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Unlike manifolds with controlled sectional and Ricci curvatures, those with
their scalar curvatures bounded from below are not configured in specific rigid
forms but display an uncertain variety of flexible shapes similar to what one
sees in geometric topology.

Yet, there are definite limits to this flexibility, where determination of such
limits crucially depends, at least in the known cases, on two seemingly unrelated
analytic means: index theory of Dirac operators and the geometric measure
theory, ! where there are two distinct aspects of the role of the Dirac operator
and two (less sharply) separate one from another aspects to applications of the
geometric measure theory.

I. Positivity of the scalar curvature of a metric g on a (closed spin) manifold
X implies, according to Lichnerowicz’ theorem, wvanishing of the index of the
Dirac operator D, where this index, which is independent of g, identifies, by
the the Atiyah-Singer theorem, with a certain (smooth) topological invariant,
denoted &(X). Thus (see section 3.4).

Sc(g) > 0 implies that &(X) = 0.

I1. Both, Lichnerowicz’ and Atiyah-Singer’s theorems apply to twisted Dirac
operators (Dy)er = Der, that act on spinors with values in (coefficients with)
vector bundles L over X with unitary connections.

But now,

vanishing/non-vanishing of ind(Dg ) depends on a balance between geometric
invariants of g and of (connections on) L,

thus delivering information on geometry of (X, g) issuing from positivity of the
scalar curvature. This in turn, yields non-trivial topological information for
non-simply connected manifolds X .2

I. Somewhat similarly, information concerning closed manifolds X with Sc(X) >
0, which is obtained with the use of the geometric measure theory—
Schoen-Yau’s inductive decent method with minimal hypersurfaces,

1Besides these, something is achieved with the Hamilton’s Ricci flow, especially in dimen-
sion n = 3, and specifically 4-dimensional results are derived with a use of the Seiberg- Witten
equations.

2The geometry of (X, g) may be hidden in algebraic constructions with the fundamental
groups of X, which deliver (finite or infinite dimensional) vector bundle L with flat unitary
connections in them (see section 3.11).



which is mainly concerned with the (abelianised) fundamental groups of X,
albeit being quite different from what comes along with non-twisted Dirac op-
erators, is also of predominantly (not entirely) topological nature.

I1. A variation of the method of minimal hypersurfaces, applied to manifolds
with boundaries, yields geometric information which is analogous (but not fully
identical) to that delivered by twisted Dirac operators (see section 3.5) and
additional information of the same kind follows with a use of stable p-bubbles,
that are stable (in a subtle sense) hypersurfaces in Riemannian manifolds X
with prescribed mean curvatures p = p(x) (see sections 3.7-3.9).

(The emergent picture of manifolds with positive scalar curvature, where
topology and geometry are intimately intertwined, is reminiscent of what hap-
pens in symplectic geometry; but the former has yet to reach maturity enjoyed
by the latter.?

We start these lectures with a dozen pages (§§1 and 2) of elementary back-
ground material followed in §3 by a brief overview of the main topics in spaces
with their scalar curvatures bounded from below, that covers, I guess 70-80%
of currently pursued directions. Then, in §§4 and 5 we give a more detailed
exposition of several known and some new geometric constraints on spaces X
implied by the lower bound Sc(X) > 0.

Finally, in §6, we sketch a few connective links between different faces of
the scalar curvature shown in the earlier sections and formulate several general
problems.
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1 Geometrically Deceptive Definition.

The scalar curvature of a C?-smooth Riemannian manifold X = (X, g), denoted
Sc = Sc(X) = Se(X,g) = Sc(g) = Seq is a continuous function on X, which is



traditionally defined as
the sum of the values of the sectional curvatures at the n(n — 1) ordered
bivectors of an orthonormal frame in X,

Se(X,z) =8c(X)(z) = Z/{ij(x), i+j=1,..,n,

2]
where this sum doesn’t depend on the choice of this frame by the Pythagorean

theorem.

But if you are geometrically minded, you want to have a geometric definition
where the first attempt to find such a definition relies on the following properties
of Se(X).

oy Additivity under Cartesian-Riemannian Products.

Se(X1x Xa,91 @ g2) = Se(X1,91) + Se(Xa, g2).
e Quadratic Scaling.
Se(M-X) =A"28¢(X), forall A>0,
where
A X =X (X, distx) =qer (X, disty.x) for distyx = A-dist(X)

for all metric spaces X = (X, distx) and where dist — X\ - dist(X) corresponds
to g = A2 - g for the Riemannian quadratic form g.
(This makes the Euclidean spaces scalar-flat: Sc(R™) = 0.)

o3 Volume Comparison. If the scalar curvatures of n-dimensional manifolds
X and X' at some points z € X and 2’ € X’ are related by the strict inequality

Se(X)(z) < Se(X")(2),
then the Riemannian volumes of the e-balls around these points satisfy
vol(B,(X,€)) > vol(By (X', ¢))

for all sufficiently small € > 0.
Observe that this volume inequality is additive under Riemannian products:
if
vol(By, (X, ¢€)) > vol(By: (X, ¢€)), for € < ep,
and for all points x; € X; and xj € X;, i = 1,2, then
’l}Oln(B($17I2)(X1 X Xg,éfo)) > UOln(B(lll@é)(X{ X Xé, 60)

for all (z1,22) € X; x X5 and (2, 25) € X| x XJ.
This follows from the Pythagorean formula

distx,xx, = \/disty, +dist%, .

and the Fubini theorem applied to the "fibrations" of balls over balls:

B(ay 2)(X1%x X2,€0)) = By, (X1,60) and Ba, 4y (X1 x X3,€0)) = By, (X1,€0),



where the fibers are balls of radii € € [0,2¢] in X and X3.

o, Normalisation/Convention for Surfaces with Constant Sectional Curva-
tures. The unit spheres S?(1) have constant scalar curvature 2 and the hy-
perbolic plane H2(-1) with the sectional curvature —1 has scalar curvature —2

It is an elementary exercise to prove the following.
%4 The function Sc(X, g)(x) which satisfies e1-e4 exists and unique;

* o The unit spheres and the hyperbolic spaces with sect.curv = —1 satisfy
Sc(S™(1)) =n(n-1) and Sc(H";) = —n(n-1).

Thus,
Sc(S™(1) xH") =0=Sc(R"™),

which implies that the volumes of the small balls in S™(1) xH", are "very close"
to the volumes of the Euclidean 2n-balls.

Also it is elementary to show that the definition of the scalar curvature via
volumes of balls agrees with the traditional Sc =} k;;, where the definition via
volumes seem to have an advantage of being geometrically more usable.

But this is an illusion:

THERE IS NO SINGLE KNOWN (ARE THERE UNKNOWN?)
GEOMETRIC ARGUMENT WHICH WOULD MAKE USE OF THIS DEFINITION.
The immediate reason for this is the infinitesimal nature of the volume com-
parison property: it doesn’t integrate to the corresponding property of balls of
specified, let them be small, radii < > 0. 4

Standard Examples of Manifolds with Positive Scalar Curvatures. Since com-
pact symmetric spaces X have non-negative sectional curvatures k, they satisfy
Se(X) >0, where the equality holds only for flat tori.

Since the inequality x > 0 is preserved under dividing spaces by isometry
groups, all compact homogeneous spaces G/H carry such metrics, since the bi-
variant metrics on Lie groups have x > 0.

Since the scalar curvature is additive, fibrations with compact non-flat ho-
mogeneous fiberes carry metrics with Sc > 0. (See §1 in [G(positive) 1996] for a
bit more about it.)

Since convex hypersurfaces in R™ and in general spaces with x > 0 have their
K > 0, their scalar curvatures are also non-negative.

2 Useful Formulas.

The logic of most (all?) arguments concerning the global geometry of manifolds
X with scalar curvatures bounded from below is, in general terms, as follows.

Firstly, one uses (or proves) the existence theorems for solutions ® of certain
partial differential equations, where the existence of these ® and their properties
depend on global, topological and/or geometric assumptions A on X, which are,
a priori, unrelated to scalar curvature.

4An attractive conjecture to the contrary appears in Volumes of balls in large Riemannian
manifolds by Larry Guth in Annals of Mathematics173(2011), 51-76.



Secondly, one concocts some algebraic-differential expressions E(®, Sc(X)),
where the crucial role is played by certain algebraic formulae and issuing in-
equalities satisfied by £(®, Sc¢(X)) under assumptions .A.

Then one arrives at a contradiction, by showing that

if Sc(X) > o, then the implied properties, e.g. the sign, of E(®,Sc(X))
are
opposite to those satisfied under assumption(s) A.

[I] Historically the first ® in this story were harmonic spinors, that are
solutions s of D(s) =0, where D is the Dirac operator.’

The existence of harmonic spinors on certain manifolds X follows by the
Atiyah-Singer index theorem of 1963, while the relevant formula involving Sc(X)
is the following algebraic identity between the squared Dirac operator and the, a
priori positive, (coarse) Bochner-Laplace operator V*V also denoted V2.

Schroedinger-Lichnerowicz- Weitzenboeck-( Bochner) Formula® Lich-
nerowicz

1
D?=v?+ - Se.
\% 1 c

(see section 3.4).
Confronting these, André Lichnerowicz [Lich 1963] arrived at examples of

closed 4k-dimensional manifolds X, which admit no metrics with Sc¢> 0.7

[IT] Next ® to come [SY (structure) 1979] were smooth stable minimal hyper-
surfaces in X for n = dim(X) <7, the existence of which was proved by Federer
[Fed 1970] relying on the regularity of volume minimizing cones of dimensions
< 6 proved by Simons [Sim 1968], while the key algebraic identity employed by
Schoen and Yau in [SY(structure) 1979] was a suitably rewritten Gauss for-
mula, that led, in particular, to

non-existence theorem of metrics with Sc >0 on the 3-torus.

[III] The third kind of ® are solutions to the 4-dimensional Seiberg- Witten
equation of 1994, that is the Dirac equation coupled with a certain non-linear
equation and where the relevant formula is essentially the same as in [I].

Using these, LeBrun [LeB 1999] established a non-trivial (as well as sharp)

lower bound on [, Se¢(X,z)*dz for Riemannian manifolds X diffeomorphic
to algebraic surfaces of general type.
[IV] The Hamilton Ricci flow ® = g(t) of Riemannin metrics on a manifold

X, that is defined by a parabolic system of equations, also delivers a geomet-
ric information on the scalar curvature, where the main algebraic identity for

5All you have to know at this stage about D is that D is a certain first order differential
operator on sections of some bundle over X associated with the tangent bundle T'(X).

6 All natural selfadjoint geometric second order operators differ from the Bochner Laplacians
by zero order terms, i.e. (curvature related) endomorphisms of the corresponding vector
bundles, but it is remarkable that this operator in the case of D? reduces to multiplication by
a scalar function, which happens to be equal to iSCX (z). See section 3.2 for more about it.

"Prior to 1963, no such manifold was known and no simply connected manifold that would
admit no metric with positive sectional curvature was known either. But Lichnerowicz’ theo-
rem, saying, in fact, that

if X is spin, then Sc(X)>0= A[X]=0
delivered lots of simply connected manifolds that admitted no metrics with positive scalar
curvatures, see section 3.4.



Sc(t) = Se(g(t)) reads

dSc(t)
dt

= Ay Sc(t) + 2Ricci(t)? > AgySc(t) + %Sc(t)z,

.which implies by the maximum principle that the minimum of the scalar cur-
vature grows with time as follows:

Scmin(o)
Semin(t) 2 1 2t5emin(0)
3

If X = (X,g) is a closed 3-manifold of constant sectional curvature —1, then,

using the Ricci flow, Pereleman proved that
all Riemannin metrics g on X with Sc(g) > -6 = Sc(g) satisty
Vol(X,g) > Vol(X,g).8

(The logic of the Ricci flow, at least on the surface of things, is quite different
from how it goes in the above three cases that rely on elliptic equations:

the quantities ® in the former are kind of residues of certain geometric or topo-
logical complexity of underlying manifolds X, that is necessary for the very existence
of these ®, while the Ricci flow, as a road roller, leaves a flat terrain behind itself
as it crawls along erasing all kinds of complexity.)

In what follows in this section, we enlist classical formulae involved with [I]
and indicate their (more or less) immediate applications.

2.1 Variation of the Metrics and Volumes in Families of
Equidistant Hypersurfaces

(2.1. A) Riemannian Variation Formula. Let hy, t € [0,¢], be a family of
Riemannian metric on an (n—1)-dimensional manifold Y and let us incorporate
hy to the metric g = hy +dt? on Y x [0,¢].

Notice that an arbitrary Riemannin metric on an n-manifold X admits such
a representation in normal geodesic coordinates in a small (normal) neighbour-
hood of any given compact hypersurface Y c X.

The t-derivative of h; is equal to twice the second fundamental form of the
hypersurface Y; = Y x {t} ¢ Y x [0,¢], denoted and regarded as a quadratic
differential form on Y =Y;, denoted

Ap = A*(Yy)
and regarded as a quadratic differential form on Y =Y;.
In writing,
dhy
O h = — =2A4;,
dt K
or, for brevity,
O,h=2A",

where

8] recall this from reading Perelman’s papers time ago, but today, I can’t locate this
statement in the sources available on the net, where it is buried in plethora of technical
lemmas on Ricci flow.



v is the unit normal field to Y defined as v = <

i
In fact, if you wish, you can take this formula for the definition of the second
fundamental form of Y ! c X™.
Recall, that the principal values of(y), i = 1,...,n — 1, of the quadratic
form A} on the tangent space T,(Y"), that are the values of this form on the
orthonormal vectors 7,* € T;(Y"), which diagonalize A*, are called the principal

curvatures of Y, and that the sum of these is called the mean curvature of Y,

mean.curv(Y,y) =y o (y),

where, in fact ,

Zaf(y) =trace(A*) = ZA*(Ti)

for all orthonormal tangent frames 7; in T, (Y") by the Pythagorean theorem.

Also observe that A* changes sign under reversion of the ¢-direction. Ac-
cordingly the sign of the quadratic form A*(Y") depends on the coorientation of
Y in X, where our convention is such that

the boundaries of convex domains have positive definite second fundamental

forms A*, hence, positive mean curvatures.

(2.1.B) First Variation Formula. This concerns the ¢-derivatives of the
(n - 1)-volumes of domains Uy = U x {t} c Y}, which are computed by tracing
the above (I) and which are related to the mean curvatures as follows.

[OU] Ayvol,—1(U) = %Uol”_l(Ut) = fU mean.curv(Uy)dy,

where dy; is the volume element in Y; o Uy.
This can be equivalently expressed with the fields yv = ¢ - v for bounded
Borel functions ¢ =t (y) as follows

[01/,] 5‘1/,,,1)01”_1(}/}):/;/w(y)mean.curv(Y})dyt

Now comes the first formula with the Riemannin curvature in it.

2.2 Gauss’ Theorema Egregium

Let Y ¢ X be a smooth hypersurface in a Riemannin manifold X. Then the
sectional curvatures of Y and X on a tangent 2-plane 7 =72 c T,(Y) ¢ T)y(X)
y €Y, satisfy

k(Y,T) = k(X,T) + A2A*(7),

where A2A*(7) stands for the product of the two principal values of the second
fundamental form form A* = A*(Y") c X restricted to the plane 7,

NA*(7) = i (7) - a3 (7).

This, with the definition the scalar curvature by the formula Sc = } x;j,
implies that
Se(Y,y) = Se(X,y) + 3 o () (y) = 3 ki

]



where:

e af(y), i=1,...,n—1 are the (principal) values of the second fundamental
form on the diagonalising orthonormal frame of vectors 7; in T,,(Y);

e o*-sum is taken over all ordered pairs (i,7) with j # i;

e 1, are the sectional curvatures of X on the bivectors (v, 7;) for v being a
unit (defined up to +-sign) normal vector to Y;

e the sum of k,; is equal to the value of the Ricci curvature of X at v,

Z Ky, = Riccix (v, v).
i

(Actually, Ricci can be defined as this sum.)
Observe that both sums are independent of coorientation of Y and that in the
case of Y = S"71 c R™ = X this gives the correct value Sc(S"!) = (n-1)(n-2).
Also observe that )
Zaiaj = (Zal) - ZO(?,
1] i i

which shows that
Sc(Y) = Se(X) + (mean.curv(Y))? - ||A*(YV)|]* - Ricci(v, v).

In particular, if Se¢(X) > 0 and Y is minimal, that is mean.curv(Y) = 0,
then

(Sc > —2Ric) Sc(Y) > =2Ricci(v,v).

Example. The scalar curvature of a hypersurface Y ¢ R™ is expressed in
terms of the mean curvature of Y, the (point-wise) Lo-norm of the second
fundamental form of Y as follows.

Sc(Y) = (mean.curv(Y))* - [|A* (V)|
for [|A*(Y)||? = £;(a})?, while Y c S™ satisfy

Sc(Y) = (mean.curv(Y))*=[|A*(Y)|*+(n-1)(n-2) > (n—l)(n—2)—nmiax(c;)2.

It follows that minimal hypersurfaces Y in R", i.e. these with mean.curv(Y) =
0, have negative scalar curvatures, while hypersurfaces in the n-spheres with all
principal values < v/n -2 have Sc(Y) > 0.

Let A = A(Y) denote the shape operator that is the symmetric operator on
T(Y) associated with A* via the Riemannin scalar product g restricted from
T(X) to T(Y),

A*(1,7) = (A(7),T)q for all T e T(Y).

2.3 Variation of the Curvature of Equidistant Hypersur-
faces

(2.3.A) The Second Main Formula of Riemannian Geometry.® Let Y; be a family
of hypersurfaces t-equidistant to a given Y = Yy ¢ X. Then the shape operators
A; = A(Y:) satisfy:

9The first main formula is Gauss’ Theorema Egregium.

10



d,A = % = -A%(Y}) - By,

where B; is the symmetric operator associated with the quadratic differential
form B* on Y;, the values of which on the tangent unit vectors 7€ T}, +(Y;) are
equal to the values of the sectional curvature of g at (the 2-planes spanned by)

the bivectors (T, v= %).

Remark. Taking this formula for the definition of the sectional curvature, or
just systematically using it, delivers fast clean proofs of the basic Riemannian
comparison theorems along with their standard corollaries, by far more efficiently
than what is allowed by the cumbersome language of Jacobi fields lingering on
the pages of most textbooks on Riemannin geometry. 1°

Tracing this formula yields
(2.3.B) Hermann Weyl’s Tube Formula.

dAt 2 . . ( d d )
— ) =-||A"||* - —, —
trace( = ) |[A*||* - Riccig prilerd
or
trace(9,A) = d,trace(A) = -||A*||* - Ricci(v,v),

where
|A*|I? = |A][* = trace(A?),

where, observe,

trace(A) = trace(A*) = mean.curv =y o
i

and where Ricci is the quadratic form on 7'(X) the value of which on a unit
vector v € T,,(X) is equal to the trace of the above B*-form (or of the operator
B) on the normal hyperplane v* c T,(X) (where v* = T, (Y) in the present
case).
Also observe — this follows from the definition of the scalar curvature as )’ r;;
— that
Se(X) = trace(Ricci)

and that the above formula Sc(Y,y) = Sc(X,y) + Xisjafaj — ¥, Ky, can be
rewritten as

Ricci(v,v) = % (Sc(X) -Se(Y)-> oy - a;) =

]

(Se(X) = Se(Y) - (mean.curv(Y))? + ||A*|]?)

N |

where, recall, of = a}(y), yeY, i =1,..,n -1, are the principal curvatures of
Y c X, where mean.curv(Y) = ¥,; f and where [|[A*]|? = ¥, (o))

10Thibault Damur pointed out to me that this formula, along with the rest displayed on
the pages in this section, are systematically used by physicists in books and in articles on
relativity. For instance, what we present under heading of "Hermann Weyl’s Tube Formula",
appears in [Darm 1927] with the reference to Darboux’ textbook of 1897.

11



2.4 Umbilic Hypersurfaces and Warped Product Metrics

A hypersurface Y c¢ X is called umbilic if all principal curvatures of Y are
mutually equal at all points in Y.
For instance, spheres in the standard (i.e. complete simply connected) spaces

with constant curvatures (spheres S}, Euclidean spaces R™ and hyperbolic

spaces H7_,) are umbilic.

In fact these are special case of the following class of spaces .

Warped Products. Let ¢ = ¢(y) > 0 be a smooth positive function on a
Riemannian (n-1)-manifold Y = (Y,h), and let g = hy + dt? = p?h + dt? be the
corresponding metric on X =Y x [0,¢].

Then the hypersurfaces Y; = Y x {t} ¢ X are umbilic with the principal

’

curvatures of Y; equal to o (t) = %, i=1,...,n-1 for
A = %ht for ¢’ = Z—f and A; being multiplication by % .

The Weyl formula reads in this case as follows.

14

(n—l)(‘p) :—(n—l)Q(") —;(Sc(g)—sc(ht)—(n-u(n_z)(*"') )
2 2 ¥
Therefore,

1 1\ "\?

Sc(g):QSC(h)—Z(n—l)(w) _n(n_l)(‘f") -

¥ ¥ ¥

*) - e -260-1) % - - 1)(a-2) (2]
¥ ¥ ¥

where, recall, n = dim(X) = dim(Y) + 1 and the mean curvature of Y; is

©'(t)
o(t)

Examples. (a) If Y = (Y, h) = S"! is the unit sphere, then

mean.curv(Yyc X) =(n-1)

_ (n-1)(n-2) B

" / 2
Scg 2(n—1)¢—(n—1)(n—2)(¢) ,
P 14

which for ¢ = ¢ makes the expected Sc(g) = 0, since g = dt® + th, t > 0, is the
Euclidean metric in the polar coordinates.

If g = dt? +sint®h, -7/2 <t < /2, then Sc(g) = n(n - 1) where this g is the
spherical metric on S™.

(b) If h is the (flat) Euclidean metric on R"™! and ¢ = expt, then
Sc(g) = -n(n-1) = Se(H™)).

What is slightly less obvious, is that if
t t
@(t):expf —taunn—dt7 —z<t<z7
—r/n 2 n n

12



then the scalar curvature of the metric ¢?h + dt?, where h is flat, is constant
positive, namely Sc(g) =n(n—1) = Sc(S™), by elementary calculation®!

Higher Warped Products. Let Y and S be Riemannian manifolds with the
metrics denoted dy? (which now play the role of the above dt?) and ds? (instead
of h), let ¢ >0 be a smooth function on Y, and let

9= (y)ds® +dy’

be the corresponding warped metric on Y x S,

Then
(x %)
1 m(m-1) 5  2m
Sc(g)(y,s) = Sce(Y)(y) + 59¢(9)(8) = —5 VeI - ——=Ap(y),
©(y) ©*(y) ©(y)

where m = dim(S) and A =Y v, is the Laplace operator on Y.

To prove this, apply the above (%) to I x S for naturally parametrised
geodesics [ ¢ Y passing trough y and then average over the space of these [,
that is the unit tangent sphere of Y at y.

The most relevant example of (* *) is where S is the real line R or the circle
St also denoted T! and where it reduces to

(%%), Se(g) (1, 5) = Se(Y)(y) - %Awy).

(The roles of Y and S = R and notationally reversed here with respect to
those in (*).)

The basic feature of the metrics ¢?(y)ds* + dy? on Y x R is that they are
R-invariant, where the quotients (Y x R)/Z =Y x T! carry the corresponding
T'-invariant metrics, while the R-quotients are isometric to Y.

Besides R-invariance, a characteristic feature of warped product metrics is
integrability of the tangent hyperplane field normal to the R-orbits, where Y x
{0} c Y xR, being normal to these orbits, serves as an integral variety for this
field.

Also notice that Y =Y x {0} ¢ Y x R is totally geodesic with respect to the
metric ¢*(y)ds? + dy?, while the (R-invariant) curvature (vector field) of the
R-orbits is equal to the gradient field Vo extended from Y to Y x R.

In what follows, we emphasize R-invariance and interchangeably speak of
R-invariant metrics on ¥ x R and metrics warped with factors ¢? over Y.

2.5 Second Variation Formula

The Weyl formula also yields the following formula for the second derivative of
the (n — 1)-volume of a cooriented hypersurface Y ¢ X under a normal defor-
mation of Y in X, where the scalar curvature of X plays an essential role.

The deformations we have in mind are by vector fields directed by geodesic
normal to Y, where in the simplest case the norm of his field equals one.

In this case we have an equidistant motion Y +~ Y; as earlier and the second
derivative of vol,_1(Y;), denoted here Vol = Vol;, is expressed in terms of of

HSee §12 in [GL 1983].
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the shape operator A; = A(Y;) of Y; and the Ricci curvature of X, where, recall
trace(A;) = mean.curv(Y;) and

(%Vol:fmean.curv(Y)dy
Y

by the first variation formula.
Then, by Leibniz’ rule,

92Vol = 0, [ trace(A(y))dy = / trace? (A(y))dy + f trace(0,A(y))dy,
Y Y Y
and where, by Weyl’s formula,
trace(d,A) = —trace(A?) - Ricci(v,v)

for the normal unit field v.
Thus,

dD*Vol = [ (mean.curv)? — trace(A?) - Ricci(v,v),
Y
which, combining this with the above expression

Ricci(v) = = (Se(X) = Se(Y) - (mean.curv(Y))? + || A*)?)

DO | =

shows that
1
d2Vol = f 5 (SC(Y) - Se(X) + mean.curv? - ||A*||2) .
In particular, if S¢(X) >0 and Y is minimal, then,

202 Y, y)dy > 207
(Sc > 20°V) fysc( ) dy > 202

(compare with the (Sc > -2Ric) in 2.2).

Warning. Unless Y is minimal and despite the notation 92, this derivative
depends on how the normal filed on Y ¢ X is extended to a vector filed on (a
neighbourhood of Y in) X.

Hlluminative Ezercise. Check up this formula for concentric spheres of radii
t in the spaces with constant sectional curvatures that are S™, R™ and H".

Now, let us allow a non-constant geodesic field normal to Y, call it ¢)v, where
¥ (y) is a smooth function on Y and write down the full second variation formula
as follows:

95,00l 1 (Y) = fY ld (y)I1*dy + R(y)v* (y)dy

for
1 *
[oo]  R(y) =5 (Se(Yiy) - Se(X,y) + M () - |4 (V).
where M (y) stands for the mean curvature of Y at y € Y and [|A*(Y)|? =
i) i=1,...,n-1.

Notice, that the "new" term [y ||d(y)||*dy depends only on the normal field
itself, while the R-term depends on the extension of ¥v to X, unless

14



Y is minimal, where [OO] reduces to

(5] Bwotaa(V) = [l + 5 (Se(¥) - Se(X) - 4%|) 4.

Furthermore, if Y is volume minimizing in its neighbourhood, then 82, vol,,—1 (Y) >
0; therefore,

[x] [l + S (se)e? = 5 [ (Se(X,p) + |47 (V)P)edy

for all non-zero functions ¢ = ¥ (y).
Then, if we recall that

[ iy = [ (a0,

we will see that [**] says that
the operator ¢ v —Ap+3Sc(Y ) is greater than'? o = $(Sc(X,y)+[|A*(Y)|*)1.
Consequently,
if Sc(X) >0, then the operator —A + %SC(Y) on'Y is positive.

Justification of the ||di||*> Term. Let X =Y xR with the product metric and
let Y =Yy =Y x {0} and Y., c X be the graph of the function ) on Y. Then

1
Voly (Yey) = fY VU [d0Pdy = voly 1 (V) + 5 fY 2| + o(e?)

by the Pythagorean theorem
and

d?vol,,_1 (Y-
Tl 0et) _ gy + (1),

by the binomial formula.
This proves [OO] for product manifolds and the general case follows by

linearity /naturality /functoriality of the formula [ oo ] .

Naturality Problem. All "true formulas" in the Riemannin geometry
should be derived with minimal, if any, amount of calculation — only on the
basis of their "naturality" and/or of their validity in simple examples, where
these formulas are obvious.

Unfortunately, this "naturality principle" is absent from the textbooks on
differential geometry, but, I guess, it may be found in some algebraic articles
(books?).

Ezercise. Derive the second main formula (above (IV) by pure thought from
its manifestations in the examples in (VI).13

12 A > B for selfadjoint operators signifies that A — B is positive semidefinite.
13T haven’t myself solved this exercise.
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2.6 Conformal Modification of Scalar Curvature.

Let (X0, go) be a compact Riemannian manifold of dimension n > 3 and let ¢ = ()
be a smooth positive function on X.

Then, by a straightforward calculation,'#

1 _ns2 n=2
© Se(0?g0) = @ 2 Lip™™),
where L is the conformal Laplace operator on (Xo, go)

L(f(x)) = =Af(z) + mSc(go, ) f (2)
for the ordinary Laplace (Beltrami) Af = Ay f=3,0,f and 7, = ﬁ.

Thus, we conclude to the following.

Kazdan-Warner Conformal Change Theorem [KW 1975]. Let X = (X, go)
be a closed Riemannin manifold, such the the conformal Laplace operator L is
positive.

Then X admits a Riemannin metric g (conformal to go) for which Sc(g) > 0.

Proof. Since L is positive, its first eigenfunction, say f(x) is positive and
since L(f) =Af, A>0,

Se(F7290) =1 LU #5 = 3,1 f72 > 0.

Ezample: the Schwarzschild metric. If (Xo, go) is the Euclidean 3-space, and
f = f(x) is positive function, then
the sign of Sc(fgo) is equal to that of —Af.

. . . 1. .
In particular, since the function & = (27 + 23 + 23)"2, is harmonic, the
. . 4
Schwarzschild metric  gsy = (1 + %) go has zero scalar curvature.

Question. What is the geometric/topological significance of positivity of the
operator —Ax +vSc(X) for particular numbers v, e.g, for those smaller than the
above 7, = 4("7__21)?

For instance, do, for a given 7 < 7y, all n-manifolds X admit Riemannin metrics
g with positive operators —A, +vSc,?

(It is easy to see that all closed n-manifolds, n > 2, admit Riemannin metrics

g with positive operators —A, + 7S¢, for all v < nl%)

2.7 Schoen-Yau’s Proofs of [Sc # 0]-Theorems via Minimal
Surfaces and Hypersurfaces

Let X be a three dimensional Riemannian manifold with Sc(X) >0 and Y c X be
a cooriented surface with minimal area in its homology class.

Then the inequality (/Sc>29%V) from section 2.5, which says in the present
case that

/ Sc(Y,y)dy > 202area(Y),
Y

implies that
Y must be a topological sphere.

4 There must be a better argument.
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In fact, minimality of Y makes d2area(Y) > 0, hence [, Sc(Y,y)dy > 0, and
the sphericity of Y follows by the Gauss-Bonnet theorem.

And since all integer homology classes in closed orientable Riemannin 3-
manifolds admit area minimizing representatives by the geometric measure the-
ory developed by Federer, Fleming and Almgren, we arrive at the following
conclusion.

Y3 Schoen-Yau 3d-Theorem. All integer 2D homology classes in closed
Riemannian 3-manifolds with Sc >0 are spherical.
For instance, the 3-torus admits no metric with Sc> 0.

The above argument appears in Schoen-Yau’s 15-page paper [SY (incompressible)
1979], most of which is occupied by an independent proof of the existence and
regularity of minimal Y.

In fact, the existence of minimal surfaces and their regularity needed for
the above argument has been known since late (early?) 60s'® but, what was,
probably, missing prior to the Schoen-Yau paper was the innocuously looking
corollary of Gauss’ formula in 2.2,

Sc(Y) = Se(X) + (mean.curv(Y))? - ||A*(Y)|]> = Ricci(v,v)
and the issuing inequality
Se(Y) > —2Ricci(v,v)

for minimal ¥ in manifolds X with Sc(X) > 0.

For example, Burago and Toponogov, come close to the above argument in
[BT 1973], where, they bound from below the injectivity radius of Riemannian
3-manifolds X with sect.curv(X) <1 and Ricci(X) > p>0 by

inj.rad(X) > 6e v,

where this is done by carefully analysing minimal surfaces Y ¢ X bounded by,
a priori very short, closed geodesics in X, and where an essential step in the
proof is the lower bound on the first eigenvalue of Y by \/Ricci(X).

Exercises. Let X be homeomorphic to Y x S*, where Y is a closed orientable
surface with the Euler number .

(a) Let x > 0, Se(X) > 2 and show that there exists a surface Y, ¢ X
homologous to Y x {sg}, such that area(Y,) < 4.

(b) Let x <0, Se(X) > -2 and show that all surfaces Y, € X homologous to
Y x {s0} have area(Y,) > -2mx.

(c) Show that (a) remains valid for complete manifolds X homeomorphic to
Y xR.16

Schoen-Yau Codimension 1 Descent Theorem. [SY (structure) 1979] . Let X
be a compact orientable n-manifold with Sc > 0.
If n <7, then all integer homology classes h € H,_1(X) are representable

by compact oriented (n — 1)-submanifolds Y in X, which admit a metrics with
Sc>0.

15Regularity of volume minimizing hypersurfaces in manifolds X of dimension n < 7, as we
mentioned earlier, was proved by Herbert Federer in [Fed 1970], by reducing the general case
of the problem to that of minimal cones resolved by Jim Simons in [Sim 1968|.

161 haven’t solved this exercise.
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Proof. Let Y be a volume minimizing hypersurface representing h, the ex-
istence and regularity of which is guaranteed by [Fed 1970] and recall that by
[* *] in 2.5 the operator —A+ %Sc(Y) is positive. Hence, the conformal Laplace
operator —A +~,,Sc(Y') is also positive for v, = 4”7121 < % and the proof follows
by Kazdan-Warner conformal change theorem.

Y . Corollary. If a closed orientable n-manifold X admits a map to the torus
T™ with non-zero degree, then X admits no metric with Sc > 0.

Indeed, if a closed submanifold Y™ ! is non-homologous to zero in this X
then it (obviously) admits a map to T""! with non-zero degree. Thus, the
above allows an inductive reduction of the problem to the case of n = 2, where
the Gauss-Bonnet theorem applies.

Remarks. (a) The original argument by Schoen and Yau yields the following
stronger topological constraints on X.

Call a closed orientable n-manifold Schoen- Yau-Schick if it admits a smooth
map f: X — T" 2, such that the homology class of the pullback of a generic
point,

h= 17 (8)] e Hy(X)

is non-spherical, i.e. it is not in the image of the Hurewicz homomorphism
7T2(X) g HQ(X)

What the above argument actually shows, is that

Y % . SYS-manifolds of dimensions n <7 admit no metrics with Sc> 0.

(b) Exercise. Construct examples of SYS manifolds of dimension n > 4,
where all maps X — T" have zero degrees.

Hint: apply surgery to T".

(¢) The limitation n < 7 of the above argument is due a presence of singu-
larities of minimal subvarieties in X for dim(X) > 8.

If n = 8, these singularities were proven to be unstable, (see [Smale 1993|
and section 5.2), which improve n <7 to n <8 in Y ¥,

More recently, the dimension restriction was fully removed in [SY (singularities)
2017] and in [Loh(smoothing) 2018]; the arguments in both papers are difficult
and I have not mastered them.

On the other hand, there are several short and technically simple (modulo
standard index theorems) proofs of ¥,, (but not of y¢ ¥ ,,) for spin 17 manifolds
X, e.g. for X homeomorphic to T". (see section 3.2).

Also notice, that besides being short, the Dirac operator arguments deliver in
some cases obstructions to Sc > 0 that lie fully beyond the range of the minimal
surface techniques. For instance (see [G (positive) 1996] and [G(inequalities),
2018))

& A Quasisymplectic Non-Existence Theorem. If a closed orientable manifold
of dimension dim(X) = 2k carries a closed 2-form w (e.g. a symplectic one),
such that [ Wk £ 0, and if the universal cover X is contractible,'® then X
admits no metric with Sc > 0.

17A smooth connected n-manifolds X is spin if the frame bundle over X admits a double
cover extending the natural double cover of a fiber, where such a fiber is equal to the linear
group, (each of the two connected components of) which admits a a unique non-trivial double
cover GL(n) - GL(n). For instance, all manifolds X with H2(X;Zs2) = 0 are spin.

18]t’s enough to have X spin and the lift & to X exact.
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This applies, for instance, to even dimensional tori, to aspherical 4-manifolds
with H?(X,R) # 0 and to products of such manifolds.

3 Topics, Results, Problems

We present in this section a (very) brief overview of what is known and what
is unknown about scalar curvature, where we illustrate general results by their
simplest instances. The general formulations and the proofs will appear in the
sections to come.

3.1 (°-Closures of Spaces of Metrics g with Sc(g) 2o

Let X be a smooth Riemannian manifold, let G' = G(X) the space of C2?-smooth
Riemannin metrics g on X and let Ggeso € G and Ggecy € G, —00 < 0 < 00, be
the subsets of metrics g with Se(g) > o and with Se(g) < o respectively.

Then:

A: C%-Closure Theorem. The subset G gese € G is closed in G with respect
to C%-topology:

uniform limits g = lim g; of metric g; with Sc(g;) > o have Sc > o, provided
these g are C%-smooth in order to have their scalar curvature defined.

B: CY-Density Theorem. The subset Gs.<, ¢ G is dense in G with respect
to C'-topology.

Moreover, all g € G admit fine (which is stronger than uniform for non-
compact X ) approximations by metrics with scalar curvatures < o.

There are two proofs of A. The first one in [G(billiards) 2014] depends on
non-existence of metrics with Sc > 0 on tori and the second one in [Bamler 2016
uses Ricci flow.

In fact, the proof in [G(billiards) 2014] delivers the following geometric in-
terpretation of Sc(g) > o, which for o = 0 reads as follows.

B-Criterion. A Riemannian n-manifold (not assumed compact or complete)

X has
Se(X,xg) <0 at some point xp € X,

if and only if there exists is a domain m" c X diffeomorphic to the cube [-1,1]",
such that all codimension one faces F; c W™ have positive mean curvatures and
all dihedral angles between (the tangent spaces of) these faces along the "edges"
of m™, that are codimension two faces, satisfy

Zij = L(Fi,Fj) < g

(This, when applied to manifolds X multiplied by surfaces with scalar curvatures
-0, yields a geometric criterion for Sc¢(X) >0 +0.)

Exercise. Prove m-criterion. the for n = 2.

What is essential here, is that, unlike the "small volume of the ball"-definition
from section 1, the characterisation of Sc¢(X) > 0 by non-ezistence of cubes

" c X with mean.curv(F;) > 0 and z;; < 3 doesn’t require these cubes
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to be small, which makes this criterion stable under C°-limits of metrics (see
[G(billiards) 2014]).

The proof of B is achieved by a (more or less) direct and elaborate geometric
construction in [Lohkamp 1994], where it is, in fact, shown that the metics with
Ricci < 0 are C°-dense as well.

Observe that if contrary to A the space of metrics with Sc > 0 were dense,
there would be no hope for a non-trivial geometry of such metrics, while A leads
us to the following.

C°-Limit Problem. Study continuous Riemannian metrics which are C°-limits
of smooth g;, such that liminf,_ . Sc(g;) > 0.

Notice that the experience with a similar problem concerning C°-limits of
symplectic diffeomorphisms offers little expectations on geometry of such limits,
but stability (see below) of basic geometric inequalities with S¢ > 0 (we shall
meet these later on) points toward a more optimistic solution.

Remark. Non-existence of cubes with
Sc(m™) 20, mean.curv(F;) >0 and <45 < F,
which is derived in [G(billiards) 2014] from non-existence of metric with Se >0
on tori, also follows from the XA -Inequality in section 3.16, which is a corollary
of the Goette-Semmelmann theorem applied to 1-Lipschitz and area contracting
maps from manifolds X with Se(X,z) > o(z) to convex hypersurfaces in the

Euclidean space R"*! (see | X _’O] in sections 3.5 and 4).

This suggests a more direct application of this theorem, similarly to how
Llarull’s inequality for area contracting maps X — S™ (see sections 3.5 and 4)
was used in [G(positive 1996)] for the proof of the following special case of A:

Riemannian metrics with constant sectional curvatures x on n-dimensional man-
ifolds can't be C%-approximated by metrics with Sc > n(n - 1)k + &g, for g9 > 0.

3.2 Tgc}oz No Metrics with Sc>0 on Tori

We have already explained (see section 2.7) Schoen-Yau’s proof from [SY (structure)
1979] by an inductive descent argument with minimal hypersurfaces of the fact
that

The tori T, n <7, admit no metrics with Sc> 0,
Schoen and Yau also show that

Riemannin metrics on these tori with Sc > 0 are Riemannin flat: the univer-
sal coverings of these tori are isometric to R™. (We shall explain this in section
5.7)

And as we mentioned earlier, the condition n > 7 was removed in the difficult
papers [SY (singularities) 2017] and [Loh(smoothing) 2018].

An alternative proof of T’§ ., albeit very short and simple but lacking the ge-
ometric transparency of the Schoen-Yau argument, was given in [GL(fundamental
group) 1980] for all n with a use of twisted Dirac operators® D on T".

19The "untwisted" Dirac operator acts on the spin bundle S(X) and a "twisted" one operates
on the tensor product of S(X') with some vector bundle L over X, see section 4.1.
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At the present moment there are (at least) five such proofs which rely on
different versions of the Atiyah-Singer index theorem which guarantees the ex-
istence of mon-zero harmonic representatives in various spaces of sections of
twisted spinors on T™ (or on R™ which cover T™) with arbitrary metrics .

Then non-existence of a metric on T™ with Sc >0 (eventually) follows from
Schroedinger-Lichnerowicz- Weitzenboeck algebraic identity

1
D2 = V2+ZSC

for a positive (coarse Bochner Laplace) operator V2,
that implies that no non-zero harmonic spinor exists if Sc > 0. (see §4 for
more about it).

V2 Versus HVH2 Here and everywhere in our lectures, V? is an abbreviation
for V'V = -¥,V;V;, where V is the covariant differentiation operator in a
Euclidean vector bundle L — X with an orthogonal connection, that is

V:C®(L) - C*(LeT* (X)),

where the cotangent bundle 7% (X)) is customary interchanged for the tangent
one via the Riemannin metric on X and where positivity of V? is seen via the
identity [y (VZ¢,9)dx = [ ||Vi|[>da for the sections 1 of L.

Notice that this identity, unlike D? = V2 + iSc, is it by no means algebraic:
(V21h1,10) is not equal to ||V pointwise.

In fact, it follows by the analytic Green’s-Stokes’ formula applied to the
following algebraic one:

(VIVY1, ) = (ViP1, Vibo) = =div(Vib1, ¥2)r(x)
(here T*(X) is interchanged for T'(X)), where div : C*(T(X)) - C*(X) is the
divergence operator and where (..., ...)p(x) is the obvious T'( X )-valued coupling
(LeT(X)®L=T(X)®(L® L)~ T(X) associated with the scalar product
in L.

From Even to Odd. The index theorem involved in the above argument
delivers non-zero twisted harmonic spinors on manifolds X homeomorphic to
T” only for even n, where the case of n odd follows by taking X x T?**1 (e.g.
with k=0) or X x X instead of X.

Albeit logically simple, not to say naive, these passages X ~ X x T?*1 and
X ~ X x X, if you stop to think of it, strike you as mathematically nontrivial
and conceptually unsatisfactory.

To appreciate the depth of mathematical structures behind these, think of
(twisted) Dirac operators on X x T™ for m — oo, even better for m = co and/or
of such operators on X x ... x X for large (infinite?) m.

—_——

m
And this is unsatisfactory, since it artificially and non-canonically shifts a
K -theoretic situation to Ky, where this kind of "shift" in more complicated
cases, besides getting more elaborate, may lead to weakening of the final results.

Toric Stability Problem for [Sc > —¢]. Let a metric g on the torus have
Sc(g) > —e. Find additional conditions on g that would make it close to a flat
metric.

The simplest expected result of this kind would be as follows:
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if a sequence of smooth metrics g; with Sc(g;) > —e; — 0 uniformly converges
1—>00

to a continuous metric g, then this g is Riemannian flat.
(Compare with the C°-Limit Problem stated in the previous section and see
section 5.7 for a possible approach to the proof.)

3.3 Asymptotically Flat Spaces with Sc>0

It was conjectured by Geroch for n =3 [Ger 1975] that

The Euclidean metric on R™ admits no compactly supported perturbations with
increase of the scalar curvature. Moreover,

If a metric g on R™ with Sc(g > 0 is equal to grue outside a compact subset
in R™, then (R™,g) is isometric to (R™, gpuct)-

This, of course, trivially follows from the above TY ., since compactly sup-
ported perturbations of the flat metric on R™ yields similar perturbations of flat
metrics on tori.

In fact, a more general version of this was originally proven by Schoen and
Yau in [SY(positive mass) 1979| for a class of metrics g on 3-manifolds asymp-
totic to g, under the name of positive mass/energy theorem (see sections 3.13)
with a use of minimal surfaces.

Then Witten in [Witten 1981] (also see [Bartnik 1986]) suggested a proof
with a use of a perturbation argument in the space of invariant (non-twisted)
harmonic spinors on R™ and Min-Oo [Min(hyperbolic) 1989] adapted Witten’s
argument to the hyperbolic spaces H™ (see section 3.10).

Later, Lohkamp [Loh(hammocks) 1999] found a (relatively) simple reduc-
tion of the general, and technically more challenging, case of the positive mass
theorem to that of compactly supported perturbations, that in turn, (trivially)
reduces to T o-

Also notice that the doubling property for mean convex manifolds with bound-
aries (see [GL(fundamental group) 1980]) allows a reduction of the Geroch Con-
jecture and of similar more general results to the Goette-Semmelmann theorem
[GS 2002] concerning extremality/rigidity of the metrics g with positive curva-
ture operators (see [XAO] in section 3.5).

Problems. What are other (homogeneous?) Riemannian spaces that admit no
(somehow) localised deformations with increase of the scalar curvatures?

What are most general asymptotic (or boundary) conditions on such deforma-
tions that would allow their localization?

Here is a definite result along these lines due to Michael Eichmair, Pengzi
Miao and Xiadong Wang, | EMW 2009| generalizing an earlier result by Yuguang
Shi and Luen-Fai Tam[ ST 2002]

STEMW Ruigidity Theorem. Let X c R"™ be a star convex domain, e.g. a
convex one, such as the unit ball, for example, and let X be a compact Riemannin
manifold the boundary Y = 90X of which is isometric to the boundary Y = 9X.

If Sc(X) > 0 and if the total scalar curvature of Y is bounded from below by
that of Y,

/mean.curv(Y,y)dnymean.curv(z,y)dy,
Y Y ==

then X is isometric to X.
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Remark. Originally, this was proven for n < 7 but this restriction can be now
removed in view of [SY (singularities) 2017] and/or of [Loh(smoothing) 2018].

Conjecture. Let X be a compact Riemannin manifold with Sc > o. Then the
integral mean curvature of the boundary Y = X is bounded by

[ mean.curv(Y,y)dy < const,
Y

where this const depends on o and on the (intrinsic) Riemannian metric on Y
induced from that of X 0 Y.
(See section 3.6 for description of some results in this direction.)

3.4 Simply Connected Manifolds with and without Sc >0

As we already stated earlier, according to Lichnerowicz [Lich 1963], the Atiyah-
Singer index theorem for the Dirac operator D and the identity D? = v2 + %Sc,
imply that

there are smooth closed simply connected manifolds X of all dimensions n = 4k,
k=1,2,..., that admit no metrics with Sc > 0.

The simplest example of these for n = 4 is the Kummer surface Xk, given
by the equation

zf+z§+z§+zj:0

in the complex projective space CP3.

Also by Lichnerowicz’ theorem, other complex surfaces of even degrees d > 4
as well as their Cartesian products, e.g Xk, x ... x Xk, admit no metrics with
Sc>0.

A decade later, using a more general index theorem by Atiyah and Singer,
Hitchin [Hit 1974] pointed out that

there exist manifolds ¥ homeomorphic (but no diffeomorphic!) to the spheres
S™, for alln=8k+1,8k+2, k=1,2,3..., which admit no metrics with Sc > 0.

Notice that, by Yau’s solution of the Calabi conjecture, the Kummer surface
admits a metric with Sc = 0, even with Ricci = 0, but, probably, (I guess this
must be known) there is no metrics with Sc =0 on these X.

The actual Lichnerowicz-Hitchin theorem says that if a certain topological
invariant &(X) doesn’t vanish, then X admits no metric with Sc > 0, since, by
the Atiyah and Singer index formulae,?’

&(X) #0= Ind(Dx) # 0= 3 harmonic spinor # 0 on X.

Conversely,

if X is a simply connected manifold of dimension n # 4, and if &(X) =0 then
it admits a metric with positive scalar curvature [GL(classification) 1980], [Stolz
1992.

Thus, for instance

20The Dirac operator is defined only on spin manifolds and to avoid entering into this at
the present moment we postulate &(X) =0 for non-spin manifolds X.

Also notice that in the Lichnerowicz’ case, where n = dim(X) = 4k, this &(X) is a certain
linear combination of the Pontryagin numbers of X, called A-genus and denoted A[X].

23



all simply connected manifolds of dimension n +0,1,2,4 mod 8 admit met-
rics with Sc> 0, since &(X) =0 is known to vanish for these n.2!

A Few Words onn =4 and on m # 0. (See sections 3.11, 3.14) more about it.)
If n =4 then, besides vanishing of the é-invariant (which is equal to a non-zero
multiple of first Pontryagin number for n = 4), positivity of the scalar curvature
also implies the vanishing of the Seiberg- Witten invariants (See lecture notes by
Dietmar Salamon, [Sal 1999]; also we say more about it in section 3.14).

If X is a closed spin manifold of dimension n > 5 with the fundamental group
m(X) =11, then

the existence/non-existence of a metric g on X with Sc(g) > 0 is an invariant
of the spin bordism class [ X |5, € bord,, (BII) in the classifying space BII,

where, recall, that (by definition of "classifying") the universal covering of BII
is contractible and 71 (BII) = II. (See lecture notes [Stolz(survey) 2001].)

There is an avalanche of papers, most of them coming under the heading of
"Novikov Conjecture", with various criteria for the class [X],p,, and/or for the
corresponding homology class [X] € H,, (BII) (not) to admit g with Sc(g) > 0
on manifolds in this class, where these criteria usually (always?) linked to
generalized index theorems for twisted Dirac operators on X with several levels
of sophistication in arranging this "twisting". Yet, despite a significant progress
in this direction, the following remains unsettled for n > 4.

(Naive?) Conjecture. No closed aspherical?® manifold X admits a metric with
Sc > 0.

Moreover,

if a closed oriented n-manifold X admits a continuous map to an aspherical
space, that is BII for some group IT, such that the image of the rational fundamental
homology class of [X]g in the rational homology*® homology (BIL;Q) doesn't
vanish, then X admits no metic g with Sc(g) > 0.

(We shall briefly describe the status of this conjecture in section 3.11.)

3.5 1-Lipschitz and Area Contracting Maps, Hyperspher-
ical Radii Radg» and Radgi, Extremality, Rigidity.

The inequality Sc(X) > o > 0, as it becomes a positive curvature condition,
imposes an upper bound on the size of X, where an instance of this can be
expressed in terms of the hyperspherical radius Radsn(X), defined for closed
Riemannian n-manifolds X as

the supremum of the radii R > 0 of n-spheres, such that X admits a non-
contractible 1-Lipschitz, i.e. distance non-increasing, map f: X — S™(R).

More generally, if X is an open manifold, this definition still make sense if it
exclusively applies maps f: X — S™ which are locally constant outside compact

21 As far as the exotic spheres ¥ are concerned, these ¥ admit metrics with Sc¢ > 0 if and
only if &(X) =0, i.e. if ¥ bound spin manifolds, which directly follows by the codimension 3
surgery of manifolds with Sc > 0 described in [SY(structure) 1979] and in [GL(classification)
1980]. Moreover, many of these ¥, e.g. all 7-dimensional ones, admits metrics with non-
negative sectional curvatures but the full extent of "curvature positivity" for exotic spheres
remains problematic (see [JW (exotic) 2008| and references therein.

22 Aspherical means that the universal covering is contractible.

23Bernhard Hanke pointed out to me that the role of homology with finite coefficients
in prohibiting Sc¢ > 0 , especially for finite groups II, remains obscure even on the level of
conjectures.
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subsets in X, i.e. constant at all ends of X. Similarly, if X allowed a boundary,
then f should be constant on all components of this boundary.

Notice that a (locally constant at infinity if X is open) map f from an
orientable n-manifold X to the sphere S™ is contractible (in the space of locally
constant at infinity maps in the open case) if and only if f has zero degree.

Examples. Let X be a complete simply connected manifold of dimension n

with non-positive sectional curvature. Then
e the balls B(R) c X of radii R satisfy

Radse (B(R)) = =
e the spheres 0B(R) endowed with the induced Riemannian metric satisfy
Radgn-1(0B(R)) > R;

e_; if the sectional curvature of X satisfy x(X) < -1, then

et -1
Radgn1(9B(R)) > :
2

The existence of

a non-trivial bound,

const, .
Radgn (X) < 7, o= ;E)f( Se(X, x),

for orientable spin®** manifolds X of even dimensions n 2°

follows by confronting the index theorem with a "twisted version" of the
formula D? = V2 + iS c for the Dirac operator on X twisted with the f-pullback
of a suitable vector bundle L over S™ [GL(spin) 1980], where

the optimal constant const, = \/n(n—-1) = \/Sc(S") is achieved with L
being the (complexified) positive spin bundle over S™, (see [Llarull 1998] and
section 4.2)

This sharp inequality, says, in particular, that one can’t enlarge the spherical
metric ggpnr on S™ without making the scalar curvature smaller at some point.
That is if a metric g on S™ satisfies

9> gsphr and Sc(g) > n(n—1) = Sc(gsphr)

then, necessarily, Sc(g) = n(n—-1), which we express by saying that spheres are
extremal.

24 All surfaces are spin and an orientable manifold X of dimension n > 3 is spin if and
only if the restriction of the tangent bundle T'(X) to all surfaces Y2 c X are trivial, e.g. if
HQ(X; Z2) = 0. The simplest examples or spin n-manifolds are smooth hypersurfaces in R+
such as product of spheres.

More interesting in this respect are complex projective spaces CP™ and smooth complex
hypersurfaces X ¢ CP™ of degree d: these X are spin if and only if m + d is odd, as it the
case for the Kummer surface, for instance.

25A trivial (and ungraceful) reduction to the even dimensional one follows taking X times
the circle, but there is a better way of doing it.
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In fact, Llarull’s argument (we say a few words about it in section 4.2) shows
that spheres are rigid:

[g 2 gsph]&[sc(g) 2 Sc(gsph)] implies that 9 = Gsph-

This extremality /rigidity property of spheres was generalised by Goette and
Semmelmann to manifolds X with positive curvature operators, where the ex-
amples of such manifolds we are concerned with now are smooth locally convex
hypersurfaces in Riemannin flat (n + 1)-manifolds, e.g. products of convex hy-
persurfaces in R™*! by the flat tori T ™.

The (proof of the) main result in [GS 2002] implies in this case the following.

[X”O]: Corollary to Goette-Semmelmann’s Theorem. Let X be a compact
connected orientable Riemannian n-manifold without boundary, let X ¢ R™*! be a
smooth closed locally convex hypersurface in a Riemannin flat (n + 1)-manifold and
let f: X — X be a smooth map.

Let the norm of the differential of f and the scalar curvatures of X and X
be related by the inequality

Se(X,x) > Se(X, f(x)) - |ldf ()I?, = € X.

If X is orientable and the degree of f is non-zero, then, provided X is spin, this
inequality becomes an equality:

Se(X,x) = Se(X, f(x)) - |ldf ()|,

at all points = € X.
Notice that the above mentioned sharp Llarull’s inequality for metrics g on
S™ with Se(g) 2 n(n—1), as well as non-existence of metrics with Sc¢ > 0 on tori

are special cases of | X ”O].

Questions. What are further examples of extremal/rigid manifolds X with
Se(X) > 0?7 (We shall meet a few later on.)

For instance, are biinvarinat metrics on compact Lie groups extremal?
(This is already problematic for SO(5).)

Can products of spaces of positive and of negative curvatures, e.g. of spheres
and hyperbolic spaces, be extremal/rigid in some sense?

Is there a meaningful combination of the above with the Ono-Davaux spectral
inequality (see section 3.10)?

How do mon-compact semisimple Lie groups G fare in this regard?

(There may be a non-trivial interplay between positivity of the scalar curva-
tures of the maximal compact subgroups H c G and negativity of the sectional
curvatures k of G/H, where negativity of k serves as an obstruction to Sc > 0,
e.g. via Mishchenko’s construction of the Fredholm-Bott class in the K-theory
of spaces with x <0.)

Do all closed manifolds which admit metrics with Ricci > 0 admit extremal/rigid
metrics with Sc¢> 07

(The products X of negatively and positively curved manifolds a manifestly
non-extremal, since one can indefinitely enlarge their negative factors and in-
crease their scalar curvatures at the same time, but it is unclear that no metric
on such an X is extremal.)
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. . 2
A2-Hyperspherical Radius Rad?, . This is defined similarly to Rads»
with "area non-increasing" instead of "distance non-increasing":

Rad’y, (X) is the supremum of the radii R > 0 of n-spheres, such that X admits
a non-contractible C*-smooth®® map f: X — S™(R), which doesn’t increase the
areas of smooth (rectifiable if you wish) surfaces in X.

Ezamples. (a) Orientable surfaces S satisfy

) 9)
455 () = [ 2reats),
Radg:(X) I

(b) The rectangular solids

X =

X3

i=1

satisfy

HliIli i \/lil' p lzl
— VI« Radgi,(X) < min L,
27 i#] A
(The lower bound is obvious and the upper one follows from the waist inequality
for S™, see [Guth(waist) 2014].)
(¢) The R-balls in the n-spaces X with £(X) < 0 from the above examples
e, 5, o satisfy:
o)  Rad}.(B(R))=>Z;
ol If K(X) < -1, then

ef -1

Radi. (B(R)) > —
™

that is much greater, than Radgs~»(B(R)) = % for large R;

.;\fmkﬂ the balls B(R) in the symmetric spaces X (of non-compact type)

with rank(X) > 2 satisfy

Rad. (B(R)) = g ~ g = Radgs~(B(R));

og?mnkﬁ the R-spheres in the symmetric spaces X with rank(X) =2 have

Rad. (OB(R)) > ex - (/B - 1)

for (small) positive constants ex,dx > 0;

.girankrz?) the symmetric spaces X with rank(X) > 3 satisfy

Rad’. (9B(R)) = R.

261t is unclear what happens if C-smooth is replaced by continuous or by Lipschitz.
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Albeit, typically, Rad}. (X) > Radsn (X) and often Rad}, (X) >> Radgsn (X)
(obviously, Rad’. (X) > Radg~ (X) for all X ) the above bounds on Radgn (X)
by the scalar curvature of X, remain valid for Rady, (X). For instance,

. _1)
22Xy < | D
Rads.(X) < \j nf,ex Sc(X,7)

for all complete orientable spin n-manifolds X with Sc(X) > 0 [Llarull 1998].

In fact, the proofs of these bounds via twisted Dirac operators depend on the
Schroedinger-Lichnerowicz-Weitzenboeck formula that expresses the zero order
terms in these operators in terms of the curvatures of certain auxiliary vector
bundles L - X, where these curvatures, being 2-forms on X, are related to
areas of surfaces rather than to distances recorded by lengths of curves X.

But no bounds on Rad@i (X) is known for non-spin manifolds, where the
available methods, that rely on minimal hypersurfaces (and/or on stable u-
bubbles, see section 5.1), do depend on distances, but even then they deliver
only a non-sharp bound, namely,

n(n-1)
Radgn (X) < constn\} oy Se(X. 1)
with const,, > 1 for n > 5.

Remarks, (a) The sharp bound on Radgn(X) for 4-manifolds X follows by
reduction to n = 3 with a use of stable p-bubbles in section 5.5. where we prove
this inequality/extremality for punctured spheres.

(b) "Area sizes" of higher dimensional non-spin manifolds X are also bounded
by their scalar curvatures but in a limited way. Namely,

let X and X be closed orientable Riemannian n-manifolds and f : X - X a
smooth spin®” map of non-zero degree, Then

there exists a smooth surface S c X such that

infrex Se(X, x)

area(f(S)) > R*- n(n-1)

-area(S),

where R = R(X) is a positive constant that depends only on X.

In fact, since f is spin, (the total space of) the f-pullback to X of the unit
sphere bundle of X is a spin manifold, to which the twisted Dirac operator
method applies. (See §53 in [G(positive) 1996] and section 10 in [G(101) 2017]
for details and for another proof.)

Notice that this tells you nothing new in the most interesting case of X = S™,
where it does’t even give a realistic lower bound on R. (We know that R(S™) =1
by Llarull’s inequality.)

27 A continuous map between smooth manifolds, say f: X — X, is spin if the second Stiefel-
Whitney class of X goes to that of X:

FH(w2(X)) = wa(X).

For instance,
e a homotopy equivalences, e.g. homeomorphisms, f between manifolds are spin;
e if X is spin, e.g. X =S5™, then f: X — X is spin if and only if the manifold X is spin.
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3.6 Doubles of Manifolds with Boundaries and Bounds on
Radgn-1 of Mean Convex Hypersurfaces

The above Dirac theoretic arguments extend to non-compact complete Rieman-
nian manifolds, where the existence of (twisted) harmonic spinors follows in the
relevant cases from the relative index theorem(s) (see [GL 1983], [Roe 1996],
[Roe 2012]).

It is unclear what should be a suitable version of this theorem for non-
complete manifolds and/or for manifolds with boundaries, but the original
Atiyah-Singer theorem, when applied to the double B(X) of a compact mani-
fold X with boundary does deliver a non-trivial geometric information on X as
well as on the boundary Y = 0X.

For instance, if mean.curv(Y) > 0,28 then the natural, a priori continuous,
metric g on D(X) can be approximated by C?-metrics ¢’ by smoothing g along
the "Y-edge" without a decrease of the scalar curvature (see [GL(spin) 1980]%%),
where a particular such smoothing described below (which is similar to the the
one in ([GL(spin) 1980]) leads to the following

sharp purely Euclidean inequality accompanied by rigidity.

& Mean Curvature Rigidity Theorem. Let Y ¢ R" be a smooth closed
hypersurface with the mean curvature bounded from below by > 0.
Then the hyperspherical radius of Y is bounded by

I

Radan (Y) < 1 )
that is (locally) 1-Lipschitz maps Y — S™(r), where "Lipschitz" is understood
with respect to the intrinsic, i.e. induced Riemannian, metric in Y, are con-
tractible for all r > —F=.

Moreover, if Radgn-1(Y') = ﬁ, i.e. Y admits a smooth®® non-contractible
1-Lipschitz map Y — S"(r) forr = L5, then mean.curv(Y,y) = p for ally €Y,
which, by a theorem of A.D. Alexandrov, implies that

n

Y is the sphere of radius —F5.

This is shown (see section 4.3) by applying [X _’O] from the previous section
to a smoothed double D.(X) defined as follows.
Let p=n-1 and let
X1/2 cR" c Rn+1

be the (closed) domain in ¢ R” bounded by Y and let X, =D.(X) c R"*!
be a (more or less) naturally/canonically C2?-smoothed boundary of the e-
neighbourhood (which is only C'-smooth) of Xy, c R™!.

Then let X, , c R"*! be the unit n-ball B" ¢ R™ ¢ R™*! and let, accordingly,
D.(X) = X_ ¢ R"™! be a (more or less) naturally/canonically C?-smoothed
boundary of its e-neighbourhood.

Then maps f:Y — S™* define maps

FE:X89X57

28Some results, where the inequality mean.curv(0X) > 0 is not, at least not immediately,
available are indicated in section 4.6.

29Similar smoothing with a control on the scalar curvature is possible for isometric gluing X
to X2 by isometries 0X1 < 0X2 if mean.curv(0Xi,z1)+mean.curv(0Xz,z2).0 for 1 < dza,
see [EMW 2009, [G(billiard) 2014] and references therein.

30This "smooth" is, probably, redundant.
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to which [X _’O] applies and, when € — 0, it yields the inequality
Radgn-1(Y) < 1. (See [G(boundary) 2019] and section 4.3.)

Questions. s there a direct proof of this inequality?

What exactly happens in the limit when € - 0 to the Dirac operator used
in the proof of [X”O]?

Ezxercise + Problem. Let Yy c R™ be a smooth compact cooriented subman-

ifold with boundary Z = 9Yj.
If the mean curvature of Yy with respect to its coorientation satisfies

mean.curv(Y) > n -1 = mean.curv(S™™),
then every distance decreasing map
f:Z—>8"2cR"!

is contractible, where "distance decreasing'refers to the distance functions on
Z cR™ and on S"2 c R"! coming from the ambient Euclidean spaces R" and
R L,

Hint. Observe that the maximum of the principal curvatures of Y is > 1
and show that the filling radius of Z c R™ is < 1.3!

Question. Does contractibility of f remains valid if the distance decreasing
property of f is defined with the (intrinsic) spherical distance in S™"2 and with
the distance in Z c Y associated with the intrinsic metric in Yo o Z, where
disty, (y1,y2) is defined as the infimum of length of curves in Y between y; and

Yya?
Bringing Scalar Curvature into the Open. Our proof of the inequality

1
inf mean.curo(Y.y) € oo

applies not only to hypersurfaces in R™ but to

the boundaries Y = 0X of all compact Riemannin spin manifolds X with
Se(X) > 0.

This, suggests the following version of the conjecture following STEMW
Rigidity Theorem in section 3.3.

Let the above Y = 0X be \-bi-Lipschitz homeomorphic to the unit sphere S™.
Then, conjecturally,

/Y mean.curv(Y,y)dy < C(X)(n - 1)vol(S™),
where — this might follows from the STEMW proof — C(\) - 1 for A - 1.

3.7 Widths of Riemannian Bands X with Sc(X) > Sc(S")

Bands, sometime we call them capacitors, are manifolds X with two distin-
guished disjoint non-empty subsets in the boundary 9(X), denoted

O_.=0_XcdX and 9, =0, X c 0X.

31This means that Z is homologous to zero in its 1-neighbourhood.
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A band is called proper if ;. are unions of connected components of X and
0_-ud, =0X.

The basic instance of such a band is the segment [-1,1], where +0 = {£1}.

Furthermore, cylinders X = Xy x[-1,1] are also bands with +0 = X x {1},
where such a band is proper if X has no boundary.

Riemannian bands are those endowed with Riemannin metrics and

the width of a Riemannin band X = (X, 0,) is defined as
width(X) = dist(0-,0,),

where this distance is understood as the infimum of length of curves in V' be-
tween J_ and 0,.

We are concerned at this point with proper compact Riemannin bands X of
dimension n, such that

no closed hypersurface Y ¢ X, which separates 0_ from 9,, admits a metric
with strictly positive scalar curvature.

Simplest Examples of such bands are (we prove this in section 5.2)
ern1 toric bands which are homeomorphic to X = T"! x [-1,1];

o, these, called & bands, are diffeomorphic to Y_; x x[-1,1], where the
Y_; is a closed spin (n —1)-manifold with non-vanishing &-invariant (see the IV
above);

o1 1,4 these are bands diffeomorphic to products X, _pxTF, where &(X,,_1,) #

%—]nequality. Let X be a proper compact Riemannin bands X of dimen-
sion n with S¢(X) >n(n—-1) = Se(S™).

If no closed hypersurface in X which separates J- from 0, admits a metric
with positive scalar curvature, then

[@i < 27"] width(V) < 2%

Moreover, the equality holds only for warped products X =Y x (—3 3)32

n’n

with metrics @*h + dt?, where the metric h on Y has Sc(h) = 0 and where

s ™

t nt
@(t):expf —tan —dt, - — <t< —,
-m/n 2 n n

as in section 2.4.

Corollary. Let Y be a closed manifold of dimension # 4 (see 3.15 below about
n =4). Then the following three conditions are equivalent.

1: the open cylinder Y x R admits a complete metric g, with uniformly
positive scalar curvature, i.e. with inf,cx Sc(g1,x) > 0;

2: the open cylinder Y x R admits a complete metric g» with positive scalar
curvature which decays subquadratically:

liminf Sc(go, x) -dist(I,$0)2 = 00.
Tr—00

32Here, since X is non-compact, the width is understood as the distance between the two
ends of X.
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3: the closed cylinder Y x [-1,1] admits a metric g3 with Sc(g2) >n(n—1)
and such that

distg, (Y x{-1},Y x {1}) > 2%

There are two somewhat different proofs (see section 5.2) of [@©. < 22] which
use the calculus of variation but advance along slightly different routes.

The first route follows an inductive descent with minimal hypersurfaces a
la Schoen-Yau adapted to manifolds with boundaries similarly to that in [GL
1983]. This applies only to the toric and to similar bands, but not to &-bands.
(See |G(inequalities) 2018].)

The second route proceeds with a use of stable u-bubbles which are closed
hypersurfaces in X with (prescribed) mean curvature p, where p = p(z) is a
signed measure on X as in §5% of [G(positive) 1996].

This applies to all bands and it also improves certain results from [G(inequalities)
2018] obtained with the first proof.

Both proof, when it comes to dim(X) =n > 9 have to face the problem of
(possibly) stable singularities of minimal ( and minimal-like) hypersurface in X.

I feel more comfortable in this respect with the first proof, where a direct
application of theorem 4.6 from the recent Schoen-Yau paper [SY (singularities)
2017], (also see [Sch 2017]) is possible.

And as far the second proof for n > 9 is concerned, the argument from
[Loh(smoothing) 2018] seems to be applicable to our case, but this seems harder
than the analysis in [SY (singularities) 2017] (which, honestly, I haven’t carefully
studied, either).

3.8 Bound on Widths of Riemannian Cubes

Let g be a Riemannin metric on the cube X =[-1,1]" and let d;, i = 1,2,...,n
denote the g-distances between the pairs of the opposite faces denoted 9, = 9;.(X)
in this cube X, that are the length of the shortest curves between 9;,_ and 9;, in
X.

o"-Inequality. If Sc(g) > n(n-1) = Sc(S™), then

noq 7’L2
Osy Z 7 -
d; — 4m?
In particular,
27
Omin HllIl dZSt(al ,8Z+) < —

NG

About the Proof. On the surface of things, this inequality is purely geometric
with no topological strings attached. But in truth, the combinatorics of the cube
fully reflects toric topology in it.

The proof of Oy indicated in section 5.4 proceeds along the above second
route which, in fact, applies to more general "cube-like" manifolds X, such as
Y. x[-1,1]""™ and yields inequalities mediating between the above [@i < 27“]
and Oy.
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But the proof of Oy as it stands for m = n is also possible closely follow-
ing t the first route, where the argument from [SY (singularities) | seems easily
adaptable.

This makes the proof of Oy for n > 9 more tractable.

Corollary. Let X be a Riemannin manifold with Sc(X) > n(n -1) =
Sc(S™), which admits a \,-Lipschitz*> homeomorphism onto the hemisphere
ST,

f:X -5t
Then " ) )
arcsin
Ap > ———" > = for B, = —.
7Bn . p vn

Proof. The hemisphere ST admits an obvious cubic decomposition with
the (geodesic) edge length 2arcsinﬁ and Op,;, applies to the pairs of the f-
pullbacks of the faces of this decomposition.

Remarks. (a) This lower bound on )\, improves those in §12 of [GL 1983]
and in §3 of [G(inequalities) 2018].

Moreover the sharp inequality for Lipschitz maps to the punctured sphere
stated in the next section implies that A, > % for all n.

But it remains problematic if, in fact, A > 1.
Ezercise. Show that Ay > 1.

(b) The proof of the inequality DOy in section 5.4 applies to proper ((boundary—
boundary) A-Lipschitz maps with non-zero degrees from all compact connected
orientable manifolds X to ST, while the proof via punctured spheres needs X
to be spin.

Additional Ezercises. (i) Show that the Riemannin metrics with sectional
curvatures > 1 on the square [-1,1]? satisfy

2

P min dist(0;-,0;+) < 7.

(ii) Construct iterated warped product metrics g, on the n-cubes [-1,1]"
with Se(gy,) = n(n - 1), where, for n = 2, both d;, i = 1,2, are equal to = and
such that 1

d; > 2arcsin %, i=1,...,n, foralln=3,4,..., .

(iii) Show, that Op;y is equivalent to the over-torical case of %—[nequality.

modulo constants. Namely,

A. If a Riemannin n-cube X has min; dist(9;-,9;+) > d, then it contains an
n-dimensional Riemannin band X, c X, where dist(0-X,,0,X,) > e, -d, €, >0,
and where X, admits a continuous map to the (n—1) torus, f,: X, - T" !, such
that all closed hypersurfaces Y, c X, which separate 0_X, from 0, X, are sent by
fo to T" ! with non-zero degrees.

B. Conversely, let X, be a band, where dist(9-X,,0,X,) > d) and which
admits a continuous map to the (n—1) torus, such that the hypersurfaces Y, c X,,
which separate 0_X, from 0_X,, are sent to this torus with non-zero degrees.

33A map f between metric spaces is A-Lipschitz if dist(f(x)f(y)) < dist(z,y).
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Then there is a (finite if you wish) covering X, of X,, which contains a
domain X, c¢ X,, where this domain admits a continuous proper map of degree
one onto the d-cube f,: X, - (0,d)™, such that the n coordinate projections of
this map, (fs);: Xo = (0,d), are distance decreasing.

3.9 Extremality and Rigidity of Punctured Spheres

Let (X,g) be the unit sphere S™ minus two opposite points with the spherical
Riemannin metric g = gsphe-
Double Puncture Rigidity Theorem. If a smooth metric g on X satisfies

g2g and Sc(g) 2n(n-1) = Sc(g),

then g =g.
About the Proof. By following the above second route, one can reduce this to
(a version of) Llarull’s theorem (see section 5.5, where again I can fully vouch
only for n < 8.

Remark. Tt follows by Llarull’s argument for all n that

no complete metric g on the n-sphere minus a finite subset 3 satisfies the
inequalities g > g and Sc(g) > n(n—1) at the same time.

Moreover, this applies to piecewise smooth 1-dimensional subsets (graphs)
Y c 8™, such that the monodromy transformations of the principal tangent
Spin(n)-bundle (that is double cover of the orthonormal tangent frame-bundle
over all closed curves in 3 are trivial (e.g. X is contractible).

But if one makes no completeness assumption, our result is limited to X
being either empty, or consisting of a single point or of a pair of opposite points.

Ezercise. Prove with the above that no metric g on the hemisphere (S, g)
can satisfy the inequalities g > 4g and Sc(g) > n(n-1). Then directly show that
if n =2 then the inequality g > g and Sc(g) > 2 imply that g = g.

Question. Does the implication
[g2 gl&[Sc(g) 2n(n-1)]=g=g

ever hold for S™ \ 3 apart from the above cases?

3.10 Manifolds with Negative Scalar Curvature Bounded
from Below

If a "topologically complicated" closed Riemannin manifolds X, e.g. an aspher-
ical one with a hyperbolic fundamental group, has Sc(X) > o for o < 0, then a
certain "growth" of the universal covering X of X is expected to be bounded from
above by const\/-o and accordingly, the "geometric size" — ideally {/vol(X)-
must be bounded from below by const’[\/~0.

If n = 3 this kind of lower bound are easily available for areas of stable
minimal surfaces of large genera via Gauss Bonnet theorem by the Schoen-Yau
argument from [SY (incompressible) 1979].

Also Perelman’s proof of the geometrization conjecture delivers a sharp
bound of this kind for manifolds X with hyperbolic 71 (X) and similar results
for n = 4 are possible with the Seiberg-Witten theory for n = 4 (see section 3.14).
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No such estimate has been established yet for n > 5 but the following results
are available.

Min-Oo Hyperbolic Rigidity Theorem [Min(hyperbolic) 1989]. Let X
be a complete Riemannin manifold, which is isometric at infinity (i.e. outside a
compact subset in X) to the hyperbolic space H";.

If Se(X) > —n(n-1) = Sc(H",), then X is isometric to H",.

About the Proof. The original argument by Min-Oo, which generalizes Dirac-
theoretic Witten’s proof of the positive mass/energy theorem for asymptotically
Euclidean (rather than hyperbolic) spaces, needs X to be spin.

But granted spin, Min-Oo’s proof allows more general asymptotic (in some
sense) agreement between X and H”, at infinity.

In order to get rid of spin, one may use here either minimal hypersur-
faces with boundaries (as in [G(inequalities) 2018]) or stable u-bubbles (as in
[G(positive) 1996]).

To accomplish this it is convenient, here as in the flat case, to pass to a
quotient space H™ /T, where, instead of letting I' = Z™ that allows a reduction of
the rigidity of R™ to that of the torus T" = R™/Z", one takes a parabolic isometry
group isomorphic to Z"* for T, for which the quotient H", /T is the hyperbolic
cusp-space, that is T" ! x R with the metric e?"dt? + dr?. (Here as earlier, when
it comes to n > 9, I feel more comfortable with minimal hypersurfaces to which
Schoen-Yau’s theorem 4.6 from [SY (singularities) 2017] directly applies.)

Finally, a derivation of the hyperbolic positive mass theorem from the rigidity
theorem follows by an extension of the Euclidean Lohkamp’s argument from
[Loh(hammocks) 1999] to the hyperbolic spaces (see [AndMinGal 2007]).

Ono-Davaux Spectral Inequality [Ono 1988], [Dav 2002]. Let X be
a closed Riemannian manifold and let all smooth functions f(#) with compact
supports on X satisfy

~\2 g~ 1 ~ 2 7~
Jot@rdas 55 [ @I,

(The maximal such Xo > 0 serves as the lower bound on the spectrum of the
Laplace operator on the universal covering X of X ).
If X is spin and if one of the following two conditions (A) or (B) is satisfied,
then
—4TL5\0

[Sc/Xo] inf Se(X,2) < ——=

Condition (A). The dimension of X is n = 4k and the G-invariant from section
3.4 (that is a certain linear combination of Pontryagin numbers called A-genus)
doesn’t vanish. Condition (B) The manifold X is enlargeable: there exists a

covering X’ of X, which admits a proper distance decreasing map X' — R™ of
non-zero degree.
Remarks. (a) The inequality [Sc/)\o] is sharp: if X has constant negative
curvature —1, then i
—n(n-1) = S¢(X) = =indo

n-1

for A = (n:f)z, that is the bottom of the spectrum of H”, = X.
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(b) The rigidity sharpening of [Sc¢/\o] is proved in [Dav 2002] in the case A
and it seems that a minor readjustment of the argument from [Dav 2002] would
work in the case B as well. If so it would yield yet another proof of Min-Oo
rigidity theorem in the spin case.

Question. Can one put the index theoretic and associated Dirac-spectral
considerations on equal footing with Witten’s and Min-Oo’s kind of arguments
on stability of harmonic spinors with a given asymptotic behavior under defor-
mation/modifications of manifolds away from infinity?

THREE CONJECTURES

[#-n(n-1)] Let X be a closed orientable Riemannin manifold of dimension
n with Se(X) > —n(n - 1).

Then the following topological invariants of X must be bounded by the
volume of X, and, even more optimistically, (and less realistically), where the
constants are such that the equalities are achieved for compact hyperbolic man-
ifolds with sectional curvatures —1.

1. Simplicial Volume Conjecture. There exist orientable n-dimensional pseu-
domanifolds X; and continuous maps f; : X; - X with degrees

deg(f;") — oo,

such that the numbers N; of simplices in the triangulations of X; and the degrees
deg(f{) are related to the volume of X by the following inequality:

N; <Cy -deg(f;) - vol(X).

2. The L-Rank Norm Conjecture: There exist, for all sufficiently large ¢ >
io = 10(X), smooth orientable n-dimensional manifolds X; and continuous maps
fi : X7 = X, with degrees

deg(f) = oo,

such that the minimal possible numbers N; of the cells in the cellular decompositions
of X? and the degrees of the maps f;" are related to the volume of X by the following
inequality:

N; <C; -deg(f7) - vol(X).

3. Characteristic Numbers Congjecture. if, additionally to [#_,,(,-1)], the
manifold X is aspherical, then the Euler characteristic x(X) and the Pontryagin
numbers py of X are bounded by

IX(X)], [pr(X)] < Gy, - vol (X).

Remarks. (i) Conjecture 1 makes sense for an X, in so far as X has non-
vanishing simplicial volume || X||a, e.g. if X admits a metric with negative
sectional curvature or a locally symmetric metric with negative Ricci curvature
[LS(simplicial) 2017]. (See the monograph [Frigero(Bounded Cohomology) 2016]
for the definition and basic properties of the simplicial volume.)
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(ii) The L-rank norm [|[X ]| is defined in §83 of [G(positive) 1996] via the
Witt-Wall L-groups of the fundamental group of X.

This [|[X]L]|| is known to be non-zero for compact locally symmetric spaces
with non-zero Euler characteristic as it follows from [Lusztig(cohomology) 1996].3*

In fact, all known manifolds X with ||[X]z|| # 0 admit maps of non-zero
degrees to locally symmetric spaces with non-zero Euler characteristics.

And nothing is known about zero/non-zero possibility for the values of the
L-rank norm for manifolds with negative sectional curvatures of odd dimensions
> 3.

(Vanishing of |[[X]z|| for all 3-manifolds X trivially follows from the Agol-
Wise theorem on virtual fibration of hyperbolic 3-manifolds over S*.)

Questions. What are realtions between the || X||a and |[[X]z||? Are there
natural invariants mediating between the two?

(It is tempting to suggest that || X||» <[|[[X].]], but it is unlikely to be true
in general.)

[# f] Integral Strengthening of the Three Conjectures. The above conjectural
inequalities 1,2,3, for the three topological invariants, call them here inv;, i =
1,2,3, may, for all we know, hold (with no a priori assumption Sc(X) > -n(n -
1)) in the following integral form,

inw; < const; - / \Scf(X,x)ﬁdx,
X

where Sc_(x) = min(Sc(zx),0), but no lower bound on this integral is anywhere
in sight for n > 5. 3° (See section 3.14. for what is known for n = 4.)

3.11 Positive Scalar Curvature, Index Theorems and the
Novikov Conjecture

Given a proper (infinity goes to to infinity) smooth map between smooth ori-
ented manifolds, f: X — X of dimensions n = dim(X) = 4k +n for n = dim(X),
let sign(f) denote the signature of the pullback Y** = f~1() of a generic point
x € X, that is the signature of the (quadratic) intersection form on the homology
HQ(Y:;UC; R), where observe orientations of X and X define an orientation of Y;““
which is needed for the definition of the intersection index. B
Since the f-pullbacks of generic (curved) segments [z, 2z,] ¢ X are manifolds
with boundaries Yflk - ij , (the minus sign means the reversed orientation),

sign(Yglk) = sign(ng),

341n the simplest case, where X is the product of k closed surfaces S1, Sa, ..., i, with negative
Euler characteristics, non-vanishing of ||[[X]z|| is proven in [G(positive 1996]:

If a manifold X° admits a map of degree d to such an X, then X° can’t be decomposed
into less than

N = consty - d- [x(S1)] - X(S2) - - X(Si)l, consty >0,

cells.

350ne doesn’t even know if there are such bounds for || X||a and/or ||[[X]z]|| in terms of the
full Riemannian curvature tensor R(X,x), namely the bounds

X8, (Xl < consta [ IIRCX, 2% da.

37



as it follows from the Poincaré duality for manifolds with boundary by a two-
line argument. Similarly, one sees that sign(f) depends only on the proper
homotopy class [ f]nom of f.

Thus, granted X and a proper homotopy class of maps f, the signature
sign[ fInom serves as a smooth invariant denoted sign[s(X), (which is actually
equal to the value of some polynomial in Pontryagin classes of X at the homology
class of Yfzk in the group Hy,(X)).

If X and X are closed manifolds, where dim(X) > dim(X) > 0, and if X,
is simply connected, then, by the Browder-Novikov theory, as one varies the
smooth structure of X in a given homotopy class [X |pom of X, the values of
sign[£1(X) run through all integers i = sign;r)(X) mod 100n! (we exaggerate
for safety’s sake), provided dim(X) > 0 and Y,** c X is non-homologous to zero.

However, according to the (illuminating special case of the) Nowikov conjec-
ture,

if X is a closed aspherical manifold®® then this signps1(X) depends only on
the homotopy type of X. 37

Originally, in 1966, Novikov proved this, by an an elaborated surgery ar-
gument, for the torus X = T2, where X = Y x T2 and f is the projection
Y x T2 - T2,

Then in 1971, Gheorghe Lusztig [Lusztig(Novikov) 1972] found a proof for
general X and maps f: X - T™ based on the Atiyah-Singer index theorem for
families of differential operators D, parametrised by topological spaces P, where
the index takes values not in Z anymore but in the K-theory of P, namely,
this index is defined as the K-class of the (virtual) vector bundle over P with
the fibers ker(D,) — coker(D,), p € P, (Since the operators D,, are Fredholm,
this makes sense despite possible non-constancy of the ranks of ker(D,) and
coker(D,).)

The family P in Lusztig’s proof is composed of the signature operators on X
twisted with complex line bundles L,, p = P, over X, where these L are induced
by a map f: X — T™ from flal complex unitary line bundles L, over T™
parametrised by P (which is the n-torus of homomorphism 71 (T%) = Z™ - T).

Using the the Atiyah-Singer index formula, Lusztig computes the index of
this operator, shows that it is equal to sign(f) and deduce from this the homo-
topy invariance of signps)(X).

What is relevant for our purpose is that Lusztig’s computation equally ap-
plies to the Dirac operator twisted with L, and shows the following.

Let X be a closed orientable spin manifolds of even dimension n and f: X —
T2 be continuous map of non-zero degree. Then

ind(D@;{LP}) +0.

Therefore, there exits a point p € P, such that X carries a harmonic L,-
twisted spinor

36 Aspherical means that the universal cover of X is contractible

37Qur topological formulation, which is motivated by the history of the Novikov conjecture,
is deceptive: in truth, Novikov conjecture is 90% about infinite groups, 9% about geometry
and only 1% about manifolds.
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But if S¢(X) > 0, this is incompatible with the the Schroedinger-Lichnerowicz-
Weitzenboeck formula (see sections 3.4, 4.1) which says for flat L, that

1
D@Lp = Vé[/p + ZSC(X)

Thus, the existence of a map f : X - T with deg(f) # 0 implies that X
carries no metric with Sec > 0.

Moreover, Lusztig’s computation applies to manifolds X of all dimensions
n = n + 4k, shows that if a generic pullback manifold Yp4 = f"Y(p) c X (here f

is smooth) has non-vanishing &-invariant defined in section 3.4 (that is the A-
genus for 4k-dimensional manifolds), then the index ind(Dg¢z,1) doesn’t vanish
either and, assuming X is spin, it can’t carry metrics with Sc> 0.

Remark on X = (X,g0) = T2 If (X,go) is isometric to the torus, then
the only go-harmonic L,-twisted spinors on X are parallel ones, which allows a
direct computation of the index of Dgyr, . Then the result of this computation
extends to all Riemannin metrics g on T2 by the invariance of the index of
Dg(r,) under deformations of D, where the essential point is that, albeit the
harmonic spinors of the (untwisted) D may (and typically do) disappear under a
deformation Dy, ~ Dy, they re-emerge as harmonic spinors of D, twisted with
a non-trivial flat bundle L,.

The index theorem for families can be reformulated with P being replaced by
the algebra cont(P) of all continuous functions on P, where in Lusztig’s case the
algebra cont(T™) is Fourier isomorphic to the algebra C*(Z™) of bounded linear
operators on the Hilbert space space lo(Z2) of square-summarable functions on
the group Z™, which commute with the action of Z® on this space.

A remarkable fact is that a significant portion of Lusztig’s argument general-
izes to all discrete groups II instead of Z2, where the algebra C*(II) of bounded
operators on ly(IT) regarded as algebra of functions on a "non-commutative
space" dual to II (that is the actual space, namely that of of homomorphisms
IT - T for commutative II.)

This allows a formulation of what is called in [Ros 1984] the strong Novikov
Conjecture, the relevant for us special case of which reads as follows.

Dec+-Conjecture. If a smooth closed orientable Riemannin spin n-manifold X
for n even admits a continuous map F' to the classifying space BII of a group II,
such that the homology homomorphism F, sends the fundamental homology class
[X]e€ H,(X;R) to non-zero element h € H,(BII;R), then

the Dirac operator on X twisted with some flat unitary Hilbert bundle over
X has non-zero kernel.

(Here "unitary" means that the monodromy action of 7 (X) on the Hilbert
fiber H of this bundle is unitary and where an essential structure in this H is
the action of the algebra C*(II), which commute with the action of 71 (X).)

This, if true, would imply, according to the Schroedinger-Lichnerowicz-Weitzenboeck
formula, the spin case of the conjecture stated in section 3.4. saying that

X admits no metric with Sc > 0.

Also "Strong Novikov" would imply, as it was proved by Rosenberg, the
validity of the

Zero in the Dirac Spectrum Conjecture. Let X be a complete contractible
Riemannin manifold the quotient of which under the action of the isometry group

39



iso(X) is compact. ) }
Then the spectrum of the Dirac operator D on X contains zero, that is, for
all € >0, there exist La-spinors § on X, such that

ID(3]| < ll3]l-

This, confronted with the Schroedinger-Lichnerowicz-Weitzenboeck formula,
would show that X can’t have Sc > 0.

Are we to Believe in these Conjectures. A version of the Strong Novikov
conjecture for a rather general class of groups, namely those which admit discrete
isometric actions on spaces with non-positive sectional curvatures, was proven
by Alexander Mishchenko in 1974.

Albeit this has been generalized since 1974 to many other cases groups II
and/or representatives h € H,(BII;R), the sad truth is that one has a poor
understanding of what these classes actually are, how much they overlap and
what part of the world of groups they fairly represent.

At the moment, there is no basis for believing in this conjecture and there
is no idea where to look for a counterexample either.?®

3.11.1 Almost Flat Bundles, ®.-Twist Principle and the Relative
index theorem on Complete Manifolds

Let X be a Riemannin manifold and L = (L, V) be a complex vector bundle L
with unitary connection. If the curvature of L is e-close to zero,

IRzl <e,

then, locally, L looks, approximately as the flat bundle X x C", r = rankc(L),
and the Dirac operator twisted with L, denoted Dgy,, that acts on the spinors
with values in L, is locally approximately equal to the direct sum D& ... D.
N
M
It follows that if Se(X) > o >0 and if € is much smaller than o, then by the
(obvious) continuity of the Schroedinger-Lichnerowicz-Weitzenboeck formula,
this twisted Dirac operator has trivial kernel, ker(Dgr) = 0 and, accordingly,

an(DQ;L) = 07 3

where, by the Atiyah-Singer index theorem, this index is equal to a certain

topological invariant
ind(Dgr) = &(X,L).

For instance, if X is an even dimensional topological torus, and if the top
Chern class of L doesn’t vanish, ¢,,(L) # 0 for m = %w, then a(X, L) # 0 as
well.

On the other hand, given a Riemannin metric g on the torus T", n = 2m,
and € > 0,

38 Geometrically most complicated groups are those which represent one way or another
universal Turing machines; a group, the k-dimensional homology (L-theory?) of which, say
for k = 3, models such a "random" machine, would be a good candidate for a counterexample.

39Here we assume that n = dim(X) is even, which makes D split as D = D™ @ D™, such that
ind(D*) = ind(D™), see section 4.1.
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there exists a finite covering T» of the torus, which admits an e-flat vector
bundle L - T™ of C-rank r =m = § with ¢,,,(L) # 0,

where the "flatness" of L, that is the norm of the curvature R 7 regarded as a 2-
form with the values in the Lie algebra of the unitary group U(r), r = rankc(L),
is measured with the lift g of the metric g to T™.

Indeed, let L R™, n =2m, be a vector bundle with a unitary connection, such
that L is isomorphic (together with it connection) at infinity to the trivial bundle and
such that cm(ﬁ) + 0, where such an L may be induced by a map R™ - S™, which
is constant at infinity and has degree one, from a bundle L — 8™ with ¢,,,(L) # 0.

Let L. be the bundle induced from L by the scaling map = ~ ez, z € R™.
Clearly, the curvature of L. tends to 0 as ¢ — 0.

Since the finite coverings T™ of the torus converge to the universal covering
R™ — T™ this L. can be transplanted to a bundle L. — T" over a sufficiently large
finite covering T™ of the torus, where the top Chern number remains unchanged
and where the curvature of L with respect to the flat metric on T” can be assumed
as small as you wish, say <e.

But then this very curvature with respect to the lift § of a given Riemannin
metric g on T" also will be small, namely < constye and our claim follows. 40

Thus, we obtain

yet another proof of nonexistence of metrics g with Sc(g) >0 on tori.

Seemingly Technical Conceptual Remark. The above rough qualita-
tive argument admits a finer quantitative version, which depends on the twisted
Schroedinger-Lichnerowicz-Weitzenboeck formula (see 4.1),

D2, =Va, +15¢(X)+Rer,

where Rg is an operator on twisted spinors, i.e. on the bundle S® L, associated
with the curvature of L and where an essential feature of Rgy, is a bound on its
norm by the it operator norm ||R ||, with a constant independent of the rank of
L.

Thus, for instance the above proof of nonexistence of metrics g with Sc(g) > 0
on tori, that was performed with the twisted Dirac operator Dy; over a finite
covering X of our torical X, can be brought back to X by pushing forward L
from the X to X, where this push forward bundle (L), - X has

rank(L), = N -rank(L)

for N being the number of sheets of the covering. 3
(The lift of (L)« to X is the Whitney’s sum of N-bundles obtained from L
by the deck transformations of L.)
This property of Rgr, in conjunction with the shape of the Atiyah-Singer
index formula, fo Dirac operator twisted with Whitney’s N-multiples

40VVhy do we need twelve |ines to express, not even fully at that, so an obvious idea? Is
it due to an imperfection of our mathematical language or it is something about our mind
that makes instantaneous images of structurally protracted objects? Probably both, where
the latter depends on the parallel processing in the human subliminal mind, which can’t be
well represented by any sequentially structured language that follows our conscious mind and
where besides "parallel" there are many other properties of "subliminal" hidden from our
conscious mind eye.
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Le..oL=Le..0L,
N———
N

which implies that in the relevant cases
ind(D;(L@m@L)) =a(X,Le..0oL)=N-&(X,L)+0(1),

allows N — oo and even N = oo in a suitable sense, e.g. in the context of
infinite coverings (see section 4.1.1) and/or of C*-algebras as was mentioned in
the previous section.

What is also crucial, is that twisting with almost flat bundles is a functorial
operation, where this functoriality yields the following.

®.-Twist Principle. All (known) arguments with Dirac operators for non-
existence of metrics with Sc > o >0 under specific topological conditions on X
can be (more or less) automatically transformed to inequalities between o and
certain geometric invariants of X defined via e-flat bundles over X.

From Compact to Complete Via the Relative Index Theorem

Most (probably, not all) bounds on the scalar curvature of closed Riemannian
manifolds derived with twisted Dirac operators Dgy, have their counterparts for
complete manifolds X, where one uses a relative version of the Atiyah-Singer
theorem for pairs of Dirac operators which agree at infinity (see [GL 1983],
[Bunke 1992], [Roe 1996]), where the simplest and the most relevant case of this
theorem applies to vector bundles L — X with unitary connections which are
flat trivial at infinity.

In this case the pair in question is (Dgr, Dg|r|), where |L| denotes the trivial
flat bundle X x C* — X for k = rankc(L), which comes along with an isometric
connection preserving isomorphism between L and |L| outside a compact subset
in X.

[ -Example. Let f: X — S™ be a smooth map which is locally constant
at infinity (i.e. outside a compact subset) and let L — S™ be a bundle with a
unitary connection on S™.

Then the pullback bundle f*(L) — X is an instance of such an L.

The relative index theorem, similarly to its absolute counterpart implies that
if the scalar curvature of X is uniformly positive (i.e. Sc> o >0) at infinity and
if

a certain topological invariant, call it &(X, L),** doesn’t vanish, then either X
admits a non-zero (untwisted) harmonic Lo-spinor s on X, that is a solution of
D(s) =0, or there is a non-zero L-twisted harmonic Lo-spinor on X .42

For instance,

if L= f*(L) as in the above example, where n = dim(X) is even, the bundle
L has a non-zero top Chern class (e.g. L is the bundle of spinors on the sphere,
L =S(S™)) and if the map f: X — S™ has non-zero degree, then &(X,L) # 0.

41Gee section for the definition of this invariant.

42If we don’t assume that Sc(X) is uniformly positive at infinity, then one can only claim
the existence of either non-zero untwisted or non-zero twisted almost harmonic Lo-spinors,
ie. satisfying [ D?(s)dx <¢e [y ||s(z)|* or [y D2, (s)dz <& [y |Is(z)|[?, for arbitrarily small
e>0.

42



Finally, since the twisted Schroedinger-Lichnerowicz-Weitzenboeck formula
(obviously) applies to La-spinors, one obtains, for example, as an application
of the ®.-Twist Principle the following relative version of the Lichnerowicz’
theorem for k-dimensional manifolds from section 3.4, that, let us remind it,
says that

A[X]#0= Se(X) # 0 for closed spin manifolds X.

If a complete Riemannian orientable spin manifolds X (of dimension n+4k)
admits a proper A -Lipschitz map f : X — R" for some A < oo, then the pullbacks
of generic points y € R"™ satisfy A[f~1(y)] =0.

This, in the case dim(X) = n, shows that

the existence of proper Lipschitz map X — R™ implies that inf, Sc(X,x) <0.

This rules out, in particular, metrics with Sc> 0 on tori.

(See [GL(spin) 1980], [GL 1983], [Roe 2012] for further examples and refer-
ences. )

Remark. Recent regularization theorems by Lohkamp and Schoen-Yau al-
lows proof by means of minimal hypersurfaces with the advantage of dropping
the spin condition in certain cases. But analytic technicalities behind these
proofs are significantly more complicated than what is needed for the Dirac
operator proofs.

Besides — this is non-automatic and, geometrically, most amusing — a linear-
algebraic analysis of the L-curvature term Rgy, in the above twisted Schroedinger-
Lichnerowicz-Weitzenboeck formula, may lead to sharp geometric inequalities
for Riemannin manifolds X with Sc > o, such as Llarull’s, Min-Oo’s and Goette-
Semmelmann’s inequalities.

For instance, a certain sharp version of @.-Twisting Principle turns Lich-
nerowicz theorem to the following (see [Llarull 1998]).

If a complete Riemannian orientable spin manifolds X (of dimension n+4k)
with Sc(X) > n(n — 1) admis a locally constant at infinity 1 -Lipschitz map
f:X — 8™, then the pullbacks of generic points y € S™ satisfy A[f1(y)] = 0.

(See sections 3.5, 4.5 and also 4.1.1 where we outline a functorial perspective
on such inequalities).

Notice that the spin condition is essential here if dim(X) > n, but it is,
probably, redundant in many cases, e.g. for equidimensional maps f.

What is even more annoying is compactness or, at least, completeness of
manifolds, where Dirac operators reside. 43

But at the present day, Llarull’s and similar sharp, and certain non-sharp,
inequalities with scalar curvature, remains beyond of what can be achieved with
the geometric measure theory.

Remark/Question. Llarull’s inequality in conjunction with the relative index
theorem shows that

if a complete orientable spin n-manifold X admits an area contracting locally
constant at infinity (i.e. outside a compact subset) map f: X — S™, which has
non-zero degree, and if the scalar curvature of X on the support of the differential
of f (where df #0) is bounded from below by that of S™,

inf  Se(X,z)>n(n-1),
sesupp(df) ( ) ( )

43 Albeit indirectly, Dirac operators do apply to scalar curvature problems on manifolds with
boundaries, as we shall see in the next section and in section 4.6.
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then X can't have uniformly positive scalar curvature,

inf Se(X,x) <0.
reX

However, since the relative index theorem needs uniformly positive scalar
curvature at infinity,

it remains unclear if, in fact, X can’t even have non-negative scalar curva-
ture, that is if
inf Se(X,z) <0.
seX

(Possibly, the argument from [Cecchini 2018] may be useful here, also see
section 4.6)

®.-Problem. Can one turn ®_-Twisting Principle to a ®_-theorem?

At the present moment, an application of the @_-principle necessitates track-
ing step by step, let it be in a purely mechanical /algorithmic fashion, a particular
Dirac theoretic argument, rather than a direct application of this principle to
the conclusion of such an argument.

What, apparently, happens here is that the true outcomes of Dirac operator
proofs are not the geometric theorems they assert, but certain linearized /hilbertized
generalization(s) of these, possibly, in the spirit of Connes’ non-commutative ge-
ometry.

To understand what goes on, one needs, for example, to reformulate (re-
prove?) Llarull’s, Min-Oo’s and Goette-Semmelmann’s inequalities in such a
"linearized" manner.

Twists with non-Unitary Bundles. Available (rather limited) results con-
cerning scalar curvature geometry of manifolds X, which support almost flat
non-unitary bundles and of (global spaces of possibly) non-linear fibrations with
almost flat connections over X, are discussed in section 6.4.

Flat or Almost Flat? Lusztig’s approach to the Novikov conjecture via
the signature operators twisted with (families of) finite dimensional non-unitary
flat bundles was superseded, starting with the work by Mishchenko and Kas-
parov, by more general index theorems, for infinite dimensional flat unitary
bundles.

Then it was observed in [GL(spin) 1980] and proven in a general form in [Ros
1984]) that all these results can be transformed to the corresponding statements
about Dirac operators on spin manifolds, thus providing obstructions to Sc¢ > 0
essentially for the same kind of manifolds X, where the generalized signature
theorems were established.

Besides following topology, the geometry of the scalar curvature suggested
a quantitive version of these topological theorems by allowing twisted Dirac
and signature operators with non-flat vector bundles with controllably small
curvatures, thus providing geometric information on X with Sc > o > 0, which
complements the information on pure topology of X.

At the present moment, there are two groups of papers on twisted (sometimes
untwisted) Dirac operators on manifolds with Sc¢ > o.

The first and a most abundant one goes along with the work on the Novikov
conjecture, where it is framed into the K K-theoretic formalism.

A notable achievement of this is
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Alain Connes’ topological obstruction for leaf-wise metrics with Sc > 0
on foliations,
where
a geometric shortcut through the K K-formalism of Connes' proof is unavailable
at the present moment.

Another direction is a geometrically oriented one, where we are not so much
concerned with the K-theory of the C*-algebras of fundamental groups m (X),
but with geometric constraints on X implied by the inequality Sc(X) > o.

This goes close to what happens in the papers inspired by the general rela-
tivity, where one is concerned with specified (and rather special, e.g. asymptot-
ically flat) geometries at infinity of complete Riemannian manifolds and where
one plays, following Witten and Min-Oo, with Dirac operators, which are asymp-
totically adapted at infinity to such geometries. (In this context, the Schoen-Yau
and the related methods relying of the mean curvature flows are also used.)

In the present paper, we are primarily concerned with geometry of manifolds,
while topology is confined to an auziliary, let it be irreplaceable, role.

3.11.2 Roe’s Translation Algebra and Dirac Operators on Complete
Manifolds with Compact Boundaries

C*-algebras bring forth the following interesting perspective on coarse geometry
of non-compact spaces proposed by John Roe following Alain Connes’ idea of
non-commutative geometry of foliations.

Given a metric space =, e.g. a discrete group with a word metric, let T =
Tra(E) be the semigroup of translations of M that are maps 7 : E - =, such
that

sup dist(§,7(€)) < oo.
£e=
The (reduced) Roe C*-algebra R*(Z) is a certain completion of the semi-
group algebra C[7T]. For instance if = is a group with a word metric for which,
say the left action of = on itself is isometric, then the right actions lie in 7" and
R*(Z) is equal to the (reduced) algebra C*(Z).*
Using this algebra, Roe proves in [Roe 1996], (also see [Hig 1991], [Roe 2012])
a partitioned index theorem, which implies, for example, that.

© the toric half cylinder manifold X = T" ! x R, admits no complete Rie-
mannin metric with Sc> o > 0.4

The subtlety here is twofold:

(i) the presence of non-empty boundary which is poorly tolerated by Dirac op-
erators,

(ii) the metric on this X may (can it if Sc > sigma > 0 at infinity?), similarly to
the hyperbolic metric dr? + e72"dt?, exponentially (even super-exponentially, if you
wish) contracts at infinity.

Notice, that © can be also proved with the techniques of minimal hyper-
surfaces and/or of stable u-bubbles.

441Reduced" refers to a minor technicality not relevant at the moment. A more serious
problem — this is not joke — is impossibility of definition of "right" and "left" without an
appeal to violation of mirror symmetry by weak interactions.

45T must admit I haven’t fully understood Roe’s argument.
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In fact, the 27” -inequality from section 3.7 implies that the scalar curvature
on T' xR,

not only approaches zero for r — oo but it must decay quadratically fast.

(Compare with corollary in section 3.7 and exercise (a) in 5.2.)

But the Dirac theoretic proof of & reveals certain geometric features of the
scalar curvature, which are non-detectable by minimal hypersurfaces and which
are interesting in their own rights.

(Unlike C*-algebraically and K-theoretically oriented papers on scalar cur-
vature, which are focused on non-existence theorems for Sc > 0, these theorems
serve only a preparatory purpose in the geometric picture we develop in these
lectures.)

Also notice in this regard that if X is sufficiently "thick at infinity", then
© follows by a simple argument with twisted Dirac operators and the standard
bound on the number of small eigenvalues in the spectrum of the Laplace (or
directly of the Dirac) operator in vicinity of 8X, which applies to all manifolds
with boundaries and which yields, in particular, (see sections 4.5, 4.677777) the
following.

> Let X be a complete oriented Riemannin spin n-manifold with compact
boundary, such that

there exists a sequence of smooth area decreasing maps f; : X — S™, which are
constant in a (fixed) neighbourhood V' c X of the boundary X as well as away
from compact subsets W; c V, and such that

deg(fi) 7 oo

Then the scalar curvature of X satisfies

in)f; Se(X,z) <n(n-1).

Conclude by formulating the following.

Coarse D-Spectrum Conjecture. Let X be a complete uniformly contractible
Riemannian manifold, i.e. there exists a function R(r) > r, such that the ball
B;(r) c X, # € X, of radius r is contractible in the concentric ball B;(R(r)) for
all # € X and all radii 7 > 0.

Then the spectrum of the Dirac operator on X contains zero.

This conjecture, as it stands, must be, in view of [DRW 2003|, false, but
finding a counterexample becomes harder if we require the bounds vol(Bz (7)) <
expr for all € X and r > 0.

3.12 Foliations With Positive Scalar Curvature

According to the philosophy (supported by a score of theorems) of Alain Connes
much of the geometry and topology of manifolds with discrete group actions,
notably, those concerned with index theorems for Galois actions of fundamen-
tal groups on universal coverings of compact manifolds, can be extended to
foliations.

In particular, Connes shows in [Con 1986| that compact manifolds X which
carry foliations .Z with leaf-wise Riemannin metrics with positive scalar curva-
tures behave in many respects as manifold which themselves admit such metrics.
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For instance,

X if & is spin, ie. the tangent (sub)bundle T(.%) c T(X) of such an .Z is
spin,then,

by Connes’ theorem, A[X] = 0.

This generalises Lichnerowicz’ theorem from section 3.4. for oriented spin
manifolds of dimensions n = 4k , where, recall, A[X] is the value of a certain
rational polynomial A(p;) in the Pontryagin classes p; € H* (X : Z) (see section
4.1) on the fundamental homology class [X] € H,,(X).4°

In fact, the full Connes’ theorem implies among other things
vanishing of the ~-products of the A-genus zfl(p,»), Jj=0,1,..,k =%, with

all polynomials in the Pontryagin classes of the "normal" bundle T*(¥) =
T(X)/T(ZL), in the case where £ is spin.

Connes’ argument, which relies on Connes-Scandalis longitudinal index the-
orem for foliations), delivers a non-zero almost harmonic spinor on some leaf of
% and an alternative and simpler proof of the existence of such spinors under
suitable conditions was given in [BM 2018|, where ., besides being spin, is
required to have Hausdorff homotopy groupoid.*”

Another simplified proof of (a part of) Connes’ theorem was also suggested
in [Zhang 2016], where the manifold X itself, rather than the tangent bundle
T(%) is assumed spin *® and where the existence of almost harmonic spinor is
proven on some auxiliary manifolds associated with X.

One can get more mileage from the index theoretic arguments in these papers
by applying the ®.-Twisting Principle (see the previous section), but this needs
honest checking all steps in the proofs in there. This was (partly) done in [BM
2018] and in [Zhang 2018] in the context of the index theorems used by the
authors in their papers.

Also T recall going through Connes’ paper for this purpose long time ago
and deriving the following proposition by applying this principle to Connes’
argument (see §92 in [G(positive) 1996]).

Closed manifolds X with infinite K-waisty (called "K-area" in [G(positive)
1996]) , e.g. tori T™, carry no spin foliations which admit leaf-wise Riemannin
metric with Sc> 0.

Since my memory is uncertain at this point, I wouldn’t claim this as a proven
result, but rather formulate a geometrically more attractive conjecture that also
must follow from ®.-Twisting Principle applied to Connes’ argument.

Sharp Foliated ®.-Twisting Conjecture. Let X be a complete oriented n-
dimensional Riemannin manifold with a smooth m-dimensional, 2 < m < n, spin
foliation .#, such that the induced Riemannin metrics on the leaves of .Z have
their scalar curvatures > n(n -1).

Then X admits no smooth area decreasing locally constant at infinity map
f:X > S™ with deg(f) #0.

46By definition, the values of the p;-monomials Py =-; pi; € HY(X), 4%,;4; = d, on [X]
equals zero for all d # n.

470One finds a helpful explanation of the meaning this condition in [Con 1983] and in the
lectures [Mein 2017].

481n the ambience of Connes’ arguments [Con 1986], these two spin conditions reduce one
to another.
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All of the above, however, leaves the following question open.

[*2] Let (X,g) be a (possibly non-complete) Riemannin n-manifold with a
smooth foliation, such that scalar curvature of the induced metric on the leaves
satisfies Sc > o > 0.

Does the product of X by a Euclidean space, X x R, admit an R -invariant
Riemannin metric §, such that Sc(g) > o and the quotient map (X xRY §)/RY —
(X, g) is 1-Lipschitz, or, at least, const,-Lipschitz?

(See §1% in [G(positive) 1996] and section 6.3 for partial results in this
direction based on the geometry of Connes’ fibrations.)

Notice that even the complete (positive) resolution of [*?] wouldn’t yield the
entire Connes’ vanishing theorem from [Con 1986], nor would this fully reveal
the geometry of foliated Riemannian manifolds X with scalar curvatures of the
leaves bounded from below.

For instance,

do compact Riemannian n-manifolds with constant curvature —1 admit k-dimensional
foliations, 2 < k <m —1, such that the scalar curvatures of the induced Riemannian
metrics in the leaves are bounded from below by —¢ for a given € > 07

3.13 Scalar Curvature in Dimension 3

If n > 4, then then all known bounds on the size of m-manifolds X with
Se(X) > o0 > 0 are expressed by non-ezistence of "topologically complicated
but geometrically simple" maps from these X to "standard manifolds" X.

But if n = 3 the following two more satisfactory results are available.

Let X be a complete Riemannin 3-manifold with scalar curvature > 6 = Sc(S%).

Then

A. There exists a continuous map f : X — P!, where P is a I-dimensional
polyhedral space (topological graph) such that the diameters of the pullback of
all points are bounded by

[widths_o] diam(f~(p)) < 27V/6.

B. If X is homeomorphic to 53, R?, S? xR or S? x S* then there exists a map
®: 5% xT - X, where, either T =R or T = S' of degree 1*° and such that the
areas (counted with multiplicities if you wish) of the images ®(S? x {t}, t € S*
satisfy

[waists ] area(®(S? x {t}) < 4.

Remarks and Conjectures. (a) The proof of A (corollary 10.11 in [GL 1983])
relies on stable minimal surfaces in X, while B follows from the Marques-Neves
estimate in [MN 2011] on the areas of surfaces with Morse index 1.

(b) The inequality [waists_s], unlike [widths_o], is sharp, with the equality
for the unit sphere S3.

49Tf T = R then "degree 1" here presupposes here that there are at most two points in X,
such that if a compact subset C' ¢ X doesn’t contain either of these points, then the pullback
&~1(C) c §? x T is compact.
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(¢) The factor v/6 in [widths 5] is, probably redundant, but even without
this factor it wouldn’t look as pretty as [waists_5].5°

(d) Proposition A, as it stands, (obviously) fails to be true for compact
manifolds X with non-empty boundaries but, by the argument in §10 from [GL
1983], it remains valid for the part of X within distance d > 2v/67 from the
boundary .

(e) Conjecturally, all complete n-manifolds X with Sc(X) > n(n —1) admit
continuous maps to polyhedral spaces of dimension n -2, say, F': X - P2, such
that

diam(F~*(p)) < const, and vol,_o(F~'(p)) < const!, for all pe P"2.

Probably, this can be shown for n = 3 by combining the arguments from [GL
1983] and [MN 2011].

For instance if X is a connected sum of copies of S? x S, then it can’t
be "sliced" entirely by spheres but, this becomes possible if we allow singular
slices homeomorphic to joins of spheres S2 = S2. However, it is not obvious if
Se(X) > 6 would allow such a slicing with the areas of the slices bounded by 47
or some other constant for this matter.

(d) Let X be a complete Riemannin n-manifolds with a 3-dimensional foli-
ation such that the scalar curvature of the induced leaf-wise metric is bounded
from below by 6.

Does X admit a continuous map F': X — P"~2 with diam(F~'(p)) < const,,
pe P27

(If so, this would provide yet another geometric proof of 7?77 [*] from the
previous section for 3-dimensional foliations.)

Penrose Inequality. Start with recalling that
the (space slice of the) Schwarzschild metric with mass m
is defined on R® minus the origin in polar coordinates as

m

4
9Sw,, = 9Sw = (1 + g) 9Eucls for P=Pm= P

and that the
scalar curvature of this metric is zero

by the conformal change formula from section 2.6.
. . 4. . . .
Since the function s(r) =% (1 + 5) is invariant under the transformation
2

T —
r

)

this gs,, is invariant under the (conformal) reflection of R3 around the sphere
52(Ry) € R? of radius p = 2, that is

(s,7) ~ (s, '02)

50The inequality [widths—_2] says that X can be "sliced" by surfaces of small diameters,
but it doesn’t tell anything about topologies and/or areas and intrinsic diameters of thees
surfaces.

49



Thus the sphere S(p) is totally geodesic in geometry of gg,, with area
o\
areagg,, (S(p) = mp* (1 + 7) = 16mm?.
P

In 1973 Penrose formulated in [Pen 1973| a conjecture concerning black holes
in general relativity with an evidence in its favour, that would, in particular
imply the following.

Special case of the Riemannian Penrose Inequality. Let X be complete Rie-
mannin 3-manifolds with compact boundary Y = 90X, such that

e X is isometric at infinity to the Schwarzschild space of mass m at one of its
two ends at infinity;

e the scalar curvature of X is everywhere non-negative: Sc¢(X) > 0;

e the boundary Y of X has zero mean curvature;®!

e no minimal surface in X separates a connected component of Y from infinity.

Then the area of Y = 0X is bounded by the mass of the Schwarzschild space
as follows.”?

area(Y) < 16mm?,

This, in a greater generality was proven by Hubert Bray in [Bray 2009].

On Geometric Meaning of Mass. The Schwarzschild metric at infinity fast
approaches the Euclidean metric, where the greater the mass the slower is the
growth rate of this metric.

To get a rough idea, let is compare gg,, with the conical metrics

Go = a®-72ds® + dr?.

If a < 1 these metrics have positive scalar curvatures (zero for a = 1) and if you
compare them with gg,, these have infinite masses, and would violate any kind
of Penrose-like inequality.

But if @ > 1, then these g, have masses —co and one can show, e.g. using the
bound on Radg: from section 3.6 for suitable surfaces at infinity, that such a
fast growth rate of general Riemannian manifolds is incompatible with Sc > 0.

Moreover, the positive mass theorem says that even finite but negative mass
of an asymptotically Euclidean metric needs a bit of negativity in its scalar
curvature.

But I must admit I haven’t thought through further the geometric meaning
of what physicists call "mass" in general relativity.

3.14 Scalar Curvature in Dimension 4

The simplest examples of 4-manifolds where non-existence of metrics with Sc >
follows from non-vanishing of Seiberg-Witten invariants are complex algebraic
surfaces X in CP? of degrees d > 3. (If d is even and these X are spin, this also
follows from Lichnerowicz’ theorem from section 3.4.)

51Tt suffices to assume that the the boundary is mean convez, i.e. its mean curvature relative
to the normal field pointing outward is positive.

52This version of the Penrose conjecture is taken from the modern literature. It is unclear,
at least to the present author, when, where and by whom an influence of positivity of scalar
curvature in 3D on geometry of surfaces, which was, probably, known to physicists since the
early 1970s (1960s?) was explicitly formulated in mathematical terms for the first time.
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In fact, it was shown by LeBrun (see [Sal 1999] and references therein) that

no minimal (no lines with self-intersections one) Kdihler surface X admits a
Riemannin metric with Sc > 0, unless X is diffeomorphic to CP? or to a ruled
surface .

Furthermore, LeBrun shows in [LeB 1997] that

if such an X has Kodaira dimension 2, which is the case, for instance, for the
algebraic surfaces X c CP3 of degree d > 5, then

the total squared scalar curvature is bounded by the first Chern number of
X

)

fX Se(X,x)2da > 32r2e5(X),

where, moreover this inequality is sharp.

One may only dream of this kind of a bound on [ Sc(X, x)2 dx for a man-

ifolds X of dimension n > 4.
In fact the ideal bound, would be on [ [Sc_(X, x)|2 dz for Sc_(X, ) min(Se(X, z).

Although one doesn’t expect anything comparable to the Seiberg-Witten
equations for n = dim(z) > 4, one wonders if some coupling between the twisted
Dirac Dgr, and an energy like functional in the space of connections in L may
be instrumental in the study of the scalar curvature of X.

For instance,

Let a closed orientable Riemannin n-manifold X admits a map of non-zero
degree to a closed locally symmetric manifold X with negative Ricci curvature, e.g.
with constant negative curvature.

Does then the scale invariant integral of the negative part of the scalar
curvature is bounded from below as follows:

. 5 5 dr?
JIse-to.)ltde 2 [ [Se(x, 2|t dr?

(Three conjectures related to this one are formulated in section 3.10.)

3.15 Topology and Geometry of Spaces of Metics with
Sc>o.

Non-triviality of the homotopy types of metrics with positive scalar curvatures,
which was first proven by Nigel Hitchin in [Hit 1974], starts with the following
observation.®?

Let a closed n-manifold X be decomposed as X_u X, where X_ and X, are
smooth domains (n-submanifolds) in X with a common boundary ¥ = 0X_ =
0X, and where X= are equal to regular neighbourhoods of disjoint polyhedral
subsets P ¢ X of dimensions ns such that n_ +n, =n-1.

If ny <n -2, then, by an easy elementary argument, both manifolds X_ and
X, admit Riemannin metrics, say g=, such that

the restrictions of these g+ to Y, call them h+, both have positive scalar curva-
tures.

And if X admits no metric with positive scalar curvature, e.g. if X is
homeomorphic to the n-torus or to product of two Kummer surfaces, then h_

53Hitchin himself argued differently.
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and h, can’t be joined by a homotopy of metrics with positive scalar curvatures.

Indeed, such a homotopy, h:, ¢t € [-1,+1] could be easily transformed to
a metric on the cylinder Y x [-1,+1] with positive scalar curvature and with
relatively flat boundaries isometric to (Y, h-) and (Y,h,), which would then
lead in obvious way to a metric on X = X_uY x [-1,+1]u X, with Sc¢ >0 as
well.

This kind of argument combined with surgery with Sc > 0 and empowered
by index theorem(s) for Dirac operators leads, to the following results.

[HaSchSt 2014]. If m is much greater than k then the kth homotopy group
of the space of metrics with Sc¢ >0 on the sphere S*™ %=1 is infinite.

[EbR-W 2017]. There exists a compact Spin 6-manifold such that its space
of positive scalar curvature metrics has each rational homotopy group infinite
dimensional. **

However, there is no closed mamfold of dimension n > 4, which admits a
metric with Se > 0 and where the (rational) homotopy type, or even the set of

connected components, of the space of such metrics is fully determined.
55

Let us formulate two specific questions motivated by the following vague
one:

What is the "topology of the geometric shape" of the (sub)space of metrics
with Sc¢ > o7

Question 1.  Given a Riemannian manifold X and a pair of numbers
(A, 0) e R2 let G(X; X, \,0) be the space of pairs (g, f) where g is a Riemannian
metrics on a X with Sc(g) >0 and f: X - X is a A-Lipschitz map.
What is the topology and geometry of this space and of the natural embed-
dings
G(X;X,M1,01) < G(X; X, Ag,02)

for Aoy > Ay and o9 > 0.

Question 2. Let D be some natural distance function on the space G of
smooth Riemannin metrics g on a closed manifold X. For instance D(g1,g2)
may be defined as log of the infimum of A\ > 0, such that

/\7191 < g2 < Ag1.

Let D,(g) denote the D-distance from g € G' to the subspace of metrics
with S¢ > o and D, (g) be the D-distance from the dif f(X)-orbit of g to this
subspace.

What are topologies, e.g. homologies, of the a-sublevels, a > 0, of the func-
tions Dy : G = [0,00) and D, : G — [0, 00) and of the inclusions

D;(0,a] = D;*(0,b], and D;*(0,a] = D;*(0,b] for b> a?

541t seems, judging by the references in [EbR-W 2017], that all published results in this
direction depend on the Dirac operator techniques which do not cover the above example, if
we take a Schoen- Yau-Schick manifold (see |G(inequalities) 2018 |) for X.

551f n = 3 contractibility of this space, (if it is true) must follow from the known results on
the Ricci flow & la Perelman.
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3.16 Manifolds with Corners.

Most (all?) theorems concerning closed manifolds X with Sc > o and, more
visibly, manifolds with smooth boundaries Y = 90X, have (some proven, some
conjectural) counterparts for Riemannin manifolds X with corners at the bound-
ary,

where the mean curvature mean.curv(9X) for the smooth part of X plays
the role of singular/distributional scalar curvature supported on X and where
the dihedral angles < along the corners, or rather the complementary angles
m— <, can be regarded as singular/distributional mean curvature supported on
the corners.

Below are two examples illustrating this idea.

Let X be a compact n-dimensional manifold with simple, also called cosim-
plicial, corners. This means that X is locally diffeomorphic at all points z € X
to the positive cone R} at some points 2’ € R}, where an example of such an X
is the n-cube [0,1]™.

Call such an X semihyperbolic if whenever three 1-faces of X pairwise meet
then all three meet at some point in X.

Ezample. The n-cube is semihyperbolic but the n simplex, n > 2, is not.

Semitopological 7-Reflection Rigidity Theorem. Let X be a semi-
hyperbolic manifold X of dimension n with corners, assume for safety sake that all
faces of X are contractible and let g be a Riemannin metric on X, such that

e,, the scalar curvature of g is non-negative: Sc(g) > 0;

e,,_1 the mean curvatures of all (n - 1)-faces F; of X are also non-negative :
mean.curvg(F;) > 0;

e,_2 The dihedral angles 2;; of X at all points of all (n - 2)-faces, that are
intersection of certain (n - 1) faces F; and F, satisfy «;; < 7.

Then

Se(X) =0, mean.curv(Yyey) = 0, all a = § and X itself admits a homeo-
morphism onto the n-cube [0,1]", which sends the faces of X onto faces of the
cube.

About the Proof. This is shown by reflecting X around its (n — 1)-faces,
smoothing around the edges and applying the corresponding result for closed
manifolds as it was done in [G(billiard| 2014] for cubical X, and where the
general case needs an intervention of arguments from [G(inequalities) 2018],
where the (non-spin) case n > 9 relies on [SY(singularities) 2017]. (Also see
section 5.6).

Remarks. (a) There is little doubt that 7-geometric rigidity also holds for
our X:

the conditions e,,, e, 1, ®, o should imply that X is isometric to a rectan-
gular solid.

But there are several technical details (especially for n > 4) still to settle in
the proof.

(b) The semitopological 7-rigidity for cubical (i.e. topologically isomorphic
to cubes) yields, by an elementary argument, the C%-closeness of spaces of met-
rics with Sc > o stated in section 3.1.

There are two major limitation to our "1
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®1 the semihypebolicity condition rules out many promising spaces X, e.g.
those isomorphic to n-simplices;

©5 condition e,_5 is unrealistically strong, e.g. for such X as planar k-gons
with k > 5.

Below is an instance of where ® is partly appeased.

x A" Inequality. Let Xy c R™ be a polytope, i.e. a convex compact polyhe-
dron with non-empty interior, and let X c R™ be diffeomorphic to Xj.

Let all (n - 1)-faces F; of X have positive mean curvatures, e.g. the subset
X cR™ is convex.

Let the dihedral angles between (the tangent spaces of) the faces F; and Fj of
X at all points in the (n — 2)-faces where/if these faces meet, are bounded by the
corresponding dihedral angles of X,

Lij(X) < Aij(X()).

If all dihedral angles of Xo are < 3, then

245(X) = 24§(Xo).

This is shown, by doubling and smoothing X, and X and then applying
[X_’O] (see section 4.3 and 4.4).

Remarks/Ezxercises. (a) The only polytopes with <;; < 7 are products of
simplices, such as the n-cubes [0,1]", for example.
(b) If both Xy and X are affine n-simplices then the implication

2i5(X) € 2i5(Xo) = 2i;(X) = 245(Xo)
follows from the Kirszbraun theorem with no need for the condition < ;; < /2.

(c) There are cases where XA'-inequality is known to hold for certain
polytopes e.g. for k-gonal prisms, where (some) dihedral angles may be > 7 (an
approach via minimal (hyper)surfaces is indicated in [G(billiards) 2014] and in
[Li 2017]) but this remains problematic in general even for simple n-polytopes,
where at most n faces of dimension n — 1 may meet at the vertices.

(d) It is unknown which pairs of combinatorially equivalent polytopes P and
P’ (convex polyhedra) may have their corresponding dihedral angles satisfying
Lij 2 4;], without all corresponding angles being mutually equal.®®

Motivations for Corners. Besides opening avenues for generalisations of what
is known for smooth manifolds, Riemannin manifolds with corners and Sc > o
may do good to the following.

1. Suggesting new techniques, (calculus of variations, Dirac operator) for
the study of Euclidean polyhedra.

2. Organising the totality of manifolds with Se¢ >0 (or, more generally with
Sc > o) into a nice category (Ac-category?) P, that would include, as objects
manifolds Y with Riemannian metrics h and functions M on them and where

56Recently, Karim Adiprasito told me he proved that no convex polytope admits an in-
finitesimal deformation simultaneously decreasing all its dihedral angles.
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morphisms are (co)bordisms (h-cobordisms?) (X, g), 0X =Yy uYi, where g is a
Riemannian metric on X with Sc > 0, which restricts to hg and to hy on Yy and
Y7 and where the the mean curvature of Yy with inward coorientation is equal
to =My while the mean curvature of Y; with the outward coorientation is equal
to Ml.

Conceivably, the [SY]-variational techniques for "flags" of hypersurfaces or
its generalisation(s), may have a meaningful interpretation in P, while a suit-
ably adapted Dirac operator method may serve as a quantisation of P".

3.17 Who are you, Scalar Curvature?

There are two issues here.

1. What are most general geometric objects that display features similar to
these of manifolds with positive and more generally, bounded from below, scalar
curvatures?

2. Is there a direct link between Dirac operators and minimal varieties or
their joint appearance in the ambience of scalar curvature is purely accidental?

Notice in this regards that there are two divergent branches of the growing
tree of scalar curvature.

A. The first one is concerned with the effects of Sc > 0 on the differential
structure of spin (or Spinc) manifolds X, such as their & and Seiberg-Witten
invariants.

B. The second aspect is about coarse geometry and topology of X with
Sc(X) 2 o, the (known) properties of which are derived by means of minimal
varieties and twisted Dirac operators; here the spin condition, even when it is
present, must be redundant.

To better visualise separation between A and to B, think of possible singular
spaces X with Sc(X) > 0 corresponding to A and to B — these must be grossly
different.

For instance, if X is an Alexandrov space with (generalised) sectional cur-
vature > K > —oco then the inequality Sc > 0 makes perfect sense and, probably
most (all?) of B can be transplanted to these spaces. ®7

But nothing, from spin on, of what we know of A makes sense in singular
Alexandrov spaces.

And if you start from the position of 2 you better go away from conventional
spaces and start dreaming of geometric magic glass ball with ghosts of harmonic
spinors and of minimal varieties dancing within.

In concrete terms one formulates two problems.

A. What is the largest class of spaces (singular, infinite dimensional ...) which
display the basic features of manifolds with Sc > 0 and/or with S¢ > o > —oc0 and,
more generally, of spaces X, where the properly understood operator —A + %SC(X)
is positive or, at least not too negative?

For instance, which (isolated) conical singularities and which singular volume
minimising hypersurfaces belong to this class?

571t seems, much of the geometric measure theory extends to Alexandrov spaces but it is
unclear what would correspond to twisted Dirac operators on these spaces.
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B. Is there a partial differential equation, or something more general, the solu-
tions of which would mediate between twisted harmonic spinors and minimal hyper-
surfaces (flags of hypersurfaces?) and which would be non-trivially linked to scalar
curvature?

Could one, as it was suggested in section 3.14, non-trivially couple the twisted
Dirac Dg with some equation £, on the connections in the bundle L the Dirac
operator in the spirit of the Seiberg-Witten equation?®®

4 Dirac Operator Bounds on the Size and Shape
of Manifolds X with Sc(X) >0

4.1 Spinors, Twisted Dirac Operators, and Area Decreas-
ing maps.

The Dirac operator D on a Riemannin manifold X tells you by itself preciously
little about the geometry of X, but the same D twisted with vector bundles L
over X carries the following message:

manifolds with scalar curvature Sc>o0 >0
can't be too large area-wise.

Albeit the best possible result of this kind (due to Marques and Neves, see
B in section 3.13), which is known for X homeomorphic to S3, which says that

if Sc(X) 26 =8c(S?), then X can be "swept over” by 2-spheres of areas < 4,

was proven by means of minimal surfaces, all known bounds on "areas" of
Riemannin manifolds of dimensions > 4 depend on Dirac operators D twisted
(or "non-linearly coupled" for n=4) with complex vector bundles L over X with
unitary connections in L, where, don’t forget it, the very definition of D needs
X to be spin.

Recall (compare with section 3.11.1) that the twisted Dirac operator, denoted

Der: C*(S®L) > C*(S® L),

acts on the tensor product of the spinor bundle S - X % with L - X,
where it is related to the (a priori, positive Bochner Laplace) operator Vé L=
Vé 1 = VerVer in the bundle S® L, by the twisted Schroedinger-Lichnerowicz-
Weitzenboeck formula

Dész = V?@L‘F iSC(X) +R®L,

where Vg; denotes the covariant derivative operator in S® L and Rgy, is a
certain (zero order) operator which acts in the fibers of the twisted spin bundle
S ® L and which is derived from the curvature of the connection in L.

58Natural candidates for £ are equations for critical points of energy-like functional on
spaces of connections, where, observe, L-twisted harmonic spinors s : X — S ® L themselves
minimize s » [y (Dgr(s(2))Der(s(x)) dx.

59 All you have to know about S(X) is that it is a vector bundle associated with the tangent
bundle T(X), which can be defined for spin manifolds X, where "spin" is needed, since the
structure group of S(X) is the double cover of the orthogonal group O(n) rather than O(n)
itself.
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If we are not concerned with the sharpness of constants, all we have to know
is that Rgr, is controlled by

[ReL|l < const - ||curv(L)||

for const = const(n,rank(L)), where a little thought (no computation is needed)
shows that, in fact, this constant depends only on n = dim(X). (The actual
formula for Rgy, is written down in the next section, also see [MarMin 2012] for
further details and references.)

We regard a closed orientable even dimensional Riemannin manifold X area
wise large, if it carries a homologically substantial or essential bundle L over
it with small curvature, where "homologically substantial" signifies that some
Chern number of L doesn’t vanish. It is easy in this case®® that there exists an
associated bundle L*, such that

|curv|(L") < consty|curv|(L)

and such that the Chern character in the index formula guaranties non-vanishing
of the cup product A(X) ~ Ch(L") evaluated at [X],

(A(X)~ Ch(IM)[X]+0

and, thus, by Atiyah-Singer theorem, the presence of non-zero harmonic twisted
spinors: sections s of the bundle S® L" for which Dgyn(s) = 0.

If the dimension n of X is odd, the above applies to X x S! for a sufficiently
long circle St.

For instance, n-manifolds, which admit area decreasing non-contractible
maps to spheres S™(R) of large radii R are area wise large, where the rele-
vant bundles L are induced from non trivial bundles over the spheres. (One
may take L" = L for these L.)

But if the scalar curvature of X is > ¢ for a large o0 > 0, where this "large”
properly matches the above "small”, then by the Schroedinger-Lichnerowicz-
Weitzenboeck formula the operator Dgpa is positive and no such harmonic
twisted exists; therefore, a suitably defined "area"(X) must be bounded by
const - (See the next section for a definition of this "area".)

(Recall that

R 1 1
AX)=1-— — (4o + TP +...e H (X
(X) 24291+5760( p2 +7Tp7) +... € H*(X)

is a certain polynomial in Pontryagin classes p; € H*(X) of X and
1
Ch(L) = rankc(L) + c1 (L) + 5(61(L)2 -2c5(L))+...e H*(X)

is a polynomial in Chern classes ¢;(L) € H*(X) of L, while [X] ¢ H,(X)
denotes the fundamental class of X.
If n = dim(X) is even, the spin bundle S naturally splits, S = S* ® S™, the

operator Dgy, also splits: Dgr, = Dy @ Dy, for

Dgr:C*(S*®L) > C*(ST®L)

60See (L") in section 4.1.3 and references therein.
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and the index formula reads:

ind(D3,) = +(A(X) - Ch(L))[X].)

Relative Index Theorem on Complete Manifolds. Let X be a complete Rie-
mannin manifold the scalar curvature of which is uniformly positive at infinity.
Then the Schroedinger-Lichnerowicz-Weitzenboeck formula implies that

the Dirac operator is positive at infinity, i.e. outside some compact subset

VcX:
f){(Dzs(m),S(x))dxZEfXHS(x)Hde

for some € = ¢(X) > 0 and all Ly-spinors s supported outside V. This (easily)
implies, in turn, that the operators D* are Fredholm but the indices of these
operators depend on delicate information on geometry of X at infinity and no
simple formula for ind(D*) is available.

However if there are two operators Dy and Do, which are equal at infinity,
e.g. Dg;, and Dg‘ L where L — X is a bundle with a unitary connection, where
|L| is the trivial bundle of rank k = rankcL over X and where L comes with an
isometric connection preserving isomorphism with |L| at infinity, as in section
3.11.1, then the difference of their indices — both are Fredholm for the same

reason as D*— satisfy the Atiyah-Singer formula:
ind(Dgy) —ind(Dgp)) = (A(X) ~ (Ch(L) - Ch|L|))[X].

where,
Ch(L) - Ch|L| = e1 (L) + %(cl(L)2 26y (L)) + ..

is understood as a cohomology class with compact supports and [X] is the
fundamental homology class with infinite supports.
More generally, if D; = Dgr,,, @ = 1,2, where L, is equated with Lo at infinity,
then
ind(Dy) —ind(D3) = (A(X) « (Ch(Ly) - Ch(L2))[ X],
where one needs the operators D; be positive at infinity.

The proof of this can be obtained by adapting any version of the local proof
of the compact Atiyah-Singer theorem (see (see [GL 1983], [Bunke 1992], [Roe
1996]).

Namely, the index is represented by the difference of the traces of families
of auxiliary operators K, - K3, and Ky, - K5, t >0, where
(i) these K __;-operators are given by continuous kernels K ,(x,y) which are

supported in the t-neighbourhood of the diagonal in X x X, i.e. where
dist(z,y) <t;
(i) Ki.(z,y)=K5,(z,y) for x and y in the complement of a compact subset
Vi c X, where Vi, c V,, for ta > t; and where U, V; = X

(ifl) trace(K7, - K3,) - trace(K}, - K1) = (A(X) < (Ch(L1) - Ch(L))[XT;

for all £ > 0;

v e operators K, v = 1,2, weakly converge” for t — oo to the projection
iv) th tors K, i=1,2 ki 61 for ¢ to th jecti

61The corresponding functions K ... ¢(z,y) uniformly converge on compact subsets in X x X.
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operators on the kernels of D+;.

The quickest way to get such K ; is by taking suitable functions v of the
corresponding Dirac operators, where the Fourier transforms of 1; have compact
supports, and where (as in all arguments of this kind) the essential issue is the
proof of uniform bounds on the traces of the operators Ki, - K3, for t —» 00.52

4.1.1 Negative Sectional Curvature against Positive Scalar Curva-
ture.

A characteristic topological corollary of the above is as follows.

[k < 0] ~ [Sc # 0]: If a closed orientable spin n-manifold X admits a
map to a complete Riemannin manifold X with sect.curv(X) <0,

[ X=X,

such that the homology image f.[X] € H,,(X;Q) doesn’t vanish, then X admits
no metric with Sc¢(X) > 0.

Two Words about the Proof. All we need of sect.curv < 0 is the existence of
distance decreasing maps from the universal covering of X to (large) spheres,

F£ : X - SE(R)a ﬂ = dzm(z)v 2 € Xa
which can be (trivially) obtained with a use of inverse exponential maps
expé1 X > Tp(X), ze X.

To make the idea clear, let X be compact, the fundamental group of X be
residually finite, (e.g. X having constant sectional curvature or, more generally
being a locally symmetric space) and X be embedded to X.

Let Xt ¢ X be a closed oriented submanifold of dimension m = n —n for
n = dim(X), which has non-zero intersection index with X c X.

Also assume that the restriction of the tangent bundle of X to X* c X is
trivial.

Then — this is rather obvious — there exist finite covers X , = X, such that
the products of the lifts (i.e. pull-backs) of X and of X* to Xi, denoted X; ij,
admit smooth maps to the spheres of radii R;,

Fi: Xy x X - S%(R;),

where

e, R, —» oo,

o3 deg(F;) #0, B

e the maps F; are distance decreasing on the fibers X; x z* for all x* ¢ X}
for the Riemannian metric in these fibers induced by the embedding X; xat =
Xi c Xi'

It follows that for arbitrary Riemannin metrics g and g* on X and on X*
there exists (large) constants A and C' independent of 4, such that

6238pecific bounds for particular K ...t are crucial for an (approximate) extension of the index
theory to non-complete manifolds (e.g. needed for the problem discussed in sections 4.6) but
these bounds are often buried in the K-theoretic formalism of the recent papers. Also, I must
admit, this point was not explained (overlooked?) in the exposition of Roe’s argument in my
paper |G(positive) 1996]|.
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the maps F; are C'-Lipschitz with respect to the sum of the lift of the metric g
to X; and the lift of A-g* to X} that is the metric

Gi® -Gl on X;x X}

If Se(g) > o > 0, then also Sc(g; @ A- ;) > o' > 0 for all sufficiently large
A, which, for large R;, rules out non-zero harmonic spinors on X; x X ;- twisted
with the bundle L* = F;*(L) induced from any given bundle L on SZ.

But if n = 2k and the Chern class ¢ (L) is non-zero, then non-vanishing of
deg(F;) implies non-vanishing of of ind(Dgy) via the index formula and the
resulting contradiction delivers the proof for even n and the odd case follows
with X x St

Remarks. This argument, which is rooted in Mishchenko’s proof of Novikov
conjecture for the fundamental group of the above X, which was adapted to
scalar curvature in [GL 1983]) and further [generalized/formalised in [CGM
1993], doesn’t really need compactness of X, residual finiteness of 71 (X) and
triviality of T(X)|X*. Beside, the spin condition for X can be relaxed to that
for the universal cover of X.

Moreover, since the bound on the size of X; x T2 by €225t can be obtained

(e

with the use of minimal hypersurfaces (see §12 in [GL 1983|), [G(inequalities)
2018] and section 5.4) the spin condition can be dropped altogether.
QQuestion. Are there other topological non-spin obstructions to Sc > 07?
For instance, is the following true?

C’onjecture. Let X be a closed orientable Riemannin n-manifold, such that
no closed orientable n-manifold X’ which admits a map X’ — X with non-zero
degree admits a metric with Sc > 0. Then there exists an integer m and a sequence
of maps

Fi . X <« R™ - Sn+7r1,(Ri)’

where X is some (possibly infinite) covering of X, such that

e the maps F; are constant at infinity and they have non-zero degrees,

[ Rz — 00,

e the maps F} are distance decreasing on the fibers X x 2 for all 2+ € R"™.

Apparently, there is no instance of a specific homotopy class X of closed
manifolds X of dimension n > 5, where a Dirac theoretic proof of non existence
of metrics with Sc> 0 on all X € X’ couldn’t be replaced by a proof via minimal
hypersurfaces.

(This seems to disagree with what was said concerning ®,,, at the end of
section 2.7.

In fact the general condition for Sc # 0 in ®,,, can’t be treated, not as
it stands, with minimal hypersurfaces, but this may be possible in all specific
examples, where this condition was proven to be fulfilled.)

And it is conceivable when it comes to the Novikov conjecture, that its va-
lidity in all proven specific examples, can be derived by an elementary argument
from the invariance of rational Pontryagin classes under e-homeomorphisms.5%)

63The original proof of topological invariance of Pontryagin classes by Novikov, as well as
simplified versions and modifications of his proof in [G(positive) 1996) automatically apply to
e-homeomorphisms and, sometimes, of homotopy equivalences
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But even though the relevance of twisted Dirac theoretic methods is question-
able as far as topological non-existence theorems are concerned, these methods
seem irreplaceable when it comes to geometry of Sc > o as we shall see presently.

4.1.2 Global Negativity of the Sectional Curvature, Singular Spaces
with x <0, and Bruhat-Tits Buildings.

The non-existence theorem [/i < 0] ~> [SC ps 0] from the previous section
generalizes to singular spaces X with x(X) < 0,roughly as follows.

In fact, an essential feature of complete simply connected (non-singular)
manifolds X with x <0 % is as follows,

[ O ¢| Self-contraction Property. X admits a family of proper e-Lipschitz
selfmaps ¢. : X — X, for all € >0, where these maps are properly homotopic to
the identity map id. % This property implies the existence of proper Lipschitz

maps X — R” of degree one, but unlike the latter it makes sense for singular
spaces that are not topological manifolds or pseudomanifolds.

On the other hand, if a possibly singular, say finite dimensional polyhedral
space X has this property (0., then there exists a manifold X* o X, which also
satisfies (0., where the most transparent case is that of spaces X which come
with free isometric actions by discrete groups I' with compact quotients X.

To derive X* from X in this case, embed X/I" - RY, take a small regular
neighbourhood U ¢ RN of X*/T'c RN and let U — U. be the universal covering
of U.

Then this U with a suitably blown-up metric serves for X+, where the sim-
plest such blow up is achieved by multiplying the (locally Euclidean) metric in
U by the function m

In fact, what is truly needed for the non-existence argument, and what is
satisfied by complete simply connected spaces X with s < 0 is the following
parametric version of [ () .|.

[O:O¢|. There exist a continuous map ®. : X x X — X with the following
properties.

o. the maps ¢z, = e : X =27xX - X are proper e-Lipschitz for all z, € X
and all € > 0;

e, the restrictions of these maps bew, * X = X to the n-skeleton X () ¢ X
are proper homotopic to the inclusions X () ¢ X ;66

er the family ¢, Is equivariant under the isometry group of X:

if v: X > X is an isometry, then

Q/)a,w(go) =70 ¢5,§0-

The above argument combined with that in the previous section yields the
following generalization of the non-existence theorem [r < 0] ~ [Sc # 0].

64The only geometric feature of the space X with x < 0 (these often come under heading of
CAT(0)-spaces) needed here is (something less than) strict geodesic convexity of the balls in
X

~ 65Gee [G(large) 1986] for more about such manifolds.

66Here we assume that X is triangulated and n denotes the dimension of a manifold X we
are going to map to X
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[k < 0]giobat ~ [Sc # 0]: If a complete Riemannian spin manifold X of
dimension n with a discrete (not necessarily free) co-compact isometric action of
a group I' admits a proper I'-equivariant map to an X which satisfies O O,
then inf, (Sc(X,z) <0.

Corollary. LetT be a finitely generated subgroup in the linear group GLy(C),
let X be a compact oriented Riemannin spin n-manifold with Sc¢(X) > 0 and
let f: X - B(I') be a continuous map, where B(T') denotes the classifying
(Eilenberg MacLane) space of T.

Then the image

67

f[X]g € Ha(B(I'); Q)

of the rational fundamental class
[X]o € Ho(X;Q) for fi: Ho(X;Q) - H.(B(T); Q)

is zero.
Proof. A finite index subgroup in I freely,%® discretely and isometrically acts

on the product X of Riemannian symmetric spaces and Bruhat-Tits buildings,
where such products, according to Bruhat-Tits are

complete simply connected polyhedral space with k(X)) <0.
Since (0. . apply to such spaces, the proof of the corollary follows.

Historical Remark. A.D. Alexandrov and H. Busemann, who suggested (two
somewhat different) definitions of x < 0 applicable to singular metric spaces, and
their followers focused on essentially local geometric properties of these spaces
X, and tried to alleviate effects of singularities by adding extra assumptions on
X.

The theory of k£ < 0 has acquired a global mathematical status with the
discovery of Bruhat-Tits buildings. (Bruhat and Tits independently developed
the local and global theory of their spaces being unaware of definitions of k¥ <0
suggested by differential geometers.)

This has eventually led to the modern perspective on CAT(0)-spaces, i.e.
those with x < 0, the main interest in which is due to a multitude of signifi-
cant examples of singular CAT(0)-spaces with interesting fundamental groups
inspired by the ideas behind the construction(s) and applications of the Bruhat-
Tits buildings

Hyperbolic Remark. "e-Lipschitz" in the theorem [H < O]global ~> [SC b 0]
is only needed on the large scale, that is expressed by the inequality

dist(fe,wo(21), fewo (2)) < edist(x1,22) + const.

Thus, for instance,

the non-existence conclusion for metrics with Sc¢c > 0 on X applies, where X is
the Rib complex of a hyperbolic group.

It follows, that the conclusion of the above corollary holds for hyperbolic
groups I

670One may place here any field instead of C.
68Finite index was needed for his "freely"

62



Let X be a closed orientable Riemannian spin manifold with Sc(X) >0 and
let T' be a hyperbolic group. Then the class f.[X]q € H,(B(T'); Q) vanishes for
all continuous maps f: X — B(T).

"e-Area" Remark. Instead of "e-Lipschitz" one may require "e-area con-
tracting" or some large scale counterpart to this condition.

This may be significant, because the e-area version of [F& < 0]9101,@1 ~> [SC b3
0] is not-approachable with the (known) techniques of minimal hypersurfaces
and/or of stable u-bubbles, while the above "e-Lipschitz" [I{ < 0]global ~s
[S c¥ 0] can be proved in many, probably in all, cases with these techniques
having an advantage of not requiring manifolds X to be spin.

On the other hand, for all I know, there is no example of an X, say with a
cocompact action of an isometry group I' which satisfies a version of (0.,
with the e-contracting area property but not with the e-Lipschitz one.%”

4.1.3 Curvatures of Unitary Bundles, Virtual Bundles and Fredholm
Bundles.

Let us try to formalise the concept of

"area", of a Riemannian manifold X, where this "area" is associated with cur-
vatures of vector bundles over X and which has the property of being bounded by
const - % for o = inf, Sc(X,x) > 0.

|lcurv(L)||. Given a vector bundle (L, V) with an orthogonal (unitary in
the complex case) connection, over a Riemannian manifold X, let

leurv(L)[|(x) = [[eurv(V)||(2) = [lcurv(L, V)[|(x)

denote

the infimum of positive functions C(x), such that the maximal rotation an-
gles o € [-m, 7] of the parallel transports along the boundaries of smooth discs
D in X satisfy

_ 70
ol =lav| < [ C(a).

(The holonomy operator splits into the direct sum of rotations z — «;z,
2€C,a;€TcC,i=1,2,...,rank(L), and our o = max; a;.)

For instance, if D is a geodesic digon in S? with the angles Am, 3 < 1, then
the holonomy of the tangent vectors around the boundary of D satisfies:

lap| =267 = area(D),

which agrees with the equality |curv|(T(5?)) = 1.
It follows the curvature of the tangent bundle (complexified if you wish) of
the product of spheres, satisfies

curv (T (X S"-’(Rj)))H = ﬁ
i J g

69Neither, it seems, there are examples of X with compact quotients X/T', which satisfy

OE but not Oa@s~
"0This definition is adapted to vector bundles over rather general metric spaces, e.g. poly-
hedra with piecewise smooth metrics.
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What is more amusing is that the even dimensional spheres S™, n = 2m,
support unitary bundles L with with twice smaller curvatures and non-zero top
Chern classes,

lcurv|(L) = % and c,,, (L) # 0.

For instance, if n = 2, then the Hopf bundle, that is the square root of the
tangent bundle, has these properties and in general, the positive C-spin bundle
S* can be taken for such an L.

This is the smallest curvature a non-trivial bundle over S™ may have:

Unitary vector bundles over S™ with |curv| < 1 are trivial.
Proof. Follow the parallel transport of tangent vectors from the north to the
south pole.
More generally

there are bundles L on the products of even dimensional spheres X; S™ (R;),
which are induced by A-Lipschitz maps to S™, n = Y n;, A = such that

min_lj Rf !
|curv| < m and such that some Chern numbers of these L are non-zero,
i 1%

and this is the best one can do.

In fact,

If a unitary vector bundle L = (L,V) over a product manifold S™ xY has
lcurv|(L) < 3, then all Chern numbers of L vanish. (see §13 in [G(101) 2017]).

The role of the Chern numbers here is motivated by the following observation
(see |GL (spin) 1980, [G(positive) 1996]).

Let X be a closed orientable spin manifold of dimension n = 2m and L =
(L,V) a unitary vector bundle, such that some Chern number of L doesn’t
vanish. Then

(L’\) there exists an associated bundle L", which is a polynomial in the
exteriors powers of L, such that

Z"Ild(’D@LA) +0

Since (it is easy to see) the degree and the coefficients of such a polynomial
must be bounded by a constant depending only on n, the curvature of L" satisfies

|curv|(L") < consty, | curv|(L);

Therefore,

® if the scalar curvature of a closed orientable 2m-dimensional spin manifold
satisfies Sc(X) > o > 0, then — this is explained in the previous section — non-

vanishing ¢, (L) # 0, implies the following lower bound on the curvature of the
bundle L:
|curv|(L) > €0, e =€¢(n) > 0.

Open Problem. Prove ® without the spin condition.

The above suggest the definition of "area"(X) of a Riemannin manifold X
as the supremum of m over all unitary vector bundles (L = L, V) with
non-zero Chern numbers.
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However, the "area" terminology we introduced in [G(positive) 1996], despite
several natural/functorial properties of this "area" (see [G(positive) 1996] and
[G(101 2017]), seems inappropriate, since this "area" is by no means additive. A
more adequate word , which we prefer to use from now on is K-theoretic waist.

Virtual Hilbert and Fredholm. To define this, we represent the (Grothendieck)
classes h of vector bundles over X, which are also called virtual (Fredholm)
bundles, by Fredholm homomorphisms between Hilbert bundles with unitary
connections £; = (£;,V;), i=1,2,

h:Ly— Lo,

where these h must almost commute, i.e. commute modulo compact operators,
with the parallel transports in in £ and £, along smooth paths in X.

(This idea for flat bundles goes back to [Atiyah(global) 1969], [Kasp 1973,
[Kasp 1975], [Mishch 1974] and where non-flat generalizations and applications
are discussed in §9¢ of [G(positive) 1996].)

(Such an h represents the finite dimensional virtual (not quite) bundle
ker(h) — coker(h).)

Define

|curv|(h) = max(|curv|| (L), |curv]|(L2))

and let
|curv|(h) = inf |curv|(h)

where the infimum is taken over all A in the class h.

Why Hilbert? If one limits the choice of representatives of h to virtual finite
dimensional bundles L — X, then the resulting curvature function on K%(X)
may only increase:

|curv|(h) fin.dim > |curv|(h).

Apparently, this must be standard, the Hilbert spaces in the definition of Fred-
holm bundles can be approximated by finite dimensional Euclidean ones, "' that
implies that

|curv|(h) fin.dim = |curv|(h),

but even so "Hilbert" allows greater flexibility of certain constructions, example
of which we shall see below.

Naive (Strong Novikov) Conjecture. Let Y be a compact aspherical’® Rie-
mannian manifold, possibly with a boundary. Then
all (classes of complex vector bundles) h e K°(Y) satisfy:

i%f|curv|(N-h) =0, N=1,2,3,..., .

Ezercises. (a) Show that the equalities |curv|(h) = 0 and inf x |curv|(N-h) =
0 are homotopy invariants of Y.

(b) Show that if Y satisfies this naive conjecture and X is a closed Rie-
mannian orientable spin n-manifold with Sc¢(X) > 0, then all continuous maps
f+X =Y send the fundamental rational homology class [X]g € H,(X,Q) to
zero in H,(Y,Q).

"1 This is an exercise that the author delegates to the reader.
72The universal covering of X is contractible.
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4.1.4 Area, Curvature and K-Waist.

K -Theoretic Waist. Given a Riemannin manifold Y (or a more general space,
e.g. a polyhedral one with a piecewise smooth metric), define the K-waist on
the homology classes h, € H,(Y), denoted K-waisto(h) ™ as the infimum of
|curv|(h) over all h e K°(Y'), such that h(h,) # 0, where this equality serves as
an abbreviation for the value of the Chern character of h on h,,

B(h.) =acr Ch(h)(h.).

In these terms the above ® can be reformulated as follows.

K -Waist Inequality for Closed Manifolds. The K-waists of (the fundamental
classes of) closed orientable 2m-dimensional spin manifolds X with Se(X) > o >

0 satisfy: .
consty,

K-waists[ X] <

g

Notice, that conjecturally, a similar inequality also holds for the ordinary
2-waist, (see [Guth(waist) 2014] for an exposition of this "waist") where it is
confirmed for 3-manifold by the Marques-Neves theorem (see B in section 3.13)

Exercises. Show that the K-waist is bounded by the hyperspherical radius
defined in section 3.5 as follows,

K-waists[ X] < 47 Radgem (X)

(b) Show that K-waista(S™) = 4.

Almost Flat Bundles Over Open Manifolds. If X is a non-compact manifold,
then we deal with the K-theory with compact support that is represented by
Fredholm homomorphisms

h: El nd £2

which are isometric and connection preserving isomorphisms at infinity, i.e.
away from compact subsets in X where the corresponding K-group is denoted
K°(X/o0). (If X is compact then K°(X/o0) = K°(X)

Here the Hilbertian nature of "Fredholm" allows a painless (and obvious
by deciphering terminology) definition of the pushforward homomorphism for
possibly infinitely sheeted covering maps F': X7 — Xo,

F, i K°(X,/o0) » K°(X;3/00),

where, clearly,
|curv|(Fy(h)) < |eurv|(h)

for all h e K°(X /).
It follows that Therefore,

K-waists[ X1] < K-waista[ X1 ]

for coverings X, - Xo between orientable Riemannian manifolds.

73Subindex 2 is to remind that curvature of bundle L over Y is seen on restrictions of L to
surfaces in Y.
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On K-Wast Contravariance. The compact support property of (virtual) bun-
dles L - X5 is preserved under pullbacks by proper maps F : X7 - Xs, e.g.
by finite coverings, but it fails, for instance, for infinitely sheeted coverings
F: Xl - Xg.

This makes the inequality

K—wai3t2 [Xl] > K—waistz [Xl]

(that is obvious for finitely sheeted coverings) problematic for infinite covering
maps F': X; - Xo.

This should be compared with the covariance problem for maz-scalar curva-
ture which is defined in section 5.4.2 and which obviously lifts under covering
maps,

Sem X115 Se™ [X,],

prop prop
while the opposite inequality causes a problem (see section 5.4.2).

Question. Can one match the covariance of Sc¢™ by a somehow generalized
K-waists that would be invariant under (finite and infinite) covering maps F :
X1 —> XQ?

Specifically, one looks for almost flat (virtual) infinite dimensional Hilbert
bundles in a suitable K-theory, which would be compatible with the index theory
and with the Schroedinger-Lichnerowicz-Weitzenboeck formula in the spirit of
Roe’s C*-algebras.

Amenable Cutoff Subquestion. Let Xo be a closed orientable Riemannin
manifold of dimension n = 2k and let L — X5 be a vector bundle induced by an
e-Lipschitz map f : Xo - S™ from the positive spinor bundle L = S* = S*(S™) —
S™.

Suppose that the fundamental group 71 (X3) is amenable, let X, = X5 - X5
be the universal covering map and let

L=F*(L) - X,

be the pullback of L.

When do there exist unitary bundles L; — X, i = 1,2,..., with unitary
connections, such that

oo, the bundles L, are flat trivial at infinity;

°L there is an exhaustion of X; by compact Fglner subsets

Vic..cVic..cXy,
such that the restrictions of L to V; are equal to the restrictions of I:,
(L = Lyvi;

o the integrals of the k-th powers of the curvatures of L; are dominated by
such integrals for L over Vj,

Ix, lcurv[*(Lp)da,

v lcurvF(L)dz, i

e, the curvatures of all ii are bounded by

|lcurv|(L;) < e,
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where € = €,(¢) - 0 for ¢ - 0.
(The Federer Fleming isoperimetric/filling inequality in the rendition of [MW
2018] may be useful here.)

Non-Amenable Cutoff Example. Let X (= X2) be a closed orientable Rie-
mann surface of genus > 0 and L - X a complex line bundle with a unitary
connection, e.g. L is the tangent bundle T'(X), the Chern number of which
1 (T(X))[X] =x(X) doesn’t vanish for genus(X) > 0.

Let L - X be the lift (pullback) of L to the universal covering X (= X;) of X
and observe that there exit disks D?(R) c X, such that the parallel translates
over the boundary circles S'(R) = dD?(R) are a multiples of 27 and where the
radii R of such disks can be arbitrary large.

Then the restriction of L—- X to such a disk D?(R) c X eaxtends to a bundle,
call it Ly — X, which is trivial outside D*(R) and such that

cl(iR/gl(R)) ~ area(bQ(R)) %

provided the curvature of L (that is a closed 2-form on X)) doesn’t vanish.

Problem for n > 2. The main difficulty in similarly trivializing at infinity
bundles over n-dimensional Riemannian manifolds X for n = dim(X) > 3 seems
to be associated with the following questions.

Let Uy (k) = Up(k,X), b > 0, be the space of the unitary connections V on a
trivial bundle L — X of rank k, such that |curv|(V) < b.

(a) For which values by and by > by are the connections from Uy, (k) homo-
topic in Uy, (k) o Uy, (k)?

(b) When do the homomorphisms of the homotopy groups

7Ti(Z/{bl (k)) - 7TZ’(Z/{l&(k))? i>1,

induced by the inclusions Uy, (k) — Up, (k) vanish?
(c) How do the Whitney sum homomorphisms

Ub(kl) X Ub(kg) d Ub(k’l + kz)

behave in this respect?
In particular, what happens to the homomorphisms m;(Uy, (k)) = m;(Us, (k))
under stabilization

N

for N - c0?

Ezercise. Let X be a complete orientable even dimensional Riemannin man-
ifold with nonpositive sectional curvature. Show that there exists a K-class
he K°(X /o), such that

|curv|(h) =0 and h[X] # 0,

where [ X] denotes the fundamental homology class of X with infinite supports.
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4.1.5 Twisted Schroedinger-Lichnerowicz-Weitzenboeck formula, Nor-
malization of Curvature and Sharp Algebraic Inequalities.

Normalization of Curvature. In so far as the scalar curvature is concerned we
are interested not in the curvature |curv|(L) per se but rather in the norm of
the endomorphism (operator)

R@LS@L—)S(gL

in the Schroedinger-Lichnerowicz-Weitzenboeck formula for the twisted Dirac
operator,
Dip = Ver +15¢(X) + Rer,

(see the previous section) where this Rgy, is as following linear/tensorial com-
bination of the values of the curvature of L on the tangent bivectors in the
manifold X, (see [GL(spin) 1980])

1
Rer(s®l) = 3 Y (eicejos)® RéAej (0,
i,j

where

e; €T.(X),i=1,..n=dim(X) is an orthonormal frame of tangent vectors at
a point x € X,

s €S, are spinors,

l € L vectors in the bundle L,

RE(e;nej): L — L is the curvature of L (written down as the operator valued
2-form on X)

and

"'o" denotes the Clifford multiplication.

This suggest the definition of

Amin [curv]gs (L)

as the smallest (usually negative) eigenvalue of the operator |[Rer||-

*  Example: Llarull's algebraic inequality. [Llarull 1996] Let f: X —
S™ be a smooth 1-Lipschitz, or more generally, an area non-increasing map
and let L — X be the pullback the spinor bundle S(S™). Then this minimal
eigenvalue of the operator Rep satisfies:

Aminleuro]os(L) = = (n(n = 1) = = 1Se(5™).
(We return to this in next section,)
Using this A\ [curv] instead of the |curv| one defines
Aminlcurv]gs(h), he K°(X),
as the supremum of \pin[curv]ggry for all (virtual) bundles L in the class of
" Accordingly one modifies the above K-waists(h) and define the correspond-

ing K-waist coupled with spinors, denoted K-waistgs 2(h+), he € H.(X), as the
supremum of A, [curv]es(h) over over all h e K°(Y'), such that h(h,) # 0.

69



Then, for instance, the above ®,,¢; for spin manifolds X takes more elegant
form:

K-waistgs o[ X] <

Qe

for o =inf Se(X, x) > 0.

Notice that this inequality, combined with the above *, implies Llarull’s
geometric inequality Radgn(X) </ @, which we discuss at length in the

next section.
Also this may give better formulae for K-waists of product of manifolds.
(See section 5.4.1 and also [G(positive) 1996] and [G(101) 2017] for other
known and conjectural properties of |curv|(h) formulated in these papers in the
language of the K-area.)

4.2 Llarull’s and Goette-Semmelmann’s Sc-Normalised Es-
timates for Maps to Spheres and to Convex Surfaces

Let us now look closer at the above
1
R@L(S ® l) = 5 Z(ez oejo S) ® R”(l),
%,

that is the endomorphism of (operator on) the bundle S® L — X, which appears
in the zero order term in the twisted Dirac operator

1
DéL = V?@L + ZSC(X) +R®L,

for
Der:CZ(S® L) > C™(S® L).

Ezample of L =S on S™. Since the norm of the curvature operator of (the
Levi-Civita connection on) the tangent bundle is one, the norm of the curvature
operators R;; :S — S are at most ( in fact, are to) %7

1
1Rig ()< 5.

since the spin bundle S(X) serves as the "square root" of the tangent bundle
T(X), where this is literally true for n = dim(X) = 2, that formally implies the
inequality [|R;;(s)|| < % for all n > 2.

And since the Clifford multiplication operators s = e; - ¢; - s are unitary,

1 1., .

IRer(s®1)|| < Zn(n— 1) = ZSC(S )
This doesn’t, a priori, imply this inequality for all (non-pure) vectors v on the
tensor product S® L for L =S, but, by diagonalising the Clifford multiplication

operators in a suitable basis and by employing the essential constancy™ of the
curvature R;; of S™, Llarull [L1 1998] shows that

{Ror(0),0)] > ~n(n-1)

74Some eigenvalues of this operator are +1 and some zero.
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for all unit vectors 6 € S(S™) ® S(S™).

This inequality for twisted spinors on S™ trivially yields the corresponding
inequality on all manifolds X mapped to S™, where the bundle L - X is the
induced from the spin bundle S(S™).

Namely, let X = (X, g) be an n-dimensional Riemannin manifold, f: X — S™
be a smooth map, L = f*(S(S™)), let df : T(X) - T'(S™) be the differential of
f and

A2df - NPT (X) - A?T(S™)

be the exterior square of df.”
Then the operator

Rer:S(X)® L —>S(X)® L

satisfies ( 0
n(n -
(ReL(6),0)] > || A* df||T7

for all unit vectors 6 € S(X) ® f*(S(S™)).
Moreover, — this is formula (4.6) in [L1 1998]] —

L=f(5(5")),

1
IKRer(),0)| > —Z|trace A% df|,

where trace A? df at a point z € X stands for

Z Aidj,
1#]
for the differential df : T;,(X') — Ty(;)(S™) diagonalised to the orthogonal sum
of multiplications by A;.
This inequality, restricted to L* = f*(S*(S™)) together with the index for-
mula, which says for this L, that

Ideg(f)lx(sn)’

ind(Dep+) = =

provided X is a closed oriented spin manifold.
Thus we arrive at a formulation of Llarull’s theorem suggested by Mario
Listing in [List 2010] and in a coarser form in §5%(D) of [G(positive) 1996].

* trace A% df -Inequality. Let X be a closed orientable Riemannian spin
n-manifold and f: X — 5™ a smooth map of nonzero degree.

If
Sc(X,z) 2 i|trace A2 df (z)]

at all points x € Xn then, in fact, Sc(X) = i|trace A2 df| everywhere on X.

About the proof. If n is even and x(S™) = 2 # 0, this follows from the
above. And if n is odd, there are (at lest) three different reductions to the even
dimensional case (see [L1 1998|, [List 2010 |, [G(inequalities) 2018]), all three
being artificial and conceptually unsatisfactory as it was explained for T, ., in
section 3.2.

75Recall that the norm || A? df|| measures by how f contracts/expands surfaces in X. For
instance the inequality || A% df||1 signifies that f decreases the areas of the surfaces in X.
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Also see see [L1 1998 and [List 2010 |, for characterisation of maps f, where
Se(X) = i|trace A2 df|.

llarull’s theorem, starting from his estimate for Rg . (s(sn), was generalized
by Goette and Semmelmann [GS 2002] to Riemannian manifolds X with non-
negative curvature operators instead of S™. We state below their result only

the case of X homeomorphic to S™, where our formulation follows that in [List
2010].

* X A2df-Inequality. Let X = (5™, g) where g is a Riemannin metric with
non-negative curvature operator, let X be a closed orientable Riemannin spin n-

manifold and
[: XX

smooth map of non-zero degree.
If
Se(X,x) > || A% df||Se(g, f(x))

at all z € X, then Sc(X,x) = || A% df||Sc(g, f(z)).

See [ GS 2002] and [List 2010] for the proof, where the authors also identify
the extremal cases, where f is an isometry or close to an isometry.

Examples. (a) The induced metrics on convex hypersurfaces X ¢ R™*! have
non-negative positive curvature operators.

Thus, [X_’O] from section 3.5 is a special case of * *

(b) By a theorem of Alan Weinstein [Wein 1970], the above (a) remains
true for submanifolds X" ¢ R™*? with non-negative sectional curvatures of the
induced metrics.

In particular,

the induced Riemannin metrics on convex hypersurfaces in S™*' and, more
generally, on convex hypersurfaces X" ¢ X"*!, where X"*! themselves are con-
vex in R"*2, have non-negative curvature operators.

Accordingly, [X ”O] generalizes to this case.

* & % Products and Stabilisations. We shall need (see section 5.5,
5.6) a generalization of theorem * X to maps

[iX > X=(8"g)xT"™,

where ¢ is a metric with non-negative curvature operator and T"~"" is the torus
with a Riemannin flat metric.

This is achieved (compare §53 in [G(positive) 1996]) by replacing the bundle
L =S*"(S") in * X by §*(§™) ® L,, where L, are flat line bundles L, over
T™ ™ as in section 3.11.7°

Furthermore, whenever this kind of argument applies to X ; and X, it goes
over to maps X — X, x X,.

Almost Example. Let X, = (S™,g), where g is a metric with non-negative
curvature operator and let X, be a manifold which admits a complete metric with
sect.curv(Xs) 0.

"SInstead of flat family L, one can use individual almost flat bundles over the universal
cover R™™™ of T™ ™ or any other, possibly infinite dimensional, flat or almost flat bundle
used in some proof of non-existence of metrics with Sc > 0 on tori.
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Let X be a closed orientable Riemannian spin n-manifold and let
fiX XX, xX,
be a smooth map, such that the image of the fundamental class of X,
LIX] € H'(X, x X5:Q), n=dim(X),

doesn’t vanish.
If the composition of f with the projection X; x X5 - X, that is f1: X —
X, satisfies
Se(X,x) 2 || A2 dfy|Seg, f1())

at all z € X, then Sc(X, x) = || A% df1]|Sc(g, f1(x)).

Non-Spin Remark. If X is not assumed spin, then, by the arguments from
section 5, one can prove the following rough bound on the Lipschitz constant of
fi-

Let X, is the standard m-sphere with the metric of constant sectional curvature
1 and let S¢(X) >m(m-1).

Then the Xi-components f1: X - X, =S™ of the maps f: X - X, x X,,
such that f.[X]+0, satisfy

3=

lldfll >

And if n = 4 then - this follows from 5.5 — the maps f: X — S* of non-zero
degrees satisfy the sharp inequality

][ =1

(which is weaker than || A2 df|| > 1) which holds in the spin case.

Category Theoretic Perspective on the Sc-normalization of Riemannin met-
rics. The above suggests that the geometry of Riemannian manifolds X = (X, g),
where Sc(g) > 0 is well depicted by the Sc-normalised metric Sc(X)-g and that
maps, which are 1-Lipschitz with respect to the Sc-normalised metrics can be
taken for morphisms in the category of manifolds with Sc > 0.

4.2.1 Stabilized Hyperspherical Radius and Families of Dirac Oper-
ators

It is clear that
Radgnn (X xR) > Radgn (X) as well as Radjne: (X x R) > Radn. (X)

(these radii are defined in section 3.5), since maps f : X — S™ suspends to
(locally) constant at infinity maps f® : X x R - S™*1 such that deg(f'®) =
deg(f) and which can be made with

lldf || < |ldf || + & and || A% df 5[] < || A df || +

for all € > Oby shrinking these maps along the R-direction.
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It is also obvious that Radgi+v (X xRY) = Radg: (X for n = dim(X) =1 and
one knows that Radgz«n (X x RY) = Radgz«n (X) for n=2.77

But apart from this dependence of Radgn+~ (X xR™) and of Radgi+2 (X xR™)
on n remains obscure.

Conceivably, one may have Radgn:n+1 (X x RN*1) significantly greater than
Radgnv (X xRYN), even for large N, but I don’t clearly see any example, where
Radgs(X xR'Y) > Radg> (X)) for n = dim(X) = 2.

Non-Ezample. A C?-small symmetric perturbation X c S3 of the equatorial
S? c §3, possibly, may have Radgs (X x R') > 1 and Radg=(X) < 1).

Now, let X be a closed orientable manifold (or pseudomanifold) X of dimen-
sion n and let us indicated two Dirac theoretic arguments for bounds on the
scalar curvature of closed orientable spin n-manifolds X, which admit

stabilized proper homologically substantial 1-Lipshitz maps to X,
that are 1-Lipshitz maps of non-zero degrees:

fXRN :XXRN_)XXRN’
(In the language of section 5.4.1 these are bounds on Scpy, o (X x RM).)
1. Dirac on the Products. Since Sc(X x RY) = Se(X),

(n+N)(n+N-1)
Radgn+n (X x RN)2

Sc(X) <

by Llarull’s inequality applied to the Dirac operator on X x RY twisted with
the (virtual)™® vector bundle L* - X x RY with a unitary connection, which is
induced by the composition of the the maps

XXRNQKXRN—)S”H-N

from the positive spinor bundle S*(S™*V).

2. Families of Dirac Operators. Let D), = ’D®L;, p € RN, be the family of
Dirac operators on X twisted with the (virtual) vector bundles L; — X, that
are the restrictions of the above bundle L* - X xRY to X = X x {p} c X xR¥.

The Atiyah-Singer theorem for families (if one is uncomfortable with non-
compact manifolds and prefer actual, rather than virtual bundles, one can re-
place RY by a sphere SV (R) of very large radius R) yields non-vanishing of the
index of this family.

Since the curvature of this bundle satisfies,

1
lleurvl|(L7) < fleurv|(8"($™™) = 5

(see section 4.1.1), the existence of an L,-twisted harmonic spinor on X for some
tRY in conjunction with the twisted Schroedinger-Lichnerowicz-Weitzenboeck
formula formula shows that

. n(n-1)
;g}f( Sc(X,x) < const, Radgnn (X x RN)2

77 According to the waist inequality RangJrN (X xRN) = Rang+N (X) for all n.

Two different proofs of this, a geometric and a topological one, are explained in [Guth
(waist) 2014] and [G(101) 2017]. Also, if n = 2 there is an "analytic" proof with a use of
families of Dirac operators on X as we shall see below.

81Virtual" is needed, since X x RN is non-compact and L*, which represent an element in
Ko(X xRN)/oo, must be trivial at infinity.
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Remarks and Questions. (a) Probably, Llarull’s computation adapted to L;
would yield the above inequality with const, = 1.

This is instantaneous for m = 2 and, in the case of 3-manifolds X, this follows
from the bound

6
isto(X) <dm—r————
waists(X) 7rinfmx Se(X,x)
which, for X homeomorphic to S3, is a corollary of the Marques-Neves theorem
and which, probably holds true for all 3-manifolds X with Se(X) > 0 by a
similar argument (see section 3.13).

(b) Non-product families. Let X, be a continuous family of Riemannian
manifolds parametrized by a topological space P 3 p, that is represented by
fibration X = {X,,} - P.

Let the manifolds X, be complete for all p € P and let Sc(X,) >0 > 0.

Let f: X » S™N, where n = dim(X,) and N = dim(P), be a (locally)
constant at infinity map of non-zero degree, the restrictions of which to all X, are
smooth area non-decreasing, e.g. 1-Lipschitz.

Notice that this makes sense if P is a psedomanifold (e.g. a manifold) and
X is orientable (also a pseudomanifold).

1p. If X is a smooth orientable spin manifold, then

o<(n+N)(n+N-1).

2p. If the fiberwise tangent bundle {T'(X,)} of X is spin, then

o < consty, -n(n-1).

On Spin Discrepancy. Even if P is a smooth manifold and we ignore for con-
stants, the propositions 1p and 2p differ by the locations of the spin conditions
in them.

However, one can reduce one to another as follows.

* o If {T(X,)} is spin but X is non-spin, replace P by the (total space of
the) tangent bundle T'(P) and observe that the total space YV = {X;}, t e T(P),
of the pullback of T'(P) to X is spin.

*,_1 Let P be orientable; if not, pass to its oriented double covering. If
X is orientable spin but {T'(X,)} is non-spin, replace the manifolds X,, by the
total spaces Y}, of their tangent bundles T'(X,). These Y, are spin.

Two Words about Foliations. The above generalizes further to Alain Connes’
non-commutative parameter spaces P e.g. (spaces of leaves of) foliations, where
the counterparts of the above 1p and 2p remain valid (see sections 3.12, 6.3
and references therein).

(¢c) Problem with Singularities. Is there a meaningful version of the above for
families X,,, where some X, are singular, as it happens, for instance, for Morse
functions X — R?

Notice in this regard that Morse singularities, are, essentially, conical, where
positivity of Sc(X,,) for singular X, in the sense of section 5.4.1 can be enforced
by a choice of a Riemannin metric in X. 7

"9These are cones over SF x §7=k-1 p = dimXp, where the scalar curvature of such a cone
can be made positive, unless k<1l and n-k-1<1.
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Conversely, positivity of Sc(X,), for all X, including the singular ones,
probably, yields a smooth metric with Sc¢>0 on X.

And it must be more difficult (and more interesting) to decide if/when a
manifolds with Sc¢ > 0 admits a Morse function, where all, including singular,
fibers have positive scalar curvatures or, at least, positive operators —A + %Sc.

4.3 Bounds on Mean Convex Hypersurfaces

Recall that the spherical radius Radgn-1(Y') of a connected orientable Rieman-
nin manifold of dimension (n-1) is the supremum of the radii R of the spheres
S™1(R), such that X admits a distance decreasing map f:Y — S"1(R) of
non-zero degree, where this f for non-compact Y this map is supposed to be
constant at infinity.3°

We already indicated in section 3.6 also see [G(boundary) 2019] that Goette-
Semmlenann’s theorem (above * *), applied to smoothed doubles DX and
DX yields the following corollary.

O”‘_lLet X be a compact orientable Riemannin manifold with boundary
Y =0X.

If Sc(X) > 0 and the mean curvature of Y is bounded from below by mean.curv(Y) >
w >0, then the hyperspherical radius of Y for the induced Riemannin metric is

bounded by
-1
Radgn1(Y) < 2=~
1

In fact, the proof of this indicated in section 3.6 (also see [G(boundary)

2019]) together with the above * % X yields the following more general
theorem.

@71 | et X and X be compact connected orientable Riemannian n-manifolds
with boundaries Y = X and Y = 90X, and let f: X - X be a smooth proper®!
map of non-zero degree.

Let X admit a locally convex isometric immersion to T"*! and let the bound-
ary Y of X be (geodesically) convex in X .

If X is spin, if

SCAL Sc(X,x) > || A2 df||Se(X, f(x)) for all z € X
and if
MEAN mean.curv(Y,y) > ||df ||mean.curv(Y, f(y)) for all ye Y,

then, in fact,
Se(X,z) = || A2 df||Se(X, f(=))

and
mean.curv(Y,y) = ||df ||mean.curv(Y, f(y)).

80 Alternatively, one might require f to be locally constant at infinity, or more generally, to
have the limit set of codimension> 2 in S"~(R).
81Here, "proper" means boundary— boundary.
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Remarks. (a) If Sc(X) =0, e.g. if X is a convex subset in R™*!, then the
condition SCAL reduces to Sc(X) > 0.

(b) The above also yields some information on manifolds X with negative
scalar curvatures bounded from below.

For instance, if S¢(X) > -m(m - 1), then @71 ypplies to maps from
f: X x8™ to the (m +n)-balls B™"™ c R™*" (see [G(boundary) 2019]).

However, the sharp inequalities for Sc(X) < 0, such, for instance, as opti-
mality of the hyperspherical radii of the boundary spheres of balls B”(R) in the
hyperbolic spaces H",, remain conjectural.®

(c) Tt is unknown if the spin condition on X is necessary, but it can be
relaxed by requiring the universal cover of X, rather than X itself, to be spin.
In fact, @1 generalizes to non-compact complete manifolds with an extra
attention to uniformity of the curvature inequalities involved.

And if one is content with a non-sharp bound

const,,

Radgn-1(Y) <

inf mean.curv(Y)’

then one and can prove this without the spin assumption by the "cubical type
argument" from section 5.4.

4.4 Lower Bounds on the Dihedral angles of Curved Poly-
hedral Domains.

We want to generalise the above @®:.7-1 5 manifolds X with non-smooth
boundaries with suitably defined mean curvatures bounded from below, where
we limit ourself to manifolds with rather simple singularities at their boundaries.

Namely, let X and X be Riemannian n-manifolds with corners, which means
that their boundaries Y = 0X and Y = 90X are decomposed into (n — 1)-faces
F; and F; correspondingly, where, locally, at all points y € Y, and y € Y these
decompositions are is diffeomorphic to such decomposition of the boundary of
a convex n-dimensional polyhedron (polytope) in R™.

Let f : X :»> X be a smooth map, which is compatible with the corner
structures in X and X:

f sends the (n —1)-faces F; of X to faces F', of X.

Assume as earlier that

[]504 Se(X,2) 2 || A dfl|- Se(X. [(x)) for all ze X

and replace MEAN by the corresponding condition applied to for all faces
F; c Y individually,

[2]?5}EAN, mean.curv(F;,y) > ||df]| - mean.curv(F;, f(y)) for all y € F; .

Let z; ;(y) be the dihedral angle between the faces F; and F} at y € F; N F;
and let us impose our main inequality between these 2, ;(y) for all F; and F)j

82This "optimality” means that if Sc¢(X) > -n(n — 1) and mean.curv(dX) >
mean.curv(0B™(R)) than Radgn-1(0X) < Radgn-1(0B™(R)).
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and the dihedral angles between the corresponding faces faces F';, and F ; at the
points f(y) € F;nE:

[<]# 2;(y) < 2,;(f(y)) for all F;, F; and y € F; N Fj.

Besides the above, we need to add the following condition the relevance of
which remains unclear.

Call a point y € Y = 9X suspicious if one of the following two conditions is
satisfied

(i) the corner structure of X at y is non-simple (not cosimplicial), where
simple means that a neighbourhood of y is diffeomorphic to a neighbourhood of
a point in the n-cube, which is equivalent to transversality of the intersection
of the (n - 1)-faces which meet at y;

(ii) there are two (n — 1)-faces in X which contain y, say F; >y and Fj >y ,
such that the dihedral angle 2,; = « (F;, Fj is > 5

Then out final condition says that

[=]4% 2i5(y) = <i;(f(y))-

for all suspicious points y.

‘41-3- Theorem. Let f: X - X be a smooth map between connected ori-
entable n-dimensional Riemannian manifolds with corners, where this map respects
the corner structure and satisfies the above conditions [>]°¢4L [2]¥}EAN, [<]“
and [:] “ij,

If X is spin, X admits a locally convex isometric immersion to T™, the
boundary of X is convex and the map f has non-zero degree, then f satisfies
the equalities corresponding to the inequalities [>]5¢AL, [2]%}EAN and [<]4#:
Sc(X,z) = || A2 df||- Se(X, f(z)) for all z € X,

mean.curv(F;,y) = ||df]| - mean.curv(E,, f(y)) for all y € F;,
Ai,j(y) = LZJ(f(y)) for all Fi,Fj and (RS Fz N Fj.

About the Proof. This is shown by smoothing the boundaries of X and

applying @71 from the previous section, where an essential feature of non-
suspicious points follows from the following

Elementary Lemma. Let A c S™ be a spherical simplex with all edges of
length > [ > 7. Then there exists a continuous family of simplices A; ¢ 5™, t € [0, 1]
with the following properties.

e Ay =A and A; is a regular simplex with the edge length [;

e all A; have the edges of length > I;

o Ay, c Ay for ity >ty;

e for each t < 1 there exists an € > 0, such that n (out of n + 1) vertices of
Ay.. coincide with those of A;.

The proof of the lemma is a high school exercise while construction of ad-
equate smoothing of X with the help of this lemma, which is straightforward
and boring, will be given elsewhere. ‘AU

Notice that the XAi-[nequality from section 3.10, which says that
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convex polyhedra X c R™ with the dihedral angles < 7 admit no deformations
which would decrease their dihedral angles and simultaneously increase the mean
curvatures of their faces,

is an immediate corollary of ‘47;]-.

But it remains unclear what is the full class of polyhedra which enjoy this
property.

Fundamental Domains of Reflection Groups. What underlies the double D-
construction, X ~ DX in the proof of the QAU theorem is the doubling S"=
D.S?, which is associated with the reflection of S™ with respect to the equatorial
subsphere.

With this in mind, one can generalise everything from this section to general
reflection groups, including spherical, Euclidean, "abstract" (semi)hyperbolic
ones, (such as what we met in weak 7-reflection rigidity theorem in section
3.16.) and also products of these.

Ezample. Let X be a manifold with corners, where the (combinatorial)
corner structure is isomorphic to that of the product of an (n —m)-simplex A
with the rectangular fundamental domain m (orbifold) of a reflection group in
an aspherical m-manifold which is non-diffeomorphic to R™. (These exist for all
m > 4 by Michael Davis 1983 theorem, see his lectures [Dav 2008] and references
therein.)

X admits no Riemannian metric with Sc > 0, with all faces having mean.curv >
0 and with the dihedral angles smaller than those in the product of a regular
Euclidean simplex A by m with 7 dihedral angles.

On Necessity of Condition [Z]‘”’ 777

4.5 Stability of Geometric Inequalities with Sc > ¢ and
Spectra of Twisted Dirac Operators.

Sharp geometric inequalities beg for being accompanied by their nearest neigh-
bours.

For instance, the Euclidean isoperimetric inequality for bounded domains
X cR™, which says that

n_ 'UOl(Bn)
1, (X) < Anvoly 1 (OX) 7T for ~, = —0\n)
vo ( ) TnVO 1( ) Or 7 UOln—l(Snil)"fl

goes along with the following.
A. Rigidity. If vol,(X) = yvol,_(0X)#7, then X is a ball.
B. Isoperimetric Stability. Let X c R™ be a bounded domain with
vol, (X) =wvol,(B™) and vol(0X) < vol,—1(S™) +e.
Then there exists a ball B = B2 (1+0) c R™ of radius § with center x € X,
where ¢ e 0, such that the volume of the difference satisfies
£—>

volp (X N B) <4y,
and, moreover,

v0ly—1 (0B N X) <8y, and vol,_2(0BNIX) < b3,
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where
d1,02,03 — 0.
e—0

(Unless n = 2 and X is connected, there is no bound on the diameter of
X, but the constants d, 41, d2, d3 can be explicitly evaluated even for moderately
large ¢.)

Turning to scalar curvature, observe, following Llarull, Min-Oo and Goette-
Semmelmann, that their proofs (see [L1 1998], [Min(Hermitian) 1998], [GS 2002])
(more or less) automatically deliver rigidity. For instance,

X if a manifold X homeomorphic to S™, besides having curv.oper(X) >0
has Ricci(X) >0 and if X is a closed orientable spin Riemannin manifold with
Sc(X) 2n(n—-1) then, all smooth 1-Lipschitz maps X — X of non-zero degrees
are isometries.

What we want to understand next is what happens if the inequality Se(X) >
n(n - 1) is relaxed to Se(X) > n(n-1) — e for a small € > 0, where one has to
keep in mind the following.

Ezample. (Compare [GL(classification) 1980], [BDS 2018] and section 2,
and 23 in [G(questions) 2017].) Let X c S™ be a compact smooth submanifold
of dimension < n — 3. Then there exists an arbitrary small e-neighbourhood
Ues = U (X) ¢ S™ with a smooth boundary 9. = U, and a family of smooth
metrics g. . on the double

BD(S"\U:)=(S"~\U:) Us, (S"\Us),
where Sc(ge ) > n(n—-1) —e—e and which, for € - 0, uniformly converge to the
natural continuous Riemannian metric on BD(S™ \ U.(X).

Moreover, if ¥ c S™ is contained in a hemisphere, then — this follows from the
spherical Kirszbraun theorem — the (double) manifolds B (S™ \ Ue, g. ) admit
1-Lipschitz maps to the sphere S™ with degrees one, for all sufficiently small
e>0and , e=¢(e) EjOO.

For instance, if n > 3 and ¥ consists of a single point, then B(S™ \ U.),
that is the connected sum S"#S5™ = S"# gn-1(.)S™ of the sphere S™ with itself
(where the e-sphere S™~!(¢) serves as 0. and S"#S™ is homeomorphic to S™),
admits, for small €, a 1-Lipschitz map to S™ with degree 2.

Furthermore, iteration of the connected sum construction, delivers manifolds
(topologically spheres)

(Sn)k#E = Sn#sn—l(s)sn#...#sn—l(E)Snm

k

which carry metrics with Sc¢(S™) #< > n(n - 1) — € - € and, at the same time,
admit maps to S™ of degree k, where these maps are 1-Lipschitz everywhere and
which are locally isometric away from +/e-neighbourhoods of k — 1 e-spherical
"necks" in (S™)k#<.

(For general ¥ and even k one has such maps f with deg(f) = k/2.

83Even if Ricci vanishes somewhere, one still may have a satisfactory description of the
extremal cases. For instance, if X = (S™™™ x R™)/Z™, e.g. X = S™ ™ x T™, then all
(orientable spin) X with Se(X) > Se(X) = (n —m)(n - m - 1), which admit maps f: X - X
with deg(f) # 0, are locally isometric to X (albeit the map f itself doesn’t have to be a local
isometry.
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Congjecturally, this example faithfully represents possible geometries of
closed Riemannian n-manifolds X with Se(X) > n(n - 1) — &, which admit
1-Lipschitz maps to the unit sphere S™, but only the following two, rather
superficial, results of this kind are available.

1. Let X = (X, g) be a closed oriented Riemannin spin n-manifold with Sc(X) >
n(n—1) - and let f: X - X =S™ be a smooth 1-Lipshitz map of degree d # 0.

Denote by g the (possibly singular) Riemannin metric on X induced by f from
the spherical metric g on X = .S™ and let [(f,x) be the minimum

Ly(x) = min [|df(7)llg, 7€ T5(X).

lImllg=1

(Since f is 1-Lipschitz, I(f,z) <1 and (I(f,=))~! measures the the distance from
the differential df (z) : T,,(X) = Ty(5)(X) to an isometry.) Let

V= 20l(X) = voly (X) = fX card(f~(z))dz

be the g-volume of X.
Then the g-volume of the subset X<\ ¢ X, A <1, where [;(x) < \ satisfies

[ X<l <] vol(Xay) < ey, 7€) o

Sketch of the Proof. Since the twisted Dirac operator Dg in Llarull’s rigid-
ity argument from [L1 1998| has non-zero kernel, its square Dé, is non-positive
(we assume here that n = dim(X) = dim(X) is even), and, by the Bochner-
Schrédinger-Lichnerowicz-Weitzenbdck formula (that is above [D2]¢), this im-
plies non-positivity of

1
v2 + ZSC(X) +R®.

Consequently, ~Ay — 2(c + (1 - I(z))), where A, is an ordinary Laplace
operator on X = (X, g), also non-positive, since the coarse (Bochner) Laplacian
V2 is "more positive" than the (positive) Laplace(-Beltrami) operator —A as it
follows from the Kac-Feynman formula and/or from the Kato inequality.

(In general, this applies in the context of the above rigidity theorem *
and yields non-positivity of —~A, - (e + C(1 —1;(z)) with C depending on the
smallest eigenvalue of Ricci(X).)

In order to extract required geometric information concerning the metric g
from this property of the metric g, we observe that the essential part of X, that
is the one, where we need to bound from below the Lo-norms of the g-gradients
of functions ¢(z) (to which the above A, applies) is where

A2lp(7) 2 A5 >0

for some Ay >0, and where the geometries of g and of § are mutually ()\‘;)’1—
close.

Thus, the relevant lower g-gradient estimate for ¢(x) comes from the isoperi-
metric inequality for ¢ which, in turn, follow from such an inequality in X, that
is the sphere in the present case. (Filling in the details is left to the reader.)
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Remark. (a) The above example shows that the g-volume of Xc) ¢ X can
be large and that the bound on V' concerns not only the subset X<, but its
complement X \ X,y as well.

Corollary + Question. (a) Let X be a closed orientable Riemannin spin n-
manifold with S¢(X) > n(n-1) and let f: X - S™ a (possibly non-smooth!)
1-Lipshitz map of degree # 0.

If the map Y is a homeomorphism, then it is an isometry.

(b) Is this remain true for all 1-Lipshitz maps?

The inequality [|X<)| <] doesn’t take advantage of deg(f) when this is large,
but the following proposition does just that.

2. Let X be a compact oriented Riemannian spin n-manifold with a boundary
Y =0X, such that Se(X) >n(n-1)+¢, €>0.

Let f: X - S™ be a smooth map, which is constant on Y, which is area
contracting away from the a neighbourhood U c X of Y =0X c X,

| A2 df (z)]| <1 for all z e X\ U,
and where
|| A% df (x)|| < C, for all z € X \ U and some constant C, > 0.

Then the degree of f is bounded by a constant d depending only on U and on
Co,
|deg(f)| < d = consty,c,.

Sketch of the Proof. (Compare with §§53 and 6 in [G(positive) 1996].) Let
s(x) be the (Borel) function on X which equals to & away from U and is equal
to E =-C,, x C, on U for some universal C,, ~ n".

Then arguing (essentially) as in the first part of the above proof, we conclude
that the spectrum of the operator —A + s(z) on the (smoothed) double (X))
contains at least d = deg(f) negative eigenvalues.

This an easy argument would deliver d eigenvalues \; of the operator —A on
D (U), where the corresponding eigenfunctions vanish on the two copies of the
boundary of U in X (but not, necessarily on Y'), and such that \; § E.

This would yield the required bound on d. (Here again, the details are left
to the reader.)

Remark + Example + Two Problems. (a) If the boundary of Y = X admits
an orientation reversing involution, then the constancy of f on Y can be relaxed
to dim(f(Y)) < n—2, where the constant d will have to depend on the geometry
of this involution and of the map ¥ — S™.

(It is unclear if the existence of such an involution is truly necessary.)

(b) This (a) apply, for instance, to coverings X = 23’ s of the 2-sphere minus
two d-discs as well as to the products of these 2375 with the Euclidean ball
B" 1(R) of radius R > .

(c) What are the sharp and/or comprehensive versions of these 1 and 27

(d) Let Y be a homotopy sphere of dimension 4k -1, which bounds a Riemannin
manifold X with Sc>e > 0. Give an effective bound on the A-genus of X in terms
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of the geometry of Y and its second fundamental form h = II(Y c X) and study
the resulting invariant

Inv. (Y, h) = sup|A(X)|, where 9X =Y, Se(X) 2e, II(Y c X) = h.
X

4.6 Dirac Operators on Manifolds with Boundaries

As far as the scalar curvature is concerned, all the index theorems are needed
for is delivering non-zero harmonic or approzimately harmonic (often twisted)
spinors on Riemannian manifolds X under certain certain geometric/topological
conditions on X, which, a priori, have nothing to do with the scalar curvature
but which are eventually used to obtain upper bounds on S¢(X) via the (usually
twisted) Bochner-Schrédinger-Lichnerowicz-Weitzenbdck formula.

Albeit all(?) known index theorems for (twisted) Dirac operators D used for
this purpose directly apply only to complete Riemannin manifolds, these theo-
rems can yield a non-trivial information on existence of approximately harmonic
spinors on non-complete manifolds as well as on manifolds with boundaries,
where the main issue, say for manifolds with boundaries, can be formulated as
follows.

Spectral D?-Problem. Let X be a compact Riemannian spin manifold with
a boundary and L — X be a (possibly infinite dimensional Hilbert) vector bundle
with a unitary connection. Under which geometric/topological conditions does X
support a smooth non-zero twisted spinor s : X - S(X) ® L, which vanishes on
the boundary of X and such that

Q7
=, [ (D2e().5) <X [ JslPda

for a given constant A > 07

Motivating Fxample. If X is obtained from a complete manifold X, > X by
cutting away X, \ X, and if X, carries a non-vanishing (twisted) Lo-spinor s,
delivered by applying the relative index theorem, then the cut-off spinor s = ¢-s,

for a "slowly decaying" positive function ¢ with supports in X satisfies >\ with
"rather small " A.

Potential Corollary. Since
1
D2, (s) 2 Var(s)+ ZSC(X)(S) — const, |curv|(L)
by the Bochner-Schrédinger-Lichnerowicz-Weitzenbock formula and since

[ 9200:9) = [ (To1().Tor() 20

for s;5x =0, the inequality %)\ implies

4const,,

><g, inf S¢(X,z) < + 4const, [curv|(V).
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for some universal positive constants const,, and const!,.

From a geometric perspective, the role of above is to advance the solution
of the following.

Long Neck Problem. Let X be an orientable (spin?) Riemannian n-
manifold with a boundary and f: X — S™ be a smooth area decreasing map.

What kind of a lower bound on Sc¢(X,x) and a lower bound on the "length
of the neck" of (X, f), that is
the distance between the support of the differential of f and the boundary of X,
would make deg(f) =07
An instance of a desired result would be

[Se(X) 2n(n-1)]&[dist(supp(df),0X) > const, | = deg(f) =0,
but it is more realistic to expect a weaker implication

[Se(X) 2 n(n = ))&c{dist(supp(df), 0X) > consty:sup | ()] = deg(f) = 0.

In fact, Roe’s proof of the partitioned index theorem as well as the proof
of the relative index theorem, e.g. via the finite propagation speed argument,
combined with Vaffa-Witten kind spectral estimates (see 61 in [G(positive)
1996]) suggest that

if a compact orientable Riemannian spin manifold of even dimension n with
boundary admits a a smooth map f : X - S™, which is locally constant on the
boundary of X and which has non-zero degree, then there exists a non-zero spinor
s, twisted with the pullback bundle L = f*(S(S™)) such that s vanishes on the

boundary 0X and which satisfies )U

[ Pa(s)s) < [ fslda

supex ||df (z)|]
" dist(supp(f),0X)’

where

A < const

This still remains problematic, but we prove in the sections below some inequali-
ties in this regard for manifolds X with certain restrictions on their local geometries.

4.6.1 Bounds on Geometry and Riemannian Limits..

Some properties of manifolds X with boundaries trivially follow by a limit argument
from the corresponding properties of complete manifolds as follows.

A sequence of manifolds X; marked with distinguished points z, € X is said to
Lipschitz converge to a marked Riemannin manifold (Xe,z_,), if

there exist (1 + &;)-bi-Lipschitz maps 3¢ from the balls B, (Ri) c Xj to the
balls B, (R;) c Xo, say

a;: By (R;) > By _(Ri+1),

84Here and below "A-bi-Lipschitz" is understood as the A-bound on the norms of the dif-
ferentials of our maps and their inverse.
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which send z;, - z_, and where
g; = 0 for ¢ —» oo.

Observe that if
dist(z;,0X;) - oo for i — oo,

then the limit manifold X, is complete.

% Cheeger Convergence Theorem. If the (local) C*-geometries of Riemannian
manifolds X; at the points x; € B, (R;) for R; — oo are bounded (as defined below)
by c(dist(x;,z;)) for some continuous function b(d), d > 0 independent of i, then
some subsequence of X; converges to a C*~!-smooth Riemannian manifold X...

See [Boileau 2005] for the proof and further references.

Definition of Bounded Geometry. The C*-geometry of a smooth Riemannian
n-manifold X is bounded by a constant geq0 at a point = € X, if the p-ball B, (p) c
X forp= % admits a smooth (1 + b)2-bi-Lipschitz map 3: B,(p) - R", such that

the norms of the kth covariant derivatives of 3 in B, (p) are bounded by b.

Notice that the traditionally defined bound on geometry in terms of the curva-
ture and the injectivity radius of X, implies the above one:

if the norms of the curvature tensor of X and its kth-covariant derivatives
are bounded by 3% and there is no geodesic loop in X based at x of length < %,
then (the proof is very easy) the C**'-geometry of X at x is bounded by b(j3)
for some universal continuous function b(8) = by k(5).

& Application of % to Scalar Curvature. Let b = b(d) >0, d >0, be
a continuous function and let (X,z € X) be a marked compact Riemannian n-
manifold with a boundary, such that the local geometry of X at x € X is bounded
by b(dist(z,z)) and let

R =dist(z,0X).

Let dy be a positive number and let f: X — S™ be a smooth area decreasing
map which is constant within distance > dy from z € X and which has non-zero
degree.

A. If X is spin and n = dim(X) is even, then there exists a spinor s on X
twisted with the induced spinor bundle L = f*(S(S™)) — X, such that s vanishes
on the boundary 0X of X and such that

D2, (s),5) < \(R)? f 24
[ D20() ) < MR)? [ s|da
where A = Ay b4, (R) is a certain universal function in R, which asymptotically
vanishes at infinity,
AMR) el 0.
B. The scalar curvature of X is bounded by

;g)f( <n(n=1)+ A, 44, (R),

where, similarly to the above A, this N'(R) — 0 for R - o0.(One can actually
arrange A" = \.)
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Proof. According to Cheeger’s theorem, if R = dist(z,0X) is sufficiently
large , then X can be well approximated by a complete manifold X.,, where
such an X, supports a non-zero L-twisted harmonic spinor s., by the relative
index theorem (we say more about it in section 777).

Then this s can be truncated to s; by multiplying it with a slowly decaying
function on X with compact support and then transporting it to the required
spinor on X.

This takes care of A and B follows by Llarull’s inequality.

Remarks. (a) The major drawback of &3 is an excessive presence and non-
effectiveness of the bounded geometry condition.

We don’t know what the true dependence of A on the geometry of X is, but
we shall prove several inequalities in the following sections that suggest what
one may expect in this regard.

(b) If the "area decreasing" property of the above map f : X — S™ is
strengthened to "1-Lipschitz", then a version of B follows from the double punc-
ture theorem (see sections 3.9 and 5.4), which needs neither spin nor the bounded
geometry conditions.

4.6.2 Construction of Mean Convex Hypersurfaces and Applications
to Sc> 0.

Since doubling of manifolds with mean convex boundaries preserves positivity
of the scalar curvature (see section 3.6), some problems concerning Sc > 0 for
manifolds X with boundaries can be reduced to the corresponding ones for closed
manifolds by doubling mean convexr domains X c X across their boundaries
0X5.

To make use of this, we shall present below some a simple criterion for the
existence of such X5 and apply this for establishing effective versions of the
above B.

Let X be a compact n-dimensional Riemannian band (capacitor), that is the
boundary of X is divided into two disjoint subsets, that are certain unions of
boundary components of X,

0X =0_uo,

and let us give a condition for the existence of a domain X5 c X which contains
0_ and the boundary of which is smooth and has positive mean curvature.

Lemma. Let the boundaries of all domains U c X, which contain the dg-
neighbourhood of 0X_ for a given dy < dist(0-,0 ), satisfy

[*1] v0lp-1(OU) > voly,—1(0-)

and let all minimal®® hypersurfaces Y c X, the boundaries of which are contained
in d; and which themselves contain points y € Y far away from 0,, namely, such
that

dist(y, 0, ) = dist(0-,04) — do,

satisfy

[*2] v0lp-1(Y) > voly,-1(0-).

85Here "minimal" means "volume minimizing" with a given boundary.
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Then there exists a domain Xo c X which contains O- and such that the
boundary of which is smooth with positive mean curvature.

Proof. Let Xo ¢ X minimises vol,,_1(0Xp) among all domains in X which
contain d_ and observe that, because of [*1], the boundary of X contains a
point y € 90X with dist(y,d,) > dist(0-,0,) — dp and, because of [*5], this X,
doesn’t intersect 0.

Then, by an elementary argument (see [G(Plateau-Stein) 2014]) the hyper-
surface 0 X can be smoothed and its mean curvature made everywhere positive.

[**] Two Words about [*3]. There are several well known cases of manifolds
where the lower bound on the volumes of minimal hypersurfaces Y ¢ X, where
dY c partial X and where dist(y,d)X > R for some y € Y, are available.

For instance if X is A-bi-Lipschitz to the R-ball in the simply connected
space X, with constant curvature s, then the volume of Y is bounded from
below in terms of the volume of the R-ball By !(R) c X! as follows.

Let g = dr?+¢*(r)ds?, r € [0, R], be the metric in the ball B(R) = By }(R) c
X! in the polar coordinates where ds? is the metric on the unit sphere S"!
and let gy = dr? + ¢35 (r)ds® be the metric (which is typically singular at R = 0),
such that the volumes of the concentric balls and of their boundaries satisfy

(o] volgy n-1B(r) _volg.n1B(r)
volg, n-2(0B(r)) volgn-2(9B(r))’

=Wy (r) = A28

Then the standard relation between vol(Y') and the filling volume bound in
X says that,

the volume of the above Y is bounded by voly, n-1(B(R)).%

Notice that [+] uniquely and rather explicitly defines the function ¢y.
In fact, since
volg, n-2(9B(r)) = $3 o2

for ¢,,_5 = vol(S™2), and since

dvolg, n-1(B
w = volgk,n—Q(aB(r))

dr
this [«] can be written as the following differential equation on ¢y
n-2 _ d(¢’3\1—2\p>\)
PN = o
T

where our ¢, satisfies ¢, (0) = 0.

Examples of Corollaries.

A. Let X be a complete Riemannian n-manifold with infinite (n - 1)-volume
at infinity, which means that the boundaries of compact domains which exhaust
X

UycUyc..cU;c..cX,

86The quickest way to show this is with a use of Almgren’s sharp isoperimetric inequality.
But since this still remains unproved for x < 0, one needs a slightly indirect argument in this
case, which, possibly — I didn’t check it carefully — gives a slightly weaker inequality, namely
Vol(Y) 2 cpn - volgy n-1(B(R)) for some cp, > 0.
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have vol,,_1(U;) - oo.

If X contains no complete non-compact minimal hypersurface with finite
(n - 1)-volume, then X can be exhausted by compact smooth domains the
boundaries of which have positive mean curvatures.

Notice that according to [*x],

no such minimal hypersurface exists in manifolds with uniformly bounded,
or even, slowly growing, local geometries.

Also notice that

infinite non-virtually cyclic coverings X of compact Riemannian manifolds X,
besides having uniformly bounded local geometries, also have infinite (n —1)-
volumes at infinity, hence they can be exhausted by compact smooth mean convex
domains.

And even the wvirtually cyclic coverings X admit such exhaustions unless
they are isometric cylinders Y x R.

Also notice that if X is a Galois (e.g. universal) covering with non-amenable
deck transformation (Galois) group, then it can be exhausted by U; with
mean.curv(0U;) > e > 0. (See 1.5(C) in [G(Plateu-Stein) 2014].)

Ezercises. (a) Show that if a complete connected non-compact Riemannin
n-manifold X has uniformly bounded local geometry, then X x R has infinite
n-volume at infinity.

(b) Show that if X has Ricci(X) > —(n - 1), then X x H?; has infinite
(n + 1)-volume at infinity and that it can be exhausted by compact smooth
mean convex domains.

B. Let A be A-bi-Lipschitz to the annulus A = A(r,r+R) between two concentric
spheres of radii 7 and 7 + R in the Euclidean space R". &7

If R > 100Ar, then A contains a hypersurface Y which separates the two
boundary components of A and such that

100
mean.curv(Y) > —.
r

C. Let X be a complete simply connected n-dimensional manifold with non-
positive sectional curvature and such that Ricci(X) < —(n-1), e.g. an irreducible
symmetric space with Sc(X) = —n(n - 1).

Let A be a compact Riemannin manifold which is A\-bi-Lipschitz to the annulus
between two concentric balls B(r) and B(r + R) in X.

There exists a (large) constant const, > 0, such that if R > const, -log\,
then there exists a smooth closed hypersurface Y c A, which separates the two
boundary components in A and such that

n-1 88
A+ const,(A-1)

mean.curv(Y) >

About the Proof. If k(X) < -1 this follows from [#x], while the general case
needs a minor generalization of this.

87This means the existence of a A-Lipschitz homeomorphism from A onto A, the inverse of
which A — A is also A-Lipschitz.

88The sign convention for the mean curvature is such that the mean conver part of V
bounded by Y is the one which contains the boundary component corresponding to the sphere
9B(r) in X.
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First Application to Scalar Curvature. Since

Radgn1(Y) > X' Radgn-1(0B(r)) 3 expr,

the above inequality together with Remark (b) after O" ! from section 4.3.
yields the following.

If a Riemannin manifold X is A-bi-Lipschitz to the ball B(R) c X, where
R > const,, log A, then the scalar curvature of X is bounded by:

1

inf Se(X,z) < ————.
ex o(X,z) const,, - \2

Second Application to Scalar Curvature. It may happen that a man-
ifold X with Se(X) > 0 itself contains no mean convex domain, but it may
acquire such domains after a modification of its metric that doesn’t change the
sign of the scalar curvature. Below is an instance of this.

Let X = (X,g) be a compact n-dimensional Riemannian band, as in the
above Lemma, where the boundary of a compact Riemannin manifold X =
(X, g) with Se(X) >0 is decomposed as earlier, X = 0_u 0,.

Let Sc¢(X) > 0 and let us indicate possible modifications of the Riemannin
metric g, that would enforce the conditions [*1] and [*2] in the Lemma, while
keeping the scalar curvature positive.

We will show below that this can be achieved in some cases by multiplying
g by a positive function e = e(z) , which is equal one near - ¢ X and which is
as large far from J_ as is needed for [*1] and where we also need the Laplacian
of e(x) to be bounded from above by &,Sc(X,z) in order to keep Sc > 0 in
agreement with the Kazdan-Warner conformal change formula from section 2.6.

The simplest case, where there is no need for any particular formula, is where
the sectional curvatures of X are pinched between #b2, no geodesic loop in X
of length<% exists, while the scalar curvature of X is bounded from below by
o>0.

In this case, let
Vo

T distgy(z,0-0)

and observe that if ¢ = ¢, > 0 is sufficiently small, then eg(z) has a small
(generalized) gradient V(ep) and, because the the geometry of X is suitably
bounded, the function ey can be approximated by a smooth function e(z) with
second derivatives significantly smaller than o,
thus, ensuring the inequality Sc(eg) > 0.
On the other hand, if

eo(x) =c

dist(9_,0,) > C(b+1)||v(e)||  vol (8-) 7T,

for a large C' = C,,, then

the condition [*1] is satisfied, say with dy = %dist(ﬁ_, 04),
and, due to the bound on the geometry of X,

the condition [*2] is satisfied as well.

Now let us look closer at what kind e(z) we need and observe the following
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[1] The bound on the geometry of X is needed only, where the gradient of e
doesn’t vanish.

Thus, it suffices to have the geometry of X

bounded only in the %—neighbourhoods of the boundaries of domains Uj,

O_.cUjc..cU;c..cUycX,

where dist(U;,0U;41) > % and where % is sufficiently large.

[2] Since, the by the standard comparison theorem(s),

Laplacians of the distance-like functions are bounded from above in terms of the
Ricci

curvature,

the b-bound on the full local geometry can be replaced by Ricci(X,z) > —b%g.

Summing up, this yields the following refinement of B in @ from the previous
section.

Let X = (X, g) be a, possibly non-complete Riemannian n-manifold, such that
Se(X) >0,

and let
f:X->8"

be an area non-increasing map, such that the support of the differential of f is
compact and the scalar curvature of X in this support is bounded from below by
that of S™,
inf  Se(X,z) > -1).
:cesulgp(df) C( 73:) n(n )
Let A; be disjoint "bands" in X, that are a;-neighbourhoods of the boundaries
of compact domains U;, such that

supp(df)c Uy c...cU;...c Uy c X.

Let us give an effective criterion for vanishing of the degree of the map f in
terms of the geometries of A;.

Proposition. Let the scalar and the Ricci curvatures of X in A; fori=2,...k-1
be bounded from below by

Sc(A;) > 0; and Ricci(A;) > -b%g, 2<i<k-1,
and set y:
i
fi= YL

Let the sectional curvatures of Uy outside Uy_; be bounded from above by

K(Up N Up_1) <2, ¢>0,

and let the complement Uy \ Ui_1 contains no geodesic loop of length < %
If the following weighted sum of a; (that are half-widths of the bands A;) is
sufficiently large,

(voln_1 (UL )) 7t
Z Bia; > consty, o ,

1<i<k c
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and if X is orientable spin, then

deg(f) =0.

Proof. Arguing as above, one finds a smooth function e(x), the differential
of which is supported in the union of A;, 1 <i < k, such that Sc(e- g) remains
nonnegative (and even can be easily made everywhere positive) and such that
Uy, satisfy the assumptions [#1] and [#2] of the above Lemma, that yields a
subdomain

XO c Uk)

which is mean convex with respect to the metric eg and to a smoothed double
of which compact Llarull’s theorem applies.

Remarks. (a) Even in the case of complete manifolds X, this doesn’t (seem
to) directly follow from Llarull’s theorem, since the latter, unlike the former,
needs uniformly positive scalar curvature at infinity.

(b) The above proposition, as well construction of mean-convex hypersur-
faces in general, doesn’t advance, at least not directly, the solution of the spec-
tral D?-problem formulated at the beginning of section 4.6.

4.6.3 Enhancing Positivity of the Scalar Curvature by Crossing with
Spheres.

Let X = (X, g) be a complete Riemannian n-manifold, let f : X — S™ be a smooth
area contracting map the differential df of which has compact support.
Let

|d| = sup||df ()|
zeX

and
r=r(x) =dist(z, supp(df)).
Let the Ricci curvature of X outside supp(df) be bounded from below by

Ricci(z) > -b(r(x))?g(z)

for some continuous function b(r), r > 0.

If the function b(r) grows sufficiently slowly for r — oo, e.g. o(r) < ¥/r for
large r, then there is an effective lower bound

Se(X,x) 2 o(r(x)),

which implies that
the map [ has zero degree,

where o(r), r >0, is a certain "universal” function, which is "small negative”
at infinity.
More precisely, there exists a universal effectively computable family of func-

tions in 7,
o(r) =opjan,(r), 720, N=1,2,..,

with the following five properties
(i) the functions o(r) are monotone decreasing in r > 0,
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(ii) oy, 14,~, (1) is monotone decreasing in N,

(iii) oy, () is monotone increasing in b and in |d],

(iv) 0(0) = N(N -1), while o(r) - -o0

(v) on(r) =0y a,n,(7) il for fixed b, |d| and r > 0,
such that

[XON]if Se(X,x) > op N, (r(z)) for all x € X and some N > n+2,
then, assuming X is orientable and spin, the degree of f is zero.®®

Proof. The bound on Ag(z) for Ricci > —b? (compare with [2] from the
previous section) shows that there exists oy, |4, v, () With the above properties
(i)-(v) and a positive function p(x) on X, such that

(a) ¢ is equal to |d| on the support supp(df) c X

and such that

-1 -1 2
) o(r(x))+ ™" . )—m(T D I9e(@)IP- 2" Ap(x) 3 ¢ > 0 for r(z) > 0.
o(z) @*(x) o(x)

Therefore, by the formula (* %) from section 2.4 for the scalar curvature of

the warped product metrics g, = g + ©%ds®> on X x 8™, m=N —n,

m(m-1) m(m-1)
p(r)? ¢*(x)

the metric g, has uniformly positive curvature and because of (a) the map
f+X — S™ suspends to an area decreasing map (X x S™, g,) - S™"™ of the
same degree as f. Then Llarull’s theorem applies and the proof follows.

2m

(@) Ap(x),

Sc(ge)(x,5) = Se(g)(x) + Ve ()] -

On Manifolds with Boundaries. If X is a compact manifold with a bound-
ary, the above can be applies to the smoothed double X ugx X , where the
scalar curvature of such a double near the smoothed boundary can be bounded
from below by the geometry of X near the boundary and the (mean) curvature
of the boundary 0X c X.

Thus, the above yields a condition for deg(f) = 0 in terms of the lower bound
on Sc(X,z) and on dist(x, supp(df)), which is similar to, yet is different from
such a condition from the previous section.

(A similar but somewhat different result follows by the argument in section
5.4)

4.6.4 Amenable Boundaries

If the volume of the boundary of a compact manifold X is significantly smaller
than the volume of X and if it is additionally supposed that the manifold is not
very much curved near the boundary, then we shall see in this section that

the index theorem applied to the double of such an X with a smoothed
metric, yield geometric bounds on the area-wise size of X in terms of the lower
bound on the scalar curvature of X.

89Compare with "inflating balloon" used in 7.36 of [GL 1983].
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Elliptic Preliminaries. Let V be a (possibly non-compact) Riemannian man-
ifold with a boundary, and let [ be a section of a bundle L — V with a uni-
tary connection V, such that [ satisfy the following (elliptic) Garding (do,Cs)-
inequality: the Cl-norm of | at v € V is bounded at by the Lo-norm of [ in the
do-ball B = B,(d,) c V as follows

LI+ 191 < oy [ NP

for all points v € V, where
dist(v,0V) 2 .

Let
p(v) = dist(v,0V) and 8 = supwvol(B, (o))
veV

Lemma. Ifl vanishes on an e-net Z c V', then

LI+ 1910 < (10Ceep)™ @\ [ [ 12(w)dv

Moreover, if V' can be covered by 2d,-balls with the multiplicity of the covering
at most m, then the Lo-norms of | and VI on the subset V_, c V of the points
p-far from the boundary, that is

V*P =V Up(av) = {,U € V}dist(v,BV)Zpa

satisfies

[ V  JE@de < e fE@d

for € = m (10C,eB)" "),
Proof. Combine Garding’s inequality with the following obvious one:

1]} < el w2

and iterate the resulting inequality i times insofar as p — i, remains positive.
Remark. A single round of iterations suffices for our immediate applications.

Corollary. Let X be a complete orientable Riemannian manifold of dimension
n with compact boundary (e.g. X is compact or homeomorphic to Xy x R,, where
Xy is a closed manifold), and let, y for some p>0 and 0 < 4§, < ip,

the p-neighbourhood of the boundary of X, denoted U =U,(0X) c X, has
(local) geometry bounded by %,
where we succumb to tradition and define this bound on geometry as follows:

the sectional curvatures k of U are pinched between —5% and 6% and the injectivity

radii are bounded from below by §, at all points x € U, for which dist(x,0X) > 0o,
that is, in formulas,

|k(X,2)| < 6% for dist(x,0X) < p and injrad(X,x) > d, for §, < dist(x,0X) < p.

Let the scalar curvature of X be non-negative %p—away from the boundary,

Sc(X,z) 20 for dist(z,0X) > %p.
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Let f: X - S™(R), where S*(R) is the sphere of radius R, be a smooth area
decreasing map , which is constant on U, and, if X is non-compact, also locally
constant at infinity.

Let the degree of this map be bounded from below by the volume of U, =
U,(0X) as follows.

d > Cvol(U,) for some C > 0.

If 5o, p and C are sufficiently large, then, provided X is spin, the scalar
curvature of the complement

X,p =X~ Up = {5C € X}dist(x,6X>p

can’t be everywhere much greater than Sc(S™(R)) = %. Namely
Qe . n(n-1)
had xg(f_,, Se(X,z) < O 0,

where o = 0,(d,,p,C) is a positive function, which may be infinite for small 4,
and/or p and/or C and which has the following properties.

e the function o is monotone decreasing in 0., p and C;
e 0,(05,p,C) =0 for C - oo and arbitrarily fixred 5, >0 and p > .

Proof. Let 2X =IDX be a smoothed double of X and L — 2X the vector
bundle induced from S*(S5™) by f applied to a copy (both copies, if you wish)
of X c2X.

Assume n = dim(X) is even, apply the index theorem and conclude that the
dimension of the space of L-twisted harmonic spinors on 2X is > d.

Therefore, there exists such a non-zero spinor [ that vanishes at given d — 1
points in 2X.

Let such points make a e-net on the subset 2U,, = DU, c 2X with a minimal
possible e.

If d is much larger then vol(2U,) ~ 2vol(U,), then this ¢ becomes small
and, consequently, € in the above inequality [€°] also becomes small. Then, the
inequality [€°] applied to the domain 2U, c 2X, shows that the integral

Sy, WP ()

is much smaller then the integral of ||I|[* over the complement 2X¢ = 2X \ 2U,,.
Therefore, if o, is large then the sign of the full integral

[ SexoliP@idz= [ Sexa)l@)de+ [ Se(X.)P(@)d

is equal to the sign of szp Se(X, 2)|)l||?(z)dz, which contradicts the Schroedinger-
Lichnerowicz-Weitzenboeck formula for harmonic .

Thus, modulo simple verifications and evaluations of constants left to the
reader, the proof is completed.

Example 1. Let a complete non-compact orientable spin Riemannian n-manifold
X with compact boundary admits smooth area decreasing maps f; : X — S™ of
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non-zero degrees,” such that the "supports" of f;, i.e. the subsets where these
maps are non-constant, may lie arbitrarily far from the boundary of X,

dist ("supp" f;,0X) — oo for i - co.

Then the scalar curvature of X can’t be uniformly positive at infinity:

liminf Se(X,x) <0.

Ir— 00

Moreover, the same conclusion holds, if
there exist i-sheeted coverings X; — X, which admit smooth area decreasing

maps f; : X; - S™, such that
deg(fi)

7

— oo for ¢ — oo.

Ezample 2. Let Y be a k-sheeted covering of the unit 2-sphere S? = S2(1)
minus two opposite balls of radii ﬁ, for some m > 1.
Then the product manifold X, = Yj x S""2(k) admits an area decreasing

map f: Xy — S™(R) constant on the boundary and such that

e

deg(f) 2 755

and it follows from the above corollary that the Riemannin metric on Xy can’t
be extended to a larger manifold X > X, with bounded geometry and Sc >
0 without adding much volume to Xy, say in the case m = n — 1, although
voly,_1(0Xp) remains bounded for R — oo.

Melancholic Remarks. Rather than indicating the richness of the field, the
diversity of the results in the above sections 4.6.1-4.6.4 is due to our inability
to formulate and to prove the true general theorem(s).

4.6.5 Almost Harmonic Spinors on Locally Homogeneous and and
Quasi-homogeneous Manifolds with Boundaries

Let X be a complete Riemannian manifold with a transitive isometric action of
a group G, let L - X be a vector bundle with a unitary connection V and let
the action of G equivariantly lifts to an action on (L, V).

Let the Lo-index of the twisted Dirac operator Dgy, (see [Atiyah(Ls) and
[ConMos 1982] 1976], be non zero. For instance, if X admits a free discrete
isometry group I' ¢ G with compact quotient, then this is equivalent to this
index to be non-zero on X/T.

The main class of examples of such X are symmetric spaces with non-vanishing
"local Euler characteristics (compare with [AtiyahSch 1977]) i.e. where the corre-
sponding (G-Invariant) n-forms, n = dim(X) don't vanish.

The simplest instances of these are hyperbolic spaces H27*, where the indices
of the Dirac operators twisted with the positive spinor bundles don't vanish. In

9Here as everywhere in this paper, when you you speak of deg(f) the map f is supposed
to be locally constant at infinity as well as on the boundary of X.
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fact, such an index for a compact quotient manifold H27*/T" is equal to +one half
of the Euler characteristics of this manifold by the Atiyah-Singer formula (compare
[Min(K-Area) 2002]).

Let (X, L) be an above homogeneous pair with ind(Dgr) # 0 and let Xp c X
be a ball of radius R. Then the restrictions of Lo-spinors on X (delivered by
the Ls-index theorem) to Xz can be perturbed (by taking products with slowly
decaying cut-off functions) to e-harmonic spinors that vanish on the boundary
of Xg, where € - 0 for R - oo and where "e-harmonic" means that

D? <e? [ sl
Jo D))< [ fslPa

as in ,\ in section 4.6.

In fact, it follows from the local proof of the Lo-index theorem in [Atiyah(Lz)
1976] or, even better, from its later version(s) relying on the finite propagation
speed, that these e-harmonic spinors can be constructed internally in X with
no reference to the ambient X > Xg.

Moreover, a trivial perturbation (continuity) argument shows that

similar spinors exist on manifolds X1, with these metrics close to these on
Xg.

but it is unclear "how close" they should be. Here is a specific problem of
this kind.

Let Xr be a compact Riemannian spin manifold with a boundary, such that

supdist(z,0Xgr) > R
xreX

and let the sectional curvatures of X are everywhere pinched between -1 and —1-¢.

(A) Under what conditions on R,d and € does X support a non-vanishing
e-harmonic spinor twisted with the spin bundle S(Xg)?

Besides, one wishes to have

(B) similar spinors on manifolds X mapped to Xr with non-zero degrees and
with

controlled metric distorsions

in order to get bounds on the scalar curvatures of such X

(See section 6.4.3 for continuation of this discussion to fibrations with quasi-
homogeneous fibers.)

5 Variation of Minimal Bubbles and Modifica-
tion of their Metrics

Given a a Borel measure p on an n-dimensional Riemannian manifold X, p-
bubbles are critical points of the following functional on a topologically defined
class of domains U c X with boundaries called Y = 0U:

(U,Y) » vol,1(Y) = u(U).

Observe that in our examples, u(U) = [, p(x)dz for (not necessarily posi-
tive) continuous functions p on X and that p(U) can be regarded as a closed
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1-form on the space of cooriented hypersurfaces Y ¢ X. Then vol,,_1(Y) - u(U)
also comes as such an 1-form which we denote volgi’i](Y)Hconst).

The first and the second variations of volgl__‘i](Y)(+const) are the sums of
these for Vol_1(Y) and of vol(U) where the former were already computed in
section 2.5.

And turning to the latter, it is obvious that the first derivative/variation of
#(U) under ¢v, where v is the outward looking unit normal normal field to Y
and v (y) is a function on Y, is

O [ @)z = [ u(yyo(y)dy

and the second derivative/variation is

02, [ na@)de =0, [ uye@dy= [ @unly) + M@ )dy,

where the field v is extended along normal geodesics to Y, (compare section 2.5)
and where M (y) denotes the mean curvature of Y in the direction of v.
It follows that p-bubbles Y, (critical points of volL__’i] (Y) =voly—1 (Y)-p(U))
have
mean.curv(Y) = pu(y)

and that
second variation of locally minimal bubbles Y c X,

00 (vl (V) =0y (vols (1) = [ p(w)dr)).

18 mon-positive.
Then we recall, the formula [OO] from section 2.5

02, ol (V) = [ ldww)lPdy + B-(y)0* (y)dy

R (y) = —% (SC(K y) - Se(X,y) + M*(y) - nfai(y)z) :

i=1

where a;(y) are the principal curvatures of Y at y, and where Zaf is related
to the mean curvature M = oy + ... + ay,—1, by the inequality

Zafz

Thus, summing up all of the above, observing that

Oy () 2 ~[|dp ()|

M2
n-1

and letting

S e

= =2 du(@)]| + Se(X. x),

we conclude that
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if Y locally minimises vol&_‘i] (Y)(=volp—1(Y) - u(U)), then

| Navipay + (%SC(Y) - %m(y)) V(Y )dy > Dgvoll (V) > 0

for all functions b on'Y.
Hence,

. the operator —A + 15c(Y,y) - SR, (y), for A=%,;0%

is positive on 'Y .
Ezamples. (a) Let X = R™ and p(x) = 2%, that is the mean curvature of

the sphere of radius r. Then

n(n-1) _n-1

P 135" =2 _ ge(sm ().

R (x) = 7 =

(b) Let X = R"'xR be the hyperbolic space with the metric gnyp = €*" gpuc+
dr? and let pu(x) =n—1. Then

Ri(x)=n(n-1)-0+(-n(n-1)) =0=Sc(R").

(c) Let X =Y x (=X, Z) with the metric ¢>h + dt?, where the metric & is a

metric on Y and where

t t
<p(t)=expf —tann—dt, PP
-m/n 2 n n
Then a simple computation shows that
-1 -1 -1)(n-2
Ro(z)= oD pnol g (0= D0=2) g gneiggyy,
R r2 r2
2
nu(z
(_ 1) =2||du(z)]|+ n(n-1) =0.

Furthermore, if Sc(h) =0, than Se(X(=n(n-1) and R, = 0.
Two relevant corollaries to ':'20 are as follows.

Let X be a Riemannian manifold of dimension n, let u(x) be a continuous
function and Y be a smooth minimal u-bubble in X.

ooy If

Ro() = 20X (e + Se(X.) >0

then by Kazdan-Warner conformal change theorem (see section 2.6) Y admits
a metric with Sc> 0.

%=arp There exists a metric § on the product Y xR of the form gy + ¢>dr?
for the metric gy on Y induced from X, such that

Scg(y,m) 2 Ri(y).

Proof. Let ¢(y) be the first, necessarily positive eigenfunction of the operator
—ﬁ +28¢c(gy,y) - R+ (y) and recall (see section 2.4) that Sc(g) = Sc(gy ) - 2%.
Then

1 1
_A¢ + 550(9Y7y)¢ - §R+(y)¢ = )‘¢7 A> 07
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A
?‘b =+ %SC(gy,y) - %R+(y)

and
Sc(g) = Ry +2),

which implies that Sc;(y,r) > R+ (y), since A > 0. QED.

5.1 On Existence and Regularity of Minimal Bubbles.

Let X be a compact connected Riemannian manifold of dimension n with boundary
0X and let 0_ c 0X and 0, c 0X be disjoint compact domains in 9.X.

Ezample. Cylinders Y x [-1,1] naturally come with such a d-pair for 9_ =
Y x{-1} and 9, =Y x {1}, where, observe, d_u 9, = 9(Y x [-1,1]) if and only
if Y is a manifold without boundary.

Let us agree that the mean curvature of J_ is evaluated with the incoming
normal field and mean.curv(9,) is evaluated with the outbound field.

For instance, if the boundary of X is concave, as for instance for X equal
to the sphere minus two small disjoint balls, t then mean.curv(d-) > 0 and
mean.curv(dy) < 0.

Barrier [2 Fmean]-Condition. A continuous function p(x) on X is said to
satisfy [2 F¥mean]-condition if

[2 Fmean] p(z) > mean.curv(d-,v) and p(x) < mean.curv(0,,x)

forall ze0_ua,.
It follows by the maximum principle in the geometric measure theory that

X the [2 Fmean]-condition ensures the existence of a minimal p-bubble
Y,nin € X. which separates O_ from O_+.

If this condition is strict, i.e. if u(x) > mean.curv(d-) and p(x) < mean.curv(dy)
and if X has no boundary apart from O, then Y;,,;, ¢ X doesn’t intersect 0F; in
general, the intersections Y;,;, Nd= are contained in the side boundary of X that
is the closure of the complement 0X \ (0- U d-). (This, slightly reformulated,
remains true for non-strict [2 Fmean].)

If dim(X) =n <7, then, (this well known and easy to see) Federer’s regu-
larity theorem(see section 2.7) applies to minimal bubbles as well as to minimal
subvarieties and the same can be said about Nathan Smale’s theorem on non-
stability of singularities for n = 8. Thus, in what follows we may assume our
minimal bubbles smooth for n < 8.

Then, by the stability of Y;,,;, (see section 5.1 above),

®,,: there exits a function ¢o = ¢o(y) > 0 defined in the interior °Y of Y,
i.e. on Y \ 90X, such that the metric

G = P2gy +dt* on the cylinder °Y x R,

where gy is the Riemannin metric on Y induced from X, satisfies

2
n
© e, (1) 2 5e(X,) + PO oy
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for all y € °Y .1
WHAT IF n > 97.

The overall logic of the proof indicated in [Loh(smoothing) 2018] leads one to
believe that, assuming strict [2 Fmean], there always exists a smooth Y, c X,
which separates 0z and and which admits a function ¢, with the property .

The proof of this, probably, is automatic, granted a full understanding
Lohkamp’s arguments. But since I have not seriously studied these arguments,
everything which follows in sections 5.3-5.7 should be regarded as conjectural
for n > 9.

Barrier [2 mean = Foo]-Condition. Let X be a non-compact, possibly non-
complete, Riemannin manifold X and let the set of the ends of X is subdivided
10 (o0 )= = (00 )= (X) and (Oeo )+ = (Jeo )+ (X)), where this can be accomplished,
for instance, with a proper map from X to an open (finite or infinite) interval
(a-,a,) where "convergence" z; - (oo )%, ®; € X, is defined as e(z;) - a=.

For example, if X is the open cylinder, X = Y x (a,b), where Y is a
compact manifold, possibly with a boundary, this is done with the projection
Y x(a-,as) = (a-,a4).

Obvious Useful Observation. If a function u(z) satisfies

u(x;) — xoo for z; - (00 )=

then X can be exhausted by compact manifolds X; with distinguished domains
(0%)i c 0X;, such that
e these (05 ); separate (Os)- from (O )- for all i and

(8¥)i g (aoo)4=§

e restrictions of p to (X, (9=);) satisfy the barrier [2 Fmean]-condition.
This ensures the existence of locally minimising u-bubbles in X which sepa-
rate (Ooo)— from (Oso )+ -

5.2 Bounds on Widths of Riemannin Bands.

Let us prove the following version of the 2%-inequality from section 2.6.

n
Zﬁ-lnequality*. Let X be an open, possibly non-complete Riemannian man-
ifold of dimension n and let

fiX > (L)

be a proper (i.e. infinity — infinity) smooth distance non-increasing map, such that
the pullback f~1(t,) c X of a generic point t, the interval (—1,1) is non-homologous
to zero in X.
If Se(X) > n(n-1) = Sc(S™) and if the following condition }scso is satisfied,
then
I <

319

Hsc;so No smooth closed cooriented hypersurface in X homologous to f~*(t,)
admits a metric with Sc¢ > 0.

91Since the metric Jpo is R-invariant its scalar curvature is constant in t € R.
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Proof. Assume [ > . and let u(t) denote the mean curvature of the hy-

fpersurface Y x {t} in the warped product metric ©?h + dt?>. on Y x (—%, %)
or
t nt 7r s
cp(t):expf —tan —dt, — — <t< —
—r/n 2 n n

as in example (c) from the previous section.

Since pu(t) = oo for t - #7, the barrier [2 mean = Foo]-condition from the
section 5.2 guaranties the existence of a locally minimizing u-bubble in X for p
being a slightly modified f-pullback of u to X.

Let us spell it out in detail. N

Assume without loss of generality that the pullbacks Yz = f~* (¥Z) c X are
smooth, and let u(z) be a smooth function on X with the following properties.

e u(x) is constant on X on the complement of £~ (—%,%) for (—%, %) c
(_i7 Z)?

ey p(x) is equal to po f in the interval (—% +e, —¢) for a given (small)
e>0;

o3 the absolute values of the mean curvatures of the hypersurfaces Yz are
everywhere smaller than the absolute values of p;

2
o % = 2||du(z)]| + n(n—-1) >0 at all points z € X.
In fact, achieving e3 is possible, since u(t) is infinite at #7-, while the mean

curvatures of the hypersurfaces Yz and what is needed for e, are the inequality
[|df|] <1 and the equality

np(t)?
n-1

~ |dg(t)
dt
indicated in example(c) from section 5.1).

Because of e3, the submanifolds Yz serve as barriers for u-bubbles (see the
previous section) between them; this implies the existence of a minimal p-bubble

Y,nin in the subset f7! (—%, %) c X homologous to Y,. by * in section 5.2.
Due to e4, the operator A + %SC(Y) is positive by "%, from the section 5.1 .

|[+n(n-1)=0

Hence, by ':'mnf the manifold Y;,;, admits a metric with Sc > 0 and the
inequality [ < % follows.
On Rigidity. A a close look at minimal p-bubbles (see section 5.7) shows
that
ifl =2, then X is isometric to a warped product , X =Y x (—%, %) with the
metric p?h + dt?, where the metric h on Y has Sc(h) = 0 and where
¢ t
<p(t):exp[ —tann—dt, PP
-7m/n 2 n n

Ezercises. (a) Let X be an open manifolds with two ends, Show that if no
closed hypersurface in X that separates the ends admits a metric with positive
scalar curvature then X admits no metric with Sc > 0 either.??

(b) Let X be a complete Riemannian manifold, and let

S(R) = min Se(X)

92This, for a class of spin manifolds X, was shown in [GL [1983] by applying a relative index
theorem for suitably twisted Dirac operators on X x S?(R).
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denote the minimum of the scalar curvature (function) of X on the ball B(R) =

B, (R) c X for some centre point 2y € X. Show that
if X is homeomorphic to T" 2xR?, then there exists a constant Ry = Ro(X, z¢),
such that
2
_ 4nm? 4m 93
[z—\ ﬁ] S(R)Sm for alleR[).

Hint. Since the bands between the concentric spheres of radii r and r + R,
call them X (r,r + R) = B(r + R) \ B(r), are, for large r, quite similar to the
cylinders TV -1 x[0, R], the Qﬁ-lnequalz'ty* applies to them and says that their
scalar curvatures satisfy

4(n-1)n?

S(R) =inf Sc,(X(r,r+ R),z) <
nR?

5.3 Bounds on Distances Between Opposite Faces of Cu-
bical Manifolds with Sc¢>0

Let us see what kind of geometry Y;,;, may have if we drop the condition H’SC}O
from the previous section and allow [ > .
O-Lemma. Let X be a compact connected Riemannian manifold of dimension
n with boundary 0X and let 9_ c 9X and 0, c X be disjoint compact domains
in 0X as in section 5.2.
Let
SC(X) >0+o01, ,

where o1 > 0 is related to the distance d = distx (0-, 9, ) by the inequality

)2
N 4(n-1)m .
n

O'1d2

(If scaled to o1 = n(n - 1), this becomes d > 27.)

Then there exists a smooth hypersurface Y_1 ¢ X ,which separates O- from
0+, and a smooth positive function ¢_1 on the interior of Y_1, such that the
scalar curvature of the metric g_1 = gy, + ¢>1dt*> on Y_; x R is bounded from
below by

Sc(g-1) > 0.

Proof. The general case of this reduces to that of ¢ = n(n—-1) by on obvious

scaling /rescaling argument and when o = n(n — 1) we use the same p as above

t

associated with ¢(t) = exp f_ﬂ/n —tan %tdt, -7 <t< . Then, as earlier, since

2
n
Segs, (1) 2 5e(X,) + "I oy

np(t)?  dp(t)
n-1 dt

by © from the previous section, the above equality +n(n-1)=0

implies the requited bound Sc(g,) > o1. QED.

93We shall indicate in section ??? a Dirac operator proof of a rough version of this for a
class of spin manifolds X.
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Example. Let X be an orientable spin manifold, let 0 u 9, = 9X and let
f:X — 8" x[~1,1] be a smooth map, such that 9z — S™! x {=[}.

Let the following conditions be satisfied.

e deg(f) #0,

e the map X — S™7!, that is the composition of f with the projection St x
[-1,1] = S™ Y, is area decreasing;

e S¢(X)>(n-1)(n-2)+ 0y for some oy > 0.

Then the above lemma in conjunction with the (stabilised) Llarull theorem
shows that

dist(_,0,) < 2;"(35_11) - 2”(;5‘1 D)

Remark. This inequality if it looks sharp, then only for o7 — 0, while
sharp(er) inequality of this kind need different functions .

Equivariant O-Lemma. Let X in the O-Lemma be free isometrically acted
upon by a unimodular Lie group G that preserves 0.

Then there exists a submanifold Y_1 ¢ X and a function ¢_; on Y, which,
besides enjoying all properties in the O-Lemma, are also invariant under the
action of G and the resulting metric on g_1 on Y_1 xR is G x R-invariant.

In fact, the proof of the O-Lemma applies to X /G.

Remark. This lemma may hold for all G, but what we need below is only
the case of G = R".

ao»™-Theorem. Let X be a compact connected orientable Riemannian
manifold with boundary and let X, is a closed orientable manifold of dimension
n—m, e.g. a single point e if n.=m.
Let
[ X->[-1,1]"x X,

be a continuous map, which sends the boundary of X to the boundary of [-1,1]™ x
X, and which has non-zero degree.

Let 9;, ¢ X, i =1,...,m, be the pullbacks of the pairs of the opposite faces of
the cube [-1,1]™ under the composition of f with the projection [-1,1]™ x X, —»
[-1,1]™.

Let X satisfy the following condition:

m

ges0  No transversal intersection Y_,,; ¢ X of m-hypersurfaces Y; € X which
separates 9, from 0;,, admits a metric with S¢ > 0; moreover, the products Y_,,,; x
T™ admit no metrics with Sc > 0 either.%*

If Se(X) > n(n-1) that the distances d; = dist(0;-, 0;+) satisfy the following
inequality (which generalise that from section 3.8).

2

Oy —_ > —
; d? = Am?
Consequently
L 27
Omin mmidzst(&_, aﬁ_) <vVm—.
n

94This "moreover" is unnecessary, since the relevant for us case of stability of the Sc¢ % 0
condition under multiplication by tori is more or less automatic. (The general case needs some
effort.)
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Proof. Let

oo (27r)2 n(n-1) 4r?(n-1)
’ n d? nd?
and rewrite Oy as

Zcrg >n(n-1).

Assume Y ; 0 <n(n—-1) and let o; > o] be such that Y; 0; <n(n-1).
Then, by induction on i = 1,2, ...,m and using R* !-invariant 0O-Lemma on
the ith step, construct manifolds X_; = Y_; x R® with R’-invariant metrics g_;,
such that
SC(X,,L') > n(n - 1) —-01—..—0;.

The proof s concluded by observing that this for ¢ = m would contradict to

m
Sc#0°

Remarks. (a) As we mentioned earlier, this inequality is non-sharp starting
from m = 2, where where the sharp inequality
2

(A min;-1,2dist(0;-, 04 ) <.
for squares with Riemannin metrics on them with Sc > 2 follows by an elemen-
tary argument.

(b) One can show for all n that
. 2m
min;dist(0;—, 0i+) < V/M— —Emn,
n

where €, ,, > 0 for m > 2.

(c) A possible way for sharpening Oy, say for the case m = n, is by using
n — 2 inductive steps instead of n and then generalizing the elementary proof of
02, to T" %invariant metrics on [-1,1]% x T2,

In fact, all theorems for surfaces X with positive (in general, bounded from
below) sectional curvatures beg for their generalisations to T™2-invariant met-
rics on X x T™2 with positive (and/or bounded from below) scalar curvatures.

5.3.1 Max-Scalar Curvature with and without Spin.

It remains a big open problem of making sense of the inequality Sc(X) > o,
e.g. for o =0, for non-Riemannian metric spaces, e.g. for piecewise smooth
polyhedral spaces P.

But lower bounds on Lipschitz constants of homologically substantial maps
X — P entailed by the inequality Se(X) > o > 0, that, for a fixed P, tell you
something about the geometry of X, can be used the other way around for
the definition of scalar curvature-like invariants of general metric spaces P as
follows.

Given a metric space P % and a homology class h € H,, (P) define Sc™(h) as
the supremum of the numbers ¢ > 0, such that, there exists a closed orientable

95To be specific we assume that P is locally compact and locally contractible, e.g. it is
locally triangulable space
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Riemannian n-manifold X and a 1-Lipschitz map f : X — P, such that the
fundamental homology class [X] goes to h,

£u[X]=h.

Similarly, one defines Scf;*(h) by allowing only spin manifolds X, where,

for instance, the discussion in section 4.1.1 shows that
Scgy“(h) < const,, - K-waisty(h).

Below are a few observations concerning these definitions.

o, SC™[X] > inf, Se(X,x) for all closed Riemannian manifolds X, where
the equality Sc™*[X] = Se(X,z), x € X, holds for what we call extremal mani-
folds X.

e, More generally, the product homology class h ® [X] € H™™(P x X),
m = dim(X), where P x X is endowed with the Pythagorean product metric,
satisfies

Sc™(h® [X]) > S (h) + irxlfSc(X,x).

o3 Possibly,
Sc™(h® [S™]) = Se¢™(h) + m(m - 1),
but even the rough inequality
S (h @ [S™]) < Sc™(h) + constyy,.

remains beyond splitting techniques from section 5.3. %

o, If F: X; - X5 is a finitely sheeted covering between closed orientable
Riemannian manifolds, then
S [X1] 2 Sef[Xo] as well as ScTX[X;] > Sef*[Xa],
but the equality may fail to be true, e.g. for SYS-manifolds X5 defined in
section 2.7.
(Tt is less clear when/why this happens to infinitely sheeted coverings, where

the problem can be related to possible failure of contravariance of K-waists, see
section 4.1.1.)

Non-Compact Spaces and Scpy,. The above definitions naturally extends to
homology with infinite supports in non-compact spaces , e.g. to the fundamen-
tal classes [ P] of open manifolds and pseudomanifolds P, where the Riemannin
manifolds X mapped to these spaces are now non-compact and not even com-
plete.

Also we use the notation Scj% ) for fundamental classes of (psedo)manifolds
P with boundaries, where proper maps X — P are those sending 0X — 0P.

max

Stabilized maz-Scalar Curvatures. These for a space P are defined as

stabSc™* (P) = S¢™** (P x TV)

96These techniques deliver such an inequality for the stabilized max-scalar curvature:
Scmstab(h) = limy,—eo(h ® [T™]), where one may additionally require the manifolds X
mapped to P x T™ to be isometrically acted upon by the m-tori
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where T is flat torus that may be assumed arbitrarily large (this proves im-
material at the end of day), where N is also large and where the implied metric
in the product is the Pythagorean one:

dist((p1,t1), (p2,t2)) = \/dist(py,p2)? + dist(ty,t2)2.

Ezamples. (a) Llarull’s and Goette-Semmelmann’s inequalities from section
4.2 can be regarded as sharp bounds on Scg™ for (the fundamental homology
classes of) spheres and convex hypersurfaces.

(b) The O-inequalities from the previous section provide similar bounds on
stabilised Scp%y,(P) for the fundamental homology classes of the rectangular
solids P = X7-1[0,a;].

(It seems, there are interesting examples in the spirit of SYS-spaces from
section 2.7, where one needs to allow f.[X]z;z # 0, at least for for odd [.

Also one may ask in this regard if Sci;%, of the universal covering of a closed
orientable manifold X with a residually finite fundamental group is equal to the

limit of Sep%y, of the finite coverings of X.)

(c) Spaces with S-Conical Singularities and Sc > o. Let us define classes
S0, n=2,3,... of plecewise Riemannian spaces with Sc > o > 0 by induction
on dimension n > 2 as follows.

Let Y = Y"! from yg;l be isometrically realized by a piecewise smooth
(n — 1)-dimensional subvariety in a (N - 1)-dimensional sphere, N >> n, that
serves as the boundary of the N-dimensional hemisphere,

Y c SNH(R) = 9SN (R),

where the radius of the sphere satisfies,

R> [(n-1)(n-2)

and where "isometrically" means preservation of the lengths of piecewise smooth
curves in Y.

Then the spherical cone of Y, that is the union of the geodesic segments
which the center of the spherical n-ball S¥ c SV to all y € Y is, by definition,
belongs to .77, for

, n
o =0——
n-2
and, more generally, a piecewise smooth Y is in A7, if its scalar curvature at
all non-singular points is > ¢’ and near singularities Y is isometric to a spherical
cone over a space from Ygf‘l.

To conclude the definition, we agree to start the induction with n -1 =1,
where our admissible spaces are circles of length < 27 and, if we allow boundaries,
segments of any length.

Y c S¥-! be a closed submanifold of dimension n—1 > 2, and let S(Y') c
SN 5 §N-1 be the spherical suspension of Y, that is the union of the geodesic
segments which go from the north and the south poles of SV to Y.

Notice that this S(Y") with the induced Riemannian metric is smooth away
from the poles, where it is singular unless the induced Riemannian metric in Y
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has constant sectional curvature +1 and Y is simply connected (hence, isometric
to S"71).

Let Y be a space from .7, with k isolated singular points y; € Y where X is
locally isometric to S-cones over (n — 1)-manifolds, call them V;, i = 1,...k such
that every such V; bounds a Riemannian manifold W;, where Sc(W;) > 0 and
the mean curvature of V; = OW); is positive. Then

S (V) >o.

prop

Sketch of the Proof. Arguing as in [GL(classification) 1980], one can, for all
e >0, deform the metric in X near singularities keeping Sc > o —¢, such that the
resulting metric on Y minus the singular points y; becomes complete, where its
k ends are isometric to the cylinders eV; x [o0), where €V stands for an V' with
its Riemannin metric multiplied by &2.

This complete manifold, call it Y;, admits a locally constant at infinity 1-
Lipschitz map Y; - Y of degree 1, and then the closed manifold Y., obtained
from Y. by attaching eW; to €V; x {¢;}, for large t; € [0, 00] admits a required
1-Lipschitz map to Y as well. QED

Remark. Instead of filling V; by W; individually it is sufficient to fill in their
(correctly oriented!) disjoint union V' =|; V; by W. For instance, if there are
only two singular points, where Vi and V5 are isometric and admit orientation
reversing isometries then Vi u-V5 bounds the cylinder W between them.

This kinds of "desingularization by surgery" also applies to Y, where the
singular loci ¥ ¢ Y have dimensions dim(3) > 1, similarly to how it is done
to manifolds with corners (see section 1.1 in [G(billiard0 2014]) but the filling
condition becomes less manageable.

In fact even if dim(X) = 0, it is unclear how essential our filling truly is,
especially for evaluation Sc™ of a multiple of the fundamental class of an Y
yet, the spaces Y € 7 with isolated singularities seem to enjoy the same metric
properties as smooth manifolds with Sc¢ > ¢ filling or no filling.

For instance, if the non-singular locus of such an Y is spin then the hyper-
spherical radius Y is bounded in the same way as it is for smooth manifolds:

Rads- (V) </ @

as it follows from Llarull’s theorem for complete manifolds.

In fact, the construction from [GL(classification) 1980] for connected sums of
manifolds with Sc¢> 0, when applied to Y \ X, achieves a blow-up of the metric
g of Y on Y \X to a complete one, say g,, such that g, > g and inf, Sc(g,,z) >
inf, Sc(g,x) — € for an arbitrarily small e > 0.

Also mean convex cubical domains U in Y with none of the singular y; € Y’
lying on the boundary OU satisfy the constraints on the dihedral angles similar
to those for smooth Riemannin manifolds with Sc > o

But the picture becomes less transparent for dim(X) > 0, as it is exemplified
by the following.

Question. Does the inequality Rad%,(Y) < constnw hold true for all
Y e A7
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Perspective. In view of [Ch 1983], [GSh 1993] and [AlbGell 2017 |, it is
tempting to use the Dirac operator on the non-singular locus Y \ ¥ with a
controlled behavior for y — 3, but it remains unclear if one can actually make
this work for dim(X) > 0.

The only realistic approach at the present moment is offered by the method
of minimal hypersurfaces (and/or of stable p-bubbles), which may be addition-
ally aided by surgery desingularization, such as multi-doubling similar to that
described in [G(billiards) 2014] for manifolds with corners.

Mazx-Scalar Curvature Defined via Sc-Normalized Manifolds . Given a Rie-
mannin manifold X = (X, g) with positive scalar curvature, let g. = Sc(g) - g,
consider Lipschitz maps f of closed oriented Riemannian manifolds X = (X, g)
with Sc¢(X) > 0 to P, such that f,[X] = h, for a given h € H,(P), let A™™" be
the infimum of the Lipschitz constants of these maps with respect to the metrics

g. and let
1

(Amin)2 :
And if P is a a piecewise smooth polyhedral space (e.g. a Riemannian mani-

fold), define ScT2(h) by taking the infimum inf; sup,.x || A% df (x)|| instead of

A2

Sem() =

the A™" (as in A%-inequality from section 4.2°97):

1
inffsup,.x || A2 df(z)H

ST (h) =

Clearly,

S < Sl < S,

(Similar inequalities are satisfied by the spin and by proper versions of
Sc™), where most bounds on Sc™ we prove and/or conjecture below can

max

be more or less automatically sharpened to their ScI® and Scis (as well as to

their spin and proper) counterparts.)

Problem. Evaluate Scj%, of (the fundamental classes of) "simple" metric

space, such as products of m;-dimensional balls of radii a; where 3>, m; = n and the

product distance is [, i.e. disty, ((7:),(y:)) = /X, dist(x;,y;)P, e.g. for p=2.
This is related to the problem of a general nature of evaluating Sc¢™*(h1®hs)
of hy ® hy € Hyy4n, (P1 x P2) in terms of Sc™*(hy) € Hy, (Py) and Sc™(hy) €
an (P2)
Tt follows from the additivity of the scalar curvature (see section 1) that

Sc™(hy ® ha) > Sc™(hy) + Sc™(ha),
but it is unrealistic (7) to expect that, in general

Sc™(hy ® ha) < constp, vy - (S (hy) + S (ha)),

97The definition of || A2 df (x)|| makes sense for Lipschitz maps (at almost all ) but the
arguments with Dirac operators need smoothness of the maps. But it may be interesting to
go beyond smooth manifolds and maps to general continues maps with bounded area dilations,
where, probably, the most adequate definition of "area" in non-smooth metric spaces P is the
Hilbertian one in the sense of [G(Hilbert) 2012].
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albeit the geometric method from the section 5.4 does deliver non-trivial bounds
on Scpi, of product spaces whenever lower bounds on the hyperspherical radii
of the factors are available.%®

5.4 Extremality and Rigidity of log-Concave Warped prod-
ucts.

The inequalities proven in section 5.3 say, in effect, that the metric
9o = PG fiar +dt* on T" ' x R for ¢(t) = exp ]_tﬂ/n —tan tdt

i 1 one can’t incr 1thout dec ing 1ts sca UTVatuT
s extremal: one can’t ease gy without decreasing it lar curvature,”®

where the essential feature of ¢ (implicitly) used for this purpose was log-
concavity of ¢:
d*log ¢(t)
dt?
We show in this section that the same kind of extremality (accompanied by
rigidity) holds for other log-concave functions, notably for ¢(t) = 12, ¢(t) = sint
and ¢(t) = sinh¢ which results in
rigidity of punctured Euclidean, spherical and hyperbolic spaces.

<0.

More generally, let X =Y xR comes with the warped product metric g4 =
$*dg, + dt*. Then the mean curvatures of the hypersurfaces Y; =Y x {t}, t € R,
satisfy (see 2.4)

dlogé(t) _ ¢/ (1)
dt o(t)’

and, obviously, are these Y; ¢ X are locally (non-strictly) minimizing p-bubbles.
100

mean.curv(Yz) = u(t) = (n—1)

Now, clearly, ¢ is log-concave, if and only if

i
dt — |dt|’

Thus, R, defined (see section 5) as

n X 2
Ry(@) = "2 o)+ Se(x, )

is equal in the present case to

n, 2 Y
% £ 20/ (£) + Se(ga () = +(n-1)(n-2) (i) +5c(g4(1))

2(n-1)¢" (1)
(1)

980ne may define Radgn (h), h € H*(P), as the suprema of the radii R of the n-spheres,
for which P admits a 1-Lipschitz map f: P — S™(R), such that f«(h) 0.

99T0 be precise, one should say that

one can't modify the metric, such that the scalar curvature increases but the metric itself
doesn’t decrease.

The relevance of this formulation is seen in the example of X = S™ x S, where one can
stretch the obvious product metric g in the S*-direction without changing the scalar curvature,
but one can’t increase the scalar curvature by deformations that increase g.

1001f ¥ is non-compact, the minimization is understood here for variations with compact
supports.
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which implies (see section 5) that
1
¢

Thus our operators —Ay, + 1 Sc(gy,) - (R4 )y, equal —Ay,, the lowest eigen-
value of which are zero with constant corresponding eigenfunctions and the cor-
responding ( S'-invariant warped product) metrics on Y; x S* are (non-warped)
gy, +ds? for V; =Y x{t} c X =Y xR and all t e R.

(We "warp" with the circle S* rather than with R to avoid a confusion
between two different R.)

This computation together with "®,,,, in section 5 yield the following.

Comparison Lemma. Let X =Y x [a,b] be an n-dimensional warped prod-
uct manifold with the metric

(R‘F)Yt = SC(gyt) = SC(th) for gy, = (ngY-

9x = gp = ¢*gy +dt*, t€[a,b],

where ¢(t) is a smooth positive log-concave function on the segment [a,b].
Let X be an n-dimensional Riemannian manifold, with a smooth function p(x)
on it and let Y, c X be a stable, e.g. locally minimising u-bubble in X.
Let go = gy, = ¢2gy, + ds® be the metric on Y, x S! where gy is the metric on
Y induced from X, and where ¢, is the first eigenfunction of the operator

~A+18e(gy,y) - Ri(y) for Ry(x) = 0 _9lldu()|| + Se(X, z)

(where ¢, is not assumed positive at this point).
Let f: X - X be a smooth map let fy- : X - Y denote the Y-component of
f, that is the composition of f with the projection X =Y x [a,b] = Y.
Let
flap) : X = [a,b]

be the [a,b]-component of f, let

. dlog ¢(t)
pu(x) = po frap(x) for u(t) = (n- UT =mean.curv(Y,), t = fiap1(2)
and let du(t)
W =40 Sl () where 1 = () = =
Let
. np* (x)? .
Ri(r) = "B oy (@) Se(x, £ (@)
If

Ri(z) > R (),
then the function ¢, is positive and the scalar curvature of the metric go = g4,

on Y, x S satisfies

Scg, (Yo, 5) Sc(Y, fy(yo)) = Se(Yy, f(yo)) for Yi> f(yo).

1
P —
lldf(a,b1 (9o )2
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The main case of this lemma, which we use below, is where

®dfi, the function fiap): X — [a,b] is I-Lipschitz, i.e. ||dfjapll <1,
an

oy 1(x) = o frap), that is p(x) = mean.curv(Y,, f(z)) for Y, > f(x)

and where the conclusion reads:

1
[Sez]. Seg,(y,9) 2 WSC(X, fy () +5e(X,y) = Se(X, f(y)-

Corollary. Let X, denote the above Riemannian (warped product) manifold
(Yo x S', 90 =gs,) and let fo: X, — Y be defined by (yo, ) ~ fy (¥o)-
If besides g, and e,

[A%dfl <1, eg. |ldf]l <1

and if
Se(X,y) 2 Se(X, f(v))s

then the map f, satisfies
Se(Xo, o) 2 [|dfel[*Se(Y, fo(wo)) 2 | A dfs||Se(Y, fo(ws)).

Now, the existence of minimal bubbles under the barrier [2 mean = Foo]-
condition (see section 5.2) and a combination of the above with the Llarull
trace A? df-inequality from section 4.2 yields the following.

Ogn. FExtremality of Doubly Punctured Spheres. Let X be an ori-
ented Riemannian spin n-manifold, let X be the n-sphere with two opposite points
removed and let f: X — X be a smooth I1-Lipschitz map of non-zero degree.

If Se(X) 2n(n-1) = Se(X) = Sc(S™), then

(A) the scalar curvature of X is constant =n(n-1);

(B) the map f is an isometry.

Proof. The spherical metric on X = S™ \ {s,-s} is the warped product

s

S (—f E) where the warping factor ¢(t) = cost which is logarithmically

2772
concave, where ju(t) = dloi?(t) - +o0 for t > #%. 101
This implies (A) while (B) needs a little extra (rigidity) argument indicated

in section 5.7.

1-Lipschitz Remark. As it is clear from the proof, the 1-Lipshitz condition
can be relaxed to the following one.
The radial component f[ z] X > [—g,%] of f, which corresponds to the

2
signed distance function from the equator in S™ \ {s,-s} is 1-Lipschitz and (the

exterior square of ) the differential of the S™~! component fgn-1 : X - S™! satisfies

s
-,

dfgn-1 A2 df (z) < (sin f[_% ](x))Q.

1011f 4 Jog-concave function ¢ on the segment [-1,1] is positive for -l <t <[ and it vanishes
at —[, then the logarithmic derivative of ¢ goes to oo for ¢t — —I; similarly,
!
LA

¢ t—l

s
’2

)

if ¢ vanishes at ¢t =1.
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correct to 777

1

A2dfgn1 () < .
(cos fi-2.2)=)

Non-Spin Remark. If n =4, one can drop the spin condition, since u-bubbles
Y € X, being 3-manifolds, are spin.

™
2

Similarly to ® gn one shows the following.

ORn. Let Let X be as above, let X be R™ with a point removed and let
f:X - X be a smooth 1-Lipschitz map of non-zero degree.

If Se(X) >n(n-1) >0 and if X is an isometry at infinity, then

(A) Se(X) =0;

(B) the map f is an isometry.

OHn. Let Let X be as above, let X be the hyperbolic space with a point
removed and let f: X — X be a smooth 1-Lipschitz map of non-zero degree.

If Sc(X) > —n(n—-1) and if X is an isometry at infinity, then

(A) Se(X) =-n(n-1);

(B) the map f is an isometry.

Question. Let do(z) = dist(z,z,) be the distance function in X (used in
ORr and/or in ©Ofn) to the point z,, which was removed from R™ or from
H", and let d¢(x) = do(f(x)).

Can one relax the 1-Lipschitz condition in the propositions @R~ and in ©fn
by requiring that not f but only the function dy(x) is 1-Lipschitz?

5.5 On Extremality of Warped Products of Manifolds with
Boundaries and with Corners.

We explained in section 4.4 how reflection+ smoothing allows an extension of the
Llarull and Goette-Semmelmann theorems from section 4.2 to manifolds with
smooth boundaries and to a class of manifolds with corners. This, combined with
the above, enlarges the class of manifolds with corners to which the conclusion
of the extremality ‘Aij theorem applies.

Here is an example.

Let 2™1 ¢ 7! be the regular spherical simplex with flat faces and the
dihedral angles 7 and let S:ant c S c 877 be the spherical suspension of
A" and let X = Sh(Aa"1) cS;am abe(-%,5), be the region of S;A"?
between a pair of (n — 1)-spheres concentric to our equatorial S*! c S™.

Let X be an n-dimensional orientable Riemannin spin manifold with corners and
let f: X - X be a smooth 1-Lipschitz map which respects to the corner structure
and which has non-zero degree.

Spherical Sb(A)-Inequality. If Se(X) > Se(X) =n(n-1), if all (n-1)-
faces F; ¢ 0X have their mean curvatures bounded from below by those of the
corresponding faces in X, 192

mean.curv(F;) > mean.curv(F,;),

102 A]] these but two have zero mean curvatures.
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and if all dihedral angle of X are bounded by the corresponding ones of X,

‘ij S £, = 9
then
Se(X)=n(n-1),
mean.curv(F;) = mean.curv(EF,;)
and
z45 = 5

Ezxercise. Formulate and prove the Euclidean and the hyperbolic versions of
the S’ (A)-inequality.

Question. Do the counterparts to the S’ (A)-inequality hold for other sim-
plices and polyhedra?

5.6 Disconcerting Problem with Boundaries of non-Spin
Manifolds

Typically, pu-bubbles serve as well if not better than Dirac operators for mani-
folds with boundaries, but something goes wrong with a natural (naive?) ap-
proach to geometric bounds on Y = 90X, where Sc¢(X) > 0 and mean.curv(Y) >
M > 0, via p-bubbles for non-spin manifolds X.

Albeit the existence and regularity theorems from section 5.1 extend to man-
ifolds with boundaries, the second variation formula turns out a disappointment.

To see what happens, let X be a compact Riemannian manifold with a
boundary Y, let u(y) be a continuous function p: Y — (-1,1) and let Z be the
set of cooriented hypersurfaces Z ¢ X with boundaries Q2 =07 c Y = 9X, where
the (unit normal) field v , which defines the coorientation is called the upward
field.

Then such a Z is called a p-bubble (compare 5.1), if it is extremal for

Z > 00ll2(2) =aeg volua(2) - [ ny)dy,

in the class Z, where Y_ c Y the region in Y "below" 2 = 0Z c Y and where
our direction/coorientation/sign/angle convention is dictated by the following.

Encouraging Example. Let X = B™ ¢ R® = R™! x R be the unit ball,
Y =0B™=S5"" and let Zy = Zj}' < B", f € (—g, %), where 6 is the latitude
parameter on the sphere Y = S™ 1 5 9Zy, be the horizontal discs, that are the
intersections

Zg=B"nR" L x {t}, t=sinfe(-1,1)cR

and where — this is a matter of convention— the latitude parameter 6 € (—g, g)
is related to the dihedral angle between the hypersurfaces Zy and Y along their

intersection

Wo=0Zyg=ZynY, Y =0X=8"", for X = B",
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by -
ZLg = 4Q9(Z9,Y) :9-‘1-5.

Next, let u(y) for y = (z,t) € Y ¢ R" xR be equal to the minus height ¢,
ie. p(z,0)=—-t=-siné.

Then the normal derivative 0, = % of the volume of Z; = Zg, ¢ is expressed
in terms of

|| = vol,—2(£2;), t = sin 6, and the angle <4 € (0,7)
as follows
Oyvoly_1(Zy) = =|Q|tan 0 = Q| cot < ¢ for 6 = arcsint,

while the derivative of the p-measure of the region (Y_); ¢ Y below Z; for the
above p(0) =-sinf = -t = cos<y is

A0

({9l,,u((Y,)t) = m = |Qt|COt Zg.

Thus, the hypersurfaces Zy c X serve as p-bubbles for this i, and since they
come in a "parallel" family they are locally minimizing ones.

Let us return to the general Riemannin manifold X with boundary ¥ = 0X,
a hypersurface Z ¢ X, such that Q =9Z c Y = 90X and a function u(y) on Y
and observe the following.

First Variation Formula for volr[l__’{](Z). . Let 2, € (0,7) denote the
angle between Z and Y at w € Q = 0Z = ZnY and let us use the following
abbreviations

CSCy, = and cos,, = cos 2.

sin 2,

Then

Guvoln_l(Z):fzmean.curv(Z,z)dz+fﬂscswcoswdw,

and

8V,L¢(Y_):'/S;cscwu(w)dw.

and, since vol,ﬁ_ﬁ](Z) =v0l,-1(Z) - u(Y2),

Z is a (stationary) p-bubble, i.e. &byvolg;“l](Z) =0 for all smooth functions
¥(2), if and only if

mean.curv(Z) =0 and p(w) = cos,.

Second Variation Formula for UOZL__li] (Z) If Z is stationary then the w

contribution to the second variation/derivative 821,1)017[;“1] (Z) is as follows

Bwl,fﬂw(w)(scswcoswdw—cscw,u(w))dw:fQw2(w)(—cscw(g(w)—8,,u(w)))dw,

where o(w) is the curvature of Y c Z, i.e. the value of the second fundamental
form of Y ¢ X, on the unit tangent vector 7 € T,,(Y) normal to T,,(2) c T,,(Y).
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(Our sign convention is such that this g is positive for convex ¥ = 0X and
negative for concave ones.)

Let My (w) = M (€ cY,w) denote the mean curvature of 2 c Y and observe
that g equals the difference between the mean curvature of Y ¢ X and the values
of the mean curvature (second fundamental form) of Q2 on the unit normal bundle
of Y c X, denotes M(Q,T*(Y c X)),

0=MY cX)-M(Q,T (Y c X)),
and that
M(Q,T*(Y c X)) =csc-M(Qc Z)+cos-csc-M(QcY).

The essential problem, as I see it here, is that the mean curvature M (Q cY =
0X) may (may not?) be uncontrollably +large and, unless p = 0, the positivity
of the second variation operator doesn’t yield a significant information on the
intrinsic geometry of Z c X at the boundary 2 = 9Z. (Am I missing something
obvious?)

5.7 On Rigidity of Extremal Warped Products.

Let us explain, as a matter of example, that
doubly punctured sphere X = S™ \ {£s} is rigid.
This means (see (B) in © gn of section 5.4) that
if an oriented Riemannin spin n-manifold X with Sc(X) 2n(n-1) = Se(X =
Sc(S™) admits a smooth proper 1-Lipschitz map [ : X — X such that deg(f) 0,
then, in fact, such an f is an isometry.

Proof. We know (see the the proof of ®gn) that X contains a minimal
u-bubble Y, which separates the two (union of) ends of X, where u(z) is the
f-pullback of the mean curvature function of the concentric (n — 1)-spheres in
X = 5™~ {£s} between the two punctures and that this m-bubble must be
umbilic, where we assume at this point that Y is non-singular, e.g. n < 7.

What we want to prove now is that these bubbles foliate all of X, namely
they come in a continuous family of mutually disjoint minimal p-bubbles Y7,
te (—g, g), which together cover X.

Indeed, if the mazximal such family Y; wouldn’t cover X, then the would
exists a small perturbation p'(z) of u(z) in the gap between two Y; in the
maximal family, such that |u'| > || in this gap, while ||dy/|| = ||du|| in there and
such that there would exist a minimal x’-bubble Y’ in this gap.

But then, by calculation in section 5.4, the resulting warped product metric
on Y’ xS! would be > n(n-1), thus proving "no gap property" by contradiction.

Therefore, X itself is the warped product, X =Y x (—g, g) with the metric
dt? = (sint)%gy, where Sc(gy') = n(n—1) and which by Llarull’s rigidity theorem,
has constant sectional curvature. QED.

Remarks (a) On the positive side, this argument is quite robust, which makes
it compatible with approximation of bubble and metrics. For instance it nicely
works for n = 8 in conjunction with Smale’s generic regularity theorem and,
probably, for all n with Lohkamp’s smoothing theorem.

But it is not quite clear how to make this work for non-smooth limits of
smooth metrics.
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For instance (this was already formulated in section 3.2),
let g; be a sequence of Riemannian metrics on the torus T" , such that

Se(gi)>-¢g; - 0
1—>00
and such that g; uniformly converge to a continuous metric g.
Is this g, say for n <7, Riemannian flat?

(The above argument shows that, given an indivisible (n—1)-homology class
in T™, there exists a foliation of T" by g-minimal submanifolds from this class.
But it is not immediately clear how to show that these submanifolds are totally
geodesic.)

6 Problems, Generalisations, Speculations.

The most tantalizing aspect of scalar curvature is that it serves as a meeting
point between two different branches of analysis: the index theory and the geo-
metric measure theory,

Each of the this theories, has its own domain of applicability to the scalar
curvature problems (summarized in the section 6.1 below) with a significant
overlaps and distinctions between the two domains.

This suggests, on the one hand,

a possible unification of these two theories
and, on the other hand,
a radical generalization, or several such generalizations,
of the concept of a space with the scalar curvature bounded from below.

This is a dream. In what follows, we indicate what seems realistic, something
lying within the reach of the currently used techniques and ideas.

6.1 Dirac Operators versus Minimal Hypersurfaces

Let us briefly outline the relative borders of the domains of applicability of the
two methods.

1. Spin/non—Spin. There is no single instance of topological obstruc-
tion for a metric with Sc > 0 on a closed manifold X, the universal coverings
X of which is non-spin'®® that is obtainable by the (known) Dirac operator
methods. 19

But the minimal hypersurface method delivers such obstructions for a class
manifolds X, which admits continuous maps f to aspherical spaces X, such that
such an f doesn’t annihilate the fundamental class [X] € H, (X, n = dim(X),
i.e. where the image f.[X] € H,(X doesn’t vanish. FErample. The connected
sum X = T"#3, where ¥ is a simply connected non-spin manifold are instance
of such X with the universal coverings X being non-spin.)

2. Homotopy/Smooth Invariants. The minimal hypersurface method
alone can only deliver homotopy theoretic obstructions for the existence of met-
rics with Se¢>0 on X.

103 The condition "X is spin" can be weakened to "X is spin" with (a version of) the Atiyah
Lo-index theorem from [Atiyah(Lg) 1976], as it is explained in §§9%, 9% of [G(positive) 1996].
104Never mind Seiberg-Witten equation for n = 4
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But &(X), non-vanishing of which obstructs Sc > 0 according to the results
by Lichnerowicz and Hitchin proven with untwisted Dirac operators is not ho-
motopy invariant. (Non-vanishing of & is the only obstruction for Sc > 0 for
simply connected manifolds of dimension > 5, see section 3.4.)

Here, observe, the spin condition is essential, but when it comes to twisted
Dirac operators, those obstructions for the existence of metrics with Sc¢ > 0,
which are essentially due to twisting are also homotopy invariant, and, for all
we know, the spin condition is redundant there.

Furthermore, minimal hypersurfaces can be applied together with that Dirac
operators.

For example the product manifold X = X; x Xo, where &(X;) # 0 and
Xy =T"#X, doesn’t carry metrics with Sc> -0, which for dim(X) < 8 follows
from Schoen-Yau’s [SY(structure) 1979] (with a use Nathan Smale’s generic
non-singularity theorem for n = 8), while the general case needs Lohkamp’s
[Loh(smoothing) 2018].

Notice that the twisted Dirac operator method also applies to these, X =
X1 x Xo, provided that ¥ is spin, or at least, the universal covering Y is spin.

3. SYS-Manifolds. The most challenging for the Dirac operator meth-
ods is Schoen-Yau’s proof of non-existence of metrics with Sc > 0 on Schoen-Yau-
Schick manifolds (see section 2.7), where the known Dirac operator methods,
even in the spin case, don’t apply.

And as far as the topological non-existence theorems go, the minimal hyper-
surface method remains silent on the issue of metrics with Sc > 0 on quasisym-
plectic manifolds X as in section 2.7, (e.g. closed aspherical 4-manifolds X with
H?(X;Q) #0.) And we can’t rule out metrics with Sc > 0 on the connected
sums X #Y with any one of the present day methods, if the universal coverings
¥ are non-spin.

4. Area Inequalities. The main advantage of the twisted Dirac over
minimal hypersurfaces is that geometric application of the latter to Sc > 0
depend on lower bounds on the sizes of Riemannin manifolds X, where these
sizes are expressed in terms of the distance functions on X, while the twisted
Dirac relies on the area-wise lower bounds on X.

The simplest (very rough) result in this regard says that every (possibly
non-spin) smooth manifold X admits a Riemannin metric gg, such that every
complete!®® metric g on X, for which

areay(S) > areagy, (S)
for all smooth surfaces S c X, satisfies:
i <
inf Se(g,2) <0
(see section 11 in [G(101) 2017]). More interestingly, there are better, some of

them sharp, bounds on the area-wise size of manifolds with Sc > ¢ > 0, as we
saw in section 4.

5. Scalar Curvature in Families. Individual index formulas typically
(always?) extends to families of operators and deliver harmonic spinors on

105nComplete" is essential as it is seen already for dim(X) = 2. But if areaq(S) > areag, (S)
is strengthened to g > go one can drop "complete", where the available proof goes via minimal
hypersurfaces and where there is a realistic possibility of a Dirac operator proof as well.
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members of appropriate families. But there is no (apparent?) counterpart of
this for minimal hypersurfaces and/or for stable y-bubbles.

Thus, for instance, the distance-kind inequalities indicated in section 4.2.1
as well topological and geometric obstruction for Sc > o on foliations escape the
embrace of minimal hypersurfaces.

6. Non-Completeness and Boundaries. The major drawback of
the Dirac operator methods is its essential reliance on completeness of manifolds
X it applies to,'% while minimal hypersurfaces and especially stable u-bubbles
in conjunction with twisted Dirac operators, fare well in non-complete manifolds
and/or in manifolds with boundaries as it is demonstrated in section 5 of this
paper.

7. Sc > o for 0 < 0. Both methods have more limited applications here
than for o > 0, where the most impressive performance of the Dirac operator
is in the proof of the Ono-Davaux spectral inequality (stated in section 3. 10),
which also may be seen from a more geometric perspective of stable p-bubbles,
as it is suggested by the Maz’ya-Cheeger inequality. j

6.2 Logic of Propositions about the Scalar Curvature

Propositions/properties PSc concerning the scalar curvatures of Riemannin
manifolds or related invariants, makes a kind of an "algebra" , where pairs
of PSc concerning X and Y, can be coupled to corresponding propositions, let
them be only conjectural, concerning
the Riemannian products X xY .
Then these hybridised propositions can be developed/generalized to state-
ments on
fibrations over Y with X-like fibers
and then further to
foliations with X-leaves, where a properly understood (non-commutative?)
space of leaves is taken for Y.

Conjectural Example: Lichnerowicz x Llarull x Min-Oo. Let X be
the product of the the hyperbolic space by the unit sphere,

X=H"xS".

Let X be a complete orientable spin Riemannian manifold, such that Se(X) > 0.
Let f: X — X be a smooth proper map with the following two properties.

esn The S™-component fgn : X — S™ of f, that is the composition of f with
the projection X = H™ x S™ — S™, is an area contracting, e.g. 1-Lipschitz map.

exgn  The H"-component of f is a Riemannian submersion at infinity:

the map fu» : X - H" is a submersion outside a compact subset in X, where
the differential dfyn~ : T(X) — T(H") is isometric on the orthogonal complement
to the kernel of dfgn.

Then either Sc(X) = 0, or the A-genera of the pullbacks f~(z) ¢ X of
generic points x € X vanish.

In particular, if dim(X) = 2n and Sc(X,zo) > 0 at some zg € X, then
deg(f)=0.

106WWe tried to alleviate this in section 4.6, but the situation remains unsatisfactory.
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Suggestion to the Reader. Hybridize in a similar way other theorems/inequalities

from the previous as well as of the following sections.

6.3 Almost flat Fibrations, K-waist and maz-Scalar Cur-
vature

Let let P and @ be Riemannian manifolds, let F': P - @) be a smooth fibration.
and let V be the connection defined by the horizontal tangent (sub) bundle on
P that is the orthogonal complement to the vertical subbundle of T'(P), where
"vertical" means "tangent to the fibers" called S, = F~'(q) c P, g€ Q.

Problem. Find relations between the K-waistsy and between maz-scalar cur-
vatures of P, @ and the fibers F~!(q) for fibrations with "small" curvatures
|curv|(v).107

We already know in this regard the following

(A) If P - Q is a unitary vector bundle with a non-trivial Chern number,

then, by its very definition, K-waists(Q) is bounded from below by lczoﬁ)slf%).

(B) There is a fair bound on S¢™ of product spaces P = @ x S, such as the
rectangular solids, for instance, as is shown by methods of minimal hypersurfaces
and of stable u-bubbles in section 5.4.

In what follows, we say a few words about (A) for non-unitary bundles in the
next section and then turn to several extensions of (B) to non-trivial fibrations.

6.3.1 TUnitarization of Flat and Almost Flat Bundles.

Let @ be a closed oriented manifold and start with the case where L — @ is a flat
vector bundle with a structure group G, e.g. the orthogonal group O(Ny, Ny).
Let some characteristic number of L be non-zero, which means that the
classifying map f: @ — B(G) sends the fundamental class [P]g to a non-zero
element in H, (B(G);Q).1%®
Then X admits no metric with Sc > 0.

First Proof. Let T' ¢ G be the monodromy group of L and recall (see sec-
tion 4.1.2) that I" properly and discretely acts on a product X of Bruhat-Tits
building. Since this X is CAT(0) and Sc¢(P) > 0, the homology homomorphism
H,(P;Q) - H,(B(T'); Q) induced by the classifying map fr : P - BT is zero
(see section 4.1.2).

Since the classifying map f:Q — B(G) factors through fr: P - BT via the
embedding I' = G, the homomorphism H,, (P;Q) - H,(B(G);Q) is zero as well
and the proof follows.

Second Proof? Let K c G be the maximal compact subgroup and let S be
the quotient space, S = G/K endowed with a G-invariant Riemannin metric.

107Recall that the K-waistso defined in section 4.1.4 measure area-wise sizes of spaces, e.g.
K-waista(S) = area(S) for simply connected surfaces and K-waist2(S™) = 4w, while maz-
scalar curvature of a metric space P defined in section 5.3.1 P is the supremum of scalar
curvatures of Riemannin manifolds X that are in a certain sense are greater than P.

1081f (7 is compact, or if G = GLy (C), then H, (B(G);Q), then the homology homomorphism
f+  Hi(Q,Q) - H;(B(G);Q), i > 0, for flat bundles L, but it is not so, for instance, if
G = O(Nl,NQ) with Ny, N2 > 0.
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Let S, be the space of La-spinors on S twisted with some bundle L, — S
associated with the tangent bundle of S and let ., — @ be the corresponding
Hilbert bundle over () with the fiber S,.

Apparently, an argument by Kasparov (see below) implies that, at least
under favorable conditions on G, a certain generalized index of the Dirac op-
erator on @ twisted with %, — @ is non-zero; hence, @) carries a non-zero
harmonic (possibly almost harmonic) spinor and the proof follows by revoking
the Schroedinger-Lichnerowicz-Weitzenboeck formula.

Kasparov K K-Construction. Let G be semisimple, and observe that the
quotient space S = G/K carries a G-invariant metric with non-positive sectional
curvature.

Take a point sg € S and let 79(s) = 75,(s) be the gradient of the distance
function s — dist(s, sg) on S regularized at ro by smoothly interpolating between
7+ dist(s,s0)? in a small ball around sy with dist(s,sq) outside such a ball.

Let 75 : S« = S« be the Clifford multiplication by 7o(r), that is 75 : s ~
To(r)es, s €S,.

Discreetness Assumption. Let the monodromy subgroup I' ¢ G be discrete
and let us restrict the space S, and the operator 7§ to a I' orbit I'(s) c S for a
point r € R different from rg

Then, according to an observation by Mishchenko [Mishch 1974] the resulting
operator on the space of spinors restricted to I'(s),

Ts.g,l" = Ts.0|1"(s) : Sx—|l—‘(s) - Sx—|l—‘(s)7

has the following properties:
<*) Te, r 18 Fredholm;
**) 7o, v commutes with the action of I' modulo compact operators in

the following sense: the operators

T3(s0).0 ™ oo, Salr(s) = Seir(s)

are compact for all r ¢ I'(sg) and all v €T

These properties and the contractibility of S, show, by an elementary exten-
sion by skeleta argument [Mishch 1974], that

(* * *) the (graded) Hilbert bundle S,r - Q admits a Fredholm endomor-
phism homotopically compatible with 72 ..

Finally, a K-theoretic index computation in [Kasp 1973], [Kasp 1975] and/or
in [[Mishch 1974] yields

(* * **) non-vanishing of the index of the Dirac operator on Q twisted
with 7,1 in relevant cases (which delivers non-zero harmonic spinors on () and
the issuing Sc(Q) #) conclusion in our case). 09

109The properties (*) and (* * >, however simple, establish the key link between geometry
and the index theory. These were discovered and used by Mishchenko in the ambience of the
Novikov higher signatures conjecture and the Hodge, rather than the Dirac operator, on
general manifolds with non-positive curvatures.
It seems, no essentially new geometry-analysis connection has be been discover since, while

(* * **) grew into a fast field of the KK-theory of C*-algebras in the realm of the
non-commutative geometry.
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Now, let us drop the discreetness assumption and make the above (I'-equivariant)

construction(s) fully G-equivariant.

The (unrestricted to an orbit I'(s) c S) operator 7§ : S. — S, seems at the
first sight no good for tis purpose:

the properties (*) and (**) fails to be true for it, since the space S, of
Lo-spinors on S is too large and "flabby".

On the positive side, the space S, may contain a G-invariant subspace,
roughly as large as S,r, namely the subspace of harmonic spinors in it. But
the operator 75 doesn’t, not even approximately, keeps this space invariant.
However — this is an idea of Kasparov, I presume, — one can go around this
problem by invoking the full Dirac operator D : S, — S,, rather than its kernel
alone.

Namely, we add the following extra structure to S,:

(A) the action of the Dirac operator D or rather of the technically more conve-
nient first order operator

£E=D(1-D%)3:8, >,

(B) the action of continuous functions ¢ with compact supports in S.
These functions ¢(s) act on spinors by multiplication, where this action,
besides commuting with the action by G,
commute with £ modulo compact operators.

Now, because of (A) and(B), a suitably generalized index theorem applies,
I guess, and, under suitable topological conditions, yields non-zero (almost)
harmonic spinors on Q.!1°

Problem. Does the above (assuming it is correct) generalises to non-flat bun-
dles L - Q7?

Namely,

is there a natural Hilbert bundle . — @ associated with L and having its
curvature bounded in terms of that of L and such that . carries an additional
structure, such as a (graded) Fredholm endomorphism, that would yield, under
some topological conditions, non-zero harmonic (or almost harmonic) .-twisted
spinors on () via a suitable index theorem?!1!

Generalized Problem. Does the above generalizes further to fibrations with
variable fibers with nonpositive curvatures?

Namely, let F': P - @ be a smooth fibrations between complete Riemannin
manifolds, where the fibers S, = f7!(¢) c¢ P are simply connected and the
induced metrics in which have non-positive sectional curvatures.

Let a connection in this fibration be given by a horizontal subbundle T"°" c
T(P), that is the orthogonal complement to the vertical bundle — the kernel of
the differential dF : T(P) - T(Q).

1107 couldn’t find any explicit statement of this kind in the literature, but it must be buried
somewhere under several layers of KK-theoretic formalism, which fills pages of the books and
articles I looked into.

(In my article [G(positive) 1996]), §8%, I mistakenly use a simplified argument of composing
7§ with a projection on ker(D))

H1InAlmost flat" generalizations of the "flat" Lusztig signature theorem are given in §§8%7 8%

of [G(positive) 1996].
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Let [¢,¢'] ¢ Q be a (short) geodesic segment between ¢,q’ € @ and let
[p,p']” c P be a horizontal lift of [¢,¢'].

We don’t assume that the holonomy transformations S; - Ry are isometric
and let

(1) maxdily(e) be the supremum of the norm of the differentials of the
transformations Sy - Sy at p € S, for all horizontal path [p,p’]” ¢ P of length
< ¢ issuing from p € P;
and

(2) maxhol,(g,d) be the supremum of dist(p,p’) for all horizontal paths
[p,p']” of length< e, where p’ lies in the fiber of p, i.e. F(p') = F(p) = q and
where there is a smooth surface S ¢ P the boundary of which is contained in
the union of the path [p,p’]” and the fiber F,; which contains p and p” and such
that area((S) < §2.

Can one bound inf, S¢(Q, g), or, more generally, maz-Sc(Q) in terms of bounds
on the functions log maxdil,(e) and mazhol,(e,d), for all (small) €, >0 and all
peP?

6.3.2 Comparison between Hyperspherical Radii and K-waists of
Fibered Spaces.

A. The methods of minimal hypersurfaces and of stable u-bubbles from section
5.3 that deliver fair bounds on S¢™® of product spaces P, such as the rectangu-
lar solids, for instance, dramatically fail (unless I miss something obvious) for
fibrations with non-flat connections because of the following.

Distortion Phenomenon. What may happen, even for (the total spaces of)
unit m-sphere bundles P with orthogonal connections V over closed Riemannin
manifolds @, where the hyperspherical radius is large, and the curvature is small,
say

Radgn(Q) =1, n=dim(Q), and |curv|(V) <e,

is that, at the same time,

Radgm+n (P) <8, m+n=dim(P),

where £ >0 and § > 0 can be arbitrarily small.**?

This possibility is due to the fact that, in general, P admits no Lipschitz
controlled retractions to the spherical fibers of our fibration, even if the fibration
is topologically trivial and continuous retractions (with uncontrollably large
Lipschitz constants) do exits, where

non-triviality of monodromy, say at g € Q) can make the distance function distp
on the fiber S;* c P significantly smaller than the (intrinsic) spherical metric.

Example. Let @ be obtained from the unit sphere S? by adding e-small
handles at finitely many points which are together e-dense in S? and such that
Q goes to S? by a 1-Lipshitz map of degree one.!!3

Let P - @ be a topologically trivial flat unit circle bundle, such that the
monodromy rotations «a € T' of he fiber S, = S1 around the loops at q € Q of
length < are 6-dense in the group T* for all ¢ € Q.

12 This doesn’t happen if the action of the structure group on the fiber of our fibration has
bounded displacement, see (2) in section 6.3.7.

113E g let the handles lie outside (the ball bounded by) the sphere S2 ¢ R? and let our map
be the normal projection Q — S2.
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Then, clearly, Radgs (P) < 106, where ¢ can be made arbitrarily small for £ -
0, whilst the trivial fibration has large hyperspherical radius, namely, Radgs (Q x
Sty =1.

B. Metric distortion of the fibers of the fibration P — @) has, however, little
effect on the K-waist of P, that can be used, instead of the hyperspherical radius,
as a measure of the size of P and that allows non-trivial bounds on Sc™(P)
for spin manifolds P with a use of twisted Dirac operators.

In practice, to make this work, one needs vector bundles with unitary con-
nections over the base ) and over the manifold S isometric to the fibers S, c P,
call these bundles Lo — @ and Lg - S = S, where the following properties of
these bundles are essential.

o1 Monodromy Invariance of Lg. The bundle Lg — S, where S is isometric
to the fibers S, of the fibration P - @, must be equivariant under the action of
the monodromy group G of the connection V on the fibers S; of the fibration
P-Q.

(Recall that an equivariance structure on a bundle L over a G space S is an
equivariant lift of the action of G on S to an action of G on L.)

If a bundle Lg — L is G-equivariant, it extends fiberwise to a bundle over
P, callit Ly - P.

(An archetypical example of this is the tangent bundle 7'(S) which extends
to what is called call the vertical tangent bundle for all fibration with S-fibers.
But, in general, actions of groups G on S do not lift to vector bundles L — S.
However, such lifts may become possible for suitably modified spaces S and/or
bundles over them.)

o1 Homologically Substantiality of the two Vector Bundles. Some Chern
numbers. of the bundles Lg and Lg must be non-zero.

o111 Non-vanishing of F*[Q]g € H"(P;Q). The image of the fundamental
cohomology class [Q]° € H"(Q), n = dim(Q), under the rational cohomology
homomorphism induced by F': P — () doesn’t vanish,

F*[Q]° # 0.

(This is satisfied, for instance, if the fibration P — @ admits a section @ - P.)

Granted ey-err-er7, there exists a vector bundle L,, - P, which is equal
to a tensor product of exterior powers of the "vertical bundle" Ly - P and
F*(Lg) — P (that is F-pull back of Lg) and such that a suitable Chern number
of L, doesn’t vanish.

Here "suitable" is what ensures non-vanishing of the index of the twisted
Dirac operators Dg+(r,) on manifolds X mapped to P by maps f: X - P
with non-zero degrees. (Compare with 53 in [G(positive) 2016].)

Then bounds on curvatures of the bundles Lg and Lg together with such
a bound for V and also a bound on parallel displacement of the G action on S
(see below) yield a bound on |curv|(Ly), which implies a bound on Sc™(P)
according to the twisted Schroedinger-Lichnerowicz-Weitzenboeck formula ap-
plied to the operators Dgy«(r,) on manifolds X mapped to P by (smoothed)
1-Lipschitz maps f: X — P, used in the definition of Sc™**(P).

Parallel Displacement. The geometry of a G-equivariant unitary bundle
L = (L,V) over a Riemannian G-space S is characterized, besides the (norm
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of the) curvature of Vv, by the difference between the parallel transform and
transformations by small g € G.

To define this, fix a norm in the Lie algebra of G and let |g|, g € G denote the
distance from g to the identity in the corresponding "left" invariant Riemannin
metric in G.

Then, given a transformation g : S - S and a lift § : L - L of it to L,
compose it with the parallel translate of it back to L along shortest curves
(geodesics for complete S) between all pairs s, g(s) € S. Denote by §+V: L — L
the resulting endomorphism and let

A g+V)-1
|G+V|:limsup7”(g v) H,
lg|—0 |g|
where 1: L — L is the identity endomorphism (operator) and ||...|]| denotes the

operator norm.

Notice at this point that the curvature of the connection V takes values in
the Lie algebra of G and the norm |curv|(V), similarly to the above "parallel
displacement", depends on a choice of the norm in this Lie algebra.

If S is compact, we agree to use the norm equal to the sup-norms of the
corresponding vector fields on S, but one must be careful in the case of non-
compact S. (Compare with (2) in section 6.3.1 and also see section 6.3.7.)

6.3.3 Sc™™ and Sci;* for Fibrations with Flat Connections

Let P and @ be closed orientable Riemannin manifolds and let us observe that
what happens to the non-spin and spin maa-scalar curvatures and of the K-
waists!'4 of fibrations P — @ with flat connections, follows from what we know
for trivial fibrations over covering spaces Q — Q. 17

(A) If the monodromy group of a flat fibration of) F : P - @ is finite and
the map F' is 1-Lipschitz, then

max 1 1
Fuaists Sy (D) < constmon o ( K-waisty(Q)" K-wasty(S) ) ,
max ! 1 1
* pad2 Sc™(P) < const,, ., - max Rad%, (Q)’ Rad, ()

4K waisto (P) is the reciprocal of the infimum of the norms of the curvatures of unitary
bundles over P with non-zero Chern numbers (see section 4.1.4).

Sc™®(P) is the supremum of o, such that P admits an equidimensional 1-Lipschitz map
with non-zero degree from a closed Riemannian manifold X with Sc > o, and where X in the
definition of Sc{** must be spin (see section 5.3.1).

The hyperspherical radius Radgn (P), N = dimP, the supremum Rmaz of radii of the
spheres SN(R), which receive I1-Lipshitz maps from P of non-zero degree, P — SV. (see
section 3.5).

It is (almost) 100% obvious that Radgn (SY) = 1, it is not hard to show (see section 4.1.3)
that K-waistg (P) is 4, the equality Sc;’g”(SN) = Sc(SN) = N(N -1) follows from Llarull’s’
inequality for twisted Dirac operators and it remains unknown if ch;,ax(SN) = Sc(SN) =
N(N -1) for N > 5 (see section 5.4 for N =4).

115 A flat structure (connection) in a fibration F: P — Q with S-fibers is defined for arbitrary
topological spaces @,S and P, as a I'-equivariant splitting F': P = @ x S - @ for some I'-
covering Q — Q and the induced covering P — P.

In the present case we assume that our @ and S, hence P, are compact orientable pseudo-
manifolds with piecewise smooth Riemannin metrics, where P= Q x S carries the (piecewise)
Riemannin product metric and the action of I on P is isometric.
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and

max 1 1
* op.Rad? Scg(P) < (m+n)(m+n-1) 'maX(Rad%n(Q)’ Rad%m(S))

for n = dim(Q) and m = dim(S), where S is the fiber of our fibration P — Q.

_In fact, these reduce to the corresponding inequalities for the product P=
Q@ x S for the finite(!) covering P of P, induced from the monodromy covering

Q — @, where

e in the case *,4st,, One uses the tensor product of the relevant vector
bundles over Q and S and where the ®-product bundle can be pushed forward
from P back to P, if one wishes so;

e in the case * 42, the (obvious) inequalities

Radsn+m (P) > Radsn+m (P)
— the finiteness of monodromy is crucial in this one — and
RadS'rL+'rrL (Q X S) > min(RadSn (Q), Radsm (S))

allows a use of the "cubical bounds" from the previous section, which need
no spin condition, while the corresponding sharp inequality *;, pqq> for spin
manifolds P follows from Llarull’s theorem.

(B) If the monodromy group I' of the fibration P — @ is infinite, then the
above argument yields the following modifications of the inequalities * s, poq2,
*sp,Rad2 and *waistg-

* % 42 The two Rad? inequalities * p,q2 and * op.Raq? for spin manifolds P
remain valid for infinite monodromy, if Radg~(Q) is replaced in these inequali-
ties by Radgn(Q) for a (now infinite) T-covering Q of Q.

(The universal covering of @ serves this purpose but the monodromy covering
gives an a priori sharper result.)

waist, ONe keeps *y,qist, valid for infinite V-monodromy by replacing K-
waisty(Q) by K-waisty(Q). M

Remarks. (a) Sharpening the of Constants. Our argument allows improve-
ments of the above inequalities as we shall see, at least for * g, Rgq2 , in the
following sections.

(b) On Displacement and Distortion. None of the above inequalities contains
corrections terms for parallel displacement defined earlier in section 6.3, albeit
it may result in a decrease of the hyperspherical radii of P due to distortion of
the fibers S c P as the example in section 6.3.2 shows.

Notice at this point that the presence of large distortion is inevitable for
fibrations with non-compact fibers, where the monodromy along short loops
has unbounded displacement.

Example. Let Q be a surface and P - @ an R?-bundle with an orthogonal
connection, the curvature form of which doesn’t vanish, and let g be a Rieman-
nin metric on P which agrees with the Euclidean metrics in the R2-fibers and
such that the map P — @ is a Riemannin fibration, i.e. it is isometric on the
horizontal subbundle in T'(P) corresponding to the connection.

1167t is known [BH 2009] that the hyperspherical radius can drastically decrease under infinite
coverings but the situation with K-waists remains unclear.
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The the Euclidean distance between points in the fibers,

pLp2€R2c P, qeQ

is related to the g-distance in P as follows

distgz(p1,p2) ~ (olz'stp(pl,pg))2 for distgz(p1,p2) — oo.

(This is the same phenomenon as the distortion of central subgroups in two-
step nilpotent groups.)

6.3.4 Even and Odd Dimensional Sphere Bundles

Secgy-Bound for Sphere Bundles. Let P and @ be closed orientable spin manifolds,
where P serves as the total space of a unit m-sphere bundle F': P — ) with an
orthogonal connection V.

If the map F: P — Q is 1-Lipschitz*'" and if the cohomology class

F[Q]y e H"(P;Q), n = dim(Q),

doesn’t vanish (as in 11 in section 6.3.2), then the spin maz-scalar curvature
of P (defines with spin manifolds X mapped to P) is bounded in terms of the
hyperspherical radius R = Radgn»(Q) and of the norm of the curvature of V as
follows:

[»S™] ScT[P] < const- (1+¢€)-(Sc(S™(R)) + Se(S™)),

sp

where, recall, Sc(S™(R)) = %, Sc(S™) = m(m—-1), where const = constpn
is a universal constant (specified later) and where € is a certain positive function

€=¢€,n(C), for ¢ =|curv|(V), such that
€man(c) =0 for c—0.

Proof. Start by observing that if either m = 0 or n = 0, then [xS™] with
const = 1 reduces to Llarull’s inequality (sections 3.5, 4.2) which says in these
terms, e.g. for (), that

n(n-1)
Rad?, (Q)

What we need in the general case if we want const = 1 is a complex vector
bundle L - P with non-zero top Chern number and such that the normalised
curvature (defined in section 4.1.1.) satisfies

< Sc(S™(R)) +Sc(S™(1)
a 4

Now, let m = dim(S = S™) and n = dim(Q) be even and observe that the
non-vanishing condition F >*[Q]E@ + 0 always holds for even dimensional sphere
bundles.

7 The role of this "1-Lipschitz" is seen by looking at the trivial fibrations P = Q x S — Q
and also at Riemannian fibrations F' : P — @ (the differentials of) which are isometric on
the horizontal (sub)bundle. In general, when the metrics in the horizontal tangent spaces
may vary, estimates on S¢™®(P) should incorporate along with , besides curv(V), (a certain
function of) these metrics. (Observe, that the scalar curvature of P itself is influenced by the
first and second "logarithmic derivatives" of these metrics.)

Sem(Q) < = Se(S™(R)).

curv|gs(L + const’ - .
®S €
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Also observe that S™ and @ support bundles needed for our purpose, call
them Lg and Lg, where Lg is the positive spinor bundle S*(S™) - S = S™ and
Lo — @Q is induced from the spinor bundle S*(S™(R)) by a 1-Lipschitz map
Q@ — S™(R) with non-zero degree.

One knows that the top Chern numbers of these bundle don’t vanish and,
according to Llarull’s calculation,

1 1
|curv|gs(Ls) = ZSC(Sm) = Zm(m -1)

and
n(n-1)

4R?

Since the (unitary) bundle Lg - S™ is invariant under the action of the spin
group, that is the double covering of SO(m), ''® it defines a bundle Ly - P,
the curvature of which satisfies

curtlos(Lo) < 1 (Se(S"(R)) =

|curv|(Ly) = |curv|(Ls) + O(€).
Then all one needs to show is that the tensor product of
L=L,=Ly®F*(Lg),
satisfies
Sc(S™(R)) + Se(S™(1)

4

This follows by a multilinear-algebraic computation similar to what goes on
in the paper by Llarull, where, I admit, I didn’t carefully check this computation.

But if one doesn’t care for sharpness of const, then a direct appeal to the
®.-Twisting Principle formulated in section 3.11.1 suffices.

lcurv]gs(L) < +const’ - €.

Remark. Even the non-sharp version of [NS m], unlike how it is with a non-
sharp bound Radgn (X) < const, (inf, Se(X,x)) %, n = dim(X), can’t be proved
at the present moment without Dirac operators, which necessitate spin as well
as compactness (sometimes completeness) of our manifolds.

0dd Dimensions. If n = dim(Q) is odd, multiply P and @ by a long circle,
and then either of the three arguments, used in the odd case of Llarull’s theorem
which are mentioned in section 4.2 and referred to [L1 1998], [List 2010 | and
[G(inequalities) 2018], applies here.

Now let n be even and the dimension m of the fiber be odd. Here we multiply
the fiber S, and thus P by R, and endow the new fiber, call it S" = S™ xR with
the bundle Lg: over it, which is induced by an O(m + 1)-equivariant 1-Lipschitz
map S™ x R — S™*"! which is locally constant at infinity. Since the curvature
of the new fibration P’ = P x R — (@ is equal to that of the original one of V in
P — @, the proof follows via the relative index theorem.

Remarks/Questions. (a) Is there an alternative argument, where, instead of
R, one multiplies the fiber .S with the circle T, and uses, in the spirit of Lusztig’s
argument, the obvious T-family of flat connection in it.

6661

118This bundle is not SO(m) -invariant, but I am not certain if this is truly relevant.
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(b) Is there a version of the inequality [%S™], which is sharp for |curv|(V)
far from zero?

(c) What are Scg* of the Stiefel manifolds of orthonormal 2-frames in the
Euclidean R", Hermitian C" and quaternion H"?'19

6.3.5 K-Waist and Sc™ of Iterated Sphere Bundles, of Compact
Lie Groups and of Fibrations with Compact Fibers.

Classical compact Lie groups are equivariantly homeomorphic to iterated sphere
bundles.

For instance, U(k) is equal to the complex Stiefel manifold of Hermitian
orthonormal k-frames St;,(CF), where St;(C") fibers over St;_; (C") with fibres
S2(k=D-1 for all i = 1, ..., k.

Since the rational cohomology of U (k) is the same as of the product S* x
53 x ... x S?F=1 these fibrations satisfy the above non-vanishing condition ey,
which implies by the above [»S™] that

the product U(k) x R* carries a U(k)-invariant bundle, which is trivialized
at infinity, such that the top Chern number of it is non-zero.

This, by the argument from the previous section, delivers

complex vector bundles with curvature controlled unitary connections and non-
vanishing top Chern classes over total spaces P of principal U(k)-fibrations F :
P —Q, provided F*[Q]g # 0 (that is the above eyyy).

This yields

a lower bound on the K-waist of P x T,

which, in turn, implies, the following.

Corollary 1. Let F : P —» @ be a principal U(k)-fibration with a unitary
connection V, where the map F is 1-Lipschitz and F*[Q]2, # 0."%°

Then

n(n-1)
Radsn (Q)?

sp

[xU(k)], Scr[P] < constpg - (1+€) - ( + constk) ,

where € is a certain positive function € = €,,,(c), for ¢ = |curv|(V), such that

€kn(€) > 0 for ¢~ 0.
Now let us state and prove a similar inequality for topologically trivial fibra-
tions with arbitrary compact holonomy groups G.
Corollary 2. Let S and @ be compact connected orientable Riemannian mani-
folds of dimensions m = dim(.S) and n = dim(Q) and let G be a compact isometry
group of S endowed with a biinvariant Riemannin metric.!?!

119Notice that St2(C2%) = S® and Sta(H?) = S7, but not all invariant metrics on Stiefel
manifolds are symmetric.

Also notice that the corresponding (Hopf) fibrations F : P = S% - Q = S2 and F: P =
S7 - @ =5* have F*[Q]° = 0 in disagreement with the above condition ®11T; this makes one
wonder whether this condition is essential.

120For a principal fibration, this is a very strong condition, saying, in effect, that the fibration
is "rationally trivial".
1217f G is disconnected "Riemannin" refers to the connected components of G.
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Let F, : Py, — @ be a principal G-fibration with a G-connection V and with
a Riemannian metric on P,., which agrees with our metric on the G-fibers, for
which the action of G is isometric and for which the differential of the map F},, is
isometric on the V-horisontal tangent bundle T}, (Ppr) € T'(Ppy).

Let F': P - @ be an associated S-fibration that is

P=(P, xS)|G

where the quotient is taken for the diagonal action of G.

Endow P with with the Riemannin quotient metric.

[%Sq] Let Fp, : P,y > Q be a topologically (but not, in general geometrically)
trivial fibration (i.e. P, = Q) x G with the obvious action by G).

There exists a positive constant ¢, and a function ¢ =¢,, ., (c), 0 < ¢ < ¢,
where ¢ > 0 for ¢ - 0, and such that if |curv|(V) = ¢ < ¢,, then the spin maz-
scalar curvature of P is bounded by

n(n-1) . m(m—1)
Rads»(Q)2  Radgm(S)?2

22

sp

Scr[P] < const, - (1+¢€) - ( + constg) A

Proof. Embed G to a unitary group U(k) and let Fy : Py — @ be the
fibration with the fiber U = U (k) associated to Fj, : Py - Q.

Let PU — Q be the fibration with the fibers SqxUq, q € Q and observe that
this PY fibers over P with U-fibers and over P with S-fibers, where the latter
is a trivial fibration.

To show this it is enough to consider the case, where P is the principal
fibration P, for which pY = P, x U and Py is the quotient space, Py =
(Ppr xU)/G for the diagonal action of G.

Then the triviality of the principal G-fibration PY — Py is seen with the
map PV - U =U(k) for {G,xU,} + U, = U which sends the diagonal G-orbits
from all Gy x U, to GcU(k)=U.

Thus, assuming m = dim(S) is even (the odd case is handled by multiplying
by the circle as earlier) we obtain an upper bound on spin max-scalar curvature
of PY = Py x S in terms of the K-waist of Py and Radgm(S9).

On the other hand, if the fibration P - @ has curvature bounded by c,
the same applies to the induced fibration PV — P with U-fibers, and since the
(biinvariant metric in the) unitary group U = U (k) has positive scalar curvature,
the max-scalar curvature of PY is bounded from below by one half of that for
P for all sufficiently small ¢ and when ¢ — 0 these estimate converge to what
happens to Riemannian product P =@ x S.

Confronting these upper and lower bounds yields a qualitative version of
[%S¢], while completing the proof of the full quantitative statement is left to
the reader.

About the Constants. A Llarull’s kind of computation seems to show that
the above inequalities hold with const,,., = const, = 1.

1221 apologise for the length of this statement that is due to so many, probably redundant,
conditions needed for the proof.
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6.4 K-Waist and Max-Scalar Curvature for Fibration with
Non-compact Fibers.

Let P — @ be a Riemannin fibration where the fiber S is a complete contractible
manifold with non-positive curvature and such that the monodromy of the nat-
ural connection V in this fibration (defined by the horizontal tangent subbundle
Ther ¢ T(P)) isometrically acts on S.

Problem. (Compare with "Generalized Problem" in section 6.3.1.) Is there
a lower bound on the K-waists(P) in terms of such a bound on K-waist2(Q) and
on an upper bound on the norm of the curvature of V that can be represented by
the function mazhol,(e,d) as in (2) of section 6.3.17

6.4.1 Stable Harmonic Spinors and Index Theorems.

Our primarily interest in such a lower bound is that it would yield an upper
bound on the proper spin maz-scalar curvature of P, 23 where, following recipes
o1, o1, oy, from B in section 6.3.2 one has to construct a (finite or infinite
dimensional graded) with a unitary connection vector bundle £ — S, which is

*1 invariant (modulo compact operators?) under isometries of S (compare
with 7 in section 6.3.2

and

*11 homologically substantial, where this substantiality must generalize that
of e11 by properly incorporating the action of the isometry group G of S. (An
inviting possibility is the above L®V.)

What one eventually needs is not such a bundle £ — S per se, but rather
some Hilbert space of sections for a class of related bundles over P, where

(i) a suitable index theorem, e.g. in the spirit of our the second "proof" in
section 6.3.1 (with a Hilbert C*-module S over the reduced C*-algebra of the
group G being utilized),

and where

(ii) the Schroedinger-Lichnerowicz- Weitzenboeck formula applies to twisted
harmonic Lo-spinors delivered by such a theorem and provides a bound on the
scalar curvature of P.

Who is Stable? Harmonic spinors delivered by index theorems (and also
spinors with a given asymptotic behaviour as in Witten’s and Min-Oo’s argu-
ments) are stable under certain deformations (and some discontinuous modifica-
tions, such as surgeries) of the metrics and bundles in questions, albeit the exact
range of these perturbation on non-compact manifolds is not fully understood.

But the Schroedinger-Lichnerowicz-Weitzenboeck formula doesn’t use, at
least not in a visible way, this stability, which is unlike how it is with stable
minimal hypersurfaces and stable p-bubbles.

One wonders, however,

whether there is a common ground for these two stabilities in our context.

6.4.2 Euclidean Fibrations

Let us indicate an elementary approach to the above problem in the case where
the fiberes S of the fibration F': P — @) are isometric to the Fuclidean space.

123This "proper spin max-scalar” is defined via proper 1-Lipschitz maps of open spin mani-
folds X to P, see in section 5.3.1.
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(1) Start with the case where the (isometric!) action of the (structure)
group G on the fiber S of the fibration P - @ has a fixed point, then assume
m = dim(S) is even and observe that radial maps S — S™, which are constant
at infinity and have degrees one, induce homologically substantial G-invariant
bundles L = Lg bundles on S.

Since S = R™, such maps can be chosen with arbitrarily small Lipschitz
constants, thus making the curvatures of these bundles arbitrarily small, namely,
(this is obvious) with the supports in the R-balls Bs,(R) c S, around the fixed
point sg € S for the G-action and with curvatures of our (induced from S(S™))
bundles Lgs = Lg s, g = S bounded by é.u‘l

Then we see as earlier that in the limit for R — oo, the curvature of the
bundle Ly — P, which is on the fibers S = S, c P is equal to Lg — S, (see o1
in B of section 6.3.2) will be bounded by the curvature of the connection V on
P — @, provided the map P — Q is 1-Lipschitz.!?>

Consequently,

the K-waists of P is bounded from below by the minimum of the K-waisty
of Q and the reciprocal of the curvature |curv|(V)

(2) Next, let us deal with the opposite case, where the structure group
G =R™, i.e. the Euclidean space R™ acts on itself by parallel translations.

Then, topologically speaking, the fibration F' : P — (@ is trivial, but the
above doesn’t, apply since this P — @ typically admits no parallel section.

But since the V-monodromy transformations, that are parallel translations
on the fiber S = R™, have bounded displacements, there exists a continuous
trivialization map

G:P—QxR",

which, assuming @ is compact, (obviously) has the following properties.

(i) The fibers RY* ¢ P are isometrically sent by G to R™ = {q} xR™ c @ xR™
for all g € Q.

(ii) The composition of G with the projection @ x R™ — R™, call it

Ggm : P > RM
is 1-Lipshitz on the large scale,
dist(Gg'(q1,42)) < dist(q1,q2) = cost.

It follows by a standard Lipschitz extension argument, that, for an arbitrary
€ > 0, there exists a smooth map

GL:P->QxR", >0,
which is properly homotopic to G and such that the corresponding map
;,Rm :P->R™

is A-Lipschitz for A < m +n + €, where, recall, m +n = dim(P)

12474 suffices to have the universal covering S of S isometric to R™, where radial bundles on
S can be pushed forward to Fredholm bundles on S.

125The parallel displacement contribution to the curvature of Ly (see B of section 6.3.2))
cancels away by an easy argument.
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Now, the concern expressed in A of section 6.3.2 notwithstanding, the p-
bubble splitting argument from section 5.3 applies and shows that

(a) the stabilized maz-scalar curvature of P (defined in section 5.3.1 via
products of P with flat tori) is bounded, up to a multiplicative constant, by that
of Q.

Besides, the existence of fiberwise contracting scalings of P, which fix a given
section () —» P, show that

(b) if Q is compact and if m is even, then the K-waisty of P is bounded
from below, by that of Q.

Notice here, that

unlike most previous occasions, neither a bound on the curvature of the fibration
P — (@ is required, nor the manifold X in the definition of the max-scalar curvature
mapped to P need to be spin.

And besides dispensing of the spin condition, one may allow here

non-complete manifolds Q and X and/or manifolds in (a) and compact mani-
folds @ with boundaries in (b).

(3) Finally, let us turn to the general case where the structure group of a
fibration P - @ with the fiber S = R™ is the full isometry group G of the
Euclidean space R™.

Recall that G is a the semidirect product, G = O(m) x R™, let Pg - Q be
the principal bundle with fiber G associated with P - @ and let Po — P be the
associated O(m) bundle. Let

Po<—Pg—>P

be the obvious fibrations.

Now, granted a bound on the Lipschitz constant of F' : P — ) and the
curvature of this fibration, we obtain

(i) a bound on the max-scalar curvature of the space Pg in terms of such a
bound on P

In fact, the curvature of the fibration Pg — P as well as its Lipschitz constant
are bounded by those of F': P - @ and our bound (i) follows from non-negativity
of the scalar curvature of the fiber O(m) of this fibration by the (obvious)
argument used in section 6.3.5.

Then we look at the fibrations P — Po — ) and observe that

(ii) the fibration Po — @ has O(m)-fibers and, thus the K-waists(Pp) is
bounded from below by that of @ as it was shown in section 6.3.5;

(iii) the fibration Pg — Po has R™-fibers and the structure group R™ and,
by the above (2), the K-waisty of Pg is bounded from below by that of @; hence

K-waisty(Pg) of Pg is bounded by K-waists(Q).

We recall at this point the basic bound on Scf,az(Pg) by the reciprocal of
the K-waists(Pg), confront (i) with (iii) and conclude (similarly to how it was
done in section 6.3.5) to the final result of this section.

RV Let F: P - Q be a smooth fibration between Riemannin manifolds with
fibers S; = R™ and a connection V, the monodromy of which isometrically acts on
the fibers. If the map F' is 1-Lipschitz, then

the proper spin maz-scalar curvature of P is bounded in terms of the curva-
ture |curv|(V) and the reciprocal to K-waists(Q).
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Corollary. Let Q admit a constant at infinity area decreasing map to S,
n = dim(Q), of non-zero degree.
Let the norm of the curvature of (the connection V on) a bundle P — @ with
R™-fibers is bounded by c.
Let a complete orientable Riemannian spin manifold X of dimension m +n
admit a proper area decreasing map to P.
Then
inf Se(X,z) <U(e),
zeX

where, ¥ =W, ., is an effectively describable positive function; in fact, the above
proof of RE shows that one may take

U(c)=(m+n)(m+n-1)+constyc

and where, probably, (m+n)(m+n—1) can be replaced by n(n—1).

6.4.3 Spin Harmonic Area of Fibrations With Riemannian Symmet-
ric Fibers.

Let S be a complete Riemannian manifold with a transitive isometric action of
a group GG which equivariantly lifts to a vector bundle Lg — S with a unitary
connection, such that the Lo-index of the twisted Dirac operator Dgr . is non

Zero. 126

Example: Hyperbolic and Hermitian Symmetric spaces.

(a) If S = H?*P then S = H*" and Lg = S*(H?*7") (compare with section
4.6.5).

(b) If S is a Hernitian Symmetric space, e.g. a product of hyperbolic planes
or the quotient space of the symplectic group Sp(2k,R) by U(k) c Sp(2k,R),
then the canonical bundle (or, possibly, its tensorial power) can be taken for
Lg.

Let F': P - @ be a fibration with the fiber S and the structure group G, let
P be endowed with a complete Riemannin metric and let Ly — P be the natural

extension of the (G-equivariant!) bundle Lg to P (compare with section 6.3.2).
Let Lo — @ be a vector bundle with a unitary connection. and let

LXZF*(LQ)®L$—>P

Conceivably there must exist (already exists) an index theorem for the Dirac
operator on P twisted with the bundle L, that would ensure the existence of
non-zero twisted harmonic Ls-spinors on P under favorable topological and
geometric conditions.

For instance, if @) is a complete Riemannian of even dimension n, if the
bundle Ly is induced from the spin bundle S*(S™) by a smooth constant at
infinity map @ — S™ of positive degree, if P is spin and if the map F: P - Q)
is isometric on the horizontal subbundle in T'(P), then, conjecturally,

126 As we have already mentioned in section 4.6.5, if S admits a free discrete cocomapct
isometric action of a group I', this is equivalent to the non-vanishing of the index of the
corresponding operator on S/T" [Atiyah (L2) 1976]; in general, this index is defined by Connes
and Moscovici in [ConMos 1982].
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the manifold P supports a non-zero L,-twisted harmonic La-spinor.

In fact this easy if the fibration is flat, e.g. if the fibration P = Q x .S and,
if the curvature of this fibration is (very) small, then a trivial perturbation
argument as in section 4.6.5 yields almost harmonic spinors on large domains
PR c P.

But what we truly wish is the solutions of the following counterparts to (A)
and (B) from section 4.6.5.

Let F: Pr > QQr be a submersion between compact Riemannin manifolds
with boundaries, where

R =supdist(p,0P)
peP
and where the local geometries of the fibers are d-close (in a reasonable sense)
to the geometry of an above homogeneous S and let L, r — Pr be a vector
bundle, also d-close (in a reasonable sense) to an above L,,.

(Ar) When does P support a e-harmonic Ly gr-twisted spinor which vanishes
on the boundary of P?

(Br) When does a similar spinor exist on a manifold Pg, which admits a map
to Pr with non-zero degree and with a controlled metric distorsion.?

6.5 Scalar Curvature of Foliations

Let X be a smooth n-dimensional manifold and £ a smooth foliation of X that
is a smooth partition of X into (n — k)-dimensional leaves, denoted L.

Let T(.Z) c T(X) denote the tangent bundle of £ and Recall that the
transversal (quotient) bundle T(X)/T () carries a natural leaf-wise flat affine
connection denoted V, where the parallel transport is called monodromy.

This V can be (obviously but non-uniquely) extended to an actual (non-flat)
connection on the bundle T'(X)/T(.¥) - X, which is called Bott connection.

Two Examples (1) Let . admit a transversal k dimensional foliation, say %~
and observe that the bundle T(X)/T (%) - X is canonically (and obviously)
isomorphic to the tangent bundle T'(.%").

Thus, every J# -leaf-wise connection in the tangent bundle T'(%), e.g. the
Levi-Civita connection for a leaf-wise Riemannian metric in JZ°, defines a J¢-
leaf-wise connection, say V. of T(X)/T(Z)

Then there is a unique connection on the bundle T'(X)/T(¥) - X, which
agrees with V; on the Z-leaves and with V_» on the J# -leaves, that is the Bott
connection.

(2) Let the bundle T(X)/T(Z) - X be topologically trivial and let 0; :
X - T(X), i=1,..,k, be linearly independent vector fields transversal to .Z.
Then there exists a unique Bott connection, for which the projection of 9; to
T(X)/T (%) is parallel for the translations along the orbits of the field 9; for
alli=1,..., k.

In what follows, we choose a Bott connection on the bundle T(X)/T(£) —
X and denote it V.

Also we choose a subbundle T ¢ T(X) complementary to T'(.%¢), which,
observe, is canonically isomorphic to T(X)/T(.£), where this isomorphism is
implemented by the quotient homomorphism T+ c T(X) - T(X)/T(.Z).
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With this isomorphism, we transport the connections V; and V% from
T(X)/T(Z to Vi keeping the notations unchanged. (Hopefully, this will bring
no confusion.)

6.5.1 Blow-up of Transversal Metrics on Foliations

Let g = g be a leaf-wise Riemannin metric on the foliation .Z, that is a positive
quadratic form on the bundle T'(.%), let g* be such a form on T* and observe
that the sum of the two g® = g ® g* makes a Riemannin metric on the manifold
X.

This metric itself doesn’t tell you much about our foliation .Z, but the family

9@ =geeig, e>0,

is more informative in this respect, especially for e - co. For instance,

[a] if the metric g = g« has strictly positive scalar curvature, i.e. Scg(L) >0
for all leaves £ of £, and, this is essential, if the metric g* is invariant under the
momnodromy along the leaves L — foliations which comes with such a g* are called
transversally Riemannian, — then, assuming X is compact,

Sc(g®) >0

for all sufficiently large e > 0.

Proof of [a] Let g € X, let Lo = L4, ¢ X be the leaf which contains
xo and observe that the pairs pointed Riemannian manifolds (X, Lg 3 xg) for
X = (X, g®) converge to the (total space of the) Euclidean vector bundle T+
restricted to £y with the metric

[EB] Jlim = gL, @ ggua

where gz = g#|Lo, where g3, = 95,(1), | € Lo, is the a family of the Eu-
clidean metrics in the fibers of the bundle T*|L( corresponding to g* on Ly, and
where "@" refers to the local splitting of this bundle via the (flat!) connection
Vi, |Lo.12" The scalar curvature of the metric gz, ® g5, is determined by

the scalar curvature of the leaf £ and the first and second (covariant)
logarithmic derivatives of gz, (1),

where g7, (1) is regarded as a function on £, with values in the space of (positive)
quadratic forms on R, which in the case g%, (1) = ¢(1)go reduces to the "higher
warped product formula" from section 2.4:
k(k-1 2k
(*%2)  SeletPa)(t.r) = Se(co)®) - "= Djwo)? - 25
w*(1) e(l)
where (I,7) € Lo x R* and A = ¥V, ; is the Laplace operator on L.
Since, in general, these "logarithmic derivatives" denoted g, (1)’ /93, (1) and
95, (1)" /9%, (1) are the same as of the original (prelimit) metric g* (1), it follows,
that

(**SC)
Sc(geo ® gpu) 2 Sclge,) — consta ([[(g* (1) 19 0)?[ +1lg* ()" [g* (D)) -

127The limit space (T*, g1im ) can be regarded as the tangent cone of X at Lo ¢ X, where
the characteristic feature of this cone is its scale invariance under multiplication of the metric
giim normally to Lo by constants.

Ap(l),
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In particular, if g* is constant with respect to V%MIO, then the limit metric

lim locally is the Riemannian product (£, g¢) x with the scalar curvature
equal to that of .Z. QED.

However obvious, this immediately implies

[al] vanishing of the A—genus as well as of its products with the Pontryagin
classes of T* for transversally Riemannian foliations on closed spin manifolds X,
where the "product part" of this claim follows from the twisted Schroedinger-
Lichnerowicz-Weitzenboeck formula for the Dirac operator Dgr:, since the cur-
vature of the (Bott connection in the) bundle T+ — X converges to zero for
e — 00.

(This is not formally covered by Connes’ theorem stated in section 3.12,
where the spin condition must be satisfied by .Z rather than X itself as it is
required here; but it can be easily derived from Connes’ theorem.)

Another equally obvious corollary of [@] is as follows.

[a2] 1f Se(#) > n(n - 1) and if X is closed orientable spin, then X admits
no map f: X — S™, such that deg(f) + 0 and such that the restrictions of f to
the leaves of £ are 1-Lipschitz.

But this is not fully satisfactory, since it it remains unclear

if one truly needs the inequality Sc(.Z) >n(n-1) or
Se(ZL)>(n-k)(n-k-1) for n—k =dim(Z) will suffice?
Ezercise. Show that Sc(.%) > 2 does suffice for 2-dimensional foliations.
Flags of Foliations. Let

L=L<L <. <Y,

where the relation .Z;_1 < % signifies that .Z; refines Z;_1, which means the
inclusions between their leaves,

LicLli,

and where %) is the bottom foliation with a single leaf equal X.

Let T} =T} c T(%5-1), © = 1,2,...,j be transversal subbundles isomorphic
to T(Z;-1)/T (L), let gj = g, be a Zj-leaf-wise Riemannian metric, let g;,
i=1...j,, be Riemannin metrics on 7;* and let

® 2 1 2 1
Jey,....e; = 90 ®ejg; & ... 9 e€jg;.

[b| If the metrics in the quotient bundles T(.%;-1)/T (%), i =1, ..., j, which
corresponds to g;, are invariant under holonomies along the leaves of £}, if
e; — oo, then

Se(g2,,..e;) = Se(g5),
where this convergence is uniform on compact subsets in X.

Proof. Since

the logarithmic derivatives of maps from Riemannian manifolds to the
Euclidean spaces tend to zero as the metrics in these manifolds are
scaled by constants — oo,

the above (* * Sc) implies the following.
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[blim] The pair of pointed Riemannian manifolds (Xe, .. .,,£L; > z;), for all
leaves L; of .Z; and all x; € L;, converges to the (total space of the) flat Euclidean
vector bundle 7} @ ... ® T; — L;, where the limit metric on (the total space of)
Ti ®...@T; locally splits as

[®:L], Gim = 92; ® 9Bu ® IBu1(1)>

where gp,, is the Euclidean metric on R¥2*---*i+-+%i for k; = rank(T}) and 9Eu,1(1)
le L; is a family of Euclidean metrics in the fibers of the bundle T}" - X restricted
to L;, where the logarithmic derivatives of these metrics are equal these for the
original (prelimit) metrics in the bundle T} over £;.

Now, we see, as earlier, that [by;,| = [b] and the proof follows.

Thus, the above [al] and [a2] generalize to transversally Riemannian flags
of foliations

6.5.2 Connes’ Fibration.

Let the "normal" bundle T+ - X to a foliation .£ on X admits a smooth G-
structure for a subgroup G of the linear group GL(k), k = codim(¥), which
(essentially) means that the monodromy transformation for the above canonical
flat leaf-wise connection V<, are contained in G.

For instance, being Riemannian for a foliation is the same as to admit G =
O(k) and G = GL(k) serves all foliation.

Let G isometrically act on a Riemannin manifold S and let P - X be a
fibration associated to T+ — X.

Then the monodromy of V%, is isometric on the fibers S, c P.

Principal Ezample.[Con 1986] Let
G =GL(k) and S = GL(k)/O(k)

and let us identify the fiber S,, for all z € X, with the space of Euclidean
structures, i.e. of positive definite quadratic forms, in the linear space Tr.
Clearly, this .S canonically splits as

S=RxRfor R=SL(k)/SO(k),

where, observe, R carries a unique up to scaling SO(k)-invariant Riemannian
(symmetric) metrics with non-positive sectional curvature and where the R-
factor is the logarithm of the central multiplicative subgroup RX c GL(k).
Thus, S = R x R carries an invariant Riemannian product metric, call it gg,
which is unique up-to scaling of the factors.
Next, observe that the tangent bundle T'(P) splits as usual

T(P) — Tvert ® Thor

where TU¢"t consists of the vectors tangent to the fibers S, ¢ P, z ¢ X, and
where T"°" is the horizontal subbundle corresponding to the Bott connection,
and where the splitting T(X) = T(.£) @ T* lifts to a splitting of T"°", denoted

T =T(L) e T
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Thus, the tangent bundle T'(P) splits into sum of three bundles,
T(P)=T"*"eoT(L)eT",
where, to keep track of things, recall that
rank(T(Z)) = dim(ZL) = n -k, rank(T*) = codim(ZL) = k
and
k(k+1)

2

Let us record the essential features of these three bundles and their roles
in the geometry of the space P (see [Con 1986] and compare with §17 in
[G(positive) 1996]).

(1) Metric §* in T*. The (sub)bundle T+ c T(P) carries a tautological
metric call it g*, which, in the fiber T,y ¢ T* for p € P over x € X, is equal to
this very p € P, regarded as a metric in T} ¢ T* - X.

(2) Foliation £* of P. The leaves L£* c P of this foliations are the pullbacks
of the leaves £ of £ under the map P — X. These L* have dimensions n — k +
@ and the tangent bundle T'(.Z*) is canonically isomorphic to T'(Z)@TV*"".

rank(T ™) = dim(GL(k)/O(k)) =

(3) Foliation .Z of P. This is the natural lift of the original foliation .Z of
X:

the leaf Ep of .2 through a given point p € P over an z € X is equal to the set
of the Euclidean metrics in the fibers 7}* ¢ T* - X for all I € £, c X, which are

obtained from p, regarded as such a metric in T} ¢ T* - X, by the monodromy
along the leaf £, of the foliation . of X.

This foliation can be equivalently defined via its tangent (sub)bundle, that
is
T(ZL)=T(Z) cT(P).
Also observe that this £ refines ., written as £ > £*, where, in fact, the
leaves of .£* are products of the monodromy covers of the leaves of .Z by S.

(4) Z-Monodromy Invariance of the Metric g*. The bundle T* c T(P),
where the metric g* resides, is naturally isomorphic to the "normal" bundle
T(P)/T(Z*), but this metric is not invariant under the monodromy of the
foliation Z*.

However, §* is invariant under the monodromy of the sub-foliation £ > £*
with the leaves £ c L* as it follows from the above description of the leaves £,
of Z.

(5) Z-Monodromy Invariance of §g in the Bundle 7%¢"*. Since the fibration
P — X with the fiber S = GL(k)/O(k) is associated with T+ - X, every GL(k)
metric gg on S gives rise to a monodromy invariant metric in this fibration
which we keep denoting gg.

Then the natural lift of gg to the bundle Tt == T(Z*)/T(L), denoted js,
is, obviously, & -monodromy invariant.

(6) Scalar Curvature under Blow-up of Metrics in T(P). Let g = g be a
Riemannin metric in the tangent bundle 7'(Z’) c T'(X) of a foliation .’ of X
as earlier and let g be its lift to the bundle T(¥) = T(%L) c T(P).
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Let ge+ o be the Riemannin metric on the manifold P that is the metric in
the bundle R R
T(P)=T(ZL)eT" " &T".

where our ge+ .. is split into the sum of the metrics from th above (5) and (4).
which are taken here with (large) positive e-weights as follows.

~ ~ 2~ 2~
Jetet =9 @ e+g;—£ ® eigl'

Then it follows from the above [b], that if

then

[fisc] the scalar curvature of the metric ge+ .o at p € P* over x € X converges
to that of g on the leaf L, > © at x, where this convergence is uniform on the
compact subsets in P+.128

Generalizations. Much of the above (1) - (6) applies to foliations with mon-
odromy groups G not necessarily equal to GL(k) and with fibrations with the
fibers that may be different from G/K, which we will approach in the following
section on the case-by-case basis.

6.5.3 Foliations with Abelian Monodromies

Let a foliation .Z of an orientable n-dimensional Riemannian manifold X admit a
smooth G-structure invariant under the monodromy, where the group G is Abelian
and let the scalar curvatures of the leaves with the indices Riemannin metrics are
bounded from below by o > n(n -1).

Oo. The hyperspherical radius of X is bounded by one,

Radg(X) < 1.

That is, if R > 1, then
X admits no 1-Lipschitz map to the sphere S™(R), which is constant
at infinity and which has non-zero degree.

Prior to turning to the proof, that is an easy corollary of what we discussed
about R¥-fibration in section 6.4.2, we’ll clarify a couple of points.

1. We don’t assume here that the manifold X is compact or complete, nor
do we require it is being spin.

2. We don’t know if our Abelian assumption on G is essential. It is conceiv-
able that

0o holds for all foliations, i.e. for G = GL(k), k = codim(.£), and, moreover,
with the bound Se(Z) > (n-k)(n-k-1).

2. Examples of foliations with Abelian G, include:

128 This convergence property is implicit in [Con 1986] and it is articulated explicitly in §1%
of [G(positive) 1996], where it is additionally required that e?/e2 — co. This, as I see it now,
only serves a psychological purpose: when it comes to applications one starts with scaling g*
with a large e4 and then let e? — co. Also this convergence appears in "adiabatic" terms in
Proposition 1.4 of [Zhang 2016].
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foliations with transversal conformal structure, e.g. (orientable) foliations of
codimension one, where G is the multiplicative group R*;

flags of codimension one foliations (where G = (R*)¥) and/or of foliations with
transversal conformal structures.

Proof of JO. Let P - X be the principal fibration associated with the
bundle T'(X)/T () and by blowing up the metric of P transversally to the lift
% to P as in the previous section, make the scalar curvature of P on a given
compact domain P, c P greater than n(n—1) —¢ for a given € > 0.

Also with this blow-up, make the Lipschitz constant of the map P - X as
small as you want.

(A possibility of this formally follows from the above (1) - (6) for foliations
of codimension one, while the proof in general case amounts to replaying (1) -
(6) word-for-word in the present case.)

Next, let G = R™, observe as in (2) in section 6.4.2 that P, admits a (1 +¢)-
Lipschitz map of degree one from Py to X x [0, L]* for an arbitrary large L and
apply the maximality /extremality theorem for punctured spheres from sections
3.9 and 5.4.

This concludes the proof for G = R™ and the case of the general Abelian G
follows by passing to the quotient of G by the maximal compact subgroup.

To get an idea why one can control the geometry of the blow-up only on
compact subsets in P, look at the following.

Geometric Example. Let (Y, g) be a Riemannian manifold and let Py - Y
be the fibration, with the fibers Sy, y € Y, equal to the spaces of quadratic forms
in the tangent spaces T,,(Y") of the form c-g,, ¢ > 0. Thus, Py =Y xR, for
R = log R with the metric e*"dy? + dr?.

When r - +o0o0 and the curvature of e2"g tends to zero, then the metric
e?"dy? + dr? converges to the hyperbolic one with constant curvature —1, but
when 7 — —oo, then the curvatures of €2"g and of e2"dy? + dr? blow up at all
points y € Y, where the curvature of g doesn’t vanish.

And if apply this to the fibration P = Py x L - X =Y x £ with the same R-
fibers, then we see that the convergence of the scalar curvatures of the blown-up
P to those of £ is by no means uniform.

6.5.4 Hermitian Connes’ Fibration

Let .Z be a foliation on X of codimension k as earlier with a transversal
(sub)bundle T* ¢ T(X) and a Bott connection in it. Let 7™ be the sum of
T+ with its dual bundle and endow T™ with the natural, hence monodromy
invariant, symplectic structure.

Let S, denote the space of Hermitian structures in the space T, for all
xr € X, and let P - X be the corresponding fibration, that is the fibration
associated with T, with the fiber S = Sp(2k,R)/U (k).

Equivalently, this fibration P — X is associated to T* — X via the action
of GL(k) on S = Sp(2k,R)/U (k) for the natural embedding of the linear group
GL(k) to the symplectic Sp(2k,R)

Besides sharing the properties (1)-(6) of the original Connes’ bundle formu-
lated in section 6.5.2, this new P — X has, a lovely additional feature:

S is a Hermitian (irreducible) symmetric space, which implies (see section
6,4.3) non-vanishing of the index of some twisted Dirac operator on S that is
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invariant under the isometry group (that is Sp(2k,R)) of S.

Let us formulate several conjectures the (positive) solution of which besides
being interesting in its own right, might simplify the proof by Connes in [Con
1986] as well as the version of Connes’ proof from [Zhang 2016].

LetY = (Y,w) be a closed symplectic manifold of dimension 2k and let F :
Py — Y be the fibration associated with the tangent bundle T'(Y) with the fiber
S = Sp(2k,R)/U (k).

Observe that the quotient bundle T'(Py )/TV¢" carries a tautological Hermitian
metric g, and a granted Sp(2k,R)-connection in the tangent bundle T(Y"), that
is a horizontal subbundle T"°" c T'(Py ), one obtains a Riemannin metric gp in the
tangent bundle T'(Py) = Tt ® T"°" that is

gr =9gs ® +gu

where gg is a Sp(2k,R)-invariant Hermitian metric in S, which is unique up to
scaling.

Let the symplectic form w be integer and thus serves as the curvature of a
unitary line bundle L - Y.

Conjecture 1 The bundle of spinors on Py twisted with some tensorial
power of the bundle F*(L) - PY admits a non-zero harmonic Ly-section on
PY.

Remarks and Examples. (a) The geometry of this P, unlike of what we met
in section 6.4.3, is as far from being a product as in Py from the geometric
example. in section 6.5.3.

(b) The simplest instance of Y is that of an even dimensional torus T?* with
an invariant symplectic form w and trivial flat symplectic connection.

In this case, the universal covering Py of the manifold Py is Riemannian
homogeneous; moreover, the (local) index integrant is homogeneous as well. It
is probable, that a version of the Connes-Moscovici theorem applies in this case
and yields twisted harmonic Lo-spinors on Py and, eventually, on Py.

(c¢) It would be most amusing if twisted Dirac operators on Py were non-
trivially influenced by the symplectic geometry of (Y, w).

Let us generalize the above conjecture to make it applicable to foliations.

to be continued.

6.5.5 Scalar Curvature and Dynamics of Foliations

to be continued.

6.6 Moduli Spaces Everywhere

All topological and geometric constraints on metrics with Sc > o are
accompanied by non-trivial homotopy theoretic properties of spaces of
such metrics.

A manifestation of this principle is seen in how topological obstructions for
the existence of metrics with Sc¢ > 0 on closed manifolds X of dimension n > 5
give rise to

pairs (hg, h1) of metrics with Sc¢ > o >0 on closed hypersurfaces Y ¢ X which

can’t be joined by homotopies hy with Sc(hy) > 0.
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The elementary argument used for the proof of this (see section 3.15) also
shows that (known) constraints on geometry, not only on topology, of manifolds
with Sc > o play a similar role.

For instance, assuming for notational simplicity, o = n(n — 1), and recalling
the i—f—inequahty from sections 3.7, 5.3, we see that

(a) if 1> %’T, then the pairs of metrics hy ® dt*> and hy @ dt* on the cylinder
Y x [-l,1], for the above Y and [ > 27—?, can’t be joined by homotopies of metrics
hy with Sc(hy) > n(n-1) and with disty, (Y x {-1},Y x {I}) > 2.

This phenomenon is also observed for manifolds with controlled mean curva-
tures of their boundaries, e.g. for Riemannian bands X with mean.curv(9:X) >
u+ and with Sc¢(X) > o, whenever these inequalities imply that dist(0_X,0,X) <
d=d(n,o,us). (One may have o < 0 here in some cases.)

Namely,

(b) certain sub-bands Y ¢ X of codimension one with 9z(Y") c 0:(X) admit
pairs of metrics (ho, h1), such that mean.curvp, p, (0:Y) > uz and Scpy p, (V) 2
o while distp, p, (0-,0.) > D for a given D > d. But these metrics can’t be joined
by homotopies h; , which would keep these inequalities on the scalar and on the
mean curvatures and have disty, (0-,0,) > d for all t € [0,1].

(c) This seems to persist (I haven’t carefully checked it) for manifolds with
corners, e.g. for cube-shaped manifolds X: these, apparently contain hyper-
surfaces Y c X, the boundaries of which 9Y c X inherit the corner structure
from that in X, and which admit pairs of "large" metrics hg, h1, which also
have "large" scalar curvatures, "large" mean curvatures of the codimension one
faces F; in Y and "large" complementary (m — <;;) dihedral angles along the
codimension two faces Fjj;, but where these hg, h;1 can’t be joint by homotopies
of metrics h; with comparable "largeness" properties.

It is unclear, in general, how to extend the mp-non-triviality (disconnected-
ness) of our spaces of metrics to the higher homotopy groups, since the tech-
niques currently used for this purpose rely entirely on the Dirac theoretic tech-
niques (see [EbR-W 2017] and references therein), which are poorly adapted to
manifolds with boundaries. But some of this is possible for closed manifolds.

For instance, let Y be a smooth closed spin manifold, and h,, p € P, be
a homotopically non-trivial family of metrics with Sec(h,) > o > 0, where,
for instance, P can be a k-dimensional sphere and non-triviality means non-
contractibility.

Let S7*(S™ x Y') denote the space of pairs (g, f), where g is a Riemannian
metric on S™ x Y with Se(g) > o and f : (S™ xY,g) - S™ is a distance
decreasing map homotopic to the projection f,: S™ xY — S™.

If non-contractibility of the family h,, follows from non-vanishing of the index
of some Dirac operator, then (the proof of) Llarull's theorem suggests that the
corresponding family (hy, + ds?, fo) € ST (S™ x Y) for o, = o +m(m - 1) is non-
contractible in the space

m

Sm(mil)(sm X Y) o) S;Z(Sm X Y)

This is quite transparent in many cases, e.g. if h, = {ho,h1} is an above
kind of pair of metrics with Sc > 0, say an embedded codimension one sphere
in a Hitchin’s homotopy sphere.
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Remarks. (1) If "distance decreasing” of f is strengthened to "e,-Lipschitz"
for a sufficiently small &, > 0, then the above disconnectedness of the space of
pairs (g, f) follows for all X with a use of minimal hypersurfaces instead of
Dirac operators.

(ii) The above definition of the space S)* makes sense for all manifolds X
instead of S™ x Y, where one may allow dim(X) <m as well as > m.
However, the following remains problematic in most cases.

For which closed manifolds X and numbers m, o1 and oo > o1 > 0 is the
inclusion 87} (X') <87 (X)) homotopy equivalence?

Suggestion to the Reader. Browse through all theorems/inequalities
in the previous as well as in the following sections, formulate their possible
homotopy parametric versions and try to prove some of them.

6.7 Corners, Categories and Classifying Spaces.

It seems (I may be mistaken) that all known results concerning the homotopies
of spaces with metrics Sc¢ > 0 are about the iterated (co)bordisms of manifolds
with Sc> 0 rather than about spaces of metrics per se.

To explain this, start with thinking of morphisms a — b in a category as
members of class of labeled (directed) edges/arrows [0,1] with the 0-ends labeled
by a and the 1-end labeled by b.

Then define a cubical category C (I guess there is a standard term but I
don’t know it) as a class of labeled combinatorial cubes of all dimensions, [0, 1]%,
i =1,2,..., where all faces are labeled by members of some class and which
satisfied the obvious generalisations of the axioms of the ordinary categories:
associativity and the presence of the identity morphisms.

Ezxample. Let C = A" consist of continuous maps from cubes to a topological
space A, e.g. to the space A = G, = G4(X) of metrics with positive curvature
on a given manifold X, where these maps are regarded as labels on the cubes
they apply to.

If we glue all such cubes along faces with equal labels, we obtain a cubical
complex, call it |C|, which is (weekly) homotopy equivalent to A, where possible
degeneration of cubes.e.g. gluing two faces of the same cube, is offset by possi-
bility of unlimited subdivision of cubes by means of cubical identity morphisms.

Next, given a smooth closed manifold X, consider "all" Riemannian mani-
folds of the form (X x[0,1]%,g), i =0,1,2, ..., such that Sc(g) > 0, and such that
the metrics g in small neighbourhoods of all "X-faces" X x F};, where F} is are
((i - 1)-cubical) codimension one faces in the cube [0,1]?), split as Riemannin
products: g = gxxr; ® dt?. Denote the resulting cubical category by XGY and
observe that there is a natural cubical map

2:]G(X)7] = [X G-

Now we can express the above "iterated cobordism" statement by saying
that the only part of the homotopy invariants of G,(X) (which is homotopy
equivalent to G, (X)), e.g of its homotopy groups, which is detectable by the
present methods is what remains non-zero in | X G7| under =.

Similarly one can enlarge other spaces of Riemannin metrics on non-closed
manifolds from the previous section with lower bounds on their curvatures and
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their sizes, where the latter can be expressed with maps f : (X, g) - X, with
controlled Lipschitz constants with respect to g, or with respect to the Sc-
normalised metric Sc(X) - g defined as in section 4.2.

There is yet another way of enlarging the cubical category X G, namely by
B*G"(D), where D is topological, e.g. metric space and where

oo closed oriented Riemannian manifolds X of all dimensions n along with
continuous maps X — D stand for 0-cubes - "vertices",

e, "edges" ; i.e 1-cubes are cobordisms W"*! between X, X1, with Rieman-
nin metrics split near their boundaries 9W"*! = Xyu-X, and continuous maps
to D extending those from XyandXj,

e, "squares", are (rectangularly cornered (n + 2)-dimensional) cobordisms
between W-cobordisms with maps to D, etc.

The actual cubical subcategory of B*G"(D), which is relevant for the study
of the space |[XG9| (that is, essentially, the space of metrics with Sc > 0 on
X) is where all manifolds in the picture are spin, the scalar curvatures of their
metrics are positive, D is the classifying space of a group II and where one
may assume the fundamental groups of all X to be coherently (with inclusion
homomorphisms) to be isomorphic IT 2 (compare [EbR-W 2017|, [HaSchSt
2014],

(QQuestion. What are possible generalizations of the above to manifolds with
corners, which are far from being either cubical or rectangular?

For instance, prior to speaking of spaces of metrics and of categories of
cobordisms, let X be an individual manifold with corners, say a (smoothly)
topological n-simplex or a dodecahedron, let (co < o < 00), let (oo < p; < o0)
be numbers assigned to the codimension one faces F; of X and 0 < ;5 < 7 be
assigned to the codimension two faces of the kind F; n F}.

When does X admit a Riemannian metric g such that

Scy > 0, mean.curvy(F;) > p; and 2 4(Fy, Fy) <7 — (357

Let moreover, D c Riv , where the N Euclidean coordinates are associated

with the faces F; of X, be a closed convex subset, introduce the following addi-
tional condition on g:

the N- vector of distances {d;(x) = disty(z,F;)} is in D for all x € X.
We ask when does there exist a g with this additional condition and also

what is the homotopy type of the space of metrics g on X, such that

Scg > 0, mean.curvg(F;) > p;, < 4(F1,Fy) <m-p;; and {d;(z)} e D?
(For instance, if X is a topological n-simplex, then an "interesting" D is

defined by ¥, d;(x) > const.)

One may also try to generalize the concept of cubical category by allowing
all kinds of combinatorial types of manifolds X with corners and of attachments

129This "assume" relies on the codimension two surgery of manifolds with Sc > 0, which is
possible for making the fundamental groups of n-manifolds isomorphic to IT if n > 4 and where
more serious topological conclusions need n > 5.
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of X to X' along isometric codimension one faces X o F' < [’ ¢ X', where the
isometries I’ <> F’, must match the mean curvatures of the faces:

mean, curv(F") = —mean.curv(F') which is equivalent to the natural metric
on

X U
FoF’

being C'-smooth.

Is there a coherent category-style theory along these lines of thought?

6.8 Limits and Singularities.

............... to be continued.
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