
N O N S I N G U L A R  M A P P I N G S  O F  S T E I N  M A N I F O L D S  

M .  L .  G r o m o v  a n d  Y a .  M .  l ~ l i a s h b e r g  

1. Le t  M be  a S t e in  man i fo ld ,  and  c a bundle  of g e r m s  of  h o l o m o r p h i c  func t ions  on th i s  man i fo ld .  
F o r  the v e c t o r  f i b e r i n g  X ~ M we s h a l l  deno te  by  ~ (x) a bundle  of  g e r m s  o f  i t s  h o l o m o r p h i c  cu t s ,  by 
X s ~ M a f i b e r i n g  o f  s - j e t s  o f  cu t s  b e l o n g i n g  to ~ (x), and  by  gs : j~ (X) ~ ~ 4  (X s) the o p e r a t o r  of  t ak ing  a n  
s - j e t .  F o r  f i b e r i n g s  X, Z ~ M the d i f f e r e n t i a l  o p e r a t o r  D : ~¢ (X) --. ~ (Z) and the V - h o m o m o r p h i s m  ~ : 

(x ~) ~ ~ (z) a r e  s a i d  to be a s s o c i a t e d  i f  D = A o j s .  

F o r  an  a r r a y  {~i} l<  i<q  of  (not n e c e s s a r i l y  ho lomorph i c )  cu t s  M --* Z we s h a l l  denote  by  2;k{~" i} ~ M 
a s e t  of po in t s  m E M such  tha t  t h e s e  cu t s  g e n e r a t e  in f i b e r s  Z m  C Z o v e r  t h e s e  po in t s  a s p a c e  of  d i m e n -  
s i o n  s m a l l e r  than  k .  An a r r a y  {~i} i s  s a i d  to be  Z k - n o n s i n g u l a r  i f  ~:k {~j} = :~ k = 1, 2 . . . . .  min  (q, d i m  
Zm) .  

2.  L e t  ~ : ~ (x') ~ ./~ (z) and o : ,~/(x) ~ .~ (z) be  a ~ - h o m o m o r p h i s m  and an o p e r a t o r  tha t  a r e  a s s o -  

c i a t e d .  By Ik(P; q - p )  we s h a l l  denote  the  s p a c e  of  a r r a y s  {Ti '  ~j}  of  h o l o m o r p h i c  cu t s  Ti:  M ~ X, Cj: 
M ~ X  s ,  1 -< i -< p,  p + 1 --<j --< q, such  tha t  the a r r a y  {D(~,i); ~ (~j)} i s  Z k - n o n s i n g u l a r .  

2A.  I f k  < q, the  m a p p i n g s  Ik( p . 1 ;  q - p - l )  ~ Ik(P; q : -P ) ,  c o n s i s t i n g  of  a r e p l a c e m e n t  of  the cu t  
Tp+I  by  a j e t  C p + l  = j s  (Tp÷ l ) ,  w i l l  be  w e a k  h o m o t o p i c  e q u i v a l e n c e s .  

2B. COROLLARY.  If  ~ i s  an  e p i m o r p h i s m ,  q > k ,  and t h e r e  e x i s t s  a Z k - n o n s i n g u l a r  a r r a y  of  q 
h o l o m o r p h i c  cu t s  M --* Z, the  s p a c e  Ik(q; 0) w i l l  be nonempty .  

I t  i s  conven i en t  to c o m p a r e  2B wi th  two c o r o l l a r i e s  of  the I k a - G r a u e r t  p r i n c i p l e .  

2C. In t h r e e  c a s e s ,  a) k = 1, b) k = q,  and c) k = d i m Z m ( m  E M), the  p r e s e n c e  of a Z k - n o n s i n g u l a r  
a r r a y  of  q con t inuous  cu t s  M -* Z i m p l i e s  the  e x i s t e n c e  of  the s a m e  type  of h o l o m o r p h i c  a r r a y .  

2D. Le t  us  w r i t e  n = d i m M  and r = d i m  Zm.  In the  fo l lowing f ive c a s e s  t h e r e  e x i s t s  a Z k - n o n s i n g u l a r  
a r r a y  of  q h o l o m o r p b i c  cu t s  M - - ~ Z :  a) k = l ,  2 r q > n ;  b) k = q ,  2 ( r - q  + l ) > n ;  c) k = r , 2 ( q - r  + l ) > n ;  

d) r q , n < ( r - k + l )  ( q - k  +2) ;  e) q - r - 2 >  ~,2-q+l}a[ ' l (n- -a~) ,eOeai=r--k-} -2 i~- t ,  v=: (I/n+k--r--t) 
i = 0  

3.  Out l ine  of  P r o o f  of  P r o p o s i t i o n  2A. F o r  l l  ~ M we s h a l l  deno te  by  Id II ~ ¢ an a s s o c i a t e d  bundle  
of  i d e a l s .  A d i f f e r e n t i a l  o p e r a t o r  Do: ~6 (xl ~ # i s  s a i d  to s e m i t r a n s v e r s e  to an a n a l y t i c  s e t  Z ~ M if  fo r  
any  n a t u r a l  t ,  any  a n a l y t i c  n ~_ ~ with D0((Id I I ) t  d(x))  c Id II and any  g e r m s  r ~ ¢, ~ ~ 0d I I ) t - ~  (x) we have  

D0(f  T) - fD0(2/)  e ID I f .  

3A.  I f  Do i s  s e m i t r a n s v e r s e  to ~ and the h o m o m o r p h i s m  o v e r  2~ a s s o c i a t e d  with D O i s  e p i m o r p h i c ,  
t h e r e  e x i s t s  a h o l o m o r p h i c  cu t  ~/: M --~ X, such  tha t  the  funct ion D0(T) does  not van i sh  on  Z.  

P r o o f .  By s u c c e s s i v e  con t inua t ion  to the  a p p r o p r i a t e  l a y e r s  of  the  s e t  Z we c o n s t r u c t  T and a func-  
t ion  ~ on r wi th  exp ~' = D0(T) I Z .  

We show how to c o n s t r u c t  on the b a s i s  o f  an a r r a y  b e l o n g i n g  to Ik(P; q - P )  an  a r r a y  b e l o n g i n g  to 
Ik(p + 1; q - p - l )  ( thus we  p r o v e  2B, but  not  2A). We u t i l i z e  the fac t  tha t  for  a t y p i c a l  a r r a y  a = {~/i; q j }  E 
Ik(P; q - p )  t h e r e  e x i s t s  a c - h o m o m o r p h i s m  ~ : ~  (z)~  $, fo r  which  the o p e r a t o r  Do: .@ ( x ) ~  ~ a s s o c i a t e d  
with A 0 = 6  ° A  is  s e m i t r a n s v e r s e  to Z = Z k {D(Yi); A(gaj)},  1 -< i -< p,  p + 2  --< j --< q, a l l  the D0(~/i), ~o(gaj), 
j -> p + 2, v a n i s h  on Z ,  w h e r e a s  A0(gap+ l) does  not  v a n i s h  on Z .  By r e p l a c i n g  in the  a r r a y  ~ the  cut  gap+l 
b y  the s a m e  T a s  in  3A, we  ob ta in  the  s o u g h t - f o r  a r r a y .  

L e n i n g r a d  S ta te  U n i v e r s i t y .  T r a n s l a t e d  f r o m  F u n k t s i o n a l ' n y i  Ana l i z  i Ego P r i l o z h e n i y a ,  Vol .  5, 
No.  2, pp.  82-83 ,  A p r i l - J u n e ,  1971. O r i g i n a l  a r t i c l e  s u b m i t t e d  O c t o b e r  1, 1970. 

© 1971 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be rcproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

156 



4. Mappings M --* cq .  F o r  a ho lomorph ic  mapp ing  f :  M --~ cq  with coo rd ina t e s  f i  : M ~ C 1, 1 -< 
i -< q, we sha l l  wr i t e  Zk ( f )  = Zk {df i}  [the d i f f e r e n t i a l s  d f i  a r e  cuts  M ~ T*(M)] and ca l l  it a ~-k-non- 
s i n g u l a r  mapp ing  if  Zk ( f )  = Q. Mappings which a re  Y k - n o n s i n g u l a r  with k = d i m  M a r e  i m m e r s i o n s .  

4A. An n - d i m e n s i o n a l  Ste in  mani fo ld  can be i m m e r s e d  in c q  with q = [3n/2].  

P r o o f .  Fo r  the case  n = l ,  see  [2]; the c a s e n >  1 r e duc e s  t o 2 B a n d  2D. 

A m o r e  thorough a n a l y s i s  (see 4B) leads  to a p r o p e r  i m m e r s i o n  in  c q  with q = [3n/2] + 1 and to a 
p r o p e r  Z n - l - n o n s i n g u l a r  mapp ing  in  cq  with q = 1 + n + in In ~f2]. 

4 B .  An  n - d i m e n s i o n a l  Ste in  man i fo ld  can  be p r o p e r l y  embedded  in  c q  with q = [3n/2] + 2. (Fo r  q = 

[5n/3] +2, see  [1]). 

Out l ine  of P roof .  Let  Hq be a se t  of ho lomorph ic  mapp ings  h : M x M --* c q  with h(x, y) = - h ( y ,  x), 
(x,y) E M × M. F o r  f :  M ~ c q  we sha l l  def ine  D f E H q  b y t h e  f o r m u l a  D r ( x ,  y) =f(x),f(y). Let IH q ~  H q 
be a se t  of h E Hq for which the p r e - i m a g e  h-l(0) co inc ides  with the d iagonal  in M × M, and the r e s t r i c t i o n  
of the d i f f e ren t i a l  dh to the d iagonal  has  r a n k  n. We sha l l  be g i n  with a p r o p e r  mapping  f :  M -* C n+ l ,  for 
which cod im ~ i ( f )  -> ( n - i  + 1) ( n - i  + 2), 1 -< i --< n, w h e r e a s  the d i m e n s i o n s  of double and t r ip l e  s e l f - i n t e r -  
s ec t i ons  a r e  not l a r g e r  than n - 1  and n - 2 .  Then  we c o n s t r u c t  an h E HP, p = [mf2] + 1, such that the p a i r  
(D f ,  h) E H n+ l  × HP = Hq be longs  to IHq. F ina l ly ,  by s u c c e s s i v e l y  r e p l a c i n g  (see Sect ion  3) the coo rd ina t e s  
hi EH 1,1" -< i -< p, we t r a n s f o r m  h into a g: M - ~  CP such that  the p a i r  (Df,  Dg) EHq = H  n+l  x H P w i l l a l s o  

be long  to IHq. The ho lomorph ic  mapp ing  f × g : M --~ C n+ l  × CP is  the d e s i r e d  one.  

5. The above r e s u l t s  r e m a i n  val id  for  cohe ren t  bundles  ove r  Ste in  s p a c e s .  M o r e o v e r ,  P r o p o s i t i o n  
2]3 can be p a r t i a l l y  ex tended  to aff ine mani fo lds  over  an  a l g e b r a i c a l l y  c losed  field K. For  example ,  for 

l i n e a r l y  independent  v e c t o r  f ie lds  XI, . . . .  Xn ove r  such a man i fo ld  M the re  ex i s t s  a r e g u l a r  mapping  
f : M --* K n+l ,  for which the v e c t o r s  (X'f) (m) E K n+ l ,  m E M, a re  l i n e a r l y  independen t .  I n p a r t i c u l a r ,  an n -  

d i m e n s i o n a l  l i n e a r  a l g e b r a i c  group can be i m m e r s e d  in  K n+l .  

lo 
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