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ABSTRACT. We study a notion of convex cocompactness for discrete subgroups of the
projective general linear group acting (not necessarily irreducibly) on real projective
space, and give various characterizations. A convex cocompact group in this sense need
not be word hyperbolic, but we show that it still has some of the good properties of
classical convex cocompact subgroups in rank-one Lie groups. Extending our earlier
work [DGK2] from the context of projective orthogonal groups, we show that for word
hyperbolic groups preserving a properly convex open set in projective space, the above
general notion of convex cocompactness is equivalent to a stronger convex cocompact-
ness condition studied by Crampon—Marquis, and also to the condition that the natural
inclusion be a projective Anosov representation. We investigate examples.
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1. INTRODUCTION

In the classical setting of semisimple Lie groups G of real rank one, a discrete subgroup
of GG is said to be convex cocompact if it acts cocompactly on some nonempty closed
convex subset of the Riemannian symmetric space G/K of G. Such subgroups have been
abundantly studied, in particular in the context of Kleinian groups and real hyperbolic
geometry, where there is a rich world of examples. They are known to display good
geometric and dynamical behavior.

On the other hand, in higher-rank semisimple Lie groups G, the condition that a dis-
crete subgroup I' act cocompactly on some nonempty convex subset of the Riemannian
symmetric space G/K turns out to be quite restrictive: Kleiner-Leeb [KL] and Quint [Q)]
proved, for example, that if G is simple and such a subgroup I' is Zariski-dense in G, then
it is in fact a uniform lattice of G.

The notion of an Anosov representation of a word hyperbolic group in a higher-rank
semisimple Lie group G, introduced by Labourie [L] and generalized by Guichard—Wienhard
[GW3], is a much more flexible notion, which has earned a central role in higher Teichmiiller—
Thurston theory, see e.g. [BIW2, BCLS, KLPc, GGKW, BPS|. Anosov representations are
defined, not in terms of convex subsets of the Riemannian symmetric space G/ K, but rather
in terms of a dynamical condition for the action on a certain flag variety, i.e. on a compact
homogeneous space G/P. This dynamical condition guarantees many desirable analogies
with convex cocompact subgroups in rank one: see e.g. [L, GW3, KLPa, KLPb, KLPc¢|.
It also allows for the definition of certain interesting geometric structures associated to
Anosov representations: see e.g. [GW1, GW3, KLPb, GGKW, CTT|. However, natural
conver geometric structures associated to Anosov representations have been lacking in
general. Such structures could allow geometric intuition to bear more fully on Anosov rep-
resentations, making them more accessible through familiar geometric constructions such
as convex fundamental domains, and potentially unlocking new sources of examples. While
there is a rich supply of examples of Anosov representations into higher-rank Lie groups
in the case of surface groups or free groups, it has proven difficult to construct examples
for more complicated word hyperbolic groups.

One of the goals of this paper is to show that, when G = PGL(R") is a projective linear
group, there are, in many cases, natural convex cocompact geometric structures modeled
on P(R™) associated to Anosov representations into G. The idea is the following: to any
discrete subgroup I' of G = PGL(R") are associated two limit sets Ar and A}. Recall that
an element g € PGL(R") is said to be prozimal in the real projective space P(R") if it
admits a unique attracting fixed point in P(R™) (see Section 2.3). The prozximal limit set
Ar of T in P(R™) is defined as the closure of the set of attracting fixed points of proximal
elements of I' in P(R™). Similarly, we consider the proximal limit set Af of I' in the dual
projective space P((R™)*) for the dual action; we can view it as a set of projective hyper-
planes in P(R™). Suppose the complement P(R") \ g Az H is nonempty. Its connected

components are open sets which (as soon as Af # () are convez, in the sense that they
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are contained and convex in some affine chart of P(R™); when I' acts irreducibly on P(R"),
these components are even properly convez, in the sense that they are convex and bounded
in some affine chart. If one of these convex open sets, call it Q,ax, is properly convex and
invariant under I, then the action of T" on Qax is necessarily properly discontinuous (see
Section 2.1), the set Ar is contained in the boundary 9., and it makes sense to consider
the convex hull of Ap in Qnax: this is a closed convex subset C of Qmax. When I' — G
is (projective) Anosov, we prove that the action of I" on the convex set C is cocompact.
Further, we prove that I' satisfies a stronger notion of projective convex cocompactness
introduced by Crampon—Marquis [CM]|. Conversely, we show that convex cocompact sub-
groups of P(R™) in the sense of [CM] always give rise to Anosov representations, which
enables us to give new examples of Anosov representations and study their deformation
spaces by constructing these geometric structures directly. In [DGK2| we had previously
established this close connection between convex cocompactness in projective space and
Anosov representations in the case of irreducible representations valued in a projective
orthogonal group PO(p, q).

One context where such a connection between Anosov representations and convex pro-
jective structures has been known for some time is the deformation theory of real projective
surfaces, for G = PGL(R3) [Go, CGo]. More generally, it follows from work of Benoist
[B3| that if a discrete subgroup I' of G = PGL(R"™) divides (i.e. acts cocompactly on) a
strictly convex open subset Q of P(R™), then I is word hyperbolic and the natural inclusion
I' = G is Anosov. In this particular case Ar is the boundary of €2 and Af. is the collection
of supporting hyperplanes to €.

Benoist [B6] also found examples of discrete subgroups of PGL(R™), acting irreducibly
on P(R™), which divide properly convex open sets that are not strictly convex, for 4 <
n < 7; these subgroups are not word hyperbolic. In this paper we study a broad notion
of convex cocompactness for discrete subgroups I' of PGL(R"™) acting on P(R™) which
simultaneously generalizes Crampon—Marquis’s notion and Benoist’s divisible convex sets
[B3, B4, B5, B6|]. While we mainly take the point of view of examining limit sets and
convex hulls in projective space, we also show that this notion of convex cocompactness is
characterized by the property that I" is (up to finite index) the holonomy group of a compact
convex projective manifold with strictly convex boundary. Cooper—Long—Tillmann [CLT?2|
have studied the deformation theory of such manifolds and their work implies that this
notion is stable under small deformations of I' in PGL(R"™). We show further that it is
stable under deformation into larger projective general linear groups PGL(R”*”/), after
the model of quasi-Fuchsian deformations of Fuchsian groups. This yields examples of
nonhyperbolic discrete subgroups which satisfy our convex cocompactness property but do
not divide a properly convex open set.

We now describe our results in more detail.

1.1. Strong convex cocompactness in P(V) and Anosov representations. In the
whole paper, we fix an integer n > 2 and set V := R". Recall that an open subset €2 of the
projective space P(V') is called convez if it is contained and convex in some affine chart,
properly convex if its closure is convex, and strictly convex if in addition its boundary does
not contain any nontrivial projective line segment. It is said to have boundary of class
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C' (or just C' boundary) if every point of the boundary of € has a unique supporting
hyperplane.

In [CM], Crampon—-Marquis introduced a notion of geometrically finite action of a dis-
crete subgroup I' of PGL(V) on a strictly convex open domain of P(V') with boundary of
class C'. If cusps are not allowed (or equivalently, if we request all infinite-order elements
to be proximal), this notion reduces to a natural notion of convex cocompact action on
such domains. We will call discrete groups I' with such actions strongly convex cocompact.

Definition 1.1. Let I' € PGL(V) be an infinite discrete subgroup.

e Let Q be a I-invariant properly convex open subset of P(V'). The action of T" on
is strongly convex cocompact if Q is strictly convex with boundary of class C' and
for some x € €2, the convex hull in Q of the orbital limit set T - x N ) is nonempty
and has compact quotient by T'.

e The group I is strongly conver cocompact in P(V') if it admits a strongly convex
cocompact action on some properly convex open subset  of P(V).

In the definition above, the convex hull in © of the orbital limit set T - 2 N 9N is defined
as the intersection of { with the convex hull of I' - z N 02 in the convex set Q. Moreover,
I'- 2N oA is independent of the choice of x € €2 since 2 is strictly convex, see Lemma 3.1.
The following observation is an easy consequence.

Remark 1.2. The action of I' on € is strongly convex cocompact in the sense of Defini-
tion 1.1 if and only if Q is strictly convex with boundary of class C' and some nonempty
closed convex subset of {2 has compact quotient by I

Example 1.3. For V = RP! with p > 2, any discrete subgroup of Isom(HP?) = PO(p, 1) C
PGL(V) which is convex cocompact in the usual sense is strongly convex cocompact in
P(V), taking Q = {[v] € P(RPT!) | (v,v),1 < 0} to be the projective model of HP (where
(-,-)p1 is a symmetric bilinear form of signature (p, 1) on RPT!).

The first main result of this paper is a close connection between strong convex cocom-
pactness in P(V') and Anosov representations into PGL(V'). Let Py (resp. P,_1) be the
stabilizer in G = PGL(V) of a line (resp. hyperplane) of V' = R"™; it is a maximal proper
parabolic subgroup of G, and G/ P; (resp. G/ P,,—1) identifies with P(V') (resp. with the dual
projective space P(V*)). We shall think of P(V*) as the space of projective hyperplanes
in P(V). Let I' be a word hyperbolic group, with Gromov boundary do,I". A P;-Anosov
representation (sometimes also called a projective Anosov representation) of T' into G is
a representation p : I' — G for which there exist two continuous, p-equivariant boundary
maps & : Osol' = P(V') and & : 05" — P(V*) which

(A1) are compatible, i.e. {(n) € £*(n) for all n € Ox T,

(A2) are transverse, i.e. £(n) ¢ £*(1) for all n # 7/ in OxT,

(A3) have an associated flow with some uniform contraction/expansion property de-

scribed in [L, GW3.
We do not state condition (A3) precisely, since we will use in place of it a simple condition
on eigenvalues or singular values described in Definition 2.5 and Fact 2.6 below, taken from
|[GGKW]. A consequence of (A3) is that every infinite-order element of p(I') is proximal
in P(V') and in P(V*), and that the image £(0xcI") (resp. £*(0s0l')) of the boundary map is
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the proximal limit set Ap (resp. Af) of p(I') in P(V) (resp. P(V*)). By |[GW3, Prop.4.10],
if p is irreducible then condition (A3) is automatically satisfied as soon as (Al) and (A2)
are, but this is not true in general: see [GGKW, Ex. 7.15].

It is well known (see [GW3, §6.1 & Th.4.3]) that a discrete subgroup of PO(p, 1) is
convex cocompact in the classical sense if and only if it is word hyperbolic and the natural
inclusion I' < PO(p, 1) < PGL(RP*!) is Pi-Anosov. In this paper, we prove the following
higher-rank generalization, where A}, denotes the proximal limit set of I' in P(V*), viewed
as a set of projective hyperplanes in P(V).

Theorem 1.4. Let T’ be an infinite discrete subgroup of G = PGL(V'). Suppose the set
P(V) ~ UHE% H admits a T-invariant connected component (this is always the case if T'
preserves a nonempty properly convex open subset of P(V'), see Proposition 3.10). Then
the following are equivalent:

(1) T is strongly convex cocompact in P(V');
(2) T is word hyperbolic and the natural inclusion T' — G is Pj-Anosov.

As mentioned above, for I acting cocompactly on a strictly convex open set (which is
then a divisible strictly convex set), the implication (1) = (2) follows from work of Benoist
[B3].

Remarks 1.5. (a) The fact that a strongly convex cocompact group is word hyper-
bolic is due to Crampon—-Marquis [CM, Th. 1.8].

(b) In the case where I' acts irreducibly on P(V') (i.e. does not preserve any nontrivial
projective subspace of P(V')) and is contained in PO(p,q) € PGL(V) for some
p,q € N* with p+¢ = n = dim(V'), Theorem 1.4 was first proved in our earlier work
[DGK2, Th.1.11 & Prop.1.17 & Prop.3.7]. In that case we actually gave a more
precise version of Theorem 1.4 involving the notion of negative/positive proximal
limit set: see Section 1.8 below. Our proof of Theorem 1.4 in the present paper
uses many of the ideas of [DGK2]. One main improvement here is the treatment of
duality in the general case where there is no nonzero I'-invariant quadratic form.

(¢) In independent and simultaneous work, Zimmer |Z2] also extends [DGK2| by study-
ing a slightly different notion for actions of discrete subgroups I' of PGL(V') on
properly convex open subsets 2 of P(V'): by definition [Z2, Def. 1.8], a subgroup I
of Aut(Q) is regular convex cocompact if it acts cocompactly on some nonempty,
[-invariant, closed, properly convex subset C of € such that every extreme point
of C in 9Q is a C! extreme point of Q. By [Z2, Th.1.22], if I' C Aut(Q) is regular
convex cocompact and acts irreducibly on P(V'), then I" is word hyperbolic and the
natural inclusion I' < PGL(V') is P;-Anosov. Conversely, by [Z2, Th.1.10], any
irreducible Pj-Anosov representation I' < SL(V') can be composed with an irre-
ducible representation SL(V') — SL(V”), for some larger vector space V', so that
I becomes regular convex cocompact in Aut(2') for some ' C P(V’). It follows
from Theorem 1.15 below that Zimmer’s notion of regular convex cocompactness
is equivalent to our notion of strong convex cocompactness even in the case that
I' does not act irreducibly on P(V') (condition (i) of Theorem 1.15 implies regular
convex cocompactness, which implies condition (iv) of Theorem 1.15).
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(d) In this paper, unlike in [DGK2| or [Z2], we do not assume I' to act irreducibly on
P(V). This makes the notion of an Anosov representation slightly more involved
(condition (A3) above is not automatic), and also adds some subtleties to the
notion of convex cocompactness (see e.g. Remarks 1.21 and 3.11). We note that
there exist strongly convex cocompact groups in P(V') which do not act irreducibly
on P(V'), and whose Zariski closure is not even reductive (which means that there
is an invariant projective subspace P(W) of P(V'), but no complementary subspace
W' of W such that P(W’) is invariant): see Section 10.6. This contrasts with the
case of divisible convex sets described in |Ve|.

Remark 1.6. For n = dim(V) > 3, there exist Pj-Anosov representations p : I' —
G = PGL(V) which do not preserve any nonempty properly convex subset of P(V'): see
[DGK2, Ex.5.2 & 5.3]. However, by [DGK2, Th.1.7|, if 0o is connected, then any P;-
Anosov representation p valued in PO(p, q) C PGL(RPTY) preserves a nonempty properly
convex open subset of P(RPTY), hence p(T") is strongly convex cocompact in P(RP*Y) by
Theorem 1.4. Extending this, [Z2, Th. 1.24] gives sufficient group-theoretic conditions on T’
for Pi-Anosov representations I' — PGL(V') to be regular convex cocompact in Aut(2)
(in the sense of Remark 1.5.(c)) for some 2 C P(V).

1.2. Convex projective structures for Anosov representations. We can apply The-
orem 1.4 to show that some well-known families of Anosov representations, such as Hitchin
representations in odd dimension, naturally give rise to convex cocompact real projective
manifolds.

Proposition 1.7. Let I be a closed surface group of genus > 2 and p : I' — PSL(R") a
Hitchin representation.

(1) If n is odd, then p(I') is strongly convex cocompact in P(R™).
(2) If n is even, then p(I') is not strongly convex cocompact in P(R™); in fact it does
not even preserve a nonempty properly convex subset of P(R™).

For statement (1), see also [Z2, Cor.1.31]. This extends [DGK2, Prop.1.19], about
Hitchin representations valued in SO(k + 1, k) C PSL(R?*+1).

Remarks 1.8. (a) The case n = 3 of Proposition 1.7.(1) is due to Choi-Goldman
|Go, CGol, who proved that the holonomy representations of the convex projective
structures on a given closed hyperbolic surface S are exactly the elements of the
Hitchin component of Hom(71(S), PSL(R?)).

(b) Guichard-Wienhard [GW3, Th.11.3 & 11.5] associated different geometric struc-
tures to Hitchin representations into PSL(R™). For even n, their geometric struc-
tures are modeled on P(R™) but can never be convex (see Proposition 1.7.(2)).
For odd n, their geometric structures are modeled on the space Fi,—1 C P(R") X
P((R™)*) of pairs (¢, H) where ¢ is a line of R"™ and H a hyperplane containing /;
these geometric structures lack a notion of convexity but live on manifolds that are
closed, unlike the manifolds p(I")\§2 of Proposition 1.7.(1) for n > 3.

We refer to Proposition 12.1 for a more general statement on convex structures for
connected open sets of Anosov representations.



CONVEX COCOMPACT ACTIONS IN REAL PROJECTIVE GEOMETRY 7

1.3. New examples of Anosov representations. We can also use the implication
(1) = (2) of Theorem 1.4 to obtain new examples of Anosov representations by con-
structing explicit strongly convex cocompact groups in P(V'). Following this strategy, in
[DGK2, §8| we showed that every word hyperbolic right-angled Coxeter group W admits
reflection-group representations into some PGL(V') which are Pj-Anosov. Extending this
approach, in [DGKLM| we give an explicit description of the deformation spaces of such
representations, for Coxeter groups that are not necessarily right-angled.

1.4. General convex cocompactness in P(V). We now discuss generalizations of Def-
inition 1.1 where the properly convex open set €2 is not assumed to have any regularity at
the boundary. These cover a larger class of groups, not necessarily word hyperbolic.

Given Remark 1.2, a naive generalization of Definition 1.1 that immediately comes to
mind is the following.

Definition 1.9. An infinite discrete subgroup I'" of PGL(V) is naively conver cocompact
in P(V) if it preserves a properly convex open subset Q of P(V) and acts cocompactly on
some nonempty closed convex subset C of ().

However, the class of naively convex cocompact subgroups of PGL(V') is not stable under
small deformations: see Remark 4.5.(b). This is linked to the fact that if I and €2 are as in
Definition 1.9 with £ not strictly convex, then the set of accumulation points of a I'-orbit
of © may depend on the orbit (see Example 4.1).

To address this issue, we introduce a notion of limit set that does not depend on a choice
of orbit.

Definition 1.10. Let I' € PGL(V') be an infinite discrete subgroup and let 2 be a properly
convex open subset of P(V) invariant under T'. The full orbital limit set AZP(T') of I in Q
is the union of all accumulation points of all I'-orbits in (2.

The full orbital limit set AY®(T") always contains the proximal limit set Ar (Lemma 3.13),
but may be larger. Using this new limit set, we can introduce another generalization of
Definition 1.1 which is slightly stronger and has better properties than Definition 1.9: here
is the main definition of the paper.

Definition 1.11. Let I be an infinite discrete subgroup of PGL(V).

e Let © be a nonempty I'-invariant properly convex open subset of P(V'). The action
of I" on Q2 is convex cocompact if the convex hull C&"(I") of the full orbital limit set
A?{b(F) in © is nonempty and has compact quotient by T'.

e I' is convex cocompact in P(V) if it admits a convex cocompact action on some
nonempty properly convex open subset 2 of P(V).

Note that AZP(T") need not be closed in general, hence its convex hull in Q need not
be either. However, if the action of I' on € is convex cocompact in the above sense, then
AZP(T) is closed (see Corollary 4.10.(3)).

In the setting of Definition 1.11, the set I'\C&'(I') is a compact convex subset of the
projective manifold (or orbifold) I"\Q2 which contains all the topology and which is minimal
(Lemma 4.16); we shall call it the convex core of I'\§2. By analogy, we shall also call C&" (I")
the convex core of  for T'.
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We shall see (Corollary 4.10.(3)) that if I" acts cocompactly on some closed convex subset

C of Q containing CF"(I"), then the action of I on  is convex cocompact in the sense of

Definition 1.11.

Example 1.12. If T is strongly convex cocompact in P(V'), then it is convex cocompact
in P(V). This is immediate from the definitions since when  is strictly convex, the full
orbital limit set A?{b(F) coincides with the accumulation set of a single I'-orbit of €. See
Theorem 1.15 below for a refinement.

Example 1.13. If I divides (i.e. acts cocompactly on) a nonempty properly convex open
subset Q of P(V'), then C&"(I') = € and I' is convex cocompact in P(V') (see Corol-
lary 4.10.(3)). There exist divisible convex sets which are not strictly convex, yielding con-
vex cocompact groups that are not strongly convex cocompact in P(V'): see Example 4.1 for
a basic case. As discussed in Section 12.2.1, an important class of examples is the so-called
symmetric ones where (2 is a higher-rank symmetric space. The first other indecomposable
examples were constructed by Benoist [B6] for 4 < dim(V') < 7, and further examples were
recently constructed for dim(V') =4 in [BDL]| and for 5 < dim(V) < 7 in [CLM].

In Theorem 1.19 we shall give several characterizations of convex cocompactness in
P(V). In particular, we shall prove that the class of subgroups of PGL(V') that are convex
cocompact in P(V') is precisely the class of holonomy groups of compact properly convex
projective orbifolds with strictly convex boundary; this ensures that this class of subgroups
is stable under small deformations, using [CLT1|. Before stating this and other results, let
us make the connection with the context of Theorem 1.4 (strong convex cocompactness).

1.5. Word hyperbolic convex cocompact groups in P(V'). Let us recall the following
terminology of Benoist [B6].

Definition 1.14. Let C be a properly convex subset of P(V'). A properly embedded triangle
(or PET for short) in C is a nondegenerate planar triangle whose interior is contained in C,
but whose edges and vertices are contained in 9;C := C \. C.

Let Q be a properly convex open subset of P(V') and T" a discrete subgroup of PGL(V)
preserving 2. A PET in € plays an analogous role to a flat in a Riemannian manifold.
In particular, the presence of a PET in 2 obstructs d-hyperbolicity of the Hilbert metric
on  (see Section 6.1). Hence by the Svarc-Milnor lemma, a PET in Q obstructs word
hyperbolicity of I' in the case that I' divides 2. In fact, even the presence of a segment in
00 obstructs word hyperbolicity: Benoist |[B3, Th. 1.1] proved that if I" divides €2, then T’
is word hyperbolic if and only if Q is strictly convex.

The direct analogue of Benoist’s theorem is not true for convex cocompact actions:
for instance, Schottky subgroups of PO(2, 1) act convex cocompactly on properly convex
domains © D H? that are not strictly convex (see Figure 2). However, we show that for
I' acting convex cocompactly on €2, the hyperbolicity of I' is determined by the convexity
behavior of 0 at the full orbital limit set or, relatedly, by the presence of PETs in the
convex core. Here is an expanded version of Theorem 1.4.

Theorem 1.15. Let I be an infinite discrete subgroup of PGL(V'). Then the following are
equivalent:
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(1) T is strongly convex cocompact in P(V') (Definition 1.1);

(11) T is conver cocompact in P(V') (Definition 1.11) and word hyperbolic;

(iii) T is convex cocompact in P(V') and for any properly convex open set Q C P(V') on
which I' acts convex cocompactly, the full orbital limit set A?{b(F) does not contain
a nontrivial projective line segment;

(iv) T is conver cocompact in P(V) and for some nonempty properly convex open set
Q C P(V) on which T' acts convex cocompactly, the convex core CS(I') does not
contain a PET;

(v) T preserves a properly convex open subset Q of P(V') and acts cocompactly on some
closed convex subset C of Q with nonempty interior such that 8;C := C~.C = CN o
does not contain a nontrivial projective line segment;

(vi) T is word hyperbolic, the inclusion I' — PGL(V') is Pi-Anosov, and T' preserves
some nonempty properly convex open subset of P(V');

(vii) T is word hyperbolic, the inclusion T' — PGL(V) is Pi-Anosov, and the set
P(V) ~ UHeA; H admits a T-invariant connected component.

When these conditions hold, there is equality between the following four sets:

e the orbital limit set A?{b(T) for any nonempty I'-invariant properly convex open sub-
set Q of P(V') which is strictly convex with boundary of class Ct as in Definition 1.1
(condition (i));

e the full orbital limit set A‘S’{b(l“) for any properly convex open set £ on which I' acts
convex cocompactly as in Definition 1.11 (conditions (ii), (i), (iv));

o the segment-free set 0,C for any nonempty convex subset C on which I' acts cocom-
pactly in a T-invariant properly convex open set Q) (condition (v));

e the image of the boundary map & : 0T’ — P(V) of the Anosov representation
I' — PGL(V) (conditions (vi) and (vii)), which is also the proximal limit set Ar
of T' in P(V') (Definition 2.3).

1.6. Properties of convex cocompact groups in P(V). We show that, even in the
case of nonhyperbolic discrete groups, the notion of convex cocompactness in P(V') (Def-
inition 1.11) still has some of the nice properties enjoyed by Anosov representations and
convex cocompact subgroups of rank-one Lie groups. In particular, we prove the following.

Theorem 1.16. Let I" be an infinite discrete subgroup of G = PGL(V).

(A) The group T' is convex cocompact in P(V') if and only if it is convex cocompact in
P(V*) (for the dual action).

(B) IfT is convex cocompact in P(V'), then it is finitely generated and quasi-isometrically
embedded in G.

(C) If T is convex cocompact in P(V'), then T' does not contain any unipotent element.

(D) If T is convex cocompact in P(V'), then there is a neighborhood U C Hom(T', G) of
the natural inclusion such that any p € U is injective and discrete with image p(T)
convex cocompact in P(V').

(E) Let V! = R"™ and let i : SLX(V) < SLE(V @ V') be the natural inclusion acting
trivially on the second factor. If T is convex cocompact in P(V'), then z(f‘) s convex
cocompact in P(VaV'), where [ is the lift of T to SL* (V) that preserves a properly
convex cone of V' lifting Q (see Remark 3.2).
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(F) If the semisimplification (Definition 10.8) of the natural inclusion I' — PGL(V) is
injective and its image is convex cocompact in P(V'), then I' is convexr cocompact

in P(V).

Remark 1.17. The equivalence (i) < (ii) of Theorem 1.15 shows that Theorem 1.16
still holds if all the occurrences of “convex cocompact” are replaced by “strongly convex
cocompact”.

While some of the properties of Theorem 1.16 are proved directly from Definition 1.11,
others will be most naturally established using alternative characterizations of convex
cocompactness in P(V) (Theorem 1.19). We refer to Propositions 10.9 and 10.11 for further
operations that preserve convex cocompactness, strengthening properties (E) and (F).

Properties (E) and (D) give a source for many new examples of convex cocompact
groups by starting with known examples in P(V), including them into P(V & V"), and then
deforming. This generalizes the picture of Fuchsian groups in PO(2,1) being deformed
into quasi-Fuchsian groups in PO(3,1). For instance, we can use Example 1.13 to obtain
examples of nonhyperbolic discrete subgroups of PGL(R™) (where m = dim(V & V')
which are convex cocompact in P(R™) and act irreducibly on P(R™), but do not divide any
properly convex open subset of P(R™). These groups I' are quasi-isometrically embedded
in PGL(R™) and structurally stable (i.e. there is a neighborhood of the natural inclusion in
Hom(T', PGL(R™)) which consists entirely of injective representations) without being word
hyperbolic; compare with Sullivan [Su, Th. A]. We refer to Section 12.2 for more details.

1.7. Holonomy groups of convex projective orbifolds. We now give alternative char-
acterizations of convex cocompact subgroups in P(V'). These characterizations are moti-
vated by a familiar picture in rank one: namely, if 2 = H? is the p-dimensional real hy-
perbolic space and I' is a convex cocompact torsion-free subgroup of PO(p, 1) = Isom(HP),
then any closed uniform neighborhood Cynis of the convex core C&'(I') has strictly convex
boundary and the quotient I'\Cypnif is a compact hyperbolic manifold with strictly convex
boundary. Let us fix some terminology and notation in order to discuss the appropriate
generalization of this picture to real projective geometry.

Definition 1.18. Let C be a nonempty convex subset of P(V') (not necessarily open nor
closed, possibly with empty interior).

e The frontier of C is Fr(C) := C ~ Int(C).

e A supporting hyperplane of C at a point z € Fr(C) is a projective hyperplane H
such that x € HNC and C \ H is connected (possibly empty).

e The ideal boundary of C is 0;C := C ~ C.

e The nonideal boundary of C is 9,C := C \ Int(C) = Fr(C) \. 0;C. Note that if C is
open, then 9;,C = Fr(C) and 9,C = 0; in this case, it is common in the literature to
denote 9;C simply by OC.

e The convex set C has strictly convex nonideal boundary if every point x € 9,C is
an extreme point of C.

e The convex set C has C! nonideal boundary if it has a unique supporting hyperplane
at each point z € 9,C.

e The convex set C has bisaturated boundary if for any supporting hyperplane H of C,
the set H NC C Fr(C) is either fully contained in ;C or fully contained in 9,C.
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Let C be a properly convex subset of P(V) on which the discrete subgroup I' acts
properly discontinuously and cocompactly. To simplify this intuitive discussion, assume
I torsion-free, so that the quotient M = I'\C is a compact properly convex projective
manifold, possibly with boundary. The group I is called the holonomy group of M. We
show that if the boundary OM = T'\0,C of M is assumed to have some regularity, then
" is convex cocompact in P(V') and, conversely, convex cocompact subgroups in P(V') are
holonomy groups of properly convex projective manifolds (or more generally orbifolds, if
I" has torsion) whose boundaries are well-behaved.

Theorem 1.19. Let T' be an infinite discrete subgroup of PGL(V'). Then the following are
equivalent:

(1) T is convex cocompact in P(V') (Definition 1.11): it acts convex cocompactly on a
nonempty properly convex open subset  of P(V);

(2) T acts properly discontinuously and cocompactly on a nonempty properly convex set
Chisat C P(V') with bisaturated boundary;

(3) T acts properly discontinuously and cocompactly on a nonempty properly convex set
Cstrict C P(V') with strictly convex nonideal boundary;

(4) T acts properly discontinuously and cocompactly on a nonempty properly convex set
Cemooth C P(V)) with strictly convex C* nonideal boundary.

Y Y

When these conditions hold, Cpisat, Cstrict; Csmooth can be chosen equal, with € satisfying
A?{b(r) - 8icsmooth-

Remark 1.20. Given a properly discontinuous and cocompact action of a group I' on a
properly convex set C, Theorem 1.19 interprets the convex cocompactness of I' in terms
of the regularity of C at the nonideal boundary 9,C, whereas Theorem 1.15 (equivalence
(i) & (v)) and Theorem 1.19 together interpret the strong convex cocompactness of I' in
terms of the regularity of C at both 9;C and 9,C.

The equivalence (1) < (3) of Theorem 1.19 states that the convex cocompact torsion-
free subgroups in P(V') are precisely the holonomy groups of compact properly convex
projective manifolds with strictly convex boundary. Cooper-Long-Tillmann |[CLT2]| stud-
ied the deformation theory of such manifolds (allowing in addition certain types of cusps).
They established a holonomy principle, which reduces to the following statement in the
absence of cusps: the holonomy groups of compact properly convex projective manifolds
with strictly convex boundary form an open subset of the representation space of I'. This
result, together with Theorem 1.19, gives the stability property (D) of Theorem 1.16. For
the case of divisible convex sets, see [Ko.

The requirement that Cpisar have bisaturated boundary in condition (2) can be seen as
a “coarse” version of the strict convexity of the nonideal boundary in (4): the prototype
situation is that of a convex cocompact real hyperbolic manifold, with Cpisat a closed
polyhedral neighborhood of the convex core, see e.g. the top right panel of Figure 1. Both
of these conditions behave well under a natural duality operation generalizing that of open
properly convex sets (see Section 5). The equivalence (1) < (2) will be used to prove the
duality property (A) of Theorem 1.16.
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FIGURE 1. The group Z" ! acts diagonally on P(R") C P(R""!), where
n = 2 (top row) or 3 (bottom row). These actions are convex cocompact
in P(R"*1): each row shows two properly convex invariant subsets C C
P(R™*1) with bisaturated boundary, the one on the left having also strictly
convex C'! nonideal boundary 9;C = C . C. We represent 0;C in red.

We note that without some form of strengthened convexity requirement on the bound-
ary, properly convex projective manifolds have a poorly-behaved deformation theory: see
Remark 4.5.(b).

Remark 1.21. If " acts strongly irreducibly on P(V') (i.e. all finite-index subgroups of T'
act irreducibly) and if the equivalent conditions of Theorem 1.19 hold, then AY®(T) =
OiChisat = OiCstrict = FiCsmooth for any Q, Chisat; Cstrict,; Csmooth @s in conditions (1)a (2)a (3)7
and (4) respectively: see Section 3.6. In particular, this set then depends only on I'. This
is not necessarily the case if the action of I' is not strongly irreducible: see Examples 4.1
and 4.2.

1.8. Convex cocompactness for subgroups of PO(p,q). As mentioned in Remark
1.5.(b), when I' € PGL(V) acts irreducibly on P(V) and is contained in the subgroup
PO(p,q) € PGL(V) of projective linear transformations that preserve a nondegenerate
symmetric bilinear form (-, -),, , of some signature (p,¢) on V' = R", a more precise version
of Theorem 1.4 was established in [DGK2, Th.1.11 & Prop.1.17]. Here we remove the
irreducibility assumption on I'.

For p,q € N*, let RPY be RP? endowed with a symmetric bilinear form (-,-),, of
signature (p,q). The spaces

HPI1 = {[o] € PRP) | (0,0}, < 0}
and SP1 = {[v] € P(RP) | (v,v),, > 0}

are the projective models for pseudo-Riemannian hyperbolic space of signature (p,q — 1),
and pseudo-Riemannian spherical space of signature (p — 1, q), respectively. The geodesics
of these two spaces are the (nonempty) intersections of the spaces with the projective lines
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of P(RPT9). The group PO(p, q) acts transitively on HP¢~! and on SP~14. Multiplying the
form (-,-)p 4 by —1 produces a form of signature (¢,p) and turns PO(p, q) into PO(g, p)

and SP~19 into a copy of H%P~!, so we consider only the pseudo-Riemannian hyperbolic
spaces HP9~!. We denote by OHPY~! the boundary of H”¢~! namely

OHPI™! = {[v] € P(RP) | (v,v)p,q = 0}

We call a subset of HP9~! convex (resp. properly convez) if it is convex (resp. properly
convex) as a subset of P(RP*Y). Since the straight lines of P(RP™?) are the geodesics of the
pseudo-Riemannian metric on HP4~! convexity in HP~! is an intrinsic notion.

Remarks 1.22. Let C be a closed convex subset of HP4—1,

(a) If C has nonempty interior, then C is properly convex. Indeed, if C is not properly
convex, then it contains a line ¢ of an affine chart RPT9~! 5 C, and C is a union of
lines parallel to ¢ in that chart. All these lines must be tangent to OHP9~! at their
common endpoint z € OHP4~! which implies that C is contained in the hyperplane
2t and has empty interior.

(b) The ideal boundary 8;C is the set of accumulation points of C in 9HP4~L. This set
contains no projective line segment if and only if it is transverse, i.e. y ¢ 2+ for all
y # z in 0,C.

(¢) The nonideal boundary ,C = Fr(C) NP4~ is the boundary of C in HP~! in the
usual sense.

(d) Tt is easy to see that C has bisaturated boundary if and only if a segment contained
in 0,C C HP9~! never extends to a full geodesic ray of HP4~1 — a form of coarse
strict convexity for 9,C.

The following definition was introduced in [DGK2|, where it was studied for discrete
subgroups I" acting irreducibly on P(RP*).

Definition 1.23 (|[DGK2, Def.1.2]). An infinite discrete subgroup I' of PO(p,q) is
HP9~1-convex cocompact if it acts properly discontinuously with compact quotient on some
closed properly convex subset C of HP¢~! with nonempty interior whose ideal boundary
0:,C C OHP4~! does not contain any nontrivial projective line segment.

If T acts irreducibly on P(RP*9), then any nonempty I'-invariant properly convex subset
of HP4~! has nonempty interior, and so the nonempty interior requirement in Defini-
tion 1.23 may simply be replaced by the requirement that C be nonempty. See Section 11.9
for examples.

For a word hyperbolic group I', we shall say that a representation p : I' — PO(p, q) is
PP%_Anosov if it is Pi-Anosov as a representation into PGL(RP*?). We refer to [DGK2]
for further discussion of this notion.

If the natural inclusion T' < PO(p, q) is P’"?%-Anosov, then the boundary map & takes
values in HP~! and the hyperplane-valued boundary map &* satisfies £*() = £(-)* where
2t denotes the orthogonal of z with respect to (-, )p,q; the image of £ is the proximal limit
set Ap of T' in 9HP9~! (Definition 2.3 and Remark 11.1). Following [DGK2, Def. 1.9], we
shall say that Ar is negative (resp. positive) if it lifts to a cone of RPY \ {0} on which
all inner products (-, ), 4 of noncollinear points are negative (resp. positive); equivalently
(see [DGK2, Lem.3.2|), any three distinct points of Ar span a linear subspace of RP:
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of signature (2,1) (resp. (1,2)). Note that Ap can be both negative and positive only if
|Ar| = 2, i.e. T is virtually Z. With this notation, we prove the following, where IT" is not
assumed to act irreducibly on P(RP*9); for (2) < (3) and (2F) < (3%) & (5%) = (4%) in
the irreducible case, see [DGK2, Th.1.11 & Prop. 1.17].

Theorem 1.24. Let p,q € N* and let ' be an infinite discrete subgroup of PO(p,q). Then
the following are equivalent:

(1) T is convex cocompact in P(RPT4) (Definition 1.1);

(2) T is strongly convex cocompact in P(RPT?) (Definition 1.1);

(3) T is HP 9~ -convex cocompact or HIP~1-convex cocompact (after identifying PO(p, q)
with PO(q,p) as above).

The following are also equivalent:

(17) T is convex cocompact in P(RPTY) and Ar C OHP9~L is negative;

(27) T is strongly convex cocompact in P(RPTY) and Ap C OHPI~L is negative;

(37) T is HP9~-convex cocompact;

(4= ) T acts convex cocompactly on some nonempty properly convex open subset Q of
HPa—1.

(57 ) T is word hyperbolic, the natural inclusion T < PO(p,q) is PP?-Anosov, and
Ar C OHP~! s negative.

Stmilarly, the following are equivalent:

(17) T is convexr cocompact in P(RPT9) and Ar C OHP4~! is positive;

(27) T is strongly convex cocompact in P(RPT9) and Ar C OHP4~! is positive;

(37) T is H¥P~-convex cocompact (after identifying PO(p, q) with PO(q, p));

(4%) T acts convex cocompactly on some nonempty properly convex open subset Q of
HeP=Y (after identifying PO(p, q) with PO(q,p));

(57) T is word hyperbolic, the natural inclusion T' — PO(p,q) is P?-Anosov, and
Ar C OHP9~1 s positive.

It is not difficult to see that if 7 is an open subset of Hom(I", PO(p, ¢)) consisting entirely
of PP"?-Anosov representations, then the condition that Ay C OHP9~! be negative is both
an open and closed condition for p € T [DGK2, Prop. 3.5]. Therefore Theorem 1.24 and
the openness of the set of P*?-Anosov representations [L, GW3] implies the following.

Corollary 1.25. Let p,q € N* and let ' be an infinite discrete group.

(1) The set of representations with finite kernel and HP9~'-convex cocompact image is
open in Hom(I', PO(p, q)).

(2) Let T be a connected open subset of Hom(T', PO(p, q)) consisting entirely of Pi*-
Anosov representations. If p(T') is HP9~!-convex cocompact for some p € T, then
p(T) is HP9~1-convex cocompact for all p € T.

Both statements also hold if “HP9~'-convex cocompact” is replaced with “HIP~'-convex
cocompact.”

It is also not difficult to see that if a closed subset A of OHP4~! is transverse (i.e.
2ztNA = {z} for all z € A) and connected, then it is negative or positive [DGK2, Prop. 1.10].
Therefore Theorem 1.24 implies the following.
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Corollary 1.26. Let T" be an infinite word hyperbolic group with connected boundary 0T,
and let p,q € N*. For any PP?-Anosov representation p : T — PO(p, q), the group p(T)
is HP9~'-convex cocompact or HP~'-convex cocompact (after identifying PO(p,q) with

PO(q,p))-

Remark 1.27. In the special case when ¢ = 2 (i.e. HPY~! = AdSPH! is the Lorentzian
anti-de Sitter space) and T is the fundamental group of a closed hyperbolic p-manifold, the
equivalence (37) < (57) of Theorem 1.24 follows from work of Mess [Me| for p = 2 and
Barbot-Mérigot [BM] for p > 3.

As a consequence of Theorem 1.19, we obtain characterizations of HP¢~!-convex cocom-
pactness where the assumption on the ideal boundary &;C C OHP¢~! in Definition 1.23 is
replaced by various regularity conditions on the nonideal boundary 0,C C HP4~1.

Theorem 1.28. Let p,q € N* and let ' be an infinite discrete subgroup of PO(p,q). Then
the following are equivalent:

(1) T is HP9=-convex cocompact: it acts properly discontinuously and cocompactly on
a closed convex subset C of HP9~1 with nonempty interior whose ideal boundary
0iC does not contain any nontrivial projective line segment;

(2) T acts properly discontinuously and cocompactly on a nonempty closed convex subset
Chisat of HPI~1 whos;i boundary O0yCpisat in HPY™1 does not contain any infinite
geodesic line of HP9—+;

(3) T acts properly discontinuously and cocompactly on a nonempty closed convex subset
Cstrict of HP9~1 whose boundary OyCstrice in HPI™L is strictly convex;

(4) T' acts properly discontinuously and cocompactly on a nonempty closed convex set
Csmooth 1of HP2~1 whose boundary OnCsmooth N HPI1 s strictly conver and of
class C*.

When these conditions hold, C, Cpisat, Cstrict; and Csmooth may be taken equal.

1.9. Organization of the paper. Section 2 contains reminders about properly convex
domains in projective space, the Cartan decomposition, and Anosov representations. In
Section 3 we establish some general facts about discrete group actions on convex subsets
of P(V). Section 4 contains some elementary examples and develops the basic theory of
naively convex cocompact and convex cocompact subgroups of PGL(V'), which will be used
throughout the paper.

Sections 5 to 9 are devoted to the proofs of the main Theorems 1.15 and 1.19, which
contain Theorem 1.4. More precisely, in Section 5 we prove the equivalence (1) < (2)
of Theorem 1.19, study a notion of duality, and establish property (A) of Theorem 1.16.
In Section 6 we prove the equivalences (ii) < (iii) < (iv) < (v) of Theorem 1.15 by
studying segments in the limit set. The connection with the Anosov property is made in
Sections 7 (implication (ii) = (vi) of Theorem 1.15) and 8 (implications (vi) < (vii) = (ii)).
In Section 9 we give a smoothing construction to address the remaining implications of
Theorems 1.15 and 1.19.

In Section 10 we establish properties (B)—(F) of Theorem 1.16. In Section 11 we prove
Theorems 1.24 and 1.28 on HPY~!-convex cocompactness. Section 12 is devoted to more
sophisticated examples, including Proposition 1.7. Finally, in Appendix A we collect a
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few open questions on convex cocompact groups in P(V'); in Appendix B we give a sharp
statement about Hausdorff limits of balls in Hilbert geometry.
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2. REMINDERS

2.1. Properly convex domains in projective space. Recall that a subset of the pro-
jective space P(V)) = P(R") is called convez if it is contained in and convex in some affine
chart, and properly convez if its closure is convex.

Let © be a nonempty properly convex open subset of P(V'), with boundary 92. Recall
the Hilbert metric dg on Q:

(2.1) do(z,y) == %log [a:z:y:b]

for all distinct z,y € Q, where [_:_:_:_] is the cross-ratio on P!(R), normalized so that
[0:1:t:00] = t, and where a,b are the intersection points of 9 with the projective line
through = and y, with a,z,y,b in this order. The metric space (2,dq) is proper (closed
balls are compact) and complete, and the group

Aut(Q2) :={g e PGL(V) | g- Q2= Q}

acts on € by isometries for dg. As a consequence, any discrete subgroup of Aut(2) acts
properly discontinuously on §2.

Remark 2.1. It follows from the definition that if 21 C €y are nonempty properly convex
open subsets of P(V'), then the corresponding Hilbert metrics satisty dq, (x,y) > da,(x,y)
for all z,y € Q.

Let V* be the dual vector space of V. By definition, the dual convex set of Q is
(2.2) O =P({p eV | o) <0 YoeQl),

where Q is the closure in V ~ {0} of an open convex cone of V' lifting Q. The set Q* is a
nonempty properly convex open subset of P(V*), which is preserved by the dual action of
Aut(2) on P(V*).

Straight lines (contained in projective lines) are always geodesics for the Hilbert met-
ric dg. When () is not strictly convex, there may be other geodesics as well. However, a
biinfinite geodesic of (€2, dn) always has well-defined, distinct endpoints in 0€2, see [DGK2,
Lem. 2.6].
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2.2. Cartan decomposition. The group G = GL(V') admits the Cartan decomposition
G = K exp(a™)K where K = O(n) and

at = {diag(tr, ..., tn) | t1 >+ > tn}.
This means that any § € G may be written § = k1 exp(a)ko for some ki, ks € K and a
unique a = diag(t1,...,t,) € at; for any 1 < i < n, the real number ¢; is the logarithm
wi(g) of the i-th largest singular value of . This induces a Cartan decomposition G =
PGL(V) = Kexp(a™)K with K = PO(n) and a* = at/R, and forany 1 <i<j<na
function
(23) M — [y - G= PGL(V) — Rzo.
If || || denotes the operator norm associated with the standard Euclidean norm on V' = R"
invariant under K = O(n), then for any g € G with lift § € G we have

(2.4) (11 = p)(g) = log (g1l 1157 lIv)-

2.3. Proximality in projective space. We shall use the following classical terminology.

Definition 2.2. An element g € PGL(V) is prozimal in P(V) (resp. P(V*)) if it admits a
unique attracting fixed point in P(V') (resp. P(V*)). Equivalently, any lift § € GL(V) of ¢
has a unique complex eigenvalue of maximal (resp. minimal) modulus, with multiplicity 1.
This eigenvalue is necessarily real.

For any g € GL(V), we denote by A1(g) > A2(g) > -+ > A\n(g) the logarithms of the
moduli of the complex eigenvalues of §. For any 1 <1 < j < n, this induces a function

(25) i — )‘j : PGL(V) — RZO'

Thus, an element g € PGL(V) is proximal in P(V) (resp. P(V*)) if and only if
(A1 — A2)(g) > 0 (resp. (An—1 — An)(g) > 0). We shall use the following terminology.

Definition 2.3. Let I' be a discrete subgroup of PGL(V). The prozimal limit set of T
in P(V') is the closure Ar of the set of attracting fixed points of elements of I' which are
proximal in P(V).

Remark 2.4. When I is a discrete subgroup of PGL(V') acting #rreducibly on P(V') and
containing at least one proximal element, the proximal limit set Ar was first studied in
|Gu, B1, B2]. In that setting, the action of I" on Ar is minimal (i.e. any orbit is dense), and
Ar is contained in any nonempty, closed, I'-invariant subset of P(V'), by [B2, Lem. 2.5].

2.4. Anosov representations. Let P; (resp. P,_1) be the stabilizer in G = PGL(V) of
a line (resp. hyperplane) of V' = R™; it is a maximal proper parabolic subgroup of G, and
G/P; (resp. G/P,_1) identifies with P(V') (resp. with the dual projective space P(V*)).
As in the introduction, we shall think of P(V*) as the space of projective hyperplanes
in P(V). The following is not the original definition from |L, GW3|, but an equivalent
characterization taken from [GGKW, Th.1.7 & Rem.4.3.(c)].

Definition 2.5. Let I' be an infinite word hyperbolic group. A representation p : I' —
G = PGL(V) is P;-Anosov if there exist two continuous, p-equivariant boundary maps
€: 05’ > P(V) and & : 05" — P(V*) such that

(A1) & and &* are compatible, i.e. £(n) € £*(n) for all n € 01
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(A2) ¢ and &* are transverse, i.e. £(n) ¢ £*(n') for all n # 1’ in 0T
(A3)" ¢ and &* are dynamics-preserving and there exist ¢, C' > 0 such that for any v € T,

(A1 = A2)(p(7)) = cbr(v) - C,

where ¢p : T' — N is the translation length function of ' in its Cayley graph (for
some fixed choice of finite generating subset).

In condition (A3)’ we use the notation A\; — Ay from (2.5). By dynamics-preserving we
mean that for any v € T' of infinite order, the element p(v) € G is proximal and £ (resp.
&) sends the attracting fixed point of v in O I to the attracting fixed point of p(7) in
P(V) (resp. P(V*)). In particular, the set £(0ool') (resp. £*(0x0I')) is the proximal limit
set (Definition 2.3) of p(T") in P(V') (resp. P(V*)). By [GW3, Prop. 4.10], if p is irreducible
then condition (A3)’ is automatically satisfied as soon as (Al) and (A2) are, but this is
not true in general (see [GGKW, Ex.7.15|).

If ' is not elementary (i.e. not cyclic up to finite index), then the action of I' on JxI' is
minimal, i.e. every orbit is dense; therefore the action of I' on {(0I") and £*(0sI) is also
minimal.

We shall use a related characterization of Anosov representations, which we take from
[GGKW, Th. 1.3]; it also follows from [KLPDb].

Fact 2.6. Let T be an infinite word hyperbolic group. A representation p : T' — G = PGL(V)
is Pi-Anosov if there exist two continuous, p-equivariant boundary maps & : 0o’ — P(V')
and & : 0o — P(V*) satisfying conditions (A1)-(A2) of Definition 2.5, as well as
(A3)” € and £ are dynamics-preserving and
(b1 = p2)(p())  — oo,

|v|p—-+o0

where |- |p : T' — N is the word length function of T' (for some fized choice of finite
generating subset).

In condition (A3)” we use the notation p — pe from (2.3).

As observed above, the image of the boundary map £ : 9xI' = P(V) (resp. £* : 05" —
P(V*)) of a Pi-Anosov representation p : I' — PGL(V') is the closure of the set of attracting
fixed points of proximal elements of p(I") in P(V') (resp. P(V*). Here is a useful alternative
description. We denote by (eq,...,e,) the standard basis of V= R", orthonormal for the
inner product preserved by K = O(n).

Fact 2.7 ([GGKW, Th.1.3 & 5.3]). Let ' be an infinite word hyperbolic group and
p: I' = PGL(V) a Pi-Anosov representation with boundary maps § : OxcI' — P(V)
and £ : Ol = P(V*). Let (Ym)men be a sequence of elements of I' converging to some
n € OxxI'. For any m, choose ky, € K such that p(vm) € kmexp(a™)K (see Section 2.2).

Then, writing [e}] := P(span(ey,...,e,—1)), we have
{ §n) = limmoioo ki - [e1],
&'(n) = limpsioo km - [e]].

In particular, the image of £ is the set of accumulation points in P(V) of the set
{ky(y) - [er] |7 € T} where v € k,(,)exp(a®™)K; the image of £* is the set of accumula-
tion points in P(V*) of {k,(,) - [en] v € T'}.
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Here is an easy consequence of Fact 2.6.

Remark 2.8. Let I" be an infinite word hyperbolic group, I'" a subgroup of I', and p : T" —
PGL(V) a representation.
e If TV has finite index in T', then p is Pj-Anosov if and only if its restriction to IV is
Pi-Anosov.
e If I is quasi-isometrically embedded in T" and if p is P;-Anosov, then the restriction
of p to I'" is Pi-Anosov.

3. BASIC FACTS: ACTIONS ON CONVEX SUBSETS OF P(V')

In this section we collect a few useful facts on actions of discrete subgroups of PGL(V)
on properly convex open subsets of P(V).

3.1. The full orbital limit set in the strictly convex case. The following elementary
observation was mentioned in Section 1.1.

Lemma 3.1. Let T’ be an infinite discrete subgroup of PGL(V') preserving a nonempty
properly convex open subset Q of P(V'). If Q is strictly convex, then all T'-orbits of 2 have
the same accumulation points in OS).

Proof. It is enough to prove that for any points x,y € 2, any accumulation point of I' - x
is also an accumulation point of I' - y. Consider (v,,) € I'N such that (v, - ) converges
to some xo € OS2 After possibly passing to a subsequence, (7, - y) converges to some
Yoo € 0. By properness of the action of I' on , the limit [z, Yso] of the sequence
of compact intervals (v, - [,y]) is contained in 0. Strict convexity then implies that
Too = Yoo, and SO T is also an accumulation point of I' - y. O

3.2. Divergence for actions on properly convex cones. We shall often use the fol-
lowing observation.

Remark 3.2. Let I' be a discrete subgroup of PGL(V') preserving a nonempty properly
convex open subset Q of P(V'). Then there is a unique lift T' of T' to SL*(V') that preserves
a properly convex cone {2 of V' lifting 2.

Here we say that a convex open cone of V' is properly convex if its projection to P(V') is
properly convex in the sense of Section 1.1.
The following observation will be useful in Sections 7 and 10.

Lemma 3.3. Let [ be a discrete subgroup of SLi(V) preserving a properly conver open
cone Qin V. For any sequence (Ym)men of pairwise distinct elements off and any nonzero
vector v € ﬁ, the sequence (Ym - V)menN goes to infinity in V as m — +oo. This divergence
s uniform as v varies in a compact set K C Q.

Proof. Fix a compact subset K of~§~2. Let ¢ € V* be a linear form which takes positive
values on the closure of Q. The set 2N{¢ = 1} is bounded, with compact boundary Bin V.
By compactness of K and B, we can find 0 < € < 1 such that for any v € K and w € B the
line through v/¢(v) and w intersects B in a point w’ # w such that v/p(v) = tw+ (1 —t)w’
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for some t > €. For any m € N, we then have ¢(yp, - v)/p(v) > € @(ym - w), and since this
holds for any w € B we obtain

©(Ym -v) > K mgX(so © Ym)

where k := ¢ ming () > 0. Thus it is sufficient to see that the maximum of ¢ o, over B
tends to infinity with m. By convexity, it is in fact sufficient to see that the maximum of
© O Yy OVer Qn {¢ < 1} tends to infinity with m. This follows from the fact that the set
QN {p < 1} is open, that the operator norm of 4, € I' € End(V) goes to +oo, and that
¢|g is bounded above and below by positive multiples of any given norm of V. U

In the case that T' preserves a quadratic form on V, the fact that (Ym - V)meN goes
to infinity as m — +oo implies that any accumulation point of ([, - v])men in P(V) is
isotropic. We thus get the following corollary, which will be used in Section 11.

Corollary 3.4. For p,q € N*, let I be an infinite discrete subgroup of PO(p, q) preserving
a properly convex open subset Q0 of P(RPTY). Then the full orbital limit set AZP(T") is
contained in OHPI~1,

3.3. Comparison between the Hilbert and Euclidean metrics. The following will
be used later in this section, and in the proofs of Lemmas 4.9 and 10.5.

Lemma 3.5. Let ) be a nonempty properly convex open subset of P(V'), contained in a
Euclidean affine chart (R" !, dgye) of P(V). If R > 0 is the diameter of Q in (R" !, dgyc),
then the natural inclusion defines an (R/2)-Lipschitz map

(Q7 dQ) — (Rn—l’ dEuc)-

Proof. We may assume n = 2 up to restricting to an affine line intersecting 2, and R = 2
up to rescaling, so that Q@ = H! = (—1,1) C R. Since log[-1:0:tanh(t):1] = ¢, the
arclength parametrization of €2 is then given by the map tanh : R — (—1,1), which is
1-Lipschitz. (|

Corollary 3.6. Let Q be a properly convex open subset of P(V'). Let () men and (Ym)meN
be two sequences of points of Q, and z € ON. If xp, — z and do(Tm, Ym) — 0, then Yy, — z.

3.4. Closed ideal boundary. The following elementary observation will be used in Sec-
tions 4, 5, and 6.

Remark 3.7. Let I be an infinite discrete subgroup of PGL(V') preserving a properly
convex open subset 2 of P(V) and a subset C of €. If I'\C is closed in I'\€2, then C is
closed in © and 0;,C = C N 99 this is the case in particular if the action of " on C is
cocompact.

In Sections 5 and 9 we shall consider convex subsets C of P(V') that are not assumed
to be subsets of a properly convex open set 2. An arbitrary convex subset C of P(V)
(not necessarily open nor closed) is locally compact for the induced topology if and only
if its ideal boundary &,C = C \ C is closed in P(V). In the non-locally compact setting,
there are several possible definitions for proper discontinuity and cocompactness, of varying
strengths, see [Bo, §4] or [Ka]. We will use the following definitions: the action of a discrete
group I' on a topological space C is properly discontinuous if for any compact subset K



CONVEX COCOMPACT ACTIONS IN REAL PROJECTIVE GEOMETRY 21

of C, the set of elements v € T" such that K N~ - K # () is finite. The action is cocompact if
there exists a compact subset D of C such that C = U’yEF ~ - D. Then the following holds.

Lemma 3.8. Let I" be an infinite discrete subgroup of PGL(V') and C a I'-invariant convex
subset of P(V). Suppose the action of I' on C is properly discontinuous and cocompact.
Then 0iC is closed in P(V).

Proof. Let (zm)men be a sequence of points of 9;C converging to some z € Fr(C). Suppose
for contradiction that z ¢ 0iC, so that z € 9,C. For each m, let (ymi)ren be a sequence
of points of C converging to z,, as k — +o0o. Let D C C be a compact subset such that
C = U"/EF’Y -D. For any m,k € N, there exists v, € I' such that v, 1 - ymir € D.
Note that for each m, the collection {7, x}3>, is infinite. We now choose a sequence
(Y. Jmen inductively as follows. Fix an auxiliary metric d(-,-) on P(V'). Let k; be such
that d(yi,,21) < 1. For each m > 1, let k,,, be such that d(ym k,,, 2m) < 1/m and vy, i,
is distinct from all v1 415+, Ym—1k,,_,- Then ym, . converges to z as m — +oo and the
sequence (Y k., )m—1 is injective. The compact subset {2} U{¥m,k,, }men of C then has the
property that its translate by any of the infinitely many elements {v,, x,, }oo_; intersects
the compact set D. This contradicts properness. O

3.5. Nonempty interior. The following observation shows that in the setting of Defini-
tion 1.9 we may always assume C to have nonempty interior.

Lemma 3.9. Let I" be an infinite discrete subgroup of PGL(V') preserving a properly convex
open subset Q of P(V') and acting cocompactly on some nonempty closed convex subset C
of Q. For R > 0, let Cr be the closed uniform R-neighborhood of C in (2,dq). Then Cg is

a closed convex subset of € with nonempty interior on which I' acts cocompactly.

Proof. The set Cg is properly convex by |Bu, (18.12)]. The group I' acts properly discon-
tinuously on Cg since it acts properly discontinuously on €2, and cocompactly on Cg since
it acts cocompactly on C: the set Cg is the union of the I'-translates of the closed uniform
R-neighborhood of a compact fundamental domain of C in (2, dq). g

3.6. Maximal invariant convex sets. The following was first observed by Benoist [B2,
Prop. 3.1] for discrete subgroups of PGL(V') acting irreducibly on P(V'). Here we do not
make any irreducibility assumption.

Proposition 3.10. Let T be a discrete subgroup of PGL(V') preserving a nonempty properly
convex open subset Q0 of P(V) and containing a proximal element. Let Ar (resp. A}) be
the prozimal limit set of T in P(V') (resp. P(V*)) (Definition 2.3). Then
(1) Ar (resp. A}) is contained in the boundary of Q (resp. its dual 2*);
(2) more specifically, Q@ and Ar lift to cones Q and Ar of V ~ {0} with Q properly
convex contammg Ar in its boundary, and §¥* and AL lift to cones Q* and A* of
A0} with Q properly convex containing A in its boundary, such that p(v) >0
forallUEAp anngEA :
(3) for Aiﬂ as in (2), the set

Qnax = P{v €V | p(v) >0 Vo € Af})
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is the unique connected component of P(V) N\ Uz*eAl’: z* containing Q; it is I'-

invariant, convex, and open in P(V'); any I'-invariant properly convex open subset
Q' of P(V) containing 2 is contained in Qmax.

Proof. (1) Let v € T be proximal in P(V), with attracting fixed point 2z and complemen-
tary y-invariant hyperplane H. . Since (2 is open, there exists z €  \ H}". We then have

A — zf{ , and so zj € 0f2 since the action of I' on € is properly discontinuous. Thus
Ar C 9. Similarly, A} C 9.

(2) The set Q lifts to a properly convex cone Q of V . {0}, unique up to global sign.
This determines a cone Ap of V ~ {0} lifting Ap C 89 and contained in the boundary of €.

By definition, Q* is the projection to P(V*) of the dual cone
“i={pe Vi {0} | p(v) >0 Vv 66\{0}}.

This cone determines a cone K of V*~{0} hftlng AL C 082 and contained in the boundary
of Q*. By construction, ¢(v) > 0 for all v € Ap and ¢ € A*

(3) The set Qmax = P({v € V]p(w) > 0 Vo € A [}) is a connected component of
P(V) ~ Uz*eAlt z*. It is convex, open in P(V') by compactness of A}, and it contains 2.
The action of I', which permutes the connected components of P(V) N\ |, ¢ A% z*, preserves

Qmax because it preserves ). Moreover, any I'-invariant properly convex open subset
of P(V)) containing € is contained in Qmax: indeed, ' cannot meet z* for z* € Af since
Af C QY by (1). O

Remark 3.11. In the context of Proposition 3.10, when I" preserves a nonempty properly
convex open subset © of P(V') but does not act irreducibly on P(V'), the following may
happen:

(a) T may not contain any proximal element in P(V'): this is the case e.g. if V. =V'@V’
for some vector space V' and I' C PGL(V) is the image of a diagonal embedding
of a discrete group I" ¢ SL* (V") preserving a properly convex open set in P(V');

(b) assuming that I' contains a proximal element in P(V') (hence Ap, Af # 0), the set
Omax of Proposition 3.10.(3) may fail to be properly convex: this is the case e.g. if
[ is a convex cocompact subgroup of SO(2, 1)y, embedded into PGL(R*) where it
preserves the properly convex open set H® C P(R?*) of Example 1.3;

(c) even if Qpayx is properly convex, it may not be the unique maximal I'-invariant
properly convex open set in P(V): indeed, there may be multiple components of
P(V) N U,-c A z* that are properly convex and T'-invariant, as in Example 4.1
below.

However, if T" acts irreducibly on P(V'), then the following holds.
Fact 3.12 (|B2, Prop. 3.1]). Let T be an infinite discrete subgroup of PGL(V') acting irred-
ucibly on P(V') and preserving a nonempty properly convex open subset Q of P(V'). Then

(1) T' always contains a proximal element and the set Qmax of Proposition 3.10.(3) is
always properly convez (see Figure 2); it is a maximal I'-invariant properly convex
open subset of P(V') containing §2;
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FIGURE 2. The sets Quin (dark gray) and Qu,ax (light gray) for a convex
cocompact subgroup of PO(2,1). Here H? is the disk bounded by the dashed
circle. The set I'\Cg" (T') is compact (equal to I'\Cg'(I')) but T\Cg" (T')
is not.

(2) if moreover I' acts strongly irreducibly on P(V') (i.e. all finite-index subgroups of T’
act irreducibly), then Qmax is the unique maximal I'-invariant properly convex open
set in P(V); it contains all other invariant properly convex open subsets;

(3) in general, there is a smallest nonempty I'-invariant conver open subset Quyin of
Qumax, namely the interior of the convex hull of Ar in Qumax.

In general, the following strengthening of Proposition 3.10.(1) holds.

Lemma 3.13. Let I be a discrete subgroup of PGL(V') preserving a nonempty properly
convex open subset Q of P(V). Then the proximal limit set Ap is contained in the set of
accumulation points of any I'-orbit of Q; in particular, Ar is contained in the full orbital
limit set AQP(T) (Definition 1.10).

Proof. For any proximal element v € T', the repelling hyperplane of v is disjoint from (in
fact, tangent to) €, by Proposition 3.10.(1). Therefore, for any point = € 2, the sequence
(4™ - x)men converges to the attracting fixed point of 7. A diagonal extraction argument
shows that I - z contains the whole proximal limit set Ar. (|

3.7. The case of a connected proximal limit set. We make the following observation.

Lemma 3.14. Let ' be an infinite discrete subgroup of PGL(V') preserving a nonempty
properly convex open subset Q of P(V'). Suppose the prozimal limit set A} of ' in P(V*)
(Definition 2.3) is nonempty and connected. Then the set P(V)~\ Uz*eA;: z* 1is a nonempty
[-invariant convezr open subset of P(V'), not necessarily properly convez, but containing all
[-invariant properly convex open subsets of P(V'); it is equal to the set Qmax of Proposi-
tion 3.10.

This lemma will follow from a basic fact about well-definedness of convex hulls in pro-
jective space.

Lemma 3.15. (1) Let L be a nonempty closed, connected subset of P(V'), and let
H # H' be two hyperplanes in P(V') disjoint from L. Then the convex hull of
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L taken in the affine chart P(V') ~ H agrees with the convex hull of L taken in the
affine chart P(V) ~ H'.

(2) Let L* be a nonempty closed, connected subset of P(V*). Then, thinking of each
z* € P(V*) as a hyperplane in P(V'), the open set P(V) N\ \U,«cp- 2° has at most
one connected component, which is convexz.

Proof. (1) The set P(V)~ (HUH’) has two connected components, each of which is convex.
Since L is connected, it must be contained in exactly one of these, which we denote by O.
The convex hull of A in P(V) \ H, or in P(V)) \ H’, agrees with the convex hull of A in O.

(2) Let © be a connected component of P(V) \ U,«cz+« 2*. The dual convex set Q*
contains L* in its closure. In fact, if z € Q, then OQ* is the convex hull of L*, taken in the
affine chart P(V*) \ z, where we think of z € P(V) = P((V*)*) as a hyperplane in P(V*).
Since L* is connected, it now follows from (1) that the open set P(V') \ U« 2 can have
at most one connected component. ]

Proof of Lemma 3.14. By Lemma 3.15, since Af is connected, the set P(V') \ Uz*eAlt z*
has either one or zero connected components. It contains §2, hence is nonempty, so it must
have exactly one component, which is convex. ]

4. CONVEX COCOMPACT AND NAIVELY CONVEX COCOMPACT SUBGROUPS

In this section we investigate the difference between naively convex cocompact groups
(Definition 1.9) and convex cocompact groups in P(V') (Definition 1.11). We also study
a notion of conical limit points and how it relates to faces of the domain €2, and study
minimality properties of the convex core.

4.1. Examples. The following basic examples are designed to make the notions of convex
cocompactness and naive convex cocompactness in P(V') more concrete, and to point out
some subtleties.

Example 4.1. Let V = R" with standard basis (e1,...,e,), where n > 2. Let T' ~
Z"|7 ~ 7Z"~! be the discrete subgroup of PGL(V) of diagonal matrices whose entries are
powers of some fixed ¢ > 1; it is not word hyperbolic if n > 3. The hyperplanes

Hj, = P(span(eq, ..., €5_1,€kt1s---5€n))
for 1 < k < n cut P(V) into 2"~! properly convex open connected components 2, which

are not strictly convex if n > 3 (see Figure 3). The group I' acts properly discontinuously
and cocompactly on each of them, hence is convex cocompact in P(V') (see Example 1.13).

In Example 4.1 the set of accumulation points of one I'-orbit of €2 depends on the choice
of orbit (see Figure 3), but the full orbital limit set AZP(I") = 9 depends only on €.
The proximal limit set Ar (Definition 2.3) is the set of extreme points of Q and is the
projectivized standard basis, independently of the choice of €.

Here is an irreducible variant of Example 4.1, containing it as a finite-index subgroup. It
shows that even when I" acts irreducibly on P(V'), it may preserve and divide several disjoint
properly convex open subsets of P(V'). (This does not happen under strong irreducibility,
see Fact 3.12.(2).)
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FIGURE 3. The subgroup I' € PGL(R?) of all diagonal matrices with each
entry a power of ¢ = 2 divides a triangle  in P(R?) with vertices the
standard basis. Shown are two I'-orbits with different accumulation sets
in 0€Q).

Example 4.2. Let F be a finite group acting transitively on a set I of cardinality n > 2.
Let V =R! ~R" and I ~ Z! /Z be as in Example 4.1. Then T := F x T acts irreducibly
on P(V), preserving the positive orthant Ay := ]P’(Réo). For any index-two subgroup F”
of F whose restricted action has two orbits I’, I" partitioning I, the same group I' also
preserves and acts cocompactly on the orthant Ap = IP’(RI;O X RQB). There may be many
such F' C F, e.g. any index-two subgroup for F = I = (Z/2Z)" with v € N*.

Here is an example showing that a discrete subgroup which is convex cocompact in P(V)
need not act convex cocompactly on every invariant properly convex open subset of P(V).

Example 4.3. Suppose I' is a convex cocompact subgroup (in the classical sense) of
PO(p—1,1) C PO(p,1) C PGL(RP*!). Then I acts convex cocompactly (Definition 1.11),
and even strongly convex cocompactly (Definition 1.1), on the properly convex open subset
HP of P(RPT!) (see Example 1.3), hence T is strongly convex cocompact in P(RPT1). Note
that the set Ap is contained in the equatorial sphere OHP~! of OHP C P(RPH!). Let
Q be one of the two I'-invariant hyperbolic half-spaces of H? bounded by HP~!'. Then
C&'(T) C G (T) N = 0. Thus I' does not act convex cocompactly on €.

The following basic examples, where I' is a cyclic group acting on the projective plane
P(R3), may be useful to keep in mind.

Examples 4.4. Let V = R? with standard basis (e, es,e3). Let I' be a cyclic group
generated by an element v € PGL(V).

(1) Suppose v = <§ 2 8) where @ > b > ¢ > 0. Then ~ has attracting fixed point

[e1] and repellingoﬁxed point [es]. There is a I'-invariant properly convex open
neighborhood Q of an open segment ([e1],[e3]) connecting [e;] to [e3]. The full
orbital limit set AZP(T) is just {[e1], [e3]} and its convex hull C¥*(T") = ([e1], [e3])
has compact quotient by I' (a circle). Thus I' is convex cocompact in P(V).

(2) Suppose v = <§ 10;(8 where a > b > 0. Any [-invariant properly convex open

subset 2 of P(V) is a triangle with tip [e;] and base an open segment I of the
line P(span(ez, e3)). For any x € €, the I'-orbit of z has two accumulation points,
namely [e1] and the intersection of I with the projective line through [e;] and x.
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Therefore, the full orbital limit set AZP(T) is {[e1]} U I, hence the convex hull
CEr(T) of AZP(T) is the whole of €2, and T' does not act cocompactly on it. Thus I'
is not convex cocompact in P(V'). However, I is naively convex cocompact in P(V)
(Definition 1.9): it acts cocompactly on the convex hull C in © of {[e1]} and of any
closed segment I’ C I. The quotient I'\C is a closed convex projective annulus (or
a circle if I' is reduced to a singleton).

200 . . .
(3) Suppose v = <8 ! {) where ¢ > 0. Then there exist nonempty I'-invariant properly

convex open subsets of P(V), for instance Q, = P({(v1, v, 1) | v1 > 522/t}) for any
s > 0. However, for any such set 2, we have AZ®(I") = {[e1], [e2]}, and the convex
hull of AZP(T") in Q is contained in 99 (see [Mal, Prop.2.13]). Hence C&"(T') is
empty and I' is not convex cocompact in P(V'). It is an easy exercise to check that
I' is not even naively convex cocompact in P(V).

0 0
(4) Suppose v = (8 beos 6 —bsine) where @ > b > 0 and 0 < # < 7. Then I' does not
0 bsin® bcosb

preserve any nonempty properly convex open subset of P(V') (see [Mal, Prop. 2.4]).

Remarks 4.5. (a) Convex cocompactness in P(V') is not a closed condition in general.
Indeed, Example 4.4.(1), which is convex cocompact, can limit to Example 4.4.(2),
which is not.

(b) Naive convex cocompactness (Definition 1.9) is not an open condition (even if we
require the cocompact convex subset C C €2 to have nonempty interior, which
we can always do by Lemma 3.9). Indeed, Example 4.4.(2), which satisfies the
condition, is a limit of both 4.4.(3) and 4.4.(4), which do not.

Here is a slightly more complicated example of a discrete subgroup of PGL(V') which is
naively convex cocompact but not convex cocompact in P(V').

Example 4.6. Let I'; be a convex cocompact subgroup of SO(2,1) C GL(R3), let I'y ~ Z
be a discrete subgroup of GL(R!) ~ R* acting on R! by scaling, and let I' = 'y x I's C
GL(V), where V := R3@R!. Any I'-invariant properly convex open subset Q of P(R3@R!)
is a cone with base some I'j-invariant properly convex open subset 1 of P(R3) C P(V) and
tip 2 := P(R!) C P(V). The full orbital limit set AZP(T") contains both {2} and the full
base 21, hence C§(T") is equal to 2. Therefore I' acts convex cocompactly on € if and only
if I'; divides Qq, if and only if I'; is cocompact (not just convex cocompact) in SO(2,1).
On the other hand, T" is always naively convex cocompact in P(V'): it acts cocompactly on
the closed convex subcone C C § with tip z and base the convex hull in H? of the limit set
of Fl.

In further work [DGK3], we shall describe examples of discrete subgroups of PGL(V')
which are naively convex cocompact but not convex cocompact in P(V'), and which act
irreducibly on P(V'). This includes free discrete subgroups of PGL(R?*) containing Exam-
ple 4.4.(2) as a free factor.

4.2. Finite-index subgroups. We observe that the notions of convex cocompactness and
naive convex cocompactness in P(V') behave well with respect to finite-index subgroups.

Lemma 4.7. LetT" be an infinite discrete subgroup of PGL(V') preserving a properly convex
open subset Q of P(V'), and let T be a finite-index subgroup of I'. Then
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o C&'(I) = C&"(I); in particular, I is convex cocompact in P(V') if and only if T is;
e if T acts cocompactly on some closed convex subset C' of Q, then T acts cocompactly
on some closed convex subset C of Q; in particular, I is nawvely convex cocompact

in P(V') if and only if T is.

Proof. Write I" as the disjoint union of cosets I''~q, ..., I"v,, where v; € I'. Since any orbit
[z, for € Q, is a union of m orbits IV - (y; - ), we have AZP(I') = AZP(I”), hence
eser(I) = CEgr (),

Suppose I acts cocompactly on some closed convex subset C’ of Q, and let D’ C C’ be a
compact fundamental domain for this action. There exists a closed uniform neighborhood
Cl e of C"in (R, dq) such that [ J", v; - D' C C/ ;- The group I'" acts cocompactly on C|,

unif
(Lemma 3.9). We have I'-C’ = (J;Z, I"v;- D' C C] ;¢ since C| ¢ is ["-invariant. Let C C C]
be the convex hull of I - €' in Q. Then C is I'-invariant and the action of I (hence of I')
on C is cocompact. O

4.3. Conical limit points. We use the following terminology.

Definition 4.8. Let 2 be a nonempty properly convex open subset of P(V') and let z € 9.

o A sequence (Ym)men € QY converges conically to z if y,, — z and the supremum
over m € N of the distances dq(ym, [y, z)) is finite for some (hence any) y € €.

Suppose in addition that € is preserved by an infinite discrete subgroup I' of PGL(V).

e The point z is a conical limit point of the I'-orbit of some point y €  if there exists
a sequence (7,,) € TN such that (7, - ¥)men converges conically to z. In this case
we say that z is a conical limit point of I in OS.

e The conical limit set of I' in OSY is the set A" (I") of conical limit points of I" in 0€2.

Here [y, z) denotes the projective ray of {2 starting from y with endpoint z. By definition,
the conical limit set AS"(T") is contained in the full orbital limit set AZP(T).
The following observation will have several important consequences.

Lemma 4.9. Let " be an infinite discrete subgroup of PGL(V) and Q a nonempty I'-
invariant properly convex open subset of P(V). For z € 99 and a sequence () € TN of
pairwise distinct elements of T', if there exists y € Q such that do(ym -y, [y, z)) is bounded,
then there exists y' € Q in the closure of UyeF’V‘ [y,2) in Q such that a subsequence of
(Ym - ¥ )men converges conically to z; in particular, z € AS"(T).

Proof. Suppose there exist a sequence (v,,) € TV of pairwise distinct elements, a point
y € , and a sequence (Y )men of points of [y, z) such that dq(Vm Yy, Ym ) is bounded. Then
do(y, v - ym) is bounded, and so, up to passing to a subsequence, we may assume that
Yk Ym — ' for some 3’ € Q. We have y,, — 2 and dq(Ym, Ym - y') — 0, hence v, -y — 2
by Corollary 3.6. Moreover, do(Ym - v, [y, 2)) is bounded. Indeed, do(ym - ¥/, Ym - y) =
do(y',y) and do(ym -y, [y, z)) is bounded, hence dg(vm ¥/, [y, z)) is bounded by the triangle
inequality. We conclude using the fact that the rays [y, z) and [y, z) remain at bounded
distance for dq. ]

Corollary 4.10. Let I' be an infinite discrete subgroup of PGL(V) and £ a nonempty T'-
invariant properly convex open subset of P(V'). Suppose I' acts cocompactly on some closed
convez subset C of Q. Then
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(1) the ideal boundary 0iC is contained in AS"(I'); more precisely, any point of OiC is
a conical limit point of the I'-orbit of some point of C;

(2) Aggn(r) = AP(D);

(3) if C contains C(T'), then &,C = iCE"(T') = AZP(T'); in that case, the set AZP(T)
is closed in P(V'), the set C§"(T") is closed in 2, and the action of I' on § is convex
cocompact (Definition 1.11).

As a special case, Corollary 4.10.(3) with C = Q shows that if T' divides (i.e. acts
cocompactly on) €, then AYP(T) = 90 and C"(T') = Q (this also follows from [Ve,
Prop. 3]) and the action of I" on 2 is convex cocompact in the sense of Definition 1.11.

Proof. (1) Since C is convex and the action of I on C is cocompact, for z € 9;C and y € C,
all points in the ray [y, z) lie at uniformly bounded distance from I"-y. We conclude using
Lemma 4.9.

(2) Let z € AZP(T"): it is a limit of points in T - y for some y € Q. Let Cynir be a closed
uniform neighborhood of C in (€, dq) containing y. The group I still acts cocompactly
on Cynif (Lemma 3.9), and z € 0iCynif, hence z € AG"(I") by (1).

(3) If C contains CS(T"), then &C D GCY (') D AZP(T), and so C = ACF(T) =
AZP(T) by (1). In particular, AZP(T) is closed in P(V) by Remark 3.7, and so its convex
hull C&"(T") is closed in €2, and compact modulo I" because C is. O

4.4. Open faces of 92. We shall use the following terminology.

Definition 4.11. For any properly convex open subset © of P(V') and any z € 09, the
open face Fyo(z) of 0N at z is the union of {z} and of all open segments of 02 containing z.

In other words, Fy,(z) is the largest convex subset of 92 containing z which is relatively
open, in the sense that it is open in the projective subspace P(W) that it spans. In
particular, we can consider the Hilbert metric dp,,(.y on Fya(2) seen as a properly convex
open subset of P(W) (if Fya(2) = {2}, take dp,,(») := 0). The set 9 is the disjoint union
of its open faces.

Here is a consequence of Lemma 4.9.

Corollary 4.12. Let T be an infinite discrete subgroup of PGL(V) and Q a nonempty
I'-invariant properly convex open subset of P(V'). Then the conical limit set AG"(I") is a
union of open faces of €.

Proof. Suppose z € AZ™(D): there exist y € Q and () € TV such that (Y * ¥)men
converges conically to z. For any 2’ € Fyq(2), the rays [y, z) and [y, 2’) remain at bounded
distance for dg, hence dg(vm -y, [y, 2’)) is bounded. By Lemma 4.9, there exists y' € 2 such
that some subsequence of (Y, - ¥')men converges conically to 2/, and so 2z’ € AZ"(I"). O

Corollaries 4.10.(2) and 4.12 immediately yield the following.

Corollary 4.13. Let T be an infinite discrete subgroup of PGL(V) and Q a T'-invariant
properly convex open subset of P(V'). IfT" acts cocompactly on some nonempty closed convex
subset C of , then the full orbital limit set A?{b(l“) is a union of open faces of OS).

The following lemma will be used in the proofs of Lemma 4.16 and Proposition 4.18.(1)
below. We endow any open face F' of 92 with its Hilbert metric dp.
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FIGURE 4. [lustration of the proof of Lemma 4.14.(2)

Lemma 4.14. Let Q be a nonempty properly convex open subset of P(V') and let R > 0.
(1) Let (zm)men and (x),)men be sequences of points of Q0 converging respectively to
points z and 2’ of OQ. If do(zm,x),) < R for all m € N, then z and 2’ belong to
the same open face F of OQ and dp(z,2') < R.
(2) Let C be a nonempty closed convex subset of @ and let Cr be the closed uniform
R-neighborhood of C in (2,dq). Then for any open face F of X0, the set ,Cr N F
is equal to the closed uniform R-neighborhood of ;C N F in (F,dp).

Proof. (1) We may assume z # 2. For any m € N, let ap,, b, € 992 be such that
Ay Ty Thy s by are aligned in this order. Up to passing to a subsequence, we may assume
that (am)men, (bm)men converge respectively to a,b € 99, with a, z,2’, b aligned in this
order. By continuity of the cross-ratio, lim,[am : @y, 2 @), : by] = [a: 2z : 2 : b]. Using
do(zm,x),) < R and the definition (2.1) of the Hilbert metric, we deduce a # z and 2z’ # b
and limy, do(Zm, 27,) = dap) (2, 2), where d(, ) is the Hilbert metric on the interval (a, b).
The interval (a,b) (hence also z and 2’) is contained in some open face F' of 9§2. We have
dr(z,2") < dp)(z,2") (Remark 2.1), with equality if and only if @ and b both lie in the
boundary of F. Thus dp(z,2") < limy, do(zm,x),) < R.

(2) By (1), the set 0iCr N F' is contained in the closed uniform R-neighborhood of
OCN F in (F,dp). Let us prove the reverse inclusion. If F' is a singleton, there is nothing
to prove. If not, consider z € ;C N F and 2’ € F with 0 < dp(z,2') < R. In order
to check that z/ € 9,Cg, it is enough to choose a point z € C and check that the ray
[z,2') is contained in Cr. Let € (resp. F') be the intersection of © (resp. F') with the
two-dimensional projective subspace of P(V') spanned by z, z, 2’. Observe that F/ = (a,b)
is an interval and that dps is equal to dp on F’ (see Figure 4). For any ¢’ € [z,2'), let
y € [x,z) C C be such that the line between y,y’ does not intersect F’ (e.g. choose y to
be the intersection with (z, z) of the line through ¢’ parallel to the direction of F” in some
affine chart of P(W) containing ). If T' C €’ denotes the open triangle spanned by z, a, b,
then do(y,y') < dr(y,vy') = dp(z,2") < R, hence ¢ € Cp. O

Remark 4.15. The way that Hilbert distances behave as points approach an open face
F of 99 can be quite subtle. Let (x,,)men be a sequence of points in 2 converging to
some z € F, and consider the sequence of closed R-balls By, (Zm, R). By Lemma 4.14.(1),
their limit in the Hausdorff topology (if it exists) is some closed subset of F' contained
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in the closed R-ball Edp(z, R). However, it is sometimes the case that the containment
is strict: see Appendix B. In the case that x,, — z conically, it can be shown that the
limit contains some ball around z, but the radius may be smaller than R: we give precise
bounds in Lemma B.2. In general, the limit may fail to contain a neighborhood of z in F'
(see Example B.1).

4.5. Minimality of the convex core for convex cocompact actions. Recall that
CEr(T) denotes the convex core of Q for T, i.e. the convex hull of AZ®(T') in Q.

Lemma 4.16. Let T be an infinite discrete subgroup of PGL(V') acting convex cocompactly
(Definition 1.11) on some nonempty properly convex open subset Q of P(V'). Then any
nonempty I'-invariant closed convex subset C of Q contains CS(I'). In particular, the
nonempty I'-invariant closed convex subsets of € on which the action of ' is cocompact are
exactly those nested between C§(I') and some uniform neighborhood of C&' (') in (2, dq).

Proof. Consider a nonempty closed convex I'-invariant subset C of 2.

Let us prove that C contains C&' (I'). By definition of C&"(T), it is sufficient to prove that
OiC contains AZP(T). For this, it is sufficient to prove that AY®(I') N F C iC N F for any
open face F' of 0Q. Since the action of I" on C§"(I") is cocompact, there exists R > 0 such
that C&§"(I") is contained in the closed uniform R-neighborhood Cg of C in (€2, dg). We have
AZP(T) C O,CEM(T') C OiCr. Let F be an open face of 992. Then AZ>(T)NF C &:CrNF. By
Corollary 4.13, the set Ag’{b(F) N F is either empty (in which case there is nothing to prove)
or equal to F. Suppose AQP(I') N F = F and hence d;Cr N F = F. By Lemma 4.14.(2),
the set 9;Cr N F is the closed uniform R-neighborhood of 9,C in (F,dp). Since the Hilbert
metric df is proper on F, it follows that &;,C N F' = F. This shows that ;C D AZ®(I") and
so C D Cy"(I).

Moreover, the action of I' on C is cocompact if and only if C is contained in a uniform
neighborhood of C§(T") in (€2, dq). O

Corollary 4.17. Let I" be a discrete subgroup of PGL(V') dividing (i.e. acting cocompactly
on) some nonempty properly convex open subset Q of P(V'). Then any I'-invariant properly
convex open subset of P(V') intersecting 2 nontrivially is equal to ).

Proof. Let € be a I'-invariant properly convex open subset of P(V') intersecting 2 non-
trivially. By Corollary 4.10.(3), we have Q = AZP(T) and C$"(I') = Q. By Lemma 4.16,
we have QN Q' = Q, and so Q C . By Remark 3.7 applied to (€', Q) instead of (Q,C),
we have 9Q = 99’ N Q, hence Q = Q. O

4.6. On which convex sets (2 is the action convex cocompact? Here is a consequence
of Corollary 4.10.(3).

Proposition 4.18. Let T' be an infinite discrete subgroup of PGL(V') preserving two
nonempty properly convex open subsets Q C Q' of P(V).
(1) Suppose the action of T' on Q is convex cocompact. Then the action of T' on Q' is
conver cocompact, AAP(I") = AAP(T), and CS"(I") = C&(T).
(2) Suppose the action of T' on Q' is convex cocompact. Then the action of T' on € is
convex cocompact if and only if C§"(I') = C&'(I'), if and only if Q contains C&'(I').
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Proof. (1) We first check that the inclusion AZP(I') C AZP(T) is an equality. For this it is
sufficient to check that for any open face F’ of 9’ meeting AZP(I), we have F'NAZP(T) =
F'. The set F' N AZ®(T') is nonempty by Lemma 4.14.(1). Since I' acts cocompactly on
C&(T), there exists € > 0 such that the uniform e-neighborhood C; of C§'(T") in (€, dgy)
is contained in €. The uniform e-neighborhood of F' N AZ®(T) in (F',dp) is equal to
F' N 3,C. by Lemma 4.14.(2), hence to F' N AZP(T) itself by Corollary 4.10.(3), and so

"M AZP(I') = F’. This shows that AZP(T") = A2P(T'). We deduce that C&'(T') is the
closure of C&™"(I") in €. Since the action of I' on C&(I") is cocompact by assumption, the
set C&"(I') must already be closed in €' (Remark 3.7), hence CF'(I') = C&'(I') and the
action of I' on €' is convex cocompact.

(2) If the action of I" on €2 is convex cocompact, then C&"(I') = C&'(I") by (1), and so
contains C&'(I'). Conversely, if 2 contains C5"(I'), then C&'(I') is a closed convex subset
of Q containing C§'(I') on which I" acts cocompactly; by Corollary 4.10.(3), the action of
I" on € is convex cocompact. O

In the irreducible case, we obtain the following description of the convex sets on which
the action is convex cocompact. Using Fact 3.12.(2), it shows that if " acts strongly
irreducibly on P(V') and is convex cocompact in P(V), then the set AZ®(T") is the same for
all properly convex open subsets €2 of P(V') on which I' acts convex cocompactly.

Corollary 4.19. Let T' be an infinite discrete subgroup of PGL(V') acting convex cocom-
pactly on a nonempty properly convexr open subset Q of P(V'). Suppose that T' contains a
prozimal element, so that the maximal convexr open set Qmax O Q of Proposition 3.10 is
well defined, and suppose that Qumax is properly convex (this is always the case if T' acts
irreducibly on P(V'), see Fact 3.12). Then

(1) the properly convex open subsets Q' of Qmax on which T acts convex cocompactly are
ezactly those containing Cg" (L'); they satisfy AZP(T) = Ag.:a (I') and C§"(I") =
cs, (I);

(2) if T acts irreducibly on P(V'), then

A2 (1) = 0Qumin N O max

and
Ccor (F> = Qmin N QmaX7

where Qmin C Q is the minimal nonempty I'-invariant properly convex set given by
Fact 3.12. Thus, for any properly convex open subset ' of Qumax on which T' acts
convex cocompactly, the convex core C&'(T) is the convex hull in Q' of the prozimal
limit set Ar.

Proof. (1) This is an immediate consequence of Proposition 4.18.

(2) Suppose I' acts irreducibly on P(V). By Remark 3.7, the set C := C§" (I') is
closed in Qpax. The interior Int(C) is nonempty since I' acts irreducibly on P(V'), and
Int(C) contains Q. In fact Int(C) = Quin: indeed, if Qi, were strictly smaller than
Int(C), then the closure of Qyi, in C would be a nonempty strict closed subset of C on
which I' acts properly discontinuously and cocompactly, contradicting Lemma 4.16. Thus
C = Qmin N Qmax, Which is the convex hull of the proximal limit set Ar in Qmax. Moreover,
by Corollary 4.10.(3) we have A?{Zax (T') = 3:C = Qumin N Omax. O
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For an arbitrary discrete subgroup I' of PGL(V) acting irreducibly on P(V') and pre-
serving a nonempty properly convex open subset © of P(V'), the convex hull C&" (") of
the full orbital limit set A‘g{b(F) may be larger than the convex hull Qin N Qmax of the
proximal limit set Ar in €2. This happens for instance if I" is naively convex cocompact in
P(V) (Definition 1.9) but not convex cocompact in P(V'). Examples of such behavior will
be given in the forthcoming paper [DGK3].

4.7. Convex cocompactness and conicality. By Corollary 4.10.(2), if I' acts convex
cocompactly on €2, then the full orbital limit set AZ®(I") consists entirely of conical limit
points. We now investigate the converse; this is not needed anywhere in the paper. We also
refer the reader to recent work of Weisman [We|, in which conical convergence is studied
further in relation to an expansion condition at faces of the full orbital limit set.

When () is strictly convex with boundary of class C!, the property that A‘S’{b(l“) consist
entirely of conical limit points implies that the action of I' on €2 is convex cocompact by
[CM, Cor.8.6]. In general, the following holds, as was pointed out to us by Pierre-Louis
Blayac.

Lemma 4.20. Let I be an infinite discrete subgroup of PGL(V') and Q a nonempty I'-
invariant properly convex open subset of P(V).

(1) If C is a nonempty I'-invariant closed conver subset of Q whose ideal boundary 0;C
consists entirely of conical limit points of ' in OS), then the action of I' on C is
cocompact.

(2) In particular, if CE(I') is closed in Q and 0;C& (I') consists entirely of conical limit
points of I' in OS), then the action of I' on Q) is conver cocompact.

Proof. (1) Fix a point zp € C and, by analogy with Dirichlet domains, let
D :={z €C | do(z,x0) < do(z,v-x9) VyeTl}.

Note that I' - D = C. Therefore, it is sufficient to prove that D is compact. Suppose
by contradiction that this is not the case: there exists a sequence (z,,) € DY such that
do(zm, o) — +0o. Up to passing to a subsequence, we may assume that (z,,)mnmen con-
verges to some point z € 9;C. By assumption z is a conical limit point of I' in 9Q: there
exist R > 0, and a sequence (7,,) € I'N of pairwise distinct elements such that for any
m € N we can find a point y,, on the ray [zg, z) with do(ym,¥m - o) < R. Then y,, — z,
and so we can find m such that do(zg, ym) > R+ 2. Let us fix such an m. Since zp — z as
k — 400, we can find a sequence (2} )ken such that z) € [zo, ) for all k and z), = yp,.
In particular, for large enough k we have do(x), ym) < 1. Using the triangle inequality, we
obtain

do(zr, Ym - 20) < do(zr, 2}) + do (), Ym) + do(Yms Ym - 20)
= do(zy, 20) — da(zo, ) + da(), Ym) + da(Ym, Ym - To)
< da(wk, 20) — da(wo, Ym) + 2da (), Ym) + do(Ym, Ym - o)
< dQ(I‘k,ZE())—(R—i—Z)—i—Z—{—R = dQ(CL'k,IEO).

This contradicts the fact that z; € D.
(2) Apply (1) with C = C&"(I). O



CONVEX COCOMPACT ACTIONS IN REAL PROJECTIVE GEOMETRY 33

5. CONVEX SETS WITH BISATURATED BOUNDARY AND DUALITY

In this section we interpret convex cocompactness in terms of convex sets with bisat-
urated boundary (Definition 1.18), and use this to prove that convex cocompactness is
stable under duality (property (A) of Theorem 1.16).

More precisely, in Sections 5.1 and 5.2 we establish the implications (1) = (2) and
(2) = (1) of Theorem 1.19; we prove (Corollaries 5.2 and 5.4) that when these conditions
hold, sets €2 as in condition (1) and Cpisat as in condition (2) may be chosen so that the full
orbital limit set A?{b(F) of I in € coincides with the ideal boundary 0;Cpisat Of Cpisat- In
Section 5.3 we study a notion of duality for properly convex sets which are not necessarily
open. In Sections 5.4 and 5.5, we prove Proposition 5.10, which is a more precise version of
Theorem 1.16.(A). Finally, in Section 5.6 we describe on which convex sets with bisaturated
boundary the action of a given group is properly discontinuous and cocompact, when such
sets exist.

5.1. Bisaturated boundary for neighborhoods of the convex core. Let us prove
the implication (1) = (2) of Theorem 1.19. We start with the following observation.

Lemma 5.1. Let T' be a discrete subgroup of PGL(V) and Q a nonempty T'-invariant
properly convex open subset of P(V'). Let Cy C Cy1 be two nonempty closed convex subsets
of Q@ on which T' acts cocompactly. Suppose that 0;C1 = 0;Cy and that C1 contains a
neighborhood of Cy in 2. Then Cy has bisaturated boundary.

Proof. By cocompactness, there exists € > 0 such that any point of 9,C; is at dg-distance
> ¢ from Cy. Let H be a supporting hyperplane of C; and suppose for contradiction that
H contains both a point z € 9,C; and a point z € 9;C;. Since 9;C; is closed in P(V') by
Remark 3.7, we may assume without loss of generality that the interval [z, z) is contained
in 0,C;. Consider a sequence y,, € [z, z) converging to z. Since I acts cocompactly on Cj,
there is a sequence (y,,) € I'N such that Ym * Ym remains in some compact subset of Cj.
Up to taking a subsequence, we may assume that v,, - * = oo and v, - Ym — Yoo and
Vm % = Zoo fOT SOME Too, Yoo, 2oo € C1. We have o € 0;Cy since the action of I' on C;
is properly discontinuous, Y~ € 0,Cy since v, - ¥, remains in some compact subset of Cq,
and zo, € 0;Cy since 9;C; is closed. The point yo, € 0,C1 belongs to the convex hull of
{Z ooy 200} C 0iCo, hence yoo € Cp. This contradicts the fact that y, € 9,C1 is at distance
> ¢ from Cp. ]

The implication (1) = (2) of Theorem 1.19 is contained in the following consequence of
Corollary 4.10 and Lemma 5.1.

Corollary 5.2. Let T be an infinite discrete subgroup of PGL(V') acting convexr cocompactly
(Definition 1.11) on some nonempty properly convezx open subset Q of P(V'). Let C be a
closed convex subset of Q on which I' acts cocompactly and which contains a neighborhood
of C&'(T') (e.g. a closed uniform neighborhood of C&"(I') in (2, dq), see Lemma 3.9). Then
C is a properly convex subset of P(V') with bisaturated boundary on which I' acts properly
discontinuously and cocompactly. Moreover, ;C = :CE"(T') = AJP(T).

Proof. Since the convex set C is contained in €2, it is properly convex and I' acts properly
discontinuously and cocompactly on it. By Corollary 4.10.(3), we have 9,C = AZP(T") =
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0C&"(I'). By Lemma 5.1 with Cy = C§"(I") and C; = C, the set C has bisaturated boundary.
U

5.2. Convex cocompact actions on the interior of convex sets with bisaturated
boundary. In this section we prove the implication (2) = (1) of Theorem 1.19. We first
make the following general observations.

Lemma 5.3. Let C be a properly convex subset of P(V') with bisaturated boundary. Assume
0iC is not empty (i.e. C is not closed in P(V')). Then

(1) C has nonempty interior Int(C);
(2) the convex hull of ;C in C is contained in Int(C) whenever 0iC is closed in P(V).

Proof. (1) If the interior of C were empty, then C would be contained in a hyperplane.
Since C has bisaturated boundary, C would be equal either to its ideal boundary (hence
empty) or to its nonideal boundary (hence closed).

(2) Suppose 9iC is closed in P(V'), hence compact. Since C has bisaturated boundary,
every supporting hyperplane of C at a point € 0,C misses 9;C, hence by compactness of
O:C there is a hyperplane strictly separating « from 0;C (in an affine chart containing C). It
follows that the convex hull of 9;C in C does not meet 9,C, hence is contained in Int(C). O

The implication (2) = (1) of Theorem 1.19 is contained in the following consequence of
Lemma 3.8, Corollary 4.10, and Lemma 5.3.

Corollary 5.4. Let T' be an infinite discrete subgroup of PGL(V') acting properly discon-
tinuously and cocompactly on a nonempty properly convex subset C of P(V') with bisaturated
boundary. Then  :=Int(C) is nonempty and T' acts convexr cocompactly (Definition 1.11)
on Q. Moreover, AX®(I") = ,C, i.e. C = Q~ AZ>(T).

Proof. Since T' is infinite, C is not closed in P(V'), and so Q = Int(C) is nonempty by
Lemma 5.3.(1). The set 9;C is closed in P(V') by Lemma 3.8, and so the convex hull Cy of
0iC in C is closed in C and contained in Q by Lemma 5.3.(2). The action of I" on Cj is still
cocompact. Since I' acts properly discontinuously on C, the set A‘S’{b(F ) is contained in 9;C,
and C&" (I") is contained in Cy. By Corollary 4.10.(3), the group I' acts convex cocompactly
on  and AZP(I") = iCy = H,C. O

5.3. The dual of a properly convex set. Given an open properly convex set Q C P(V),
there is a notion of dual convex set 2* C P(V*) which is very useful in the study of divisible
convex sets: see Section 2.1. We generalize this notion here to properly convex sets with
possibly nonempty nonideal boundary.

Definition 5.5. Let C be a properly convex subset of P(V') with nonempty interior, but
not necessarily open nor closed. The dual C* C P(V*) of C is the set of elements of
P(V*) which, viewed as projective hyperplanes in P(V'), do not meet Int(C) UJC, i.e. those
hyperplanes meet C in a (possibly empty) subset of 9,C.

Remark 5.6. The set C* is convex in P(V*). Indeed, C* = Int(C)* implies that C* is con-
vex, and if H, H", H' € C* are three distinct points aligned in this order with H, H' € C*,
and if we view them as projective hyperplanes in P(V), then H’NC C (HNH')NC C d,C,
hence H” € C*. By construction,
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e Int(C*) is the set of projective hyperplanes in P(V) that miss C, i.e. Int(C) and
Int(C*) are dual in the usual sense for open convex sets, as in (2.2);

e 0,C* is the set of projective hyperplanes in P(V') whose intersection with C is a
nonempty subset of 9,C (such a hyperplane misses 9iC if C has bisaturated bound-
ary);

e 0,C* is the set of supporting projective hyperplanes of C at points of ;C (such a
hyperplane misses 9,C if C has bisaturated boundary).

Lemma 5.7. Let C be a properly convex subset of P(V'), not necessarily open nor closed,
but with bisaturated boundary and with nonempty interior. Then

(1) the dual C* has bisaturated boundary;

(2) the bidual (C*)* coincides with C (after identifying (V*)* with V' );

(8) the dual C* has a PET (properly embedded triangle, Definition 1.14) if and only if
C does.

Proof. (1) By Remark 5.6, since C has bisaturated boundary, 9,C* (resp. 9;C*) is the set of
projective hyperplanes in P(V') whose intersection with C is a nonempty subset of 9,C (resp.
0:C). In particular, a point of 9,C* and a point of 9;C*, seen as projective hyperplanes of
P(V), can only meet outside of C. This means exactly that a supporting hyperplane of C*
in P(V*) cannot meet both 0,C* and 0iC*.

(2) By definition, (C*)* is the set of hyperplanes of P(V*) missing Int(C*)Ud,C*. Viewing
hyperplanes of P(V*) as points of P(V'), by Remark 5.6 the set (C*)* consists of those points
of P(V') not belonging to any hyperplane that misses C, or any supporting hyperplane at
a point of &;C. Since C has bisaturated boundary, this is C \. 6;C, namely C.

(3) By (1) and (2), it is enough to prove one implication. Suppose C has a PET contained
in a two-dimensional projective plane P, i.e. CN P =T is an open triangle. Let Hy, Ho, Hs
be projective hyperplanes of P(V') supporting C and containing the edges E1, Fa, E5 C 0;C
of T. For 1 < k < 3, the supporting hyperplane H} intersects 9;C, hence lies in the ideal
boundary 9;C* of the dual convex set. Since C* has bisaturated boundary by (1), the whole
edge [Hy, Hy/] C C* is contained in ,C* for 1 < k < k' < 3. Hence Hi, Hs, H3 span a
2-plane Q C P(V*) whose intersection with C* is a PET of C*. O

5.4. Proper and cocompact actions on the dual. The following is the key ingredient
in Theorem 1.16.(A).

Proposition 5.8. Let T' be a discrete subgroup of PGL(V') and C a I'-invariant convex
subset of P(V') with bisaturated boundary. Suppose C has nonempty interior, so that the
dual C* is well defined. Then the action of I' on C is properly discontinuous and cocompact
if and only if the action of T' on C* is.

Recall from Corollary 5.4 that if I' acts properly discontinuously and cocompactly on C,
then C automatically has nonempty interior.

In order to prove Proposition 5.8, we assume n = dim(V) > 2 and first make some
definitions. Consider a properly convex open subset 2 in P(V'). For any distinct points
z,y € P(V) N 09, at least one of which is in ©, the line L through = and y intersects 02
in two points a, b and we set

6o (z,y) == max {[a:z:y:b], [b:z:y:a]}.
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If z,y € Q, then §(z,y) = exp(2dqa(x,y)) > 1 where dq is the Hilbert metric on € (see
Section 2.1). However, if z € Q and y € P(V) \ Q, then we have —1 < dq(x,y) < 0. For

any point x € Q and any projective hyperplane H € Q* (i.e. disjoint from (2), we set
da(z, H) := max dq(x,y).
yeH
Then d(x, H) € [—1,0) is close to 0 when H is “close” to 0f2 as seen from x.

Lemma 5.9. Let Q be a nonempty properly convex open subset of P(V') = P(R™). For any
H € QF, there exists x € ) such that

This lemma is classical: see e.g. [DaGrKl, Th.2.7|, which gives a proof using Helly’s
theorem. The original result goes back to Radon [Rad]. We include a proof for convenience.

Proof of Lemma 5.9. Fix H € Q* and consider an affine chart R"~! of P(V) for which H is
at infinity, endowed with a Euclidean norm ||-||. We take for = the center of mass of {2 in this
affine chart with respect to the Lebesgue measure. It is enough to show that if a,b € OS2
satisfy = € [a,b], then |z —a|/||b — al]| < (n — 1)/n. Up to translation, we may assume
a=0¢&R" ! Let ¢ be alinear form on R"~! such that ¢(b) = 1 = supq, ¢. Let h := ¢(z),
so that ||z —al|/||b—al| = h, and let ' := R=q- (2N~ 1 (h))Np~1((—o00,1)) (see Figure 5).
The average value Eq(p) of ¢ on Q, for the Lebesgue measure, is Eq(¢) = ¢(x) = h, since

(1)

F1GURE 5. Illustration for the proof of Lemma 5.9

x is the center of mass of Q2. Moreover, Eq/(p) > Eq(y) since by convexity
O'nN 90_1((—00, h) c an o1 ((—o0, h]),
Yne (1) > Qne ([h1)).
But Eq/(¢) = (n—1)/n since €' is a truncated open cone in R"~!. Thus, h < (n—1)/n. O

Proof of Proposition 5.8. By Lemma 5.7, the set C* has bisaturated boundary and (C*)* =
C. Thus it is enough to prove that if the action on C is properly discontinuous and cocom-
pact, then so is the action on C*.
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Let us begin with properness. Recall from Lemma 3.8 that the set 9;C is closed in P(V).
Let Cy be the convex hull of 9;C in C. Note that any supporting hyperplane of Cy contains a
point of 9;C: otherwise it would be separated from 9;C by a hyperplane, contradicting the
definition of Cyp. By Lemma 5.3.(2), we have Cy C © := Int(C). Let C; be the closed uniform
1-neighborhood of Cy in (92, dq). It is properly convex [Bu, (18.12)] (see Lemma 3.9), with
nonempty interior, and 9,C; N 9,C = (. Taking the dual, we obtain that Int(C;)* is a
I-invariant properly convex open set containing C*. In particular, the action of I' on
C* C Int(Cy)* is properly discontinuous (see Section 2.1).

Let us show that the action of I' on C* is cocompact. Let @ = Int(C) and Q* = Int(C*).
Let D C C be a compact fundamental domain for the action of I' on C. Consider the
following subset of C*, where n = dim(V):

u = J {HeQ |dalx,H) <=}
xeDN2

It follows from Lemma 5.9 that I'-U/* = Q*. We claim that &/* C C*. To see this, suppose
a sequence of elements H,, € U* converges to some H € U*; let us show that H € C*.
If H € QF there is nothing to prove, so we may assume that H € 9Q* = Fr(C*) is a
supporting hyperplane of C at a point y € Fr(C). For every m, let z,, € D N Q satisfy
0o (xm, Hy) < n;_ll Up to passing to a subsequence, we may assume x,, - x € D C C.
Let y,, € H,, such that y,,, = y. For every m, let a,,, b, € 002 be such that a,,, Tm, bm, Ym
are aligned in this order. Then

-1 1bm — Y
> 80(Zms Ym) > [bm: Ton 2 Y s ] > —om — Imll
n—1- Q(xm ym) = [ m - Tm - Ym am] = Hbm _me
where || - || is a fixed Euclidean norm on an affine chart containing Q. Since ||b, — ym| — 0,

we deduce ||by, — 2| — 0, and soz =y € CNH C 0,C. Since C has bisaturated boundary,
we must have H € C*, by definition of C*. Therefore U* C C*. Since U* is compact and
the action on C* is properly discontinuous, the fact that I'-U* = Q* yields I'-U* = C*. [

5.5. Proof of Theorem 1.16.(A). We establish the following more precise result, which
implies Theorem 1.16.(A).

Proposition 5.10. Let T' be an infinite discrete subgroup of PGL(V') which is convex
cocompact in P(V). Then there exists a nonempty properly convexr open subset Q0 of P(V)
such that I' acts convex cocompactly on both Q and Q*. Such sets Q) are exactly the interiors
of the nonempty properly convex subsets of P(V') with bisaturated boundary on which T’ acts
properly discontinuously and cocompactly.

Proof. Let C be a nonempty properly convex subset of P(V') with bisaturated boundary on
which T' acts properly discontinuously and cocompactly: such a C exists by Corollary 5.2.
By Lemma 5.7.(1), the dual C* C P(V*) has bisaturated boundary, and I" acts properly dis-
continuously and cocompactly on C* by Proposition 5.8. By construction (see Remark 5.6),
the dual Q* of Q := Int(C) satisfies * = Int(C*). By Corollary 5.4, the set € (resp. )
is a nonempty properly convex open subset of P(V') (resp. P(V*)) on which T" acts convex
cocompactly, and C = Q \ AZP(T) (resp. C* = Q* . AZP(T)).

Conversely, let © be a nonempty properly convex open subset of P(V) such that the
action of T' on both Q and Q* is convex cocompact. Let us check that C := Q ~ AZ®(T") is
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a properly convex set with bisaturated boundary on which I' acts properly discontinuously
and cocompactly. Let C'* be a closed uniform neighborhood of C&(T') in (Q*,dg+). By
Corollary 5.2, the set C'* is a properly convex subset of P(V*) with bisaturated bound-
ary on which I' acts properly discontinuously and cocompactly. By Lemma 5.7.(1) and
Proposition 5.8, the dual C’' := (C'*)* is a properly convex subset of P(V) with bisatu-
rated boundary on which I' acts properly discontinuously and cocompactly. By Corol-
lary 5.4 and Proposition 4.18, the group I' acts convex cocompactly on € := Int(C’') and
AC' = AZP(I') = AZP(T") = ,C. In particular, C is contained and closed in C’, hence I also
acts properly discontinuously and cocompactly on C. Since 9,C* N 9,C"* = 0, Remark 5.6
implies that 9,C N 9,C" = 0, and so C is contained ' = Int(C’). Moreover, {2 is a neigh-
borhood in €' of CF'(I") = C&"(T"). Since C contains (2, Corollary 5.2 implies that C has
bisaturated boundary. O

5.6. On which convex sets with bisaturated boundary is the action properly
discontinuous and cocompact? Here is a consequence of Corollaries 4.19, 5.2, and 5.4.

Corollary 5.11. Let T' be an infinite discrete subgroup of PGL(V') acting convex cocom-
pactly on a nonempty properly convexr open subset Q of P(V'). Suppose that T' contains a
proximal element, so that the mazximal convexr open set Quax O Q of Proposition 8.10 is
well defined, and suppose that Qumax is properly convex (this is always the case if T' acts irre-
ducibly on P(V), see Fact 3.12). Then the nonempty properly convex subsets of Qmax with
bisaturated boundary on which I' acts properly discontinuously and cocompactly are exactly
the closed convex subsets of Qmax that are nested between two open uniform neighborhoods

of Cr  (T') in (Qmax, do

Proof. We first observe that, by Corollary 4.19.(1), the action of I' on Qpax is convex
cocompact.

If C is a closed convex subset of 2,,x that is nested between two open uniform neighbor-
hoods of C&' (I') in (max, d0,,, ), then Corollary 5.2 yields that C is a properly convex
set with bisaturated boundary on which I' acts properly discontinuously and cocompactly.

Conversely, let C be a nonempty properly convex subset of {),,x with bisaturated bound-
ary on which I' acts properly discontinuously and cocompactly.

First, we show that C is contained in Q. For this we observe that by Lemma 5.7.(1)
and Proposition 5.8, the dual C* is a properly convex subset of P(V*) with bisaturated
boundary on which I' acts properly discontinuously and cocompactly. In particular, C*
has nonempty interior by Lemma 5.3.(1), and so A} C A?;?(C*)(F) C 0;C* by Lemma 3.13.

In other words, by Remark 5.6, any element of A}, seen as a hyperplane in P(V), is a
supporting hyperplane to Qmax at a point of 9;C, hence misses 9,C since C has bisaturated
boundary. From this and from the definition of Qy.x (see Proposition 3.10), we deduce
that 9Qmax N IC = 0, and so C is contained in O ay.

By Corollary 5.4, the properly convex open set Q' := Int(C) is nonempty and I" acts
convex cocompactly on it. By Corollary 4.19.(1), the set Q' contains Cor ., and so C
contains a neighborhood of CS’":&X in Qmax.

By considering a compact fundamental domain for the action of I' on C"  , we see that
Q' (hence C) actually contains an open uniform neighborhood of C&" (') in (Qmax, d0ynay ),

and that C is contained in an open uniform neighborhood of C&" (L) in (Qmax, dp.)- U

max)'
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6. SEGMENTS IN THE FULL ORBITAL LIMIT SET

In this section we establish the equivalences (ii) < (iii) < (iv) < (v) in Theorem 1.15.
For this it will be helpful to introduce two intermediate conditions, weaker than (iii) but
stronger than (iv):

(iii)’ T' is convex cocompact in P(V) and for some nonempty properly convex open
set 2 on which T acts convex cocompactly, AZP(T") does not contain a nontrivial
projective line segment;

(iv)’ T is convex cocompact in P(V') and for any nonempty properly convex open set
on which I' acts convex cocompactly, C&' (I') does not contain a PET.

The implications (iii) = (iii)’, (iv)’ = (iv), (ili) = (iv)’, and (iii)’ = (iv) are trivial. The
implication (ii) = (iv)’ holds by Lemma 6.1 below. In Section 6.2 we simultaneously prove
(iv)’ = (iii) and (iv) = (iii)’. In Section 6.3 we prove (iii)’ = (ii). In Section 6.4 we prove
(iii)” < (v). We include the following diagram of implications for the reader’s convenience:

(iii):

for any cc €,

(i)™

for some cc €,

A?{b 2 segment A?;b 2 segment S §6'4
N
N

7 7 5 s

1 4 \ N\

I 7 86. i N
Il I\ v):

(ii): ™)
[ I osc
§6.2 T' cc and 11§6.2
C cocompact, nonempty interior
Il T’ hyperbolic I
I\ L 1l 0;C 2 segment
Y

\ P 2 Il

\ 2 §6.1 I

\ 1l

(iv)”:
for any cc Q,

CS" 2 PET

(iv):
for some cc Q,

C&" 2 PET

6.1. PETs obstruct hyperbolicity. We start with an elementary remark.

Lemma 6.1. Let I" be an infinite discrete subgroup of PGL(V') preserving a properly convex
open subset Q0 and acting cocompactly on a closed convexr subset C of Q. If C contains a
PET (Definition 1.14), then T is not word hyperbolic.

Proof. The classical Svarc-Milnor lemma states that a finitely generated group is quasi-
isometric to any proper, geodesic metric space on which it acts properly and cocompactly
by isometries. Hence I is quasi-isometric to the metric space (C,dq). A PET in Q is totally
geodesic for the Hilbert metric dg and is quasi-isometric to the Euclidean plane. Thus, if
C contains a PET, then the metric space (C,dgq) is not Gromov hyperbolic and therefore
I' is not word hyperbolic. O

6.2. Segments in the full orbital limit set yield PETs in the convex core. The
implications (iv)’ = (iii) and (iv) = (iii)’ in Theorem 1.15 will be a consequence of the fol-
lowing lemma, which is similar to [B6, Prop. 3.8.(a)] but without the divisibility assumption
nor the restriction to dimension 3; our proof is different, close to [B3|.
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Lemma 6.2. Let I' be an infinite discrete subgroup of PGL(V'). Let Q be a I'-invariant
properly convex open subset of P(V'). Suppose I acts cocompactly on some nonempty closed
convex subset C of Q. If 0iC contains a nontrivial segment which is inextendable in OS),
then C contains a PET.

Proof. The ideal boundary 0iC is closed in P(V) by Remark 3.7. Suppose 0;C contains a
nontrivial segment [a, b] which is inextendable in 9. Let ¢ € C and consider a sequence of
points z,,, € C lying inside the open triangle with vertices a, b, ¢ and converging to a point
x € (a,b).

We claim that the dg-distance from x,, to either projective interval (a,c] or (b, ¢| tends
to infinity with m. Indeed, consider a sequence (¥, )m of points of (a,c| converging to
y € [a,c] and let us check that do(@m,¥ym) — +0o (the proof for (b,c] is the same). If
y € (a,c|, then y € C and so dq(zm,ym) — +oo by properness of the Hilbert metric.
Otherwise y = a. In that case, for each m, consider 2/, vy, € 9 such that x}, Ty, Ym, 25,
are aligned in that order. Up to taking a subsequence, we may assume z,, — 2’ and
2}, — 2 for some 2/, 2 € 09, with 2/, x,a, 2’ aligned in that order. By inextendability
of [a,b] in 09, we must have z = a = 2/, hence dq(zpm, 2m) — 400 in this case as well,
proving the claim.

Since the action of I" on C is cocompact, there is a sequence (v,) € I'N such that vy, - T,
remains in a fixed compact subset of C. Up to passing to a subsequence, we may assume
that (Y - Zm)m converges to some Zo, € C, and (Vi - @)m and (Y, - b)p and (Y, - €)m
converge respectively to some oo, boo, Coo € OiC, With [ano, bso] C GiC since OiC is closed
(Remark 3.7). The triangle with vertices aoo, boo, Coo 1S nondegenerate since it contains
Too € C. Further, zo, is infinitely far (for the Hilbert metric on Q) from the edges [aoo, o)
and [bao, oo, and so these edges are fully contained in 9;C. Thus the triangle with vertices
G0, Do, Coo 18 @ PET of C. O

Simultaneous proof of (iv)” = (i) and (iv) = (i1i)’. We prove the contrapositive. Sup-
pose I' C PGL(V) acts convex cocompactly on a properly convex open set Q C P(V') and
AZP(T') contains a nontrivial segment. By Corollary 4.10.(3), the set &CE(T) is equal to
AZP(T') and closed in P(V), and it contains the open face of 9§ at any interior point of
that segment; in particular, A?{b(F) contains a nontrivial segment which is inextendable
in 0f). By Lemma 6.2 with C = C&"(I"), the set C&"(I") contains a PET. O

6.3. Word hyperbolicity of the group in the absence of segments. In this section
we prove the implication (iii)’ = (ii) in Theorem 1.15. We proceed exactly as in [DGK2,
§4.3|, with arguments inspired from [B3].

Recall that any geodesic ray of (C, dq) has a well-defined endpoint in 9iC (see |[FK, Th. 3]
or [DGK2, Lem. 2.6.(1)]). It is sufficient to apply the following general result to C = C&".

Lemma 6.3. Let I' be an infinite discrete subgroup of PGL(V). Let Q be a nonempty
[-invariant properly convex open subset of P(V'), with Hilbert metric dg. Suppose T' acts
cocompactly on some nonempty closed convex subset C of  such that 0;C does not contain
any nontrivial projective line segment. Then

(1) there ezists R > 0 such that any geodesic ray of (C,dq) lies at Hausdorff distance
< R from the projective interval with the same endpoints;
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(2) the metric space (C,dq) is Gromov hyperbolic with Gromov boundary I'-equivariantly
homeomorphic to 0;C;

(8) the group T is word hyperbolic and any orbit map T' — (C,dq) is a quasi-isometric
embedding which extends to a T'-equivariant homeomorphism £ : s’ — OiC;

(4) if C contains CS(I') (hence I’ acts convex cocompactly on S, see Corollary 4.10.(3)),
then any orbit map I' — (Q,dq) is a quasi-isometric embedding and extends to a
I-equivariant homeomorphism & : O — A?{b(F) = 0,C which is independent of
the orbit.

Proof. (1) Suppose by contradiction that for any m € N there is a geodesic ray G,, of
(C,dq) with endpoints a,, € C and b,, € 0;C and a point y,, € C on that geodesic which
lies at distance > m from the projective interval [a,,, by,). By cocompactness of the action
of I' on C, for any m € N there exists 7, € I' such that v, - ., belongs to a fixed compact
set of C. Up to taking a subsequence, (Y, * Ym )m converges to some Yoo € C, and (Y- am)m
and (Y, - by )m converge respectively to some as € C and by, € 0;C. Since the distance
from y,, to [am,bm) goes to infinity, we have [an, boo] C OiC, hence an, = by since 0iC
does not contain a segment. Therefore, up to extracting, the geodesics G,, converge to
a biinfinite geodesic of (2, dg) with both endpoints equal. But such a geodesic does not
exist (see |[FK, Th. 3| or [DGK2, Lem. 2.6.(2)|): contradiction.

(2) Suppose by contradiction that triangles of (C,dgq) are not uniformly thin. By (1),
triangles of (C, dn) whose sides are projective line segments are not uniformly thin: namely,
there exist an, by, cm € C and Yy, € [am, by] such that
(6.1) dQ(va [ama Cm] U [Cm7 bm]) — too.

m——+00
By cocompactness, for any m there exists v, € I' such that v, - y,, belongs to a fixed
compact set of C. Up to taking a subsequence, (7, - Ym)m converges to some yo, € C, and
(Ym - @m)m and (Ym b )m and (Y, - € )m converge respectively to SOme oo, boo, Coo € C. By
(6.1) we have [aoo, Coo] U [Coo, boo] C OiC, hence as = by = Coo since iC does not contain
any nontrivial projective line segment. This contradicts the fact that yoo € (@0, boo)-
Therefore (C,dq) is Gromov hyperbolic.

Fix a basepoint y € C. The Gromov boundary of (C,dq) is the set of equivalence
classes of infinite geodesic rays in C starting at y, for the equivalence relation “to remain
at bounded distance for dp”. Consider the I'-equivariant continuous map from 9;C to this
Gromov boundary sending z € 9;C to the class of the geodesic ray from y to z. This map is
clearly surjective, since any infinite geodesic ray in C terminates at the ideal boundary 0;C.
Moreover, it is injective, since the nonexistence of line segments in 9;,C means that no two
points of 9;C lie in a common face of 02, hence the Hilbert distance between rays going
out to two different points of 9;C goes to infinity (see Lemma 4.14.(1)).

(3) The group I' acts properly discontinuously and cocompactly, by isometries, on the
proper, geodesic metric space (C,dq), which is Gromov hyperbolic with Gromov bound-
ary 0iC by (2) above. We apply the Svarc-Milnor lemma.

(4) Suppose C contains C&"(I'). Consider a point y € Q. It lies in a closed uniform
neighborhood C,, of C in (€2, dg), which is a properly convex subset of {2 on which the action
of T is also cocompact (Lemma 3.9). By Corollary 4.10.(3), we have 6;C, = 6:C = AZP(T),
and this set does not contain any nontrivial segment by assumption. By (3), the orbit
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map I' = (Cy, dq) associated with y is a quasi-isometry which extends to a I'-equivariant
homeomorphism 0,,I" = 0;Cy = 0;C. This extension is independent of y since 0;Cy = 0;C
does not contain any nontrivial segment (argue as in the proof of Lemma 3.1). U

6.4. Absence of segments in 6,C and in AZ®(T"). In this section we prove the equiva-
lence (iii)’ < (v).

Proof of (iii)’ = (v). Suppose that I' acts convex cocompactly on some nonempty properly
convex open subset 2 of P(V) and that AZ®(T") does not contain any nontrivial projective
line segment. The group I' acts cocompactly on the closed uniform 1-neighborhood C of
C&"(I') in (Q,dq), which is properly convex with nonempty interior (Lemma 3.9). By
Corollary 4.10.(3), we have 6;C = AZ®(T). O

The proof of (v) = (iii)’ relies on the following lemma, which is similar to [DGK2,
Lem. 4.3].

Lemma 6.4. Let ' be an infinite discrete subgroup of PGL(V') preserving a properly con-
vex open subset Q of P(V') and acting cocompactly on some closed convex subset C of
with nonempty interior. If 0;C does not contain any nontrivial projective segment, then

AZ(T) € BC (hence C(T) C C).

Proof. Suppose that 9;C does not contain any nontrivial projective segment. Let us show
that any point 2o = limy, ym - 2 € AAP(T), where (y,,) € I'N and z € Q, belongs to diC.
For this, consider two distinct points z,y € Int(C) and b € I with z,y, z,b aligned in
this order. Up to passing to a subsequence, we may assume that for any w € {z,y, b}, the
sequence (Y, - W)meN converges to some weo € ), With Zoo, Yoo, Zoos oo aligned in this
order (not necessarily distinct). We have [Z oo, Yoo] C 0iC, hence o, = Yoo since 9;C does not
contain any nontrivial segment. Since [y, T :Ym Y :Ym - 2:Ym 0] = [z:y:2:b] € (1, 4+00) for
all m, and all segments [V, - &, Vi - b] and [Yoo * T, Yoo - b] live in an affine chart containing Q,
we must have Zoo = Yoo = 2oo. In particular, zo, € 9iC. O

Proof of (v) = (iii)”. If T’ preserves a properly convex open subset Q2 of P(V) and acts
cocompactly on some closed convex subset C of 2 with nonempty interior such that 9;C does
not contain any nontrivial projective line segment, then C contains C§(I') by Lemma 6.4,
and so Corollary 4.10.(3) implies that I' acts convex cocompactly on © and that AZP(T) =
0;C does not contain any nontrivial projective line segment. O

7. CONVEX COCOMPACTNESS AND NO SEGMENT IMPLIES P;-ANOSOV

In this section we continue with the proof of Theorem 1.15. We have already established
the equivalences (ii) < (iii) < (iv) < (v) in Section 6. On the other hand, the implication
(i) = (iv) is trivial.

We now prove the implication (ii) = (vi) in Theorem 1.15. By the above, this yields
the implication (i) = (vi) in Theorem 1.15, which is also the implication (1) = (2) in
Theorem 1.4. We build on Lemma 6.3.(3).
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7.1. Compatible, transverse, dynamics-preserving boundary maps. Let ' be an
infinite discrete subgroup of PGL(V'). Suppose I is word hyperbolic and convex cocompact
in P(V). Our goal is to show that the natural inclusion I' < PGL(V) is P;-Anosov.

By Proposition 5.10, there is a nonempty ['-invariant properly convex open subset €2
of P(V') such that the actions of I on € and on its dual Q* are both convex cocompact.
By the implication (ii) = (iii) in Theorem 1.15 (which we have proved in Section 6)
and Theorem 1.16.(A) (which we have proved in Section 5), the full orbital limit sets
AZP(T) € P(V) and AZP(T") € P(V*) do not contain any nontrivial projective line segment.
Let C&" C P(V) (resp. Cr C P(V*)) be the convex hull of AZ®(I") in Q (resp. of AZP(T)
in Q*). By Lemma 6.3.(3), any orbit map I' = (C&",dq) (resp. I' = (C&,do+)) is a
quasi-isometry which extends to a I'-equivariant homeomorphism

£: 0] — AZ(D) C (V) (resp. € : s — AZP(T) C P(VY)).
We see P(V*) as the space of projective hyperplanes of P(V).

Lemma 7.1. The boundary maps £ and £ are compatible, i.e. for any n € 0" we have
&(n) € £ (n); more precisely, £*(n) is a supporting hyperplane of Q at £(n).

Proof. Let (7m)men be a quasi-geodesic ray in I' with limit 7 € 05 I'. For any = € Q and
any H € Q*, we have y,,,-x — £(n) and v,,- H — £*(n). Lift x to a vector v € V and lift H
to a linear form ¢ € V*. Lift the sequence 7, to a sequence 4, € SLi(V). By Lemma 3.3,
the sequences (Y, - V)men and (Y, - @)men go to infinity in V' and V* respectively. Since
(Am - @) (Am - v) = ¢(v) is independent of m, we obtain £(n) € £*(n) by passing to the limit.
Since £*(n) belongs to 00, it is a supporting hyperplane of 2. O

Lemma 7.2. The maps £ and £ are transverse, i.e. for any n # 1 in O we have

E(n) &£ ().

Proof. Consider 1,1’ € 05 such that £(n) € £*(n'). Let us check that n = n’. By Corol-
lary 4.10.(3), we have AZP(I") = 8,CS"(I), and so the projective line segment [£(n), £(n)],
contained in the supporting hyperplane £*(1'), is contained in AZ®(T"). Since AZ®(I") con-
tains no nontrivial projective line segment by condition (iii) of Theorem 1.15, we deduce
n=nmn. O

For any v € T of infinite order, we denote by 77? (vesp. 7, ) the attracting (resp. repelling)
fixed point of v in O I'.

Lemma 7.3. The maps £ and £ are dynamics-preserving.

Proof. We only prove it for &; the argument is similar for £*. We fix a norm ||- ||, on V. Let
v € T be an element of infinite order; we lift it to an element 4 € SL* (V) that preserves
a properly convex cone of V ~ {0} lifting Q. Let LT be the line of V' corresponding to
13 (nﬁ{ ) and H~ the hyperplane of V' corresponding to &* (77; ). By transversality, we have
V = LT @ H ™, and this decomposition is preserved by 4. Let [v] € Q and write v = £T+h~
with ¢ € LT and h~ € H~. Since Q is open, we may choose v so that £T # 0 and h™
satisfies || - h™||v > 6t™||h™||v > 0 for all m € N, where § > 0 and where ¢ > 0 is the
spectral radius of the restriction of 4 to H~. On the other hand, 4™ - £T = s"™/* where s
is the eigenvalue of 4 on L*. By Lemma 6.3.(4), we have 4™ - [v] — £(nF) as m — +oo,
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hence A
3™ - llv
1A - £F [y m—>too
Necessarily s > ¢, and so & (17;r ) is an attracting fixed point for the action of v on P(V). O

As an immediate consequence of Lemmas 6.3.(3) and 7.3, we obtain the following.

Corollary 7.4. For any infinite-order element v € T', the element p(vy) € PGL(V) is

prozimal in P(V)), and the full orbital limit set AXP(T') is equal to the prozimal limit set
Ar (see Definition 2.3).

7.2. The natural inclusion I' — PGL(V) is P;-Anosov.
Lemma 7.5. We have (u1 — p2)(y) — +o00 as vy — oo in I

Proof. We check that there cannot be a sequence (v,,) € I'N going to infinity in T' such
that ((1 — 142)(Ym))men is bounded. For this, consider a sequence (vy,,) € I'N going to
infinity in I'". Up to passing to a subsequence, we may assume that there exists 1 € JsI’
such that v, — 1. Then 4, - & — £(n) for all z € Q by Lemma 6.3.(3). For any m we can
write Vm = kmamk,, € Kexp(at)K where a,, = diag(a;m)i<i<n With @;m > aiy1,m for
all 1 <1 < n (see Section 2.2). Up to passing to a further subsequence, we may assume
that (km)men converges to some k € K and (k] )men to some k' € K. Let (e1,...,e,) be
the standard basis of V' = R", orthonormal for the inner product preserved by K= O(n).
Since € is open, we can find points x,y of 2 lifting respectively to v, w € V with

n n

k/'vzz.siei and k/-w:Ztiei

i=1 i=1

such that sy = t1 but sg # t5. For any m, let us write

n n
/ /
ky,-v= E Sim€i and ky, -w = E time€i
i=1 i=1

where s; ,, — s; and t;,, — t;. Then

n n
a; a;
/ 2, / 1,mM
am]{m T = [S1,me€1 + E a Si,mei] 5 amkm cY = [t1’m€1 =+ E 70/ ti’mei
X 1,m ; 1,m
1=2 =2

) )

The sequences (Y, * Z)men and (Ym - ¥)men both converge to £(n). Hence the sequences
(amkl, ) men and (amkl, -y)men both converge to the same point k=1-¢(n) € P(V). Since
s1 = t1 and sp # to, we must have ag p/a1,m — 0, ie. (u1 — p2)(Ym) — +oo. O

By Fact 2.6, the natural inclusion I' < PGL(V) is P;-Anosov. This completes the proof
of the implication (ii) = (vi) of Theorem 1.15.

8. P1-ANOSOV IMPLIES CONVEX COCOMPACTNESS

In this section we prove the implications (vi) < (vii) = (ii) in Theorem 1.15.

Proof of (vi) = (vii). Let I' be an infinite discrete subgroup of PGL(V'). Suppose that I'
is word hyperbolic, that the inclusion I' < PGL(V') is P;-Anosov, and that I" preserves
some nonempty properly convex open subset O of P(V'). Then the proximal limit set A}
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of I' in P(V*) is nonempty and, by Proposition 3.10, it lifts to a cone Kii of V*~ {0} such
that the convex open set

Qmax :=P{v eV | o) >0 Vp e AL})
contains O and is I'-invariant. The set (2. is a connected component of P(V) \ Uy A H
which contains O. O

The implications (vii) = (ii) and (vii) = (vi) are contained in the next proposition.

Proposition 8.1. Let I' be an infinite discrete subgroup of PGL(V') which is word hy-
perbolic, such that the natural inclusion I' — PGL(V') is Py-Anosov, with boundary maps
€10 > P(V) and £* : 0scI' — P(V™*). Suppose that the prozimal limit set Af. = £*(0s01)
lifts to a cone Kl’i of V*~ {0} such that the convex open set

Qax :=P{v eV | o) >0 Vo e AL})

is nonempty and T'-invariant. Then T acts convex cocompactly (Definition 1.11) on some
nonempty properly convex open set @ C Qmax (which can be taken to be Qmax if Qmax 1S
properly convex). Moreover, the full orbital limit set Agb(F) for any such Q is equal to the
proximal limit set Ap = £(0s0l).

The rest of the section is devoted to the proof of Proposition 8.1.

8.1. Convergence for Anosov representations. We first make the following general
observation.

Lemma 8.2. Let I' be an infinite discrete subgroup of PGL(V') which is word hyperbolic,
such that the natural inclusion I' — PGL(V') is Py-Anosov, with boundary maps & : OscI' —
P(V) and £ : 05T = P(V*). Let (Ym)men be a sequence of elements of T' converging to
some 1 € Ox L, such that (v,,))men converges to some ' € OsI'. Then

(1) for any x € P(V) with x ¢ £*(n') we have v, - x — £(n);

(2) for any x* € P(V*) with £(n') ¢ x* we have v, - * — £*(n).
Moreover, convergence is uniform for x,x* ranging over compact sets.
Proof. The two statements are dual to each other, so we only need to prove (1). For any

m € N, we write v, = kpmamk], € Kexp(at)K (see Section 2.2). Up to extracting, (ki)

converges to some k € K, and (k],) converges to some k' € K. Note that

'y,;l = (k,lﬁ,;lwo)(wga;nlwo)(wgk;ll) € KATK,

where wy € PGL(V) ~ PGL(R") is the image of the permutation matrix exchanging e;
and e,41—; for all 1 <4 < n. Therefore, by Fact 2.7, we have

&) = K g - P(span(eq,...,en—1)).
In particular, for any x € P(V') with 2 ¢ £*(n') we have
k' -z ¢ wo-P(span(eq,...,en_1)) = P(span(ea, ..., ey)).

On the other hand, writing a,, = diag(am,;)i1<i<n, we have an, 1/am 2 = elii—p2)(mm) s 4~
by Fact 2.6. Therefore an ki, - x — [e1], and S0 Y, - & = kmamk,, - — k- [e1]. By
Fact 2.7, we have k - [e1] = £(n). This proves (1). Uniformity follows from the fact that
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K -z =ler + > 5 tie;] with bounded t; € R, when x ranges over a compact set disjoint
from the hyperplane £*(n'). O

Corollary 8.3. In the setting of Lemma 8.2, for any nonempty I'-invariant properly convex
open subset Q0 of P(V'), the full orbital limit set A2P(T) is equal to the prozimal limit set
Ar = £(0xT).

Proof. By Proposition 3.10, we have Af = £*(0x') C 0¥, hence x ¢ £*() for all
z € Q and ¥ € Ox. We then apply Lemma 8.2.(1) to get both Ap C AZP(T') and
AZP(T) C Ar. O

8.2. Proof of Proposition 8.1. Suppose I' C PGL(V), Ap, A}, and Qp,ax are as in the
statement of Proposition 8.1. Let Cy be the convex hull of Ar in Q.. This is clearly
defined if max is properly convex, and otherwise it is defined as follows. N

The preimage of Qpax in V'~ {0} has two connected components Qpax and —Qpyax. The
intersection of their closures in V' is a linear subspace W of V' (which is reduced to {0} if
Qmax 18 properly convex, in which case P(W) = §)). For any complementary subspace w’
of W in V| we can write Qmax as a product of the form W x Q' for some properly convex
open cone Q' c W'. Since € is properly convex, we can choose a supporting hyperplane of
QmaX in V whose intersection with 8Qmax is reduced to W. Then Q. is contained, and
convex, in the corresponding affine chart of P(V'), and escapes to infinity precisely in the
directions of P(W). In P(V'), every projective hyperplane missing Qyax, and in particular
every z* € A}, contains P(W). Since Ar and A}, are transverse, this implies that Ar is
disjoint from P(W), hence (by compactness) it is bounded in the chart. By definition, Cy
is the convex hull of Ar in the chart: it is independent of the choice of chart, as it can be
lifted to a properly convex cone contained in the convex cone . .

Lemma 8.4. We have 0,Cy = Ar.

Proof. By construction, 8;Co = Co N Omax O Ar. Suppose a point z € Cy lies in 0Qmax.
Then z lies in a hyperplane £*(n) for some 7 € O5I'. Any minimal subset S of Ap for
which z lies in the convex hull of S must also be contained in £*(n). By the transversality
of £ and &*, we must have S = {{(n)}, hence z = £(n) € Ar. O

Lemma 8.5. There exists a I'-invariant properly convexr open subset 1 C Quax contain-
ing Cp.

Proof. If Q. is properly convex, then we take 0 = Q.. Suppose that .« fails to be
properly convex (see Example 10.10). Choose projective hyperplanes Hy, ..., H, bounding
an open simplex A of P(V) containing Cp, such that A is still contained in our affine chart
containing Qmax as chosen above. Then V := Q. N A is properly convex. Let

Q:=)7-V.

vel

Then €2 contains Cp, and it is properly convex as an intersection of properly convex subsets
of Qmax. We must show 2 is open. Suppose not and let z € 9,£2. Then there is a
sequence (v,,) € I'N and i € {1,...,n} such that ~,, - H; converges to a hyperplane H,
containing z. By Lemma 8.2.(2), the hyperplane Hy lies in A}, contradicting the fact that
the hyperplanes of A}: are disjoint from €,ax. O
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Lemma 8.6. For any I'-invariant properly convex open subset Q of P(V') containing Co,
we have C§'(I") = Cp.

Proof. By Corollary 8.3, we have A%®(I") = Ar, hence CS"(T") is the convex hull of Ar in 2,
ie. C&"(I') = Co N Q. But Cp is contained in € by construction (see Lemma 8.5), hence
C&(I') = Co. O

In order to conclude the proof of Proposition 8.1, it only remains to check the following.
Lemma 8.7. The action of I' on Cy is cocompact.

Proof. We endow P(V') with the spherical metric dg(+,-) induced by some Euclidean norm
on V. By |KLPa, Th. 1.7] (see also [GGKW, Rem. 5.15]), the action of I' on P(V') at any
point z € Ar is expanding: there exist an element v € T', a neighborhood U of z in P(V),
and a constant ¢ > 1 such that v is c-expanding on U for ds. We now use a version of
the argument of [KLPa, Prop. 2.5], inspired by Sullivan’s dynamical characterization [Su]
of convex cocompactness in the real hyperbolic space. (The argument in [KLPa| is a little
more technical because it deals with bundles, whereas we work directly in P(V).)

Suppose by contradiction that the action of I' on Cy is not cocompact, and let (£,,)men be
a sequence of positive reals going to 0. For any m, the set K, := {z € Cy |ds(x, Ar) > en}
is compact (Lemma 8.4), hence there exists a I-orbit contained in Cy . K,,. By proper
discontinuity of the action on Cy, the supremum of ds(-, Ar) on this orbit is achieved at
some point x,, € Cp, and by construction 0 < ds(xm,, Ar) < &,. Then, for all y € T,

ds(7y - @m, Ar) < ds(@m, Ar).

Up to extracting, we may assume that (z,,)men converges to some z € Ap. Consider
an element v € I', a neighborhood U of z in P(V), and a constant ¢ > 1 such that
is c-expanding on U. For any m € N, there exists z,, € Ar such that dg(v -z, Ar) =
ds(v + Tm, 7 - zm). For large enough m we have x,,, z,, € U, and so

ds(y - m, Ar) > cds(Tm, z2m) > cds(xm, Ar) > cds(vy - T, Ar) > 0.
This is impossible since ¢ > 1. O
This shows that the word hyperbolic group I acts convex cocompactly on any I'-invariant

properly convex open subset Q of P(V') containing Cy, hence condition (ii) of Theorem 1.15
is satisfied.

8.3. The case of groups with connected boundary. Here is an immediate consequence
of Propositions 3.10 and 8.1 and Lemma 3.14.

Corollary 8.8. Let I' be an infinite discrete subgroup of PGL(V') which is word hyperbolic
with connected boundary OxI", which preserves a properly convex open subset of P(V'), and
such that the natural inclusion I' — PGL(V) is Py-Anosov. Then the set

Qmax :=P(V) ~ U z*
2* €A

is a nonempty I'-invariant convex open subset of P(V'), containing all other such sets. If
Qmax 18 properly convez (e.g. if the action of T' on P(V) is irreducible), then I' acts convex
cocompactly on Qpax.
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9. SMOOTHING OUT THE NONIDEAL BOUNDARY

We now make the connection with strong projective convex cocompactness and prove
the remaining implications of Theorems 1.15 and 1.19.

Concerning Theorem 1.15, the equivalences (ii) < (iii) < (iv) < (v) have been proved in
Section 6, the implication (ii) = (vi) in Section 7, and the implications (vi) < (vii) = (ii)
in Section 8. The implication (i) = (iii) is trivial. We shall prove (iii) = (i) in Section 9.2,
which will complete the proof of Theorem 1.15. It will also complete the proof of Theo-
rem 1.4, since the implication (2) = (1) of Theorem 1.4 is the implication (vi) = (i) of
Theorem 1.15.

Concerning Theorem 1.19, the equivalence (1) < (2) has been proved in Section 5. The
implication (4) = (3) is immediate. We shall prove the implication (1) = (4) in Section 9.2.
The implication (3) = (2) is an immediate consequence of Lemma 3.8 and of the following
lemma, and completes the proof of Theorem 1.19. We refer to Definition 1.18 for the
various notions of boundary regularity used throughout this section.

Lemma 9.1. Let Carict be a nonempty convex subset of P(V') with strictly convex nonideal
boundary OnCstrict and whose ideal boundary OiCstrict s closed in P(V'). Then Cerict has
bisaturated boundary.

Proof. Let H be a supporting hyperplane to Ceict. Then H N Fr(Csrict) = H N Cstrict 1 a
closed, convex subset of the frontier Fr(Cstrict) = OnCstrict U OiCstrict- Since 0iCetrict is closed,
s0 is H N OiCstrict, hence H N OyCetrict is open in H NFr(Csrict). However, 0y Cetrict 1S strictly
convex. Therefore, either H N 0,Cstrict 1s empty, or H N 0yCetrict = H NFr(Cstrict) is a single
point. In particular, H N Fr(Csyict) is entirely contained in 0iCsrict or entirely contained in
OnCstrict- This shows that Cesyrice has bisaturated boundary. O

9.1. A smoothing construction. Here is the main result of Section 9.

Lemma 9.2. Let " be an infinite discrete subgroup of PGL(V) and Q a nonempty T'-
invariant properly convex open subset of P(V'). Suppose T' acts convex cocompactly on €.
Fiz a uniform neighborhood Cynis of C5 (') in (2, dq). Then the convex core C&'(I') admits
a T-invariant, properly convex, closed neighborhood C C Cunis in Q which has C*, strictly
convex nonideal boundary.

Constructing a neighborhood C as in the lemma clearly involves arbitrary choices; here
is one of many possible constructions. Cooper—Long—Tillmann [CLT2, Prop.8.3] give a
different construction yielding, in the case that I' is torsion-free, a convex set C as in the
lemma whose nonideal boundary has the slightly stronger property that it is locally the
graph of a smooth function with positive definite Hessian.

Proof of Lemma 9.2. If n = dim(V') is 2, then  is an open projective segment which is
divided by T, and there is nothing to prove. So we now assume that n = dim(V') > 3.

We proceed in two steps. Firstly, we construct a I'-invariant closed neighborhood Cy
of C&"(T") in © which is contained in Cynif and whose nonideal boundary is C' but not
necessarily strictly convex. Secondly, we use a rounding procedure to modify Cy into a
strictly convex C C Cp (still with C'! boundary).

e Construction of Cy: Consider a compact fundamental domain D for the action of T"
on C&(T'). The convex hull of D in Q is still contained in C&'(T"). Let D’ C Cynif be a closed
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neighborhood of this convex hull in © which has frontier of class C', and let Co C Cyni¢ be
the closure in Q of the convex hull of I'- D’. By Corollary 4.10.(3) we have 6:Co = AZ>(T),
and by Lemma 5.1 the set Cy has bisaturated boundary.

Let us check that Cy has C' nonideal boundary. We first observe that any supporting
hyperplane II, of Cy at a point x € 0,y stays away from 9;Cy since Cy has bisaturated
boundary. On the other hand, since the action of I' on Cy is properly discontinuous, for
any neighborhood N of 9iCy in P(V') and any infinite sequence of distinct elements v; € T,
the translates ; - D' are eventually all contained in A. Therefore, in a neighborhood
of z, the hypersurface Fr(Cy) coincides with the convex hull of a finite union of translates
U™, vi- D', and so it is locally C*: indeed, that convex hull is dual to ()~ (v; - D’)*, which
has strictly convex frontier because (D')* does (a convex set has C! frontier if and only if
its dual has strictly convex frontier).

¢ Rounding: We will rely on the following result, proved just below.

Fact 9.3. There exists a smooth map f from H :=R""2 x [0,+00) to itself, and an open
neighborhood U of (0,0) in H, such that, denoting U’ := U ~ (R"~2 x {0}):

(i) f is tangent to the identity map along R"=2 x {0},
(it) for every segment o = {x} x [0,y] C U, we have f(o) C o and f|, is injective;
(iii) f is equivariant with respect to any linear Euclidean rotation of the R"~? factor;
(iv) for any affine hyperplane P of R"~! not parallel to the last basis vector, f(PNU")
is the graph of a strictly concave function from an open subset of U NR"™2 x {0}
to (0,400).

Moreover, we may assume that U is the intersection of H with the unit ball of R"~' and
that f|y is arbitrarily close to the identity.

We will apply the map f of Fact 9.3 to round Cy locally in Euclidean charts of P(V),
relying on (iii) to deal with torsion points. Here are the details.

For any z € 0,Cy, let F, be the intersection of Cy with the unique supporting hyperplane
II, to Cy at x. Since Cy has bisaturated boundary, F}, is a compact convex subset of 9,Cy.
By uniqueness of supporting hyperplanes, the sets F, form a partition of 0,Cy, and T’
permutes them. By proper discontinuity, the stabilizer I'r, of Fj, in I is finite for all z.

Fix z € 0,Cp. There exists a Euclidean chart R"~! of P(V) which is preserved by I'z,,
in which I'z., acts by Euclidean isometries of R"~! fixing the origin, and in which II,, is the
hyperplane R"~2 x {0}, which we refer to as the horizontal direction. Then T'f, also fixes
pointwise the vertical axis {Ogn-2} X R. We can assume that Cy lies entirely below II,. By
compactness and proper discontinuity, F). lies a uniform distance away from all the ~y - F),
for v € T'\T'f,. Therefore, if H denotes the half-space R"~2 x [0, +-00), we can translate Cy
vertically up by a small amount in the chart so that the compact set O, :=CoNH D F} is
disjoint from every v-Q, for vy € ' \T'g,, and Q, N0, p is the graph of a smooth, weakly
concave function from a convex set of R"~2 to [0, 4+oc). (Formally, we have composed the
chart map with a small Euclidean translation.) The region Q! := Q, \ 9H contains a
neighborhood of x in 0,Cy. Since the action of I' on 0,Cy is cocompact, there exist finitely
many points z1,..., 2, € 0yCo such that 9,Co C T'- (Q), U---U Q) ). (The Euclidean
chart associated to each z; is different.)
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For each i € {1,...,m}, we now define an injective map f; : Co — Cp as follows. Working
in the Euclidean chart for z;, up to a scaling we may assume that O, is contained in the
region U of Fact 9.3, and we define the restriction fi|g, to coincide with f (assumed
very close to the identity). This definition is I'p, -invariant by Claim 9.3.(iii). Since Q,
is disjoint from all v - Qy, for v € I' N\ I'p, , we can extend f; in a I-equivariant way to
[ Q... Extending f; by the identity on the rest of Cy, we find that f; is of class C!, by
Fact 9.3.(1). By 9.3.(ii), we have f;(Co) C Cy and the “cap” fi(0,Co) N (R"~2 x (0, +00)) is
still the graph of a (partial) function R*~2 — (0, +-00). But by 9.3.(iv), this function is now
strictly concave, as f takes any tangent hyperplane (staying locally above Cy) to a tangent
strictly concave surface (staying above f(Cp)). Further, that property of f; (turning weak
convexity to strong convexity inside the half-space H) is still true if we replace Cy with
another close enough convex set, because its boundary inside H will still be given by the
graph of a concave function supported in U.

Combining these facts, define C := f,,, o--- o f1(Cp). Since the Q;Z_ cover all of 9,Cp, we
see that C has C', strictly convex nonideal boundary everywhere. O

Proof of Fact 9.3. We define f(z,y) := (z,y — y*(1 + |&[*)), where | - | refers to the stan-
dard Euclidean norm of R""2, and let U be a Euclidean ball of radius 1/3. Ttems (i),
(ii), and (iii) are obvious. For (iv), consider a hyperplane of R"~! of equation y = L(zx),
where L : R"! — R is an affine function. Then f(P) is the graph of the function
¢+ x — L(z) — L(z)*(1 + |z|?), restricted to the region {L > 0} of R*2. To study
the concavity of ¢, let us restrict ¢ to any affine line £ C R* 2. We use a unit-speed
parametrization £ = {p; }scr, where pq is the point of £ closest to the origin of R?~2. Then
we have ¢(p;) = L(pt) — L(ps)?(A + %), where A = 1+ d(0,¢)2 > 1. If L|, is a positive
constant, then this reduces to a negative multiple of t? (plus a constant), which is strictly
concave. If not, then we can write L(p;) = (t — «) for some constants o € R and g € R*.
Then, directional concavity of ¢ along ¢ at p; amounts to negativity of

d2
gt(ft) = 321262 — 12at + 2(a? + \)]
< —B12(t — /2)* + (2 — a?)] (using A > 1).
. . . . . . 2_ 2__
This quantity is negative for ¢ outside the interval I := [% — al 2, % 4 a122] (and

everywhere if |a| < v/2). It is routine to check that the extremum of I closest to 0 has
absolute value > 1/1/3 (achieved for o = ++/3). Therefore, ¢|{r>0y is strictly concave on
the ball of radius 1/1/3 of R"~2, as desired.

To obtain the “moreover” statement, we conjugate f by a strongly contracting homothety
of R 1. O

9.2. Proof of the remaining implications of Theorems 1.15 and 1.19.

Proof of (1) = (4) in Theorem 1.19. Suppose I' is convex cocompact in P(V'), i.e. it pre-
serves a properly convex open set @ C P(V) and acts cocompactly on the convex core
C& (). Let Cynis be the closed uniform 1-neighborhood of C&(I') in (€2, dg). By Lemma 3.9,
the set Cynir is properly convex and the action of I' on Cypis is properly discontinuous and
cocompact. By Lemma 9.2, the set C§'(I') admits a I'-invariant, properly convex, closed
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neighborhood Csmooth C Cunif in € which has C!, strictly convex nonideal boundary. The
action of I' on Csmeoth is still properly discontinuous and cocompact, and 0;Csmooth = Ag’{b(F)
by Corollary 4.10.(3). This proves the implication (1) = (4) in Theorem 1.19. O

Proof of (iii) = (i) in Theorem 1.15. Suppose that I" acts convex cocompactly on a prop-
erly convex open set  and that the full orbital limit set A2P(T") contains no nontrivial seg-
ment. As in the proof of (1) = (4) in Theorem 1.19 just above, I" acts properly discontinu-
ously and cocompactly on some nonempty closed properly convex subset Csmootn Of €2 which
has strictly convex and C' nonideal boundary and whose interior Qsmooth := Int(Csmooth)
contains C&(I"). The set Csmooth has bisaturated boundary (Lemma 9.1), hence the action
of I on Qsmooth is convex cocompact by Corollary 5.4.

By Corollary 4.10.(3), the ideal boundary 0iCsmooth is equal to A?{b(F ). Since A?{b(F)
contains no nontrivial segment by assumption, and since it is a union of faces of 0f)
(Corollaries 4.10.(2) and 4.12), we deduce that any z € 0iCsmooth 1S an extreme point
of 9. Thus the full boundary of Qgmooth is strictly convex.

Consider the dual convex set Ci .., C P(V*) (Definition 5.5); it is properly convex.

smoot
By Lemma 5.7, the set C, .., has bisaturated boundary and does not contain any PET
(since Csmooth itself does not contain any PET). By Proposition 5.8, the action of I' on
Cl ooth 18 Properly discontinuous and cocompact. It follows from Lemma 6.2 that 0;C;  .n
contains no nontrivial segment, hence each point of 0iC; ., is an extreme point. Hence
there is exactly one hyperplane supporting Csmooth at any given point of 3;Csmooth- This is

also true at any given point of 0,Csmooth by assumption. Thus the boundary of Qsmeoth is
of class C1. ]

10. PROPERTIES OF CONVEX COCOMPACT GROUPS

In this section we prove Theorem 1.16. Property (A) has already been established in
Section 5.5; we now establish the other properties.

10.1. (B): Quasi-isometric embedding. We first prove the following very general re-
sult, using the notation u — u, from (2.3). After this work was completed, we learnt that
the upper bound on dg(z, g - x) also appears in [Z1, Prop. 3.17] in the complex setting.

Proposition 10.1. For any properly conver open subset Q of P(V) = P(R™) and any
x € Q, there exists kq g > 0 such that for any g € Aut(§2),

1

(10.1) dao(z,9- ) = 5 (k1 — 1n)(9)| < K.

Moreover, kg, can be taken to be uniform as (£, x) varies in a compact subset of the set of
pointed properly convex open subsets of P(V'), endowed with the pointed Hausdorff topology.

Note that we can take ko, = 0 in the following examples, where (eq,...,e,) is the
standard basis of V = R™:

e Q=H""1={{v] € P(R")|vi+---+v2_; —v2 < 0} (see Example 1.3) and z = [e,];
e O =P(R"-span(eq,...,e,)) and x = [e1 + -+ + ey).
Here is an easy consequence of the inequality (11 — pn)(9) > 2(da(x,g - ) — k) of
Proposition 10.1.
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Corollary 10.2. Let T be a discrete subgroup of G := PGL(V).

(1) If T is naively convex cocompact in P(V') (Definition 1.9), then it is finitely gener-
ated and the natural inclusion I' — G is a quasi-isometric embedding.

(2) In particular, for any subgroup T" of T, if T” is naively convex cocompact in P(V),
then it is finitely generated and the natural inclusion I — T" is a quasi-isometric
embedding.

Here the finitely generated groups I' and I are endowed with the word metric with
respect to some fixed finite generating subset. The group G is endowed with any G-
invariant Riemannian metric dg.

Proof of Corollary 10.2 assuming Proposition 10.1. Let K = PO(n) be the maximal com-
pact subgroup of G = PGL(V) from Section 2.2. Let p := IdK € G/K. There is a
G-invariant Finsler metric d on G/K such that d(p,¢-p) = (1 — pn)(g) for all g € G.

(1) Suppose T is naively convex cocompact in P(V'): it preserves a properly convex open
subset © of P(V) and acts cocompactly on some nonempty I'-invariant closed convex subset
C of Q. By the Svarc-Milnor lemma, I is finitely generated and any orbit map I’ — (C,dq)
is a quasi-isometry. Proposition 10.1 then implies that any orbit map I' — (G/K,d) is
a quasi-isometric embedding. Since K is compact, the natural inclusion I' — G is a
quasi-isometric embedding.

(2) Let lengthp : T' — N and lengthp : IV — N be the word length functions of I and I
for our fixed finite generating subsets. By the triangle inequality, there exists £ > 0 such
that dg(v,Id) < klengthp(y) for all v € T. By (1), if I is naively convex cocompact
in P(V), then there exist k1,k2 > 0 such that dg(7/,Id) > kqlengthp/ (7/) — ko for all
7' € T, hence lengthp(y') > ks 1lengthp (7)) — kor ™! for all 4/ € TV and IV < T is a
quasi-isometric embedding. O

Proof of Proposition 10.1. We endow P(V') with the spherical metric ds, for which any
projective line is geodesic, of length 7. By the spherical sine law, two lines ¢,¢ C P(V)
intersecting in a point b at an angle o € [0, 7/2] get no further than « apart, and for all
yedl,

sinds(y,¢")  sinds(y,b)

sin o sin g

(10.2) = sinds(y, b).

Any tangent vector v € TP(V) can be written as v = %‘t:O [u + tw] where u,w € R™ are

orthogonal for the standard Euclidean norm || - ||gue on R™ preserved by K = O(n), and
u # 0; the norm ||v||s of v for the spherical metric is then ||w||guc/||¢| Euc-

We claim that any element g € PGL(V), seen as a homeomorphism of P(V') = P(R"),
is e(1=#n)(9)_hi-Lipschitz for ds. Indeed, since (p1 — pn) (g™ ") = (11 — i) (g), it is enough
to prove the Lipschitz direction. Since ds is a geodesic metric, it suffices to check that
|Dg(v)||ls < er1=#n)@)|jy||s for any tangent vector v € TP(V). We can lift g to an
element § of GL(V), with singular values e#1(9) > ... > e#n(9) satisfying ju1(§) — pn(§) =
(11 — pn)(g). Writing v = %‘t:o [u + tw] where u,w € R™ are orthogonal for | - ||guc and
u # 0, we have Dg(v) = %‘tzo [-u+tw'] where w' is the orthogonal projection of §-w to
the orthogonal of § - u. The bounds ||§ - u/|gue > €@ ||u||gue and |0 ||gue < [|§ - w|[Ewe <
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6“1(9)||w||EuC yield

| Dg(v)||s = Hw/ﬂ < em(@)—un(é)w = =1 9)||y||s,
19 - ullue [/l Buc
proving the claim.
For any = € Q and any £ > 0, we denote by Bs(z,e) (resp. Bo(x,¢)) the open ball
centered at x € Q with radius € > 0 in (P(V),ds) (resp. in (2,dq)). Since Q2 is properly
convex, we can choose 0 < ¢ < /4, depending only on (2, z), such that

(i) Bs(z,e) C Ba(z,1);
(i) Bs(z,2e) C £
(iii) every segment of ) has dg-length at most m — 2¢.

Fix g € Aut(Q). We claim that there exists 2’ € Bg(x,¢) such that
(10.3) e =)@ sine < sindg(g - 2/, 00) < e W1=#)9) (5ing) 3,

Indeed, as above, lift g to ¢ € GL(V') with singular values et1(9) > ... > ein(9) gatisfying
p1(§) — () = (1 — pn)(g). We can write § = kak’ where k, k' € K = O(n) and
a = diag(e?) .. (@) ¢ exp(at) (see Section 2.2). Let (eq,...,e,) be the standard
basis of V = R", orthonormal for || - ||guc. Set v; := k"' - ¢; and consider the projective
hyperplane H := P(span{vs,...,v,}). There exists 2’ € Bg(xz,¢) such that ds(z’, H) > e.
Note that any segment realizing ds(g - 2/, 0€2) gets mapped by g~ to a segment of length
> ¢, by (ii). Since g~ is an e(#1=#n)(9)_Lipschitz homeomorphism of (P(V), ds), concavity
of sin yields the lower bound in (10.3). We now check the upper bound. For this, consider
§ < e such that sind = (sine)?. By (10.2), since dg(2’, H) > ¢, the line through [v,] and
2’ forms an angle > ¢ with H. Again by (10.2), this line therefore contains a segment of
length > 7 — 2e that stays outside the d-neighborhood N of H. By (iii), that segment
must exit © at some z € 90~ N. We have ds(g - 2/,09Q) < ds(g -2/, - 2), hence it is
enough to bound ds(g -2/, ¢g- z) from above. Since z € P(V) \ N, a unit lift Z of z satisfies
|(Z,v1)] > sind = (sine)?, i.e. [(k'-Z,e1)| > (sine)?, so that

(10.4) 16 - 2l Buc = l|lak’ - Z||gue > €19 (sine)?.

Since @/, [v,], 2 € P(V) are collinear, 2’ has a unique lift of the form ¥’ = v, +tz € V,
and |t| > sine since ds(2/, [vn]) > ds(2/, H) > . Then [|§-2— § - (33")||pue = e#@ /|| <
etn(9) /sine. Using (10.4), we deduce

(10.5) sindg(g - 2/, 8Q) < sinds(g -2, g - z) < 9711 (sin ) =3,

which completes the proof of (10.3).
The set Ke = Uyeoa ([z,w) ~ Bs(u,e)) is compact in €. Since Aut(f2) acts properly
on €2, the set

F.:={h e Aut(Q) | KcNh-Bg(z,e) # 0}
is compact in PGL(V), hence k' := maxpcp, ‘dg(l’, hex)—3(u — ,un)(h)’ is finite.
Suppose that our given g € Aut(Q) lies outside F.. Let £ be the projective line through
x and g - 2/, crossing 9 at points a and b with a,z,g - 2/,b aligned in this order (see
Figure 6). Since g ¢ F. and 2’ € Bg(x,¢), we have ¢/ := dgs(g-2',b) < e. Let y — 0, €
R/7Z be the ds-arclength parametrization of the projective line ¢ such that 6, = 0 and
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FIGURE 6. Illustration of the proof of Proposition 10.1

0, € [0, — 2¢] for every y € QN ¢. Then y — tan6, is a projective identification between
¢ and P1(R) = R U {00}, and so

tan 0y.,» (tan @, — tan6,)

tan 0, (tan 6, — tan.,r)

sin g, sin(fp — 0;)  sinf.. sin(6 — 0,)

la:z:g-z':b] = [0:tan b, :tan by, :tan 6] =

sin 0, sin(0p — 04.47) sin @, sine’

Each of 0, 0, — 0., and 0,.,/ lies in [e,m — 2¢] by (i) and (iii), hence their sines lie in
[sine, 1], and so

(10.6) la:z:g-2'":b] € (sing’) ™ [(sine)?, (sine) 1.
On the other hand, we claim that
(10.7) sing’ € et =1)) [sine, (sine) ™).

Indeed, the lower bound comes from (10.3). For the upper bound, consider the point
z € 09 introduced above, satisfying (10.5). There is a line ¢ tangent to 9 at g - z and
intersecting £ in some point b’ € P(V) \  at some angle «; the lines £ and ¢’ get at least e
apart for dg by (i), hence a > € by (10.2). On the other hand, / NBg(g - 2/, &") C Q, using
¢/ <e and (ii), hence ¢/ = ds(g - 2',b) < ds(g - 2',V'). Using (10.2) again, we obtain

sinds(g -2/, ¢) - sinds(g-2',9 - 2)

sine’ <sindg(g-2',b') = . < .
sin «v sine
Together with (10.5), this implies (10.7).

Combining (10.6) and (10.7), we find that e**@9) = [¢ : z : g -2’ : b] lies in
el =mn)(9)[(sine)8, (sine)~?]. Since do(g - x,g - ') < 1 by (i), the triangle inequality
yields |do(x,g - ) — $(u1 — pn)(g)| < 3[logsine] +1 =: #”. Thus (10.1) holds with
ko = max{x,k"}.

Finally, let us address (local) uniformity in terms of (2, ). The number £ > 0 subject
to (i)—(ii)—(iii) can be chosen uniformly. The compact set K. C € in the above proof
then stays a uniform ds-distance away from 0. It follows that dg(z, g - z) is uniformly
bounded for all g € F;. In fact, the property g € F. imposes some uniform lower bound on
ds(g - «',09) for all 2’ € Bg(z,e). The upper bound of (10.3) then gives a uniform bound
on (1 — pn)(Fz), i.e. F. stays within a uniform compact subset of PGL(V'). Therefore '
is also (locally) uniform, and so is kg . O
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10.2. (C): No unipotent elements. For any element g € PGL(V') preserving a properly
convex open subset 2 of P(V'), we define the translation length of g in Q to be

lengthg(g) := inf do(z,g-2) > 0;
xTe

we say that g achieves its translation length in  if this infimum is a minimum. It is easy
to check (see e.g. [CLT1, Prop.2.1]) that lengthg(g) = (M1 — An)(9)/2 (see (2.5)).
Property (C) of Theorem 1.16 is contained in the following more general statement.

Proposition 10.3. Let ' be an infinite discrete subgroup of PGL(V') which is naively
convex cocompact in P(V') (Definition 1.9), i.e. I' preserves a properly convex open subset
Q of P(V) and acts cocompactly on some nonempty closed convex subset C of Q. Then any
element v € I' achieves its translation length in 2. In particular (see [CLT1, Prop.2.13]),
any infinite-order element of I lifts to an element of SLi(V) with an eigenvalue of modulus
> 1, and so I' does not contain any unipotent element.

Proof. By Lemma 3.9, up to replacing C by some closed uniform neighborhood in (2, dg),
we may assume that C has nonempty interior. Let v € I". We have
lengthq(v) < inf do(z,v-2) < inf do(z,v-z) < lengthy, ey (7),
zeC z€Int(C)

where the last inequality follows from the definition (2.1) of the Hilbert metric. In fact
all these inequalities are equalities since lengthg () and lengthyyc)(v) are both equal to
(A — An) (). Thus we only need to check that the infimum R := inf,cc dg(z,v - x) is a
minimum.

Consider (z,,) € CN such that do(2m,7 - ©m) — R. For any m, there exists v, € I'
such that v, - ,, belongs to some fixed compact fundamental domain for the action of
I' on C. Up to passing to a subsequence, (Y, * Tm)men converges to some x € C, and
do(Tm, 7y - Tm) < R+ 1 for all m, which means that v,,vy,,! € ' sends v, - T.,n, € C at
distance < R+1 from itself. Since the action of I" on C is properly discontinuous, we deduce
that the discrete sequence (VmyY,:!)men is bounded; up to passing to a subsequence, we
may therefore assume that it is constant, equal to Yooyy2! for some 75, € I'. We then have

R =limdg(2m,y ) = limdo(ym  Tm, (ym¥¥m') - (Ym - 2m))

= do (2, 700775 - @) = da(y,7 1),
where y 1=yl - 2. U

10.3. (D): Stability. Property (D) of Theorem 1.16 follows from the equivalence (1) < (4)
of Theorem 1.19 and from the work of Cooper-Long-Tillmann (namely [CLT2, Th.0.1]
with empty collection V of generalized cusps). Indeed, the equivalence (1) < (4) of The-
orem 1.19 states that I' is convex cocompact in P(V') if and only if it acts properly dis-
continuously and cocompactly on a properly convex subset C of P(V') with strictly convex
nonideal boundary, and this condition is stable under small perturbations by [CLT?2].

Let us give a brief sketch of why this is true. The ideas are taken from [CLT2] and go back
to Koszul [Ko|, who proved this in the case that 9,C = (. We assume I is torsion-free for
simplicity. The quotient M = I"\C is a compact convex projective manifold with boundary,
whose boundary OM = I'\0,C is locally strictly convex. Let p : I' - PGL(V) be a small
deformation of the inclusion map. By the Ehresmann—Thurston principle (see [T]), if p is
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a sufficiently small deformation, then it is still the holonomy representation of a projective
structure on M. Further, since 9M is compact, one easily arranges that dM remains
locally strictly convex in the new projective structure. To see that this new projective
structure is properly convex uses the following observation: A real projective structure
on a manifold M with locally strictly convex boundary is properly convex if and only
if the tautological line bundle €M — M, naturally an affine manifold, admits a strictly
convex section. We have such a strictly convex section before deformation, and since M
is compact, this section can be controlled if the deformation p is small enough. This gives
the desired stability result.

10.4. (E): Inclusion into a larger space. The following proposition implies prop-
erty (E) of Theorem 1.16, and also provides a converse to it.

Proposition 10.4. Let V' = R" and let i : SL*(V) — SLE(V @ V') be the natural
inclusion, whose image acts trivially on the second factor. Let I be an infinite discrete
subgroup of SL¥(V)). Then T is convex cocompact in P(V) if and only if i(T) is convex
cocompact in P(V & V').

The proof of Proposition 10.4 builds on the following consequence of Lemma 3.3 and
Corollary 3.6.

Lemma 10.5. Let V! =R", and let i : SLY*(V) — SLE*(V@ V') and j : V — V&V, and
J Vs (Ve V)~ V*@ (V') be the natural inclusions. Let T' be an infinite discrete
subgroup of SLE (V) preserving a nonempty properly convex open subset Q of (V).

(1) Let K be a compact subset of P(V& V') that does not meet any projective hyperplane
2* € j*(0%). Then any accumulation point in P(V & V') of the i(T')-orbit of K is
contained in j(AZP(T)).

(2) Let K* be a compact subset of P((V & V')*) whose elements correspond to projective

hyperplanes disjoint from j(Q2) in P(V & V'). Then any accumulation point in
P((V @ V")*) of the i(')-orbit of K* is contained in j*(AZP(T)).

Proof. The two statements are dual to each other, so we only need to prove (1). Let
7 :P(VaV)NPV') — P(V) be the map induced by the projection onto the first
factor of V & V', so that 7 o j is the identity of P(V). Note that V' is contained in
every projective hyperplane of P(V & V') corresponding to an element of j*(Q"), hence 7
is defined on K. Consider a sequence (., )men of points of K and a sequence (Yp,)men
of pairwise disjoint elements of I' such that (i(Ym) - Tm)men converges in P(V & V'). By
construction, for any m, the point z,, does not belong to any hyperplane z* € j*(€2*), hence
7(2m) does not belong to any hyperplane in Q% i.e. 7(x,;,) € Q. Since I acts properly
discontinuously on €2, the point z := lim,, Yy, - 7(z),) is contained in Q2. Up to passing
to a subsequence, we may assume that (7(zp,))men C 7(K) converges to some y € €.
Then do(Ym - 7(@m), Ym - ¥) = do(7(zm),y) — 0, and so v, - y — z by Corollary 3.6. In
particular, z € AZP(T). Now lift z,, to a vector vy, +vl, € V@V’ with (vm)men C V {0}
and (v],)men C {0} & V' bounded. The image of v,, in P(V) is 7(z,,). By Lemma 3.3,
the sequence (i(Vm) - Um)men tends to infinity in V. On the other hand, i(yy,) - v, = vl,
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remains bounded in V’. Therefore,

lirgni('ym) STy, = li;an'(’ym) cjom(zy) = lirgnj(’ym m(zm)) € F(AZP(D)). O

Lemma 10.6. In the setting of Lemma 10.5, if T acts convex cocompactly on Q C P(V),
then the set j(Q) is contained in a T'-invariant properly convex open subset O of P(V & V).

Proof. We argue similarly to the proof of Lemma 8.5. The set j(Q2) is contained in the
I'-invariant open subset
Omax =PV V)~ ] 2
2+ €5 (QF)
of P(V @ V'), which is convex but not properly convex. This set Opax is the union of all
projective lines of P(V @ V') intersecting both j(2) and P({0} x V’). Choose projective
hyperplanes Hy, ..., Hy of P(V & V') bounding an open simplex A containing 5(2). Let
U = AN Opax. Define
0= m i(y) - U.

vyel
Then j(Q) C O C Opax and O is properly convex. We claim that O is open. Indeed,
suppose by contradiction that there exists a point € 9,0. Then there exist (V) € N
and i € {1,..., N} such that ,, - H; converges to a hyperplane H,, containing x. This is
impossible since, by Lemma 10.5.(2), the hyperplane Hy, € j*(A‘S’{b(F)) supports the open
set Omax which contains z. O

Proof of Proposition 10.4. Suppose that [ acts convex cocompactly on some nonempty
properly convex open subset Q of P(V). The set j(€) is contained in some I'-invariant
properly convex open subset O of P(V @ V’) by Lemma 10.6, and A%b(z(f‘)) = j(AQP(T))
by Lemma 10.5.(1). Since the action of I on C&"(I) is cocompact, so is the action of i(T)
on C(Cgc’r(z(f‘)) = j(C&"(I")). Therefore i(I") acts convex cocompactly on @, and so i(T") is
convex cocompact in P(V @ V’).

Conversely, suppose that z(f‘) acts convex cocompactly on some nonempty properly
convex open subset ' of P(V & V’). For any v € I, applying i(7) to the direct sum V &V’
only changes the V factor. Therefore, for any sequence (7,)men of pairwise distinct
elements of ', and any v € V and v/ € V' such that [v 4 ¢'] € @, Lemma 3.3 implies that
the limit of [i(ym)(v+2")], if it exists, must lie in P(V). This shows that AZP(i(T")) ¢ P(V),
hence CS'(i(T)) € P(V). Tt follows that Q := Q' NP(V) is a nonempty, [-invariant, open,
properly convex subset of P(V') on which the action of I is convex cocompact. O

10.5. (F): Semisimplification. We start with a general observation.

Lemma 10.7. Let L and U be two subgroups of G = PGL(V') such that

e LNU = {Id} and L normalizes U, so that the subgroup of PGL(V') generated by
L and U is a semidirect product L x U;

e there is a sequence (Gm)men in the centralizer of L in PGL(V) such that gnmug,t —
Id for allu e U.
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Let m: L x U — L be the natural projection. For any discrete group I' and any represen-
tation p: ' - L x U, if mrop: ' = L is injective and if its image is convex cocompact in

P(V'), then the same holds for p.

Proof. 1f wo p is injective, then so is p. The group 7o p(T") is a limit of PGL(V')-conjugates
of p(T") and convex cocompactness is open (property (D) above) and invariant under con-
jugation. Therefore, if 7o p(I") is convex cocompact in P(V'), then so is p(T"). O

Let I be a discrete group and p : I' — PGL(V') a representation. The Zariski closure H of
p(I') in PGL(V') admits a Levi decomposition H = Lx R, (H) where R,,(H) is the unipotent
radical of H and L is a reductive subgroup called a Levi factor. This decomposition is
unique up to conjugation by R, (H). We shall use the following terminology.

Definition 10.8. The semisimplification of p is the composition p*® of p with the projec-
tion onto L.

The semisimplification p* : I' — PGL(V) = G does not depend, up to conjugation by
R, (H), on the choice of the Levi factor L. There is a sequence (gm )men in the centralizer of
L in H such that g,,ug,,t — Id for all u € R, (H), and so p** is a limit of H-conjugates of p.
If p(I") is discrete in PGL(V'), then so is p**(I') (see [Rag, Th.8.24]). The group p**(I'),
like the Levi factor containing it, acts projectively on V' in a semisimple way: namely, any
invariant linear subspace of V' admits an invariant complementary subspace.

If the semisimplification p* : I' — PGL(V) is injective and its image p**(I") is convex
cocompact in P(V'), then the same holds for p by Lemma 10.7. This proves (F), the last
remaining property of Theorem 1.16.

In the rest of this section, we study further operations that preserve convex cocompact-
ness, strengthening properties (E) and (F) of Theorem 1.16.

10.6. Convex cocompactness for cocycle deformations. Let V =V} @ V5, let T be
a discrete group, and let p : I' — SLi(Vl) be a representation. A p-cocycle is a map
u: I' = Hom(Va, V1) satisfying the cocycle condition

u(v1y2) = u(y1) + p(v1) o u(y2)

for all v, 42 € T'. Any p-cocycle u defines a representation p* : I' — SL* (V) = SL* (Vi@ Va)
by the formula:

P (7)(v1 ®v2) == (p(7) - v1 +u(y)(v2)) Bva Vo € Vi,ve € Vo

or in matrix notation:
wpy _ (P(Y) ul(y)
p (7) - < 0 IdV2 :

In the case that u = 0 is the zero cocycle, the corresponding representation p is simply
the composition of p with the inclusion V; < V. The representation p* is conjugate to p°
if and only if u : I' — Hom(V5, V1) is a p-coboundary: there exists ® € Hom(V3, V1) such
that u(y) = ® — p(y) o ® for all v € I'. If u is not a p-coboundary, then the representation
p" is not semisimple (i.e. not conjugate to its semisimplification from Definition 10.8), even
if p is. Cocycles which are not coboundaries always exist e.g. if I' is a free group. See also
Example 10.10 below.
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Proposition 10.9. Let V = Vi@ Vs, let T be an infinite discrete group, let p : T' — SL*(V;)
be a representation, let u : T — Hom(Va, Vi) be a p-cocycle, and let p* : T' — SLE(V) be
the associated representation. Then the following are equivalent:

(1) p is injective and p(I") is convex cocompact in P(V7),
(2) p* is injective and p*(T") is convex cocompact in P(V').

Proof. We first check the implication (1) = (2). Suppose p is injective and p(I") is convex
cocompact in P(V7). Then p* is clearly injective. The composition of p with the inclusion

of V1 into V =V, @ Vs,
p(y) 0 +
~ _>< 0 Idv2>€SL (V)

is injective and by property (E) of Theorem 1.16 (proved in Section 10.4 above), its image
is convex cocompact in P(V'). It then follows that p“(I') is convex cocompact in P(V') by
applying Lemma 10.7 with L the block diagonal subgroup, U the block upper triangular
subgroup, (gm)men a sequence of block scalar matrices which contract V; relative to Va.
We now check the implication (2) = (1). Suppose p" is injective and p*(I") is convex
cocompact in P(V). By property (C) of Theorem 1.16 (proved in Section 10.2 above),
p*(T") does not contain any unipotent element, hence p is also injective. Let Q@ C P(V') be
a nonempty properly convex open set on which p*(T") acts convex cocompactly. For any
v € T, applying p“(7y) to the direct sum V = V; @ V5 only changes the V; factor. Therefore,
for any sequence (ym)men of pairwise distinct elements of I, and any v € Vi, vy € Vs
such that [v; @ va] € Q, Lemma 3.3 implies that the limit of [p(v,)(v1 @ v2)], if it exists,
must lie in P(V;). This shows that AZP(p%(I')) C P(V1), hence CS (p“(I')) C P(V3). It
follows that ©; := QN P(V}) is a nonempty, p*(I')-invariant, open, properly convex subset
of P(V1) on which the restricted action, namely p, of T" is convex cocompact. ]

Example 10.10. We briefly examine the special case where Vi = R3, where Vo = R!,
where I is isomorphic to the fundamental group of a closed orientable surface S, of genus
g > 2, and where p : I' — SL(V7) is discrete, injective, with image in a special orthogonal
group SO(2,1) of signature (2,1). Then p represents a point of the Teichmiiller space
T (Sy) and the space of cohomology classes of cocycles u : I' = Hom(Va, V1) ~ V identifies
with the tangent space to 7(S,) at I' (see e.g. [DGK1, §2.3|) and has dimension 6g — 6.

(1) By the implication (1) = (2) of Proposition 10.9, for any p-cocycle u, the associ-
ated representation p* is injective and p"(I") preserves and acts convex cocompactly on a
nonempty properly convex open subset Q of P(R3 ®R!). The p*(I')-invariant convex open
set Qmax O Q2 given by Proposition 3.10.(3) turns out to be properly convex as soon as u is
not a coboundary. It can be described as follows. The group p*(I") preserves an affine chart
U ~ R3 of P(R3® @ R!) and a flat Lorentzian metric on U. The action on U is not properly
discontinuous. However, Mess [Me]| described two maximal globally hyperbolic domains of
discontinuity, called domains of dependence, one oriented to the future and one oriented
to the past. The domain . is the union of the two domains of dependence plus a copy
of the hyperbolic plane H? in P(R® & 0). We have that AZ" (p*(I)) C OH? C P(R? & 0)
and C§" (p*(T')) C H2. Note that Qpax depends on u but C§*  (p*(I')) does not.

(2) By Theorem 1.16.(A), the group p*(I") also acts convex cocompactly on a nonempty
properly convex open subset * of the dual projective space P((R® @R)*). In this case the
p*(I')-invariant convex open set (2*)max D 2%, given by Proposition 3.10.(3) applied to
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Q*, is not properly convex: it is the suspension HP? of the dual copy (H?)* C P((R3)*) of
the hyperbolic plane with the point P((R!)*). The convex set HP? C P((R? @ R)*) is the
projective model for half-pipe geometry, a transitional geometry lying between hyperbolic
geometry and anti-de Sitter geometry (see [Dan|). Note that while (2*)ynax = HP? does
not depend on u, the convex core C& (p*(I')) does depend on u. The full orbital limit
set AP (p*(T")) = QF N OHP? is not contained in a hyperplane if u is not a coboundary.
Indeed, C&X(p*(I')) may be thought of as a rescaled limit of the collapsing convex cores
for quasi-Fuchsian subgroups of PO(3,1) (or of PO(2,2)) which converge to the Fuchsian
group p(T"). This situation was described in some detail by Kerckhoff in various lectures
during the period 2010-2012 about the work [DK]| (still in preparation); this included a
lecture at the 2010 workshop on Geometry, topology, and dynamics of character varieties
at the National University of Singapore.

10.7. Convex cocompactness on quotient spaces. Here is a consequence of Proposi-
tion 10.9 and Property (A) of Theorem 1.16.

Proposition 10.11. Let T’ be an infinite discrete subgroup of SL* (V) acting trivially on
some linear subspace Vi of V. Then the following are equivalent:

(1) T is convex cocompact in P(V),
(2) the induced representation I' — SL¥(V/Vp) is injective and its image is convex
cocompact in P(V/Vp).

Proof. Fix a complement W to Vy in V so that V. =W @ Vj. In a basis & respecting this
decomposition, each element « € I' has block matrix form
A, 0 }
YVoaw = .
[ ] 0® |:B’y IdVo
Note that the induced representation I' — SL*(V/V}) is equivalent to the representation
v — A, on Wy. Consider the dual action of I' on P(V*). There is a dual splitting
V* = W*@V, where W* and V" are the subspaces of V* consisting of the linear functionals
that vanish on Vj and W, respectively. The basis %* dual to the basis Z above respects
this splitting. In this basis, the action of I' on V* has block matrix form
‘A, B
[’Y]W*EBVO |: 0 IdVO*:| .

Hence the dual action on V* is of the form p* where p : T' — SLE(V*) is the dual action
and u : I' — Hom(V", W*) is the p-cocycle such that u(v) has matrix ‘B,,.

By Property (A) of Theorem 1.16, the group T' is convex cocompact in P(V) if and
only if it is convex cocompact in P(V*). By Proposition 10.9, this is equivalent to the
representation v — ‘A, being injective with convex cocompact image in P(W*). By Prop-
erty (A) again, this is equivalent to the representation v — A, being injective with convex
cocompact image in P(W). Since the representation v — A, on W is equivalent to the
induced representation I' — SL*(V/Vp), the proof is complete. O
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11. CONVEX COCOMPACTNESS IN HP-4—1

Fix p,q € N*. Recall from Section 1.8 that the projective space P(Rp+q) is the disjoint

union of

HP = {[v] € P(RP9) | (v,v)p,q < 0},
of 87714 = {[v] € P(RP) | (v, v)pq > 0}, and of

OHP4—1 = §SP—14 = {[U] € P(RP) | (v,v)p,q = 0}‘

For instance, Figure 7 shows

P(R) = H3O U (9H% = 98*!) Ls?!
and

P(RY) = H! U (9H?! = 9S'?) LSt
As explained in e.g. [Wo, §2.4] or [DGK2, §2.1], the space HP4~" has a natural PO(p, ¢)-

FIGURE 7. Left: H3? with a geodesic line ¢ (necessarily spacelike), and
S%L. Right: H?! with three geodesic lines £5 (spacelike), ¢1 (lightlike), and
{o (timelike), and S™2.

invariant pseudo-Riemannian structure of constant negative curvature, for which the geo-
desic lines are the intersections of HP4~! with projective lines in P(RP*9). Such a line is
called spacelike (vesp. lightlike, resp. timelike) if it meets OpHP9~! in two (resp. one, resp.
zero) points: see Figure 7.

Remark 11.1. An element g € PO(p, q) is proximal in P(RP*9) (Definition 2.2) if and only
if it admits a unique attracting fixed point f; in OHP9~!, in which case we shall say that g
is proximal in OHP4~!. In particular, for a discrete subgroup I' of PO(p, q) C PGL(RP*9),
the proximal limit set Ap of I' in P(RP*4) (Definition 2.3) is contained in OHP4~!  and
called the proximal limit set of I' in OHP4~1,

In this section we prove Theorems 1.24 and 1.28.

For Theorem 1.24, the equivalences (17) & (27) & (37) & (47) & (5%) follow from
the equivalences (17) & (27) < (37) & (47) < (57) by replacing the symmetric bilinear
form (-,-)pq by —(,)pg = (-, )qp: see [DGK2, Rem.4.1|. The implications (2) = (1),
(2%) = (17), and (27) = (17) hold by definition. The implication (27) = (57) is contained
in the forward implication of Theorem 1.4, which has been established in Section 7. Here
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we shall prove the implications (1) = (2) = (3) and (57) = (47) = (37) = (27). We
note that (3) = (2) is contained in (37) = (27) and (37) = (2%), and that (1) = (2)
implies (11) = (27) and (17) = (27).

11.1. Proof of the implication (1) = (2) in Theorem 1.24. We start with the fol-
lowing general lemma.

Lemma 11.2. Let T’ be an infinite discrete subgroup of PO(p,q) preserving a nonempty
properly convexr open subset Q of P(RP1Y). If z € A?{b(f‘) is an extreme point of 0L), then
2t is a supporting hyperplane to Q at z. In particular (Corollary 4.13), if the action of T
on Q is conver cocompact and if z € AZP(T) is an extreme point of CE (), then z* is a

supporting hyperplane to  at z.

Proof of Lemma 11.2. Since z € AYP(T'), there exist z € Q and (yy,) € TV such that
Ym - T — z. If z is an extreme point of 02, then we actually have ~,, - x — z for all z € €,
by Lemma 4.14.(1).

Up to replacing the symmetric bilinear form (-,-),, by its negative, we may assume
that p > ¢, so that PO(p,q) has real rank ¢. Choose a basis (e1,...,eptq) of RPT? in
which the quadratic form (-, ), , takes the form 2vivpqq + - - - + 20qUp41 + Ug_H +---+ vg.
Similarly to Section 2.2, the Cartan decomposition PO(p,q) = K exp(a®)K holds, where
K ~P(O(p) x O(q)) is the stabilizer of span(ej + €piq, - - -, €q + €pt1s €qi1s-- -, ep) = RPO

and span(e; — €piq, ..., ep — €g+1) ~ R%? and where
o ::{ {diag(t1,...,tq,0,...,0,—tgs...,—t1) | t1 > --- > 1, >0} @fp>q;
- {dlag(tl,...,tq,O,...,O,—tq,...,—tl)]tlz---th_lzﬁq\} 1fp:q.

This means that any g € PO(p, ¢) may be written g = kexp(a)k’ for some k, k' € K and
a unique a = diag(ty,...,tprq) € a* with ; = —t,,—; for all i; the real number ¢; is the
logarithm p;(g) of the i-th largest singular value of (any representative in O(p,q) of) g
For any m we can write v, = kmamk!, € K exp(a™)K. Up to extracting, we may assume
that (kn)men converges to some k € K and (k] )men to some k' € K. Arguing exactly as
in the proof of Lemma 7.5, the fact that ~,,,-x — z for all z €  implies that z = k-[e;] and
that (u1 — p2)(ym) — +oo. Therefore (tupyq—1 = tptq)(ym) = (11— p2)(ym) = +00. Asin
the proof of Lemma 8.2.(2), we then obtain that ., - 2* — k-P(span(ei, ..., epiq-1) = 2+
for all projective hyperplanes x* of P(RP*) that do not contain k: =1 - [ep+q]. In particular,
Ym - ¥ — 2+ for all z* in a dense open subset of Q*, hence 2+ € AZP(I') C 9Q*. This
implies that 2z is a supporting hyperplane to Q at z. ]

Proof of the implication (1) = (2) in Theorem 1.24. Suppose I' acts convex cocompactly
on some nonempty properly convex open subset  of P(RPTY). Let us prove that T is
strongly convex cocompact in P(RPT7).

It is sufficient to check that C§(T) is contained in HP4~! or in P(RPFY) \ HPa—1 ~
H%P~1,  Indeed, suppose this is the case. By Corollaries 3.4 and 4.10.(3), we have
ACL(T) = AZP(T) C OHP4~!. Therefore, if CE'(I') contained a PET, with vertices
[a], [0], [c], then the edges of the PET would lie in 9HP4~! and we would have (a, b), , =
(b,¢)pqg = (¢,a)pq = 0. Therefore the projective plane P(span(a,b, c)) would be entirely
contained in OHPY~!: contradiction since the PET is contained in this projective plane and
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in CE"(T'). This shows that if CE"(T') is contained in HP4~! or in P(RPT)\HP-4~1 ~ HOP~1
then C§"(I") does not contain any PET, and so I is strongly convex cocompact in P(RPT7)
by Theorem 1.15.
Let us now show that C§"(T) is contained in HP?~! or in P(RPHY) \ HPa—1 ~ HeP~L,
Up to replacing I' by an index-two subgroup, we may assume that it lifts to a subgroup
of O(p,q), still denoted by I". Then the I'-invariant properly convex open subset 2 of

P(RPT9) lifts to a [-invariant properly convex open cone Q of RPt7, and A%P(T) lifts to a
I'-invariant closed cone K?{b(F) of RPT4 contained in the boundary of Q.

Let z € AZP(T) be an extreme point of C'(£2). Let A be the closure of the I'-orbit of z
in 90, and let A be the preimage of A in K?{b(F).

Firstly, we claim that the set

S={(5:7)wa | FEA, § €AG(D)}
is contained in R>( or in R<g, and cannot be reduced to {0}. Indeed, we know from
Lemma 11.2 that z* is a supporting hyperplane to  at z. Therefore the set {(Z,7 ) |

7 € K?{b(f‘)} (and more generally the set {(Z,7),4 |7 € Q}) is contained in Rsq or
in R<q. This set is equal to {(7,7')pq |7 € K?{b(l“)} for any § € T+ Z, hence for any § € A.
Therefore it is equal to S. This set is not {0}, for otherwise AZP(I"), hence CS"(I"), would
be contained in z*, contradicting the fact that 2 is a supporting hyperplane to  at z.

Since S # {0}, we can find 2’ € AZP(T") which is an extreme point of C&'(2) and which
lifts to 2/ € AQP(T') with (2, 7'),, # 0. Let A’ be the closure of the [-orbit of 2’ in A, and
let C be the convex hull of A U A’ inside €: it is a T-invariant closed convex subset of .

We claim that C is nonempty. Indeed, otherwise the convex hull of A U A’ in © would
be contained in 912, hence in HCL (') = AZP(T), hence in JHP4~! by Corollary 3.4. This
would contradict the fact that (Z,2"), 4 # 0. Therefore C is nonempty.

We claim that C does not meet OHP4~1. Indeed, consider x € (C N IHPI~1) (A UA).
Let A’ be the preimage of A’ in K?{b. Since z € C ~ (AU A'), we can lift it to & =
Yo tigi+ Zﬁl tiy;, where 1 < m,m’ < p+q and where ¢;,t, > 0 and y; € A and U € A
for all 5. Since & € OHP4~1 and A, A’ C OHP4~ !, we have

0= (, j>p,q = Z tit;‘ @h%’ﬁﬂ'
1<i<m, 1<j<m/

Moreover, all the <gi,g;>p,q belong to S, which is contained in R>¢ or in R<g. Therefore
we must have (gji,gjpp,q = 0 for all i,j. In particular, z € yi, where y; € A is the

projection of §; € A. But we have seen that yi- is a supporting hyperplane to Q at y; (by
Lemma 11.2). Therefore x cannot be contained in C C €. This shows that C does not
meet OHP41L,

We deduce that C is contained in HP9~! or in P(RPT9) \ HP¢—1 ~ HIP~1,

By minimality of C&"(I') (Lemma 4.16), we have C = C§"(I"). Thus C&"(I') is contained
in HP9~1 or in P(RPT?) \ HP9—1 ~ H%P~1 which completes the proof. O
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11.2. Proof of the implication (57) = (47) in Theorem 1.24. Suppose that I' is
word hyperbolic, that the natural inclusion I' < PO(p, q) is P?-Anosov, and that the
proximal limit set Ap C OHPY~! is negative.

By definition of negativity, the set Ar lifts to a cone Ar of RP {0} on which all inner
products (-, -)p 4 of noncollinear points are negative. The set

Qmax := P({v € RPY | (v,0'),, <0 W' € Ar})
is a connected component of P(RP9) \ |, cp . 2+ which is open and convex. It is nonempty

because it contains [v; 4 ve| for any noncollinear vy, vy € INXF. Note that if Kp is another
cone of R4 ~ {0} lifting Ar on which all inner products (-, *)p,q of noncollinear points are
negative, then either Ap = Ap or Ap = —Ap (using negativity). Thus Qpax is well defined
independently of the lift Ap, and so Qax 18 I-invariant because Ar is.

By Proposition 8.1, the group I' acts convex cocompactly on some nonempty, properly
convex open subset Q C Quax, and AZP(I") = Ar. In particular, the convex hull CE(I") of
Ar in  has compact quotient by I'.

As in [DGK2, Lem. 3.6.(1)], this convex hull C§"(T') is contained in HP¢~!: indeed, any
point of C&(I") lifts to a vector of the form v = Zle t;v; with k > 2, where vy, ..., v, € Ar
are distinct and ty,...,t; > 0; for all i # j we have (v;,v;)pq = 0 and (v;,v;)pq < 0 by
negativity of Ar, hence (v,v),, < 0.

Since C&"(I') has compact quotient by I', it is easy to check that for small enough
7 > 0 the open uniform r-neighborhood U of CX(T') in (Q,dg) is contained in HP4~! and
properly convex (see [DGK2, Lem. 6.3]). The full orbital limit set A/P(I") is a nonempty
closed I-invariant subset of AZ®(I"), hence its convex hull C&"(T") in ¢/ is a nonempty closed
I'-invariant subset of C&™"(I'). (In fact CfP"(I") = C&"(I') by Lemma 4.16.) The nonempty
set Cff"(I") has compact quotient by I'. Thus I' acts convex cocompactly on U C HPa—1
which completes the proof.

11.3. Proof of the implication (47) = (37) in Theorem 1.24. Suppose that I acts
convex cocompactly on some nonempty properly convex open subset € of HP¢~1. By the
implication (1) = (2) of Theorem 1.24 (proved in Section 11.1 above), I is strongly convex
cocompact, and so Ar is transverse by the forward implication of Theorem 1.4 (proved in
Section 7 above).

The set Ar is contained in AZP(I"). By Lemma 4.16 and Corollary 4.10.(3), the convex
hull of Ar in Q is the convex hull C&(T") of AZ®(T") in Q, and the ideal boundary &;CE&"(T")
is equal to A°rb( ). By Corollary 3.4, this set is contained in OHP4~!. It follows that
Ar = AZP(T): indeed, otherwise A2P(I") would contain a nontrivial segment between two
points of A, this segment would be contained in OHP9~!, and this would contradict that
Ar is transverse. Thus C&(I") is a closed properly convex subset of HP+4 ~1 on which I acts
properly discontinuously and cocompactly, and whose ideal boundary does not contain any
nontrivial projective line segment.

It could be the case that C§'(I") has empty interior. However, for any r > 0 the closed
uniform r-neighborhood C, of C&™"(I') in (€2, dg) has nonempty interior, and is still properly
convex with compact quotient by I'. By Corollary 4.10.(3), we have 6;C, = AZ®(T"), hence
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0,C, does not contain any nontrivial projective line segment. This shows that T is HP4~1-
convex cocompact, which completes the proof.

11.4. Proof of the implication (2) = (3) in Theorem 1.24. The proof relies on
the following proposition, which is stated in [DGK2, Prop.3.7] for T acting irreducibly
on P(RPTY). The proof for general T' is literally the same; we recall it for the reader’s
convenience.

Proposition 11.3. For p,q € N*, let T be a discrete subgroup of PO(p,q) preserving a
nonempty properly convex open subset @ of P(RP9). Let Apr C OHP4~! be the prozvimal
limit set of ' (Definition 2.3 and Remark 11.1). If Ar contains at least two points and is
transverse, and if the action of I' on Ar is minimal (i.e. every orbit is dense), then Ar is
negative or positive.

Recall from Remark 2.4 that if the action of I' on P(V) is irreducible and Ap # (), then
the action of I' on Ar is always minimal.

Proof. Suppose that Ap contains at least two points and is transverse, and that the action
of ' on Ap is minimal. By Proposition 3.10.(2), the sets Q and A lift to cones € and
Ar of V {0} with Q properly convex contalnlng Ar in its boundary, and * and Af lift
to cones Q* and A* of V* N {O} with Q* properly convex containing AF in its boundary,
such that ¢(v) > 0 for all v € Ar and p € AF. By Remark 3.2, the group T lifts to a
discrete subgroup I' of O(p, q) preserving Q (hence also Ar, Q*, and K*) Note that the
map ¢ : v — (v,-)pq from RPY to (RP?)* induces a homeomorphism Ap ~ Aj. For any
v € Ap we have 1(v) € A* U A* Let F™ (resp. F~) be the subcone of Ap consisting of
those vectors v such that ¢ (v) € A* (resp. ¥(v) € A*) By construction, we have v € F'*
if and only if (v,v"), 4 > 0 for all v € Ar; in particular, F* is closed in Ap and I-invariant.
Similarly, F~ is closed and I-invariant. The sets F+ and F~ are disjoint since Ar contains
at least two points and is transverse. Thus F'™ and F~ are disjoint, f—invariant, closed
subcones of Kr, whose projections to P(RP?) are disjoint, I'-invariant, closed subsets of Ap.
Since the action of I' on Ar is minimal, Ap is the smallest nonempty I'-invariant closed
subset of P(RP4), and so {F*, F~} = {Ar,0}. If Ar = F'* then Ar is nonnegative, hence
positive by transversality. Similarly, if Apr = F~ then Ap is negative. O

Proof of the implication (2) = (3) in Theorem 1.24. Suppose I is strongly convex cocom-
pact in P(RPT?). By the implication (i) = (vi) of Theorem 1.15, the group I' is word
hyperbolic and the natural inclusion T' < PO(p, q) is PP%-Anosov. If #Ar > 2, then the
action of T on Oy I', hence on Ap, is minimal, and so Proposition 11.3 implies that the
set Ar is negative or positive. This last conclusion also holds, vacuously, if #Ar < 2.
Thus the implications (57) = (37) and (5%) = (3T) of Theorem 1.24 (proved in Sec-
tions 11.2 and 11.3 just above) show that I' is HP9~!-convex cocompact or H%P~!-convex
cocompact. ]

11.5. Proof of the implication (37) = (27) in Theorem 1.24. Suppose I' C PO(p, q)
is HP9~!_convex cocompact, i.e. it acts properly discontinuously and cocompactly on a
closed convex subset C of HP9~! such that C has nonempty interior and 8;C does not contain
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any nontrivial projective line segment. We shall first show that I" satisfies condition (v) of
Theorem 1.15: namely, I' preserves a nonempty properly convex open subset € of P(RP:?)
and acts cocompactly on a closed convex subset C’ of {2 with nonempty interior, such that
0:C' does not contain any nontrivial segment.

One naive idea would be to take Q = Int(C) and C’ to be the convex hull Cy of 8;C in C
(or some small thickening), but Cp might not be contained in Int(C) (e.g. if C = Cp). So we
must find a larger open set 2. Lemma 11.4 below implies that the I'-invariant convex open
subset Qmax O Int(C) of Proposition 3.10 contains C. If Q. is properly convex (e.g. if the
action of I on P(V) is irreducible), then we may take Q = Qax and ¢’ = C. However, Qpax
might not be properly convex; we shall show (Lemma 11.5) that the I'-invariant properly
convex open set () = Int(C)* (realized in the same projective space via the quadratic form)
contains Cy (though possibly not C) and we shall take C’ to be the intersection of C with
a neighborhood of Cy in €.

The following key observation is similar to [DGK2, Lem. 4.2].

Lemma 11.4. For p,q € N*, let I be an infinite discrete subgroup of PO(p,q) acting
properly discontinuously and cocompactly on a nonempty properly convex closed subset C
of HP4=1. Then C does not meet any hyperplane z+ with z € &C. In other words, any
point of C sees any point of 3;C in a spacelike direction.

Proof. Suppose by contradiction that C meets 2z for some z € 9;C. Then 2z contains a ray

[y, 2) C OnC. Let (zm)men be a sequence of points of [y, z) converging to z (see Figure 8).
Since I' acts cocompactly on C, for any m there exists ,, € I" such that ~,, - x,, belongs to
a fixed compact subset of 9,C. Up to taking a subsequence, the sequences (Y, - T )m and
(Ym - Y)m and (v, - 2)m converge respectively to some points Zoo, Yoo, 200 i P(RPY). We
have 2o, € OnC and yoo € GiC (because the action of I' on C is properly discontinuous) and
200 € OiC (because 0iC = Fr(C) N OHP9~! is closed in P(RP9)). The segment [yoo, Zoo] is
contained in zZ, hence its intersection with HP9~! is contained in a lightlike geodesic and
can meet OHP9~1 only at z,,. Therefore ys, = 25, and the closure of C in P(RP+) contains

a full projective line, contradicting the proper convexity of C. O
N
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F1GURE 8. Illustration for the proof of Lemma 11.4
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Lemma 11.5. In the setting of Lemma 11.4, suppose C has nonempty interior. Then the
convex hull Cy of 0;C in C is contained in the I'-invariant properly conver open set

Q= {z e PRP) | 27 NC = 0}.

Note that €2 is the dual of Int(C) realized in RP? (rather than (RP?)*) via the symmetric
bilinear form (-, -); 4.

Proof. The properly convex set C C HP4~! lifts to a properly convex cone C of RP4 {0}
such that (v,v),, < 0 for all v € C. We denote by Co C C the preimage of Cyg. The ideal

boundary 0;C lifts to the intersection 8LC C RP9 {0} of the closure C of C with the null
cone of (-,-),, minus {0}. For any v € C and v/ € C, we have (v,9')p,q < 0: indeed, this

is easily seen by considering tv + v € RP?, which for small ¢ > 0 must belong to C hence
have nonpositive norm; see also [DGK2, Lem. 3.6.(1)]. By Lemma 11.4 we have in fact

(v, V' )p,g <O forallve C and v/ € &,C. In particular, this holds for v € Cy. Now consider

v E Co and v/ € C. Since Co is the convex hull of 0,C in C, we may write v = Z 1 tiv

1=
where vy,...,v; € 8C and t1,...,t; > 0. By Lemma 11.4 we have (v;,v'), , < 0 for all i,
hence (v, v’ )p7q < 0. This proves that Cy is contained in €2. The open set € is properly

convex because C has nonempty interior. O

Corollary 11.6. In the setting of Lemma 11.5, the group I' acts cocompactly on some
closed properly convex subset C' of Q with nonempty interior which is contained in C C
Hp’qfl, with 016’ = 0C.

Proof. Since the action of I'" on Cy is cocompact, it is easy to check that for any small
enough 7 > 0 the closed uniform 7-neighborhood C,. of Cy in (£, dg) is contained in HP4~1
(see [DGK2, Lem. 6.3]). The set C' := C, NC is then a closed properly convex subset of §2
with nonempty interior, and I" acts properly discontinuously and cocompactly on C’. Since
C' is also a closed subset of HP?~! we have 0;C' = C’' N OHP9~! = 9,C, N 8;C = O;C. O

If &;,C does not contain any nontrivial segment, then neither does 9;C’ for C' as in
Lemma 11.6. This proves that if " is HP*~!-convex cocompact (i.e. satisfies (37) of Theo-
rem 1.24, i.e. (3) up to switching p and ¢), then it satisfies condition (v) of Theorem 1.15,
as announced.

Now, Theorem 1.15 states that (v) is equivalent to strong convex cocompactness: this
yields the implication (3) = (2) of Theorem 1.24. Condition (vi) of Theorem 1.15, equiv-
alent to (v), also says that the group I' is word hyperbolic and that the natural inclusion
I' = PO(p,q) is PP%-Anosov. Since in addition the proximal limit set Ar is the ideal
boundary 9;C’, we find that Ar is negative.

This completes the proof of the implication (37) = (27) in Theorem 1.24.

11.6. Proof of Theorem 1.28. The implications (4) = (3) = (2) of Theorem 1.28 hold
trivially. We now prove (1) < (2) = (4). We start with the following observation.

Lemma 11.7. Forp,q € N*, let T be an infinite discrete subgroup of PO(p, q) acting prop-
erly discontinuously and cocompactly on a closed convex subset C of HP4~1 with nonempty
interior. Then C has bisaturated boundary if and only if 0,.C does not contain any infinite
geodesic line of HP4~1,
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Proof. Suppose 9,C contains an infinite geodesic line of HP~!. Since C is properly convex
and closed in HP9~! this line must meet OHP?~! in a point of 6;C, and so C does not have
bisaturated boundary.

Conversely, suppose C does not have bisaturated boundary. Since 9;C = Fr(C) N oHP4~!
is closed in P(RP?), there exists a ray [y,z) C 0,C terminating at a point z € 0;C. Let
(am)men be a sequence of points of [y,z) converging to z (see Figure 8). Since I' acts
cocompactly on C, for any m there exists v, € I' such that v, - a,, belongs to a fixed
compact subset of 9,C. Up to taking a subsequence, the sequences (Y, - @ )m and (Ym - Y)m
and (v, - 2)m converge respectively to some points Gee, Yoo, 200 i1 P(V). We have as € 0,C
and Yoo € OiC (because the action of I" on C is properly discontinuous) and z,, € 0iC
(because 0C is closed). Moreover, aoo € (Yoo, 200). Thus (Yoo, 200) is an infinite geodesic
line of HP4~1 contained in 0,C. O

Suppose condition (1) of Theorem 1.28 holds, i.e. I' < PO(p,q) is HP?~l-convex co-
compact. By Corollary 11.6, the group I' preserves a properly convex open subset € of
P(RP?) and acts cocompactly on a closed convex subset C’ of © with nonempty interior
which is contained in HP9~!, and whose ideal boundary 0:C’ does not contain any non-
trivial segment. As in the proof of Corollary 11.6, for small enough r > 0 the closed
uniform r-neighborhood C.. of C’ in (Q2,dgq) is contained in HP4~!. By Lemma 3.9 and
Corollary 4.10.(3), we have d;C. = 9,C' = AZP(T"), hence C.. has bisaturated boundary by
Lemma 5.1. In particular, 9,C. does not contain any infinite geodesic line of HP¥~! by
Lemma 11.7. Thus condition (2) of Theorem 1.28 holds, with Cpisat = C...

Conversely, suppose condition (2) of Theorem 1.28 holds, i.e. I" acts properly discontin-
uously and cocompactly on a closed convex subset Cpisar of HP4~1 such that 0,Chisar does
not contain any infinite geodesic line of HP¢~!. By Lemma 11.7, the set Cpisat has bisatu-
rated boundary. By Corollary 5.4, the group I" acts convex cocompactly on € := Int(Cpjsat)
and AZP(T") = 9iChisat- By Lemma 9.2, the group I' acts cocompactly on a closed convex
subset Comooth O C&'(I') of € whose nonideal boundary is strictly convex and C', and
0iCsmooth = A‘S’{b(F) C OHP4~! (see Corollary 4.10.(3)). In particular, Csmooth is closed in
HP9~! and condition (4) of Theorem 1.28 holds. Since Cpisat has bisaturated boundary, any
inextendable segment in J;Cpisat is inextendable in 9Q = 0iCpisat UInChisat. By Lemma 6.2, if
0iCsmooth = O:Chisat contained a nontrivial segment, then Csmooth Would contain a PET, but
that is not possible since closed subsets of HP9~! do not contain PETs; see Remark 11.8
below. Therefore 0;Csmooth = OiChisat does not contain any nontrivial segment, and so I’
is HP-%~!-convex cocompact, i.e. condition (1) of Theorem 1.28 holds. This concludes the
proof of Theorem 1.28.

In the proof we have used the following elementary observation.

Remark 11.8. For p,q € N* with p 4+ ¢ > 3, a closed subset of HPY~! cannot contain
a PET. Indeed, any triangle of P(RP?) whose edges lie in OHPY~! must have interior in
OHP9~! because in this case the symmetric bilinear form is zero on the projective span.

11.7. HP“~!-convex cocompact groups whose boundary is a (p — 1)-sphere. In
what follows we use the term standard (p — 1)-sphere in OHP4~! to mean the intersection
with OHP9~! of the projectivization of a (p+ 1)-dimensional subspace of RP*4 of signature
(p,1); by an embedding we mean a map which is a homeomorphism onto its image.
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Lemma 11.9. For p,q > 1, let ' be an infinite discrete subgroup of PO(p,q) which is
HP9~1-convex cocompact, acting properly discontinuously and cocompactly on some closed
convex subset C of HP9~1 with nonempty interior whose ideal boundary 8;C C OHP4~! does
not contain any nontrivial projective line segment. Let Oxo' be the Gromov boundary of T,
and let S be any standard (p — 1)-sphere in OHP9~1. Then

(1) the T-equivariant boundary map € : O I — OHPIL which is an embedding with
1mage 0iC, is homotopic to an embedding of OsI" whose image is contained in the
(p — 1)-sphere S.
Suppose O is homeomorphic to a (p — 1)-dimensional sphere and p > q. Then

(2) the unique mazximal T'-invariant convex open subset Qmax of P(RPY) containing C
(see Proposition 3.10) is contained in HP9~1;

(8) any supporting hyperplane of C at a point of 0,C is the projectivization of a linear
hyperplane of RP? of signature (p,q — 1).

In particular, if ¢ = 2 and OI" is homeomorphic to a (p — 1)-dimensional sphere with
p > 2, then any hyperplane tangent to 9,C is spacelike.
Lemma 11.9.(1) has the following consequences.

Corollary 11.10. Let p,q > 1.

(1) LetT be an infinite discrete subgroup of PO(p, q) which is HP9~1-convex cocompact.
Then I is word hyperbolic and has virtual cohomological dimension < p. Moreover,
the virtual cohomological dimension of ' is p if and only if the Gromov boundary
0ol is homeomorphic to a (p — 1)-dimensional sphere.

(2) Let T' be an infinite word hyperbolic group with connected Gromov boundary OxeI’
and virtual cohomological dimension > q. If there is a PP*-Anosov representation
p:T = PO(p,q), then p > q and the group p(T") is HP~!-convex cocompact.

Proof of Corollary 11.10 assuming Lemma 11.9. (1) By Theorem 1.24, the group I' is word
hyperbolic. By Lemma 11.9.(1), the Gromov boundary d,I" embeds into SP~!; in particu-
lar, it has Lebesgue covering dimension < p—1. This Lebesgue covering dimension is equal
to the virtual cohomological dimension of I" minus one by [BeM]. If the Lebesgue cover-
ing dimension of JxI' is p — 1, then the small inductive dimension (or Menger—Urysohn
dimension) of dI" is also p — 1 by Urysohn’s theorem (see e.g. [E, Th.1.7.7]), and so an
embedding of O in SP~! must have nonempty interior (see e.g. [E, Th. 1.8.10]). Therefore
OsoI' is homeomorphic to SP~! by [BK, Th.4.4].

(2) By Corollary 1.26, since d5I" is connected, the group p(I') is HP¢~!-convex cocom-
pact or H%P~-convex cocompact. We conclude using (1). O

Proof of Lemma 11.9. We work in an affine chart A containing C, and choose coordinates
(v1,...,Vpt+q) on RPY 5o that the quadratic form (-,-),, takes the usual form v? + --- +
Uy = Uiy — ]2, +g» the affine chart A is defined by v,44 # 0, and our chosen standard
(p — 1)-sphere in OHP4~! is

S={[(v1,...,vp,0,...,0,vp44)] € P(RPY) | v} +---+v}2, = v12,+q}.

For any 0 <t <1, consider the map f; : A — A sending [(v1,...,Uptq)] tO

|:<U1, o Ups VI —tupyt, .o, VI =t Upg g1, \/1 H 1, 1, vpa) Up+q>:| ,
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where Qy, 1 vprg) = (vg+1 4+ 4 U£+q_1)/vg+q. Then (fi)o<t<1 restricts to a homotopy
of maps ANJHP4~! — ANOHP4~! from the identity map to the map fi|xngmr.a—1, which
has image S C P(RP!). Thus (f;0&)o<i<1 defines a homotopy between & : 9o I' — OHP:4~1
and the continuous map f; o € : 9o’ — OHPY~! whose image lies in S. By the Cauchy—
Schwarz inequality for Euclidean inner products, two points of A N OHP4~! which have
the same image under f; are connected by a line segment in A whose interior lies outside
of HP4—1, Since C is contained in H”9~! we deduce that the restriction of f; to &C is
injective. Since OxoI' is compact, we obtain that f1 o £ : 0o — S is an embedding. This
proves (1).

Henceforth we assume that dsI" is homeomorphic to a (p — 1)-dimensional sphere and
that p > q. Let Ar = £(0x') C OHP4~! be the proximal limit set of ' in P(RPT9). The
map f1 : Ap — S is then an embedding of a compact (p — 1)-manifold into a connected
(p — 1)-manifold, and hence by the Invariance of Domain Theorem of Brouwer, it is a
homeomorphism.

Let us prove (2). By definition of Qpax (see Proposition 3.10), it is sufficient to prove
that any point of 9HP9~! is contained in z1 for some z € Ap. Therefore it is sufficient
to prove that Ap intersects P(W) for every maximal totally isotropic subspace W of RP-.
Let W be such a subspace. We work in the coordinates from above. Up to changing the
first p coordinates by applying an element of O(p), we may assume that in the splitting

RPY = RP~90 ¢ R?V o RO4

defined by these coordinates, the space W is {(0,v',—v")|v" € R?}. Consider the map
¢ : SP~1 — S971 sending a unit vector (v,v') € RP? = RP~40 g R%0 to

90(1)7 1)/) =Tq© (fl‘Ar>_1('U7 Ulv a):
where a = (0,...,0,1) € R% and 7, : R?? — R%? is the projection onto the last ¢
coordinates. Then ¢ is homotopic to a constant map (namely the map sending all points
to a) via the homotopy ¢: = w0 fio(f1]ar) ! Now consider the restriction 1 : S971 — §9-1
of ¢ to the unit sphere in R%?, which is also homotopic to a constant map via the restriction
of the homotopy ¢;. If we had Ap NP(W) = {), then we would have ¢ (v) = ¢(0,v") # —v
for all v/ € 77! C RY, and

oy =)+t
) = T ) + ]

would define a homotopy from 1 to the identity map on S?!, showing that a constant
map is homotopic to the identity map: contradiction since S9=! is not contractible. This
completes the proof of (2): namely, Qumax C HP971. We note that 0Qumax N OHPY~! = Ap,
since we saw that f; maps 0Qmax N OHP4~! injectively to S.

Finally, we prove (3). The dual convex Int(C)* to Int(C) naturally identifies, via (-, )pq,
with a properly convex subset of P(RP*9) which must be contained in Q. C HP9~1. By
Lemma 11.4, we have CNz+ = ) for any z € 8;C = Ar, hence C C Quax. Hence, a projective
hyperplane y* supporting C at some point of 9,C is dual to a point y € Qmax ~ Ar, which
is contained in HP~! by the previous paragraph. Hence (y,9),, < 0 and so y* is the
projectivization of a linear hyperplane of signature (p,q — 1). O
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11.8. H”'-convex cocompactness and global hyperbolicity. Recall that a Lorentzian
manifold M is said to be globally hyperbolic if it is causal (i.e. contains no timelike loop) and
for any two points z, 2’ € M, the intersection J¥(x)NJ~(2') is compact (possibly empty).
Here we denote by JT(z) (resp. J~(z)) the set of points of M which are seen from x by
a future-pointing (resp. past-pointing) timelike or lightlike geodesic. Equivalently [CGe],
the Lorentzian manifold M admits a Cauchy hypersurface, i.e. an achronal subset which
intersects every inextendible timelike curve in exactly one point.

We make the following observation; it extends [BM, §4.2|, which focused on the case
that I' € PO(p, 2) is isomorphic to a uniform lattice of PO(p, 1). The case considered here
is a bit more general, see [LM]. We argue in an elementary way, without using the notion
of CT-regularity.

Proposition 11.11. Forp > 2, let T be a torsion-free infinite discrete subgroup of PO(p, 2)
which is HP'-convex cocompact and whose Gromov boundary OsI' is homeomorphic to a
(p — 1)-dimensional sphere. For any nonempty properly conver open subset Q0 of HP'L on
which T' acts convex cocompactly, the quotient M = T\ is a globally hyperbolic Lorentzian
manifold.

Proof. Consider two points x,2’ € M = T'\Q. There exists R > 0 such that any lifts
Y,y € Q of z,2’ belong to the uniform R-neighborhood C of C&(I") in Q for the Hilbert
metric dg. Let JT(y) (resp. J~(y)) be the set of points of Q which are seen from y by a
future-pointing (resp. past-pointing) timelike or lightlike geodesic. By Lemma 11.9.(3), all
supporting hyperplanes of C at points of 0,C are spacelike. We may decompose 0,C into
two disjoint open subsets, namely the subset 9] C of points for which the outward pointing
normal to a supporting plane is future pointing, and the subset 9, C of points for which
it is past pointing. Indeed, 9] C and 9, C are the two path connected components of the
complement 9,C of the embedded (p — 1)-sphere Ar in the p-sphere Fr(C). The set Q . C
similarly has two components, a component to the future of 9 C and a component to the
past of d;C. Any point of J*(y) N (Q \ C) lies in the future component of Q \ C and
similarly, any point of J~ (") N (2~ C) lies in the past component of Q \ C. By proper
discontinuity of the I'-action on C, in order to check that J*(xz)NJ~(z') is compact in M,
it is therefore enough to check that J*(y) N C and J~(y’) N C are compact in . This
follows from the fact that the ideal boundary of C is AZP(T") (Corollary 4.10.(3)) and that
any point of 2 sees any point of AZP(T') in a spacelike direction (Lemma 11.4). O

11.9. Examples of HP¢~!-convex cocompact groups.

11.9.1. Quasi-Fuchsian HPY~'-convex cocompact groups. Let H be a real semisimple Lie
group of real rank 1 and 7 : H — PO(p, q) a representation whose image contains an el-
ement which is proximal in OHP9~! (see Remark 11.1). By [DGK2, Prop.7.1|, for any
infinite word hyperbolic group I' and any (classical) convex cocompact representation
oo:I'— H,
(1) the composition pg := T o0 : I' = PO(p, q) is PI"?-Anosov and the proximal limit
set A,y C OHP4~1 is negative or positive;
(2) the connected component 7,, of py in the space of P!"?-Anosov representations
from I" to PO(p, q) is a neighborhood of py in Hom(I', PO(p, q)) consisting entirely
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of representations p with negative proximal limit set A, C OHP4—1 or entirely of
representations p with positive proximal limit set A,y C OHPa~1,

Here is an immediate consequence of this result and of Theorem 1.24.

Corollary 11.12. In this setting, either p(T') is HP9~-convex cocompact for all p € Tpo, or
p(T) is HPP~-convex cocompact (after identifying PO(p, q) with PO(q,p)) for all p € T,,.

This improves [DGK2, Cor. 7.2|, which assumed p to be irreducible.
Here are two examples. We refer to [DGK2, § 7| for more details.

Example 11.13. Let I" be the fundamental group of a convex cocompact (e.g. closed) hy-
perbolic manifold M of dimension m > 2, with holonomy o¢ : I' = PO(m, 1) = Isom(H™).
The representation oy lifts to a representation oy : I' — H := O(m,1). For p,q € N*
with p > m,q > 1, let 7 : O(m,1) — PO(p,q) be induced by the natural embedding
R™1 — RP9. Then py := 705 : I' = PO(p,q) is PP?Anosov, and one checks that the
set Ayor) C OHP4~1 is negative. Let T, be the connected component of pg in the space
of PP"I-Anosov representations from I' to PO(p,q). By Corollary 11.12, for any p € T,
the group p(I') is HP9~!-convex cocompact.

By [Me, Bal, when p = m and ¢ = 2 and when the hyperbolic m-manifold M is closed,
the space 7, of Example 11.13 is a full connected component of Hom(I', PO(p, 2)), consist-
ing of so-called AdS quasi-Fuchsian representations; that p(T') is HP>!-convex cocompact
in that case follows from [Me, BM].

Example 11.14. For n > 2, let
(11.1) 7o ¢ SL(R?) — SL(R™)
be the irreducible n-dimensional linear representation of SL(R?) obtained from the action
of SL(R?) on the (n —1)** symmetric power Sym™!(R?) ~ R™. The image of 7, preserves
the nondegenerate bilinear form B, := —w®™~1) induced from the area form w of RZ. This
form is symmetric if n is odd, and antisymmetric (i.e. symplectic) if n is even. Suppose
n = 2m + 1 is odd. The symmetric bilinear form B,, has signature

[ (m+1,m) if misodd,
(11.2) (kn, ) = { (m,m+1) if m is even.

If we identify the orthogonal group O(B,) (containing the image of 7,,) with O(ky,£,),
then there is a unique 7,-equivariant embedding ¢, : s H? < GHF» "1 and an easy
computation shows that its image A, := L((?OOHQ) is negative. For p > k, and q > ¢, the
representation 7, : SLo(R) — O(B,,) ~ O(ky, £,) and the natural embedding RFntn y RPA
induce a representation 7 : H = SLa(R) — PO(p, q) whose image contains an element
which is proximal in OHP4~! and a T-equivariant embedding ¢ : OsgH? < Q:HFrtn—1
OHP4=1 The set A := 1(0oH?) C G:HP4! is negative by construction. Let I' be the
fundamental group of a convex cocompact orientable hyperbolic surface, with holonomy
oo : I' = PSLa(R). The representation oy lifts to a representation oy : I' — H := SLa(R).
Let pg := 7009 : I' = G := PO(p,q). The proximal limit set A, ) = ¢(Ay ) C A is
negative. Thus Corollary 11.12 implies that po(T") is HP*9~!-convex cocompact and so is
p(I') where p is any representation in the connected component 7,, of p in the space of
PP%_Anosov representations from I' to PO(p, q).
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It follows from |L, FG| (see e.g. [BIW2, §6.1|) that when (p,q) = (kn,¥l,) or
(m+1,m + 1) and when I' is a closed surface group, the space 7,, of Example 11.14
is a full connected component of Hom(I', PO(p, q)), consisting of so-called Hitchin repre-
sentations. Example 11.14 thus states the following.

Corollary 11.15. Let I' be the fundamental group of a closed orientable hyperbolic surface
and let m > 1.

For any Hitchin representation p : T — PO(m + 1,m), the group p(I') is H™+Lm=1.
convex cocompact if m is odd, and H"™™-convex cocompact if m is even.

For any Hitchin representation p : I' — PO(m + 1,m + 1), the group p(I') is H™+TLm.
convex cocompact.

By [BIW1, BIW3|, when p =m+1 = 2 and I' is a closed surface group, the space 7,, of
Example 11.14 is a full connected component of Hom(I', PO(2, q)), consisting of so-called
mazimal representations. Example 11.14 thus states the following.

Corollary 11.16. Let I' be the fundamental group of a closed orientable hyperbolic sur-
face and let ¢ > 1. Any connected component of Hom(I',PO(2,q)) consisting of mazimal
representations and containing a Fuchsian representation py : I' — PO(2,1)g — PO(2,q)
consists entirely of H24~1-convex cocompact representations.

11.9.2. Groups with connected boundary. We now briefly discuss a class of examples that
does not necessarily come from the deformation of “Fuchsian” representations as above.

Suppose the word hyperbolic group I' has connected boundary 9I' (for instance T is
the fundamental group of a closed negatively-curved Riemannian manifold). By [DGK2,
Prop. 1.10 & Prop. 3.5], any connected component in the space of PI"?-Anosov represen-
tations from T" to PO(p,q) consists entirely of representations p with negative proximal
limit set A,y C OHP9~! or entirely of representations with p with positive proximal limit
set A,y C OHP2~1 Theorem 1.24 then implies that for any connected component 7 in
the space of Pj-Anosov representations of I' with values in PO(p, q) C PGL(RPTY), either
p(T) is HP¥~!-convex cocompact for all p € T, or p(I') is HP~!-convex cocompact for all
p € T, as in Corollary 1.26.

This applies for instance to the case that I' is the fundamental group of a closed hyper-
bolic surface and T is a connected component of Hom(I', PO(2, ¢)) consisting of maximal
representations [BIW1, BIW3|. By [CTT], the proximal limit set is negative for all repre-
sentations in any such 7, hence these are H*9~! convex cocompact. By [GW2], for ¢ = 3
there exist such connected components T that consist entirely of Zariski-dense represen-
tations, hence that do not come from the deformation of “Fuchsian” representations as in
Corollary 11.16.

12. EXAMPLES OF GROUPS WHICH ARE CONVEX COCOMPACT IN P(V)

In Section 11.9 we constructed examples of discrete subgroups of PO(p, q) C PGL(RP™)
which are HP+Y~!-convex cocompact; these groups are strongly convex cocompact in P(RP*)
by Theorem 1.24. We now discuss several constructions of discrete subgroups of PGL(V)
which are convex cocompact in P(V') but which do not necessarily preserve a nonzero
quadratic form on V.
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Based on Theorem 1.15.(D)—(E), another fruitful source of groups that are convex co-
compact in P(V) is the continuous deformation of “Fuchsian” groups, coming from an
algebraic embedding. These “Fuchsian” groups can be for instance:

(1) convex cocompact subgroups (in the classical sense) of appropriate rank-one Lie
subgroups H of PGL(V), as in Section 11.9.1;

(2) discrete subgroups of PGL(V') dividing a properly convex open subset of some pro-
jective subspace P(Vy) of P(V) and acting trivially on a complementary subspace.

The groups of (1) are always word hyperbolic; in Section 12.1, we explain how to choose
H so that they are strongly convex cocompact in P(V'), and we prove Proposition 1.7.
The groups of (2) are not necessarily word hyperbolic; they are convex cocompact in P(V)
by Theorem 1.15.(E), but not necessarily strongly convex cocompact; we discuss them in
Section 12.2.2.

We also mention other constructions of convex cocompact groups in Sections 12.2.3
and 12.3, which do not involve any deformation.

12.1. “Quasi-Fuchsian” strongly convex cocompact groups. We start by discussing
a similar construction to Section 11.9.1, but for discrete subgroups of PGL(V') which do
not necessarily preserve a nonzero quadratic form on V.

Let ' be an infinite word hyperbolic group, H a real semisimple Lie group of real rank
one, and 7 : H — PGL(V) a representation whose image contains a proximal element. Any
(classical) convex cocompact representation og : I' — H is Anosov, hence the composition
Toog: I' - PGL(V) is Pi-Anosov (see [L, Prop. 3.1] and [GW3, Prop.4.7]). In particular,
by Theorem 1.4, the group 7 o o¢(I") is strongly convex cocompact in P(V) as soon as
P(V)~\U,eo.r & (n) admits a 7oog(I')-invariant connected component, where £ : OocI' —
P(V*) denotes the Anosov boundary map in dual projective space of T o oy.

Suppose this is the case. By Theorem 1.16.(D) (see Remark 1.17), the group p(I")
remains strongly convex cocompact in P(V) for any p € Hom(I', PGL(V')) close enough
to 7 0 0p. Sometimes p(I") also remains strongly convex cocompact for some p which are
continuous deformations of 7 o gy quite far away from 7 o gg; we now discuss this in view
of proving Proposition 1.7.

12.1.1. Connected open sets of strongly conver cocompact representations. We prove the
following.

Proposition 12.1. Let " be an infinite word hyperbolic group and A a connected open
subset of Hom(I', PGL(V')) consisting entirely of P;-Anosov representations. If p(T') is
convex cocompact in P(V') for some p € A, then p(I') is convex cocompact in P(V') for all
peA

Proof. First, observe that the finite normal subgroups Ker(p) C I are constant over p € A,
since representations of a finite group are rigid up to conjugation. Hence by passing to the
quotient group I'/Ker(p), we may assume all representations p € A are faithful.

By Theorem 1.16.(D), the property of being convex cocompact in P(V') is open in
Hom(I', PGL(V)). Thus the subset of p € A for which p(I') is convex cocompact is open.
Let us show that it is also closed. Consider a sequence of representations p,, € A converg-
ing to p € A. Assume that p,,(I") is convex cocompact for all m, and let us show that p is
also convex cocompact.
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Let &y, @ O’ = P(V) and &, : 0" — P(V*) be the boundary maps for the Anosov
representation pp,, and £ : JsoI' — P(V) and &* : 0,I" — P(V*) those for p. By |GW3,
Th. 5.13|, the maps &, (resp. £,) converge uniformly to & (resp. £*).

By Theorem 1.4, for any m, the set P(V) \ U, co_r&n(n) admits a pp,(I')-invariant

connected component §2,,,. After passing to a subsequence, the compact subsets €, con-
verge to a nonempty compact subset IC of P(V') which is invariant under p(I"). Note that
for each m, any open segment (a,b) in €2, is either contained in or disjoint from each
supporting hyperplane &, (n) for n € J,I'. This property passes to the limit:
(x) For each open segment (a,b) in K and each hyperplane £*(n) for n € 051, (a,b) is
either contained in or disjoint from &*(7n).

Suppose first that there is a point « € K which is not contained in any hyperplane £*(n)
for n € 0I'. By compactness of O,I', there is an open subset U > x which does not
intersect £*(n) for all n € O I'. It follows that a slightly smaller open set U’ 3 x does not
intersect any & (n) for n € d5I" and m sufficiently large, and hence that U’ is contained
in Q,, for all m sufficiently large, and hence that U’ is contained in K. Thus the interior
of K is nonempty. This interior is p(T')-invariant and, by property (%), it is contained
in P(V) \ U,ea..r € (n). This shows that P(V) \ U, ¢ §*(n) admits a p(I')-invariant
connected component. It follows from the implication (vii) =(ii) of Theorem 1.15 that
p(T") is convex cocompact, as desired.

Suppose then that any point in C is contained in £*(n) for some n € d5I'. By considering
such a point in the relative interior of K and using property (%) above, we see that all of
is contained in £*(n). Since &,,(0sc') C Qyy, for all m and the &, converge uniformly to &,
it follows that £(0xcI") C K, hence £(0acI") C £*(n). This contradicts the transversality of
the boundary maps £ and £* (property (A2) in Definition 2.5). O

12.1.2. Hitchin representations. We now prove Proposition 1.7 by applying Proposition 12.1
in the following specific context.

Let I" be the fundamental group of a closed orientable hyperbolic surface S. Forn > 2, let
Tn : SL(R?) — SL(R™) be the irreducible n-dimensional linear representation from (11.1).
We still denote by 7,, the representation PSL(R?) — PSL(R") obtained by modding out
by {£I}. A representation p € Hom(I', PSL(R")) is said to be Fuchsian if it is of the form
p = Thopg where py : T' = PSL(2,R) is discrete and faithful. By definition, a Hitchin repre-
sentation is a continuous deformation of a Fuchsian representation; the Hitchin component
Hit,, (S) is the space of Hitchin representations p € Hom(T', PSL(R"™)) modulo conjugation
by PGL(R™). Hitchin [H] used Higgs bundles techniques to parametrize Hit,,(5), showing
in particular that it is homeomorphic to a ball of dimension (n? —1)(2g — 2). Labourie [L]
proved that any Hitchin representation is Pj-Anosov (in fact it has the stronger property
of being Anosov with respect to a minimal parabolic subgroup of PSL(R™)).

In order to prove Proposition 1.7, we first consider the case of Fuchsian representations.

Lemma 12.2. Let p: ' — PSL(R?) — PSL(R"™) be Fuchsian.
(1) If n is odd, then p(I') is strongly convex cocompact in P(R™).
(2) If n is even, then the boundary map of the Pi-Anosov representation p defines a

nontrivial loop in P(R™) and p(T') does not preserve any nonempty properly convex
open subset of P(R™).
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For even n, the fact that a Fuchsian representation p cannot preserve a properly convex
open subset of P(R™) also follows from [B2, Th. 1.5|, since in this case p takes values in the
projective symplectic group PSp(n/2,R).

Proof. (1) Suppose n = 2k + 1 is odd. Then p takes values in the projective orthogonal
group PSO(k,k + 1) ~ SO(k,k + 1), and so p(I') is strongly convex cocompact in P(R")
by [DGK2, Prop.1.17 & 1.19).

(2) Suppose n = 2k is even. Then p takes values in the symplectic group Sp(n,R). It is
well known that, in natural coordinates identifying 9, I' ~ S with P(R?), the boundary
map & : 0o’ = P(R™) of the Pi-Anosov representation p is the Veronese curve

}P’(]RQ) S [z,y] — [(x"_l,:v”_Qy, .. .,xy"_2,y”_1)] € P(R").

This map is homotopic to the map [z,y] — [(z"1,0,...,0,9" )] which, since n — 1 is
odd, is a homeomorphism from P(R?) to the projective plane spanned by the first and last
coordinate vectors, hence is nontrivial in 71 (P(R™)). Hence the image of the boundary map
& crosses every hyperplane in P(R™). It follows that p(I') does not preserve any properly
convex open subset of P(R™), because the image of & must lie in the boundary of any
p(I')-invariant such set. O

Proof of Proposition 1.7. (1) Suppose n is odd. By [L, FG]|, all Hitchin representations
p: I' = PSL(R") are Pj-Anosov. Moreover, p(I') is convex cocompact in P(V') as soon
as p is Fuchsian, by Lemma 12.2.(1). Applying Proposition 12.1, we obtain that for any
Hitchin representation p : I' — PSL(R"™) the group p(I') is convex cocompact in P(V),
hence strongly convex cocompact since I' is word hyperbolic (Theorem 1.15).

(2) Suppose n is even. By Lemma 12.2, for any Fuchsian p : I' — PSL(R"), the image
of the boundary map of the P;-Anosov representation p defines a nontrivial loop in P(R"™).
Since the assignment of a boundary map to an Anosov representation is continuous [GW3,
Th.5.13|, we obtain that for any Hitchin p : I' — PSL(R"), the image of the boundary
map of the Pj-Anosov representation p defines a nontrivial loop in P(R™). In particular,
p(T') does not preserve any nonempty properly convex open subset of P(R™), by the same
reasoning as in the proof of Lemma 12.2. More generally, p does not preserve any nonempty
properly convex subset of P(R™), since any such set would have nonempty interior by
irreducibility of the Hitchin representation p (see |L, Lem. 10.1]). O

12.2. Convex cocompact groups coming from divisible convex sets. Recall that
any discrete subgroup I' of PGL(V) dividing a properly convex open subset 2 C P(V) is
convex cocompact in P(V') (Example 1.13). The group I is strongly convex cocompact if
and only if it is word hyperbolic (Theorem 1.15), and this is equivalent to the fact that Q
is strictly convex (by [B3| or Theorem 1.15 again).

In this section, we produce convex cocompact groups which are not strongly convex
cocompact and do not divide convex domains. We do this via two constructions: one by
deformation (Section 12.2.2) and one by restriction to subgroups (Section 12.2.3). Both
constructions start with a group dividing a properly convex but not strictly convex open
set 2 C P(V'); we now recall how such groups can be obtained.

12.2.1. Groups T' dividing a properly conver but not strictly convex open set. Examples
have been obtained in several ways:
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(i) letting a cocompact lattice of SL(R™) act on the Riemannian symmetric space of
SL(R™), realized as a properly convex open subset €, of P(R™™+1)/2) as follows:
identify R™™m+1/2 with the space of symmetric (m x m) real matrices, and let
Q,, be the projectivization of the positive definite symmetric matrices (the corre-
sponding examples are called symmetric; there are also complex, quaternionic, and
octonionic variants: see |[B7, §2.4|);

(ii) letting certain Coxeter groups act by reflections on P(R"), for 4 < n < 7, with
maximal abelian subgroups isomorphic to Z"~2: see [B6, Prop. 4.2[;

(iii) deforming the holonomies of certain hyperbolic 3-manifolds in PGL(R?) so that the
cusp groups become diagonalizable (the resulting groups are convex cocompact:
see e.g. Lemma 12.3 below), and doubling across peripheral tori [BDL] (this idea
is already implicit in the examples of [B6, §4.3|);

(iv) letting other Coxeter groups, with maximal abelian subgroups isomorphic to Z" =3,
divide a properly convex open subset of P(R™), for 5 < n < 7, using a Dehn filling
construction [CLM].

In (ii) for n = 4, as well as in (iii), there are subgroups (virtually) isomorphic to Z2
that stabilize PETs (all pairwise disjoint) in 2 C P(R?*): Benoist [B6] proved that this is
in fact always the case for nonhyperbolic divisible convex sets in P(R*); the group then
splits as a graph of groups, with the PET stabilizers as edge groups, and the PETs project
to the JSJ decomposition of I'\(2 in the sense of Thurston’s geometrization (all pieces are
hyperbolic).

12.2.2. Convex cocompact deformations of groups dividing a convex set. Let I' be a discrete
subgroup of PGL(V) dividing a nonempty properly convex open subset Q of P(V). Let
I’ be the lift of T' to SL*(V) that preserves a properly convex cone of V lifting Q (see
Remark 3.2). By Theorem 1.16.(D)-(E), any small deformation of the inclusion of T into
a larger projective linear group PGL(V @ V') is convex cocompact in P(V & V’). The issue
is to find nontrivial such deformations: for instance, there are none in case (i) above for
m > 3, by Margulis superrigidity.

The situation is more favorable in cases (ii) and (iii) above, for instance when n = 4:
the group splits along the PET stabilizers, hence the inclusion of I' into PGL(R* @ ]R”’)
may be deformed by a Johnson-Millson bending [JM]. (Note that such deformations exist
already when n’ = 0, e.g. so-called bulging deformations.) Since the PET stabilizers in
I c SL*(R*) have 1 as an eigenvalue, the bending matrices may mix the summands of
R* @ R", so that the convex core is no longer contained in a copy of P(R*), and the
group may even act irreducibly on P(R*T™"), see the forthcoming paper [DGK3|. Small
such deformations give examples of discrete subgroups which are convex cocompact in
P(R* @R"/) without being word hyperbolic, and which do not divide a properly convex set.

12.2.3. Convex cocompact actions coming from divisible convex sets by taking subgroups.
Nonhyperbolic groups dividing a properly convex open set  C P(R*) admit nonhyperbolic
subgroups that are still convex cocompact in P(R*), but that do not divide any properly
convex open subset of P(R%).

Indeed, let T be a torsion-free, discrete subgroup of PGL(R*) dividing a nonempty
properly convex open subset Q of P(R*) containing PETs, as above. By [B6|, the PETs
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descend to a finite collection T of pairwise disjoint planar tori and Klein bottles in the
closed manifold N :=T'\Q2. The universal cover of one connected component M of N \ T
identifies with a convex subset Cps of () whose interior is a connected component of the
complement in €2 of the union of all PETs, and whose nonideal boundary 9,Cj; is a disjoint
union of PETs. The fundamental group of M identifies with the subgroup I'j; of I' that
preserves Cyps, and it acts properly discontinuously and cocompactly on Cjy.

Lemma 12.3. The action of I'pr on Q is conver cocompact.

Proof. By Corollary 4.10.(3), it is enough to check that C&"(I'ys/) C Car. Since each
component of 9,Cy is planar, Cjs is the convex hull of its ideal boundary 9;Cpy, and so it is
enough to show that A?{b(FM) C 0:Cps. Suppose by contradiction that this is not the case:
namely, there exists z € 2\ Cys and a sequence (7y,) in I'ys such that (v, - z) converges to
some T, € A?{b(FM) ~0iCy. Let y be the point of 9,Cys which is closest to x for the Hilbert
metric dg; it is contained in a PET of 9,Cys. Let a,b € 92 be such that a, z, ¥y, b are aligned
in that order. Up to taking a subsequence, we may assume that (7, - a), (Ym - ), (Ym - 0)
converge respectively to some doo, Yoo, oo € 0L, With Yoo € 0iCpr and oo, Toos Yoo, boo
aligned in that order. Since [Ym - @ :Vm T :Ym Y :Ym - b = [a:x:y:b] € (1,+00) for
all m, and Zoo # Yoo, and all segments [y, - @, - b] and [aeo, bso] lie in an affine chart
containing €2, the points @ue, Too, Yoo, beo are pairwise distinct and contained in a segment
of 9Q. However, any segment on 9f) lies on the boundary of some PET [B6]. Thus we
have found a PET whose closure intersects the closure of Cy; but is not contained in it; its
closure must cross the closure of a second PET on 0,Cps, contradicting the fact [B6| that
PETs have disjoint closures. O

12.3. Convex cocompact groups as free products. Being convex cocompact in P(V)
is a much more flexible property than dividing a properly convex open subset of P(V'), and
there is a rich world of examples, which we shall explore in forthcoming work [DGK3|. In
particular, we shall prove the following.

Proposition 12.4 (|[DGK3|). Let I'y and T’y be infinite discrete subgroups of PGL(V)
which are convexr cocompact in P(V') but do not divide any nonempty properly convex open
subset of P(V'). Then there exists g € PGL(V) such that the group generated by T’y and
gl2g~" is isomorphic to the free product 'y * T'y and is convex cocompact in P(V).

This yields many examples of non word hyperbolic convex cocompact groups. For in-
stance, one could take I'y = T'y C PGL(V’) equal to one of the superrigid symmetric
examples (i) of Section 12.2.1, embedded into PGL(V) for some V = V' @ R™.

APPENDIX A. SOME OPEN QUESTIONS

Here we list some open questions about discrete subgroups I' of PGL(V') that are convex
cocompact in P(V). The case that I" is word hyperbolic boils down to Anosov representa-
tions by Theorem 1.4 and is reasonably understood; on the other hand, the case that I is
not word hyperbolic corresponds to a new class of discrete groups whose study is still in
its infancy. Most of the following questions are interesting even in the case that I' divides
a (nonstrictly convex) properly convex open subset of P(V).

We fiz an infinite discrete subgroup I' of PGL(V') acting convex cocompactly on a nonempty
properly convex open subset Q0 of P(V).
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Question A.1. Which finitely generated subgroups IV of " are convex cocompact in P(V)?

Such subgroups include all finite-index subgroups of I' (see Lemma 4.7). In general,
they are quasi-isometrically embedded in I', by Corollary 10.2. Conversely, when I' is word
hyperbolic, any quasi-isometrically embedded (or equivalently quasi-convex) subgroup I
of I is convex cocompact in P(V): indeed, the boundary maps for the Pj-Anosov repre-
sentation I' — PGL(V) induce boundary maps for I < PGL(V') that make it P;-Anosov,
hence I" is convex cocompact in P(V) by Theorem 1.4.

When T is not word hyperbolic, Question A.1 becomes more subtle. For instance, let
' ~ 72 be the subgroup of PGL(R?) consisting of all diagonal matrices whose entries are
powers of some fixed ¢ > 0; it is convex cocompact in P(R?) (see Example 4.1). Any
cyclic subgroup IV = (/) of T is quasi-isometrically embedded in T'. However, I’ is convex
cocompact in P(V) if and only if 4" has distinct eigenvalues (see Examples 4.4.(1)—(2)).

Question A.2. Assume (2 is indecomposable. Under what conditions is I' relatively hy-
perbolic, relative to a family of virtually abelian subgroups?

This is always the case if dim(V) < 3. If dim(V') =4 and I' divides €2, then this is also
seen to be true from work of Benoist [B6]|: in this case there are finitely many conjugacy
classes of PET stabilizers in I', which are virtually Z2, and I is relatively hyperbolic with
respect to the PET stabilizers (using [Dah, Th. 0.1]). However, when dim(V) = m(m—1)/2
for some m > 3, we can take for Q C P(V) the projective realization of the Riemannian
symmetric space of SLy,(R) (see [B7, §2.4]) and for I' a uniform lattice of SL,,(R): this T’
is not relatively hyperbolic with respect to any subgroups, see [BDM].

Question A.3. If I' is not word hyperbolic, must there be a properly embedded maximal
k-simplex invariant under some subgroup isomorphic to Z* for some k > 27

This question is a specialization, to the class of convex cocompact subgroups of PGL(V),
of the following more general question (see [Be, Q1.1]): if G is a finitely generated group
admitting a finite K (G, 1), must it be word hyperbolic as soon as it does not contain any
Baumslag-Solitar group BS(m,n)? Note that if |n| = |m|, then BS(m,n) contains Z>
(and indeed BS(1,1) = Z?2), while if |n| # |m/|, then any linear embedding of BS(m,n)
contains unipotent elements. Hence, by Theorem 1.16.(C), our convex cocompact group
I' ¢ PGL(V) contains a Baumslag-Solitar group if and only if it contains Z2.

In light of the equivalence (ii) < (vi) of Theorem 1.15, we ask the following:

Question A.4. When I is not word hyperbolic, is there a dynamical description, similar
to Pi-Anosov, that characterizes the action of I' on P(V), for example in terms of AZP(T)
and divergence of Cartan projections?

While this question is vague, a good answer could lead to the definition of new classes
of nonhyperbolic discrete subgroups in other higher-rank reductive Lie groups for which
there is not necessarily a good notion of convexity.

A variant of the following question was asked by Olivier Guichard.

Question A.5. In Hom(I', PGL(V)), does the interior of the set of naively convex cocom-
pact representations consist of convex cocompact representations?
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Here we say that a representation is naively convex cocompact (resp. convex cocompact)
if it is faithful and if its image is naively convex cocompact in P(V') (resp. convex cocompact
in P(V)) in the sense of Definition 1.9 (resp. Definition 1.11).

APPENDIX B. LIMITS OF HILBERT BALLS

For n > 3, let  C P(R™) be a properly convex open set. As in Definition 4.11, for any
z € 0N, the open face F of O at z is the union of {z} and of all open segments of 9
containing z. It is the largest convex subset of 0f2 containing z which is relatively open, in
the sense that it is open in the projective subspace P(W) that is spans. In particular, we
can consider the Hilbert metric dp on F' seen as a properly convex open subset of P(W).

Let R > 0. By Lemma 4.14.(1), any Hausdorff limit of R-balls of (€2, dq) whose centers
converge to z, is contained in the R-ball of (F,dr) centered at z. In this appendix, we
investigate to what extent the limit may be smaller than an R-ball.

The following example shows that the limit may be a point even when the face F' is not
a point. Thus [Ma2, Prop. 7.7] is not correct as stated.

Example B.1. Consider H? as a properly convex open subset of P(R*) as in Example 1.3.
Let v € Isom(H?) C PGL(R?*) be a unipotent element. Then + fixes pointwise a certain
projective line £ of P(R*) tangent to OH? at a point z. Let (a,b) be an open segment of ¢
containing z, and let Q be the interior of the convex hull of H? U (a,b). By construction,
7 preserves 2, and F := (a,b) is a face of Q. For any compact subset B of H? (or indeed
of P(R*) \ ¢), we have y* - B — {2z} C F as n — +oc. In particular, we can take B to
be a closed ball of (£2,dq); the sets 4™ - B are then all balls of the same radius in © which
limit to a point in F.

The following lemma states that in the case that the centers of the R-balls converge
conically to z (Definition 4.8), the Hausdorff limit does contain a nontrivial ball of (F,dr)
centered at z, possibly of smaller radius. For R > 0 and = € Q (resp. z € F C 0Q), we
denote by Bo(z, R) (resp. Br(z, R)) the closed ball of radius R centered at x (resp. 2) in
(Qa dQ) (resp. (Fa dF))

Lemma B.2. Let Q be a properly convex open subset of P(V) and (xy,)men @ sequence

of points of Q converging to some z € 0. Suppose there exist a ray [y,z) C Q and a

constant D > 0 such that do(xm, [y, z)) < D for allm € N. Let F' be the open face of z in

0Q. Then for any R > 0, any Hausdorff limit (i.e. accumulation point for the Hausdorff

topology) of the balls Bo(xm, R) is a subset of F containing the ball Bp(z, fp(R)) where
2R

1 e 1 -
fp(R) ::2log(1—|— 3D >2Re D,

Note that the function fp : Ry — R is convex for each D > 0, with fo = Idg+. We
have fp(R) ~ Re™?P as R — 0, and fp(R) = R— D 4 o(1) as R — +oo0.

When €2 has dimension 2, no loss occurs: Lemma B.2 holds with fp replaced by Idp+
(in the proof below, (aoo, boo) = (a,b) automatically).

Proof. Up to passing to a subsequence, we may assume that the balls Bg(x,,, R) admit a
Hausdorff limit. This limit is a closed convex subset of P(V') which is contained in F' C 92
by Lemma 4.14.(1). It is sufficient to prove that for any maximal open segment (a,b) C F'
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containing z, the limit of the Bg (2, R) contains the point of (z,b) at dp-distance fp(R)
from z. We now fix such a segment (a, b).

For each m € N, choose y,, € [y, 2) such that do(z,, ym) < D. Consider an arbitrary
number b > R (later we will take h — 00), and let 2’ € (2,b) be such that dp(z,2") = h.
For each m € N, choose y!, € [y,2') such that the line through y,, and g/, intersects
[y,a) and [y,b). Since 2 contains the open triangle T := (y, a,b), we have dq(ym,y,,) <
dr(Ym,yl,) = h (Remark 2.1). By the triangle inequality, do(zm,v.,) < do(Tm,ym) +
do(Ym, Ym) < D + h.

Let ap, by, € 092 be such that ay,, Zm, Y., b are aligned in this order. In dimension > 3,
it is not necessarily the case that a,, — a or b,, — b. However, up to passing to a
subsequence we may assume that a,, — as and b,;, — by for some aqo,bse € 02 with
(G0, bso) C (a,b). As in the proof of Lemma 4.14.(1), we have
(B.1) (g o) (2, 2') < limsup do(zm, y,,) < D+ h.

m—+0o0
For any m, the point wy, € (T, by) With [am : T, : W, : by = €2 belongs to Bo (., R).
Therefore the limit of the Bq(x,,, R) contains the point w € (a,b) such that

(B.2) (oo 2101 bog] = 212,
The assumption h > R implies w € (2, 2’): indeed,
(B.3) 0 < dg py(z,w) =R < h=dgy(z2) <dg, p)(z2)

since (@00, boo) C (a,b). It is sufficient to prove that for any € > 0, if h has been chosen
large enough, then dp(z,w) > fp(R) —e.

We map P(span{a,b}) to the standard projective line by identifying a,z,2’,b with
0,1,e2", 00 € P(R), so that

(B.4) 0=0a < e < 2=1 < w < &"=2 < by < b=00
and we aim to show w > e2(/p(F)=¢)  The number A := [ay:2: 2 : by satisfies
(B.5) et < A< 20D and A = Jase:1:e2:by).

(B.3)  (B.1) (B.4)

Let us express o, and w in terms of (A, by) € [e, €2 D)) x (€2 4-00] and of the fixed
parameters h, R:
(boo — €2MA — by — 1)

(B.6) Uoo = (b — M)A — (b — 1) by the equality of (B.5);

o€ (1 — o) + oo (boo — 1)
- e2R(1 — aoo) + (boo — 1)
(R~ 1) ~1) (= 1~ 1)2(A ~ (A 1))
A—1 (oo — €2M)(A — 1) + (e2F —1)(e2h — 1)
by substituting (B.6) for as and a routine computation. In (B.7), the variable by, appears
only once, and every bracket is positive, using (B.4)—(B.5) and h > R. Hence,
(62R _ 1)(62h _ 1) 62R -1 _ e2fD(R)‘

min min w=1+ S, [T
Ag[e2h e2(htD)] boo€(e2h,+00] e2(h+D) _ 1 h—+o0 e2D

using z = 1 and (B.2)

(B.7) —1+

g
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The following example shows that the function fp of Lemma B.2 is best possible.

Example B.3. Fix R, D > 0. Let a := (—1,0,0), b:= (1,0,0), and foreach 0 < e < 1 < p,
consider the properly convex open set

Q. p :=Int (Conv {a, b, (0,¢,1");>0, (0,1, |et[P)i<0}) C R® C PP(R).
The open segment F' := (a,b) is the open face of €., at z := (0,0,0) € 9Q.,. The map
Y i (u,v,w) = (u,v/2,w/2P) preserves (). ,, and preserves the axis L := {(0,0,t)¢~0} with
endpoint 2. Let zg := (0,1—e72P 1) € Q. , and 2, := Yyt xo € Qep. As (p,e) — (+00,0),
the domain €. ;, converges for the Hausdorff topology to Q0 := II x R where
M= {(u,v) ER*| —1<u<l, v<1—]ul}

(projectively, Qo is equivalent to a square-based pyramid). Therefore dg, (o, L) con-
verges to do_(zo, L) = D as (p,e) — (400,0). Moreover, the balls B, (2o, R) converge,
for the Hausdorff topology in P3(R), to Bq,__ (7o, R). But the latter projects on the first
axis to [—s, s], where s := (1 4 €2P~%/sinh(R))~!: this can be seen by computing balls
in (II, drr) (Figure 9), and using that the projection mr : Qo — II is 1-Lipschitz. There-
fore, for large enough p and small enough &, the Hausdorff limit of (7" - Bo, , (20, R))m>0
becomes arbitrarily Hausdorf-close to [—s, s] x {0}2. Since §log[—1:0:5:1] = fp(R), it
follows that: for any R’ > fp(R), there exist p > 1 (large), € > 0 (small) and a sequence
T =7, T — 2 i Qeyp such that the zy, lie within D from the azis L but the Hausdorff
limit of the Bq, ,(2m, R) does not contain Bp(z, R').

Note that we could also consider (7,)-orbits in the domains €2, = lim._,o €., (for in-
creasingly large p) and obtain similar estimates: but the )., have the clean feature that
their closures intersect the supporting plane R? x {0} precisely along F = [a, b].
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