ON THE NUMBER OF SIMPLEXES OF SUBDIVISIONS
OF FINITE COMPLEXES

M. L. Gromov UDC 513.83

Combinatorial invariants of a finite simplicial complex K are considered that are functions
of the number «j(K) of simplexes of dimension i of this complex. The main result is
Theorem 2, which gives the necessary and sufficient condition for two complexes K and L
to have subdivisions K' and L' such that ai®')=a{(L') for 0 <i < «. The theorem yields

a corollary: if the polyhedra |K| and |L| are homeomorphic, then there exist subdivi-
sions K' and L' such that i ") =ai(L') for i =0.

INTRODUCTION

Let K be a finite simplicial complex, and let @j(K) be the number of i-dimensional simplexes of K.
The problem is which functions of «j are combinatorial invariants of K. It is well known that the Euler
characteristic y (K) and the dimension dim K are such functions.

The problem of invariance of functions of the numbers «j(K) with respect to subdivisions has two
aspects. Firstly, for an individual complex K it is possible to study functions of the numbers «i(K) that are
invariant under subdivisions of K. Secondly, it is of interest to ascertain the cases in which we can estab-
lish with the aid of such functions that two complexes K and L are not combinatorially equivalent. The lat-
ter question can be formulated as follows: When do two complexes K and L have subdivisions K' and 1L
such that ai(K)=ai(L) for all i=0?

The first aspect of the problem is examined in [2], which gives for every complex K all the linear
functions of aj(K) that are invariant under subdivisions of K.

To the second part of the problem belongs the following result of Bing [1]: Any two closed triangu-
lated three-dimensional manifolds M; and M, have subdivisions M{ and Mj such that @i (M}) = «i(Mj) for
i=0.

In the present paper we obtain the necessary and sufficient condition for two complexes K and L to
have subdivisions K' and L' such that ¢i(K') =¢j(L") for all i =0.

In Appendix 1 we formulate an analogous result for the case of more than two complexes.
In Appendix 2 we show how it is possible to obtain by our methods the fundamental theorem of [2].

§ 1. Notations and Formulation of Results

Let K be a finite simplicial complex and |K| the corresponding polyhedron. By sj we shall denote
the i-dimensional simplexes of K, as well as the corresponding open simplexes of |K|. By C(K) we shall
denote a space of functions whose arguments are simplexes of K, whereas the values assumed by them be-~
long to the group Z of integers. In the following these functions will be called co~chains. A support supp(c)
of a co-chain ¢ & C(K) is defined as a minimal subcomplex of K such that if s&supp(c) , then ¢(s)=0. The
dimension dim (¢) of a co-chain c is defined as the dimension of its support.

Let K' be a subdivision of K. We shall define a natural homomorphism p: C(K)~- C(K') as follows:
Ifs=K, s &K ,and in the polyhedron |K| we have the inclusion s’ — s , then we shall write pc(s') =c(s).

If A is a subset of simplexes of K, then pp will denote the characteristic function of the set A.

For every integer i we shall define a homomorphism Aj: C(K) — C(K) by the following conditions:
()¢ (€)) <= supp (¢) »and if s <sp » then
A.A. Zhdanov Leningrad State University. Translated from Matematiche§kie Zametki, Vol. 3, No. 5,
pp. 511-522, May, 1968. Original article submitted September 11, 1967.
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A, () = (=)™ + 4, (9).

Remark 1. Let us consider the boundary Bd (sq) of the complement of the simplex sq in the complex
K (see [3]). From the definition of the homorphism Aj we obtain by a trivial calculation the formula

Dby (s9) = 1 + (— D* 4 (— D)% (Bd (s9))- 1)

In particular, if M is an n-dimensional closed h-manifold, then Ap $p=0.

Remark 2. Any co-chain ¢=C(K) can be regarded as a function f(k) in the space |K|by setting
fyk)=c(s), if ks K . If we have two triangulations K! and K? of the space |K|, then the co-chains
Aisz1 and AillJKz coincide as being functions in the space |K|.

For the proof we must use formula (1) and the invariance of local homology groups.
Let us define the homomorphism y: C(K)— Z by the condition X(¢Sq) =¢1)%, It is clear that
x (yKg) = x (K). Let us denote by P the space of polynomials of the form %ao + 2i=1 a;z¢ , where the oj are
. +1
integers, and let us define the homomorphism Xy: C(K) — P by the condition y (3 s X) =xq .
that

It is clear
to(e; = 1) = — g (c)and ¥y (P, @) = 2| o; (K)-a¥L.

In the group C(K) let us define a subset C *(K) as follows. The zero co-chain belongs to C* (K),
whereas the co-chain ¢ of dimension n = 0 belongs to the set C* (K) if and only if there exist simplexes
st,s2 =K such that c(s%l) > 0, and c(sfl) <0.

Remark 3. Suppose we have two triangulations K! and K? of the space |K| and two co-chains
c'eC(KY) and c2e=C(K?) that coincide as functions in |K|, and let ¢! = C*(K!) . Then ¢* e C*(KY .

For the proof we must use the topologic invariance of dimension.
The principal result of the present paper is

THEOREM 1. Let K be a finite complex and let ¢=C(K) . For a complex K to have a subdivision
K' such that x ¢(p (c)) =0, where p: C(K)— C(K"), it is necessary and sufficient that the following conditions
hold:

= C* (K), =0
¢ (5), 2() } *)

u ecau n=dime, mo A, (¢) = C* (K).

From Theorem 1 follows

THEOREM 2. For two finite complexes K and L to have subdivisions K' and L' such that ¢;K')=
«i(L') for all i, it is necessary and sufficient that the following conditions hold:

and in the space (' (K {J L) we have the inclusion
(An‘px - An‘pl) (= c (K U L)

dim K = dim L = n, 4 (K) = 4 (L)
|

Proof. Let us apply Theorem 1 to the polyhedron K {J L and the co-chain ¢ — by — %)
(K UL)e=C . With respect to the co-chain c the conditions (**) are equivalent to the conditions (*). On
the other hand,

Xo(e) = 3, 2 (s (K) — ot (1)

which completes the proof of Theorem 2.
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COROLLARY 1. Let us consider complexes K, L, and Ky, L such that the polyhedron |K| is homeo-
morphic to the polyhedron |K,| , whereas the polyhedron |L| is homeomorphic to the polyhedron |L4], and
let ai (K)=aj(L) for all i =0. Then the complexes K; and Ly will have subdivisions K{ and L] such that
ai(K]) = a; (L) for all i =0.

For the proof we must use the remarks 2 and 3.

COROLLARY 2. Let us consider two n-dimensional closed h-manifolds M; and Mj such that
¥ (M) =x (My). Then they have subdivisions M{ and M; such that oj(M})= aij(Mj) for all i =0.

For the proof it is sufficient to use Remark 1.

COROLLARY 3. Let us consider a complex K of dimension n such that A, ()& C*(K) and let L be a
complex such that L =dim K and x(L)=y (K). Then there exist subdivisions K' and L' such that ¢jK') =
ai(L') for all i=0.

The proof is evident.

Remark, For any integers q and n such that n=0, and if n=0, then q > 0, there exists a complex K
such that y K)=q, dim K=n, and A, (,)EC (K) .

Proof. If n=0, then we must take K in the form of a complex consisting of q vertices. Letn> 0. By
Kn we shall denote a complex consisting of three n-dimensional (closed) simplexes, linked along the (n-1)-
dimensional boundary. Let Lq be a one-dimensional complex such that y (Lg)=q—1. The complex K will be
taken in the form of the complex K, {y L, . The proof that the complex K = K, | L, has the desired
property is trivial.

The latter remark and Corollary 3 show that (in a certain sense) there do not exist combinatorial in-
variants, apart from dimension and Euler's characteristic, that are functions of the numbers «ai(K).

§ 2. Lemmas about Subdivisions

For every integral k let us define a homomorphism dg: P— P by the formula

dp () =p (2) + (— 1) p (—1 — 2).
It can be directly verified that

i dy=0, dip=dxr @)

In the group P let us define a subgroup P™ by the following condition: p(z)&P" if and only if deg p (x)=n,
dp +1P(X) = 0, and the value p(0) is an integer.
LEMMA 1. If p(z)<P" and p(0)=0, then p(x) =x(x +1) ' q(x), where q(x)=P""2

Proof. Since dp 4+ p(x) =0, it follows that p(~1)=p(0) =0, and therefore (z (z 4+ 1))~ p(z) € P. In this
case
diy((z@+ )P @) =@+ 1) pE) + ()" (=
+ ) p(—t —2)=(z(z+ 1) dnrip (@) = 0.

This completes the proof of the lemma.
Let K be a finite complex. By y4(K) we shall denote the polynomial 1 Z:;x‘“ai(K) . Let us note

that ¥ {(K; X)=1+y4(¢K; X). We shall consider the union K<L of two complexes. By a direct calculation
we can verify the formula

%1 (K o L) = %3 (K)-x3 (L). 3)

LEMMA 2. Let us consider a complex K, a simplex s;&K , a co-chain ¢=C(KX)., and 2 number ¢
such that for any simplex sesi(s;) we have c(s)=q. Let K' be an elementary subdivision (see [3]) of the
complex K with respect to the simplex sy, and suppose that the simplex s;& K’ lies in the simplex s;.
Letp: CK) —C('). Then
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Bd (s) = Bd (s))
and

Xo (P ()i )= %o(c; 2) + az(z + 1) %4 (Bd (51); 2)- -

Proof. The first of the above formulas is evident, whereas the second formula follows from (3).
Let us define the homomorphism y *: C()-— P by the formula x * (c; x)= v? (c; %) +-%- x (©).
LEMMA 3. Let K' be a subdivision of K, let p: C{K)—~ C(K') and let ¢c&=C (K). Then:

a) dgx* (€)= x* Ak(e);

b) A +1 Ak (e)=0, Ag(c)=Ak +2 (c);

c) x(@)=x( ()

d) Akp (c)=p Ak(c);

e)if p()eC’(K’), then also c=C" (K.

Proof. It is sufficient to verify the formulas (a), (b), (c) and (d) for co~chains ce=C (K) of the form
c=ygs,» where s K. It is evident that

Ko (B (h)i ) = (— 1) T AL g™ o (AP ) 2™ (— )

Hence
* __ A\ +n n __phtn — 1) . .
1B ()i 2) = o 4 S gy o™+ ) =, (z"+1+——( ) )=d,,x Py, %)

and thus we have proved formula (a).

From (a) and (2) follows that y * Ak +1Ak(g) =0, but, on the other hand, if ss <s and $2<s , then
Ak +18k Ps(s] )— Ak +18k zps(s ); therefore we obtain for any s; =K the relation Ak +;A) zps(sl) 0. Since
the formula Ak Ak +9 i8 ev1dent, we thus proved (b).

Formula (c) is a consequence of the invariance of the Euler characteristic of complexes under sub-
divisions.

Let us denote by |Dn| the closure of the simplex sp in the polyhedron | K|, and let D}; be a subdivi-
sion of the complex Dp. By Bi(s) we shall denote the number of simplexes s; D, such that s> s D,
and s; & d(D,) . Since the polyhedron |Dyp'| is an n-dimensional manifold with a boundary [ 8(Dh)| we have

O
2 (= 1)'Bi ) = (—1)"
By applying this formula to the case that the subdivision D}, is induced by a subdivision K' of K, we obtain
Baptb, () = 3 (DB + 00, () = (= 1™+ o, () = oA, (9),
={)

thus proving formula (d). For the proof of (e) it is sufficient to refer to Remark 3.
Remark. From formula (a) of Lemma 3 and Remark 1 follows that if M is a closed n~dimensional

h-manifold, then 2y’ (y,;z)=P™' , whereas by denoting with S® the n-dimensional sphere and writing
x (M) =x (1), we obtain yx, (M) & P™ ,

LEMMA 4. Let Kp be a triangulation of the sphere SD. Then there exist in the complex Ky subdivi-

sions KL, ..., Kfl,where l=["';'3

] » such that the polynomials xi(Ké) generate for 1 <i =] the group
ph +1.

329



Proof. For n=0, 1 the assertion of the lemma is trivial. Now let n=2 and let K},,. .., K;{_2 be
subdivisions of the sphere s%% such tha.t the polynomials y; (Kn-z) generate the group P11, It is evident
that the complex K has a subdivision Kn with the following properties: There ex1st one-dimensional sim-
plexes s, s,... s eKy such that for anyi =1, 2,. .., [ the complex Bd(s] s isomorphic to the com-
plex Kn—z» and, moreover, st (sl) Nst(sh)= ¢ for i=j. Fori>1, the complex Kn W111 be taken by us in the
form of an elementary subdivision of the complex K;; with respect to the simplex 51 For i >1 we obtain
by virtue of Lemma 2

1 (RS 2) = % (Ko ) + 22+ 1) 3y (K5 2).

Since x4(p; 0) =1 and by virtue of Lemma 1 the polynomials xi(Ké; X) generate for 1 <i = +1 the
group PR+ ‘, we thus proved Lemma 4.

LEMMA 5. Let K be a finite complex and let ¢<=C(R) with dim ¢=n. Let
%) =0, d, % (c)=0. 4)

We shall moreover assume that there exist simplexes s;=K , £ =1, 2, such that c(s})=v;> 0 and c(s?)=
vy < 0, and that all the coefficients of the polynomial y(c; x) are divisible by the greatest common divisor v
of the numbers vy and v,. Then there exists a subdivision K' of K such that y 4(p {¢); x) = x*{(p (c); x)=0,
where p: CK)-—~ CK").

Proof. From Lemma 4 follows that there exists a subdivision K® of K with the following properties:
All the "new" simplexes of the complex supp p »(c), where pgy CEK)— C(Ko), lie in the union stUs? ;

there exist one-dimensional simplexes s; & K° , where 1 <i=] and & =1, 2 such that sheces
with st (sh¢)()st(si ©)=¢ for i=j;

Bcd(s) denotes the boundary of the complement of the simplex s in the complex (p %c)), then y,-
(BCd(s}Y); x) = x4 (BCd(s}): x) and the polynomials x,(Bds,i*, ;x) for 1 <i=<] generate the group PP~L

It is clear that Anc(sf) =Anc (s3)=0, and hence

Xo (Poln (€); 2) = %o (A (©); 2). ©)

By a trivial calculation with the use of formulas (4) and (5) and Assertions {a), (¢), and (d) of Lemma 3 we
obtain the formula
dnXo (Po(c); z) = 0. (6)

Itisalso clear thatall the coefficients of the polynomial y ¢(p o(e); X) are divisible by v.. By virtue of (6) we obtain

v1%0 (po (); 2)EE P™. (M

Let us note that y 4(p ¢(c); 0)=0 and let us write pj (x)= x4 (Bcd(s}-i); X)=y4 (Bcd((s.i’z): x). From (7) and Lem-
ma 1 follows that there exist nonnegative integersai and bi where 1 <i <], such that

Y lpa(e) 2} = "‘2;1 (a1 + by z (24 1) py (2). (8)

If L is a finite complex and s!, s%, . . ., sk are one-dimensional simplexes of L such that st (s)n
st )=¢  forisj, and if p;, py,. . . » Pk are nonnegative integers, then we shall denote by L(s‘, py» 8%, P
....skpk)asubdwxsmn of L. defined by the following conditions: Ls!, 0; ... ; sk, 0)=L, and the complex
L (s, ql, ceel By Qs eees sk, qp) is obtained by an elementary subdivision of the complex L (8%, qy; ...; si,
TR qk) with respect to any one-dimensional simplex contained in the simplex sl

Let us now write

K' = K°(sh %, ag;...i80% a 818, byy .. 05 s’ s By).
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From Lemma 2 follows

1
%o (P (c); 2) = %o (Po () 2) + 2_ (awy + bwa) 2 (2 + 1) pu (a), )

where p: C(K)- C('). From formulas (8) and (9) follows that y 4(p (¢); X)=0, but ¥ {p (c))=y (¢) =0, and
hence x 4(p (€); X)= x *(p (c); X). This completes the proof of Lemma 5.

LEMMA 6. For any natural number v there exists a homomorphism ry: P —P with the following pro-
perties:

a) diry=rydj; deg ryp(x)=deg px), and if degp(x) > 1, then the coefficient of the leading term of the
polynomial ryp(x) will be divisible by v;

b) for any finite complex K there exists a subdivision K(v) with a homomorphlsm py: CEK)=CEKM),
such that y gpv=rv ¥,

Proof. Let us define the homomorphism ry by the following formulas:
Ty (@ + 2T + ax7?) = ao + (a1 + (v — 1)az)z + vap?,

and if n > 2, then ry(xD) =xry((x +1)2—xn).

If dim K=0, then we set K(v)=K. Let dim K> 0. We take a one-dimensional skeleton of K and divide
every one-dimensional simplex of K into v parts. Then we continue this subdivision over the entire complex
K by induction on the skeletons in the following way: The subdivision of the J -dimensional simplex s; is
taken in the form of a cone over a subdivision of the boundary of the simplex s; with vertex at the center of
this simplex [let us note that K(1)=K and that K(2) is a barycentric subdivision].

1t is possible to directly verify that the homomorphism ry and the subdivision K(v), constructed by us,
have the desired properties.

COROLLARY. For any natural number v and any complex K there exists a subdivision Ky of K such
that the homomorphism p: C(K)— C(Ky) has the following properties: For any co-chain ¢ = C(X) such
that y (¢)=0 and djy * (c) =0 for some i, all the coefficients of the polynomial X ofp (¢); x) will be divisible by
v and diy * (p {(¢); x)=0.

Proof. Let us construct the sequence of subdivisions K!=K(v), and gi+ti=gl (v). The quantity Ky is
taken in the form of a subdivision KT, where n=dim K. I p: C(K)—C(Ky), it follows from formula (b) of
Lemma 6 that y4p = (rv)nxo, but since deg y o(p (c); X) <nand y,(p (c); —1)= xp (c) = x (¢} =0, the desired
property of the polynomialy ¢(p (¢); X) = (rv)R x o(c; X) will trivially follow from Assertion (a) of Lemma 6.

§ 3. Proof of Theorem 1

If xo(p(c); X)=0, then p(c)=C"(K') and ¥ (p (c)) =0, so that the necessity of the conditions (*) follows
from (c), (d) and (e) of Lemma 3.

Suppose that the co-chain ¢, which belongs to the group C(K), satisfies the conditions (*), and let dim
¢=n and dim Ap(c)=m. By setting b=Ap(c) and taking into account that

(e O =—1"(—1)=15x() =0,
we obtain

x (8) = 2%° (b; 0) = 2d,, %" (c; 0) = O. (10)

From formula (2) and (a) and (b) of Lemma 3 follows that

dn.x" (b)) = 0. 11)

Since b < C*(K) , there exist simplexes s}, and s}, such that b(s,) =v, > 0 and b(s?y) =v, > 0. Let us denote
by v the greatest common divisor of the numbers v, and v,. ‘To the complex K and the number v we shall
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apply the corollary of Lemma 6 and obtain a subdivision K; =Ky with a homomorphism p,: C{K) — CK;).
By virtue of (10) and (11) we can apply Lemma 5 to the complex K, and the co-chain p(b); hence there exists
a subdivision Ky with a homomorphism p,: C(K) — C(K;) such that

%'pe (b)) =

From (a) and (d) of Lemma 3 and from formula (12) we obtain

dnX’pz (c) = 0.

By using for the co-chain p,(c) the same reasoning as we used above for the co-chain b, we obtain a subdi-
vision K' with the desired property.

APPENDIX 1

THEOREM 2a. Let Ky, Ky, . . . » Kp be finite complexes. Let L= K, | K:U...U K,, and suppose that
every co~-chain of the form ¥, —¥. EL satisfies condition (*). Then there exist subdivisions K' of the
complexes K; such that al(K' )= (K' ) for all i and 1 <jy, j, =<p.

The proof of this theorem is s1m11ar to the proof of Theorem 1.

APPENDIX 2

Let us consider a subgroup P™™ < P , consisting of polynomials such that deg p(x) =n, whereas deg
dj +4p(x) =m and p(0) =p(—1)=0. Let K be a finite complex and let ¢& C(K) . Let us consider all possible
subdivisions Ki of K and homomorphisms pi: CK)— C(Kl), we shall define the subset P(¢) < P as the
set of all polynomials of the form yg{pi(c); x).

THEOREM 1la. Let K be a finite complex and suppose that the co-chain c=C (K) satisfies the con-
ditions (*), with dim c¢=n and dim Ap{c)=m. Then P () = P"t ™1 and in the group PR +1, M+1 there
exists a subgroyp PR *1,mM +1 of finite index and such that PrL, ™1 & P .

The proof of this theorem can be obtained by a simple reasoning from Theorem 1 and Lemma 4,

Let us denote by IT a linear space of polynomials with real coefficients and a zero free term. Let K
be a finite complex. All the linear functions of the numbers @j(K), invariant under subdivisions of K, form
a subspacell* (K) of Il *, where II * is the space conjugate to 1. The space IT*(K) is an annihilator of the
subspace II (K) = II generated by polynomials of the form p;(x)—p,(x), where p,(z), p,(z) EP (Yx)

In our terminology, the principal result of [2] is formulated as follows.

Let K be a finite complex of dimension n, and let dim Anypk=m. Then the space I1(K) will coincide
with thelinear hull, spanned over the polynomials p(x) belonging to the group pPa+1, m+1,

This theorem can be proved by applying Theorem 1la to the complex representing the union of two
specimens of the complex K, and to a co~chain, equal to 1 on simplexes of one specimen of the complex, and
to —1 on simplexes of the other specimen.
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