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Mesoscopic curvature and hyperbolicity

by Misha GROMOV

Dedicated to the memory of Alfred Gray

We introduce in this paper a notion of CATs(k)-spaces mediating between
CAT(k)=CATy(x) and d-hyperbolicity (essentially) corresponding to CATs(—00).
This allows the local-to-global passage (in the spirit of Cartan-Hadamard) most
convenient for applications to combinatorial group theory. There is little new about
the proofs : everything follows by “d-perturbing” similar arguments in the CAT(k)-
case. This has been done in [Gro]gg for K = —oo and we do more or less the same
for finite k¥ with minor technical adjustments. We shall see, in particular, that
CAT;(k)-property of the o-balls for a given ¢ in a simply connected space X implies
d1-hyperbolicity of X with 6; < 2/y/—k for all k < 0, provided k > 0, ¢ > 0 and
0 < do(—k,0) > 0 for some universal strictly positive function &y in two strictly
positive variables. (This is standard for ¢ = 0).

0. Preliminary notations and definitions.

Given a metric space X we write

|z —yl = |z —ylx = distx (2,y)
(compare [Gro|gg and [Gro]car). X is called a path metric space (see [G-L-P]) if
|z — y| equals the infimum of length of curves between z and y for all x,y € X. We
say that X is geodesic if this infimum is assumed where the minimal curve is called
a geodesic segment between z and y, denoted [z,y] C X.

Recall (see [Bri-Hae] and references therein) that CAT(k)-spaces are introduced
by improving certain inequalities on the six distances between four points x; €
X, i =1,...,4, similar to those satisfied by (comparison) quadruples {z}} in the
model space X' that is the simply connected space X' with dim X’ = 2 of constant
curvature k. We are mostly concerned here with negative curvature x < 0, where
X' equals the hyperbolic plane H>. If k — —oo, then H? (Hausdorff) converges
to an infinitely branched tree (see [G-L-P], [Gro]ar serving as the model space for
K = —00.

The comparison inequality can be expressed by saying that for each quadruple
{z;} in X there is a quadruple {z}} C X' making a convex 4-gone for the cyclic
order on z;, such that the four edges of this 4-gone equal the corresponding 4
distances between z;,
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v —wi |y =l — Ty, i=1,.00 4,
(with the convention 4 + 1 = 1), while the remaining two distances satisfy

|37’1 _x,3|X' > | _373|X
and

|75 — 2|5 > |22 — 24l x -
This property for a quadruple {z;} is called Cycli’i)—mequality. Similarly, given
a cyclicly ordered k-tuple of points {z;} C X, i =1,...k, k+1 =1, one says that
{z;} satisfies Cycl, (k) if there exists {z}} C X'(= H?2), such that

!

|xi—x;~|x, > oy — aj]

forallé,j=1,... ,kand

P T |y <=zl

for i = 1,...,k, and where one additionally requires that {z}} makes a convex
k-gone in X'. One knows (Resketnyak’s theorem) that

|

Cycl,(k) = Cycl,(k), & =5,6,... for all k,
for the geodesic spaces X (compare [Gro]car).

One can express the inequality Cycl, (k) as

o1 — 24| < Fr(lwi — ;1) (k)4
where Fy, is a certain function in 5 variables |z; — x|, 1 < i < j < 4, except
i =1, j =4, that is monotone increasing in |z; — z;41| and decreasing in |zs — 24].
Namely, one takes F;, such that (k)4 become equality for the model space X,. This
F,, is defined for all non-negative values of the five arguments satisfying two triangle
inequalities (for A(xy,x2,x) and A(z1,z3,24). Thus the domain of definition of F,
is a convex subset, denoted As C ]Ri. The function F}, : A5 — Ry is smooth in
the interior of A5 and 1/2-Hélder on all of As; but it is not Lipschitz. This causes
some technical problems when we perturb this inequality by a small § > 0.

If kK = —o0, then (k)4 becomes an equality and its d-perturbation leads to the
d-hyperbolicity of X expressed by the following CATs(—o0)-relation between the
three numbers

m; = |z — x| + |z — 2l
fori#j#k#1i=23,4, as follows

my < max(ms,myg) + 20 X5
for all quadruples {z;} C X. (See [Bri-Hae] and references therein). Similarly, one
can introduce CAT;(k)-inequality to be

|21 — 4] < Fo(lwi — x5]) +6
expressing the idea that the quadruple {z;} is d-close (in the Hausdorff sense) to
{a}} satisfying (k)4. Unfortunately this does not work as well for £ > —oo as for
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k = —oo due to non-Lipschitz behaviour of Fy, on the boundary of A5 and leads to
somewhat heavier notations and inequalities than those for kK = —oo.

COMPARISON MAPS IN GEODESIC SPACES. If X is a geodesic space, then one
can express the CAT(k)-property in terms of the comparison maps. Such a map ¢
is defined with a triple {2;} C X and sends the comparison triangle A' C X' = H?,
spanned by {z}} C H? with |«} —x;|X, = |z; — x|y, to X, such that zj — w;,
i = 1,2,3 and the geodesic segments [z}, x”;] isometricly go to (possibly non-unique)
segments [x;,2;] C X. The Alexandrov comparison inequality reads

le(@") = e(y)x < 12" = ¢'Ix
for all ')y’ on the perimeter of A’ (and it is not hard to extend this ¢ from the
boundary of A to a 1-Lipschitz map on all of A, see [La-Sch]).

1. Broken Triangles and CAT;(x).

It is slightly more convenient to depart from Cycly rather than from Cycl, and
work with 5-tuples of points in X, denoted by {x1,y2,22,x3,y3}, thought of as a
broken (geodesic) triangle A(zq, z2,x3) with the “breaks” y, and ys, see Fig. 1.

X

Y2

X3

*1o V3

FiGURE 1

where we are concerned with an upper bound on |y» — y3|x in terms of the five
boundary edges and |z — x|, ¢ = 2,3. We consider the comparison triangle
(2}, 25, 2%) in the model space X' = H?2, where

|27 — @il = o1 — il x + lys — @il x for i =2,3. (%)
and

|25 — 5] = max(|ws —ws|y s |2y — a5 — |y —ap)) (%)
and where |z} — ]| are computed according to (x). (In other words, if the numbers
|z} — 2}| violate the triangle inequality, we use the degenerate triangle in X' with
|z — %] = ||2] — xb|x — |z} — 4| x/]). We measure non-straightness of the “bro-
ken edges” [z1,x;], i = 2,3 by the errors 3; = |v1 — yi| + |y — x| — |z1 — x;] for
1 = 2,3, where the equalities 3; = 0 signify that there is no breaks in these “edges”.

We look for a bound of the form

ly2 —yslx < ly> — sl +6(5), ()
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where y! are points on the segments [z}, 2] C X' = H? corresponding to y; with
the distance |y} —y§|nd§f lys — Y5 g2, where e = B2+ 3 and 6 = 6(/3) some universal

function. We observe, that for X isometric to H2, the bound (0) is valid with

some 8(3) < 10(v/B + B)/vV—k

we denote by 6,(3) the infimum of monotone increasing functions &(3) satisfying
(O for all 5-tuples in this X = H2. Then we conclude that (0) holds true with this
very 0,(f3) for all CAT(k)-spaces as follows from the Cycls-comparison inequality.
It is also clear that every ¢'-hyperbolic space satisfies (0) with k = —oo (i.e all
K < 0 and §(8) < 200 for all 8 > 0.

DEFINITION. We say that a (not necessarily geodesic) metric space is CAT;(k)
for a given monotone increasing function 6 = 6(p) if it satisfies (0) with this 4.

REMARK. As far as the essential geometry of an individual geodesic space X
is concerned, we shall only need and use (0) for “unbroken” triangles where 8 = 0.
But if we want to compare spaces X and Y with some correspondence between
their points, where ||21 — 22|y — |y1 — y2|y| < € for the corresponding points, then
it is convenient to have 6(3) defined for all 3 > 0, as the CATs-inequality with a
given 6(3) for one space implies such an inequality with §(3 + 2¢) + € for the other.

In most of what follows, we deal with geodesic spaces X and with (0) for a
number 6 = §(0) where 4(5) is undefined (or assumed = +o0) for # > 0. Such
(0 = (O)p) amounts to the d-perturbation of the comparison inequality for geodesic
triangles A C X (see [Bri-Hae]) which requires that every comparison map c satisfies

le(2') = e(y)lx <12’ —y'Ix +6 (*3)
for all 2,y € A’ C X',

Observe that this CATs(—o0) is equivalent to hyperbolicity:

CATs(—o0) = 46 — hyperbolicity = CATgs(—00).
It is also clear that

CATs(k) = (4/(5 + 46) — hyperbolicity
for all kK < 0. Let us remind that here and in the rest of §3, § stands for the number
0 = 6(0), while 6(8) remains undefined (or set = +00) for 5 > 0.

2. Propagation of convexity.

We shall give below a definition of convexity of subsets Y in CATs(x)-spaces
X which is preserved undertaking the e-neighbourhoods, Y +— Y +€ C X (compare
[GI’O]Hg).

A subset Y in a geodesic metric space X is called geodesicly o-convez if every
geodesic segment [y1,y2] C X with y1,y2 € Y and |y1 — y2| > o contains a point
y € Y different from y; and y». Notice that the geodesic 0-convexity amounts to
the ordinary geodesic convexity for closed subsets X C Y.

2.A. PROPOSITION. If o, € > 1000(—k)~2 max(6/—r, (65/—k)7 ), the e-neighbourhood
implies that for Y + o C X for allY C X and all CATs(k < 0)-spaces X .
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SKETCH OF THE PROOF. If § > 1/y/—k, then X is ¢’-hyperbolic with §’ ~ 11§
and everything follows along the lines in [Grolge. An interesting case here is
§ < 1/\/—k where we should show that the gain in convexity due to k < 0 overcomes
0. In fact the comparison inequality reduces our problems to the following

2.B. LEMMA. Let Y' be a geodesicly o-conver subset in the hyperbolic plane
X' = H, contained in some geodesic in this plane. Then Y' + ¢ is geodesicly
o' -convex for

o' < 0= 107*(=r) " min(ev =k, ov/ =, (eV=R)¥, (0V=R) ?).
Our generous assumptions make the proof rather obvious. In fact, one can,
probably, make it work with 10 instead of 1000 and (this is more relevant) with %
instead of i.

2C. The above shows, that there is some gain in convexity as e-growth. It is
also clear that “normal projection” X — Y 1is distance decreasing up to an error
~ 6 + 0. Namely,

If Y is geodesicly p-convex and y; € Y are nearest points in Y to some points
z; € X, 1 =1,2, then

lyi —y;l < |lzi — ;] +5(6 + o),

and, moreover, if € dZEfm;lné dist(z;,Y) < 0,1(—k)2 and |z; — xj| = d > 10e, then
=1,

lyi — yj] < d—0.01( —re) 4+ 5(5 + o).

3. Local p-convexity.

We say that Y is o-locally (geodesicly) o-convez if every segment [y;,y2] C X
with y1,y2 € Y and o < |y1 — y2| < o contains an interior interior point in Y.

3.A. If k,€,0, o satisfy the assumptions of 2.A. then o-local o-convezity possess
fromY toY + € for all o > 10(0 + €), provided Y is connected.

In fact, the o-local geometry of Y + € is determined by the o'-local properties
of Y for o' somewhat smaller than ¢ and so the local convexity is preserved as €
grows. The growing locally convex domain Y + € can, a priori, meet itself at some
point as happens, for example for growing balls in flat tori, see Fig. 2).

FIGURE 2
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If this happens, we still can continue to increase €, but now our Y +¢ becomes a multi
domain, i.e. a metric space with a locally isometric map into X. Eventually, for
€ = 00, we obtain a space X with such a map into X, and then we conclude to the
injectivity of this map by confronting completeness of X with simply connectedness
of the Ribs complez of X (see [Grolug, [Gro]cat , [Bri-Hae] and references therein).

There is an additional bonus to this argument.

3.3. IfY is o-locally o-convex and connected, then Y +¢€ is (globally!) geodesicly
0-convex.

4. CAT;(k|o)-spaces.

The above argument needed the CAT(k)-properly only for subsets of the size
< 0. With this in mind, we say that Y is CATs(k) on the scale < o and denote
the corresponding class of spaces by CATs(x|o) if the comparison inequality (xs)
is satisfied by the triangles of diameter < 100. Then we have the following

4.A. CATs; HADAMARD-CARTAN THEOREM. Let X be CATs(k|o) with o >
10°(—k)2 max(8v/=k, (5v/—r)3). If X is locally and globally simply connected, then

the metric balls in X are geodesicly o-conver for some o < 1000(—k)?2
max dv/—k, (6v/—r)*). Furthermore, X is &'-hyperbolic for &' depending only on
Kk <0 and .

ProoF. The only point requiring an explanation is the §’-hyperbolicity. But
this follows from the contraction property of the normal “projections” of X to balls
(compare [Grolug).

4.B. REMARK. It is not hard to show that &’ < 105((—k)2 + &) and that X is
CATy (k) with the same bound on §’.

5. Definition of K5(X|o).

One could define K5(X|o| < k) as the CAT(x|o)-property but then one would
loose, for example spaces of negative curvature with cusps. To take care of this, we
have to require CAT;(k|o) not for balls but for suitable multi-balls B(R) — X. So
we say that X has curvature < k with error < ¢ in the o-multivicinity of zo € X,
and write K5(X,z0|0) < —rk if there exists a multidomain (U, ;) — X with
Zo + xo (compare 3.A.) such that

(i) dist(Zo,dU) > 300, where the distance in U is defined via the path metric
induced from X and where U C U is defined as the subset where the (locally
isometric!) map U — X fails to be locally homeomorphic.

(i) Every geodesic triangle in U of diameter < 10¢ and lying 100 far from the
boundary OU C U satisfies the comparison inequality (xs).

(iii) U is (8,0) regular in the sense that every 1005-small in diameter closed
curve in U staying 100-from U bounds a disk of diameter < ¢/100 in U (compare
[Groluc)-

5.A. K5-CARTAN-HADAMARD THEOREM. If Ks5(X,z|o) < —k at all point

x € X, the space X is simply connected and o > 10°(—r)2 max(dyv/—r, (5\/—/-@%),
then X is 8'-hyperbolic for some &' = &' (k,8) < co. Moreover, §' < 10°((—k)2 + 8)
and X is CATs, (ke) for 6o < 10°6.
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The proof is quite similar to the case of K(X) < k as well as of the the J-
hyperbolic case (see [Grolug, [Gro]lcar and [Bri-Hae].

5.B. REMARK. One can define K; with suitable fillings of closed contractible
curves S = S; in X by k-disks (D,) with length (0D) = ¢ (compare [Gro]car.
Here the relevant maps : (D, u) — X are required to be distance decreasing up-to
an additive error ¢, i.e.

lp(x) —eW)lx < |z —yl, +96,
where we additionally insist on the continuity of ¢ (which is unnecessary under the
above regularity assumption). In fact, one can localize this definition by applying
it only to short curves S, i.e. of length ¢ < o and show that this suffices for the
conclusion of the Ks-Cartan-Hadamard theorem to hold true.

6. Evaluation of K; for coned spaces.

The hyperbolic cone Cy, .(U) over a path metric space U is defined as the topo-
logical cone U x [0,r]/U x 0 with the path metric, such that for each (short) curve
S C U the metric on S x [0,7]/S x 0 C Coney (U) equals that of the segment in C’
the r-disk D(r) in H2 over an ark S’ C dD(r) with length(S’) = length(S), where
S' is (obviously) identified with S and C' with S x [0,7]/S x 0.

6.A. LEMMA. If U is CAT (ko < 0) then Cy (U) is CAT(x).

This is obvious (compare [Bri-Hae]). In fact, it suffices to assume that U is
CAT (k4 ) where k4 is the intrinsic curvature of the r-sphere in H?.

6.A’. COROLLARY. If U is CATs(ko < 0) then Cy (U) is CATs(k).
REMARK. All of the above generalizes to non-path metric spaces.

6.B. Given subsets U; in a geodesic space X we consider the cones Cy, »(U;),
attach each Cy (U;) to X accross U; = U; x r C Ck r, and let X* D X denote so
multi-coned spaced X with the natural path metric (compare [Gro]car).

We want to evaluate K45(X*®) for the resulting space X *, where we are concerned
with the points away from the apices of the cones as the latter has been taken care
of in the above lemmas. Start with the case where X is a tree, i.e. a CAT(—00)-
space and Uj;, i € I are subtrees. Here an important characteristics of {U;} is the
(mazimal) overlap between U;, i.e. £ = ({U;}= supdiam(U; N U;).

6.C. CONING LEMMA. Let 0 < r/2 and ¢ < 0.01min(1/v/—k,0). Set

5=3(8) = 6x(B+e)+e
for 6, defined in §1 and

e = 100(0v/—k)3 0/ k.
Then X*® is CATs (k) within the o ball around each point x € X C X*®. Notice that
we returned to functions 6(3) and d,(3) from §1).

ProoOF. To grasp the idea, let first £ = 0. In this case X* is obviously (compare
[Grolug, [Gro]car and [Bri-Hae]) CAT (k). Next we observe that CATs(k) (includ-
ing CATs(—o00) corresponding to hyperbolicity) is stable under perturbations of
spaces in the Hausdorff metric (with %—Hélder dependence of § on the Hausdorff
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distance). This, and the essential locality of CATs(x) (by Hadamard-Cartan) imply
that X*® is CAT;(k), where 6 = §(¢) — 0 for ¢ — 0.

To get a feeling for an actial bound on ¢, one may look at the simplest tree,
namely X = R where U; are just subsegments C R. The major problems in
understanding the geometry of the corresponding X® consists in evaluating by
how much the distance |z — y|y. is smaller than |z — y|p for 2,y € R. The small
(i.e. < 0) segments U; C R do not have a significant effect on the shortening
|z —y|p ~ |x—y|x+ and one may concentrate on the large (> ¢) U;’s. These can be
assumed to have only double intersections, where the combinatorics is transparent
and |z — y|x- is easily computable.

For general trees X, the problem is complicated by the presence of brance
points, but the number of these can be, a priori, bounded. Thus one essentially
reduces the general case to that of the Y-shaped tree, where the branched point is
treated as if it is covered by a large U;.

Keeping all this in mind we start by observing, now for a general tree X, that
the radical projections from the apices of the cones send every geodesic segment
[}, 23] in X * missing the apices to geodesic segments in X, i.e. these projection
biject [z}, x5] to a segment [x1,x2] in the tree X, as an obvious argument shows.
Since the CATs-property concerns 3-tuples of points {zf} C X°®, i =1,...,5, we
may assume that our X is spanned by five extreme points (leaves) z; € X. Now X
contains at most three interior branch points of valency (degree) at most five and to
simplify the computation, we also assume x = —1. (This can always be achieved by
scaling X*® to /—kX*). We divide U; into two groups : those with diam U; > 3
and the remaining short ones with diam U; < ¢ 2. The intersection between two
large U;, say U; NUj, consists of at most 14 = 7 + 7 disjoint subtrees of diameters
> ¢, where each of these meets a vertex (i.e. an extreme or a branch point) either in
U; or in U; and no more than five large U; ever meet at a single point. In fact, the
union of all these double intersections may consist of at most three subtrees meeting
the branch points of X and having diameters < 3¢ and several disjoint segments of
diameters < ¢, where each of the segments meets exteme points of exactly two U;.

Now, we perform two operations over X*®: first we remove the cones over all
short U; with the exception of those containing our points zf, ¢ =1,...,5. Clearly
the distances between z in the resulting space may be greater than they were in
X*® but not by face. In fact, as a geodesic in X*® passes through a cone C; with
short base Uj, it remains within distance < 5(¢3)2 from U; (which was not at all
removed along with C; by our construction) and its length is only slightly shorter
at most by the factor 1 — 5(3. Thus the total enlargement in the distances does
not exceed (2003 + 30((3)?) < 5. Next, after removing the above C; we shrink
to points the connected components of the pairwise intersections of the remaining
U; in X (i.e. the great ones and those containing the ends) and conicly extend
this shrinking to the cones C;. Dispite the fact that the total length of U; can
be quite large compared to o (since the apex projections shorten long geodesic
segments in C; near their ends where they meet U;, while the total length of these
segments strongly increases under these projections), the shortening effect to each
C; is bounded by 2¢ since our shrinking is conical. On the other hand, the total
length of these segments does not exceed 100 and so the enlargement is bounded
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by €/2 = 500(/(3. Now the lemma follows easily with the local-to-global transition
provided by the Hadamard-Cartan theorem.

COROLLARY. If ¢ > 107" /\/—=k and r > 0.2/\/—k, then X* is (10°/\/—k)-
hyperbolic.

6.D. ON THE ROLE OF CATs AND K. One could prove the Corollary within a
purely é-hyperbolic framework and essentially by the same argument without both-
ering with the notions of CATs and K. In fact, as far as applications to random
groups are concerned, one could go without these spaces. However, the lemma car-
ries extra geometric information, such a (better than just 6-hyperbolic) bound on
the distance between “parallel” geodesics that is needed in the combinatorial group
theory. Actually, one needs this mesoscopic curvature not so much for X* itself,
but rather for quotient spaces X */T for (rotation) isometry groups I' acting on X*
where the action is free apart from the apices of the cones. If the curvature remains
< k at the appices, then one can prove (compare [Gro]car) that X*/T" is CATs(k)
which leads to the CAT;(x)-refinement of the hyperbolicity (i.e. CAT (—o0) with
0" > 0) of small cancellation groups. Furthermore, this allows a similar sharpening
of the hyperbolic small cancellation theory as we shall see below.

REMARK. If the subtrees U; in the tree X are homeomorphic to R, then X*
can be (canonicly) Hausdorff approximated by a CAT (k) space (see [GRO]caT).

7. Cones over hyperbolic spaces.

Let X be a dp-hyperbolic space and let us look first at an individual cone
C = Cy»(X), where the important case is where |m|% is small compared to 1/dp.
Since X behaves like a tree on the scale > &g, we see that C has curvature < x up
to a dp-error; more precisely we have the following

7.A. LEMMA. The cone C is CATs(k) for

6 =46(B) = 6x(3) + 10do.
In particular, if 100/—k < 09, then C is 01 -hyperbolic for 6; = 10/v/—k.

Notice that this hyperbolicity less informative than the CATs(x)-property since
the former (non-trivially) controls the geometry of the balls of radii yo for o starting
from something like 1004/—0d¢/x while the hypbolicity of C' emerges only on the
scale of 0 & 10/\/—k.

Take e-convex (see [Gro|ug) subsets U; C X and obtain X* by attracting the
cones Cy (U;) to X as earlier. The definition of the overlap ¢ defined via the
intersections U; N U; is no good anymore. For example, if we have two distinct
geodesics U; and U, in H> going close to each other along segments of length = ¢
and then going far apart, we should assign the overlap ¢ to

FiGURE 3
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them rather than zero.

This can be taken care of by either considering (2¢ + 106)-neighbourhoods of
U; and taking

¢y =sup Diam((U; + 2e + 105) N (U; + 2¢ + 106))
i#]
or by using the supremum (5 of the diameters of the normal (i.e. nearest point(s))
projections U; — Uj for all ¢ and j # i with either of these {’s one has a general-
ization of the tree coning lemma, where we stick below to ¢ = ¢;.

7.B. HyPERBOLIC CONING LEMMA. If 1/y/—k > 10008y and ¢ < 1073//—k
then X* is CATs(k) on the o-balls in X* for

§=0(B) = 0,(B — €+ 1000) + € + 10*5p
with

€o = 1010(6\/—#5)% min(1l,o0v/—k),
where 6, is from §1. In particular, if r > 1/y/—k > 1058 and ( < 1075°/\/—k,
then X*® is 61-hyperbolic for 6, = 10%°/\/—k.

PRrROOF. The idea is that the space X is tree-like on dg-scale and so 7.A applies
with a dg-error. Actually, one could go to the limit for dg — 0, where X converges
to a tree, and thus derive the qualitative form of the present lemma from 7.A.
Since it is convenient (at least notationally) to keep track of the constants, we do it
differently. Take five points x; in X*®, join them by ten segments in X*® and project
these to X from the apices of the cones in X*®. (This applies only to points within
o-balls around points * € X C X*® with ¢ < min(r/4, 1/\/—«), while the balls of
radii < r/2 away from X C X* are already taken care of. Then the properties of
larger balls follow with our generous constants). Segments project to segments and
the union of the ten projected segments can be dj-approximated by a tree Y in X
built of seven segments with §j < 10006 (see [Gro]ug). Now we apply the previous
proof to this subtree with minor adjustments related to the position of Y relative
to U;. A little difficulty comes from the fact, that U; are not geodesicly convex in
the strict sense and so some edges of Y with vertices in some U; may go outside
U;. The easiest way to help it is to stabilize U; by taking their 4dp-neighbourhoods.
This only slightly changes the geometry of X*® and brings a minor (by far less than
we presented) modification of the constants. (Recall that ¢ refers to the geometric
overlaps of neighbourhoods of U; anyway and with this convention the constants
hardly change at all).

7.C. ApPLICATIONS. The main case of interest is where X is acted upon an
isometry group I' generated by I'; where each I'; keeps U; invariant and has “large”
displacements outside U;. Then I' naturally acts on X* with the apices of the
cones kept fixed by I'; and, under suitable (and easily verifiable) conditions each
quotient space X */T'; is CATs(k). Then by a straightforward generalization of the
argument in [Gro]car one obtains the CATs (x) property for X*/T" with something
like ¢ = 44 (or slightly worse but yet controlled on large scale o). This shows, that
the hyperbolic small cancellation groups are not only hyperbolic, but behave as if
they were acting on spaces of negative curvature x < 0 where “as if” corresponds
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to ¢ in CATs(k) that can be made arbitrarily small (for a fixed x < 0) in many
cases of interest.

8. Coning CAT{ (k,r)-spaces.

When we compare a space X with the sphere X/ = S,%Jr of radius 1/,/zy
we must be aware of the fact that some configurations of points in X have no
counterparts in X, as the distances between these points may exceed 7/,/ky =
diam X' ; Then, defining CATs(k4)-property, we require the relevant inequality
between distances only from those 5-tuples {zi,...,y3} C X4 which are suitably
realizable in X'. As we are eventually concerned with C,. ,-cones over these spaces
we just define the relevant property via these cones as follows.

A space X is called CATY (k,7) for some k < 0 and 6 > 0 (which may be
understood either as a function 6(3) or just a single number § = §(0)) if the cone
C.r(X4) is CATs(k).

For example, CAT;"ZQ(O, 1) is obviously equivalent to CAT(1). It is easy to
show that

CAT{ (k,r) = CATS (k',r")
forall ¥ <k andr' <r.
What we shall actually need is the following obvious

8.A. LEMMA. Let X be a geodesic metric space that is dg-hyperbolic in every
ball of radius R in Xy. Then X, is CAT;1 (k,r), for 61 = §1(B) = 6,(B) + 100,

r <0.1(logvV—kR/vV—k.
Notice, that this inequality needs to be confronted with the lower bound r >
1/+/—k. Also observe, that if X, = X /T'; for a (now globally) dp-hyperbolic space
X, and a free isometry group I' acting on X with |z — fy(x)|);+ > 3R > 1000, for

all z € )Z'Jr and all non-identity elements v € 'y, then X is dp-hyperbolic on the
R-balls in X ;. This is exactly where the above Lemma becomes useful.

9. Final Remarks and open questions.

(a) It is unclear if the CATs(k)-spaces can be Hausdorff ¢’-approximated by
CAT(k)-spaces with ¢’ = §'(§) — 0 for 6 — 0. Probably, to have such approx-
imation, one should strengthen the definition of CATs(x) by incorporating more
(6-perturbed) inequalities, such as all Cycl, (), for example.

(b) There is an obvious d-perturbed version of the inequality defining Alexan-
drov’s spaces with K > 0, and it may be interesting to look at the corresponding
spaces with K > k up-to an error 9.

(c) The above mesoscopic extension (d-perturbation) of locally defined classes
of spaces goes along with the Hausdorff distance between metric spaces. If we look
from the angle of metric measure spaces (see [G-L-P]) we come up with other classes
where the relevant (e.g. 4-point) inequalities are satisfied up-to d-error understood
in some measure theoretic (integral) sense. What happens, for example, to Ricci
> 0 in this setting ?
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