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The  su f f i c i en t  cond i t i ons  a r e  ob ta ined  fo r  the  e x i s t e n c e ,  on a h y p e r s u r f a c e  M c R n, of k p o i n t s  
whose  convex  hul l  f o r m s  a ( k -  D - d i m e n s i o n a l  s i m p l e x ,  h o m o t h e t i c  to  a g iven  s i m p l e x  
A c R n. In p a r t i c u l a r ,  i t  i s  shown tha t  i f  M i s  a s m o o t h  h y p e r s u r f a c e ,  h o m e o m o r p h i c  to a 
s p h e r e ,  such p o i n t s  w i l l  e x i s t  fo r  any s i m p l e x  A c R n.  The  p r o o f s  a r e  b a s e d  on s i m p l e  
t o p o l o g i c a l  c o n s i d e r a t i o n s .  T h e r e  a r e  s ix  r e f e r e n c e s .  

w i .  I n t r o d u c t i o n  

L e t  A c R n b e  a r e c t i l i n e a r  m - d i m e n s i o n a l  s i m p l e x  with v e r t i c e s  50, 51 . . . . .  5 m,  and q a r e a l  n u m -  
b e r .  We s h a l l  s ay  tha t  a s i m p l e x  A can  be q - i n s c r i b e d  in a s e t  A c R n i f  t h e r e  e x i s t s  a v e c t o r  y E R n such  
tha t  q5  i + y E A f o r  i = 0, 1 . . . . .  m .  We s h a l l  s ay  tha t  a s i m p l e x  A can  be  q - i m m e r s e d  in  a c l o s e d  r e g i o n  

c R n i f  f o r  any nonnega t ive  con t inuous  func t ion  f(w}, a s s i g n e d  in the  r e g i o n  ~2 and v a n i s h i n g  on i t s  bound-  
a r y ,  t h e r e  e x i s t s  a v e c t o r  y E R n such  tha t  q~i  +Y ~ ~2 f o r  i = 0, 1, . . . .  m and 

/ (qs0 + y) = ! (q81 + y) . . . . .  I ( q ~  + y), 

or ,  wha t  a m o u n t s  to  the  s a m e ,  the  s i m p l e x  A c R n c R n+l can  be  q - i n s c r i b e d  in  a g r a p h  P c R T M  of the  

func t ion  f ( w } .  

T H E O R E M  1. L e t  ~ c R n b e  a c l o s e d  bounded  r e g i o n  such tha t  i t s  b o u n d a r y  M i s  a C l - s u b m a n i f o l d  
of the  s p a c e  R n and i t s  E u l e r  c h a r a c t e r i s t i c  X(~) i s  n o n z e r o .  L e t  A c R n b e  a r e c t i l i n e a r  s i m p l e x .  Then :  

a) t h e r e  e x i s t s  a p o s i t i v e  q such  tha t  the  s i m p l e x  A can  b e  q - i n s c r i b e d  in  M; 

b) t h e r e  e x i s t s  a p o s i t i v e  p such tha t  fo r  any p o s i t i v e  q < p t he  s i m p l e x  A can  be  q - i m m e r s e d  in  the  
r e g i o n  ~ .  

If V c R n i s  a convex  body  wi th  b o u n d a r y  W and v E W, we sha l l  deno te  by  s(v;  V) the  ( c l o s e d )  s u b s e t  
of the  uni t  s p h e r e  S n-1 c R n t ha t  c o r r e s p o n d s  to  the  po in t  v u n d e r  a s p h e r i c a l  m a p p i n g  (see  [117 of the  h y p e r -  
s u r f a c e  W. 

The  b o u n d a r y  M of a convex  body  ~2 i s  s a id  to  be  smooth  with  r e s p e c t  to  an n - d i m e n s i o n a l  s i m p l e x  
A c R n i f  f o r  any po in t  w E M t h e r e  e x i s t s  a v e r t e x  6 i of A such tha t  s(w; ~)  n s ( 6 i ;  A) = 4) ( let  u s  no te  tha t  
i f  the  b o u n d a r y  M i s  smoo th  with r e s p e c t  to  e v e r y  n - d i m e n s i o n a l  s i m p l e x  A C R n, then  M wi l l  be  a C~-sub - 
m a n i f o l d  of  t he  s p a c e  R n }. 

T H E O R E M  2. L e t  ~2 c R n be  a bounded  convex  r e g i o n  with  b o u n d a r y  M tha t  i s  smoo th  with  r e s p e c t  
to  an n - d i m e n s i o n a l  s i m p l e x  A c R n. Then :  

a) t h e r e  e x i s t s  a p o s i t i v e  q such  tha t  the  s i m p l e x  A can  b e  q - i n s c r i b e d  in  M; 

b) t h e r e  e x i s t s  a p o s i t i v e  p such tha t  fo r  any p o s i t i v e  q < p t he  s i m p l e x  A can  b e  q - i m m e r s e d  in ~2. 

The  p r o o f  of  T h e o r e m  1 i s  b a s e d  on s i m p l e  and w e l l - k n o w n  t o p o l o g i c a l  r e s u l t s ,  s e t  fo r th  in w 2. 
T h e o r e m  2 wi l l  b e  d e r i v e d  f r o m  T h e o r e m  1 in w 4.  In the  r e m a r k s  at  the  end of the  p a p e r  we s h a l l  d i s c u s s  
(without p roof )  t he  u n i q u e n e s s  of  an i n s c r i b e d  s i m p l e x  and the  i m p o r t a n c e  of the  r e s t r i c t i o n s  i nvo lved  in  
the  c o n d i t i o n s  of  T h e o r e m s  1 and 2.  

In t he  fo l lowing  we s h a l l  deno te  by  M + ~, w h e r e  M c R n and ~E R n, t he  s u b s e t  ob ta ined  f r o m  M by  a 
s h i f t  by  t h e  v e c t o r  ~ .  

L e n i n g r a d  Zhdanov  S ta te  U n i v e r s i t y .  T r a n s l a t e d  f r o m  M a t e m a t i c h e s k i e  Z a m e t k i ,  Vol .  5, No. 1, pp .  
81-89 ,  J a n u a r y ,  1969. O r i g i n a l  a r t i c l e  s u b m i t t e d  D e c e m b e r  25, 1967. 
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w 2 .  T o p o l o g i c a l  L e m m a s  

L E M M A  1. Le t  an o r i e n t e d  C l - s u b m a n i f o l d  M c R n be  the  b o u n d a r y  (with a l l o w a n c e  fo r  the  o r i e n t a -  
t ion )  of a bounded  c l o s e d  r e g i o n  f2 c R n whose  o r i e n t a t i o n  i s  i nduced  f r o m  the  s p a c e  R n.  L e t  t (M)  be  the  
a b s o l u t e  v a l u e  of  the  d e g r e e  of the  t a n g e n t i a l  m a p p i n g  7 : M --* S n - l ,  w h e r e  S n-1 c R n i s  the  uni t  s p h e r e .  

Then  

t (M) = IX (~)1. (1) 

The  p r o o f  of f o r m u l a  (1) can  be  found in H o p f ' s  p a p e r  [4] ( see  a l s o  [6]). 

R e m a r k  1. If  n i s  odd, f o r m u l a  (1) w i l l  be  e q u i v a l e n t  to  a n o t h e r  w e l l - k n o w n  f o r m u l a  of Hopf:  

t 
t (M) = - ~  IX (M)I 

(see [31). 

L e t  Z0, Z t  . . . . .  Z k be  i n t e g r a l  c y c l e s  of the  s p a c e  R n such tha t  the  i n t e r s e c t i o n  of t h e i r  s u p p o r t s  i s  
e m p t y  and 

dim Zo -{- dim Z 1 -t- ... q- dim Z k ~ n k  - -  t .  

L e t  u s  c o n s i d e r  w e b s  H i, i = 0, 1 . . . . .  k, spanned  o v e r  the  c y c l e s  Z i in the  h a l f - s p a c e  R n+l = R+ x R n D 0 
• R n = R n (R+ b e i n g  a p o s i t i v e  r a y ) .  In [5] we can  f ind the de f in i t i on  of the  index of i n t e r s e c t i o n  i ( I I  0, 171, 
. . . .  II k)  of w e b s  H i, t h i s  index  b e i n g  i ndependen t  of the  cho i ce  of the  w e b s .  

Def in i t i on  1. The  index  of  i n t e r s e c t i o n  i(110, 111 . . . .  , II k )  i s  c a l l e d  the  l i nk ing  c o e f f i c i e n t  k(Z0,  Z 1 . . . . .  
Z k)  of the  c y c l e s  Z0, Zt  . . . . .  Zk .  

The  v a r i o u s  d e f i n i t i o n s  of the  l i nk ing  c o e f f i c i e n t  and the  p r o o f  of t h e i r  e q u i v a l e n c e  fo r  the  c a s e  of 
two c y c l e s  can  b e  found in [2]. The  a n a l y s i s  f o r  a l a r g e r  n u m b e r  of c y c l e s  i s  e n t i r e l y  s i m i l a r .  In L e m m a s  
2 and 3 we p r e s e n t  wi thout  p r o o f  the  p r o p e r t i e s  of the  l ink ing  c o e f f i c i e n t  to  be  u s e d  by  u s  be low .  The  p r o o f  
of t h e s e  l e m m a s  i s  b a s e d  on the  s t a n d a r d  u s e  of  the  p r o p e r t i e s  of  the  index  of i n t e r s e c t i o n  [5]~ 

L E M M A  2. By Z~ c R kn l e t  u s  deno te  the  i m a g e  of the  c y c l e  Z 0 c R n fo r  a d i a g o n a l  i m m e r s i o n  

and  by  ~ c Rim we s h a l l  deno te  the  c y c l e  

R ~ --> R '~ X R"  X . . .  X R '~, 
v 

k times 

Z1 X Z~ X I I I X Z~  ~ R ~  X ~ X  i i I X R~I  

Then  

Ik (Z;, ~)1 = I k (Z, ,  Zl  . . . .  , Zk)l ,  

w h e r e  k(Z~,  ~) i s  the  l i nk ing  c o e f f i c i e n t  of  the  c y c l e s  Z~ and ~ in the  s p a c e  R Ira. 

LEMMA 3. L e t  M m and N n be  c l o s e d  o r i e n t e d  C 2 - s u b m a n i f o l d s  of the  s p a c e  Rm+n+l .  By U~ we 
s h a l l  deno t e  a t u b u l a r  n e i g h b o r h o o d  of N n.  L e t  M m b e  con ta ined  in the  s e t  U[, / \N n. We sha l l  a s s u m e  tha t  

U ~  = N n • D m+l  (D~ T M  i s  a s p h e r e  of  r a d i u s  e), and deno te  by  p :  V~q - -  D m+l  the  p r o j e c t i o n  onto the  c o m -  

ponen t  of t he  d i r e c t  p r o d u c t .  Le t  u s  c o n s i d e r  the  r e s t r i c t i o n  PM: Mm ~ Dm+t of the  p r o j e c t i o n  p .  Unde r  

t he  m a p p i n g  PM the  i m a g e  Mp of the  m a n i f o l d  M m d o e s  not  i n t e r s e c t  with the  c e n t e r  of  the  s p h e r e  D m+l ,  so  

tha t  i t  i s  p o s s i b l e  to  p r o j e c t  t he  i m a g e  Mp onto the  b o u n d a r y  S m of the  s p h e r e  D m+l  f r o m  i t s  c e n t e r .  Le t  

0 : M m ~ S~ n be  a m a p p i n g  c o n s t r u c t e d  in t h i s  way.  Then  the  d e g r e e  of the  m a p p i n g  0 wi l l  be  equa l  to  the  
l i nk ing  c o e f f i c i e n t  of the  c y c l e s ,  d e t e r m i n e d  by  the  s u b m a n i f o l d s  M m and N n c R m+n+t .  

L e t  M b e  a c l o s e d  o r i e n t e d  ( n -  D - d i m e n s i o n a l  C l - s u b m a n i f o l d  of t he  s p a c e  R n, and l e t  E = (61 . . . . .  en) 
be  a b a s i s  in R n.  By Mbi  (b r e a l )  we s h a l l  deno te  the  s u b m a n i f o l d s  M + b~i ,  w h e r e  i = 1, 2 . . . . .  n. By 
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a(M; E) we shall denote the la rges t  number b such that for any positive c < b wehave M N Mc, 1 N ... f~ Mc, n 
= r If such a large number does not exist, we shall write a(M; E) = ~o. 

It is c lear  that for  a sufficiently small  posit ive b the intersect ion M N Mb, t f] ... N Mb, n wil lbe empty, 
and therefore  a(M; E) > 0. 

Definition 2. The self-l inking coefficient ~(M) of a submanifold M c R n is defined as the absolute 
value of the linking coefficient of cycles,  determined (oriented!) by the submanifolds M, Mb, 1 . . . . .  Mb, n, 
where 0 < b < a(NI; E). It is  c lear  that the quantity ~(M) depends neither on the choice of the basis  E, nor 
on the choice of a posit ive b < a(M; E), so that the definition is co r rec t .  

Proposi t ion 1. The self-l inking coefficient ~<(Yl) is equal to the absolute value t (M) of the degree of 
the tangential mapping T : M --  S n-1. 

Proof ;  Without loss  of general i ty  it can be assumed that the submainfold M has smoothness of c lass  
C 2, and that the bas is  E is formed by orthogonal unit vec to rs  ep e2 . . . . .  en. 

Let  us denote by M* c R n2 the image of the manifold M c R n in the case of a diagonal immers ion  

and by N c R n2 the d i rec t  product  

R"• R"•215 • 
,~ times 

M x M : < . . .  •  ~ R ' ~ x R ~ ' x . . . •  '~ 

n times n times 

By 

$6R"• x ... x R" 
I r 

n d~les 

we shall denote a vector  with components (el, ez . . . . .  en) ,  where ei  E R n. 

Let us consider  a tubu la r  neighborhood U~q of the submanifold N c R n2. By selecting the direct ion of 
of the normal  of the submanifold M c R n, we specify the decomposit ion U~q = N • D n and the project ion 

p : U~q - -  D~. Let us denote by M~ c R n2 the submanifold M* + b~ and assume the positive number b to be 

t~* c TTe holds. Since the in tersect ion M b N N is empty, it is possible to con- so small  that the inclusion " b  "~N 

s t ruc t  the mapping 0 : M~ n-I  --- Se , considered in Lemma 3. It follows f rom Lemmas  2 and 3 that deg (8) 

coincides in absolute value with the self-l inking coefficient n (M) .  

Let us denote by ~'(m) E R n the vector  of the unit normal  to the manifold M at the point m E M and con- 
sider the vec to rs  Yl(m) = (F(m), -6 . . . . .  -6), F2(m) = (-6, ~(m), -6 . . . . .  -6) . . . . .  Fn(m) = (-6 . . . . .  -6, ~ (m)) in the 

space R n2 = R n x R n x ... x R n. The vec tors  Yl(m), ~(m) . . . . .  ~n(m) form a bas is  of the space of normals  
of the manifold N at the point (m, m, .... m) where mE M c R n .  Let us consider  mapping 0': M---S n+l ,  

defined as follows: To each point mE YI we assign a set of sca lar  products  (~, s (~, e~2(m)) . . . . .  (~, 
SUn(m)). For  small  positive b the mapping O: Mt~ --- S~ -1 is c lose  to the mapping 0 ' :  M --- S~ -1 (let us 
note that the manifolds M and M~ are  canonically diffeomorphic).  But since (e, evi(m)) = e(e i, v(m)), it 
follows that the mapping 0 ' coincides in fact (when the spheres  S n-1 and S n-1 a re  set  identical) with the 
tangential mapping q': NI ---S n-1 

Hence 

]deg(~) [ =  [deg(O" ] - -  Ideg(O) I ~ g ( M ) ,  

which proves  the proposi t ion.  

COROLLARY. Let M c R n be a closed oriented ( n -  1)-dimensional  Ci-submanifold,  and let t(M) ~ 0. 
Let  E be a bas is  of the space R n. Then: 
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a) a(M; E) < ~ ;  

b) if  0 < b < a(M; E) ,  then  the i n t e r s e c t i o n  II N 1] 1 N .. .  NII  n of a r b i t r a r y  webs,  spanned  in  the space  

R n+t over  the m a n i f o l d s  M, Mb, 1 . . . . .  Mb, n, wi l l  not  be empty .  

P roo f .  If the i n t e r s e c t i o n  of some  webs  If, II 1 . . . . .  II n, spanned  in  the  space  R+ n+l over  the m a n i f o l d s  
M, Mb, 1 . . . . .  Mb, n, i s  empty  for  0 < b < a(M; E) ,  then  the s e l f - l i n k i n g  coef f ic ien t  ~ (M)  wi l l  be  equal  to 
z e r o ;  but  in  th i s  ca se  t(M) = 0, which p r o v e s  A s s e r t i o n  (b). 

d(M) 
F o r  a su f f i c i en t ly  l a r g e  n u m b e r  b (we m u s t  take  b > max  ~ , w he r e  d(M) deno tes  the d i a m e t e r  

of the se t  M and the e ,  i = 1, 2 . . . . .  n, a r e  v e c t o r s  f o r m i n g  the b a s i s  E)  t he r e  ex is t  n o n i n t e r s e c t i n g  webs  
(for example ,  con i ca I ) ,  spanned  in  R n+l ove r  the m a n i f o l d s  M, Mb, 1 . . . . .  Mb, n.  But s ince  the de f in i t ion  of 
the  n u m b e r  ~ (M)  does  not  depend on the choice  of a pos i t i ve  b < a(M; E) ,  we would obta in  for  a(M; E) = 
the  r e l a t i o n  ~ ( M )  = 0, and hence  t(M) = 0, which p r o v e s  A s s e r t i o n  (a) .  

w 3 .  P r o o f  o f  T h e o r e m  1 .  

Without  l o s s  of g e n e r a l i t y  i t  can  be  a s s u m e d  that  the s imp lex  & c R n i s  n - d i m e n s i o n a l .  In the space  

R n le t  u s  c o n s i d e r  a b a s i s  E, f o r m e d  by the v e c t o r s  ~l  = 50 -52 ,  ~2 = 50 - 6 2  . . . . .  ~n = 60 - S n .  Let  u s  wr i t e  
q = a(M; E ) .  F r o m  the c o r o l l a r y  of P r o p o s i t i o n  1 and L e m m a  1 it  fo l lows tha t  0 < q < ~ .  F r o m  the de f i -  
n i t i o n  of the  n u m b e r  a(M; E)  i t  fol lows that  the i n t e r s e c t i o n  M N Mq, 1 N . . .  N Mq, n i s  not  empty .  Let  m E M 
N Mq, I N . . . N M q ,  n .  T h e n m ,  m - q e l  . . . . .  m - q ~ n  E M .  Let  u s  w r i t e y = m - q S 0 .  T h e n q 5 0 + y = m E M a n d  
q6 i + y = m - q e i  E M for  i = 1, 2 . . . . .  n, which p r o v e s  A s s e r t i o n  (a) .  

Le t  u s  denote  by F ,  r q ,  1 . . . . .  r q ,  n c R ~ + I t h e  g raphs  of the f unc t i ons  f (x ) ,  f ( x  - q e l )  . . . . .  f ( x  - q e n ) ,  
def ined  in  the r e g i o n s  ~2, ~2 + q-61 . . . . .  ~2 + qen .  The graph  Fq ,  i can  be  r e g a r d e d  as a web, spanned  over  the 
man i fo ld  Mq, i .  By v i r t u e  of the c o r o l l a r y  of P r o p o s i t i o n  1 and of L e m m a  1, the i n t e r s e c t i o n  F N Fq ,  1 N . . .  
N Fq ,  n is  not  empty  for  0 < q < a(M; E ) .  By r e a s o n i n g  in  the s a m e  way as  above,  we can see  tha t  for  
0 < q < a(M; E) the s imp lex  A c R n c R ~  +l c R n+l can be q - i n s c r i b e d  in  the graph  F c R n+l c R n+l, which 
c o m p l e t e s  the p roo f  of T h e o r e m  1. 

R e m a r k  2. In A s s e r t i o n  (b) of T h e o r e m  1 we can  take  as  the n u m b e r  p the s m a l l e s t  pos i t i ve  n u m b e r  
q such that  the s i m p l e x  A can  be q - i n s c r i b e d  in  the  mani fo ld  M. 

w 4 .  P r o o f  o f  T h e o r e m  2 .  

At  f i r s t  we shal l  f o r m u l a t e  a s i m p l e  g e o m e t r i c a l  p r o p o s i t i o n :  

LEMMA 4. Let  ~ c R n be a c losed  bounded convex r e g i o n  with a b o u n d a r y  M that  i s  smooth with r e -  
spec t  to a s imp lex  ~ c R n with v e r t i c e s  60, 51 . . . . .  5 n.  Let  ~21D f12 ~ . . .  D~2k D .. .  be a sequence  of r e g i o n s  

cO 

with C t - s m o o t h  b o u n d a r i e s  M k such that  k~__l~2k = ~2. Let  qk > 0, k = 1, 2 . . . . .  be  a sequence  of n u m b e r s  

such tha t  the s imp lex  A can  be q k - i n s c r i b e d  in  the se t  M k for  k = 1, 2 . . . . .  Then  l i ra  in fq  k > 0. 
k ~  

P r o o f .  By A k we sha l l  denote  a s imp l e x  with v e r t i c e s  of the f o r m  5 k = qkS0 + Yk . . . . .  5k = qk6n + Yk 

such that  5k . . . . .  5 k E M k. It i s  c l e a r  tha t  the s p h e r i c a l  i m a g e s  of the b o u n d a r i e s  of the s i m p l e x e s  A, A l . . . . .  

Ak. .~ co inc ide .  If l i m  in fqk  = 0, t h e r e  would ex i s t  a s u b s e q u e n e e  ~2kl, ~k2 . . . . .  ~2kj, . . .  with the fol lowing 
k ~  

p r o p e r t i e s :  

1) t h e r e  ex i s t  l i m i t s / 0  = .lim 5kj . . . . .  / n  = l i m  5kJ, such that  l o = l  1 = . . .  = l n  E M; 
j --.oo j --*co 

2) t h e r e  ex i s t  l i m i t s  a0 = .lira ski,  . . . ,  an  = .lira skj,  where  we denoted by si  k (i = 0, 1 . . . . .  n ;  k = 1, 2, 
j - - + ~  j - - . o o  

. . . )  the  un ique  po in t  of which the se t  s (Sk,  ~ k ) .  

On the one hand, a i  E s (Si ,  A) for  0 - - i  -< n + 1, and on the  o ther  hand u0, a l  . . . . .  an  E s(/0,  ~2) = s(/1, ~2) 
= . . .  = S(/n, ~2), so tha t  at the po in t  l o = l  I = .. .  l n E M the s m o o t h n e s s  of the b o u n d a r y  M of ~2 with r e s p e c t  

to the s imp lex  A i s  d i s t u rbed ,  which c o m p l e t e s  the p r oo f  of L e m m a  4. 
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P r o o f  of T h e o r e m  2. F o r  the  r e g i o n  ~ we sha l l  c o n s t r u c t  a s e q u e n c e  of r e g i o n s  ~ l ,  ~22 . . . .  with 
0o 

smooth  b o u n d a r i e s  M 1, M 2 . . . . .  such tha t  kN__l~k = ~ .  S ince  •  = 1, i t  f o l l ows  f r o m  A s s e r t i o n  (a) of 

T h e o r e m  1 tha t  t h e r e  e x i s t s  a s e q u e n c e  of n u m b e r s  qk > 0 and v e c t o r s  Yk E Rn(1 -< k < ~o) such tha t  qkSi  
+ Yk E Mk(0 _< i - n ) .  T h e r e  e v i d e n t l y  e x i s t s  a s u b s e q u e n c e  ~ k l ,  ~k2 . . . .  such tha t  t h e r e  e x i s t  the  l i m i t s  

q = l i m  qk: and y = l i m Y k . .  S ince  + E M(0 < i < n)  and  q i s  p o s i t i v e  by  L e m m a  4, we thus  p r o v e d  j - * ~  J j~r J qSi  Y - - 

A s s e r t i o n  (a). 

L e t  u s  con t inue  the  func t ion  f ( w )  by  a z e r o  to the  r e g i o n  ~ k  D ~ .  By app ly ing  A s s e r t i o n  (b) of T h e o -  
r e m  1 to  each  r e g i o n  ~ k  and going  o v e r  to  the  l i m i t  in the  s a m e  way  a s  in the  p r o o f  of A s s e r t i o n  (a), we 
ob ta in  b y  v i r t u e  of R e m a r k  2 and L e m m a  4 the  A s s e r t i o n  (b) of  T h e o r e m  2. 

w 5 .  R e m a r k s ,  

If n i s  odd, then  f o r  a r e g i o n  ~ c R n with a smoo th  b o u n d a r y  M the  cond i t i on  X(~ ) ~ 0 w i l l  be  e q u i v a -  
l en t  by  v i r t u e  of R e m a r k  1 to  the  cond i t ion  •  ~ 0; hence ,  the  f u l f i l l m e n t  of  t h i s  cond i t ion  wiU depend  
only on the  m a n i f o l d  M, and not  on i t s  m a n n e r  of i m m e r s i o n  in  t he  s p a c e  R n.  If  O T i s  the  c o m p l e m e n t  of 
the  r e g i o n  ~ in the  s p h e r e  S n, we have  f o r  even  n the  fo l lowing  e v ide n t  f o r m u l a :  •  ) + •  T) = 2; t h i s  
f o r m u l a  shows  tha t  in  g e n e r a l  the  fu l f iUmen t  of the  cond i t ion  •  ) = 0 d e p e n d s  on the  m a n n e r  of i m m e r -  
s i on  of the  m a n i f o l d  M in the  s p a c e  R n f o r  even  n.  T h i s  q u e s t i o n  i s  e x a m i n e d  in m o r e  d e t a i l  in  [6]. 

The  cond i t ion  •  ~ 0 in T h e o r e m  1 i s  e s s e n t i a l .  The  c o r r e s p o n d i n g  e x a m p l e s  f o r  A s s e r t i o n  (a) 
can  b e  c o n s t r u c t e d  beg inn ing  wi th  n = 3, and f o r  A s s e r t i o n  (b) b e g i n n i n g  with n = 2.  

The  n s m o o t h n e s s  M c o n d i t i o n s  in T h e o r e m  2 a r e  e s s e n t i a l ;  m o r e o v e r ,  i i  fo r  any n - d i m e n s i o n a l  s i m p l e x  
A C R n t h e r e  e x i s t s  a p o s i t i v e  q such tha t  the  s i m p l e x  A can  be  q - i n s c r i b e d  ( q - i m m e r s e d )  in M (in ~) ,  
t hen  the  b o u n d a r y  M wi l l  b e  C l - s m o o t h .  

If  M c R n i s  a s m o o t h  o r  convex  c l o s e d  h y p e r s u r f a c e  and i f  f o r  any n - d i m e n s i o n a l  s i m p l e x  A C R n 
and any p o s i t i v e  n u m b e r  q t h e r e  e x i s t s  not  m o r e  than  one v e c t o r  y E R n such tha t  q5 i + y E M f o r  i = 0, 1, 
. . . .  n, then  fo r  n > 2 the  h y p e r s u r f a c e  M wiU b e  an  e l l i p s o i d .  

L .  A.  S l u t s m a n  h a s  r e p o r t e d  tha t  i f  M c R z i s  a s t r i c t l y  convex  c l o s e d  s m o o t h  c u r v e ,  then  t h e r e  e x i s t  
f o r  any t r i a n g l e  A ~ R 2 a un ique  p o s i t i v e  n u m b e r  q and unique  v e c t o r  y E R 2 such  tha t  q5 i + y E M fo r  i = 0, 
1, 2. U s i n g  t h i s  fac t ,  S l u t s m a n  p r o p o s e d  an e l e m e n t a r y  p r o o f  of A s s e r t i o n  (a) of T h e o r e m  1 f o r  the  c a s e  of 
a convex  r e g i o n  ~ ~ R 3. 
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