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HOLOMORPHIC L? FUNCTIONS ON COVERINGS OF
PSEUDOCONVEX MANIFOLDS

M. GroMOV, G. HENKIN AND M. SHUBIN

0 Preliminaries and Main Results

1. Let M be a complex manifold with a smooth boundary which will be
denoted bM, dimc M = n. Let us denote M = M U bM and assume
for simplicity that M C M where M is a complex neighbourhood of M,
dimc M = n, so that every point z € bM is an interior point of M. Let us
take a C°-function p : M — R such that

M={z|p(z) <0}, bM={z|p(z)=0}; dp(z)#0forall zcbM.

(0.1)
For any z € bM denote by T(bM) the complex tangent space to bM: the
maximal complex subspace in the real tangent space T, (bM), dimc T (bM)

=n—1 1If z1,..., 2z, are complex local coordinates in M near z € bM,
then T, M is identified with C™ and

TE(bM) = {w = (w1, ... ,wn) ‘ zn: g—g(z)wj - } : (0.2)

The Levi form is an hermitian form on T5(bM) defined in the local coor-
dinates as follows:

2)WwWy, . 0.3
Py lﬁzjazk J (0.3)

The manifold M is called pseudoconver if L,(w,w) > 0 for all z € bM
and w € TS(bM). Tt is called strongly pseudoconvez if L,(w,w) > 0 for all
z € bM and all w # 0, w € T¢(bM). In this case replacing p by e — 1
with sufficiently large A > 0 we can assume that L.(w,w) > 0 for all w # 0
(not only for w satisfying the condition in (0.2)).

Equivalently, strongly pseudoconvex manifolds can be described as the
ones which locally, in a neighbourhood of any boundary point, can be
presented as strongly convex domains in C™.

Denote by O(M) the set of all holomorphic functions on M.
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A point z € bM is called a peak point for O(M) if there exists a function
f € O(M) such that f is unbounded on M but bounded outside U N M for
any neighbourhood U of z in M.

A point z € bM is called a local peak point for O(M) if there exists a
neighbourhood U of z in M such that z is a peak point for O(M)|(U N M)
which is the space of all restrictions of functions from O(M) to UN M. In
other words there exists a function f € O(M) such that f is unbounded in
UNM for any neighbourhood U of z in M and there exists a neighbourhood
U of z in M such that for any neighbourhood V of z in M the function f
is bounded in U — V.

Note that the pseudoconvexity and strong pseudoconvexity at a point
z € bM are local notions, whereas being a peak point or a local peak point
for O(M) depends on the global structure of M.

The Oka-Grauert theorem ([Grl], see also [FKo|, [He]) states that if M
is strongly pseudoconvex, bM is not empty and M is compact, then every
point z € bM is a peak point for O(M). (Moreover for every z € bM there
exist functions fi,..., f, € O(M) which are local complex coordinates in
UN M for a neighbourhood U of z in M.) Tt follows in particular that the
space O(M) is infinite-dimensional. If M is weakly pseudoconvex then the
space O(M) is not necessarily infinite-dimensional (see [Gr2]). But if M is
weakly pseudoconvex, M is compact and, in addition, in the neighbourhood
of bM there exists a strictly plurisubharmonic function (not necessarily
vanishing on bM) then M can be exhausted by strongly pseudoconvex
manifolds (see e.g. (i) in the Lemma 1.10 below). In this case O(M) is
again infinite-dimensional by the Oka-Grauert theory. Note that for the
case of domains in C” we can even construct the required exhaustion using
a global plurisubharmonic function in M (see e.g. [H62]). This is not true
in general case (see e.g. an example in [Gr2]).

One of the goals of this paper is to extend these results to the case when
M is not necessarily compact but admits a free holomorphic action of a dis-
crete group I such that the orbit space M /T is compact (or in other words
M is a regular covering of a compact complex manifold with a strongly
pseudoconvex boundary). In this case we shall use the von Neumann I'-
dimension dimr to measure Hilbert spaces of holomorphic functions (or
some exterior forms) which are in L? with respect to a I-invariant smooth
measure on M. In case when the group I is trivial (i.e. has only one ele-
ment) the I'-dimension is just the usual dimension dimc. We shall prove
that the space of L2-holomorphic functions on a strongly pseudoconvex
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regular covering M of a compact manifold with a non-empty boundary has
an infinite I'-dimension and every point z € bM is a local peak point for
this space.

We shall also prove that dimp L?O(M) = oo, if covering M is only
weakly pseudoconvex, but with strictly plurisubharmonic I'-invariant func-
tion existing in a neighbourhood of bM.

The arguments given in the proof can be carried over if instead of the
discrete group I we have an arbitrary unimodular Lie group G (not neces-
sarily connected) with free action on M (holomorphic in M) such that the
quotient M /G is compact. The unimodularity is used just to introduce a
von Neumann trace and the corresponding dimension as in [CoMo].

A natural question arises: is the cocompact group action really relevant
for the existence of many holomorphic L?-functions or is it just an artifact
of the chosen methods which require a use of von Neumann algebras? Can
we at least get rid of the unimodularity requirement? In section 3 we give
an example which shows that the answer to the last question is negative.
In this example dimc M = 2, bM is strongly pseudoconvex, G is a solvable
non-unimodular connected Lie group, dimr G = 3, G has a free action on
M which is holomorphic on M, M /G = [-1,1], but L2O(M) = {0}.

It follows in particular that if we only impose bounded geometry condi-
tions with uniform strong pseudoconvexity, then the space of holomorphic
L?-functions may be trivial. It is not clear how to formulate conditions
assuring that dim L?O(M) = co without any group action.

About half of the presented results are contained in [GroHeS] which can
be considered as a preliminary version of this paper.

2. Let us choose a boundary point x for a strongly pseudoconvex mani-
fold M and describe the classical E. Levi construction of a locally defined
holomorphic function on U N M (here U is a neighbourhood of x in M)
with the peak point z. Let us consider the Taylor expansion of p at x:

p(z) = p(x) +2Re f(2,2) + Ly(z — 2,2 — 7) + O(|z — z|*), (0.4)

where L, is the Levi form at x and f(z, z) is a complex quadratic polyno-
mial with respect to z:

B op 1 0%p
f@2)= 3 g @ —m)+3 oy
1<v<n 1<p,v<n

(x)(zu - ZL‘H)(ZU —x,).

The complex quadric hypersurface Sy = {z | f(z,2z) = 0} has TS(bM) as
its tangent plane at . Therefore the strong pseudoconvexity implies that
p(z) > 0if f(x,z) =0 and z # z is close to x. This means that near x the
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intersection of the hypersurface S, with M consists of one point . Hence
the function 1/ f(z, ) is holomorphic in UNM (where U is a neighbourhood
of z in M) and =z is its peak point.

The technique which allows to pass from locally defined holomorphic
functions to global ones is d-cohomology on complex manifolds. For any
integers p,q with 1 < p,q < n denote by APY(M) the space of all C*®
forms of type p,q on M, i.e. forms which can be written in local complex
coordinates as .

w= Z wI?szI Adz
[|=p,|J=q
where dz! = dzit Ao Nder, dzd = dZ NN dF T = (i, i),
J=(J1,--50q), 11 < -+ <lip, J1 < -+ < jg, and wy y are C*° functions in
local coordinates. Here and later >’ stands for summing over increasing
multiindices. For such a form w its 0 differential is written as

— / n aWIJ
_ o ok I A g5
Ow = Z Z BEG dz° Ndzt Ndz7
[|=p,|J|=q k=1
so O defines a linear map 0 : AP4(M) — AP9TY(M). All these maps
constitute a complex of vector spaces

AP® 0 — APO S AP L AP ),
Its cohomology spaces are denoted HP4(M).

An important part of the Grauert theorem is the fact that dimc HP4(M)
< oo for all p,q with ¢ > 0 provided M is strongly pseudoconvex and M
is compact. A refinement of this fact is used in constructing global holo-
morphic functions on M with a peak point x € bM as follows. We start
with a locally defined function ¢ € O(U N M) (here U is a neighbour-
hood of z in M ) with a peak point at x, multiply it by a cut-off function
x € C§°(U) which equals 1 in a neighbourhood of z, then solve the equa-
tion 0f = d(xg) on M in appropriate function spaces consisting of bounded
functions on M. If we can do this then the function xg — f is holomorphic
on M and x is its peak point. The existence of a bounded solution for the
equation df = a € A% (M) for all forms o with o = 0 is equivalent to the
vanishing of an appropriate refinement of the cohomology space H 0’1(M )
(we should actually consider cohomology HP?(M) with estimates). If we
only know that the latter space has a finite dimension then we still can
solve the equation 0f = a for all O-closed forms « in the space of finite
codimension in the space of all O-closed forms. This is sufficient to con-
struct holomorphic functions on M with the peak point x because it is
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easy to provide an infinite-dimensional space of holomorphic functions in
a neighbourhood of x having z as its peak point (e.g. we can take a linear
space spanned by all powers of one function with the peak point x).

3. Now we shall give a very brief description of the I'-dimension. It will
be used to measure I-invariant spaces (of functions and forms) which are
infinite-dimensional in the usual sense. It is also convenient to use the I'-
trace. For more details we refer the reader to [At], [C] and textbooks on
von Neumann algebras (e.g. [D], [N], [Ta]).

We shall denote the I'-dimension by dimp. It is defined on the set of
all (projective) Hilbert I'-modules and takes values in [0, c0]. The simplest
Hilbert I'-module is given by a left regular representation of I': it is the
Hilbert space L?I" consisting of all complex-valued L2-functions on I'. The
group I' acts unitarily on L°T by 7 — L., where L, is defined as follows:

Lyf(z)=f(y'z), zel, felT.

By definition dimp LT = 1.

For any (complex) Hilbert space H define a free Hilbert I-module
L’T ® H. Its I'-dimension equals dimcH. The action of I' in L?T' @ H
is defined by v+ L, ® I.

A general Hilbert I'-module is a closed I'-invariant subspace in a free
Hilbert I'-module. It would be natural to call such subspaces projective
Hilbert modules, but the word “projective” is usually omitted, so only
projective Hilbert modules are considered.

For any Hilbert space H denote by Ar a von Neumann algebra which
consists of all bounded linear operators in L?TI’ ® H which commute with
the action of I' there. This algebra is in fact generated by the operators
of the form R, ® B, B € B(H), v € I', where B(H) is the algebra of all
bounded linear operators in H, R, is the operator of the right translation
in L°T, i.e.

R, f(x) = f(zy), xz€l, felLT.
This means that the algebra Ar is the weak closure of all finite linear
combinations of the operators of the form R, ® B. So in fact Ar is a
tensor product (in the sense of von Neumann algebras) of Rp and B(H)
where Rr is the von Neumann algebra generated by the operators R, in
LT (it consists of all operators in L?I" which commute with all operators
L, veTl).

There is a natural trace on Ry. It is denoted by trr and defined as the
diagonal matrix element (all of them are equal) in the é-functions basis.
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For example we can define it by
tl“FS = (5(56, (56) s S e Rr s

where e is the neutral element of I, . € LT is the “Dirac delta-function”
at e, i.e. 6¢(r) = 1 if z = e and 0 otherwise. There is also a natural trace
on Ap too: Trp = trpr ® Tr where Tr is the usual trace on B(H).

Now for any Hilbert I'-module which is a closed I'-invariant subspace L
in L’T' ® H, its I-dimension is defined by the natural formula

dimp L = Trp Py, ,

where Py, is the orthogonal projection on L in L?I’ ® H.

4. Let us describe the reduced L? Dolbeault cohomology spaces on a com-
plex (generally non-compact) manifold M with a given hermitian metric.
Denote the Hilbert space of all (measurable) square-integrable (p, g)-forms
on M by L2AP? = [2AP4(M). The operator
d: L*APY(M) — L2APITH (M)
is defined as the maximal operator, i.e. its domain DP4 = DP4(9; M) is
the set of all w € L2AP4 such that ow € L?AP4*! wwhere Ow is applied in
the sense of distributions. Obviously 9> = 0 on DP* and we can form a
complex
L2AP® .0 — DPY — Dl ... . DP" 0.
Its cohomology spaces are denoted L?HP(M) and called L? Dolbeault
cohomology spaces of M:
L?HPY(M) = Ker(d : D1 — DP4Y) /Tm(d : DP9~ — DP).
We actually need reduced L? Dolbeault cohomology spaces
L*HP9(M) = Ker(0 : DP? — DP9 Im(9 : Dra—1 — Dpa) |

where the line over Im 0 means its closure in the corresponding L? space.
Since Kerd is a closed subspace in L?, the reduced cohomology space
L?HP4(M) is a Hilbert space.

Note that the space L2ZH?9(M) coincides with the space L?O(M) of
all square-integrable holomorphic functions on M.

5. Let us assume now that M is a complex manifold (with boundary)
with a free action of a discrete group I' on M such that M /T is compact
and the action is holomorphic on M. (Here M = M UbM.) Let us assume
that an hermitian I'-invariant metric is given on M. Then the reduced L?
Dolbeault cohomology spaces become Hilbert I'-modules. Hence they have
a well defined I'-dimension (possibly infinity).
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We will also assume for simplicity that M is a closed subset in M where
M is a complex neighbourhood of M with a free holomorphic action of T so
that this action and the complex structure on M extend the corresponding
structures of M, and every point of M is an interior point in M.

Now we will formulate our main results.

Theorem 0.1. If M is strongly pseudoconvex, then dimp L2 HP4(M) < oo
for all p, q provided q > 0.

Theorem 0.2. If M is strongly pseudoconvex and bM is non-empty, then
dimp L2O(M) = oo and each point in bM is a local peak point for L>O(M).

Under the same conditions it is also possible to construct holomorphic
functions which have stronger local singularities (not L?) but are in L? in a
generalized sense. For any s € R denote by W*® = W#*(M) the uniform (I'-
invariant) Sobolev space of distributions on M, based on the space W =
L?(M) constructed with the use of a smooth I'-invariant measure on M
(see e.g. [S1] for the details on the Sobolev spaces). The space W~* for
large s > 0 contains in particular holomorphic functions on M with power
singularities at the boundary. For any s € R the space W* is a Hilbert
I'-module with respect to the natural action of I'. Denote by W*O(M)
the space of all elements in W* which are actually holomorphic functions
on M. Now we can formulate another version of Theorem 0.2.

Theorem 0.3. If M is strongly pseudoconvex and bM # (), then for any
x € bM and any integer N > 0 there exists s > 0 and a closed I'-invariant
subspace L C W—*O(M) such that
(i) dimp L = N;
(ii) LN L?(M) = {0} but for any f € L and any I-invariant neighbour-
hood U of z in M we have f € L>(M — U).

It is also possible to construct L?-holomorphic functions on M which
are in C*°(M):

Theorem 0.4. If M is strongly pseudoconvex and bM # (), then for any
integer N > 0 there exists a I'-invariant subspace L C L2O(M) N C>®(M)
such that dimr L = N where L is the closure of L in L*(M).

ExXAMPLES. 1) Let X be a compact real-analytic manifold with an in-
finite fundamental group I' = 71(X). Assume that X is imbedded into
its complexification Y and a Riemannian metric is chosen on Y. Let X,
be a e-neighbourhood of X in Y where ¢ > 0 is sufficiently small. It is
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known ([M1], [Grl]) that then X, is strongly pseudoconvex. Let M be
the universal covering of X.. Theorems 0.1-0.4 can be applied to M and
we conclude in particular that there are sufficiently many L? holomorphic
functions on M.

A particular case: strip {z | |[Imz| < 1} in C with the action of I' = Z
by translations along R. Of course in this case L? holomorphic functions
can be obtained by the Fourier transform or explicitly (e.g. take 1/(a®+ 2?)
where a > 1, or exp(—22)log(z — i)).

2) Let X be a compact complex manifold with a holomorphic negative
vector line bundle E on X. The negativity means that E is supplied with
an hermitian metric and e-neighbourhood X of X in the total space of F
is strongly pseudoconvex (for some ¢ > 0 or, equivalently, for any ¢ > 0).
Denote by M the universal covering of X.

Note that X, is not a Stein manifold because it has a non-trivial com-
pact complex submanifold X (the zero section of E). But we are again in
the situation of Theorems 0.1-0.4 and these theorems give extensions of
some results of Napier [Na] and Gromov [Gro]. Namely let M. be the uni-
versal covering of X.. Theorems 0.2-0.4 guarantee that there are many L?
holomorphic functions on M. In particular, dimp LQO(ME) = o0o. Using
the Taylor expansion of f € L2O(M.) along the fibers we obtain L?-spaces
with a finite positive I'-dimension, such that they consist of holomorphic
functions which are polynomial along the fibers. This means that E~* has
many holomorphic L?-sections over M ([Na]). Under the Kihler hyperbol-
icity condition Gromov [Gro] proved that in fact there are sufficiently many
holomorphic L2-forms (of the type (n,0)) on M.

6. The following results give rather general conditions when the state-
ments of Theorems 0.1, 0.2 are still valid for weakly pseudoconvex (i.e.
pseudoconvex but not necessarily strongly pseudoconvex) manifolds.

Theorem 0.5. Let M be a pseudoconvex manifold with holomorphic ac-
tion of a discrete group I' on M such that M /T is compact. As before we
assume that bM # () and M is a closed subset in M where M is a complex
neighbourhood of M with a free holomorphic action of I' so that this action
and the complex structure on M extend the corresponding structures of M,
and every point of M is an interior point in M. Let g be a T-invariant her-
mitian metric on M. Suppose that in a I'-invariant neighbourhood U of bM
(in M) there exist a T-invariant strictly plurisubharmonic function ® and
a constant § > 0 such that i00® > 6 - g in U. Then dimp L?HP4(M) < oo
for all p,q with g > 0.
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REMARK. The inequality i00® > § - g is automatically true in a possi-
bly smaller I'-invariant neighbourhood of M provided ® is in C?, strictly
plurisubharmonic and I'-invariant.

Theorem 0.6. Under the assumptions of Theorem 0.5
(i) dimr L2O(M) = oo;
(ii) each point of strong pseudoconvexity in bM is a local peak point for
L?O(M).

Theorem 0.7. If under the assumptions of Theorem 0.5 M /T is a Stein
manifold, then L>?HP4(M) = 0 for all p,q with ¢ > 0 (i.e. Im0 exactly
coincides with Ker 0 in the corresponding spaces L?AP+), and the functions
from L2O(M) separate all points in M.

ExXAMPLES. (i) Any pseudoconvex domain X in C™ or CP” is a Stein
manifold ([H62], [Fu]). Therefore Theorem 0.7 can be applied to its regular
covering manifolds.

(ii) For any real-analytic manifold Xy, dimg X¢o = n, we can find its
complex neighbourhood X, dimc X = n, such that X is a Stein manifold
[Gr2] (then X is called a Grauert tube for Xp). We can also assume that

X is a manifold with a smooth boundary. If in addition Xy is compact,
Theorem 0.7 can be applied to any regular covering manifold of X.

7. Remarks. 1) If under the assumptions of the theorems above M /T is a
Stein manifold then Stein [St] proved that M is also a Stein manifold. It fol-
lows from this result that there are sufficiently many holomorphic functions
on M, but it does not follow that there exist non-trivial L? holomorphic
functions. On the other hand it can happen that M/I' is not Stein (see
Example 2 above). Then even the existence of any holomorphic function
on M which is not constant along orbits of I' is not obvious.

2) If bM = 0 then it follows from the arguments of Atiyah [At] that
dimp L2HP4(M) < oo for all p,q (including ¢ = 0). In this case in fact
L?0O(M) = {0}. But if E is a positive I-invariant holomorphic line bundle,
then the Kodaira imbedding theorem [K| and the Atiyah index theorem
[At] imply that dimp L2O(M, E*) > 0 for large k; in particular, this again
gives the result of [Na]: the space of all holomorphic sections of EF is
infinite-dimensional in the usual sense.

3) Theorems 0.2-0.4 remain valid if we replace holomorphic functions
by holomorphic (p,0)-forms. More generally all Theorems 0.1-0.4 are true
for sections of arbitrary holomorphic vector I'-bundles over M.
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4) Theorems 0.1-0.4 can be extended to the case when M is strongly
pseudoconvex but with possibly non-smooth boundary, i.e. we can drop the
requirement dp # 0 on bM in (0.1) but require instead that the Levi form
(0.3) is positive for all z € bM and all w # 0, w € C™.

5) Let us assume that the Levi form (0.3) is non-degenerate on T<(bM )
for all z € bM and the boundary bM is connected. Note that bM will be
automatically connected if M is connected and the Levi form has at least
one plus at every boundary point and there exists at least one non-trivial
holomorphic function on M (in particular this is true if bM is strongly
pseudoconvex). Indeed, J. Kohn and H. Rossi [KoRo| proved that in this
case every CR-function on bM can be extended to a holomorphic function
on M. If we assume that bM is not connected, this leads to a contradiction
if we consider a locally constant CR-function which equals 1 on one of the
connected components of bM and 0 on all others.

Let r be the number of negative eigenvalues of the Levi form in T¢(bM).
Then

dimp L2H*" (M) = oo
and
dimp L2HP9(M) < o0, q#r.
This is a generalization to the covering case of the classical theorems by
Andreotti-Grauert and Andreotti-Norguet (see [AV], [FKo|, [H61], [AHi]).

6) There are analogues of Theorems 0.1-0.4 for regular coverings of
compact strongly pseudoconvex CR-manifolds. Let N be a strongly pseu-
doconvex CR-manifold with a free action of a discrete group I' such that
Y = N/I is compact, dimg N = 2k — 1.

Assume that k > 3. Let us denote by L?HE%%(N) and L2HY%(N) the L?
Kohn-Rossi cohomology spaces and reduced cohomology spaces respectively
(see [KoRo]| for the usual version of these cohomology spaces on compact
C'R-manifolds). They are defined similarly to the Dolbeault cohomology
spaces by using the tangent Cauchy-Riemann operator 9, instead of 0.
Then the following statements are true:

(i) dimp L*HEL(N) <oc0if 1 <g<k-—2.
(ii) dimp L2FI£J%(N):OO and dimp LQHg’Z*l(N):oo for all p with 0<p<k.
Note that if k& = 2 the statement (i) is empty and (ii) is not true even
in the compact case.
7) First applications of von Neumann algebras to constructions of non-

trivial spaces of L2-holomorphic functions or sections of holomorphic vector
bundles are due to M. Atiyah [At] and A. Connes [Co]. J. Roe proved ex-
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istence of an infinite-dimensional space of L? holomorphic sections of a
power E* for a uniformly positive holomorphic line bundle E over a com-
plete Kéhler simply connected manifold of non-positive curvature without
any action of a discrete group (see [R] for further results and references).

1 O-cohomology Spaces of Pseudoconvex Coverings

1. In this section we will prove Theorems 0.1 and 0.5. We will start by
extending the Kohn-Morrey estimates ([FKo|, [M2]) to our case. We will
always assume that M is pseudoconvex.

First we will consider a general I'-invariant analytic situation. Namely
let M be a C'*°-manifold (possibly with boundary) with a free action of a
discrete group I' such that M /I" is compact. Let E be a (complex) vector
I'-bundle on M with a I'-invariant hermitian metric in the fibers of E. We
shall use I'-invariant Sobolev spaces W?# of sections of E over M. The
scale of the Hilbert spaces W% = W#*(M, E) is based on the Hilbert space
L?(M, E) which is taken with respect to a smooth positive I'-invariant
measure on M and the given I'-invariant hermitian metric on E over M.
Let M be a T-invarant complex neighbourhood of M. Assume that E and
the measure on M are extended to M in a smooth I-invariant way. For
any s € R the space W*® = W#(M, E) is a Hilbert space which consists of
all restrictions to M of finite linear combinations of all sections Au where
u € L2(M , E) and A is a properly supported I'-invariant pseudodifferential
operator of order —s on M (see e.g. [At] or [S1]). The norm in W* is
denoted || - [|s.

In particular T'-invariant Sobolev spaces W*AP4 of (p,q)-differential
forms on M are well defined.

Let us consider d as the maximal operator in L? and let 0* be the Hilbert
space adjoint operator. We shall also use the corresponding Laplacian

O=0,, =05 +°9 on L2API(M).
We shall denote the domain of any operator A by D(A). Let A? (M) denote
the set of all C*° forms with compact support on M. B
The following lemma gives a description of the operators 0%, O (as well
as their domains D(0*), D(0J)). Let 6 be the formal adjoint operator to 0,
o = o(0,-) its principal symbol.
LEMMA 1.1. Let us assume that M is strongly pseudoconvex.

(i) The operator * can be obtained as the closure of 0 from the initial
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domain
Do(0") = {w ‘ weAN(M), o(f,dp)w =0 on bM}. (1.1)
(ii) The space Do(0*) is dense in D(0*) N D(9) in the norm
(Il + 18wl + 9w]3)"* . w € D@*) N D(@).
(iii) The operator O = [, , can be obtained as the closure of the operator
00 + 00 from the initial domain
Dy(O) = {w | w, 0w, fw € A*(M) N LQ(M),
o(f,dp)w =0 and o(6,dp)Ow =0 on bM}.

(iv) Foranyw € D(0) % {w € D(O)ND(8*) : dw € D(J*), 0*w € D(D)}

the following integral identity holds
(Ow,w) = 0w§ + 0] (1.3)
REMARK. The boundary conditions on w in (1.2) are called the 0O-
Neumann conditions.

(1.2)

Proof of Lemma 1.1. Assume first that w is a smooth compactly supported
form, i.e. w € A%(M). Then integration by parts formulas for 0 (see e.g.
[FKo], [GriH], [H&61], [T]) show that the inclusion w € D(0*) is equivalent
to the boundary condition o (6, dp)w = 0 on bM. The same is true if instead
of inclusion w € A%(M) we only require that w, 0w € A*(M) N L2A*(M).

Note that any I-invariant Riemannian metric on M is complete in the
following sense. For any point o € M and for any r € R the ball of
the corresponding geodesic metric {z € M : dist(zg,z) < r} is relatively
compact in M. Using this fact we can construct Lipschitz cut-off functions
of the form a.(z) = A.(dist(zg,x)) on M with the following properties: a.
has values in [0,1] and a compact support on M, the subsets {x € M :
a-(z) = 1} exhaust M as ¢ — 0, and sup,¢ x|da(z)| = O(g) as € — 0.

For any form w € D(9*) N D(9) let us consider the form a.w. This form
belongs to D(9*) N D(9) and satisfies the estimates:

|0* (aew) — aga*wHO = O0(e)|lw|lo and
Hé(asw) - aséwHO = O(e)||wllo -
Hence a.w — w, 0(a.w) — 0w, and 0*(a.w) — 0*w in L*(M) as ¢ — 0.

So to prove (i) and (ii) we can start with w which have compact support
in M. We need to approximate them by smooth forms in appropriate
norms. With the help of partition of unity in the neighbourhood of supp w
we can reduce the statements (i) and (ii) to the known Friedrichs results [Fr]
asserting the identity of weak and strong extensions of differential operators
(see also Proposition 1.2.4 in [H61]).
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The statement (iv) follows directly from definitions of O and D(0J).

In order to prove (iii) let us consider the operator I + . It follows from
the well known functional analysis result that the operator (I+J)~! exists,
is everywhere defined and bounded (see also [G] and Proposition 1.3.8 in
[FKol).

Let w € D(0p,). Then w+ Ow = a € L2AP4(M). Let us choose a
sequence {a;} C APY(M) converging to o in L?AP4(M) and define w; =
(I +0)'a;. Then w; € D(O) and w; — w in L2AP4(M). By the Kohn
regularity theorem w; € AP4(M)N D(D) (see Propositions 3.1.4 and 3.1.10
in [FKo)).

The equalities (Dw;,w;) = [|0w;]|2 + ||0*w;||3 give us the inclusions
Owj € AP4(M) N L2AP4(M) and §*w; € AP9(M) N L2AP9(M). O

We will use the standard splitting of the complexified tangent bundle
TM ® C to (1,0)-part T1 (M) (“holomorphic” part) and (0,1)-part (“an-
tiholomorphic” part) Tp 1 (M):

TM ® C = TL()(M) D Tgvl(M) .
Here T19(M) is generated by the vector fields 0/0z;, j = 1,...,n, and
To1 (M) = T1 (M) is generated by the vector fields 9/0z;, j = 1,...n, at
every point x € M.

Let us denote by V the covariant differentiation related with the O-
connection by the fixed I'-invariant hermitian metric in the complexified
tangent bundle [AV]. We will mainly use the complex conjugate operator
V which is the covariant differentiation related with the d-connection:

YV APYM) — AYY(M) @ APY(M).
It has the property
V(fw)=fVu+0fw, [fcC®M), wcAPi(M).
We shall denote by 9, , the operator 5_ restricted to (p, ¢)-forms, by 5;7(1
the corresponding adjoint operator (i.e. 0* restricted to (p,q + 1)-forms).

PROPOSITION 1.2. Let us assume that M is strongly pseudoconvex.

(i) There exists v > 0 such that the following Morrey type estimate
holds:

10wl + 10" wll§ + w15 = Y (IV@l§ + IwlI§ + wllZ2ar)) (1.4)
w € D0, ,1)ND(Opgq), qg>0.
(ii) The domain D(85 )N D(Opq), ¢ > 0, is included into W1/2 and there

exists 1 > 0 such that

lwllf)2 < Nn(IVWI§+ g + |l Z2ean) . w € D(G54-1) N D(pg) -
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(iii) The domain D(O,,), q¢ > 0, is included into W' and there exists a
constant 2 > 0 such that the Kohn type estimate holds
lollf < 22 (1Dwllf +llwllf) . w € D(Ohy)-
Proof. Let us fix a I'-invariant partition of unity {a,} subordinate to
a I-invariant covering of M by contractible neighbourhoods {U,}. Let
Viws---, Vi, be complex vector fields over U, N M which constitute an
orthonormal basis of Ty o(M) at each point z € U, N M). Let the forms

Py oy € AU, N M)
constitute the dual orthonormal basis at each point z € U, N M. For any
w € AP4(M) we have
ayw = Z aywy/}go] Ag’? and

|I|=p
[J]=q

- A v 2
[V0li§ = 3 [0l + O (o)
1,J
For any form a,w € AP4(M) with support in U, we have the following local
Morrey type inequalities (see (3.1.20) in [H61] and also [M1,2], [Ko|, [AV],
[FKo])
= 2
V()| + lavwllg + lavwl|Z2 g

< Co([19" (avw)llg + 19(avw) 1§ + llawwl]) -

It follows from compactness of M /T and from I-invariance of the covering
{U,} that the constant Cj > 0 in these inequalities can be chosen indepen-
dent of v.

Summing up these inequalities we obtain the following global Morrey
type inequality
IVwllg+Hwl§+ w1 Z2@an <C (10" w5+ 10w+ |wllF) , weAL(M)ND(E").

It follows from Lemma 1.1(ii) that this Morrey inequality is valid for
w € D(9) N D(d").

Using further Lemma 1.1(iv) and the Kohn type inequality

1£13) < Cl(”f“%?(bM) + HafH%?(M)) , f e A (M),

(see e.g. Theorem 2.4.4 in [FKo]) we obtain the statement (ii).

We suppose further that the I'-invariant covering {U,} is included in
the bigger I-invariant covering {U,}, U, C U,.

Let {a,} and {a,} be partitions of the unity subordinate respectively
to coverings {U,} and {U,}, such that d, = 1 on supp a,.

To prove (iii) we use another inequality of Kohn [Ko]

lavw|i < Ca(laOwl§ + lawld) . w e API(M) N D(D,,) -

(1.5)
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For the same reasoning as above, the constant C in this inequality can be
chosen independent of v.

Summing up these inequalities and using Lemma 1.1 (iii) we obtain the
statement (iii). O

COROLLARY 1.3. If M is strongly pseudoconvex then there exists a con-
stant v2 > 0 such that ||w|; < ¥|wl|o, Vw € KerO,,, ¢ > 0, where
KerO = {w|w e D(O),0w = 0}.

REMARK.  Corollary 1.3 follows from Proposition 1.2(iii). Proposition
1.2(ii) gives us a weaker statement which is also sufficient for our ap-
plications: there exists a constant 41 > 0 such that |lw|[;2 < 71llw]lo,
Vw e Kerl,,, g > 0.

The advantage of this weaker inequality is that the constant ~; in it
depends only on the first two derivatives of the function p defining bM. So
the last inequality is valid if we assume that bM has only C?-smoothness
but keep all other assumptions.

Let us formulate the necessary version of the weak Hodge-Kodaira de-
composition (see e.g. [G], [FKo]).
PRrROPOSITION 1.4. The following orthogonal decomposition holds:

L*A*(M) =Im0 @ Ker 0@ Imd* and
Ker 9 =Im 9 @ Ker 0.
In particular, we have an isomorphism of Hilbert I"-modules
L*AP9(M) = Ker O, .

Proof. First note that 0? = 0 implies Im 0L Im 0*. The orthogonal comple-
ment of Im d&Im 9* is Ker 9NKer §*. From the definition of D(LJ) we have
Kerd D Ker 9 N Ker(9). Vice versa w € Ker[ implies 0 = (Hw,w) =
[0w]|? + [|0*w|]?, so w € Kerd N Ker d*. This gives us the first decomposi-
tion. The decomposition for Ker 0 follows now from the fact that Ker 0 is

the orthogonal complement of Im 9*. Finally the decomposition for Ker 0
implies the last equality.

2. For the proof of Theorem 0.1 we will need the following general state-
ment where we use notation from the beginning of section 1.

PROPOSITION 1.5. Let L be a closed T-invariant subspace in L?*(M, E),
L C WE for some € > 0 and there exists C' > 0 such that

Julle < Cllullo, ue L. (1.6)
Then dimr L < oo.
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To prove this proposition we need the following simple statement about
estimates of Sobolev norms on compact manifolds with boundary.

ProprosiTION 1.6. Let X be a compact Riemannian manifold, possibly
with a boundary. Let E be a (complex) vector bundle with an hermitian
metric over X. Denote by (-,-) the induced hermitian inner product in the
Hilbert space L?(X, E) of square-integrable sections of E over X. Denote
by W# = W#(X, E) the corresponding Sobolev space of sections of E over
X, || - ||s the norm in this space. Let us choose a complete orthonormal
system {¢j; j =1,2,...} in L*(X, E). Then for all e > 0 and § > 0 there
exists an integer N > 0 such that
llullo < é||ul|c provided v € W€ and (u,v;) =0, j=1,...,N.

Proof. Assuming the opposite we conclude that there exist ¢ > 0 and
6 > 0 such that for every N > 0 there exists uy € W¢ with (un,v;) =0,
j=1,..., N, satisfying the estimate |[uy|l < 6 !|jun|lo. Normalizing uy
we can assume that ||uy|jo = 1, so the previous estimate gives |luy|e < 671
for all N. It follows from the Sobolev compactness theorem that the set
{uny | N = 1,2,...} is compact in L? = L?(X,E). On the other hand
obviously uy — 0 weakly in L? as N — oo. Therefore ||uy|lo — 0 as
N — oo which contradicts to the chosen normalization. O

Proof of Proposition 1.5. Let us choose a I'-invariant covering of M by
balls vBg, k =1,...,m, v € T', so that all the balls have smooth boundary
(e.g. have sufficiently small radii). Let us choose a complete orthonormal
system {¢j(-k), j =1,2,...} in L?(By,E) for every k = 1,...,m. Then

{(7*1)*%@, j=1,2,...} will be an orthonormal system in yBy, (here we
identify the element v with the corresponding transformation of M).
Given the subspace L satisfying the conditions in the lemma let us define

a map
Py:L— LT C™
u {(u,(q/_l)*w](-k)), j=12,...,N; k=1,...,m; yeT}.
Since dimp L’T'® C"™N = mN < oo the desired result will follow if we prove

that Py is injective for large N. Assume that v € L and Pyu = 0. Using
Lemma 1.6 we get then

2 2 2
||u||0,'yBk < 6NHU||57'yBk? k=1,...,m; yeT,
where 6y — 0 as N — oo and || - ||s,yB, means the norm in the Sobolev
space W* over the ball yBy. Summing over all k and ~ we get

lullg < CT6%ull?
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where C1 > 0 does not depend on N. This clearly contradicts (1.6) unless
u=0. a

REMARK. It is not necessary to require that L is closed in L? in Proposi-
tion 1.5. For any L satisfying (1.6) we can consider its closure L in L2
Then obviously L C W¢ and Proposition 1.5 implies that dimp L < oc.

Proof of Theorem 0.1. Propositions 1.2, 1.4 and 1.5 immediately imply
Theorem 0.1. a

3. To prove Theorem 0.5 we need a refined version of the Hérmander and
Andreotti-Vesentini weighted Lo-estimates ([H61], [AV]).

Let M be a pseudoconvex manifold with a holomorphic action of the dis-
crete group I' such that M /T is compact, and with a I'-invariant hermitian
metric.

In what follows ® will be a I'-invariant function which is defined in a
complex neighbourhood of M, ® € C'(M) and ® is strictly plurisubhar-
monic in a I-invariant neighbourhood of bM . In this case we will call ® an
admissible weight function.

For an admissible weight function ® we will define weighted Hilbert
spaces L3 AP4(M) of (p,q)-forms with a finite norm given by

lwl3 = /M (w(a)2edv(z)

where the norm |w(z)| and the volume element dv(x) are induced by the
given hermitian metric. The cohomology and reduced cohomology of the
corresponding L? Dolbeault complexes will be denoted L3 HP4(M) and
L% HP9(M) respectively. - B B

We will consider the operator 0 = 0,4 = 0o = 0p ¢ as the maximal
operator in L2 AP4(M). Though it is given by the standard differential
expression 0, its domain may depend on ® if ® is unbounded on M. Denote
the corresponding adjoint operator by 5f£ = 5;’ go- We will also use the
corresponding Laplacian

Ue = Dp,q;(b = 5&;5 + 553) .
Note that the operator 5&; differs from 0* by 0-order terms which are

expressed in terms of ® and its first derivatives. It follows that the domain
D(03) coincides with D(9*) provided ® € C! in a neighbourhood of M.

ProOPOSITION 1.7. Let M be a pseudonconvex manifold with a holomor-
phic action of the discrete group I' such that M /T is compact, and with a
I'-invariant hermitian metric. Suppose that an admissible weight function
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® is given which is strictly plurisubharmonic in a I'-invariant neighbour-
hood U of bM. Then for any I'-invariant neighbourhood Uy of bM with
Uy C U there exist positive constants 7y, 8y and &; such that the following
inequalities hold

1/3[Vwlife +2/3 (8ot — 0) lwllfe

! iy (1.7)
< 10wl + 1F0wliZo + BrtlwlZs arey

for any t > 0, w € D(ig’q_l;tq)) N D(9pgte), ¢ > 0. Here the constant 7o
depends only on M, 6y depends only on M and the minimal eigenvalue of

i00® on Uy, 6; depends only on M and the maximal eigenvalue of i00® on
M\Uy.

COROLLARY 1.8. Under the assumptions of Proposition 1.7 for any w €
Ker Uy, 440, ¢ > 0, the following inequality holds

1/3[[Vwlie +2/3 (ot — 70) lwllie < o1tlwlzz ey -

COROLLARY 1.9. If under the assumptions of Proposition 1.7 the function
® is strictly plurisubharmonic on M, i.e. on a neighbourhood U of M, then

for any w € D(@;’qfl;tcp) N D(Op.qtw), ¢ > 0, the following inequality holds

2/3 (6ot — 10)llwlfe < (107pwllie + 10wl7)
In particular this implies vanishing of (non-reduced) L? Dolbeault coho-
mology spaces of M :
LigHPI(M) =0, q>0,t>n/d.
Proof. We can take Uy such that Uy D M and use (1.7), so the estimate fol-
lows. The vanishing of the cohomology spaces follows from the estimate. O

To prove Proposition 1.7 we shall use the following refined version of
Lemma 1.1.

LEMMA 1.10. Under the assumptions of Proposition 1.7

(i) M can be exhausted by strongly pseudoconvex I'-invariant manifolds
M, j=12,....

(ii) Let D%(93) N DY (D) be the space of all w € LLA®(M) such that w
can be obtained as a weak limit in L3A®(M) of forms w; such that
wj‘M\M]- =0, WJ‘MJ- c D0(5*|Mj), and

lwillzz (ary) + Bawllzz (ar,) < c-

with a constant c independent of j. Then the space D$(0%) N D$(0)

is contained in D(03) N D(0s) and is dense in this space in the graph

norm (||wlfg + 1003 + [95wl3)"/>.
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Proof. If ® € C%(M), then the statement (ii) of this lemma follows from
Lemma 1.1(ii), because in this case the norms ||w||¢ and ||w||o are equivalent.

To prove the statement (i) let us denote M/T" = X. It follows from
assumptions of Proposition 1.7 that X is a pseudoconvex manifold with a
compact boundary bX = {z € X : p(z) = 0} and there exists a continuous
function ® which is a well defined function on X, strictly plurisubharmonic
in a neighbourhood of bX. If we suppose that ® > 0 and consider the
function p;(x) = e/#(*) —1 4 ®(x), then for sufficiently large j the domains
X; ={z € X : pj(xz) < 0} are strongly pseudoconvex subdomains in X and
X exhaust X, when j — oo. Moreover, for j large enough there exists a
strongly pseudoconvex covering M; of X; such that M;/T' = Xj;.

Now to prove the statement (ii) in full generality, we should modify
the proof of Lemma 1.1. Namely, we can use the classical Friedrichs result
[Fr] only to obtain the density of Do(0*|M;) in D(9*|M;). After that by
elementary agruments like the ones in [Hel] we can obtain the density of
DY (9*) N DY(0) in D(0%) N D(0s) in the graph norm. To do this we first
check directly from the definitions that

DY) N DY(@) € D(3) N D).
To show the density in the graph norm in this inclusion let us consider
Y € D(0%) N D(dg) such that 1 is orthogonal to D$(9%) N D%(9) in the
graph inner product, i.e.
(Y, w)e + (0, 0w)e + (O, Ogw)e =0
for any w € D%(9%) N DY(0).
We want to show that ¢ = 0. To do this let us find g; € L%(M;),
7 =1,2,..., such that
Uy = 90595 + 05095 + g; -
Clearly
Stu(ng”%g(Mj) + ”DPQJH%é(Mj)) < 00.
Replacing {g;} by a subsequence we can assume that g; — ¢ in L% (M)
where g € D$(93) N D%(9). Therefore
() = jifgo[(wagj)Lg(Mj) + (¥, 00395) 12 () + (¥, a$3gj)L§,(Mj)}

= (¥, 9)o + (93, 059)s + (0,99)s = 0.
Hence 1 = 0 as required. a

Proof of Proposition 1.7. Let M; be as in Lemma 1.10. We fix on M a I'-
invariant partition of unity {a, } subordinate to a I'-invariant covering of M
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by coordinate neighbourhoods {U, }. So, for any w € AP4(M;)ND(0; ,|M;)
and any v we have inclusions a,weAP4(M;)ND(8; ,|M;) and supp a,wCU,.
Using in U, N M; the inequality (3.1.20) from [H61] we obtain the fol-
lowing estimate
1o
1/2He V(ayw HLQ(M)

—2t® o
+Z Z /mM szazle (@wrjx) - (@wrix)dV

_ 1.8)
1/2 Jworir) - (@ 2t (
IO 90 ) ML TR R B

I.K 3l
< 3/2(lle” " Fp (aw)l[72(ary) + lle™ O (avw) |2 2(ar,))

+0lle " P avwlTaar,)
where p; is a defining function for bM; in U, N Mj; the constant v does
not depend on ® and j.

In the case p; = ® such inequality was obtained also in [AV]. The term
with p in (1.8) is non-negative due to the pseudoconvexity of bM; and the
boundary condition for w. Now using strict plurisubharmonicity of ® in
the neighbourhood U of bM, we obtain for any neighbourhood Uy of bM
with Uy C U and any w € AP9(M;) N D(9, 4| M;)

1/2“6 t(I)V ayw HLz(M +60t”€ aVU.J”L2(U0mM,)
< 3/2(”5 “I’a(auwllm y ||€_t®at<1>(auw)HL2 M; ))

+70lle™ auw||L2(Mj) +t-61fle” anHLZ(Mj\UO) )
where 8y depends only on M and the minimal eigenvalue of i90® on Uy
and 61 depends only on M and the maximal eigenvalue of i99® on M\Up.
It follows from compactness of M /T and from I'-invariance of the neigh-
bourhood U and of the covering {U, }, that the constant vy in the last in-
equalities can be chosen independent of v. We shall use also the obvious
estimates

He_@L(al,w) - e_tq)al,LwHLQ(Mj) < C'sup|grad a, | ||e_t©wHL2(M].)

where L = 0, 5Z‘<I> or Von U, N Mj.
Using these estimates and summing the above inequalities we obtain
b= 2
1/2”6 t vu)”LQ +(5()t||6 w”LQ(UoﬂMj)

<3/2(le” lth)&U”m(zwj) + ||€_t¢’5;1>w||%2(Mj)) +7olle Wl L2ar,)

+ 61 - tlle "0l L2agy\00)
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with constants g, o and 71 depending only on the corresponding constants
Y0, 60, 61 and the partition of unity {a,}.
Inequality (1.7) follows if we take j — oo and use Lemma 1.10 (ii). O

We shall also use the following statement similar to Proposition 1.5.

ProrosiTION 1.11. Let ® be as in Proposition 1.7 and L be a I'-invariant
subspace in L2AL*(M), ¢ > 0 such that for a T-invariant neighbourhood
Up C U of bM and for some constant v > 0 the following estimate holds

I96lBs oy + 122 0y < Melouny . w€Lo  (19)
Then dimr L < oo.
The proof of Proposition 1.11 is a copy of the proof of Proposition 1.5,

where instead of Proposition 1.6 the following Proposition 1.12 must be
used.

ProprosiTION 1.12. Let M and ® be as in Proposition 1.7. Let By be a
geodesic ball in M with sufficiently small radius. Let {1;} be a complete
orthonormal system in L3AP4(By). Let Lo be a subspace in L3AP4(B)
such that for some neighbourhood Uy C U of bBy and for some g > 0 we
have

I¥wllzz 50y + 91122 50y < 200l z2 (000 -
Then for all 6 > 0 there exists N > 0 such that

ool eorciy < 60l 22 5oy + 1022 )
provided w € Ly and (w,;) =0, j=1,2,...,N.

Proof of Theorem 0.5. It follows from the assumptions of Theorem 0.5
that in a neighbourhood of M there exists a I-invariant function ® € C?
which is strictly plurisubharmonic in a I'-invariant neighbourhood Uy C U
of bM. We note further that for such ® all the norms ||w|se, ¢t > 0 are
equivalent. Hence, Proposition 1.4, Corollary 1.8 and Proposition 1.11
imply Theorem 0.5. a

2 L2 Holomorphic Functions

1. We shall use some simple linear algebra and I'-Fredholm operators in
Hilbert I'-modules. Necessary background and similar arguments can be
found in [Br]| and [S2].

LEMMA 2.1. Let L be a Hilbert I'-module, Ly, Lo its Hilbert I'-submodules
such that dimr Ly > codimpLs where codimrLo means the I'-dimension
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of the orthogonal complement of Ly in L. Then Ly N Ly # {0}. Moreover
dimpr L1 N Ly > dimp Ly — codimp Lo . (21)
Proof. Denote by Ly © Lo the orthogonal complement of L; N Lg in L;.
Clearly dimr L; © La < codimpLg. Therefore if (2.1) is not true, then we
get
dimp Li=dimr L1NLo+ dimp L1 Lo< dimr LiNLo+codimr Lo< dimp Ly
which is a contradiction. O
We will use unbounded I'-Fredholm operators. The corresponding defi-
nition slightly extends the corresponding definition for bounded operators
given by M. Breuer [Br] (see also [S2]).
DEFINITION 2.2. Let L1, Ly be Hilbert I'-modules, A : L1 — Loy a closed
densely defined linear operator (with the domain D(A)) which commutes
with the action of I' in L and Lo. The operator A is called I'-Fredholm if
the following conditions are satisfied:
(i) dimp Ker A < oo;
(ii) there exists a closed I'-invariant subspace Q C Lg such that @Q C Im A
and codimr@Q(= dimr(Ls & Q)) < occ.
Let us also recall the following definition from [S2]:
DEFINITION 2.3. Let L be a Hilbert I'module, Q C L is a I'-invariant
subspace (not necessarily closed). Then
(i) @ is called I'-dense in L if for every € > 0 there exists a I'-invariant
subspace Q- C @ such that @), is closed in L and codimr@Q. < € in L.
(i) Q is called almost closed if Q is T-dense in its closure Q.
If @ is I'-dense in L then it is also dense in L in the usual sense, i.e.
Q = L (see Lemma 1.8 in [S2]). Note also that if T is trivial (or finite)
then @ is I'-dense in L if and only if @ = L (in particular in this case @ is
almost closed if and only if it is closed).
LEMMA 2.4. If A: L1 — Lo is a I'-Fredholm operator then Im A is almost
closed.

Proof. This statement can be reduced to the case when A is bounded by
replacing Ly by D(A) with the graph norm. Then the statement is due to
M. Breuer [Br| (see also Lemma 1.15 in [S2]). O

LeMMmA 2.5 ([S2]). Let L be a Hilbert I'-module, Ly C L and Q C L its
I'-invariant subspaces in L such that L is closed and @ is I'-dense in L.
Then @ N Ly is I'-dense in L. More generally, if () is almost closed then
Q N Ly is almost closed and its closure equals Q N L.
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COROLLARY 2.6. Let A : L1 — Lo be a I'-Fredholm operator, Ly C Lo
is a closed T'-invariant subspace such that Ly C Im A. Then Lz NIm A is
I'-dense in Ls.

Now let us return to the analytic situation described above. For proving
Theorems 0.2-0.4 we will have need of the following

PROPOSITION 2.7. Let A be a self-adjoint linear operator in L?>(M, E) such
that A commutes with the action of ', D(A) C W¢ where € > 0 and

lull2 < C(IAul® + [[ullf) ,  we D(4). (2.2)
Then A is I'-Fredholm.

Proof. 1t follows from (2.2) that the estimate (1.6) is satisfied on L = Ker A.
Therefore Proposition 1.5 implies that dimp Ker A < oc.

Let Es be the spectral projection of A corresponding to the interval
(—68,6). Then again dimpIm Es < co by Proposition 1.5. On the other
hand

Im(I — Es) = Im Es)* cIm A,
which immediately implies that A is I'-Fredholm. O
For the proof of Theorem 0.6 we will need the following

PROPOSITION 2.8. Under the assumptions of Proposition 1.7 the operator
Do = 005y + 0540 in LIy AP4(M), g > 0, is T'-Fredholm for ¢ > o /6.

Proof. 1t follows from (1.7) that the estimate (1.9) is satisfied on L =
Kere in L2APZ(M), ¢ > 0, for t > ~9/6y with constant v =
61t/ min(1/3,2/3(60t — 70)). Therefore, Proposition 1.9 implies that
dimp Ker ;g < 0o. Let Es be the spectral projection of [J corresponding
to the interval (—06,9). If 6 < 2/3(60t —0) then from (1.7) we obtain the es-
timate (1.9) for all w € Im Ejs with the constant 4 = &;¢/ min(1/3,2/3(60t —
7o) — 6). Hence, by Proposition 1.9 we have dimp Im Es < oo. The inclu-
sion Im(71 — E&) = (Im E&)J‘ C Im ;e implies that (e is I-Fredholm in
L2, AP9(M), q > 0, for all t > /6. O

2. Now using Propositions 1.2, 2.7 and 2.8 we will be able to provide
the complete proofs of Theorems 0.2-0.4, 0.6, 0.7. We shall start with the
following elementary

LEMMA 2.9. Let U be an arbitrary set, g : U — C an unbounded function.
Then for any integer N > 0 the functions g, g%, ...,g" are linearly inde-
pendent modulo bounded functions, i.e. if B(U) is the space of all bounded
functions on U and

Clg+0292+"'+CNgN€B(U), (2.3)
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thency =...cy = 0.

Proof. Assuming that (2.3) is fulfilled consider the polynomial
p(t) = cit +eat® + .. .ent, t e C.

Then (2.3) implies that this polynomial is bounded along an unbounded se-
quence of complex values of t. Clearly this is only possible if the polynomial
p is identically 0. 0

Proof of Theorem 0.2. We shall use the notation from the introduction to
this paper.

Let us choose a defining function p of the manifold M (see (0.1)) so
that the Levi form (0.3) is positive for all w € C™ — {0} (and not only
for w € TS(bM) — {0}) at all points z € bM. Using (0.4) we see that
Re f(z,z) < 0 if x € bM and z € M is sufficiently close to z. It follows
that we can choose a branch of log f(x,z) so that g,(z) = log f(z,z2) is
a holomorphic function in z € M N U, where U, is a sufficiently small
neighbourhood of x in M. Note that we can (and will) choose U,y = yU,.

Let us fix z € bM. Clearly g7 € L*(M NU,) for all m = 1,2, ..., and
all functions g!* have a peak point at x. Besides all these functions are
linearly independent modulo bounded functions by Lemma 2.9.

Let us choose a cut-off function x € C°(U,), so that x = 1 in a
neighbourhood of x. We shall identify y with its extension by 0 to M, so
it becomes a function from C°(M). The translation of x by v € T is a
function v*y which is supported in a small neighbourhood of ya: v*x(z) =
x(v12).

Denote by L the closed I'-invariant subspace in L?(M) generated by all
functions xg7*; m=1,...,N. Clearly

L= {f ‘ = Z XN: cmyY (X923 Z |Cm77|2 < OO}’ (2.4)

where ¢, 5 are complex constants. It follows that L has the form L’ToCN,
hence dimp L = N.

Let us consider the set of (0,1)-forms (which are smooth on M and have
compact support):

I(xg2"); m=12,...,N. (2.5)
They are linearly independent for any integer N > 0. Indeed, assuming
that
c19(xgz) + c20(xgz) + end(xgy ) = 0
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with some complex constants cq,...,cy, we see that

C1XGx + Caxgs + -+ enxgy
is holomorphic on M and has a compact support, hence it is identically 0,
which implies that ¢; = --- = ¢y = 0 due to Lemma 2.9.
Let L be a closed I'-invariant subspace in L2A%! (M) generated by the
set of forms (2.5). Then again

L= {“’ ‘ w=2 ZN: mnd(V (x7)) Y lemal* < OO} :

~vel m=1 myy
where ¢, are complex constants, and dimrL; = N. Clearly L; C
C®AY (M), ie. all elements of L; are C* forms of type (0,1) on M.
Also Ly € Im9, hence Ly € ImO due to the orthogonal decomposi-
tion (1.3).

Now we can apply Proposition 1.2, Proposition 2.7 and Corollary 2.6
to conclude that ImJ N L; is I'-dense in L;. Hence for any 6 > 0 there
exists a closed I'-invariant subspace Q1 C Lp such that 1 C Im[J and
dimr 1 > N —§. Solving the equation Ow = « with a € ()1 we can assume
that w L Ker[ and in this case the solution w will be unique. Denote the
space of all such solutions by K. Then dimpr K = dimpr Q7 > N — 6.

Applying 0 to both sides of the equation (w = a we see that 90*0w = 0,
hence 0*0w = 0 and Ow = 0. Therefore 09w = a. Also w € A% (M) (i.e.
w € C*™ on M) for any such solution w due to the local regularity theorem
for the @ Neumann problem (see [FKo]).

Now denote

Q={f|IfeL.df=ac@}.
As we have seen earlier 9 is injective on L, hence dimr ) = dimr @1 >
N —6. If f € @ then we can find a (unique) solution w € K of the equation
Ow = a = df and then h = f — 9*w € L?O(M). All these functions h
form a closed T-invariant subspace H C L?O(M) with dimp H > N — 4.
Hence dimp L2O(M) = oo. Besides using the I'-invariance of H we see that
we can always find a function h € H such that one of the coefficients ¢, ¢;
m = 1,..., N, in the expansion (2.4) (for the corresponding function f)
does not vanish. The point x will be a local peak point for this function.
This completes the proof of Theorem 0.2. a

Proof of Theorem 0.3. We should modify the proof of Theorem 0.2 by
another choice of locally given holomorphic functions with singularities at
a point = € bM. Namely, if f is a holomorphic polynomial from (0.4), then
we should use {f=%, f=2k ... f~*N} with sufficiently large integer k& > 0
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instead of {log f,...,(log f)V} as we did in the proof of Theorem 0.2. It
is easy to check that all functions yf~* are in appropriate Sobolev spaces.
Then we should apply Lemma 2.1 to evaluate the I'-dimension of the inter-
section L1 N Ly where Ly is the [-invariant subspace generated by all forms
O(xf*™), m=1,...,N, and Ly = Im 0 in L2A%(M).

All other arguments are similar to the ones used in the proof of Theo-
rem 0.2. O

REMARK. An interesting feature of Theorem 0.3 is that its proof does not
use the regularity results for the d-Neumann problem and so this theorem
can be extended to a number of less regular situations.

Proof of Theorem 0.4. We should apply the arguments given in the proof
of Theorem 0.3 to a strongly pseudoconvex I'-invariant neighbourhood M
of M, find a sufficiently large space H of holomorphic functions on M with
singularities on the boundary of M and then take the space L of restrictions
of all functions from H to M. Since the restriction operator is injective the
closure of L will have the same I'-dimension as H. O

Proof of Theorem 0.6. The statement (ii) can be proved exactly as the
statement of Theorem 0.2. So, if there exists on bM a point of strong
pseudoconvexity then the statement (i) is also valid. Let us prove (i) with-
out this assumption.

We can suppose, further, that in a neighbourhood of M we have a
[-invariant function ® € C? which is strictly plurisubharmonic in a I'-
invariant neighbourhood U of bM.

Let us fix a sufficiently small ball B in U so that B N bM # () and
yBNB =0 forany v € T, v # 1. Let x1,...,zn be different points in
BNbM and ai(x),...,an(x) be non-negative cut-off functions from C°(B)
such that a,, = 1 in a neighbourhood of z,,, and a,, = 0 in a neighbourhood
of zp, k#£m, m=1,2,...,N.

Let us consider the following function

D(x) = AD(x) + Z’y* (am(z) - In dist(z, 7)) - (2.6)

For any sufficiently large A the function ® is I-invariant and strictly pluri-
subharmonic in a neighbourhood Uy C U of bM. With this choice of ® we
will have v*a,, ¢ L?&’(M) forany y e I'm =1,2,...,N and t > n, where
n = dimc M.
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Denote by L the following closed I'-invariant subspace in L?(M)

= {r| 1@ - S em'an@): Slenal? < x}.

The subspace L has the form L?T @ CV and hence dimp L = N.
Let L; be the following closed I'-invariant subspace in Lf&)AO’l(M )N
L2A%Y (M)

L= {w ‘ w e Zcmﬂé’y*am(x), Z lemA]? < oo} .
¥,m myy

We have again dimp L; = N. Applying Proposition 1.7, Proposition 2.8
and Corollary 2.6 we conclude that Im U, N Ly is I'-dense in L;. Hence,
for any 6 > 0 there exists a closed I'-invariant subspace ()1 C L1 such that
Q1 CIm Dté and dimpr Q1 > N — 6.

Denote @ = {f | f € L,0f = a € @Q1}. Since 0 is injective on
L we have dimpr Q = dimp @1 > N — 6. If f € @ then we can find a
solution w, w € L?&)AO’I(M), of the equation a = [J,5 w, hence a solution
0= 5;i>w € L?é(M ) for the equation 0 f = a = 0p3. Hence the functions
h = f — 03w form a closed I'-invariant subspace H C L?0O(M). Tt follows
from the construction of @ in the form (2.6) that H N LféO(M) = {0}, if

t > n. Hence dimp H = dimr Q > N — 6 and dimp L2O(M) = cc. 0

Proof of Theorem 0.7. The proof of this theorem does not use I'-dimensions
and is based only on the Hérmander type estimate from Corollary 1.9. The
idea of the construction below goes back to Bombieri [B].

Under the assumptions of Corollary 1.9 it follows that for any ¢ > ~o /8o
the equation 98 = a, da = 0 has a solution with the estimate

1
18]|t0 < 230t =) || ¢a - (2.7)

Since the constant in (2.7) depends only on M and the minimal eigenvalue
of i00® on M, this result is valid for a singular strictly plurisubharmonic
function @ of the form (2.6) (see [B]).

Let us fix points z1,...,xy on M and complex numbers c1,...,cy and
find h € L2O(M) such that h(z,,) = ¢, m =1,..., N. To this end let us
take cut-off functions a;(z),...,ay(x) from C°(M) such that a,, = 1 in
a neighbourhood of x,,, supp a,, N supp ax = 0 for m # k and all supp a,,
are sufficiently small.

We can assume that ® is continuous on M. Let us introduce a sin-
gular strictly plurisubharmonic function @ of the form (2.6). Let a =
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Z%:l cmO am (), where {c,,} are any complex numbers. We have a €
L?i)AO’l(M) and a = 9 f, where f =Y epam(x) € L*(M). )

Applying (2.7) we can find § € Lf&)onl(M) such that 98 = a. The
function £ is holomorphic in a neighbourhood of any {z,,} because a« = 0
in such a neighbourhood.

It follows from the inclusion § € Lf&)AOJ(M) that 8(z,,) = 0, m =
1,...,N,ift >n. Then h = f — 3 € L?O(M) and h(z,,) = cm, m
1,...,N. 0

3 An Example

1. In this section we will give an example which shows that the action of
a discrete group I' in the previous results is important: just bounded geom-
etry with uniformity of all conditions is not sufficient even for the existence
of a single non-trivial holomorphic L? function. In fact our manifold M will
have a free holomorphic action of a solvable Lie group G such that the quo-
tient M /G is the closed interval [—1,1]. Also M will be a Stein manifold.
Its non-compact boundary will be strongly pseudoconvex. Therefore the
uniformity of all the local conditions will be guaranteed. The only thing
which is missing is the free action of a discrete (or in fact any unimodular)
group with a compact quotient. In particular the group G itself does not
have any discrete cocompact subgroups.

Let B be the unit ball in C?:

B= {(wl,wg) e C? ’ |w1|2 + |w2|2 < 1}‘
We will consider it as a homogeneous complex manifold with the Bergman
metric. The holomorphic automorphisms of B preserve the metric. Our
manifold M will be a subdomain in B.

It is more convenient to work with a different representation of the
classical domain B: we prefer to present it as a Siegel domain of the second
kind:

Q= {(2’1,22) e C? ‘ Im 2y > |21|2}.
The isomorphism of B and (2 is given by the formulas:
w) = 22’1(2’2 + ’l‘)il , Wy = (2’2 - i)(ZQ + i)il . (31)
The manifold M will be a §-neighbourhood of the hyperplane section Im 2z
= 0 in the Bergman metric on €2, for some 6 > 0.
We shall always use the notation z; = x1 + iy1, 29 = T3 + iy2. Then

Q = {(z1 +iy1, 32 +iy2) | yo > 2T + 23}
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The linear automorphisms of {2 are given by the formulas
(21,22) = (pz1 + & |pP22 + t + 2ip21 € +i|€%) (3.2)

where p, & € C, t € R.
Now let us consider a subdomain M in € given by

2
Yy
M= M. = {(21,22) ‘ Y2 >ZE%+€—;} s
where 0 < € < 1. As a limit case we will also use
Mo=Qn{y =0} = {(21,22) | yo > 2T + 43, y1 =0} .
Let us consider a subgroup G of the group of automorphisms of 2 which
is given by the restrictions p = A > 0 and £ € R in (3.2). Clearly this will
be a Lie group with dimgr G = 3. It is easy to see that G consists of all
transformations of the form T¢,H) (or, equivalently, of the form H)\T¢,),

where A >0, §,t € R, H) is a “similarity”, T¢; is a “translation” given by
the formulas

Hy(21,22) = (Aa1,\%22),  Tea(z1,20) = (21 + &, 20+t + 209§ +i€7) .
The presentation of g in each of the forms T ;Hy, H\T¢; is unique. The

transformations {T¢; | {,t € R} form an abelian subgroup of the Heisen-
berg group acting on the boundary of 2.

If follows from (3.2) that the group G can be represented as the group
of matrices
A2 2NE t+i€?
g=10 A 13
0 0 1
where £,t € R, A > 0.

LEMMA 3.1. The action of G on ) has the following properties:

(i) This action preserves M and M.

(ii) It is free on M.

(iii) The space of orbits on M is the closed interval [—1,1].
Proof. The proofs of (i) and (ii) are straightforward. To prove (iii) we can
do the following. For any point (21, z2) € M (here and below the closure is
always understood in the Bergman metric), adjusting parameters &, ¢, \ we
can find a (unique) transformation from G which maps (21, 22) to a point
with 1 = 29 = 0 and y2 = 1, i.e. a point of the form (i7,7). A simple
calculation shows that in fact 7 = y1/+/y2 — 27. It is easy to see that the
formula for 7 defines 7 as a continuous function on M. The range of this
function is in fact [—¢, ], where the endpoints —e and e correspond to the
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two connected components of bM (bM N {y1 < 0} and bM N {y; > 0}) so
that G acts transitively on each of these components. Therefore the map
e~tr: M — [~1,1] identifies the space of orbits with [—1,1]. O

A straightforward calculation shows that M is strongly pseudoconvex.
(This follows basically from the fact that the function (z1,71) — (23 +
£~ 2y?) is convex.)

Also uniformity of all the metric conditions is obvious because of the
free cocompact action of G as a group of isometries of M.

2. Here we will prove

PROPOSITION 3.2. There is no nontrivial holomorphic L?-functions on M,
ie. L2O(M) = {0}.

Here L? is understood with respect to the measure dv which corresponds
to the restriction of the Bergman metric to M.

We will start with the following

LEMMA 3.3. If f € L?O(M) then f|y, € L*(Mo,dvy), where dvy is the
volume element on M, corresponding to the restriction of the Bergman
metric to Mjy.

Proof. Let us use the standard elliptic estimate

@) < Cy / HEPHE), 2 e,

where B(x,0) is the ball with the center = and the radius § with respect
to the Bergman metric, and 6 is chosen so that these balls belong to M.
Integrating this estimate over My we arrive to the desired result.

In more detail we can first choose a small § > 0 and integrate over a
small ball in My which gives the estimate

[ U@l <6 [ )P,
B(z,6)NMo B(x,26)

Then using the bounded geometry property of M we can find a covering
of My by the balls B(z;,6), j = 1,2,..., such that the balls B(x;,206)
have bounded multiplicity of intersections. Summing over all j we get the
estimate

/ (@) Pdvo(z) < C / ()du(2). 0
My M

Proof of Proposition 3.2. Let us recall that the Bergman metric on the

unit ball B € C2 has the form
2

ds? — 3|:Z dwjdzf)j n 22: ’lf)kwjdwkdﬂ)j
2T il — o) 2 T P [unl?)?
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The change of variables (3.1) transforms it to the Bergman metric on €
which is given by the formula
ds®> = 3( Im 2o — |21 ]2) -2 ( Im 29 dz1dz + idzzdég + %zledel — %Zldzldég) .
(3.3)
The corresponding volume element has the form
dv = 2(y2 — af — y}) Pdwrdyrdaadys .
Taking y; = 0 in (3.3) we get the induced metric on My:
dsg =3(y2 — x%)*z (ygdx% + %dw% + idyg — xldwldyg) )
The corresponding volume element is
3v/3

dvg = T(:‘/Q - $%)75/2d1’1dx2dy2 .

Consider the foliation of My by half-planes

H,=MyNn{z =a} = {(a,zg) ‘ Im 2y > ]a\z} ,
where a € R. The restriction of the metric (3.3) to H, is the Poincaré
metric
§(y2 — a®) 7 (da + dys) |
with the volume element
dvoe = 2(y2 — 27) 2dwadys .

Let f € L*O(M). Denote fo = f|My = fo(z1,22) = fo(z1,32,y2)
and fo. = fO‘Ha = fO(avz2) = fO(CL?x?ay?)' Then fy € L2(M0,dvo) by
Lemma 3.3. Comparing the expressions of dvy and dvg, and applying the
Fubini theorem we see that the condition fy € L?(My, dvg) implies that

fO,a(yQ - CL2)71/4 S L2(Ha7 dUO,a)
for almost all @ € R. Let us consider only values of a which have this
property.

Note that for any fixed a we have (y — a — 00 as zy tends to
any finite boundary point zo € H, (i.e. to a point zo € C such that
Im 29 = a?). Therefore fo, € L*(U,dvy,) in a neighbourhood U of such
a point. Note that fy, is harmonic with respect to the Poincaré metric.
Again using the standard elliptic estimate for the Laplacian of the Poincaré
metric, we see that fp,(22) — 0 as 22 tends to any finite boundary point
of H,. Since f is also holomorphic it should be identically 0 on H,. (If we
map H, biholomorphically to the unit disc D, then f will be transformed
to a holomorphic function in D such that f vanishes on the boundary of
D with a possible exception of one point which is the image of oo in H,).
Since this is true for almost all a we see that f|My = 0. It follows that f
is identically 0 on M. O

2)71/4
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REMARK. Under the same conditions it may happen that G is not unimod-
ular but there are plenty of L? holomorphic functions on M. For example
this is possible for the simplest non-unimodular group: the group G of the
matrices

|1t
where t € R, n € Z. Indeed, consider M which consists of all matrices
1 =z
= o

where m € Z, z € C, |Im z| < 1. Then M is a disjoint countable union of
strips {z | z € C,|Imz| < 1}. Consider M as a (non connected) complex
manifold with boundary with M obtained by taking closure of each strip, so
that M consists of the matrices of the same form with |Im z| < 1. Clearly
M is strongly pseudoconvex.

The action of G on M is obtained by left multiplication of the matrices:
g - h = gh. It amounts to interchanging the strips with extra translations
by real numbers (depending on the number of the strip). This action is
obviously holomorphic and free. Introducing the standard Euclidean metric
on every strip (the metric induced by the standard metric on C), we obtain
an invariant metric. There are plenty L? holomorphic functions on each
strip, and they can be extended to M by 0. On the other hand it is easy
to see that M /G = [-1,1].

4 Open Questions

Here we give a list of open questions of various difficulty. It is assumed in
all questions that we are in the situation of Theorems 0.1-0.5.

Let M be strongly pseudoconvex.

1. Does there exist a finite number of functions in L2O(M) N C(M)
which separate all points in bM?

2. Assume that dimg M = 2. Does there exist f € L2O(M) N C(M)
such that f(z) # 0 for all x € bM?

3. Is it true that for every CR-function f € L2(bM)NC(bM) (Oyf = 0)
there exists F' € L2O(M) N C(M) such that Flyy = f?
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