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1. Introduction

We first recall some basic definitions on widths (c¢f. [P] for more details). Let X be a real
complex normed linear space and A4 a closed, convex centrally symmetric subset of X.

The n-Kolmogorov width of A in X is given by

dn(4; X) = ipi sup Jnf e —ll

when the infimum is taken over all n-dimensional subspaces X, of X.

The n-Bernstein width of A in X is defined as
bn(A; X) = sup sup{A | AS(X,41) C 4}

n+41

llll

= sup inf
Xty 2E€B(ANXn i)

where X4 in any (n + 1)-dimensional subspace of X, $(X,41) is the unit ball of X,.41.
The following inequality holds (see [P], Proof 1.6)

ba(4; X) < dal(4; X) . (1.1)

n—00

Clearly d,,(A4; X) — 0 implies compactness of A. The purpose of this paper is to develop a
method to estimate certain Bernstein widths in situations where compactness is not available.

More precisely, we will generalize to several variables the (semi)-classical fact that

ba(S(W2(10,11)) » Loo[0,1]) < = (1.2)

where L,,|| |, refers to the usual Lebesgue spaces and Wi([0,1]) stands for the space of

functions on [0,1] with integrable derivative and norm

A llwago, = Il + 11F 1

(Here and in the sequel, S{ ) will refer to the unit ball.)

The proof of {1.2) is topological and rests on the Borsuk-Ulam antipodal mapping theorem.
This method seems difficult to generalize to several variables. Our approach is based on Banach
space theory of finite dimensional subspaces of L? (in particular change-of-density and entropy-

methods). There is the following generalization of (1.2)
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Theorem 1.3. Let d > 1 and §) denote the unit ball in R*. Then
b (S(WE()) , Laja—a(Q)) < can™/ (1.3)
where ¢y is a constant only depending on d.
The relevant Sobolev inequality here is Gagliardo’s inequality
Jullz, e s(re) < ol gradullp,(pey for w€ C5(R?) . (1.4)

More generally, let for 2 multi-index o = (oy,...,a4), ol = 3 ;
i

D® =Dg ...Dg¢ D,, = 8/08z;

and denote
i/p
»/2
HvlullL,(ﬂ) = / ( Z lDﬂu(a:)IZ) de
QN o=t

lullwecay = Vel @ + llullz @) -

Theorem 1.5. Let d > 1 and §0 as in Theorem 1.3. Then
b (S(WE(Q)) 5 Leo()) < can™ . (1.6)

Notice that, up to the value of the constants, inequalities (1.3) and (1.4} are best possible.
This fact is easily seen by considering polynomial spaces.

It will be clear from what follows that one may consider as well the more general type of
domains  appearing in the theory of Sobolev spaces (see [M] for these matters). The aim of
this exposition is to present the new ideas in the simplest cases. Essentially speaking, Bern-
stein width estimates may be derived from any localizable Sobolev inequality. In particular,

application in the context of an inequality such as
Vullz = eflull,

is of potential interest for the spectrum of the Laplacian. Such applications will not be consid-
ered here.

This exposition is not self-contained. The reader will be referred to [M] for some basic
facts about coverings and Sobolev inequalities. More importantly, essential use is made of
methods and results of [BLM] on the geometry of finite dimensional subspaces of L? and the

truly interested reader is advised to consult this paper.
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2. Entropy-Estimates in Subspaces of L?

Details on what follows may be found in sections 4 and 9 of [BLM]. The next change-of-

density principle is due to D. Lewis.
Lemma 2.1. Let X be an n-dimensional subspace of Ly{u), where u is a probability measure.

There is a density A € Ly(p), A > %, [ Adp = 1 such that the space X = A~'X considered

as subspace of L1(g), o = A.p admits an orthonormal basis ¢1,...,pn satisfying
n 1/2
(Zwe) | =2vm. (2:2)
i=1

o
Definition 2.3 (entropy numbers). Denote for 4, B convex centrally symmetric subsets of

a linear space by E(A, B) the minimum number (possibly infinity) of translates of B needed

to cover A.

Definition 2.4. If X is a linear space of functions on some probability space (£, 1), denote

for1<p< o
Sp(X)={f € X | |fllz,m <1} -
Denote also
Sp(X)={f € X [ Iflny, S 1}
where 1, refers to the Orlicz-function e** — 1. Recall also that ||f|| Ly, ™ sup ”f/”_

Lemmma 2.5, Let X be an n-dimensional function space on a probabxhty space (2, p) ad-

mitting an orthonormal basis satisfying (2.2). Then fort > 1

log E(S51(X),154,(X)) < c—-——"lOg(th) ‘n. {(2.6)

Proof: By Proof 9.6 of [BLM]
log{1 + ¢

log E(Sl(X),t52(X)) < c——é(—t,z—}-n

while, by Lemma 9.2 of [BLM]
logE(S’z(X),t.f:'u,2 ) < c— . (2.8)
Sinceforall1 <t <t
log B(S1(X), t54,(X)) < log E(51(X), t252(X)) + log (#152(X), 154, (X)) -

(2.8) is immediate from (2.7) and (2.8). It results from Lemmas 2.1, 2.5 that to any n-
dimensional subspace of L) there corresponds a change of density such that the space in its
new position satisfies the natural (= as in the #2-scale) entropy-estimates. This fact will be

exploited as follows
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Lemma 2.9. Given an n-dimensional subspace of X of L'(p), there exists a density-function
A (as in Lemma 2.1) such that the following holds: Let Y be a subspace of X of dimension
dimY > %. Then there is f € Y fulfilling the conditions

Az =1 (2.10)

[[os(2)] s -

where C is an absolute constant.

Proof: In virtue of Lemma 2.1, there is clearly no restriction to assume (2.2) valid, in which
case, by Lemma 2.5, (2.6) holds. (The density A appearing in Lemma 2.9 is given by Lemma

2.1.) From volumetric considerations,
logE(Sl(Y), %sgm) >n. (2.12)
From (2.6), for sufficiently large (numerical) value of ¢
n
log E(81(Y),154,(X)) < 7" (2.13)

Since the centers of the covering balls may always be taken in Y, provided the radius £ is

doubled, also
log E(S1(Y), 2tSy,(Y)) < 12‘- (2:14)

which together with (2.12) implies that

15:1(Y) 2 2t54,(Y) .

Thus there is ¢ € Y satisfying ¢y, < 2¢ and ||¢||; > }, completing the proof.

3. Proof of Theorem 1.3

Recall first following covering property due to Besicovitch {see [M], Theorem 1.2.1 for a
proof).

Lemma 3.1. Let 2 be a bounded set in IR®. Associate to each point z € Q a ball B,(2)(),
r(z) > 0 and denote B the collection of these balls. Then one may choose a sequence {By,} of

balls in B such that
aclyBn (3.2)
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and

{Bm} has multiplicity bounded by M = M{d) (3.3)

(= a constant only depending on the dimension d). Thus each point is in at most M balls B,,.
Lemma 3.2. Let Q be the unit ball in IR* and 1, the intersection of §} and a ball centered

at a point in §). Then, letting p = ;%T, on a subspace of codimension 1, the inequality

lellr, @,y < CliVUllr,an (3.3)

holds. Here ¢ = ¢4 only depends on the dimension.

Proof: Notice homothetic invariance in (3.3) which permits the assumption ; is 1-bounded

and satisfies the cone-property in a uniform way. Thus Q; admits a Stein extension operator
¢ = Wi () — WI(IR?) with a uniform bound (cf. [M]). Also, by Lemma 1.1.11 of [M], there

is a function ¢y on Q; such that

fle = {w, eo}llzuayy < CliVullziay (3.4)

where C' is a uniform constant. Hence, applying Gagliardo’s inequality

lvllz,mey < CIVlL (R (8.5)
(cf. [M)]), it follows

llw = (u, @0}l ) <N€(w = (u,00))llL,(me) <
Clv(et ~ (w e, ey <
Cliéllle — (w po)liwzca,) <
CIVullzyay)

This implies Lemma 3.2.

Remark. By Lemma 1.1.11 of [M], the generalization of previous localization argument,

when there are higher order derivatives involved, is clear.

Proof of Theorem 1.3. Let X be an n-dimensional subspace of W}(€2) and consider its

image V{X) under the linear map

Vo= (8yyeees0a,) i WEHOQ) = Li() @ O Li() 2 Li(NB - N) .
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Application of Lemma 2.5 to the space V(X) gives a density A on § such that any 2-

dimensional subspace Y of X contains an element f fulfilling the properties

IVFfll: =1 and ‘/‘Aexp(I fl) <C. (3.8)

(Notice that in the preceding the linearity of V is important.)
Define k = %{, where M is the constant of Lemma 3.1. To each z € §, assign r(z) > 0
so that

/ Alyydy =« . (3.7)
r(x)(x)
Let {Bn.} be obtained applying Lemma 3.1. Notice that by {3.3),(3.7), n; = #{Bn.} has to
satisfy
=Y [ a<|Tun| ([a)<u
m m m o0 Y
hence
n
ny > < 'z-

Denote Q,, = QN By, for 1 < m < n; to which Lemma 3.2 is applied. Thus
lullz 0 < ClIVulLya,y (1 <m<n) (3.8)

holds, for all » in a space of codimension < n;. In particular, (3.8) holds for all f in a

half-dimensional subspace ¥ of X. Take f satisfying (3.6) in addition. Since in particular

/ [Vipal <o (3.9)
o
it follows from (3.2),(3.8),(3.7),(3.3),(3.9) and Hélder’s inequality

IAIE, oy < DAy < OZ VA2 cam)

VAL '
: C;! AP Lp(fim) At Hip'(“m)
-1
= PALIP A
X ([ wra)(f,.)
< CrPIM

Hence, by definition of p and &, ||f|z (a) < Cn~1/?, completing the proof.
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Remark. The pevious argument breaks down for d = 1. This case or, more generally (1.4),

will be considered in the next section.

4. Proof of Theorem 1.4

Since the ball has the Stein extension property, one may as well take for Q the cube
]0,1[¢ (this simplifies the construction of certain partitions introduced later). We first draw

the following corollary from Lemma 2.5
Lemma 4.1. Let X be an n-dimensional subspace of L}(Q, ) with an orthonormal basis

satisfying (2.2). Let (P;)i=1,2,.. be a sequence of finite partitions of Q such that

#P;=N; and p(4)= ]%- for Ac P (4.2)

Let (A;) be a sequence of positive numbers fulfilling the conditions

2

A; < N; and Z N;exp (_%%) <n. (4.3)
i

IfY is a subspace of X, dimY > %, there exists f € Y satisfying

Nl =1 }
(4.4)

sup sup Ail(f,xa)| S C .
AEP;

k3

Proof: For each i, consider the operator Tif = ({f,x4))acp; ranging in £3;. Again from

entropy considerations, it will suffice to fulfill an inequality

log E(S1(X),{f € X | |IT:f|| < A\;* foreach i})<Cn. (4.5)
Since, by Lemma 1.5, (2.6) holds, (4.5) may be replaced by

log E(Sy,(X), {f € X | |T:fll < A;* foreach i})<Cn

or equivalently

log E({(MTLf) | f € $4a(X)} 5 S(9t,)) < Cn. (4.6)

Estimate the left number of (4.6) by

D log B({MT:f | £ € $4,(X)} 5 S(ER,) - (47)
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By (4.2), taking conditional expectation with respect to P;, for || flly, <1

% > exp(Ni(f,x4))* <1

' Aep;
hence
T < L
I 1f”L:'3 = F‘
where L%’ stands for the L¥? space on {1,...,N} with normalized counting measure. Thus

(4.7) is bounded by
Ek,gE(S(Lﬁ:) , %S(m)) . (4.8)

It is easily verified that (t > 1)
log E(S(L¥*) , tS(£%)) < Ce~ TN (4.9)

(See [BLM], section 9 for a proof.) Substitution of (4.9) in (4.8) gives the condition (4.3)

2
ZN;exp <—% (—?—'—) > <n.

Remark. It is easily verified that Lemma 4.1 remains valid if the hypothesis of the P; being
partitions is replaced by a hypothesis of bounded multiplicity. Let now X be an n-dimensional

subspace of W{(£2) and consider its image V;X under the mapping

Vi WHR) — L (@)@ 8 L'Q) = L8 80): f — (D*fjajes

dy components

- t
where d; = %H)ﬁ.

Application of Lemma 2.1 to V34X gives a density (Ag)jaj=a on 2 @ -+ ® 2 and we let
A= 31; > Aq. Then (A®---® A)"1.V4X is a subspace of L}(®RQ, A dz) satisfying the
|eej=dy
hypothesis of Lemma 4.1.

[

Next apply as in the previous section Lemma 3.1 in order to obtain a sequence B!, B%,..., B™

of intersections of £ and some cube centered at a point of €2, such that

Ae)e~L  (1<m<n) (4.10)
B™ n

{B%,..., B"’} has bounded multiplicity (4.11)
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(Lemma 3.1 remains valid if balls are replaced by cubes.) Here n' ~ n and will be specified

according to later needs. Fix 1 < m < n'. Construct partitions P7 . of B™ =J; x--- x Jg

in rectangles

A=1I, x1I XX Iy ss (35 < 2%)

81,82

where for s1,...,s;-1 fixed, Iy (1 €8 < 2*5‘) are consecutive intervals chosen such
that

/ A =gty [ A . Lgmii—emis (4.12)
Q Bm n

where Q@ = I, x --- x [,

s1ytjor X dayyiia; g0 X Jjx1 x -+ Jg. Thus letting 7 = (i1,...,14),

[Tl =4y + - -- +4;, it follows that

N; = #P = 2 (4.13)
and

al
/ A~2FZ for AePr. (4.14)

A g
Let P; be the collection of rectangles obtainedas  |J P, of bounded multiplicity, by (4.11).

1<m<n’

Defining A; = n'2317l, condition (4.3) becomes

n > Z |P5| exp ( - %A.}"z]?;lz) =n' ZZm exp ( — %2'“) (4.15)
Tiyeenyid 7

which may be satisfied for n’ ~ n.

Assume Y a subspace of X, dimY > % and apply the conclusion of Lemma 4.1 to the
subspace (A @ --- D A)'V,Y of (AD - @ A)"1V4X (the systems P are reproduced here
on each of the components of the direct sum space & @ .-+ & §2). One gets then some f € YV
satisfying

P AT D*fllz1(ade) = up 1D%flizray =1 (4.16)

and

(D0l = | [ (a0 do)| < 02 ¥
A
for laj=d,1<m<n, AeP. (4.17)
Fixing m = 1,...,n' and considering the domain B,,, one has a uniform inequality

[fllLe(B,,) < C sup sup |(D*f, xr)] (4.18)
laj=d R

for all f taken in a space of codimension < Cy. The supremum in R relates to all parallelopipeda

contained in B,, (the validity of this claim is easily seen by rescaling B, to the unit cube and
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applying the fundamental theorem of calculus or Theorem 1.1.10.1 of [M]). If »'Cy < % and
the space Y «— X considered above is defined appropriately, one gets some f ¢ X satisfying

(4.18) in addition to (4.16),(4.17). It remains to evaluate || flizo(a) = | max | fllze(B,)- By
sSmain

(4.18), this may be done by estimating (D°f, xg), where R is a parallelopipedum in B,, with
same origin as By,. It easily follows from the construction of the partitions P (7 = (4,...,14))

that R admits a representation as disjoint union
R={JR: (4.19)
T

where Ry = § or Ry € P*. The reader will easily verify this fact by considering d = 1,2 éte.
From (4.19) and (4.17)

KD f,xr)| < Z {D*f,xr.)| < Cn7? Z o= Flittia) _ o1
B igyeesid

Hence || flloc < Cn™1, concluding the proof of Theorem 1.4.
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