k,. Let z = Y0 Fia; € P\ {0} of the smallest
degree d in F; we have o; € k.. Let ¢/ := 0%(e) € Z. As Fla; = o'(e)Flay,
the degree of z — €'z is less than d. Thus z = €'z and each i € N such that
a; # 01is congruent to d modulo g. The right multiplication by z is a X-linear
map Xe' — Xe, which by passage to associated graded is seen to be injective
and its image Xz is a direct supplement of the degree less than d part of Xe,
which intersects P trivially. Thus P = Xz ~ Xé&' and part (a) holds. Using
filtrations, the first part of (b) follows from (a) by induction on j € N while
d. = dimg_ (k. ®x Q) is uniquely determined. Part (c) follows from part (b).
Part (d) is proved similarly to parts (a) to (c). O

As Endx(Xe) = (eXe)? D ek, = k., the left X-module (X&)% is isomor-
phic to X, ®j, Xe, where X, is a k.-vector space of dimension d.. From this
and its analogue for V, based on Lemma 5 (b) and (d) we get:

Corollary 3. Fvery finitely generated projective left X-module is isomorphic
to a direct sum @, .; Xe @, Xe and every finitely generated projective left
V-module is isomorphic to a direct sum @eezve ®x, Ve, where each X, and
V. are finite dimensional k.-vector spaces.

Proposition 2. If B = M,(W (Fy)) with s,q € N* is connected, then the
following three properties hold for a flat finitely generated left J,,-module O:

(a) The left J,-module O is isomorphic to a finite direct sum of inde-
composable projective left J,,-modules

DB @ty Yme))*

ecl

with each d. € N uniquely determined.
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(b) The left J,,-module O is free if and only if d. is independent of e € T.
(c) The left E,,-module O is free of rank ro = sdo, where

q
dp = — E d.) € N.
9 Q1( )

eel

Proof: As E,, is left and right noetherian, so is J,, and hence the left J,,-
module O is finitely presented. From [L], Cor. 1.4. we get that O is a
projective left J,,-module. As the left E,,-module J,, is free of finite rank,
the left E,,-module O is also projective and finitely generated.® Thus we can
assume that m = 1. Based on the standard Morita equivalence between the
categories of left E,, @z, W, (F,q)-modules and J,,,-modules, we can assume
also that s = 1,i.e., B = W(Fp) and J,,, = By, @2, Wi (Fpa) = Epp @, (1) Yom-

Tensoring the short exact sequence 0 — E, {e), E[F)xk[V] = k—0
we get a short exact sequence

(7TF®11qu 77TV®1]FPq )

0—J; » XPpV — Y, — 0.

We consider direct sum decompositions X ®3, O = @7 X @, Xe and
V&5, O=..7Ve @k Ve (see Corollary 3) and over Yy = [[..7 ke we get
ke-linear isomorphisms X, ~ V.. Let d. := dimy, (X.) = dimy, (V). Let
P =@, .;(En @w,. k) Yme)®. We get the existence of linear isomorphisms
X®5 P~X®jp Oand VEy, P~V ®j O and they, due to the existence
of the k.-linear isomorphisms X, ~ V,, can be changed so that they coincide
over Y; and hence, as the inclusion Y; C J; is a section of the epimorphism
J1 — Yy, they glue together to define a J;-linear isomorphism P ~ O.

As d, = dimy, (k. ®j,, O), d. is uniquely determined. Thus part (a) holds.
As I = @D.crIme = D.cr Em ®w,, (k) Yme, part (b) follows from part (a).

As s =1and [k. : k] = L, part (c) follows from the computation

do =ro = dimy(Y1®;,,0) = > dimg(ke®y,,0) = Y [k kd.. O

ecl eeT

Corollary 4. The following three properties hold:

9A left J,,-module N is flat (or projective or finitely generated) if and only if as a
left E,,-module it is so. The if part follows from the fact that IV is a direct summand
of J;n ®g,, N, namely B ®z, B°® acts on J,, ®g,, N (right multiplication on J,,,) and the
image of the action of a separability idempotent is canonically V.
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(a) The Grothendieck group Ko(Jm) is a free abelian group of finite rank
on the set of isomorphism classes of indecomposable finitely generated pro-
jective left J,,-modules. More precisely, if B = Mg(W (Fy)) with s,q € N* is
connected, then Ko(Jn,) is the free abelian group on

{Js(Em ®w,, (k) Yme)lle € T}
(b) We have a well-defined epimorphism called indecomposable index
index : Ko(J,,) = Z

which maps the isomorphism class of each indecomposable finitely generated
projective left J,,-module to 1.

(c) Let ki be a perfect field that contains k. Then the functorial ho-
momorphism Ko(k/k1) : Ko(Jn) — Ko(Jm(k1)) induced by the inclusion
Im = En Qw,.w,) Boy — En (k1) Qw,.v,) By = Jm (k1) ds injective (thus a
BT,, G over k endowed with a left B-action is projectively balanced if and
only if Gy, 1is so).

Proof: Parts (a) and (b) follow directly from Proposition 2 (a). If k = k.
(i.e., ¢t = q or Fpe C k), then part (c) also follows from part (a). Based
on this, to check that part (c) holds, we can assume that k; is a finite field
extension of k. As the left or right E,,(k)-module E,, (k) is free of rank
[k1 : k], we have a restriction of scalars homomorphism

Ko(k1/k) : Ko(Jm (k1)) — Ko(Jm)

such that Ko(ki/k) o Ko(k/k1) = [k1 : k]1k,(g,,)- From this and part (a) we
get that Ko(k/ky) is injective. O

5.2 Characterizations of BT,,s over k

Proposition 3. Let N be a left E,,-module of finite length. Letr € N be the
minimum number of generators of N as a W,,(k)-module (so r = 0 if and
only if N =0). Then the following three statements are equivalent for N :

D It is isomorphic to the (contravariant) Dieudonné module of a BT,, over
k of height r.

@ It has a free resolution 0 — EI' — E' — N — 0.
@ It has finite tor dimension.
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Proof: We first check that O = @. The W,,(k)-module N is free of rank
r and there exists ¢ € {0,1,...,r} (called the codimension of N) and a
W, (k)-basis {vq,...,v,} of N such that by defining

(€1, y6) = (1,0, Ve, VUeyn, ..., Voy)

and
(€1, .60) = (For, ..., Foe, vegt, ... 0),

{€1,...,6}and {e1,...,e.} are W,,,(k)-bases of N (see [I], proof (b) of Prop.
1.7). Let g = (gi;)1<ij<r € GL,(W(k)) be the invertible matrix such that
for each integer i € {1,2,...,7} we have an equality & = > _'_, gij&;-

Let {v],...,v.} be the standard basis of the left E,,-module E’ . Let
d:El — N be the E,,-linear epimorphism such that for all 7 € {1,2,... 7}
we have 0(v]) = v;. Let

(Ctye s G) o= (v, o0, VUL, VL),

&1y, &) = (P, ..., FU, v, 0,).

Thus for each i € {1,2,...,7} we have 6((;) = ¢; and §(&;) = ;.
Let n : E; — E’ be the E,,-linear endomorphism such that for all
i€ {1,2,...,r} we have n(v;) = (; — >_"_, gi;&;. We check that the complex

0=E, LE 5 N0 (27)

of left [E,,-modules is in fact a short exact sequence.

We first check that the induced E,,-linear epimorphism w : Coker(n) — N
is an isomorphism. We have two W, (k)-linear sections N — Coker(w) which
foreach i € {1,2,...,r} map ¢ to ;+Im(n) and respectively ¢; to &+Im(n),
they coincide and they commute with F' and V as it is easy to see what F
does on the elements ¢; and (; and V does on the elements ¢; and ;. As
{C1,&1,...,¢, & generates ET | the section N — Coker(w) is onto. Thus w
is an isomorphism.

We are left to check that 7 is injective. We can assume that m =1, k = k
and it suffices to show that 1x, ® 7 is injective. We write 1x, ® n = nrp & nv,
where ng : k(F)" — k(F)" is k(F)-linear and ny : k(V)" — k(V)" is k(V)-
linear. To check that ng and 7y are injective it suffices to show that their
cokernels are 0, i.e., (see prior paragraph) we have Ky ®g, N = 0. But this is
so as an object of Fj,, has a composition series whose factors (as k = k) are
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isomorphic to ey, p,, or (Z/pZ); and thus have (contravariant) Dieudonné
modules which are one dimensional k-vector spaces generated by an element
annihilated by F'+V, V — 1 or F — 1 (respectively) which belong to S;.
As the complex (27) is a short exact sequence we get that @ holds.
Clearly, @ = Q. We now proof that @ = (D. Let £ € N* be such that the
left E,,-module N of finite length has tor dimension at most /. As we have
Tor, (E,,/pE,,, N) = 0 for n > ¢, by tensoring the periodic free resolution

m—1
'SR, X— E, 25 E,/pE, — 0

of the right E,,-module E,,/pE,, we get an exact complex

NN PN

Thus each cyclic W,,(k)-module which is a direct summand of N is isomor-
phic to W,,(k). Hence the finitely generated W,,(k)-module N is free, its
rank being r.

As the left E,,-module N has tor dimension at most ¢ and is free as a
W, (k)-module, for n > ¢ we have Tor™*(O, N/pN) = Tor:™ (O, N) = 0 for
each right E;-module O (see [CE], Ch. VI, Prop. 4.1.2 or Ch. XVI, Sect.
5). Thus the left E;-module N/pN has finite tor dimension at most ¢. An
argument as in the previous paragraph but using the free resolution

o 5E L E D E/FE, -0
of the right E;-module E;/FE;, shows that we have an exact complex
N/pN % N/pN £ N/pN.

Thus N/pN corresponds to a BT; over k. From this and the previous para-
graph we get that N corresponds to a BT,, over k of height . Thus @ = .0

Proposition 4. Let N be a left J,,-module of finite length and let j € N be
its minimum number of generators (so j = 0 if and only if N = 0). Then
the following three statements are equivalent for N:

@D It is isomorphic to the (contravariant) Dieudonné J,,-module of a BT,,
over k endowed with a left B-action.

@ It has a free resolution 0 — P, — J7 — N — 0 with P, a projective left
Jon-module which as a left E,,-module is free of the same rank as J/. (and

thus the class [N] := [J7] — [P1] € Ko(Jm) is well-defined).
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@ It has finite tor dimension.

Moreover, if one of these equivalent statements holds, then for all ¢ € N*
there exists a (contravariant) Dieudonné J,,+;-module N’ of a BT,,1¢ over k
endowed with a left B-action such that N = N'/p™N’.

Proof: We prove that (D implies first that N has tor dimension at most 1
(thus it also implies @) and second that @ holds. We can assume that B
is connected. As N is a free W,,(k)-module, as in the proof of Proposition
3 we argue based on [CE|, Ch. VI, Prop. 4.1.2 that we can assume that
m = 1, and we have to show that for each right J;-module O we have
Tor;* (O, N) = 0 for all integers ¢ > 2. As in the proof of Lemma 4 (a) we
argue that we can assume that either ' = 0 on O or V. = 0 on O = 0.
Say, OV =0, i.e., O is a right k[F| ®g, Ji-module. Using the standard free
resolution of the right E;-module k[F] (it is similar to (23)) tensored with
the flat left E;-module J; and the assumption that NV is the (contravariant)
Dieudonné module of a BT, over k, we get that Tor}' (k[F] ®g, J;, N) = 0
for i € N*. From this and [CE], Ch. VI, Prop. 4.1.2 we get that we
have Torl (O, N) = Torf[F@Ith(O,k[F] ®g, N) for all integers i > 2. As
k[F] ®g, J1 ~ My (k[F] ®F, Fpq), the left k[F] ®g, J;-module k[F] ®g, N has
projective dimensions at most 1 (by the standard Morita equivalence based
on which we can assume s = 1 and for s = 1 see Lemma 5 (b)), and thus

we have Torf[F]@)ElJl(O, k[F] ®g, N) = 0 for all integers i > 2. We conclude
that Tor’ (O, N) = 0 for all integers i > 2. Hence (D implies that N has
tor dimension at most 1. Thus the kernel P; of a J,,-linear epimorphism
§ : JJ. — N is flat. Being also finitely generated (as J,, is left and right
noetherian), Py is actually a projective left J,,-module (see Proposition 2
(b)). From Propositions 3 and 2 (a) we get that the left E,,-module P, is
free of the same rank as J/,. Thus @ = @.

The implications @ = @ = (D remain as in the proof of Proposition 3.

To check the last part of the proposition, we lift the projective resolution
0— P —J9% - N — 0 to a free resolution 0 - Py = JJ ., - N — 0
with P, as the unique (up to isomorphism) projective left J,,;,-module
whose reduction modulo p™ is P;. From the snake lemma applied to the
diagram

0—Py—Jpye—>N —0
wr wr rg

0—Py—Jpye—N —0
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we get that N = N'/p™N’. Thus, as @ = (D, N’ satisfies all requirements.[]

Example 7. If B = M;(W (F,)) is connected, then for each indecomposable
finitely generated projective left J,,-module P, its rank as a free E,,-module
is 2 (see Proposition 2 (c)); we recall that Fpa = k N Fy. From this

q
anlempositz’on 2 we get that if N is such that the equivalent statements

of Proposition 4 hold, then [N] € Ky(I,,) has indecomposable index 0 (see
Corollary 4 (b)). Therefore, if T has one element (i.e., k and Fpa are linearly
disjoint over F,), then index : Ko(J,,) — Z is an isomorphism and hence
each object H of F,If’m with DB(H) = N s projectively balanced.

Example 8. We assume that B = W (F,) is connected and commutative
and that ¢ > 2. Let ¢,d € N* be such that q; | (¢ +d) but ¢; t c. Let
eg € I be the indecomposable idempotent of Y, which defines the epimorphism
k@w, Fpo — k that maps a®b to ab for all (a,b) € kxFyu. Fore=o'(eg) € T
with € € {0,...,q1 — 1}, the left E,,-module

M, =R, /(F° - VY Rt Wi (801 ) Won (Fpe)

Foa1
s a left J,,-module with j = 1. We have a short exact sequence
Fc_vd
0— Jno(e) —— Jne = M, — 0
of left J-modules. Thus we have a non-zero element (see Corollary 4 (a))
[(M.] = [Ep, @w,., (k) Yime] — [En @w, (k) Ymo“(e)] € Ko(Jm) ~ VARSYA
and hence no complex 0 — J,, = J,, = M. — 0 is a short exact sequence.

Thus, in Proposition 4, Py is not always free.

5.3 Projectively balanced objects

For a ring A let J(A) be its Jacobson radical and let X(A) := A/J(A).
For an object G of Fy,,, the ring scheme End(G) has End(G)? as a two-
sided ideal subscheme and the quotient ring scheme

C¢ := End(G) /End(G)° = End(G)seq/End(G)%,
is étale having

Ce.s := Endy(G)/[End(G)° N Endy(G)]
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as a subring scheme. We note that B ®z, B°? acts on the additive group
scheme End(G) and Endp(G) is the image of (the action of) a separability
idempotent and in particular it is a direct factor of End(G); thus End(G)° N
Endgp(G) is the identity component of Endg(G) and hence Cgp is the ring
of connected components of Endg(G).

We assume now that G is a BT,,. From [GV], Cor. 6 (b) we get that
Aut(G)°(k) = 1¢ + End(G)°(k). From this and the fact that Aut(G)%, is
a unipotent group scheme (see [GV], Thm. 5 (a) and Cor. 5), we get that
End(G)°(k) acts nilpotently on each k-vector space which is a Aut(G})°-
module, such as on k ®; M/pM (we recall that M = D®(G)). We deduce
that End(G)°(k) is a nilpotent two-sided ideal of End(G)(k) = End(G}) and
thus it is contained in J(End(Gy)). Thus the F,-algebra

Y = B(End(Gy)) = E(Im(End(Gg) — End(G[plr))) = E(Ca(k))
is a finite semisimple ring. Similarly, the F,-algebra
Yep = S((Ends(G)) = E(Im(Ends(Gr) — Ende(G[pli))) = Z(Cap(k))

is a finite semisimple ring whose center Cgp contains the image C, of the
center C; of By in ¥gp. We identify C; = Im(Cy — Endg(Gp];))-
As ¥ g is absolutely semisimple, the epimorphism

Im(Endg(Gz) = Endg(Gplz)) = Xap

has sections extending the inclusion C; C Im(Endg(G;) — Endg(G[pl;))
and all such sections are conjugate under inner automorphisms defined by
the conjugation with elements in 1 + J(Im(Endg(Gj) — Endg(G[plz))) (see
Wedderburn’s Principal Theorem of [Bo2|, Sect. 13, Cor. 1 of Prop. 7).
Thus G[p|; has a unique up to isomorphism structure of a left Cg p-module
which extends its structure as a left C;-module.

Corollary 5. Let G be a BT,, over k endowed with a left B-action. Then
the following two properties hold.

(a) If G is fully projectively balanced, then it is also projectively balanced.

(b) Let ky be a perfect field that contains k. Then G is fully projectively
balanced if and only if Gy, is fully projectively balanced.

Proof: Based on Corollary 4 (c¢) we can assume that k and k; are alge-
braically closed. We have a direct product decomposition C; = C; x @/1 such
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that @/1 acts trivially on G[p]. We assume that the class [G] € Ko(E®r, Con)
is 0 and to prove part (a) we just have to show that the class

— —1

[G] & Ko(]ll) = K()(El ®]Fp (Cl) X K()(El ®]Fp (Cl )

is 0. As the component of [G] in Ky(E; ®, @f) is 0, it suffices to show that
the functorial homomorphism Ky (E; ®p, C,) — Ko(E, ®r, Ca ) is injective.
To check this we can assume that C; and Cgp are fields and in this case the
injectivity is argued as in the proof of Corollary 4 (c) using the restriction
of scalar homomorphism Ky(E; &, Cg) — Ko(E1 ®r, C1). Thus part (a)
holds. Part (b) follows from the fact that Cq p(k) = Cap(k1). O

6 Proof of Theorem 2

To prove Theorem 2 we will use Sections 4 and 5, other homological proper-
ties of left E,,-modules and the non-commutative duality over the Cartier—
Dieudonné ring £, mentioned in Section 1.

Finite parts of left E,,-modules and this sort of non-commutative duality
over E,, for them are presented in Subsection 6.1. The bilinear map (3) is
defined in Subsection 6.2. The proof of Theorem 2 (a) is completed in Sub-
section 6.3. Parts (b), (¢) and (d) of Theorem 2 are proved in Subsection 6.4.
The section will end with remarks on generalizations (see Subsection 6.5),
examples (see Subsection 6.6), and the proof of Proposition 1 (see Subsection
6.7).

6.1 Finite parts of left E,,-modules
Definition 8. The finite part of a left E,,-module O is its E,,-submodule

Fin(O) := Ker(O — K,, ®g,, O) = {z € O|3s € S,, such that sz = 0}.
It is easy to see based on Section 4 that we have an identity

Fin(O) = {z € O|E,,z is afinitely generated W,, (k)-module}.

We have ‘development at infinity’ homomorphisms to skew Laurent series
rings

Omr - Koy —= Wi (K)(F™Y) and 0,y : K,y — W (k)(V™Y)
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obtained by mapping V to pF~! and F to pV ! (respectively).
Let A, : K,y /E,, — Wi (k) be the W, (k)-linear map

Am(f 4+ E,,) = (constant term of 0,, (f)) — (constant term of 6,,, v (f)).

We view K,,,/E,, as a (E,, W,,(k))-bimodule (left E,,-module, right W,,(k)-
module). Let Homyy,, ) (Em, Win(k)) be endowed with the structure of a
(E,, Wi (k))-bimodule by the rule (ady)(z) = 0(za)y, where a € E,,,
y € Wi(k), 6 € Homw,,(x)(Ep, Wi, (k)), and = € E,,. We define a map
of (E,,, Wp,(k))-bimodules

Tm - Km/]Em — Home(k)(Em, Wm<k))
by the rule 7,,(5 + E,,) () = A (a8 + E,,,) with o € E,,, and 8 € K,,,.

Lemma 6. The map 7, of (En, Wi (k))-bimodules is injective and its im-
age is the finite part Fin(Homyy,, g (Ep, Win(k))) of Homu,, (k) (Eq,, Wi (E))
(viewed as a left E,,-module).

Proof: It suffices to show that for each z € S,,, the restriction
Tz {2 € Ky /B |22 = 0} — {2 € Homyy,, (1) (B, Win(k))|22 = 0}

of 7, is a bijection of right W, (k)-modules. As we can rewrite this restriction
Tz @ 2 'Ep/En — Homy, ) (Ep/Eyz, Win(k)) as a W, (k)-linear map
between free right W, (k)-modules of the same rank (see Lemma 3 (c)), it
suffices to show that 7, ., modulo p is an injective k-linear map. Thus to prove
the lemma it suffices to show that 7 is injective; we can assume that k = k
and it suffices to show that the restriction of 71 to each simple E;-submodule
S of Ky /Ey = [k(F) x k(V)]/E; is injective.

Let yo := (F+V)'WV+E; = (0,1)+E; = (=1,0)+Ey, yp := (F-1)"'4+E,
and yy = (V — 1)7! + E;; they are non-zero elements of K;/E;. We have
Fyo = Vyy = Vyr = Fyy = 0 and Fyr = yr and Vyy = yy. Thus
So = kyo = yok, Skja = kyra and Sy = kyya are simple left [E;-
modules, where « € k is non-zero and [o := o +F, € k/F,,.

We check that S is one of the above simple left [E;-modules. Let

x = (r1,22) € k(F) x k(V)

be such that S is generated by y := x + E;. If Fy = Vy = 0, then y €
k(F)/FEF|NEV)/VEV] = kyy = So (see Equation (25) and its analogue
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for V) and thus S = Sy. We assume now that either F'y # 0 or Vy # 0.
To fix the ideas we can assume that F'y # 0. By replacing y with Fy we
can assume that Vy = 0. Thus S is a simple k[F] = E,/(V)-module and
hence (as k = k) it is a 1-dimensional k-vector space. As 0 # Fy € ky, by
replacing x with a multiple of it by a non-zero element of k£ we can assume
that Fy = y. By replacing x with Fx we can assume that o = 0. As
Fr—x=(Fz;—x1,0) € Ey, we can write

n

Fxl—arl:izn;Fiai:izn;ozi—i—(F—l)[jz_;Fi( 3 ajﬂ,

j=i+1

where n € N* and «q,...,a, € k. By replacing x; with a translate of it
by an element in Fk[F| we can assume that x; = (F — 1)"'a + «, where
o= " o €kisnon-zero as y # 0. Thus y = yra, i.e., S = Spq.

As (F—=1)"t =3 _(FH", we have 6, p((F — 1)~') = 0. Similarly,
01y ((V —1)71) = 0. Therefore 1 = \i(yr) = —Ai(yv) = —Mi(o), i-e., 71 is
non-trivial on all simple left E;-submodules of K; /E;. ]

6.2 The bilinear map (,)

If O is a left E,,-module, we endow
OV = HOme(k)<O, Wm(k))

with the left [E,,-module structure via the same rules as in the first paragraph
of Subsection 3.1, and we endow

O* := Homg, (O, E,,)

with the left E,,-module structure given by the rule (ad)(z) = §(z)tm (@)
where (a,8,z) € E,, x O x O. Similarly, we endow Exty (O,E,,) with
the left E,,-module structure given by the rule ay = r, ()(y) where y €
Exty (O,E,) and 7, (o) : Exty (O,E,) — Exty (O,E,,) is defined by the
right multiplication E,, — E,, by ¢t ().

If O is a left J,,-module, then as a € E,, commutes with b € B’® and J,,
is generated by E,, = E,, ®w,,x,) Wn(Fp) and BP = W, (F,) Qw,,,) BP,
we get that OV, O* and Exty (O,E,,) are in fact left JY-modules, where
JV :=E®z, B and [, :=JV/p™J". If P is a finitely generated projective left
Jn-module, then P# is a finitely generated projective left JY -module.
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We recall from Subsection 3.2 that if O is a finitely generated left J,,-
module and N is a left J,,-module of finite length, then Homj, (O, N) has a
natural structure of a commutative quasi-algebraic group Homy, (O, N).

We define the bilinear map (3) via the rule

([P],|N]) := dim(Homy, (P, N)) (28)

where the classes [N] € Go(J,,) and [P] € Ko(J,,,) are defined by an N is as
above and by a finitely generated projective left J,,,-module P.

Fact 5. If P is a finitely generated projective left J,,-module and N is a left
Jm-module of finite length, then the unipotent connected commutative quasi-
algebraic groups Homy, (P, N) and Homyy (P#, NV) are naturally Serre dual
and therefore we have the duality formula

([P, [N]) = {[P7], [NY])

(as each E,,-algebra isomorphism J,, — JY, allows to view left J,-modules as
left J,,-modules, (,) denotes also the bilinear map Ko(JY,) x Go(JY,) — 7).

Proof: We can assume that P is free and that J,,, = E,, (i.e., B=7,). In
this case, the fact follows as Serre duality commutes with finite direct sums
and interchanges F' and V' in the same way as ¢,, does. 0

6.3 Proof of Theorem 2 (a)

Fact 6. Let G and H be two objects of Fy.,, and let M := D*(G) and N :=
DB(H). Then the two commutative quasi-algebraic groups Homy, (N, M) and
Homg (G, H) = Homg (G, H)P*™ are isomorphic.

Proof: The crystalline Dieudonné theory gives a natural evaluation

D¢, ; - Homg (G, H) — Homy, (N, M)

which is a morphism of the abelian category Q with the property that
D¢, (k) is an isomorphism. Thus the fact follows from Fact 1. O

To prove Theorem 2 (a) let G, H, M and N be as in Fact 6 and we
assume that G is a BT,,. From Fact 6 applied to both (G, H) and (H, G) we
get that Equation (4) is equivalent to the equation

dim(Homy, (M, N)) — dim(Homy,, (N, M)) = ([M],[N]). (29)
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To prove Equation (29) we consider a projective resolution
O—=P =P —=M—=0

with Py, P, finitely generated projective left J,,-modules, see Proposition 4.
From Equation (11) applied to the homomorphism

f : HOme(Po,N> - Home(PlaN)

and Fact 5 we get that the kernel Homy, (M, N) of f and the kernel
Homyy (Coker(P} — Pj*), NV) of the Serre dual

f*: Homyy (PY", NY) — Homyy (B§', NV)

of f are related via the formula

dim(Ker(f)) — dim(Ker(f*)) = dim(Homy,, (P, N)) — dim(Homy,, (P, N))

Equation (28)

([Po] = [P1], [N]) = ([M], [N]).
Thus, as Homyy (MY, NV) and Homy,, (N, M) are canonically identified, Equa-

tion (29) follows once we show that Coker(P}" — P{*) = Exty (M,E,,) is
isomorphic to M"Y as left JY-modules, equivalently, as left E,,-modules in
a natural way which would commute with the actions of BSP. But this is a
particular case of the following lemma. Thus Theorem 2 (a) holds. O

Lemma 7. If N is a left E,,-module of finite length, then we have a natural
isomorphism Ext]lEm (N,E,,) = NV of left E,,-modules.

Proof: We have identifications between left E,,-modules

Lemma 4 (c)

Exty (N,E,,) Homg, (N, K,,/E,,)

Lemma 6 HOmEm (Na HOme(k) (Em7 WM(k))) = Home(k) (N’ Wm(k)) - NV

where the third identity can be easily check using a presentation of the left
E,,-module N of finite length. O
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6.4 Proof of Theorems 2 (b) to (d)

We continue to use the notation M = DB(G) and N = DB(H). To prove
Theorems 2 (b) to (d) we can work only with those H which are local-local.
We can also assume that B is connected and, due to the same standard Morita
equivalences, commutative. Thus H has a composition series whose simple
factors correspond to simple left J,,-modules that are annihilated by F' and
V' and therefore, with the notation of Subsection 5.1, are simple Y;-modules
and hence (see Equation (26)) belong to the set {k.|e € Z} of simple factors
of Y;. This implies that Gi¢1°¢(J,,) is the free abelian group on the set [k.]
with e € Z and therefore we get a canonical isomorphism

Gy (Im) = Ko(Im) (30)

which maps [k] to [E, Qw,, k) Yme] for all e € 7.
For two elements e, e’ € Z, using the Kronecker 0 we have

Equations (6) and (30)

<[Em®Wm(k)Ym€/]a [Em®Wm(k)Yme]> <[Em®Wm(k)Yme/L [ke]>

Equation (

2. dim(e'k,) = dimy,(e'k.) = [ke : Koo = Lo, (31)
a1

Thus Theorem 2 (b) holds.

Let zo = Y. .c7lke] € GO°(T,). If [H] = 3,7 helke] € G°(T,)
with each h, € N, then [H®P)] =3 he[ky()]. As o acts transitively on Z,
we get that H is balanced if and only if [H] € Nzo. Hence, if H is balanced
and non-trivial, then for a class z € Ky(J,,) we have (z,[H]) = 0 if and only
if (x,2z0) = 0 and if and only if index(z) = 0. From this and Theorem 2 (a),

as index([M]) = 0 (see Example 7), we get that = .

To check that = we can assume that 7 has at least 2 elements.
If each M., e € Z, is as in Example 8, say, with ¢ =1 and d = ¢; — 1, then,
if the identities ([M.], [H]) = 0 hold for all e € Z, from Equation (31) we get
that L[he — ho(e)] = 0 for all e € 7 and thus [H] € Nzy. Hence = .
Thus Theorem 2 (d) holds.

As the ideal (p) = Ker(J,, — Ji1) is nilpotent, the functorial homomor-
phism Ky(J,,) = Ko(J1) is an isomorphism (this general fact which can be
deduced from [Bo2], Sect. 9, Cor. 2 of Prop. 7 is as well a direct consequence
of Proposition 2 (a)). Thus, referring to Theorem 2 (c), if @ holds, then
[M] = 0 € Ko(J,,) and from Theorem 2 (a) we get that ©2) holds. If €2
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holds, then from Equations (5) and (31) we get that [M] =0 € Ky(J,,) and
hence [G[p]] = [M/pM] € Ky(J,) is 0, i.e., €1) holds.

We consider direct sum decompositions D®(a,(G)) = @Beeske” ©) and
DB (0, (GY)') = Bec sk with ay(e), B,(e) € N for all e € Z. Statement €3
holds if and only if for all e € Z we have a,(e) = f,(e). Based on the addi-
tivity in each variable of the bilinear map of Theorem 2 (a) and the above
part on composition series of each H, statement @ holds if and only if for all
e € T we have 45(G, H.) = y8(H,, G), where H, is an object of F,, (unique
up to isomorphism) such that D®(H,) ~ k.. As vg(H,,G) = Lae(G) and
V8(G, He) = LBy(e) (see Equation (31)), it follows that @ holds if and only
if for all e € T we have a,(e) = fB,(e). We conclude that 2 < (3. Thus
Theorem 2 (c) holds. This ends the proof of Theorem 2. O

6.5 Remarks

(a) Let R be a perfect ring of characteristic p, let W(R) be the ring of
p-typical Witt vectors with coefficients in R, and let oz be the Frobenius
automorphism of R, W(R), and B(R) := W(R)[1/p]. Let

L(R) := B(R),,[F,F'] and E(R):=W(R)[F,V]C L(R)

be defined similarly to L(k) = L and E(k) = E. Let E,,(R) := E(R)/p"E(R)
and W,,(R) := W(R)/p"W (R). Lemma 7 continues to hold in the context
of E,,(R) and W,,(R) provided the role of N is replaced by the one of a left
E,.(R)-module which is finitely presented over W (R) of projective dimension
at most one. Denoting A := E,,(R), the proof is more complicated and is
based on a standard resolution of each left A-module Og by induced modules:

A©OY ) Eh A0 0= A0 0

w12 012 &
@ w1 @ 021 @ /A & OR - OR - 07
621

A®OY =2 A© O 22~ Ag O

where all tensorizations are over W,,(R), - - stands for a periodic complex
of period 2, and the linear maps are labeled above arrows and are defined by
the identities

a(a®z) = aVer—a®Ve, ¢ (a®r) =alFr—a®Fz, (o,z) € (A,OR),
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(6ii)1<s 1o = Fl 1V (@i)1<i <o = Vel -1V

17 )1<4,5<2 — 1®F V®1 ) 1§ )1<4,5<2 — _1®F F®1 ’
The exactness is verified by passing to the associated graded for the degree
filtration of the W,,(R)-algebra A in which F' and V have degree 1.

(b) Lemmas 4, 6 and 7 have analogs over W,,(k)[F]| and W,,(k)[V] (in-
stead of over E,,). For instance, working just with F, the role of A, is re-
placed by a W, (k)-linear map A, p : Frac(W,,(k)[F]) /W (k)[F] — Wi (k)
defined by: for (z,0) € Frac(W,,(k)[F]) x Frac(W,,(k)[V]) = K,,, we have

A, (2 + Wi (K)[F]) = coefficient of F~' in 6, ¢(z,0).

6.6 Examples

Example 9. Equation (5) implies that sp g = sg.p. We recall from [V2],
Thm. 1.2 (e) and [GV], Rm. 4.5 that sp = spp is an isogeny invariant.
From the last two sentences we get directly that

sp,e = (sp,g + 88.0)/2 = (SpaEr — $p — SE)/2

is an isogeny invariant. Based on this and [V2], Thm. 1.2 (c¢) and (f), one
gets that sp g can be easily computed in terms of the Newton polygons of D
and E. For instance, if D is isoclinic of dimension d and codimension ¢ and
E is isoclinic of dimension f and codimension e, then sp = cd, sp = ef,
and

spop = (c+e)(d+ f) —[cf — de|
(see [V2], Thm. 1.2 (c) and (f)) and therefore we have

sp.p = min{cf, de}.

Example 10. Letn € N* and ¢ € N, let m :=n+/{, and let V' € {20 —1,2(}
ift > 1 andlet (' :=0if = 0. Let G be such that M = D(G) = K, /(F =V,
so if k =k, then G = S[p"], where S is a supersingular elliptic curve over

k. Let H be such that N = D(H) = E,,/(F,V)**t". Thus p™ ' does not
annihilate H. We have canonical identifications of quasi-algebraic groups

Homg, (N, M) =M and Homg, (M,N) = (F,V)>*=1/(F V)t
(32)
(see the notation of Subsections 2.4 and 3.2). From this and Fact 6 we get

Y(H,G) = lengthy, . ((F, V)~ /(F V) ) =2n 4 0
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(G, H) = lengthy, (M) = 2n.

Thus y(G,H)—~(H,G) = —{'. From Cartier duality we get that v(G*, H*) —
v(HY, G") = /0.

Ift' = 2¢, then we have y(H,G) = 2~4(G, H) andy(H",G") = 2~(G*, H").

If ¢ =0 and m = n > 2, then the quasi-algebraic groups of Equation (32)
are not isomorphic.'°

Let now B be a finite flat separable Zy-algebra. For « € {™=, >}, we
want to get examples of a BT,, G over k and of a finite commutative group

scheme H over k which are endowed with a left B-action and such that we have
ve(H,G) = »ys(G, H), equivalently, we have ygor (HY, G*) = xygon (G*, HY).
As B and B are isomorphic, it suffices to find examples with » = .
Using direct sum decompositions indexed by the simple factors of By, we
can assume that B = MW (Fu)) is connected. If G and H are left
W (Fq)-modules such that we have ’yW(]qu)(lfI, G) = %WW(FPQ)(G‘, H), then
for s € N*, G* and H® are left My(W (Fp.)-modules such that we have an
identity VMS(W(]FPQ))(I:IS,GS) = %WMS(W(IFM))(@S,]:IS). Thus we can assume
that B = W(F,q) is also commutative. Let G and H be as above with
0 =20 and y(H,G) = (G, H). Let G := G? and H := H9 be the left B-
modules defined by composing a Z,-algebra monomorphism B — M,(Z,) with

M,(Z,) 29 M (End(G)) = End(G) and My(Z,) 225 M, (End(H)) =
End(H), where v¢ : Z, — End(G) and vy : Z, — End(H) are the unique ring
homomorphisms. As B is its own centralizer in M,(Z,), we have canonical

identifications
Homg (G, H) = B ®;, Hom(G, H) and Homg(H,G) =B ®,, Hom(H,G)

from which we get that we have vg(H,G) = %V]B(é, H).

6.7 Proof of Proposition 1

The part (c¢) and the optimality part of Proposition 1 follow from Example
10 (which makes sense over F,). Part (b) also follows from the computations

10Based on this and the fact that for the Grothendieck group Ko(U) of the category
U of unipotent connected commutative quasi-algebraic groups over k the dimension ho-
momorphism dim : Ky(Uf) — Z is an isomorphism (this can be deduced easily based on
[SGA3-2], Exp. XVII, Sect. 3, Thm. 3.5), we get that Theorem 2 cannot be improved
within ¢/ and this motivates why its refinement, Theorem 3, works with Lie algebras.
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of Example 10 by taking the same G and by taking H such that N is a direct
sum of copies of E, 1 /(F,V)**1 (so H is balanced).

If the inequality vs(G, H) < ™4g(H, G) always holds, then by replacing
in it the triple (G, H,B) by the triple (G*, H*, B°?) and using Cartier duality
we get that the inequality “+g(H,G) < vg(G, H) also always holds. Thus it
suffices to show that the inequality vg(G, H) < ™vg(H, &) holds.

Let G’ be a BT,,, over k endowed with a left B-action such that we have
an identification G = G'[p"] of left B-modules, see Proposition 4. The com-
mutative affine group scheme T := Homg(H, G’) is of finite type over k and
is annihilated by p™. As G = G'[p"], we can identity Homg(H, G) = T[p"|
and thus we have vg(H,G) = dim(Y[p"]). The exact complex G' — G — 0
induces a closed embedding Homg (G, H) — Homg(G’, H) and thus we have
1e(G, H) < 45(G’, H). Moreover, dim(T) < ™ dim(Y[p"]) (see Lemma 8 be-
low) and y(G’, H) = dim(Y) (see Theorems 2 (a) and (c¢)). Combing the in-
equalities of the last three sentences we get that that vg(G, H) < Zag(H, G).
Thus Inequalities (7) hold. O

Lemma 8. Letm > n > 0 be integers. Let T be a commutative group scheme
of finite type over k annihilated by p™. Then the dimension of its subgroup
scheme Y[p"] = Ker(p" : T — T) is at least equal to > dim(Y).

Proof: For i € {0,...,m — 1} let d; := dim(Y[p"!]/T[p']). Then we have
dim(T[p"]) = Z;:ol d; and dim(Y) = 27" d;. Thus the difference

n—1 m—1
mdim(Y[p"]) — ndim(Y) = (m —n) Z dj —n Z d;
7=0 i=n
is the sum of n(m — n) expressions of the form d; — d; with 0 < j < n <
i <m —1. But for 0 < j < i < m — 1 the multiplication by p'~/ induces a
monomorphism Y[p™|/Y[p’] — Y[p’*!]/T[p’] and therefore the inequality
d; — d; > 0 holds. The lemma follows from the last two sentences. O

7 On (fully) BT-balanced objects

After recalling and complementing Deligne’s filtrations introduced in [De]
(see Subsection 7.1) and presenting some general properties of lattices (see
Subsection 7.2), we will use them to provide different characterizations of
fully BT-balanced objects (see Subsection 7.3). Applications of Subsection
7.3 to balanced objects are gathered in Subsection 7.4.
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7.1 Deligne’s filtrations

Let O be an object of an abelian category C. An increasing filtration (O;);ez
of O by subojects of O in C is called finite if there exist integers j;, jo such

filtration of O. For j € Z, let gr;(0) := 0;/0; ;.

Let N : O — O be a nilpotent endomorphism of C. We will also denote
by N the different morphisms induced by it between objects of C obtained
from O by taking repeatedly subojects and quotient objects. Let n € N* be
the index of nilpotency of N (so N = 0 but N1 £ 0 if O £ 0).

We recall (see [De], Prop. (1.6.1)) that there exists a unique finite in-
creasing filtration (O;),;ez of O, to be called Deligne’s filtration of O defined
by N, which satisfies the following two conditions:

(i) For all j € Z we have N (O;) C O,_s.

(ii) For all j € N, N7 induces an isomorphism gr;(O) M, gr_.(0).

—-J
Loc. cit. gives formulas O_, = 0, O_, 11 = Im(N" 1), O0,,_5 = Ker(N™1),
0,1 =0, and forn > 3 and —n + 1 < 57 < n — 2 the recursive rule

O; /Im(N™ 1) = (Ker(N" 1) /Tm(N"1));.
We recall (see [De], Def. (1.6.3)) that for j € Z,
P = Ker(grj((’)) ELN grj_Q(O))

is called the j-th primitive part of N': O — O. If 7 < —n, then clearly we
have P; = 0. If j > 0, then as the composite gr;(O) BN gr;i »(0) ERRELA
gr_;(O) is an isomorphism (see property (ii)), we get that P; = 0. Moreover,

for all j € Z we have an isomorphism (see [De], Eq. (1.6.4.1))
gr;(0) =~ @ P_;. (33)
1>j],i=j mod 2
Proposition 5. With C, N : O — O, and n € N* as above, the following
seven properties hold:

(a) For each j € Z we have

O;= Y ImW)NKe(W™* )= 37 Im(N') nKer(W™H).
t=max{0,—j} i=max{0,—j}
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(b) If N': 0" — O’ is another nilpotent endomorphism of the category
Candif 6 : O — O is a morphism of C such that § o N = N’ 04, then for
all j € Z, 6(O;) is a subobject of O (to be denoted as 5(0;) C O).

(c) For Deligne’s filtration (Oy—s;)jez of On—o defined by N the following
two types of identities hold:
eVice{-—n+2—n+4,...,n—4n—2} we have O, _5; = Oj;
oVje{—n+3,—n+5,...,n—5n—3} we have O; = On727j+1m<./\[n7217j>.

(d) For each j € N we have a monomorphism O_; C Im(N?) and an
identity Ker(N) N O_; = Ker(N) N Im(NY) and thus Ker(N) C Oy.

(e) For each j € N we have isomorphisms
P_; ~ [Im(N7) N Ker(N)]/[Im(N/F1) N Ker(N)]
~ Ker(N : Im(N7) /Tm(NV7T1) — Im(N7 ) /Tm(N712))
~ Coker(N : Ker(N??)/Ker(N7t1) — Ker(N?T) /Ker(N7)).

(f) If n > 2, then for each j € {0,...,n — 2}, the —j-th primitive part
Pro—j of N : On_o = O,_o satisfies the rules:
o Ifj€{0,...,n— 3}, we have P,_g_; = P_;.
e We have a short exact sequence 0 — P_, 41 — Pr_a _ny2 — P_pi2 — 0.

(g) For a full subcategory C' of C whose objects are stable under direct
summands and finite direct sums, the following two statements are equivalent:

For all j € Z, gr;(O) is an object of C'.
For all j € N, P_; is an object of C'.

Proof: The formulas of part (a) of subbjects O; of O clearly define an
increasing filtration of O which is finite as O_,, = 0 and O,,_.;1 = O. By
inspection condition (i) holds and for j > 0 we have N7O; = O_;. Condition
(ii) is equivalent to the statement that for each j € N the right vertical arrow
of the diagram

0 Oj—l Oj gI'j (O) —0 (34)
N i VNI
00— O_j_l — O_j —_— gr,j((’)) —0

is an isomorphism. To check this we can assume that j > 0. As j > 0, we

have N7Q0; = O_; and N1 O,y = O_;_4, thus N7O;_; = O_;_;. Referring
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to Diagram (34) whose left and central vertical arrows are epimorphisms,
the snake lemma gives that its right vertical arrow is an isomorphism if
and only if the kernel of the left vertical arrow maps isomorphically onto
the kernel of the central vertical arrow which follows from the inclusions
Ker(N7 : O; — 0_;) C Ker(NY) = Im(N°) N Ker(NOTU-D+Y) C O, .
Thus part (a) holds. Part (b) follows from part (a).

To prove part (c), we can assume that n > 2 and we first remark that
the index of nilpotency of the endomorphism of O,,_» = Ker(N"™!) induced
by N is n — 1. For i = 0 we have

Im(AN°: Op_s — O,_5) = Im(N?) N Ker(N™ 1),
forO0<i<n—landi+1<2i+j5+1<n—1we have
Im(N) N Ker(NH) = Im(N" : O,y — O,,_5) N Ker(N*H 1),
for 0 <i<mn—1and 2i+j+1>n we have
Im(N*) N Ker(NH) € Im(N!: O, — O,2) N Ker(N),
and for 0 <i<n—1land2i+j+1=n (soi=""1)we have
Im(N*) N Ker(N ) = Im(NY) = Im(NV ).

As Im(N™™1) = N"2NO € N"720,, 5 = O _pia C O,_2, then based
on the last two sentences and part (b), for j € {—n+2,...,n+ 2} such that
n —1— 7 is odd, we compute

n—1—j

Oj =Im(N" ) NKer(W™ )+ 37 Im(A") N Ker(W"+7*)

—j<i<n—1

COnaj+ ., ImN': 0,5 — 0, p) NKer(N7H) = 0,5
—j<i<n—1
As from part (c¢) we get that O,,_5; C O; we conclude that O; = O,,_; if
n—1-jisodd. If n —1—jis even, then an entirely similar computation
gives that O; = 0,2 ; + Im(/\/'nlefj ). Thus part (c¢) holds.
To check parts (d) and (e), let j € N. As

n—1
O_; = ZIm(J\/’Z) N Ker(N*7+h)

=]
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(see part (a)) we get that Im(N7) NKer(N) € O_; C Im(N7?). This implies
that (d) holds.
To compute P_; we use the snake lemma in the context of the diagram

0*>(’)_j_1 O_j gr_j((’)) —0 (35)
v W W
00— O,j,Q I O,j,Q —_— gl"_j_2(0) —0.

As above we argue that the left and central vertical arrows of Diagram (35)
are epimorphisms and from part (d) we get that the first isomorphism of part
(e) holds. The third isomorphism of part (e) follows from the well-known Fact
7 recalled below and the second isomorphism of part (e) follows again from
the snake lemma applied to the diagram

0 — Im(N7*) — = Im(N7) —— Im(N7) /Im(N7+!) —— 0
YN VN VN
0 — Im(NV7*+2) — Im(AN7+!) — Tm(N7+1) /Tm(N7+2) — 0

whose left and central vertical arrow are epimorphisms.
Part (f) follows from either part (c¢) or part (e). E.g., using the first

isomorphism of part (e), as n > 2 we have Ker(N') = Ker(O,,_» &, Op_a), if

0 <j <n -3, then Im(N?) NKer(N) is Im(O,,_» ER O,—2) NKer(N) and
hence P,_o _; = P_;, and if j =n — 2 > 0, then the three terms

Pronra = Im(N"?) N Ker(N),

,anJrl = OfnJrl/Ofn = OfnJrl = Im(Nnil) = Im(Nnil) n Ker(./\/),
and P_,0 ~ [Im(N™%) N Ker(N)]/[Im(N" 1) N Ker(N)]

can be put together in a short exact sequence as in part (f).
Part (g) follows from Equation (33). O

Fact 7. For an endomorphismn : O — O of C andi € N, the monomorphism
Ker(n'*?) /Ker (i) = Ker(i""") /Ker(1f")
has a cokernel isomorphic to the kernel of the epimorphism
Im(n') /Im(n™**) = Tm(y"") /Tm (5 2).
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7.2 Lattices

We recall that a lattice is a partially ordered set (£, =) such that for all
x,y € L, their infimum x A y and supremum z V y exist in £. The lattice
(L, =) is called distributive if we have x A (y1 Vy2) = (x Ay1) V (z Ays) for all
x, 1, Y2 € L (equivalently, we have  V (y1 Ay2) = (z V y1) A (z V y2) for all
x,y1,y2 € L), and it is called modular if we have y; V (z Ay2) = (y1 V&) Ays
for all y;,x,y2 € L with y; = yo (this condition is self-dual). For instance,
the lattice of subobjects of the object O of the abelian category C is modular.
Also, if (£, <) is modular, the sublattice generated by arbitrary two chains
Rz 2 xjp 2o and - 2y 2y = --- in L, is distributive.

We recall that a family of increasing filtrations (OJ@) jez of O indexed
by i € {1,...,m} is called compatible, if the sublattice of the lattice of
subobjects of O they generate is distributive (see [Sa], Def. 1.1.13 and Rm.
1.2.15).

Suppose we have two finite increasing ﬁltrations (03('1))]EZ and (O(.Z))jez
of O. Fori e {1,2} let grl(0) := OV/OY | and let ¢;,d; € Z w1th ¢ <
d; be such that grg-i)((’)) =0if 5 ¢ {cl,cZ +1,...,d;}. Let £LO® be the

distributive lattice of subobjects of O generated by all subobjects (9]@ with
(1,7) € {1,2} x Z. By Zassenhaus lemma, for all j;, jo € Z we have

gl (gr'?(0) ~ P (22! (0)) =~ 0V nOP /[0 nOP)+(0 Vo) ).

Let A :={cy,...,d1} x{ca,...,ds} be endowed with the product < order:
for (z1,y1), (w2, y2) € A we have (z1,y1) < (x2,19) if and only if z; < x5 and
y1 < yo. Let (L4, C) be the lattice of initial segments of A: a subset A" C A
is an initial segment (i.e., we have A’ € L4) if and only if

(z<yeA)= (xeA).

We have a surjection 1 : £4 — £LM® which is a lattice homomorphism de-
fined forallm € N*, j11,...,j1in € {c1,...,di}and jo1, ..., Jon € {C2,...,da}
by the rule

YU {en, e+ 1, et X {ea, e+ 1,000 gad) = Z O](iz N O]” (36)
=1

If A, A" € L4 are such that A" C A” and A"\ A" = {(j1, j2)}, then we have
A" [U(A) = gy (137 (0)) (37)
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via the natural monomorphism (9](-11) N (’)g) C P(A").

We will apply the previous paragraph in the content of the two natural
finite filtrations associated to a nilpotent endomorphism N : O — O of
index of nilpotency n: for j € N*, let Oj(.l) := Ker(N7) and Oj(?) = O,
and for j € Z \ N* let (9](-1) =0 and O§2) := Im(N 7). We can take, say,
c1 = ¢ = —n and d; = dy = n. As these two finite filtrations depend only

on N, we call Ly := LM the suboject lattice defined by O Yoo Deligne’s
pieces O; and gr;(O) (see Subsection 7.1) are given by the following formulas
(see Proposition 5 (a) and Equations (36) and (37))

O; = ({(i1,12)] = n <y, ip < nyip + iy < j+1}), (38)

1 2
81:(0) = Dic(on..mp-nejii—icngly (810 (0)). (39)

From Zassenhaus lemma and Proposition 5 (e) we get
g (er) (0) =Py if j <0, (40)

If > 2 and 57 < 0 we check that we have an isomorphism

N
gtV (gr?(0)) & gt (er?,(0)).

The epimorphism part follows from Zassenhaus lemma and the monomor-
phism part follows from Equation (39) i +j > 2 as gr,,; ,(O) X, g ;3(0)
is a monomorphism (its kernel being P;;;_; = 0, see Subsection 7.1) and
from Equations (39) and (40) if i + 7 < 1 as we have

N
Pivio1 = gry(grirs_1(0)) C Ker(gr; ;1 (0) = gri\;_5(0))

and from the definition of P, ,_; we get that the last inclusion is an identity.
For integers 1 < i <n, —n < j <0, we have (see last two paragraphs)

gr§1)(gr§2)(0)) = Pj_it1, (41)
and for all other (i, j) € Z* we have

gt (gr?(0)) = 0. (42)

J

In particular, Equation (39) coincides with [De], Eq. (1.6.4.1), i.e., with
Equation (33).
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Corollary 6. With C, N : O — O, and n € N* as above, let C; be a
full subcategory of the abelian category C which is abelian. Let Cy be a full
subcategory of Cy which contains the zero object and such that if T is an object
of Cy which has a finite increasing filtration whose consecutive quotients are
objects of Cy, then T itself is an object of Co. If for each j € {1,...,n},
grgl)((’)) is an object of C1 (equivalently, for each j € {—n+1,...,0}, gr§-2)((’))
is an object of C1), then the following five statements are equivalent:

D Forall j €{1,...,n}, grgl)((’)) is an object of Cs.

@ Forallje{—n+1,...,0}, grgz)(O) is an object of Cs.

@ For all j € {—n,...,n—1}, gr;(O) is an object of Cs.

@ For all elements Ty C Ty of Lar such that T3/ Ty is an object of C1, T2/ Th
is in fact an object of Cs.

® Forall j €{0,...,n— 1}, P_; is an object of Cs.

Proof: For d € {1,2,3,4}, we check that @ < &. The case d = 1 gets
reduced to d = 2 by Zassenhaus lemma. If d = 2, then the equivalence
follows from Equations (41) and (42) applied with j fixed and i varying (see

hypotheses). If d = 3 (resp. d = 4), then the equivalence follows from
Equations (41), (42) and (39) (resp. and (37) and the hypothesis on Cy). O

7.3 Characterizations of fully BT-balanced objects
We first recall the following well-known fact:

Fact 8. Let 0 — By — By — B3 — 0 be a short exact sequence of fppf
7./ pZ-sheaves over some scheme X . If i, j, € are distinct elements of {1,2,3}
such that B; and B; are BTs over X, then By is also a BT, over X.

For a module W over a discrete valuation ring D of uniformizer m and
residue field K and for all i € N, let W := W/aW and let W; be the
imagine of W[r'] := {z € W|r'z = 0} in WW. We get an increasing (possibly
non-exhaustive) filtration (W;);>o of the K-vector space W. For i € N*, let
gr;(W) := W;/(Wi;_1). Recall that Wios = UjenW[r?] and we define

8T (W) = W/(UiZOWi) = (W/Wtors)/ﬂ—(w/wtors)-

Lemma 9. A D-linear map Q0 : W — V between two finitely generated D-
modules is left invertible if and only if for alli € N*U {o0} the K-linear map

gr,(Q) : gr,(W) — gr,(V) is injective .
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Proof: The condition is clearly necessary. For sufficiency, let n € N* be
such that we have two direct sum decompositions W =W, ®--- W, & W,
and V =V, @ &V, ® Wy, where for i € {1,...,n,00}, W; and V; are
free D/7'D-modules, with D/7>D := D. So Q is given by D-linear maps
Qi W, = V; withi,j € {1,...,n,00}. For j > i, we have Q;;(WV;) — 7V,
i.e., 2 modulo 7 is ‘upper-triangular’. As gr;(€2) is injective, €2;; modulo 7 is
injective, thus maps a K-basis of W, to a subset of a IC-basis of V; and hence it
is left invertible. This implies that there exists a D-linear map ®;; : V; — W,
such that ®;; 0Q; =1y, Let & :=D1; 8- B Py, B Poooo : V — W. The
reduction of ® o Q2 : W — V modulo 7 is ‘upper-triangular’ with identity
functions on the diagonal, hence invertible. Thus ® o Q is surjective by
Nakayama lemma, hence bijective (as its reductions modulo powers of 7 are
so by reasons of length). As ® o () is an isomorphism, € is left invertible. [J

Theorem 6. Let G be an object of F. Let m € N* be the smallest integer
such that p™ annihilates G. Then the following five statements are equivalent:

D The object G is fully BT-balanced in the sense of Definition 2 (f).

@ For eachi € {0,...,m — 1}, p'G/p""*G is a BT;.

@ For each i € {0,...,m — 1}, G[p"™|/G[p'] ~ Glp] N p'G is a BT;.

@D If (G})je{=m,..m—1} is Deligne’s finite increasing filtration of G defined by
the nilpotent endomorphism p : G — G, then for allj € {—m+1,...,m—1}
(equivalently, for allj € {—m+1,...,0} orallj € {0,...,m—1}), Gj11/G;
is a BT;.

® Let L¢ be the suboject lattice defined by G 2 G (see Subsection 7.2).M
If Hy and Hy are in Lo and Hy is a subgroup of Hy such that Hy/H is
annihilated by p, then Hy/H, is a BT;.

Proof: The fact that the last four statements are equivalent follows from
Corollary 6 applied with (C,Cy) = (F, Fr.1), with Cq as the full subcategory

of Fj 1 formed by objects which are BT;s, and with O Yoo being G & G
(the hypotheses of Corollary 6 hold, see Fact 8).12

"U'We have {Gj| —m < j <m—1} C Lg, see either Proposition 5 (a) or Subsection 7.2.
But for m > 3, in general L has more than 2m elements as in the case of &, D[p‘] with
D a non-trivial BT over k.

12The equivalence @ < @ can be simply checked as follows. If @ holds, then from Fact
8 we get that for i € {0,...,m — 1} the kernel Ker(p : p'G/p"t1G) — p'T1G/p'T2G) is a
BT, over k and by a decreasing induction on i € {m —1,...,0} we get, based on Fact 8
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Let Fw) and Fp) be the categories of finite flat commutative group
schemes annihilated by a power of p over Spec W (k) and Spec B(k) (respec-
tively). Let ]—"I‘j{/“(l,ﬁ) be the full subcategory of Fyy (i) defined by objects whose
fibers over k are connected. The category Fp) is abelian. If p > 2, the
category JFyy(x) is abelian, and the two pullback functors Fy ) — Fi and
Fwy — Fpr are exact and faithful. For all primes p, the category W)
is abelian and the two pullback functors 5{}?,?) — Fi, and .7:1043?,?) — FBp) are
exact and faithful. The last two sentences follow from [R], Thm. 3.3.3 and
Rm. 3.3.5 as the generic fiber functors are fully faithful and exact.

To check that D = ® we can assume that G = G and we consider a finite
flat commutative group scheme GUi* over Spec W (k) whose reduction modulo
p is G. As the category F‘ﬁ[‘}?é‘) is abelian, we have a smallest lattice £Uf* of

flat closed subgroup schemes of G with respect to the subgroup scheme
partial order which contains each p'Git and G*[p] with i € {0,...,m —1}.
The pullback functor F&SFE) — F}, induces a lattice isomorphism £ — L.
Thus, if H, HJ® € LU lift H; and Hy (respectively), then HJ is a closed
subgroup scheme of Hi" p annihilates HJ*/HI® and hence H®/HIT is a
BT, over Spec W (k). Thus Hy/H; is a BTy over k. Hence @ = .

To check that @ = @, we can assume that G is connected and we embed
it into a connected BT D over k. Let £ := D/G and let L, J and M be as
usual the (contravariant) Dieudonné modules of D, E and G (respectively).
We get a short exact sequence of left E-modules 0 - J — L — M — 0.

We will use the notation before Lemma 9 with the triple (D, 7, W) equal
to (W(k),p, M), M = D(G). So M = M/pM, L = L/pL, etc. As
Ly = Ker(L — M) is D(D[p]/G[p]) with D[p]/G[p] a BT, there exists
a k-basis {Zo1, ..., Tody, Yo1,- - - Yoeo} of L_1 such that {VZo,...,VZoq}

is a k-basis of Ker(L_, LR L_y) = VL_,. As J surjects onto L_; let
(T015 -+ > T0ay Y015+ - Yoe) € Jeotdo that ifts (Zo1, - - -, Todg Jois - - - > Yoco)-
For i € {1,...,m} we proceed similarly. As @ holds for G, we have
Ker(M; & M;) = VM,; = Im(VM[p] — M). As M; = Im(M[p'] —
M) is D(G[p]/(Glp] N p'GQ)), we lift the elements of a k-basis of the quo-
tient Ker(M; LN M;)/Ker(M;_, LN M;_1) to elements VZ;,...,VZy, of

and on Fact 7 applied to the endomorphism p : G — G, that p'G/p*t1G is a BT; over k,
i.e., @ holds. The implication @ = @ is argued similarly, or it follows via Cartier duality
from the implication @ = @ applied to G*.

131f p = 2, strictly speaking, [R], Rm. 3.3.5 is stated for the local-local context but the
arguments of it work for the connected context.
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Ker(M; LR M;) with {x;,...,7;4,} C M; and we enlarge this set to a k-
basis {Zi1, ..., Tia,, Uit - - - » Yie, } Of a direct supplement of M;_; in M;_;. If
(Tits - s Tidyy Yils - - - Yie,) € M[p'|itd lifts (%, ..., Tia,, Uity - - -, Yie,), then
we use these x;;, elements (resp. v;;, elements) with ¢ € {1,...,m} and
Ji € {1,...,d;} (vesp. j; € {1,...,¢}) to get a W(k)-linear map €, :
e, Wi(k)% — M (resp. Q, : &7, W;(k)% — M). From Lemma 9, Q,, VQ,,
2, are injective with images direct summands O,, VO, and O, of M such
that M = O, ® O,. If x;; € L (resp. y;;, € L) maps to z;;, (resp. ys;,) for
all i € {1,...,m} and j; € {1,...,d;} (resp. j; € {1,...,¢}), then Lemma
9 gives that {z}; [0 <i <m,1 <j; <di} U{y;;|0 <i<m,1<j; <¢}isa
W (k)-basis of L such that P} := @™, @i?:l W (k)V;; is a direct summand
of L. If

J' = D@p W (k)i @5y W (R)yiy,),
i=0
then P}, := @Z@O(@?jzlpiW(k‘)Vx;ji) is a direct summand of J', we have
an inclusion J* C J and the resulting epimorphism L/J — L/J = M is
an isomorphism as M = O, ® O,. Thus J' = J and we get an inclusion
(J,P},F,V) — (L, P}, F,V) between filtered Dieudonné F-crystals over k.
From the Grothendieck—Messing deformation theory!* (for p = 2 see also
[V3], Lem. 2.2.5 and Prop. 2.2.6) we get that it corresponds to a homomor-
phism DUt — FUft of BTs over Spec W (k) whose kernel is the lift Gt of G.
Thus @ = @. O

Example 11. If S is a supersingular elliptic curve over k, for j € N* let
Hj := S[F7] = Ker(Frob} : S — S®)). So H, ~ a, and Hy/H, ~ Hy = S[p]
is a BTy. We check that H := H3 ® oy, is BT-balanced. Let 6 : H — Hs/H,
be the epimorphism which extends the projection Hy — Hsz/H, and satisfies
d(a,) = Hy/Hy. The closed embedding Hy — Hs and the epimorphism
Hy — o, induced by —1 times the inverse Hy/Hy — au, of the isomorphism
o, — Hy/Hy defined by 6 give a closed embedding 6o : Hy — H with Im(d2) =

Ker(6). The resulting short exact sequence 0 — Ho LEN s RN H3;/H;, — 0
proves that H is BT-balanced. As the kernel of the natural epimorphism
H — (H3/Hy) ® oy, ~ @ is Hy, we get that the notion BT-balanced is

14Grothendieck’s statement for divided power thickening S — S’ of schemes where p
is locally nilpotent in [G2], p. 111: “Alors, ce foncteur est une équivalence de catégories
si S’ est a puissances divisées nilpotentes ou si on se borne a des groupes G, G’ qui sont
infinitésimaux ou ind-unipotents.”
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not stable under taking either quotients or (via Cartier duality) kernels of
epimorphisms. We have a,(H) N B,(H) = a, ag = agt = 2 and H has no
non-trivial BTy subgroup invariant under Aut(H).

An object of Fj, 1 is a BT, if and only if it is fully BT-balanced and if and
only if it is BT-balanced (see Fact 8). But for m > 2, the three notions are
distinct: BT,, implies fully BT-balanced which implies BT-balanced. The
notion fully BT-balanced object of F ,, is stable under taking direct sum-
mands and direct sums but not under extensions (see Example 11). The
notion BT-balanced object of Fj,, is not stable under taking direct sum-
mands (see Example 11) but is stable under extensions.

7.4 Applications to balanced objects

We recall that H is an object of Fj,,. We endow H with a left action by
V, where V is a group or a ring or a monoid or a monoid scheme over k.
In practice, V will be a reduced monoid or B or another finite flat separable
Z,-algebra naturally associated to H and B. We say that the left V-module
H is BT-balanced if it has an increasing separated and exhaustive filtration
invariant under V and such that each consecutive quotient of it is a BTy
endowed with a left V-action.

We say that the left V-module H is balanced if H and H® have the same
class in the corresponding Grothendieck group Go(V); it suffices to check this
over a perfect field extension of k, such as k. Thus H is balanced if H; and
its left action are defined over F,. If H is étale (resp. of multiplicative type),
then H is balanced as the Frobenius (resp. Verschiebung) homomorphism
Fy: H— H® (resp. Vi : HP) — H) is an isomorphism.

If Hyue is the multiplicative type part of H, then the usual filtration
Hyue C H° C H is invariant under V even in the case when V is a non-
reduced monoid group scheme over k. This implies that H is balanced if and
only if H° [ Hure 18 so and we have a ‘product decomposition’ isomorphism

Go(V) ~ Gp°(V) x GRH(V) x Gg™(V),

Moreover, GP<1°¢(V) is the Grothendieck group Go(Rep(V)) of the abelian
category of finite dimensional k-linear representations of V: the isomorphism

Gy*(V) = Go(Rep(V))
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maps [H]| to either

Z[Lie(H/Ker(F}{))} = Z[Lie(lm(Fﬁ))] or

i>0 i>0

> [Lie((e(G);)/(@p(@);-1))] or Y [Lie((By(G);)/(Bo(G)j-1))-

JEZ JEZ
Considering the Frobenius homomorphism Fy : H — H®) | we get that

H is balanced <= [Lie(Ker(Fp))] = [Lie(Coker(Fy))] € Go(Rep(V)).

Lemma 10. The following two properties hold:

(a) If G is fully BT-balanced and endowed with a left action by V, then
the left V-module G is BT-balanced as well as balanced.

(b) If the left V-module H is BT-balanced, then it is also balanced.

Proof: As G[p] is invariant under V for all ¢ € N, based on Theorem 6,
to prove part (a) we can assume that G is a BT;. As we have short exact
sequences of left V-modules

0 — Ker(Fg) = G — Ker(Vg) — 0, 0 — Ker(Vg) = GP® — Ker(Fg) — 0,

we have [G] — [GP)] = 0 € Go(V). To prove part (b) we can assume that H
is a BT, and this case follows from part (a). O

8 Proof of Theorem 4

We first proof the following fact:

Fact 9. If K is a finitely generated field extension of k, then we have
Npen K" = .

Proof: This follows from facts in [E], p. 239. Alternatively, if there exists
r € (NuenK?") \ k, then we have strict inclusions

kCk(x) C k(@/?) ck(@V")c---c K

and so the subfield Unenk(Z'/7") of K is not a finitely generated field exten-
sion of k£ which contradicts [Bol], Ch. 5, Sect. 14, Cor. 3 of Prop. 17. O
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To prove Theorem 4, we first remark that by a compactness argument
there exists an element 7 € Gal(F,) = Gal(k/F,) such that we have an
identity f = 70 h € Maps(Y (k), k). If f,h are constant on the irreducible
components of Yz, then 7 is determined up to an open subgroup of Gal(F,)
and hence, as Z is dense in Gal(F,) = 7, we can choose it to be in W (k/F,).

Thus, by replacing k£ by a finite field extension of it, we can assume that
Y is geometrically irreducible and that f and h are not constant, and we
have to show that f = 70h on closed points of Y; forces 7 to be in W (k/F,).

By shrinking we can assume that Y is affine and smooth and (based also
on Fact 9 by taking p-th power roots) that f,h € R\ RP, with Spec R = Y3,
define smooth morphism vy : Y3 — Aj and v, : Yj — A (respectively). Let
Ay = Im(vy) and Ay := Im(vp,). For x,y € Y (k) we have f(x) = f(y) if
and only if h(x) = h(y), and thus Yz x4, Y; = Y} X4, Y. By descent theory
(see [SGA1], Exp. VIII, Cor. 5.3), Ay and A}, are the categorical quotients
of the equivalence relations Y; x4, Y3 and Y; xa, Yz (respectively) on Yz.
Thus there exists an isomorphism ¢ : Ay — A over %k such that we have
7(vs(2)) = vin(z) = @(vs()) for all z € Yz (k); it extends to an automorphism
w € Aut(P}) = PGLy(k). For v € Ag(k) C k we have 7(a) = w(e) and from
the below fact we get that 7 € W(k/F,). O

Fact 10. If (1,w) € Gal(F,) x PGLy(k) is such that we have T(a) = w(a)
for all but a finite number of a € PX(k), then (1,w) is the identity element.

Proof: It suffices to prove that 7 is the identity element. As w has finite

order m, we have 7™(a) = « for all but a finite number of o € P!(k). As

such elements a generate k, we have 7™ = 1;. Thus 7 = 1; (as Z is torsion
free). O

9 Proof of Theorem 3

Let S(M) be the set (of representatives) of isomorphism classes of finite
dimensional simple left M-modules. The abelian group Ky(M) is canonically
identified with the free abelian group on S(M). For a M-module Z we define
inductively Z") := Z and 2" := (Z("))© for i € N*,

As Froby : M — M® is schematically dominant, the functor Z — Z()
is fully faithful and induces a bijection between M-submodules of Z and M-
submodules of Z(?). In particular, Z(® is simple if and only if Z is, and
the rule [Z] — [Z(9)] defines an injective self map o : S(M) — S(M). We
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get a partition of S(M) into orbits of the action of o on S(M): two distinct
elements [Z,], [Z5] € S(M) belong to the same orbit if and only if there exists
i € N* such that either [Z,] = [Z{7] or [2\] = [Z).

Let O(M) be the set of orbits of the action of ¢ on S(M). The abelian
group Ko(M)/I(M) is canonically identified with the free abelian group on
O(M). For i € {1,2} we write

[L\l/] = Z nL[Z][Z] - K()(M) and [LQ] = Z n27[Z} [Z] S K()(M),
[Z]eS(M) [Z]eSM)

where each n; 7 € N and all but a finite number of the integers n; 7 are 0.

Let O(M, G, H) be the smallest finite subset of O(M) such that for each orbit

o€ OM)\ OM,G, H) and for every [Z] € o we have ny 7] = ng 7 = 0.
Theorem 3 is equivalent to the statement: for each orbit o € OM, G, H)

we have an identity
Y niz =Y naz. (43)
(Z]€o [Z]e€o

The Galois group Gal(k) := Gal(k/k) acts on the finite set 7o(Mj) of
connected components of the pullback M; of M to k, so it defines a finite étale
scheme 7(M) which has a monoid structure such that the natural morphism
om : M — (M) is a homomorphism of monoids.

Lemma 11. For a semisimple left M-module Z of finite dimension we have
the following two disjoint possibilities:

(a) If the image of M(k) in End(Z)(k) is finite, then there exists a smallest
ny € N* such that the left M-modules Z and Z\""%) are isomorphic.

(b) If the image of M(k) in End(Z)(k) is infinite, then there exists a
smallest ny € N* such that for each integer m > ny there exists no left
M-module W such that Z and W™ are isomorphic.

Proof: Case (a) occurs if and only if the matrix coefficients of o in O(M)
(relative to a k-basis of Z) come from O(w(M)), i.e., the representation oy
defining Z (see Section 1) factors through gm, inducing a representation
from m(M) to the multiplicative monoid scheme over k associated to the ring
scheme End(Z7). A representation of 7(M) is the same as a representation of
the monoid’s corresponding k-algebra (k[mo(Mg)])¢**) which is a finite di-
mensional k-vector space and thus which has a finite number of isomorphism
classes of semisimple representations of a given dimension.
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As 7(M) = 7(M®), the functor f + 1(?) is an autoequivalence of the
category of m(M)-modules of finite dimension and therefore part (a) follows
from the finiteness part of the previous paragraph.

Case (b) occurs if the matrix coefficients of oz in O(M) (relative to a
k-basis of Z) do not come from O(w(M)), which can be checked over k. On
some irreducible component C of Mj, some matrix coefficient is not constant,
hence by Fact 9 it is not in k(C)?" for some n € N*, where k(C) is the field
of rational functions on C. As the functor W — W) is fully faithful, for
m € N a M-module W such that [Z] = [W(™)] € K,(M) is unique up to
isomorphisms if it exists and it exists if and only if the matrix coefficients
come from M®™) and hence they are p™-th powers in the function field of
every irreducible component of Mz. Thus, if m > n, then W does not exist,
i.e., we have 1 < nyz < n. O

9.1 Step 1: reduction to the case of absolutely simple
M-modules

If k' is a perfect field extension of k, then we have an extension of scalars
homomorphism

€L /k - K()(M)/I()(M) — K()(Mkl)/Io(MkJ)

If the extension k& — £’ is finite, then we have a restriction of scalars homo-
morphism

i s KoMy ) /Io(Myr) = Ko(M)/Io(M)

such that the endomorphism 7y /x 0 exs/x, is the multiplication by [k : k], and
thus, as the free abelian group Ky(M)/Iy(M) is torsion free, ey is injective.
This implies that eg is also injective.

As G is fully projectively balanced if and only if G} is fully projectively
balanced and H is fully balanced if and only if Hj is fully balanced (see
Corollary 5 (b) and Section 7), in what follows we will often replace k by &’
or by some perfect subfield of it.

Lemma 12. To prove that Equation (43) holds we can assume that for every
[Z] € 0 € OMM, G, H), the simple left M-module Z is absolutely simple.

Proof: Let k' be a finite Galois extension of k such that each simple factor
of a composition series of either the left My-module ¥’ ®; L; or of the left
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M;,-module k" ®;, Ly is absolutely simple. To prove the lemma it suffices to
show that if Equation (43) holds in the case when O(M, G, H) is replaced by
OMy, Gy, Hy), then Equation (43) holds as well.

If[Z] e oe OM, G, H), then k' ® Z is a direct sum of absolutely simple
left M;/,-modules. It is well-known that we can write

k’, ®]€ Z = @;ZlmZZ]’-,

where Kz, myz € N* and where the left M;,-modules ZJ’- are absolutely simple
and not pairwise isomorphic and such that the Galois group Gal(k’/k) acts
transitively on the set {Z],..., Z]_} (via its natural action on the first factor
of k' ® Z). We consider the orbit o' € O(My/, Gy, Hy) such that [Z]] € 0.
Let Iz be the non-empty subset of {1,...,xz} formed by all those elements
j such that [Z}] € o’ and let w; € N* be the number of elements of 1. It is
easy to see that Kz, mz, and wy depend only on the orbit o and not on the
choice of Z with the property that [Z] € o. Thus we can define k, = ryz,
me :=my, and w, = wy.

If [Z] e 0 € OM, G, H) \ {o} and if we similarly write
K@y Z= @;:ZlmZZ_;’a

then forall j € {1,...,xz}and j € {1,...,x;} the orbits in O(My, Gy, Hy')
to which Z and Z]f belong are distinct. This is so as for all 4,7 € N, the k-
vector space Homy(Z7), Z(9)) is non-zero if and only if the k’-vector space
Homyy, (K" ®x Z )@ (K @, Z)@)) is non-zero. Alternatively, this follows
from the injectivity of ey .

We write [(K" @ L1)"] = > 1zjesm,) mz1[2'] € Ko(My) as well as
[ @k Lo] = 32 171e50m,,) M2021[Z") € Ko(My), where each n;z) € N and all
but a finite number of the integers n; [z are zero. Varying o, we get that o'
can be an arbitrary element of O(My,, Gy, Hyr). Thus, based on the last two
paragraphs we get that for ¢ € {1,2} we have

Z ni7[Z/] = My, Z ni,[Z}' (44)
(Z"]eo’ [Z]€o

As we have assumed that Equation (43) holds in the case when O(M, G, H)
is replaced by O(My/, Gy, Hy/), the equality E[Z,]EO, Nz = Z[Z/]eo, Na,[7/]
holds. From this and Equation (44) we get that Equation (43) holds. O
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9.2 Step 2: reduction to the case of a finite field

In this subsection we show that to prove that Equation (43) holds for all
orbits 0 € OM,G, H) we can assume that k is a finite field. Based on
Lemma 12 we can assume that each simple factor of a composition series of
either Ly or Ly is absolutely simple. Based on Lemma 12 we can also assume
that the finite étale monoid scheme 7(M) is constant and thus the pullback
of a constant monoid 7 over F,. Thus also the finite étale monoid scheme Cg
introduced in Subsection 5.3 is constant. Moreover, as ey, is injective, we
can always replace k by k, or in connection to what follows consider geometric
fibers instead of fibers.

Let R be a finitely generated IF,-subalgebra of k such that the following
six properties hold for it:

(i) There exist finite flat commutative group scheme G and H over Spec R
annihilated by p™ with G as a BT,,, and such that G = G, and H = H;, and
the ring homomorphisms pg : B — End(G) and py : B — End(H) factor
through ring homomorphisms pg : B — End(G) and py : B — End(H)
(respectively); let Endg(G), Endg(#H), Homg(G, H) and Homg(#, G) be the
closed subgroup schemes of End(G), End(#), Hom(G, H) and Hom(#, G)
(respectively) whose valued points are those which commute with the B-
actions and whose pull backs to k are Endg(G), Endg(H ), Homg (G, H) and
Homg(H, G) (respectively).

(ii) The reduced scheme Endp(G)ed Xspec® Endp(H), is a smooth sub-
group scheme of End(G) Xgpec® End(H)P; we will denote by M the mul-
tiplicative monoid scheme over R associated to the reduced ring scheme
EndB(g)red XSpecR El'ld]B (H)?Sd'

(iii) The reduced scheme Homp (G, H ) ed X spec RHOmME (H, G ) eq is a smooth
subgroup scheme of Hom(G, H) Xgpeck Hom(#H, G); let £1 and Ly be the Lie
algebras over R of Homg (G, H),eq and Homp(H, G),eq (respectively) and let
LY := Homg (L, R) be the dual of the R-module L;.

(iv) If G is fully projectively balanced, and if G° denotes the open sub-
group scheme of G whose fibers are connected components of identity ele-
ments (see [SGA3-1], Exp. VIg, Sect.3, Thm. 3.10), then the quotient group
scheme G/ GY is a constant finite étale group scheme over Spec R and each
geometric fiber of G is fully projectively balanced. If H is fully balanced,
then all geometric fibers of ‘H are fully balanced.

(v) The left M-modules £ and L, have a composition series whose
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factors Z11,..., 21, and 231, ..., 215, (respectively) have absolutely simple
fibers and are defined by free R-modules.

(vi) Foreach y € {(1,1),...,(1,61),(2,1),...,(2,02)}, there exists n, € N

such that either Z; comes from a representation of g , ., or it is of the form
P

Wj(an]) where W, is a representation of M on a free R-module which on
all geometric fibers does not come from M®. Moreover, for distinct 71, 7o €
{(1,1),...,(1,01),(2,1),...,(2,02)} such that W,, and W,, are defined, either
they are isomorphic or, in every (geometric) fiber, they are non-isomorphic.

The existence of R such that properties (i) to (vi) hold is a standard piece
of algebraic geometry (see Lemma 11 in connection to (vi), with n; taken to
be nz, —1).

One sees by inspection that the assertion to be shown (i.e., Equation
(43)) holds for the generic geometric fiber (i.e., over k) is equivalent to the
assertion for one geometric fiber, so by replacing R by a finite field quotient
of it we can assume that k is finite.

9.3 Step 3: reduction to the case of abstract monoids

As k is finite, we can take (R,Lq,Ls) = (k,L;,Ly) and thus (see prop-
erty (iv) of Subsection 9.2) Ly and Ly have composition series whose factors
Z11,..., 215 and Za4,. .., 215, (respectively) are absolutely simple.

To prove that Equation (43) holds we can replace the finite field k by a
finite field extension of it (see Lemma 12), and as such we will check that we
can also assume that the following two properties also hold:

(i) for each element y € {(1,1),...,(1,01),(2,1),...,(2,02)}, Z, is an
absolutely simple left M(k)-module;

(ii) for all distinct elements j1, 92 € {(1,1),...,(1,01),(2,1),...,(2,02)},
[Z,,] and [Z,,] belong to the same orbit 0 € O(M, G, H) if and only if Z,, and
Z,, belong to the same orbit of the natural (analogous) action of o on the
set of isomorphism classes of finite dimensional simple left M(k)-modules.

Let Try : M(k) — k be the trace function defined by a M-module Z. If
s € N* and Wy, ..., W are simple non-isomorphic Mz-modules, then they

are also simple non-isomorphic M(k)-modules, so by the Jacobson density
theorem ([Bo2], Sect. 3, Thm. 1 and Sect. 5, Thm. 3) the k-algebra
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homomorphism

IT: k[M(k)] — H End; (W)

is surjective (see also [Bo2], Sect. 5, Cor. 1 of Prop. 4). As each such II is
defined over a finite field extension of k, we can assume that the property
(i) holds. As II is surjective, the set {Try,, ..., Try,} € Maps(M(k), k) has
s elements and is linearly independent. As Try.) = Tt} arguing with trace
functions, the fact that we can assume that the property (ii) holds follows
from Theorem 4 applied to M and to pairs of trace functions Trz, € O(Mj)
indexed by y € {(1,1),...,(1,01),(2,1),...,(2,02)}.

Let the groups Ko(M(k)), Io(M(k)), Ko(M(k))/Io(M(k)) and the sub-
set O(M(k),G,H) € OM(k)) be analogues to the groups Kyo(M), Io(M),
Ko(M)/Io(M) and the subset OM, G, H) C O(M) (respectively) but working
in the category of finite dimensional k-vector spaces which are left modules
over the abstract monoid M(k). We have an injective pullback map

OM, G, H) — OM(k), G, H)

(see properties (i) and (ii)). Thus to prove that Equation (43) holds it suffices
to show that it holds in the case when O(M, G, H) is replaced by the analo-
gous O(M(k), G, H). Therefore to prove that Equation (43) holds we can as-
sume that £ is a finite field and we are viewing Ly and Ly as left modules over
the abstract monoid M (k) = Endg(G) x Endg(H)°? = Endg(G) x Endpes (H")
which is EndB(G)red(k;) xEndB(H)ffd(k) = EndB(G)red(k;) xEndBop(Ht)red(k’);
to differentiate between module structures we will denote Agp := Endp(G)
and A g gor 1= Endges(H') viewed as finite Z/p™Z-algebras. Let Agp and
KHcBop be the reductions modulo p of Agp and Apg: gor (respectively); they
are finite dimensional F,-algebras.

The left modules L and Ly over the abstract monoid {1g} x Endge» (H*)
are actually left Ayt gop-modules and for each d¢ € Endg(G) the multiplica-
tion by (dg, 1gt) on LY and Ly are Apt gop-linear maps. Similarly, the left
modules LY and Ly over the abstract monoid Endg(G) x {14} are actually
left Ag p-modules and for each 0y € Endp(H)°° = Endper(H*) the multipli-
cation by (1g,0m) on LY and Ly are Agp-linear maps. From the last two
sentences we get that LY and Ly are left £ ®p, (KG,B ®F, KHt7Bop)‘mOduleS.
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9.4 Step 4: applying Theorem 2

We will use the notation of Subsection 5.3. As Ag p is artinian, J(Agp) is the
largest two-sided nilpotent ideal of Agp and X¢p := X(Agp) is semisimple
(see [Bo2], Sect. 10, Prop. 1) and (due to property (iv) of Subsection 9.3) it
is the same semisimple ring defined in Subsection 5.3. We know that ¥ p is
a finite product of matrix rings over finite fields, see Wedderburn’s Theorem
(see [Bo2], Sect 7, Thm. 1 and Sect. 18, Thm. 2). As ¥ and its analog
Yy por for H' are absolutely semisimple, the epimorphisms KGJB — LGB
and KHt7Bop — Xyt per have sections (see Wedderburn’s Principal Theorem
of [Bo2], Sect. 13, Cor. 1 b) of Prop. 7). Thus the orthogonal sequences
of all indecomposable central idempotents of X and Xyt per (i.e., those
central idempotents whose images are the simple factors) lift to orthogonal
sequences of indecomposable idempotents of KG’B and A por (respectively)
whose sums are 1 and which at their turn lift to orthogonal sequences of
indecomposable idempotents of Agp and Apegor (respectively) whose sums
is 1, see [J], Ch. III, Sect. 8, Props. 2 to 5 (see also [Bo2], Sect. 9, Cor. 2 of
Prop. 7 and Exc. 18 (a) and [J], Ch. III, Sect. 7, Prop. 2). The existence
of such orthogonal sequences of indecomposable idempotents of Agp and
At por also follows from the following general result by applying it, say for
G, with (B, A) = (Agp, Xep), and by considering the orthogonal sequence
of all indecomposable central idempotents of iG,B.

Proposition 6. Let B be a finite ring with 1 annihilated by p™. Let A be
a semisimple subring of Y(B) (so A is a finite product of matriz rings over
finite fields). Let A be a finite product of matriz rings over étale W, (F,)-

algebras such that A/pA = A. Then the composite ring homomorphism
A A= A/pA — X(B) lifts to a ring homomorphism A B.

Proof: Using induction on m € N* the case m = 1 follows from Wed-
derburn’s Principal Theorem. For m > 2, the passage from m — 1 to
m goes as follows. Let A - B /p™ 1B be a ring homomorphism induc-
ing A — A= A/pA — ¥(B). Pulling it back via the ring epimorphism
B — B/p™ !B we get a ring homomorphism A* — B and a short exact

0—p"'B— At - A 0.

As A is a flat W, (F,)-module, by tensoring this short exact sequence with
F, over W,,(F,) we get a short exact sequence

0— p"'B— AT /pAt - A—0
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which (by Wedderburn’s Principal Theorem) has a section s : A — A /pA™.
The inverse image A’ of s4(A) in A* is a subring of A* with the same number
of elements as A and is endowed with a ring homomorphism A" — A whose
reduction modulo p is onto. This implies that A’ — A is an isomorphism and
by composing its inverse A — A’ with the composite ring homomorphism
A’ — At — B we get the desired ring homomorphism A — B. 0J

To prove that Theorem 3 holds, i.e., Equation (43) holds when OM, H, G)
is replaced by O(M(k), G, H), using orthogonal sequences of indecomposable
idempotents of Agp and Ayt gor which induce direct sum decompositions of
G, H, Ly and L, preserved by B and a direct sum decomposition of G[p] pre-
served by Cg p, we can reduce to the case when Y p and Yyt gor are simple
[F,-algebras and thus matrix algebras M,, ({;) and M,,(lz) (respectively) over
finite fields /; and [y (respectively).

Using the mentioned sections of the > _epimorphisms AGB — YMgp and
A jBor — Lt por, the left k®p, (AG BOF, A por )-modules LY and Ly become
left k& ®p, (Xem ®F, 2 H* Bop )- module and their composition series do not
depend on which one of the two left modules structures are used. In other
words, in what follows we can work with £ ®p, (Xep ®F, 1 gt por ) instead of
k ®r, (KGJB ®F, KHt’Bop) and each Z, is a simple left k ®p, (Xgp ®F, X gt por )-
module; here y € {(1,1),...,(1,01),(2,1),...,(2,62)}.

The irreducible representations over k of a simple finite dimensional F,-
algebra are in the same orbit of the natural action of o, so the problem is to
compare dimensions of k-vector subspaces of Ly and Ly that correspond to
(i.e., are cut out by) simple factors of Yo p ®F, Xt por-

We embed [; and [, in k. Let [y := [y Nly. Let I' be the multiplicative
group of non-zero elements of ly: so p 1 |['|. The simple factors of

Mnl (ll) ®Fp Mn2 (lg) — Mnlnz (ll ®Fp lQ)

correspond to those of [; ®p, [z and hence to those of Iy ®F, l. The diagonal
idempotent of Iy ®p, ly is
Z b b,

bel’

In view of the structure of X g ®r, X gt per, for a € Aut(ly) < Aut(I') we
have to compare dimensions of pieces cut out by idempotents of the form



The inclusions [y — KG,]B% and [y — KHt7Bop lift to ring homomorphisms
Win(lo) = Agp and Wy, (lo) = Apepor (respectively), see Proposition 6.1°

For a € Aut(ly), let W(ly) act on G and H! via the homomorphism
Win(lo) = Agp and via the composite of W,,(a)™" : W,,(lo) — W, (ly) with
the homomorphism W,,(ly) — Apgeger. The role of the lower right index
a in connection to H! or H,, here and in what follows, is to keep track of
the composite with W,,(a)™"; for instance, L; , := Lie(Homg (G, H,).eq) with
i € {1,2} is a I-module. Hence G and H, are left B ®z, W (ly)-modules and
thus also left B[I'l-modules, where B[I'] := B ®z, Z,[I']. We have

L{,a = Lie(HomB[p](G, Ha)red) = Lie(HomB®pr(lo)(G, Ha)red)
and
L;a = Lie(HomB[p}(Ha, G)red) = Lie(Hom]B@pr(lO)(Ha, G)red)~

Therefore the analogue of Equation (43) for the case when O(M, G, H) is
replaced by O(M(k), G, H) becomes the identities indexed by a € Aut(ly)

dimy((Ly ,)") = dimy,(Ly )

which follow from Equation (5) applied with B replaced by B ®z, W (ly)
as dinlk(<Ll;,a>v) = 7]B®ZPW(ZO)(G7HG) and dinlk(Lg,a) = 7B®ZPW(ZO)(HG7G)'
We would only add that if G is fully projectively balanced, then the left
B ®z, W(lo)-module G is projectively balanced and thus Theorem 2 (b)
applies and if H is fully balanced, then for all a € Aut(ly) the left Bz, W (lo)-
module H, is balanced and thus Theorem 2 (c) applies. This proves Theorem
3. O

9.5 Remark

From Subsection 5.3 we get that End(G)Y, acts trivially on each Z, with
7€ {(1,1),...,(1,61),(2,1),...,(2,62)}. Thus Z, is a left Cg-module and
hence also a left Cg p-module.

15 A simpler way to argue this is as follows. If Ty is a generator of the field extension
F, — lp and, working only with G, if z9 € Ag g lifts Ty, let By be the (commutative)
subring of Agp generated by zo. We have By/(Bo N pAge) = lo- As (Bo NpAgp) is a
nilpotent ideal of By and the monomorphism W,,(F,) — W,,(lo) is étale, there exists a
unique ring homomorphism W, (lo) — Bo which induces the identity on residue fields. By
composing it with the inclusion By — Agp we get a lifting W,,,(lo) — Ag .
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If H[p] is a BTy (for instance, if H is fully BT-balanced), then as we have
a restriction homomorphism End(H)%, — End(H[p])%,, as in Subsection
5.3, based on the fact that 1y, + End(H|[p])%y = Aut(H[p])2., is unipotent,
we argue that End(G)% < End(H")?, acts trivially on each Z, and therefore
Z, is a left Cg p-module as well as a left Cpe gor-module; thus in such a case
the above four steps could be easily combined with Agp and Ayt per being

replaced by the étale ring schemes Cg p and Cyt pop.
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