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Abstract. We prove explicit rationality-results for Asai- L-functions, LSps,Π1,As˘q, and Rankin-
Selberg L-functions, LSps,Π ˆ Π1q, over arbitrary CM-fields F , relating critical values to explicit
powers of p2πiq. Besides determining the contribution of archimedean zeta-integrals to our formulas
as concrete powers of p2πiq, it is one of the advantages of our approach, that it applies to very general
non-cuspidal isobaric automorphic representations Π1 of GLnpAF q. As an application, this enables
us to establish a certain algebraic version of the Gan–Gross–Prasad conjecture, as refined by N.
Harris, for totally definite unitary groups. As another application we obtain a generalization of a
result of Harder–Raghuram on quotients of consecutive critical values, proved by them for totally
real fields, and achieved here for arbitrary CM-fields F and pairs pΠ,Π1q of relative rank one.
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Introduction

Rationality for critical values. In the algebraic theory of special values of L-functions, Deligne’s
conjecture for critical L-values of motives is still one of the driving forces. Cut down to one line,
it asserts that the critical values at s “ m P Z of the L-function Lps,Mq of a motive M can be
described, up to multiplication by elements in a concrete number-field EpMq, in terms of certain
geometric period-invariants c˘pMq and certain explicit powers of p2πiq, [Del79, Conj. 2.8]:

Lpm,Mq „EpMq p2πiqdpmqcp´1qmpMq.

In this generality, Deligne’s conjecture is still far open. The deeper reason for this, though, seems
almost like a paradox: It tempting to believe that it is exactly the rigidity of the world of motives,
which allows one to express critical values Lpm,Mq by such clear and basal invariants (namely
cp´1qmpMq, EpMq and p2πiqdpmq), on the one hand, while it seems to be exactly the same rigidity
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of the world of motives, which does not leave enough argumentative room to attack Deligne’s con-
jecture directly, on the other hand.

Yielding to this belief, it is hence not surprising that it has been the (much less rigid) automorphic
side – invoking the (conjectural) dictionary, hinging motives M over a number field F and automor-
phic representations Π of GLnpAF q, by a comparison of their L-functions – where most progress on
understanding the algebraic nature of special values of L-functions has been achieved.

Indeed, there is a growing series of results, relating critical values s “ n´1
2 ` m (due to a basic

shift of the argument s now in n´1
2 ` Z) of an automorphic L-function Lps,Π, rq, up to multiplica-

tion by elements in a number field EpΠq depending on Π, to certain representation-theoretical period
invariants ppΠq and a purely archimedean factor ppm,Π8, rq. Obviously, interpreting Deligne’s con-
jecture automorphically, here the period-invariant ppΠq takes the role of c˘pMq, the number field
EpΠq the role of EpMq and finally the archimedean factor ppm,Π8, rq the place of p2πiqdpmq.

In many regards it is the latter archimedean factor ppm,Π8, rq (essentially the inverse of a weighted
sum of archimedean zeta-integrals), which turns out to be the most mysterious ingredient: In fact,
over several decades it has even been unknown if it is eventually zero (which would obviously have
made all automorphic rationality-theorems meaningless) until – after various important but partial
results – B. Sun established the non-vanishing of ppm,Π8, rq in great generality in breakthrough
work.

However, apart from particular cases, an explicit expression for ppm,Π8, rq, putting it in a pre-
cise relationship with its motivic counterpart p2πiqdpmq, predicted by Deligne’s conjecture, is yet to
be found.

In this paper, we solve this problem, for Rankin-Selberg L-functions, LSps,Π ˆ Π1q, and Asai-
L-functions, LSps,Π1,As˘q, over arbitrary CM-fields F : We establish precise rationality-theorems,
whose archimedean factors arise in a very natural way and are indeed explicit powers of p2πiq. As
a general rule, these powers may be made fit with the powers predicted by Deligne, see Rem. 5.8.

Main results I: Rationality for Rankin-Selberg L-functions with explicit archimedean
factors. Our rationality-results apply to a large class of automorphic representations Π and Π1.
More precisely, we let F be any CM-field and Π a cuspidal automorphic representation of GLnpAF q,
whereas Π1 “ Π1 ‘ ...‘ Πk may even be an isobaric sum on GLn´1pAF q, fully induced from an ar-
bitrary number k ě 1 of distinct, but again arbitrary, unitary cuspidal automorphic representations
Πi.

Let s “ 1
2 ` m be a critical point of LSps,Π ˆ Π1q. Clearly, in order to explicitly determine

the archimedean factor (i.e., the contribution of the archimedean zeta integrals to our formulas), we
have to specify our possible choices of Π8 and Π18: If m ‰ 0, the only condition they have to satisfy
is to be unitary with non-vanishing relative Lie algebra cohomology with respect to an irreducible
algebraic coefficient module Eµ, respectively Eµ1 , allowing a non-trivial GLn´1pF bQRq-intertwining
Eµ b Eµ1 Ñ C.

The special case m “ 0, i.e., to obtain a rationality-result with explicit powers of p2πiq for the
central critical value LSp1

2 ,Π ˆ Π1q, is more complicated by nature and needs an additional non-
vanishing assumption on the central critical value of some auxiliary representations, constructed
from suitable Hecke characters, see Hyp. 4.20, 4.26 & 4.29 for our precise assumptions in this case.
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We indeed expect our hypotheses to hold in complete generality: Evidence for this expectation is
provided by [Jia-Zha18], [Eis17] and [Gin-Jia-Ral04], but also and more originally by [DRoh89]: We
refer to §4.5.1 for a more detailed discussion and explanations on our hypotheses. Here we only
remark that Hyp. 4.20 & 4.26, can be dropped, for instance, if Eµ and Eµ1 are sufficiently regular,
i.e., the successive coordinates of µ and µ1 differ at least by 2.

Here is our first main theorem, relating critical values of LSps,Π ˆ Π1q with explicit powers of
p2πiq:

Theorem A. Let Π be a cuspidal automorphic representation of GLnpAF q, and let Π1 “ Π1 ‘

... ‘ Πk be an isobaric automorphic representation of GLn´1pAF q, fully induced from an arbitrary
number k ě 1 of distinct unitary cuspidal automorphic representations Πi of GLnipAF q and write
GpωΠ1f

q for the Gauß-sum of its central character. Assume that Π8 and Π18 are conjugate self-
dual, cohomological with respect to an irreducible algebraic coefficient module Eµ, respectively Eµ1 ,
allowing a non-trivial GLn´1pF bQ Cq-intertwining Eµb Eµ1 Ñ C. Let s “ 1

2 `m be a critical point
of LSps,Π ˆ Π1q, where, if m “ 0, we assume the auxiliary non-vanishing hypotheses Hyp. 4.20,
4.26 & 4.29 mentioned above.

Then there are non-zero Whittaker periods ppΠq P Cˆ and ppΠ1q P Cˆ, defined by a comparison
of a fixed rational structure on the Whittaker model of Πf , resp. Π1f , with a fixed rational structure
on the cohomology of Π, resp. Π1, and we obtain

(0.1) LSp1
2 `m,ΠˆΠ1q „EpΠqEpΠ1q p2πiq

mdnpn´1q´ 1
2
dpn´1qpn´2qppΠq ppΠ1q GpωΠ1f

q

which is equivariant under the natural action of AutpC{FGalq. Here, “„EpΠqEpΠ1q” means up to
multiplication by an element in the number field EpΠqEpΠ1q obtained by composing the Galois closure
FGal of F {Q in Q̄ with the fields of rationality of Π resp. Π1.

Being able to determine the contribution of the archimedean zeta-integrals for the first time as
an explicit power of p2πiq, our Thm. A may be regarded as a joint refinement of [Gro18a, Thm.
1.9], [Gro-MHar16, Thm. 3.9] and [Rag16, Thm. 1.1] over general CM-fields F . We remark that the
presence of FGal in our formula(s) is indispensable due to the use of our “Minimizing–Lemma”, cf.
Lem. 1.34: This is a useful tool, which allows to reduce relations of algebraicity to fields of minimal
size, as long as they contain FGal.

The Whittaker periods ppΠq and ppΠ1q mentioned in Thm. A are constructed in Prop. 1.12 in
one go: Invoking several theorems on the nature of non-cuspidal automorphic cohomology, we are
able to transfer the general principle of how to construct Whittaker periods, developed in [GHar83],
[Mah05] and in particular in [Rag-Sha08], from cuspidal representations to general Eisenstein rep-
resentations, i.e., (a slight generalization of) our general isobaric sums Π1 “ Π1 ‘ ... ‘ Πk. This
is a non-trivial step in the construction of our Whittaker periods, which is established in §1.5.2
(see in particular Cor. 1.22) for which the fine analysis of the space of Eisenstein cohomology as
achieved in [Gro13] turns out to be indispensable. As a result, we obtain a uniform generalization of
the construction in [Rag-Sha08]: Our generalization applies to arbitrary Eisenstein representations
(which fully cover the case of a cuspidal representation by specifying k “ 1 in Π1 “ Π1 ‘ ...‘ Πk).

Important remark: The careful reader, experienced with the construction of Whittaker periods
ppΠq, will have noticed that this construction, as it is carried out in Prop. 1.12, involves the choice
of a comparison isomorphism ΥΠ, or, equivalently, the choice of a generator of the one-dimensional,
archimedean cohomology space Hdnpn´1q{2pg8,K8,W pΠq8 b Eµq, cf. §1.5.2. On the other hand,
the number LSp1

2 ` m,Π ˆ Π1q clearly does not involve any such archimedean choices. In this
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regard, the assertion of Thm. A may be reformulated in that there exists a natural choice of ΥΠ

(and independently (!) ΥΠ1) such that (0.1) holds. This choice is made as follows (while we refer
to our two Conventions 1.24 and 1.29, to be found in §1.5.3, for all details): Firstly, by the unique-
ness of archimedean smooth Whittaker models, one may assume that we fix the same generators
of the one-dimensional, archimedean cohomology spaces Hdnpn´1q{2pg8,K8,W pΠq8 b Eµq for all
automorphic representations Π, which share isomorphic archimedean components, cf. Rem. 1.18.
Moreover, we recall that by construction, for all algebraic Hecke characters χ one may chose a
canonical generator rχ8s of H0pg1,8,K1,8,W pχq8 b χ

´1
8 q – C, such that ppχq P Qpχqˆ, see Lem.

1.25. This assumption, made as Conv. 1.24 throughout the paper, fixes a canonical choice of Υχ or
all algebraic Hecke characters χ. Finally, turning our attention back to cohomological Eisenstein
representations Π1 “ Π1 ‘ ...‘ Πk, one may assume that the choice of ΥΠ1 is compatible with par-
abolic induction, i.e., that ΥΠ1 is determined by the tensor product of the generators rχj,8s, which
define the Langlands datum of Π18: This condition, which is only sketched here, is made precise
in §1.5.3. We refer to Conv. 1.29 for further explanations. It is then shown that in combination
these assumptions in fact fix the embedding ΥΠ1 for all twisted Eisenstein representations, i.e., in
particular for all representations Π and Π1, which satisfy the conditions of Thm. A. There is hence
no hidden ambiguity in the statement of Thm. A.

Main results II: Rationality for Asai L-functions with explicit archimedean factors. In
order to explain our second main theorem, let Π1 “ Π1 ‘ ... ‘ Πk be an Eisenstein representation
of GLnpAF q as above, i.e., a cohomological isobaric sum, fully induced from an arbitrary number
k ě 1 of distinct unitary cuspidal automorphic representations Πi of GLnipAF q. A short moment
of thought shows that Πi is cohomological itself, if and only if n ” ni mod 2, cf. §1.4.3. Putting
e P t0, 1u equal to the residue class of n ´ ni mod 2 and η : FˆzAˆF Ñ Cˆ equal to the extension
of the quadratic character ε attached to F and its maximal totally real subfield F` by class field
theory, cf. §1.1.2, we end up with a unitary cuspidal representation Πalg

i :“ Πi b η
e, which is coho-

mological with respect to an algebraic coefficient system Eµi in any case.

If Π1 is moreover conjugate self-dual, then one can show (cf. Cor. 3.4) that the Asai L-function
LSps,Π1,Asp´1qnq of sign p´1qn is holomorphic and non-vanishing at s “ 1. Moreover, s “ 1 is
critical for Lps,Π1,Asp´1qnq. Our second main theorem relates this critical value LSp1,Π1,Asp´1qnq

with an explicit power of p2πiq:

Theorem B. Let F be any CM-field and let Π1 “ Π1 ‘ ...‘Πk be a cohomological isobaric automor-
phic representation of GLnpAF q, fully induced from an arbitrary number k ě 1 of distinct conjugate
self-dual cuspidal automorphic representations Πi of GLnipAF q. If Eµi is not sufficiently regular, we
assume the auxiliary non-vanishing hypotheses Hyp. 4.20 & 4.26 for Πalg

i . Then we have

LSp1,Π1,Asp´1qnq „EpΠ1q p2πiq
dnppΠ1q

which is equivariant under the natural action of AutpC{FGalq.

Important remark: As for Thm. A above, the Whittaker period ppΠ1q depends on archimedean
choices, whereas LSp1,Π1,Asp´1qnq obviously does not. However, the same remark as at the end of
the last section applies also in this situation: Our standing assumptions on how we restrict ourselves
in choosing generators of the one-dimensional cohomology space Hdnpn´1q{2pg8,K8,W pΠ

1q8b Eµq
turn out to be sufficiently restrictive in order for Thm. B to hold. Otherwise put, these assumptions
on choices of generators already fix our possible choices for ΥΠ1 for isobaric sums Π1 as in the
statement of Thm. B (and hence ppΠ1q up to multiplication by QpΠ1qˆ). This makes Thm. B into
a meaningful statement without hidden ambiguities.



SPECIAL L-VALUES AND THE REFINED GGP-CONJECTURE 5

Main applications I: The refined conjecture of Gan–Gross-Prasad for unitary groups.
Combining Thm. A with Thm. B yields the following result, which is both, a generalization as
well as a subtle refinement of [Gro-MHar16], Cor. 6.25, with the additional asset that it avoids any
reference to our global Whittaker periods ppΠq and ppΠ1q:

Theorem C. Let F be any CM-field and let Π and Π1 be two cohomological conjugate self-dual
automorphic representations of GLnpAF q, resp. GLn´1pAF q, which satisfy the conditions of Thm.
A and Thm. B. Then, for every critical point 1

2 `m of Lps,ΠˆΠ1q, we obtain

LSp1
2 `m,ΠˆΠ1q

LSp1,Π,Asp´1qnq LSp1,Π1,Asp´1qn´1
q
„EpΠqEpΠ1q p2πiq

mdnpn´1q´dnpn`1q{2.

and this relation is equivariant under the natural action of AutpC{FGalq.

We believe that this result, which holds for all critical points 1
2 `m of Lps,ΠˆΠ1q, is interesting

in its own right. Specifying m “ 0, however, we immediately obtain the relation

(0.2)
LSp1

2 ,ΠˆΠ1q

LSp1,Π,Asp´1qnq LSp1,Π1,Asp´1qn´1
q
„EpΠqEpΠ1q p2πiq

´dnpn`1q{2,

which leads us to the heart of the refined global Gan–Gross-Prasad conjecture, [NHar14, Liu16],
for unitary groups: Recall our arbitrary CM-field F with maximal totally real subfield F` and
the quadratic Hecke character ε attached to the extension F {F`. For unitary groups G pVq{F`
and G pWq{F`, attached to a pair of Hermitian spaces W Ă V of dimension dimF pVq “ n ą
dimF pWq “ m, the global GGP-conjecture, as most recently refined by Liu, [Liu16], predicts a
precise relationship of a quotient of L-functions, which is of the type of the left-hand-side of (0.2),
and a global period integral Ppϕ,ϕ1q of two tempered cusp forms ϕ P π and ϕ1 P π1 on G pVqpAF`q,
reps. G pWqpAF`q:

(0.3) |Ppϕ,ϕ1q|2 “
∆G pVq

2a
LSp1

2 , π b π1q

LSp1, π,Adq LSp1, π1,Adq

ź

vPS

αvpϕv, ϕ
1
vq.

Here, αvpϕv, ϕ1vq are local integrals – stabilized and suitably normalized – over certain matrix coeffi-
cients, whereas ∆G pVq{2

a is a rather elementary constant, attached to the (expected) Vogan-Arthur
packets of π and π1 and the Gross-motives: ∆G pVq “

śn
i“1 Lpi, ε

i
f q. The careful reader, interested

in precise definitions and assertions, is referred to §6.1–§6.2 for a detailed account.

Considering the classical case – we refer to the original paper [Gro-Pra92], where it all started;
and [NHar14], which anticipates the conjectures in [Liu16]) – when W has codimension 1 in V, i.e.,
m “ n´ 1, provides the link of our explicit formula for quotients of critical L-values, (0.2), and the
refined GGP-conjecture, (0.3), just pronounced: If π and π1 are tempered cohomological cuspidal
representations of G pVqpAF`q, reps. G pWqpAF`q, then we may apply quadratic base change BC
(unconditionally, as established in [Shi14],[KMSW14]) and obtain two cohomological isobaric auto-
morphic representations BCpπq of GLnpAF q and BCpπ1q of GLn´1pAF q, respectively. If these new
representations BCpπq and BCpπ1q satisfy the conditions of our Thm. A with Thm. B above, they
may take the role of Π and Π1 in (0.2), and so we may replace the quotient of L-functions in (0.3)
by the respective quotient of L-functions in (0.2); as moreover ∆G pVq „FGal p2πiq

dnpn`1q{2, i.e., up
to some algebraic number in FGal, the Gross-motives’ factor ∆G pVq in (0.3) equals the inverse of
the right-hand-side p2πiq´dnpn`1q{2 of (0.2), we obtain the fundamental relation

∆G pVq

2a
LSp 12 , π b π1q

LSp1, π,Adq LSp1, π1,Adq
„FGal

p2πiq
dnpn`1q

2 LSp 12 ,ΠˆΠ1q

LSp1,Π,Asp´1qn
q LSp1,Π1,Asp´1qn´1

q
„EpπqEpπ1q 1,

which finally enables us to show
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Theorem D. Let F be any CM-field with fixed maximal totally real subfield F` and let G pV q
and G pWq be two arbitrary unitary groups over F` of codimension one. Let π (resp. π1) be a
tempered cohomological cuspidal automorphic representation of G pV q (resp. G pWq). Assume that
the quadratic base change BCpπq “ Π is a cohomological cuspidal automorphic representation Π of
GLnpAF q and that the quadratic base change BCpπ1q “ Π1 is a cohomological isobaric automorphic
representation of GLn´1pAF q fully induced from an arbitrary number k ě 1 of distinct cuspidal
representations.

(i) If the pair pΠ,Π1q satisfies the conditions of Thm. A and Thm. B, and if G pV q and G pWq
are moreover totally definite, then for all decomposable smooth Epπq-rational (resp. Epπ1q-
rational) functions ϕ “ b1vϕv P π (resp. ϕ1 “ b1vϕ1v P π1),

(0.4) |Ppϕ,ϕ1q|2 „EpπqEpπ1q
∆G pV q L

Sp1
2 , π b π1q

LSp1, π,Adq LSp1, π1,Adq

ź

vPS

αvpϕv, ϕ
1
vq

where “„EpπqEpπ1q” means up to multiplication by an element q in the number field EpπqEpπ1q,
depending only on π and π1. This q is in fact independent of ϕ and ϕ1.

(ii) If G pV q and G pWq are not totally definite, but the respective coefficient modules in coho-
mology Eµ and Eµ1 allow a non-trivial GLn´1pF bQ Cq-intertwining Eµ b Eµ1 Ñ C, then the
same conclusion as in (i) holds trivially for all decomposable cusp forms ϕ “ b1vϕv P π and
ϕ1 “ b1vϕ

1
v P π

1.

We refer to §6.4 for a proof of Thm. D. Let us emphasize its two main advantages in the context
of the recent iterature of the GGP-conjecture:

(1) We do not assume any condition of local supercuspidality of πbπ1. In all preceding important
work on the refined GGP-conjecture for unitary groups, which built on the trace formula,
this assumption of supercuspidality has been indispensable (see [Zha14b], [Beu16b], [Beu18],
[Cha-Zyd16], [Xue17]). Here we completely avoid this condition, as well as any problems
connected to the use of the fundamental lemma for the Jacquet-Rallis relative trace formulae.

(2) We allow general isobaric sums for the base change of π1, i.e., we do not restrict ourselves
to representations lifting to cuspidal representations. This restriction has been made in
[Zha14b], Thm. 1.2.(2), for instance.

It is intrinsic to our approach via relations of algebraicity that our result cannot detect the non-
vanishing of the left- and right-hand-side in (0.4). If the quantities in (0.4) are non-zero, however,
then our theorem asserts that both sides of (0.3) are inside the same number field EpπqEpπ1q.

Main applications II: A result of Harder–Raghuram. Our main result on period relation of
critical values of Rankin–Selberg L-functions with explicit powers of p2πiq, Thm. A, also provides
a direct generalization of a result of Harder–Raghuram. Indeed, recapitulating their result very
shortly, in [GHar-Rag20] a period, denoted Ωε1pισ1f q, has been constructed and related to the ratio
of consecutive critical values of Ranking–Selberg L-functions of cohomological cuspidal automorphic
representations σ and σ1 of GLnpAF`q ˆ GLn1pAF`q. Here, n is assumed to be even while n1 is
assumed to be odd. Here we prove

Theorem E. Let F be any CM-field and let Π be a cuspidal automorphic representation of GLnpAF q,
and Π1 “ Π1 ‘ ... ‘ Πk an isobaric automorphic representation of GLn´1pAF q, fully induced from
an arbitrary number k ě 1 of distinct unitary cuspidal automorphic representations Πi. Assume
that Π8 and Π18 are cohomological with respect to an irreducible algebraic coefficient module Eµ,
respectively Eµ1 , allowing a non-trivial GLn´1pF bQ Cq-intertwining Eµb Eµ1 Ñ C. Let 1

2 `m,
1
2 ` `

be two critical points of LSps,Π ˆ Π1q, where, if m` “ 0, we assume the auxiliary non-vanishing
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hypotheses Hyp. 4.20, 4.26 & 4.29. Whenever LSp1
2 ` `,Π ˆ Π1q is non-zero (e.g., if ` ‰ 0), we

obtain
LSp1

2 `m,ΠˆΠ1q

LSp1
2 ` `,ΠˆΠ1q

„EpΠqEpΠ1q p2πiq
dpm´`qnpn´1q.

and this relation is equivariant under the action of AutpC{FGalq.

This theorem also generalizes [Jan18], Thm. A, where an analogously explicit result has been
proved (under different assumptions) for a pair of cuspidal automorphic representations.

Acknowledgements: We would like to thank Michael Harris for many very valuable discussions about
several results of this paper and his constant advice. We also thank Hang Xue and Raphaël Beuzart-Plessis
for their helpful comments and for answering our questions on the Gan–Gross–Prasad conjecture. Finally,
we would like to thank the anonymous referee for pointing out an intricate inaccuracy in a pervious version
of our paper.

1. Preliminaries

1.1. Number fields and Hecke characters.

1.1.1. Number fields. Generally, if F Ă C is any number field, then we denote by JF the finite set
of its field embeddings ι : F ãÑ C and by FGal the Galois closure of F{Q in Q̄. More concretely,
we let F be any CM-field of dimension 2d “ dimQ F and set of archimedean places S8 “ SpF q8.
Each place v P S8 hence refers to a fixed pair of conjugate complex embeddings pιv, ῑvq P J2

F of
F , where we will drop the subscript “v” if it is clear from the context. This fixes a choice of a
CM-type Σ “ tιv, v P S8u. We write F` for the maximal totally real subfield of F . Its set of real
places will be identified with S8, identifying a place v with its first component embedding ιv P Σ.
Again, we may drop the subscript “v” if possible. We let GalpF {F`q “ t1, cu. The ring of adeles
over F (resp. over F`) is denoted AF (resp. AF`), their respective rings of integers OF (resp. OF`).

Whenever we write LS for an object L “
ś

v Lv admitting an Euler product factorization, then we
mean the partial object LS :“

ś

vRS Lv for some choice of finite set of places S of F , containing
S8. As a general rule, if L depends on further data for which the notion of ramification is defined,
we assume that S contains all such ramified places.

1.1.2. Characters and Gauß sums. Let χ be any Hecke character of a CM-field. Following [MHar97]
p. 82, we denote its contragredient conjugate dual by χ̌ :“ χ´1,c “ χ̄_. The normalized absolute
value on AF is denoted } ¨ }. We extend the quadratic Hecke character ε : pF`qˆzAˆ

F`
Ñ Cˆ, asso-

ciated to F {F` via class field theory, to a conjugate self-dual unitary Hecke character η : FˆzAˆF Ñ
Cˆ. At v P S8 we have ηvpzq “ ztz̄´t, for z P Fv, where t “ tv P

1
2 ` Z. For our results there

will be no loss of generality, if we assume from now on that t “ 1
2 , i.e., ηvpzq “ z1{2z̄´1{2. We may

define a non-unitary algebraic Hecke character φ : FˆzAˆF Ñ Cˆ, by φ :“ η } ¨ }1{2. We then have
that φφc “ } ¨ } and φvpzq “ z1z̄0 for all v P S8 and z P Fv. Once and for all we fix a non-trivial
additive character ψ : F zAF Ñ Cˆ as in Tate’s thesis, see, e.g., [Rag-Sha08].
Let χ be an algebraic Hecke character. We define the Gauß sum of its finite part χf , following Weil
[Wei67, VII, Sect. 7]: Let cχ stand for the conductor ideal of χf and let y “ pyvqvRS8 P Aˆf be
chosen such that ordvpyvq “ ´ordvpcχq ´ ordvpDF q. Here, DF stands for the absolute different of
F , that is, D´1

F “ tx P F : TrF {QpxOF q Ă Zu.
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The Gauß sum of χf with respect to y and ψ is now defined as Gpχf , ψf , yq :“
ś

vRS8
Gpχv, ψv, yvq,

where the local Gauß sum Gpχv, ψv, yvq is defined as

Gpχv, ψv, yvq :“

ż

OˆFv

χvpuvq
´1ψvpyvuvq duv.

For almost all v, we have Gpχv, ψv, yvq “ 1, and for all v we have Gpχv, ψv, yvq ‰ 0. (See, for
example, Godement [God70, Eq. 1.22].) Note that, unlike in [Wei67], we do not normalize the
Gauß sum to make it have absolute value one. For the sake of easing notation and readability we
suppress its dependence on ψ and y, and denote Gpχf , ψf , yq simply by Gpχf q.

1.2. Algebraic groups and real Lie groups. We let Gn, or simply G, be G :“ Gn :“ GLn{F .
Let Vn be an n-dimensional, non-degenerate c-Hermitian space over F , n ě 2, with corresponding
unitary group H :“ Hn :“ UpVnq over F`. At v P S8 (identified now with its first entry v “ ιv),
we have HnpF

`
v q – Uprv, svq for some signature 0 ď rv, sv ď n. If Vk is some non-degenerate

F -subspace of Vn, we view UpVkq as a natural F`-subgroup of UpVnq.

If G is any reductive algebraic group over a number field F, we write G8 “ RF{QpG qpRq. At v P S8
we denote by Kv the product of the center ZGpFvq of GpFvq and a fixed maximal compact subgroup
of GpFvq (isomorphic to the compact real unitary group Upnq) and we let K8 :“

ś

vPS8
Kv Ă G8.

If we want to emphasize the rank of G “ Gn, we also write Kn,v and Kn,8. Similarly, if H is
any given unitary group, we let Cv be a fixed maximal compact subgroup of HpF`v q (isomorphic
to Uprvq ˆ Upsvq and automatically containing the center ZHpF`v q – Up1q of HpF`v q) and we let
C8 :“

ś

vPS8
Cv Ă H8.

Lower case gothic letters denote the Lie algebra of the corresponding real Lie group (e.g., gv :“
LiepGpFvqq, kv :“ LiepKvq, hv :“ LiepHpF`v qq, etc. ...).

1.3. Highest weight modules and cohomological representations. We let Eµ be an irre-
ducible finite-dimensional representation of the real Lie group G8 “ RF {QpGqpRq on a complex
vector-space, given by its highest weight µ “ pµvqvPS8 . Throughout this paper such a represen-
tation will be assumed to be algebraic: In terms of the standard choice of a maximal torus and
positivity on the corresponding set of roots, this means that µv “ pµιv , µῑvq P Zn ˆ Zn and each
component weight µιv and µῑv consists of a decreasing sequence of entries µιv ,j ě µιv ,j`1 and
µῑv ,j ě µῑv ,j`1 for all 1 ď j ď n´ 1.

Similarly, given a unitary group H “ UpVnq, we let Fλ be an irreducible finite-dimensional rep-
resentation of the real Lie group H8 “ RF`{QpUpVnqqpRq on a complex vector-space, given by its
highest weight λ “ pλvqvPS8 . Again, every such representation is assumed to be algebraic, which
means that each component λv P Zn. Moreover, one has λv,j ě λv,j`1 for all 1 ď j ď n ´ 1 and
v P S8.

A representation Π8 of G8 is said to be cohomological if there is a highest weight module Eµ as
above such that H˚pg8,K8,Π8 b Eµq ‰ 0. Analogously, a representation π8 of H8 is said to be
cohomological if there is a highest weight module Fλ as above such that H˚ph8, C8, π8 bFλq ‰ 0.
See [Bor-Wal00],§I, for details.

1.3.1. An action of AutpCq on finite-dimensional representations. Let G be a connected reductive
group over Q and let E be a finite-dimensional complex vector space on which G pCq acts by linear
transformations, i.e., there is a group homomorphism ε : G pCq Ñ GLpEq. Given σ P AutpCq, we
may define a new linear action σε : G pCq Ñ GLpσEq as follows: Its underlying complex vector
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space is σE :“ E bσ C, (i.e., the same abelian group as the original space E , but with a new scalar
multiplication α ‹σ v :“ σ´1pαq ¨ v) with linear action of g P G pCq defined by

σεpgqv :“ εpσ´1pgqqv.

Here, we view G pCq Ď GLN pCq as being Q-embedded into a (fixed) general linear group over
Q, whence applying σ´1 to the complex matrix entries of g gives rise to a well-defined element
σ´1pgq P G pCq. As then σ´1pgq “ g for all g P G pQq, this yields a σ-linear isomorphism of finite-
dimensional G pQq-representations

(1.1) σ̃ : E „
ÝÑ σE

Obviously, if ε was algebraic, then so is σε for all σ P AutpCq. If pε, Eq is furthermore an irreducible
algebraic representation of G pCq, then the collection tpσε, σEq : σ P AutpCqu of equivalence classes
of the representations pσε, σEq is finite. This follows from checking the effect of σ on the highest
weight of E , which, by assumption, defines an algebraic character. In particular, for irreducible alge-
braic representations E , the subgroup SpEq of AutpCq consisting of all automorphisms σ P AutpCq
for which (1.1) is an isomorphism of G pQq-representations (i.e., linear), has finite index in AutpCq.
Hence, the rationality-field of the G pQq-representation E , QpEq :“ CSpEq is a number field.

The above construction applies in particular to irreducible algebraic representations Eµ of G8 (resp.
Fλ of H8) as defined in §1.3: Both σEµ and σFλ will define a representation of G8 (resp. H8) by
restriction from the respective group of complex points.

Remark 1.2. As a representation of GpF q, σEµ may be identified with the representation Eσµ
of highest weight σµ “ ppµσ´1˝ιv , µσ´1˝ῑvqvPS8q. The reader may be warned that the analogous
assertion does not necessarily apply to the representation σFλ of HpF`q.

1.3.2. Rational structures on algebraic representations and cohomology. We recall the following

Definition 1.3. An arbitrary (abstract) group representation ρ on a complex vector space V is
said to be defined over a subfield F Ď C or F-rational, if there exists an F-subspace VF Ď V , which
is stable under ρ and such that the natural map VFbF CÑ V is an isomorphism of complex vector
spaces. The space VF is referred to as an F-structure of ρ.

Let now G be any reductive algebraic group over Q which gives rise to a connected complex Lie
group G pCq and let ε : G pCq Ñ GLpEq be any irreducible algebraic representation of G pCq on a
finite-dimensional complex vector space E . Then we obtain the following

Proposition 1.4. Let L be any finite Galois extension of Q over which G splits. Then, the restricted
representation ε : G pQq Ñ GLpEq is defined over the number field L ¨QpEq.

Let C8 be the product of the connected component of the identity of the center of G pRq and a
maximal compact subgroup of G pRq (e.g., K8 or C8 from §1.2). The admissible G pAf q-module
defined by the cohomology group HqpSG , Eq in degree q of

SG :“ G pQqzG pAQq{C8

with respect to the locally constant sheaf on SG given by E , hence inherits a natural L¨QpEq-rational
structure from Prop. 1.4. Moreover, for each σ P AutpCq, (1.1) induces a σ-linear G pAf q-equivariant
bijection

(1.5) σ̃q : HqpSG , Eq
„
ÝÑ HqpSG ,

σEq.
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1.4. Automorphic representations π and Π. Throughout this paper, as a general rule, Π de-
notes an irreducible automorphic representation of GpAF q “ GLnpAF q, whereas π denotes an irre-
ducible automorphic representation ofHpAF`q “ UpVnqpAF`q, in the sense of [Bor-Jac79], §4, whose
particular additional properties (such as being “cuspidal”, “unitary”, “generic”, “cohomological”, “a
quadratic base change”, etc.) will be specified at each of its occurrences. For convenience, how-
ever, we will not distinguish between a cuspidal automorphic representation, its smooth LF-space
completion, cf. [Gro-Žun20], or its (non-smooth) Hilbert space completion in the L2-spectrum.

1.4.1. Cohomological automorphic representations. Let Πprq :“ Π ¨ }det}r, with Π a unitary auto-
morphic representation of GpAF q and r P R (i.e, Πprq is essentially unitary automorphic), which is
cohomological with respect to Eµ. Suppose Πprq is generic at each v P S8, then

(1.6) Πprqv – Ind
GpCq
BpCqrz

`v,1`r
1 z̄

´`v,1`r
1 b ...b z

`v,n`r
n z̄

´`v,n`r
n s,

where
`v,j :“ `pµιv , jq :“ ´µιv ,n´j`1 ´ r `

n` 1

2
´ j

and induction from the standard Borel subgroup B “ TN is unitary, cf. [Enr79, Thm. 6.1] (See also
[Gro-Rag14, §5.5] for a detailed exposition). In particular, such a Πprq is essentially tempered at all
v P S8. Observe that also the contrary holds: An essentially unitary automorphic representation of
GpAF q, which has an essentially tempered and cohomological archimedean factor Πprq8 is generic
at all places v P S8. One has

(1.7) Hqpgv,Kv,Πprqv b Eµvq –
q´npn´1q

2
ľ

Cn´1.

Slightly more general, let us also consider the automorphic twists Πprqφe, with e P t0, 1u. Then
it is easy to see from the very definition of φ that, Πprq is cohomological if and only if Πprqφ is
(the respective highest weight modules arise form each other by adding ´e to each entry of the
ιv-components, v P S8). Indeed, the respective cohomology groups of both the representations
pΠprqφeqv, e “ 0, 1, are isomorphic (and hence described by (1.7).)

For Πprq as above, we define the notion of infinity-type with repsect to our chosen CM-type Σ:
Abbreviating aι,i :“ `pµι, iq`r and aῑ,i :“ ´`pµι, iq`r, the infinity-type of Πprq at ι P Σ is the set of
inducing characters tzaι,i z̄aῑ,iu1ďiďn. Hence, our notion of infinity-type recovers the “type à l’infini”
defined in [Clo90], §3.3, by substracting n´1

2 from each entry of the pairs paι,i, aῑ,iq P pn´1
2 ` Zq2.

If π is a unitary automorphic representation of HpAF`q “ UpVnqpAF`q, which is tempered and
cohomological with respect to Fλ, then each of its archimedean component-representations πv of
Uprv, svq is isomorphic to one of the

`

n
rv

˘

inequivalent discrete series representations of infinitesimal
character χλvv`ρv , [Vog-Zuc84].

1.4.2. AutpCq-twisted automorphic representations and attached number fields. Let π (resp. Π) be
a cohomological cuspidal automorphic representation of HpAF`q (resp. GpAF q). Then the σ-linear
isomorphism (1.5) together with the well-known “sandwich-property”, which stacks cuspidal, interior
and square-integrable automorphic cohomology, see, e.g., [Sch90], p. 11, gives rise to a σ-twisted
square-integrable cohomological automorphic representation σπ (resp. σΠ) ofHpAF`q (resp.GpAF q),
whose finite component pσπqf (resp. pσΠqf ) allow an equivariant σ-linear isomorphism to πf (resp.
Πf ). In terms of [Wal85a] §I.1, this amounts to pσπqf – σpπf q (resp. pσΠqf –

σpΠf q). As prescribed
by (1.5) the archimedean component σπ8 (resp. σΠ8) is unique up to L-packets (i.e., has predeter-
mined infinitesimal character, namely the one of σEv

µ, resp. σFv
λ). The σ-twists are cuspidal, if the

original representation has no SL2pCq-factors in its global Arthur-parameter, [Art13, Mok15]. In
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particular, σΠ will always be cuspidal and its archimedean component σΠ8 is uniquely determined,
see [Gro18a] where this is made explicit.

As a consequence, the rationality-fields Qpπf q and QpΠf q (defined as the fixed field in C of all
automorphisms σ, which leave the finite part of the given automorphic representation stable, cf.
[Wal85a], §I.1) are finite extensions of Q for all cohomological cuspidal automorphic representa-
tions π and Π: For Π this is proved implicitly in [Clo90], Thm. 3.13 (and explicitly in [Gro-Rag14]
Thm. 8.1), while for π the argument given in [Wal85a] Cor. I.8.3, [Gro-Rag14] Thm. 8.1 or [Gro15],
Cor. 3.6 transfers verbatim. Since Π satisfies Strong Multiplicity One, it is consistent to write
QpΠq “ QpΠf q. Moreover, QpΠf q Ě QpEµq for the same reason, see the proof of [Gro-Rag14] Cor.
8.7.

Let now Epπf q be an appropriate finite extension of Qpπf q over which πf is defined in the sense
of [Wal85a]: That means that there is a HpAf q-stable Epπf q-subspace πEpπf q Ď πf such that the
natural map πEpπf qbEpπf qCÑ πf is an isomorphism. (For the existence of such an extension Epπf q
and πEpπf q see, e.g., [Gro-Seb17], Thm. A.2.4). We will use the following abbreviations

Epπq :“ QpFλq ¨ Epπf q ¨ FGal, and EpΠq :“ QpΠq ¨ FGal,

recalling that FGal denotes the Galois closure of F {Q in Q̄. By what we have just said all these
fields are number fields.

1.4.3. Eisenstein representations. The automorphic representations of GLnpAF q, which we will
mainly be considering in this paper, will be cohomological Eisenstein representations, i.e., coho-
mological automorphic representations of the form

Π1prqφe :“ Π1}det}rφe, r P R, e P t0, 1u
where Π1 is an isobaric automorphic sum

(1.8) Π1 :“ Π1 ‘ ...‘ Πk – Ind
GnpAq
P pAq rΠ1 b ...bΠks,

which we assume to be fully-induced from distinct unitary cuspidal automorphic representations Πi

of general linear groups GLnipAF q, 1 ď i ď k. Here, we let P “ LPNP be the standard parabolic
subgroup of Gn “ GLn{F with Levi subgroup L “ LP isomorphic to

śk
i“1 GLni . As a paradigmatic

example, a cohomological automorphic representation of GLnpAF q, which is obtained by quadratic
base change from a quasi-split unitary group as in [Cog-PS-Sha11], p. 122, is of the form of Π1, cf.
[Cog-PS-Sha11, Thm. 6.1].

Abbreviate τ :“ Π1 b ... b Πk, so by our conventions τprqφe :“ Π1prqφ
e b ... b Πkprqφ

e is the
cuspidal representation of LpAF q, whose parabolic induction is isomorphic to Π1prqφe by assump-
tion. It is worth noting, however, that the isomorphism in (1.8) between the (only abstract!) global
induced representation Ind

GpAF q
P pAF qrτprqφ

es and the actual automorphic representation Π1prqφe is given

by computing the Eisenstein series EP ph, λq attached to a K8-finite section h P Ind
GpAF q
P pAF qrτprqφ

es,
formally defined as

EP ph, λqpgq :“
ÿ

γPP pF qzGpF q

hpγgqpidq exλ,HP pγgqy,

HP begin the Harish-Chandra height function, λ P ǎP,C :“ X˚pLP q bZ C, followed by evaluating
EP ph, λq at the point λ “ 0, see [Lan79], proof of Prop. 2. In fact, in [Lan79] a regularization
qpλqEP ph, λq (the regularizing non-zero holomorphic function qpλq being defined as in [Mœ-Wal95],
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Lem. I.4.10, for instance) had to be used in order to obtain the desired isomorphism between Π1prqφe

and Ind
GpAF q
P pAF qrτprqφ

es. Hence our description of this latter isomorphism only follows knowing the
following lemma:

Lemma 1.9. For any K8-finite section hr,φe P Ind
GpAq
P pAqrτprqφ

es, the Eisenstein series EP phr,φe , λq
is holomorphic at the point of evaluation λ “ 0.

Proof. Indeed, one has

EP phr,φe , λqpgq “
ÿ

γPP pF qzGpF q

hr,φepγgqpidq e
xλ,HP pγgqy

“
ÿ

γPP pF qzGpF q

h0,ηepγgqpidq }detpγgq}r`e{2 exλ,HP pγgqy

“ }detpgq}r`e{2
ÿ

γPP pF qzGpF q

h0,ηepγgqpidq e
xλ,HP pγgqy

“ }detpgq}r`e{2 EP ph0,ηe , λqpgq

for someK8-finite h0,ηe P Ind
GpAq
P pAqrτη

es. As τηe is unitary, the latter Eisenstein series EP ph0,ηe , λqpgq

is holomorphic at λ “ 0 as it is well-known by [Mœ-Wal95, IV.1.11]. �

We denote the, finally well-defined isomorphism (of underlying pg8,K8, GpAf qq-modules) by

Eis0 : Ind
GpAF q
P pAF qrτprqφ

es
„
ÝÑ Π1prqφe

h ÞÑ EP ph, 0q.

It is due to this realization of Π1prqφe in the space of cohomological automorphic forms ApGq that
we have chosen the name Eisenstein representation. As it is obvious by its very definition, the
family of Eisenstein representations contains all essentially unitary cohomological cuspidal auto-
morphic representations Πprq (by letting k “ 1, e “ 0) and all cohomological fully-indiced isobaric
sums Π1 (by letting r “ e “ 0) as above. Moreover, now knowing the way we view Π1prqφe as a
subrepresentation of ApGq through the injection Eis0, the arguments given in [Sha10, Prop. 7.1.3,
Thm. 3.5.12 and Rem. 3.5.14] imply that Π1prqφe is globally ψ-generic, i.e., the ψ-Fourier coefficient
Wψ does not vanish on an Eisenstein representation Π1prqφe.

We write ρi for the restriction ρP |GLni pAF q, so we get explicitly ρi “ }detGLni
}
ai
2 , with

(1.10) ai “
k´i
ÿ

j“1

ni`j ´
i´1
ÿ

j“1

nj “ ni`1 ` ni`2 ` ...` nk ´ n1 ´ n2 ´ ...´ ni´1.

Hence, ai ” n ´ ni mod 2 and so ρi is algebraic if and only if n ” ni mod 2. As by assumption
Π1prqφe is cohomological, [Bor-Wal00], Thm. III.3.3, implies that Πiprqφ

eρi “ Πipr `
ai
2 qφ

e are
cohomological for 1 ď i ď k. Hence, for all σ P AutpCq, there are well-defined pairwise differ-
ent, in general non-unitary cuspidal automorphic representations σpΠiprqφ

eρiq of GLnipAF q, which
are cohomological with respect to the σ-permuted coefficient module of GLni,8, see §1.4.2. We
abbreviate

(1.11) pΠiprqφ
eqσ :“ σpΠiprqφ

eρiq ¨ ρ
´1
i .

Then it is proved as in [Gro18a] §1.2.5 that
σΠ1prqφe :“ pΠ1prqφ

eqσ ‘ ...‘ pΠkprqφ
eqσ
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is an isobaric automorphic representation, which is again fully-induced from the pairwise different,
in general non-unitary cuspidal automorphic representations pΠiprqφ

eqσ. If Π1prqφe is cohomological
with respect to Eµ, then σΠ1prqφe is cohomological with respect to σEµ and it satisfies pσΠ1prqφeqf –
σppΠ1prqφeqf q for all σ P AutpCq. As σΠ1prqφe – Π1prqφe if and only if

tpΠ1prqφ
eqσ, ..., pΠkprqφ

eqσu “ tΠ1prqφ
e, ...,Πkprqφ

eu,

cf. [Jac-Sha81b], Thm. 4.4, the rationality field QpΠ1prqφeq of an Eisenstein representation is con-
tained in the composition of number fields

śk
i“1 QpΠiprqφ

eρiq of the cohomological, cuspidal auto-
morphic summands Πiprqφ

eρi, an hence a finite extension of Q itself.

1.5. Whittaker periods for Eisenstein representations and critical values of automorphic
L-functions.

1.5.1. Abstract Whittaker periods and automorphic cohomology. Let Πf be an irreducible admis-
sible representation of GpAf q “ GLnpAf q and suppose that σpΠf q is generic for all σ PAutpC).
Let W pσΠf q be the Whittaker model with respect to our fixed non-trivial additive character
ψ : F zAF Ñ Cˆ. For σ P AutpCq and v R S8 let tσ,v be the unique diagonal matrix of type
tσ,v “ diagpx1, ..., xn´1, 1q P T pOFvq such that σpψvpnqq “ ψvpt

´1
σ,vntσ,vq for all n P NpFvq and let

tσ “ ptσ,vqvRS8 P GpAf q. Then for every σ P AutpCq the σ-linear, GpAf q-equivariant bijection

σ̃Πf : Ind
GpAf q
NpAf q

rψf s
„
ÝÑ Ind

GpAf q
NpAf q

rψf s

ξ ÞÑ σ̃Πf pξq : g ÞÑ σpξptσ ¨ gqq

will mapW pΠf q ontoW pσΠf q by the uniqueness of local Whittaker models. See [Rag-Sha08, §3.2] or
[Gro-MHar-Lap16, §4.1]. Hence, taking the space of AutpC{QpΠf qq-invariant vectors W pΠf qQpΠf q
in W pΠf q will define a QpΠf q-structure on W pΠf q: Therefore, the only non-trivial observation
needed is that W pΠf qQpΠf q contains the vector ξ˝ :“ bvξv, where ξv denotes the unique newvector
such that ξvpidGpFvqq “ 1 (cf. [Jac-PS-Sha81, Thm. (5.1)] and [Miy14, Cor. 4.4]) and is hence non-
zero.

Let Sn :“ SG “ GpF qzGpAF q{K8. Then HqpSn, Eµq, the admissible GpAf q-module defined by
the cohomology of Sn, has a natural L-rational structure over any field extension C Ě L Ě QpEµq.
See §1.3.2 (with G “ RF {QpGq) above. Let HqpSn, EµqL be this natural L-structure and recall the
σ-linear GpAf q-equivariant bijections σ̃q : HqpSn, Eµq Ñ HqpSn,

σEµq for all σ P AutpCq from (1.5).

Suppose thatHq
‚pSn, Eµq is a submodule ofHqpSn, Eµq. Obviously, if HomGpAf qpW pΠf q, H

q
‚pSn, Eµqq

is one-dimensional, then the image ΥpW pΠf qq “: HqpSn, EµqpΠf q of a non-zero homomorphism
Υ P HomGpAf qpW pΠf q, H

q
‚pSn, Eµqq is independent of Υ and isomorphic to Πf .

Proposition 1.12. Let Πf be the finite part of an irreducible admissible representation Π of
GpAF q “ GLnpAF q, such that σpΠf q is generic for all σ P AutpCq. Assume that there is an
irreducible algebraic coefficient module Eµ and a family of submodules Hq

σΠf
pSn,

σEµq Ď HqpSn,
σEµq,

σ P AutpCq, only depending on the isomorphism classes of σΠf and σEµ, such that Hq
σΠf
pSn,

σEµq “
σ̃qpHq

Πf
pSn, Eµqq and dim HomGpAf qpW p

σΠf q, H
q
σΠf
pSn,

σEµqq “ 1. Then, for all σ P AutpCq, the
following hold:

(1) Let σL :“ QpσEµq QpσΠf q. The space

HqpSn,
σEµqpσΠf qσL :“ HqpSn,

σEµqpσΠf q XH
qpSn,

σEµqσL
defines an σL-structure on HqpSn,

σEµqpσΠf q.
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(2) For each σ P AutpCq, choose embeddings σΥ P HomGpAf qpW p
σΠf q, H

q
σΠf
pSn,

σEµqq subject
to the condition that Υ “ σΥ, whenever Πf –

σΠf . Then there are non-zero complex
numbers ppσΠq :“ ppσΠf ,

σΥq, depending on a chosen embedding σΥ and the chosen, fixed
σL-structures on its domain and image, such that

(1.13) W pΠf q
ppΠq´1¨Υ //

σ̃Πf

��

HqpSn, EµqpΠf q

σ̃q

��
W pσΠf q

ppσΠq´1¨σΥ // HqpSn,
σEµqpσΠf q

commutes. Replacing σΥ by another embedding σΥ1 (which by the one-dimensionality of
HomGpAf qpW p

σΠf q, H
q
σΠf
pSn,

σEµqq necessarily satisfies σΥ1 “ t ¨ σΥ for some t P Cˆ) one
obtains ppσΠf ,

σΥ1q “ t ¨ ppσΠf ,
σΥq, i.e., ppσΠq is multiplied by the same non-zero complex

number t.

Proof. One has σpHqpSn, Eµqq “ HqpSn,
σEµq “ σ̃qpHqpSn, Eµqq by definition of σEµ, hence we ob-

tain σpHqpSn, EµqpΠf qq “ σ̃qpHqpSn, EµqpΠf qq. As Hq
σΠf
pSn,

σEµq “ σ̃qpHq
Πf
pSn, Eµqq, the modules

HqpSn,
σEµqpσΠf q and σ̃qpHqpSn, EµqpΠf qq are both submodules ofHq

σΠf
pSn,

σEµq, which are isomor-
phic to σΠf , hence equal due to our assumption that dim HomGpAf qpW p

σΠf q, H
q
σΠf
pSn,

σEµqq “ 1.
Therefore, σpHqpSn, EµqpΠf qq “ HqpSn,

σEµqpσΠf q. As HqpSn,
σEµqpσΠf q only depends on the iso-

morphism classes of σΠf and σEµ, we have σpHqpSn, EµqpΠf qq “ HqpSn, EµqpΠf q whenever these
isomorphism classes are stabilized by σ, i.e., when σ P AutpC{QpEµqQpΠf qq. Therefore, (1) follows
from [Clo90], Lem. 3.2.1.
Having fixed an σL-structure on the irreducible GpAf q-module HqpSn,

σEµqpσΠf q, the existence of
the non-zero numbers ppσΠq “ ppσΠf ,

σΥq as well as the commutativity the above square follows
word for word as in [Rag-Sha08, Definition/Proposition 4.2.1], replacing what is called w0 there by
our ξ˝ from above. �

Definition 1.14. Let Π be any representation of GpAF q “ GLnpAF q as in Prop. 1.12. We call
the non-zero complex number ppΠq the Whittaker period attached to Π (and some fixed choice of
embedding Υ).

Remark 1.15. By construction, even for fixed Υ, ppΠq is well-defined only up to multiplication
with elements in Lˆ. In fact, changing ppΠq to q ¨ ppΠq for some q P Lˆ will change ppσΠq to
σpqq ¨ppσΠq: See the last line in the proof of [Rag-Sha08], Def./Prop. 3.3 and recall that σL “ σpLq.

1.5.2. An important family of examples - The Eisenstein representations. Let us now make the
above proposition concrete for a large family of automorphic representations. More precisely, we
consider our family of Eisenstein representations

Π1prqφe “ Π1}det}rφe, r P R, e P t0, 1u

as defined in §1.4.3 above. Let Eµ be the irreducible algebraic representation of G8 with respect to
which Π1prqφe is cohomological. Since Π1prqφe is globally generic, pΠ1prqφeq8 is of the form described
in §1.4.1 and has one-dimensional pg8,K8q-cohomology in its lowest non-vanishing degree

bn :“ d
npn´ 1q

2

by (1.7). Therefore, the GpAf q-module

(1.16) Hbnpg8,K8,Π
1prqφe b Eµq – pΠ1prqφeqf
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is irreducible. As the choice of our Whittaker period ppΠ1prqφeq all depends on the particular map
Υ, merging the irreducible GpAf q-representations Hbnpg8,K8,Π

1prqφebEµq andW ppΠ1prqφeqf q as
the same submodule of HqpSn, Eµq, the various choices made entering the definition of Υ shall now
be specified. Knowing these choices explicitly will be of great significance in §2.

Firstly, recall that we have realized (the space of K8-finite vectors of) Π1prqφe as a submodule
of the space ApGq of automorphic forms, namely as the image of the isomorphism Eis0 from §1.4.3.
In view of Prop. 1.12 we shall refine our description. To this end, let SpǎGP,Cq be the symmetric
algebra of the orthogonal complement ǎGP,C of ǎG,C “ X˚pGq bZ C “ tdets, s P Cu in ǎP,C. It may
be interpreted as the algebra of differential operators Bn{Bλn, (n “ pn1, ..., ndim ǎGP

q being a multi-
index with respect to some fixed basis of ǎGP,C) on ǎGP,C, cf. [Fra-Sch98] or [Gro13]. Furthermore,
let J be the ideal of the center of the universal enveloping algebra Upg8,Cq, which annihilates the
contragredient representation Ev

µ of Eµ and let ϕP be the associate class of the cuspidal automorphic
representation τprqφe.

A pg8,K8, GpAf qq-module AJ ,tP u,ϕP pGq has then been defined in [Fra-Sch98] 1.3 as the space
of automorphic forms of GpAF q supported in ϕP and annihilated by a power of J : More precisely,
it is the span of the holomorphic values at the point λ “ prǎP,CÑǎGP,C

ppr`e{2, ..., r`e{2qq “ 0 of the

Eisenstein series EP ph, λq, h running through all K8-finite sections h P Ind
GpAq
P pAqrτprqφ

es, together
with all their derivatives in the parameter λ, i.e., AJ ,tP u,ϕP pGq is the image of the surjective map

EisB : Ind
GpAF q
P pAF qrτprqφ

e b SpǎGP,Cqs� AJ ,tP u,ϕP pGq

hb
Bn

Bλn
ÞÑ

Bn

Bλn
EP ph, λq|λ“0.

See [Fra-Sch98] 3.3 or [Gro13] 2.3.

Consequently, Π1prqφe “ Eis0pInd
GpAF q
P pAF qrτprqφ

esq is a submodule of AJ ,tP u,ϕP pGq. We denote by
ıΠ1prqφe : Π1prqφe ãÑ AJ ,tP u,ϕP pGq the natural inclusion sending an automorphic form to itself and
by

ıqΠ1prqφe : Hqpg8,K8,Π
1prqφe b Eµq Ñ Hqpg8,K8,AJ ,tP u,ϕP pGq b Eµq

the natural induced morphism of GpAf q-modules.

As shown in [Fra-Sch98] Thm. 1.4, AJ ,tP u,ϕP pGq is a direct summand of the pg8,K8, GpAf qq-
module AJ pGq of automorphic forms annihilated by a power of J . Hence, the GpAf q-module de-
fined by Hqpg8,K8,AJ ,tP u,ϕP pGqb Eµq appears as a direct summand of Hqpg8,K8,AJ pGqb Eµq
and so the fundamental isomorphism of GpAf q-modules

F q : Hqpg8,K8,AJ pGq b Eµq
„
ÝÑ HqpSn, Eµq

from [Fra98], Thm. 18 defines an injection F q : Hqpg8,K8,AJ ,tP u,ϕP pGq b Eµq ãÑ HqpSn, Eµq.
By Strong Multiplicity one ([Jac-Sha81b] Thm. 4.4) together with Multiplicity One ([Fra-Sch98]
§3.3 & [Shl74, Jac-Lan70]) for isobaric automorphic representations, its image depends only on the
isomorphism class of pΠ1prqφeqf (and Eµ) justifying the notation

Hq
pΠ1prqφeqf

pSn, Eµq :“ F qpHqpg8,K8,AJ ,tP u,ϕP pGq b Eµqq.

Next we fix a basis element of the one-dimensional vector space Hbnpg8,K8,W ppΠ
1prqφeq8qbEµq.

By [Bor-Wal00], Prop. II.3.1, this basis element is aK8-homomorphism rpΠ1prqφeq8s : Λbng8{k8 Ñ
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W ppΠ1prqφeq8qbEµ. We view this basis homomorphism as an element in the space of K8-invariant
vectors

`

Λbnpg8{k8q
˚ bW ppΠ1prqφeq8q b Eµ

˘K8 and write it explicitly as

(1.17) rpΠ1prqφeq8s :“
ÿ

i“pi1,...,ibn q

dim Eµ
ÿ

α“1

X˚i b ξ8,i,α b eα.

Here, X˚i :“ X˚i1^...^X
˚
ibn

for some fixedQ-basis tXju of g8{k8, eα :“ bvPS8eα,v P Eµ “ bvPS8Eµv ,
such that teα,vuα defines a QpEµvq-basis of Eµv for all v P S8; whereas ξ8,i,α P W ppΠ1prqφeq8q
are Whittaker functionals chosen accordingly. We record one property of this construction in the
following

Remark 1.18. Two Eisenstein representations pΠ11pr1qφ
e1q and pΠ12pr2qφ

e2q with isomorphic archimedean
components pΠ11pr1qφ

e1q8 – pΠ
1
2pr2qφ

e2q8 give rise identical smoth archimedean Whittaker models
W ppΠ11pr1qφ

e1q8q “ W ppΠ12pr2qφ
e2q8q, due to their uniqueness [Shl74, Cas-Hec-Mil00]. Therefore,

fixing a generator of Hbnpg8,K8,W ppΠ
1
1pr1qφ

e1q8q b Eµq “ Hbnpg8,K8,W ppΠ
1
2pr2qφ

e2q8q b Eµq
as described above, uniformly fixes the same generator for all Eisenstein representations pΠ11pr1qφ

e1q

and pΠ12pr2qφ
e2q with pΠ11pr1qφ

e1q8 – pΠ
1
2pr2qφ

e2q8. (This also justifies the notation rpΠ1prqφeq8s,
which only sees the isomorphism class of the respective local archimedean component.)

Now, in order to finally describe our choice of Υ, recall that Wψ denotes the injective map
computing the ψ-Fourier coefficient of an element in Π1prqφe. We denote by

pWψq´1,q : Hqpg8,K8,W pΠ
1prqφeq b Eµq

„
ÝÑ Hqpg8,K8,Π

1prqφe b Eµq
the natural isomorphism of GpAf q-modules induced by its inversion. We obtain

Proposition 1.19. There is the following sequence of GpAf q-isomorphisms

W ppΠ1prqφeqf q
„
ÝÑrpΠ1prqφeq8sb Hbnpg8,K8,W ppΠ

1prqφeq8q b Eµq bW ppΠ1prqφeqf q
„
ÝÑ Hbnpg8,K8,W pΠ

1prqφeq b Eµq
„
ÝÑpWψq´1,bn Hbnpg8,K8,Π

1prqφe b Eµq
„
ÝÑ

ıbn
Π1prqφe

Hbnpg8,K8,AJ ,tP u,ϕP pGq b Eµq
„
ÝÑF bn Hbn

pΠ1prqφeqf
pSn, Eµq

the unspecified map being (a fixed choice of) the obvious one.

Proof. By the preceding discussion we only need to show that ıbnΠ1prqφe is an isomorphism. For
this we observe that by our Lem. 1.9, i.e., by the holomorphy of the Eisenstein series spanning
Π1prqφe at their common point of evaluation λ “ 0 and the irreducibility of Ind

GpAF q
P pAF qrτprqφ

es,
the length of the filtration of AJ ,tP u,ϕP pGq, as defined in [Gro13], §3.1, may be chosen to be
mptP uq “ 0, see [Gro13, §3.1] or [Fra98], Rem. 2, p. 242. Hence, as established in [Gro13], Cor. 16,
Hqpg8,K8,AJ ,tP u,ϕP pGq b Eµq decomposes as a direct sum, which – invoking [Mœ-Wal89], II &
III and the fact that all summands Πiprqφ

e of Π1prqφe are different and unitary modulo a shift inde-
pendent of the index i – degenerates to one single summand, namely Hqpg8,K8, Ind

GpAF q
P pAF qrτprqφ

eb

SpǎGP,Cqs b Eµq. As a consequence of the minimality of the degree q “ bn we hence obtain

Hbnpg8,K8,AJ ,tP u,ϕP pGq b Eµq – pΠ1prqφeqf .

see, e.g., [Fra98] pp. 256–257. Now recall from (1.16) that also Hbnpg8,K8,Π
1prqφe b Eµq –

pΠ1prqφeqf . By irreducibility it is hence enough to show that ıbnΠ1prqφe is non-zero in order to reveal
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ıbnΠ1prqφe as an isomorphism. To this end, observe that by construction ImıbnΠ1prqφe “ ImEisbn0 , where

Eisbn0 equals the natural map in cohomology in degree q “ bn induced from Eisenstein summation
Eis0. By the minimality of the degree q “ bn and Lem. 1.9, revealing the Eisenstein series spanning
Π1prqφe as holomorphic at their common point of evaluation λ “ 0, this map Eisbn0 is injective by
[Sch83], Satz 4.11. See also [Bor80], 2.9 and [Spe82], Thm. 1. This shows the claim. �

Definition 1.20. We let Υ “ ΥΠ1prqφe be the composition of the maps in Prop. 1.19. This way
σΥ “ ΥσΠ1prqφe is a non-trivial element in HomGpAf qpW pp

σΠ1prqφeqf q, H
bn
pσΠ1prqφeqf

pSn,
σEµqq for each

σ P AutpCq.

Proposition 1.21. One has the equality σ̃bnpHbn
pΠ1prqφeqf

pSn, Eµqq “ Hbn
pσΠ1prqφeqf

pSn,
σEµq for all

σ P AutpCq. Moreover, HomGpAf qpW pp
σΠ1prqφeqf q, H

bn
pσΠ1prqφeqf

pSn,
σEµqq is one-dimensional.

Proof. The first assertion follows precisely as in [Gro18a], Prop. 1.7. One-dimensionality of the space
HomGpAf qpW pp

σΠ1prqφeqf q, H
bn
pσΠ1prqφeqf

pSn,
σEµqq is obvious by irreducibility (and the existence of

σΥ “ ΥσΠ1prqφe ‰ 0). �

Corollary 1.22. For each Eisenstein representation Π1prqφe the bottom-degree Whittaker periods
ppΠ1prqφeq “ ppΠ1prqφe,Υq are well-defined. In particular, putting e “ 0, and k “ 1, every coho-
mological, essentially unitary cuspidal automorphic representation Π and putting e “ r “ 0 every
unitary cohomological isobaric sum Π1 as in §1.4.3, satisfies the assumptions of Prop. 1.12 in its
minimal, non-vanishing degree bn and with Υ as above.

Remark 1.23. In the case of cusp forms our construction recovers the Whittaker periods con-
structed in [Rag-Sha08], whereas in the case of unitary isobaric sums Π1 we retrieve the periods
considered in [Gro18a, §1.5.2].

1.5.3. Canonical choices of generators. We will now specify our (yet abstract) choices of generators
rΠ18s for Eisenstein representations Π1. This will finally fix our choice of the attached map Υ “ ΥΠ1 ,
cf. Def. 1.20, and consequently the Whittaker periods ppΠ1q “ ppΠ1,Υq up to an element in the ra-
tionality field QpΠ1q, cf. Rem. 1.15. We now explain the details of this construction of generators.

We first consider algebraic Hecke characters χ : GL1pF qzGL1pAF q Ñ C˚. As this is a very special
instance of an Eisenstein representation, we have defined a (yet abstract) generator rχ8s in (1.17).
By construction, b1 “ 0 and Eµ “ χ´1

8 is a character in this case, whence rχ8s has only one sum-
mand: As it is clear from (1.17) we may write rχ8s “ 1 b ξ8 b 1, where the first “1” is a basis
of

Ź0
pgl1,8{k1,8q “ R and the last “1” is a basis of the representation space C of the character

Eµ “ χ´1
8 ; and some, yet unspecified, non-zero Whittaker function ξ8 PW pχ8q. We will now make

a specific choice for ξ8.

To this end, observe that the smooth Whittaker model W pχ8q is given by the space of smooth
functions fχ8,z : g8 ÞÑ fχ8,zpg8q :“ χ8pg8q ¨ z, z P C. Clearly, any fχ8,z with z P Cˆ serves as
a possible choice for the Whittaker function ξ8 in our generator rχ8s. Our specific choice is now
made once and for all by our

Convention 1.24. For each algebraic Hecke character χ : GL1pF qzGL1pAF q Ñ C˚, we put z “ 1.
I.e., we choose the generator rχ8s “ 1b fχ8,1 b 1.

This choice/convention has the following effect on the attached Whittaker period ppχq:

Lemma 1.25. For all algebraic Hecke character χ : GL1pF qzGL1pAF q Ñ C˚, the Whittaker period
ppχq is an element of Qpχq˚.
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Proof. Let us consider diagram (1.13), by which we defined our Whittaker periods, in the case of
Π “ χ and recall how a σ P AutpCq acts on W pχf q as well as on H0pS1, Eµqpχf q. For the action
of AutpCq on W pχf q we look up the map σ̃χf from §1.5.1: As n “ 1 now, we get tσ “ 1, and so
σ acts on a non-archimedean Whittaker function ξf P W pχf q simply by applying it to its values
σ̃χf pξf qpgf q “ σpξf pgf qq. For the action of AutpCq on H0pS1, Eµqpχf q, we look up the map σq (with
q “ 0) defined in (1.5): Applying σ to the cohomology class defined by rχ8s b χf amounts to
forming the class rpσχq8s b pσ ˝ χf q, where rpσχq8s denotes our choice of a generator attached to
the archimedean component pσχq8 of the global, σ-twisted Hecke character σχ.

For the reader, who seeks a concrete description of rpσχq8s, we provide the following explicit
characterization of this generator: To this end, let us write χ8pg8q as a product χ8pg8q “
ś

vPS8
χvpgvq “

ś

vPS8
g
aιv
v ḡ

bιv
v , for some integers aιv , bιv , (recall that gv P GL1pFvq – C˚).

Moreover, recall from Rem. 1.2 that as a representation of GpF q we get σEµ “ Eσµ, where the
latter is the representation of highest weight σµ “ ppµσ´1˝ιv , µσ´1˝ῑvqvPS8q. Therefore, as σχ is

cohomological with respect to Eσµ, we must have pσχq8pg8q “
ś

vPS8
g
aσ´1˝ιv
v ḡ

bσ´1˝ιv
v , and so

rpσχq8s “ 1b fpσχq8,1 b 1 with pσχq8 as right above.
Now let us reconsider diagram (1.13): Comparing the two actions of AutpCq, which we have just

described, we see that in the special case of Π “ χ already the following diagram

W pχf q
Υχ //

σ̃χf
��

H0pS1, Eµqpχf q

σ̃0

��
W pσχf q

σΥχ // H0pS1,
σEµqpσχf q

where no periods ppχq resp. ppσχq have been inserted, commutes for all σ P AutpCq. Therefore,
ppχq must be in the subfield of C, which is fixed by all σ, for which pσχq8 “ χ8 and pσ ˝χf q “ χf .
But as pσ ˝ χf q “ σχf , this subfield is Qpχq by definition.

�

Remark 1.26. As it turns out by the proof of Lem. 1.25, instead of fχ8,1 we could have chosen any
fχ8,q, with q P QpEµq, in oder to fix our generator rχ8s. Indeed, as Qpχq Ě QpEµq (cf. [Gro-Rag14]
Cor. 8.7), this would not have changed the assertion. The reader is invited to compare this to
[Mah05], last line of p. 596, where the analogous statement can be found for GLn{Q (in which case
QpEµq “ Q for all µ).

As it is obvious by construction, fχ8,1pg8q “
ś

vPS8
fχv ,1pgvq, where fχv ,1pgvq “ χvpgvq ¨ 1 is a

non-zero Whittaker functional in W pχvq.

We now turn back to the general case of unitary cohomological Eisenstein representations. So,
let Π1 “ Π1 ‘ ...‘ Πk be such an Eisenstein representation of GnpAF q as defined in 1.4.3, cohomo-
logical with respect to Eµ. We recall from (1.6) that at each place v P S8

(1.27) Π1v – Ind
GpCq
BpCqrz

`v,1
1 z̄

´`v,1
1 b ...b z

`v,n
n z̄

´`v,n
n s

with `v,j “ ´µιv ,n´j`1 `
n`1

2 ´ j. For each 1 ď j ď n, abbreviate αj,vpzvq :“ z
`v,j
v z̄

´`v,j
v and set

αj,8 :“ bvPS8αj,v. Furthermore, put χj,v :“ αj,v }¨}
n´2j`1

2
v , i.e., χj,v is the product of the j-th factor

in the inducing datum of Π1v and j-th entry of the half sum of positive roots ρv “ ρB,v. As the expo-
nents ˘`v,j` n´2j`1

2 are all integers, we see that χj,8 “ bvPS8χj,v is the archimedean component of
an algebraic Hecke character χj . Therefore, we have pinned down a generator rχj,8s in Conv. 1.24.
We recall from above that the cohomology, spanned by rχj,8s, is H0pgl1,8,K1,8,W pχj,8q b Eµj q,
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where Eµj “ χ´1
j,8.

In order to fix our choice of a generator rΠ18s we first recall a well-known, general result of Borel-
Wallach (cf. [Bor-Wal00], Thm. III.3.3.(ii)), which expresses pg8,K8q-cohomology of an induced
representation in terms of the cohomology of the inducing datum: More precisely, let P “ LN be
a standard parabolic subgroup of G, L – GLn1 ˆ ...ˆGLnk , and let π8 – bkj“1ππj,8 be a smooth
representation of L8 (In this paper, we will only be interested in the case, when π8 acts on the
Fréchet space of smooth vectors of a unitary representation on a Hilbert space). If the induced
representation IndG8P8 rπ8s is cohomological with respect to a coefficient module Eλ, then, combin-
ing [Bor-Wal00], Thm. III.3.3.(ii) and the canonical isomorphism provided by the Künneth rule,
[Bor-Wal00], 1.3.(2), one obtains a canonical isomorphism

IPπ8 : Hqpg8,K8, IndG8P8 rπ8s b Eλq
„
ÝÑ

à

q1`...`qk“q´`psq

k
â

j“1

Hqj pglnj ,8,Knj ,8, πj,8ρj,8 b Eλj q.

Here, ρj,8 “ ρP |GLnj,8
and Eλj is the unique irreducible algebraic coefficient module of GLnj ,8 of

highest weight λj :“ spλ` ρq ´ ρ|GLnj,8
, for a certain, uniquely determined Kostant representative

s P WP (cf. [Bor-Wal00] III.1.4 & Thm. III.3.3.(i)). We kindly refer the reader to p. 65–66 in
[Bor-Wal00], where all the details of the construction of this isomorphism may be found.

We recall that if π8 is also generic, Shahidi has defined a non-zeroWhittaker functional λψB p0, π8q :

IndG8P8 rπ8s Ñ C in [Sha10], §3.6 (see (3.6.8) for the very definition and Cor. 3.6.11 for analytic con-
tinuation to an entire function). For a section h8 P IndG8P8 rπ8s we let Wh8 P W pIndG8P8 rπ8sq be
the attached smooth Whittaker function

(1.28) Wh8pg8q :“ λψB p0, π8qpπ8pg8qh8q,

and we will write

Wq
P : Hqpg8,K8, IndG8P8 rπ8s b Eλq ÝÑ Hqpg8,K8,W pIndG8P8 rπ8sq b Eλq

in order to denote the map in cohomology induced by W‚. If IndG8P8 rπ8s is irreducible, then W‚ is
an isomorphism, which follows from [Sha10], Cor. 3.6.11, hence, so is Wq

P in this case.
In order to finally explain our choice of a generator rΠ18s, we specify the isomorphism IPπ8 from

above using (1.27): We set P “ B and πj,8 :“ W pαj,8q “ W pχj,8qρ
´1
j,8 and observe that in this

case the unique Kostant representative s PWB, satisfiying [Bor-Wal00] Thm. III.3.3.(i), has length
`psq “ bn. As Π18 is irreducible, this finally provides us a triangle of isomorphisms

Hbnpg8,K8, IndG8B8 rb
n
j“1W pαj,8qs b Eµq

Wbn
B // Hbnpg8,K8,W pΠ

1
8q b Eµq

Ân
j“1H

0pgl1,8,K1,8,W pχj,8q b Eµj q

pIB
bn
j“1

W pαj,8q
q´1

OO 44

Let IΠ18
denote the map attached to the dashed arrow, i.e., the isomorphism given by the composition

IΠ18
:“Wbn

B ˝ pIB
bnj“1W pαj,8q

q´1. Our last convention, fixing rΠ18s, is now stated as

Convention 1.29. For a unitary cohomological Eisenstein representation Π1, we choose the gener-
ator

rΠ18s :“ IΠ18

`

bnj“1rχj,8s
˘

“Wbn
B

´

pIBbnj“1W pαj,8q
q´1

`

bnj“1rχj,8s
˘

¯

.
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Observe that by the uniqueness of the Langlands datum of Π18, cf. [Bor-Wal00], Thm. IV.4.11,
the sets tχj,8unj“1 are uniquely determined, i.e., the only other way the write Π18 as an induced
representation from characters is by permuting the factors χj,8. However, choosing the measure
in [Sha10], (3.6.1) correctly, rΠ18s “ IΠ18

´

bnj“11b fχj,8,1 b 1
¯

can be made independent of the
ordering in the tensor products “bj”, as it follows from [Sha10], Thm. 8.2.4. As a consequence,
rΠ18s is well-defined.

1.6. Relations of algebraicity.

Definition 1.30. Let F Ă C be any subfield and let x, y P C be two complex numbers. We say
x „F y if there is an a P F such that x “ ay or ax “ y.

Remark 1.31. Note that this relation is symmetric, but not transitive unless all sides of the relation
are non zero. More precisely, if x, y, z P C such that x „F y and y „F z, then we do not have x „F z
in general, unless xyz ‰ 0.

The main goal of this paper is to prove several such relations among different L-values and various
periods. As we have seen in the previous sections, the automorphism group AutpCq acts on the set
of representations, hence it will also act on the set of L-values and periods. The relations that we
will prove behave well under the action of AutpCq in the following sense.

Definition 1.32. Let F, L Ă C be two subfields. Let x “ txpσquσPAutpCq and y “ typσquσPAutpCq be
two families of complex numbers. We say x „L y (and this relation) is equivariant under AutpC{Fq,
if either ypσq “ 0 for all σ P AutpCq, or if ypσq ‰ 0 for all σ P AutpCq and the following two
conditions are verified:

(1) xpσq „σpLq ypσq for all σ;

(2) σ
ˆ

xpτq

ypτq

˙

“
xpστq

ypστq
for all σ P AutpC{Fq and all τ P AutpCq.

Remark 1.33. One can replace the first condition by requiring xpσq „σpLq ypσq for all σ running
through a choice of representatives of AutpCq{AutpC{Fq. In particular, if F “ Q, instead of verifying
the first condition for all σ P AutpCq, one only needs to verify it for a single fixed σ0 P AutpCq.

Lemma 1.34 (Minimizing-Lemma). Let F Ă C be any number field and let L Ă C be a number field,
containing FGal. Let x “ txpσquσPAutpCq and y “ typσquσPAutpCq be as in Def. 1.32 and suppose that
ypσq ‰ 0 for all σ P AutpCq. If the complex numbers xpσq and ypσq depend only on the restriction
of σ to L, then the second condition of Def. 1.32 implies the first.

Proof. Fix σ0 P AutpCq. For any σ P AutpCq fixing σ0pLq, one has σσ0 |L“ σ0 |L. Hence xpσσ0q “

xpσ0q and ypσσ0q “ ypσ0q by our assumptions. Moreover, since L Ą FGal, we know σ P AutpC{Fq.
By the second condition, we have:

σ

ˆ

xpσ0q

ypσ0q

˙

“
xpσσ0q

ypσσ0q
“
xpσ0q

ypσ0q
.

Therefore
xpσ0q

ypσ0q
P σ0pLq for all σ0 as expected.

�

Remark 1.35. The previous lemma allows us to minimize the number field F in the relation. This
will be very useful in the proof of the main theorems. Its omnipresence in our arguments is one of
the main reasons why our formulas only hold over FGal.

As a first, useful lemma, these notions imply
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Lemma 1.36. Interpreted as a family of complex numbers as in Def. 1.32, Gpεf q „FGal 1 is equi-
variant under the action of AutpC{FGalq.

Proof. Recall that Lps, εf q “
ζF psq

ζF`psq
. Let RegF and RegF` be the regulator of F and F` respec-

tively. By Proposition 3.7 of [Paz14], we know RegF „Q RegF` . Hence, denoting the absolute
discriminant of F (resp. F`) by DF (resp. DF`), the class number formula implies that

Lp1, εf q “
Ress“1ζF psq

Ress“1ζF`psq
„Q

p2πqdRegF |DF` |
1{2

RegF` |DF |
1{2

„Q
p2πqd|DF` |

1{2

|DF |
1{2

.

On the other hand, a classical result of Siegel, [Sie69] (revealing Lp1´m, εf q P Q for m ě 1), com-
bined with the functional equation, cf., e.g., [Bum97], §3.1, shows that Lpm, εf q „Q Gpεf qp2πiqmd,
for odd m ě 1. Consequently, we obtain

Gpεf q „Q i
d |DF` |

1{2

|DF |
1{2

.

Since F` is totally real, we know that |DF` |
1{2 “ ˘D

1{2
F`

„F`,Gal 1. It remains to show that
|DF |

1{2 „FGal i
d. To this end, let α P F be a purely imaginary element, i.e., ᾱ “ ´α. Since

´2α “ det

ˆ

1 α
1 ´α

˙

, it is easy to see that |NF`{QDF {F` |
1{2 „Q

ś

vPS8
|ιvpαq| where DF {F` is

the relative discriminant with respect to F {F`. So, |DF |
1{2 „Q

ś

vPS8
|ιvpαq| ¨ |DF` |

1{2 „F`,Gal
ś

vPS8
|ιvpαq|. We know that

ś

vPS8
ιvpαq is an algebraic number giving rise to an extension of Q

of degree 2. Its complex conjugate equals p´1qd
ś

vPS8
ιvpαq. Hence if d is even, then it is real

quadratic and
ś

vPS8
|ιvpαq| “ ˘

ś

vPS8
ιvpαq „FGal 1 “ id; otherwise, it is imaginary quadratic

and
ś

vPS8
|ιvpαq| “ ˘i

ś

vPS8
ιvpαq „FGal i „FGal i

d as expected. �

As a consequence of the above discussion, one has

ζF`pmq „FGal p2πiqmd if m ě 2 is even(1.37)
Lpm, εf q „FGal p2πiqmd if m ě 1 is odd(1.38)

both relations being equivariant under the action of AutpC{FGalq. Indeed, the first relation fol-
lows from applying the functional equation and the fact that |DF` |

1{2 „FGal 1, explained in the
proof of Lem. 1.36, to [Sie69]; whereas the latter follows directly from Lem. 1.36 and the fact that
Lpm, εf q „Q Gpεf qp2πiqmd, for odd m ě 1, as explained in the proof of of Lem. 1.36.

1.7. Critical values of automorphic L-functions. Deligne has defined the notion of critical
values for the L-function Lps,Mq of a motive M in terms of Hodge types, cf. [Del79]. Assuming
that M corresponds to an automorphic representation π, such that Lps,Mq “ Lps ´ α, πf q for
some unique shift of the argument α “ αpπq P R, we may translate Deligne’s original definition to
automorphic L-functions.

Definition 1.39. A complex number s0 P αpπq ` Z is called critical for Lps, πq if both Lps, π8q
and Lp1´ s, πv8q are holomorphic at s “ s0.

More explicitly, if π “ πNbπM is tensor product of two automorphic representations of GLN pAF qˆ
GLM pAF q, then αpπq “ N´M

2 , whereas if π “ As˘pπN q is an automorphic representation defined
by applying the local Langlands correspondence to the Asai-lifts, then αpπq “ 0.
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1.7.1. Critical points for Rankin-Selberg L-function. Let Πprq (resp. Π1psq) be an essentially unitary,
generic automorphic representation of GLnpAF q (resp. GLn´1pAF q), cohomological with respect to
Eµ (resp. Eµ1). For ι P Σ let us write aι,i :“ `pµι, iq ` r and bι,j :“ `pµ1ι, jq ` s for their respective
infinity-types at ι, cf. §1.4.1. We assume that

(1.40) aι,i ` bι,j ‰ r ` s for any 1 ď i ď n, 1 ď j ď n´ 1 and any ι P Σ.

The critical points for the Rankin-Selberg L-function Lps,ΠˆΠ1q are the half integers 1
2 `m with

m P Z such that

´min
i,j,ι
t|aι,i ` bι,j ´ r ´ s|u ă

1
2 `m` r ` s ď min

i,j,ι
t|aι,i ` bι,j ´ r ´ s|u.

This can be easily seen using Deligne’s approach in terms of Hodge types of motives, cf. [Del79]
and [MHar-Lin17]. For a direct computation involving only representation theory of real reductive
groups, see [Rag16], Cor. 2.35. It is easy to see that the set of critical points is non empty. We
denote it by CritpΠprq ˆΠ1psqq. For example, if r “ s “ 0, then 1

2 is always a critical point.

Remark 1.41. (1) There are no critical points for Πprq ˆ Π1psq if the inequality (1.40) is not
satisfied (cf. 1.7 of [MHar97]).

(2) The precise relation between highest weights and infinity-types is given in subsection 1.4.1.
One can check easily that (1.40) is automatically satisfied if the piano-hypothesis, i.e.,
Hypothesis 1.44 below, holds for µ and µ1. If this is the case and if both representa-
tions Πprq and Π1psq are Eisenstein representations, cf. §1.4.3, then CritpΠprq ˆ Π1psqq “
CritpσΠprqˆσΠ1psqq for all σ PAutpCq: For this combine [Gro18a], 1.5-1.6 and [Gro-MHar16],
Lem. 3.5.

1.7.2. Critical points for the Asai L-functions. Consider now Π “ Πp0q, i.e., a unitary generic
automorphic representation of GLnpAF q, which is cohomological with respect to Eµ. We shall
additionally assume now that Π is conjugate self-dual. Then the calculations in section 1.3 of
[MHar13] show that the critical points of Lps,Π,Asp´1qnq (resp. Lps,Π,Asp´1qn´1

q are the positive
odd or non-positive even integers (resp. positive even or negative odd) m such that

max
i,j,ι

taι,i ´ aι,j | aι,i ´ aι,j ă 0u ă m ď min
i,j,ι
taι,i ´ aι,j | aι,i ´ aι,j ą 0u.

In particular, the integers 0 and 1 are always critical for Lps,Π,Asp´1qnq and never for Lps,Π,Asp´1qn´1
q.

1.8. Two rationality theorems revisited. We recall now two rationality-results for critical L-
values, proved in [Gro-MHar-Lap16] and [Gro18a], which are the starting point of our investigations:

Theorem 1.42 ([Gro-MHar-Lap16] Thm. 7.1). Let Π be a conjugate self-dual, cuspidal automorphic
representation of GpAF q “ GLnpAF q, which is cohomological with respect to Eµ. Let ppΠq be the
bottom-degree Whittaker period defined in Cor. 1.22. Then, the following holds:

(1) For all σ P AutpC{FGalq, there exists a non-zero constant apσΠ8q, only depending on the
choice of a generator rΠs, such that

σ

˜

LSp1,Π,Asp´1qnq

ppΠqapΠ8q

¸

“
LSp1, σΠ,Asp´1qnq

ppσΠqapσΠ8q
.

(2) Equivalently, interpreting both sides below as a family of numbers x “ txpσquσPAutpCq and
y “ typσquσPAutpCq as in Def. 1.32,

LSp1,Π,Asp´1qnq „EpΠq apΠ8q ppΠq,

is equivariant under AutpC{FGalq.
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Remark 1.43. Theorem 1.42 has been stated in [Gro-MHar-Lap16] without reference to the Whit-
taker periods ppΠq. For the convenience of the reader we sketch how one obtains the above tran-
scription: Thm. 7.1 of [Gro-MHar-Lap16] is a consequence of Thm. 5.3 and 6.4 ibidem. Thm. 6.4
can be rewritten as an AutpCq-equivariant relation of the residue Ress“1pL

Sps,Π ˆ Π_qq with an
archimedean period, the bottom-degree Whittaker period ppΠq and a top-degree version of the lat-
ter, as explained in [Gro18b], Thm. 8.5. Similarly, Thm. 5.3 in [Gro-MHar-Lap16] can be restated
as an AutpC{FGalq-equivariant relation of the residue Ress“1pL

Sps,Π,Asp´1qn´1
qq, an archimedean

period and the above mentioned top-degree Whittaker period. Taking the quotient of the first and
the second relation gives the theorem.

For the next rationality-result we note that a pair of irreducible algebraic representations Eµ of
Gn,8 and Eµ1 of Gn´1,8, given by their highest weights µ “ pµvqvPS8 and µ1 “ pµ1vqvPS8 satisfy the
piano-hypothesis, if the following holds

Hypothesis 1.44 (Piano-hypothesis). At each archimedean place v “ pιv, ῑvq P S8,

µιv ,1 ě ´µ
1
ιv ,n´1 ě µιv ,2 ě ´µ

1
ιv ,n´2 ě ... ě ´µ1ιv ,1 ě µιv ,n

µvῑv ,1 ě ´µ
1v
ῑv ,n´1 ě µvῑv ,2 ě ´µ

1v
ῑv ,n´2 ě ... ě ´µ1vῑv ,1 ě µvῑv ,n.

This condition has been called “interlacing-hypothesis” in [Gro18a]. Here we prefer to call it after
the more poetical picture of a piano’s keys, however: The white ones (“whole-tones”) taking the role
of the coordinates of µ, the black keys (“half-tones”) taking the role of the coordinates of µ1.

Theorem 1.45 ([Gro18a] Thm. 1.9). Let Π be a cuspidal automorphic representation of GLnpAF q
which is cohomological with respect to Eµ and let Π1 by an isobaric automorphic representation of
GLn´1pAF q, as in §1.4.3, cohomological with respect to Eµ1 . Let ppΠq and ppΠ1q be the bottom-
degree Whittaker periods defined in Cor. 1.22. Assume that Π1 has central character ωΠ1 and that
the highest weights µ “ pµvqvPS8 and µ1 “ pµ1vqvPS8 satisfy the piano-hypothesis, cf. Hypothesis
1.44. Then, the following holds:

(1) For every σ P AutpCq and all critical values 1
2 ` m P CritpΠ ˆ Π1q “ CritpσΠ ˆ σΠ1q,

there exists a non-zero constant ppm, σΠ8,
σΠ18q, only depending on m and the choice of

generators rΠs and rΠ1s such that

σ

˜

LSp1
2 `m,ΠˆΠ1q

ppΠq ppΠ1q ppm,Π8,Π18q GpωΠ1f
q

¸

“
LSp1

2 `m,
σΠˆ σΠ1q

ppσΠq ppσΠ1q ppm, σΠ8, σΠ18q GpωσΠ1f
q
,

(2) Equivalently, interpreting both sides below as a family of numbers x “ txpσquAutpCq and
y “ typσquAutpCq as in Def. 1.32,

LSp1
2 `m,ΠˆΠ1q „QpΠqQpΠ1q ppΠq ppΠ

1q ppm,Π8,Π
1
8q GpωΠ1f

q

is equivariant under AutpCq.
Remark 1.46. We can replace the Gauß sum GpωΠ1f

q by GpωΠ1f
|A`F
q (see (2.14) and (2.15) below).

In particular, when Π1 is conjugate self-dual, ωΠ1f
is trivial on NAF {AF` pA

ˆ
F q, so ωΠ1f

|A`F
is either

trivial or the finite part of the quadratic character ε associate to the extension F {F`. However, as
Π1 is assumed to be cohomological, necessarily ωΠ1f

|A`F
“ 1f . Therefore we can savely remove the

Gauß sum GpωΠ1f
q in Thm. 1.45 when Π1 is conjugate self-dual.

Corollary 1.47. Let Π and Π1 be as in Thm. 1.45 and assume in addition that Π is unitary. Then
LSp1

2 ,ΠˆΠ1q is non-zero if and only if LSp1
2 ,
σΠˆ σΠ1q is non-zero for all σ P AutpCq.

Proof. Recalling that under the present assumption on Π and Π1, s “ 1
2 is always critical for

Lps,ΠˆΠ1q, see §1.7.1, the corollary follows directly from Thm. 1.45 (1). �
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2. Period relations for isobaric sums

2.1. Eisenstein representations and boundary cohomology. Let Π1 “ Π1 ‘ ... ‘ Πk be an
Eisenstein representation as in 1.4.3, cohomological with respect to Eµ. Then there is a unique
Kostant representative w P WP (cf. [Bor-Wal00] III.1.4 & Thm. III.3.3) such that Πiρi is cohomo-
logical with respect to the irreducible algebraic coefficient module Eµw,i :“ Ewpµ`ρq´ρ|GLni,8

. Since
the point of evaluation of the Eisenstein series in Π1 is always centered at λ “ 0, see the proof of
Lem. 1.9, the length of this Kostant representative is `pwq “ 1

2 dimRNP,8, cf. [Bor80], Lem. 2.12
and hence minimal by [Gro13], Prop. 12.

Let BPSG :“ P pF qzGpAF q{K8 be the face corresponding to the parabolic subgroup P Ď G in
the Borel–Serre–compactification of SG, cf. [Bor-Ser73], [JRoh96]. It is well-known (cf. [Sch90],
7.1–7.2) that there is an isomorphism of GpAf q-modules

HqpBPSG, Eµq
„
ÝÑ aIndGpAf qP pAf q

«

à

wPWP

Hq´`pwqpLpF qzLpAF q{pK8 X L8q, Eµwq

ff

“aInd” denoting un-normalized or algebraic induction. Hence the Künneth rule implies that there
is furthermore an isomorphism of GpAf q-modules

(2.1) Iq
BP

: HqpBPSG, Eµq
„
ÝÑ aIndGpAf qP pAf q

«

à

wPWP

à

q1`...`qk“q´`pwq

k
â

i“1

HqipSni , Eµw,iq

ff

,

Let W pAP q :“ NGpF qpAP pF qq{LpF q, interpreted as the set of automorphisms AP
„
ÝÑ AP , which

are given by conjugation by an element in GpF q and which induce an isomorphism L
„
ÝÑ L. Hence,

the elements w̃ P W pAP q act naturally on the inducing representation τ “ Π1 b ... b Πk of Π1, by
permuting its factors: τ w̃ “ Πw̃´1p1q b ...bΠw̃´1pkq.

Let
resP : HbnpSG, Eµq Ñ HbnpBPSG, Eµq

be the natural restriction of classes to the face BPSG in the boundary of the Borel–Serre–compactification
of SG. It is obviously AutpCq-equivariant. The image under resP of a class rωs P HbnpSn, EµqpΠ1f q,
see §1.5.2, is given by the class represented by the constant term along P of the Eisenstein series
representing rωs, cf. [Sch83], Satz 1.10. Hence, recalling the well-defined (i.e., holomorphic at s “ 0)
intertwining operators

Mpτ, wq “Mpτ, s, w̃q|s“0 : IndGpAF qP pAF q rτ s Ñ IndGpAF qP pAF q
“

τ w̃
‰

,

from [Mœ-Wal95], II.1.6 (holomorphy at s “ 0 following from [Mœ-Wal95, IV.1.11]) and the de-
scription of the constant term of an Eisenstein series EP ph, 0q P Π1 from II.1.7, ibidem, [Bor80],
2.9–2.13, implies that the image of resP prωsq under IbnBP lies inside the direct sum

(2.2) Ibn
BP
presP prωsqq P

à

w̃PW pAP q

aIndGpAf qP pAf q

«

k
â

i“1

Hbni pSni , Eµw,iqppΠw̃´1piqρiqf q

ff

Here we also used the minimality of the length `pwq of the unique Kostant representative w “

wpτ w̃, bnq P W
P giving rise to the coefficients modules Eµw,i with respect to which Πw̃´1piqρi is

cohomological. However, since id PW pAP q and since the attached intertwining operatorMpτ, idq “
1 is the identity-map, (2.2) implies that the composition Ibn

BP
˝ resP induces an isomorphism of

GpAf q-modules
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(2.3) rΠ1,P : HbnpSn, EµqpΠ1f q
„
ÝÑ aIndGpAf qP pAf q

«

k
â

i“1

Hbni pSni , Eµw,iqppΠiρiqf q

ff

,

by projecting onto the summand indexed by w̃ “ id. The following lemma is then obvious by
construction.

Lemma 2.4. The map rΠ1,P is AutpCq-equivariant, i.e., for all σ P AutpCq,

aIndGpAf qP pAf q

”

bki“1σ̃
bni

ı

˝ rΠ1,P “ rσΠ1,P ˝ σ̃
bn

2.2. A theorem on period relations for isobaric sums. In this section we want to relate the
period ppΠ1q of a cohomological Eisenstein representation Π1 “ Π1 ‘ ...‘Πk of GLnpAF q as in §1.4.3
with the product of the periods ppΠiρiq of its (twisted) summands Πiρi. Firstly, we observe that
the latter periods are defined: Indeed, Π1 being cohomological implies by [Bor-Wal00], Thm. III.3.3,
that Πiρi is cohomological for all 1 ď i ď k, whence each ppΠiρiq exists by our Cor. 1.22.

In order to compare ppΠ1q with the product
ś

1ďiďk ppΠiρiq, we recall that we have fixed choices of
generators rΠ18s and rpΠiρiq8s in §1.5.3, see Conv. 1.24 and Conv. 1.29, with the effect that each
Whittaker period is now uniquely determined up to non-zero multiples in the respective rationality
field. These choices were purely local at the archimedean places. We will now consider a special,
global cohomolgy class in HbnpSn, EµqpΠ1f q, which will be used in the proof of our Thm. 2.6.

To this end, we start with a non-trivial section Ω P aIndGpAf qP pAf q

”

Âk
i“1H

bni pSni , Eµw,iqppΠiρiqf q
ı

,
which we view as the image Ω “ rΠ1,P prωsq of a uniquely determined Eisenstein cohomology class
rωs P HbnpSn, EµqpΠ1f q. By construction, a sheaf-theoretical differential form ω representing the
latter is of the form

ω “
ÿ

i“pi1,...,ibn q
α

`

EP ph8,i,α b hf , λq|λ“0 b eα
˘

dxi,

for appropriate K8-finite, global sections h8,i,α b hf P Ind
GpAF q
P pAF q

”

Âk
i“1 Πi

ı

. Hence, evaluating our

section Ω at gf P GpAf q defines a cohomology class Ωpgf q in
Âk

i“1H
bni pSni , Eµw,iqppΠiρiqf q, which

is represented by a differential form of the type

k
â

i“1

ÿ

j“pj1,...,jbni
q

αi

´

pϕ8,j,αi b hf pgf qq b eαi

¯

dxj ,

where ϕ8,j,αi b hf pgf q is a cuspidal automorphic form in Πiρi for all gf , j and αi. Observe that
its non-archimedean component hf pgf q is independent of the indices j and αi, while ϕ8,j,αi is in-
dependent of gf .

Now suppose that hf “ bvRS8hv is a factorizable vector, whose local components are newvec-
tors. Here, by a newvector we understand a vector which is invariant under the mirahoric sub-
group Kpmvq Ă GpOvq as defined in [Jac-PS-Sha81, Thm. (5.1)], mv being the conductor of
IndGpFvqP pFvq

”

Âk
i“1pΠiqv

ı

. Observe that this pins down the cusp forms ϕ8,j,αi b hf pgf q up to a scalar.
In order to fix Ω, we observe that after applying the inverse of the last four maps described in Prop.
1.19 to the class ΩpidGpAf qq, we obtain a cohomology class in

Âk
i“1H

bni pgni,8,Kni,8,W ppΠiρiq8qb
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Eµw,iq bW ppΠiρiqf q, and we assume that this class equals

(2.5)
k
â

i“1

rpΠiρiq8s b ξhf pidGpAf qq
,

for our fixed choice of generators rpΠiρiq8s (given by our Conv. 1.24 and Conv. 1.29) and the Whit-
taker function ξhf pidGpAf qq

attached to hf pidGpAf qq (cf. [Sha10], p. 122). This finally pins down a

global section Ω. Now, as our special global cohomology class rωs P HbnpSn, EµqpΠ1f q we take the
preimage rωs :“ r´1

Π1,P pΩq. By (2.5) it depends on
Âk

i“1rpΠiρiq8s, which in turn has been fixed by
our Conv. 1.24 and Conv. 1.29.

We are now ready to prove the following theorem:

Theorem 2.6. Let Π1 “ Π1 ‘ ... ‘ Πk be an Eisenstein representation of GLnpAF q as in §1.4.3,
which is cohomological with respect to the irreducible algebraic representation Eµ of G8. Then,

(1) for all σ PAutpCq

σ

˜

ppΠ1q
ś

1ďiăjďk L
Sp1,Πi ˆΠ_j q

´1

ś

1ďiďk ppΠiρiq

¸

“
ppσΠ1q

ś

1ďiăjďk L
Sp1,Πσ

i ˆ pΠ
σ
j q
_q´1

ś

1ďiďk pp
σpΠiρiqq

.

(2) Equivalently,

ppΠ1q „ś

i QpΠiρiq
ź

1ďiďk

ppΠiρiq
ź

1ďiăjďk

LSp1,Πi ˆΠ_j q

is AutpCq-equivariant. If all summands Πi are conjugate self-dual then the same relation
holds over the smaller field QpΠ1q.

Proof. We proceed in several steps.
Step 1: Taking inverses, we obtain two isomorphisms of GpAf q-modules

∆G : HbnpSn, EµqpΠ1f q
„
ÝÑW pΠ1f q

defined as
∆G :“ ppΠ1q ¨Υ´1

Π1

and

∆P : aIndGpAf qP pAf q

«

k
â

i“1

Hbni pSni , Eµw,iqppΠiρiqf q

ff

„
ÝÑ aIndGpAf qP pAf q

«

k
â

i“1

W ppΠiρiqf q

ff

defined as

∆P :“
k
ź

i“1

ppΠiρiq ¨
aIndGpAf qP pAf q

”

bki“1Υ´1
Πiρi

ı

which are AutpCq-equivariant by definition of the periods. We will next consider their effect on
the particular class rωs P HbnpSn, EµqpΠ1f q, which we defined above in §2.2. Firstly, we apply the
inverse of the composition of the last three maps described in Prop. 1.19 to rωs. It then follows
from [Sha10], Prop. 7.1.3 that the image of rωs in Hbnpg8,K8,W pΠ

1q b Eµq equals
ÿ

i“pi1,...,ibn q
α

X˚i b
`

Wh8,i,α bWhf

˘

b eα,

where we recall that the Whittaker functions Wh8,i,α resp. Whf are defined trough their local
components as in [Sha10], (7.1.2): In particular, by definition, at the archimedean places we just
retrieve the type of Whittaker functions, which we already considered in (1.28) (and which we
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denoted in the same way). As the isomorphisms IPπ8 from Borel-Wallach and W˚
P from Shahidi, cf.

§1.5.3, commute with induction in stages, (2.5) implies that indeed Wh8,i,α “ ξ8,i,α, in the notation
from §1.5.2, i.e., the vectors Wh8,i,α are those, which appear in the generator rΠ18s. So, finally,
∆Gprωsq equals the Whittaker functional

∆Gprωsq : gf ÞÑ ppΠ1q Whf pgf q “ ppΠ1q
ź

vRS8

Whvpgvq.

We note that by our choice of hf we obtain
ź

vRS

WhvpidGpFvqq “
ź

1ďiăjďk

LSp1,Πi ˆΠ_j q
´1,

and
ś

vPSzS8
WhvpidGpFvqq ‰ 0: The first statement is the contents of [Sha10], Prop. 7.1.4, while

the second is shown in [Miy14, Cor. 4.4].
Let us write σhf for the corresponding section giving rise to the cohomology-class σ̃bnprωsq “

σ̃bn
ˆ„

ř

i“pi1,...,ibn q
α

`

EP ph8,i,α b hf , 0q b eα
˘

dxi

˙

. Then, σhv is a newvector at all non-archimedean

places, normalized at the unramified places as in [Sha10], p. 122 and so
ź

vRS

WσhvpidGpFvqq “
ź

1ďiăjďk

LSp1,Πσ
i ˆ pΠ

σ
j q
_q´1

where we abbreviated Πσ
i :“ σpΠiρiqρ

´1
i for the cuspidal isobaric summands of σΠ1 as in (1.11).

Analogously to above, we obtain
ś

vPSzS8
WσhvpidGpFvqq ‰ 0. Recall the diagonal matrix tσ,v “

diagpx1, ..., xn´1, 1q P T pOFvq from §1.5.1. Obviously, tσ,v is contained in every mirabolic subgroup
KGpmvq. Hence, by definition, the σ-twisted newvector satisfies σ̃Πf pWhvqpidGpFvqq “ σpWhvpidGpFvqqq,
see again §1.5.1. The AutpCq-equivariance of ∆G hence finally shows that

(2.7) ppσΠ1q
ź

vPSzS8

WσhvpidGpFvqq
ź

1ďiăjďk

LSp1,Πσ
i ˆ pΠ

σ
j q
_q´1 “

σ

¨

˝ppΠ1q
ź

vPSzS8

WhvpidGpFvqq
ź

1ďiăjďk

LSp1,Πi ˆΠ_j q
´1

˛

‚.

Step 2: The Whittaker function Whv P W pΠ
1
vq “ W paIndGpFvqP pFvq

”

Âk
i“1pΠiρiqv

ı

q, v R S, from above

shall not be confused with the spherical Whittaker function ξhvpidGpFvqq P W p
Âk

i“1pΠiρiqvq, which
is 1 on idLP pFvq and attached to the local spherical vector hvpidGpFvqq P

Âk
i“1pΠiρiqv. Applying ∆P

to the restriction rΠ1,P prωsq, with rωs as above, the AutpCq-equivariance of ∆P and our standing
assumptions Conv. 1.24 and Conv. 1.29, hence show that

(2.8)
ź

1ďiďk

ppσpΠiρiqq
ź

vPSzS8

ξσhvpidGpFvqqpidLP pFvqq “ σ

¨

˝

ź

1ďiďk

ppΠiρiq
ź

vPSzS8

ξhvpidGpFvqqpidLP pFvqq

˛

‚.

Invoking our standing assumptions Conv. 1.24 and Conv. 1.29, once more, one shows that

ź

vPSzS8

Wσhvpidq

ξσhvpidqpidq
“ σ

¨

˝

ź

vPSzS8

Whvpidq

ξhvpidqpidq

˛

‚
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for all σ P AutpCq. Hence, dividing (2.7) by (2.8) yields

(2.9)
ppσΠ1q

ś

1ďiăjďk L
Sp1,Πσ

i ˆ pΠ
σ
j q
_q´1

ś

1ďiďk pp
σpΠiρiqq

“ σ

˜

ppΠ1q
ś

1ďiăjďk L
Sp1,Πi ˆΠ_j q

´1

ś

1ďiďk ppΠiρiq

¸

for all σ PAutpCq. This proves (1).

Step 3: The first assertion of (2) follows from (1) (and is in fact equivalent to it) by Strong
Multiplicity One and Multiplicity One for cuspidal automorphic representation. For the second
assertion, observe that σΠ1f – Π1f implies that σΠ1 “ Π1 (equality!) due to Strong Multiplicity One
([Jac-Sha81b], Thm. 4.4) together with Multiplicity One ([Fra-Sch98] §3.3 & [Shl74, Jac-Lan70]) for
isobaric automorphic representations. Hence, ppσΠ1q “ ppΠ1q for such σ. Moreover, as σΠ1 – Π1 if
and only if tΠσ

1 , ...,Π
σ
ku “ tΠ1, ...,Πku, see §1.4.3,

ź

1ďiăjďk

LSp1,Πσ
i ˆ pΠ

σ
j q
_q “

ź

1ďiăjďk

LSp1,Πi ˆ pΠjq
_q

for all such σ, because the Πi are now all conjugate self-dual. So, finally, in order to reduce the
above relation to QpΠ1q, we need to show that σΠ1 – Π1 also implies that

(2.10)
ź

1ďjďk

ppΠjρjq “
ź

1ďiďk

ppσpΠiρiqq.

To this end, let i, 1 ď i ď k, be arbitrary. Then, as σΠ1 – Π1 by assumption, there is a unique j,
1 ď j ď k, such Πσ

i – Πj . This implies that ni “ nj and hence (1.10) and Multiplicity One shows
that σpΠiρiq “ Πjρj ¨ } ¨ }

b for some integer b P Z, whence ppσpΠiρiqq “ ppΠjρj ¨ } ¨ }
bq. But since

σ} ¨ }b “ } ¨ }b for all σ P AutpCq,

ppΠjρj ¨ } ¨ }
bq “ ppΠjρjq

by construction, see Prop. 1.12. Hence, finally, we see that if σ P AutpCq is any automorphism such
that tΠσ

1 , ...,Π
σ
ku “ tΠ1, ...,Πku, then (2.10) holds. This shows the last claim. �

Remark 2.11. The above theorem also holds, when the isobaric summands of Π1 are isobaric sums
themselves: Let 1 ď ` ď k and let

Ť

1ďjď`ti1, ..., iju “ t1, ..., ku be a partition of t1, ..., ku into `
disjoint sets. We set `j :“ ni1 ` ... ` nij and let P 1 be the standard parabolic subgroup of GLn
with Levi factor equal to L1 –

ś

1ďjď` GL`j . Set Π1j :“ Πi1 ‘ ... ‘ Πij and ρ1j to be equal to the
restriction of ρP 1 to GL`j pAF q. With only a little more work one can in fact show that

ppΠ1q „ś

1ďjď` QpΠ1jρ
1
jq

ź

1ďjď`

ppΠ1jρ
1
jq

ź

1ďiăjď`

LSp1,Π1i ˆΠ1_j q

is AutpCq-equivariant.
Let Π1 “ Π1 ‘ ...‘ Πk be a cohomological isobaric sum as in §1.4.3 and assume that all cuspidal

summands Πi are conjugate self-dual. Put

(2.12) Πalg
i :“

"

Πi if n ” ni mod 2,
Πi b η otherwise.

These are unitary, conjugate self-dual, cohomological cuspidal automorphic representations, which
can be seen as follows: Π1 being cohomological by assumption implies that Πiρi is cohomological for
all i. Now, recalling that ρi is algebraic if and only if n ” ni mod 2 shows that Πi is cohomological
itself if and only if n and ni have the same parity, or, otherwise said, that Πi b η is cohomological
if and only if n and ni do not have the same parity. Since η is unitary and conjugate self-dual, this
shows that Πalg

i is unitary, conjugate self-dual, cohomological cuspidal for all 1 ď i ď k. The above
theorem now yields the following corollary.
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Corollary 2.13. Let Π1 “ Π1 ‘ ... ‘ Πk be a cohomological isobaric sum as in §1.4.3 and assume
that all cuspidal summands Πi are conjugate self-dual. Then,

ppΠ1q „EpΠ1qEpφq
ź

1ďiďk

ppΠalg
i q

ź

1ďiăjďk

LSp1,Πi ˆΠ_j q,

is AutpC{FGalq-equivariant.

Proof. By Thm. 2.6

ppΠ1q „QpΠ1q
ź

1ďiďk

ppΠiρiq
ź

1ďiăjďk

LSp1,Πi ˆΠ_j q.

One easily checks that (1.10) implies that Πiρi “ Πalg
i φei ¨ } ¨ }bi for some bi P Z and

ei “

"

0 if n ” ni mod 2,
´1 otherwise.

Hence, [Rag-Sha08], Thm. 4.1, shows that ppΠiρiq „QpΠalg
i qQpφ

ei q
ppΠalg

i qGpφ
ei
f q

nipni´1q{2 observing

that Gp} ¨ }bif q “ 1 and Qp} ¨ }biq “ Q. At the cost of adjusting ppΠalg
i q by an element in QpΠalg

i q,
we may hence assume that ppΠiρiq „Qpφei q ppΠ

alg
i qGpφ

ei
f q

nipni´1q{2. In order to finish the proof,
it is hence enough to show that Gpφ´1

f q P Epφq. To this end, let σ P AutpCq. There exists
tσ P Ẑˆ Ď Ôˆ

F`
Ă ÔˆF Ă Aˆf associated to σ given by the cyclotomic character (cf. §3.2 of

[Rag-Sha08]). It is easy to verify that (cf., e.g., the proof of Theorem 3.9 of [Gro-MHar16])

(2.14)
σpGpφ´1

f qq

Gpσφ´1
f q

“ φ´1
f pt

σq.

Since tσ P Ẑ, we know φ´1
f pt

σq “ φ |´1
AF` ,f

ptσq. Recall that φ “ η } ¨ }1{2 and η |AF`“ ε by
definition, so φ´1

f pt
σq “ εf pt

σq. This implies that

(2.15)
σpGpφ´1

f qq

Gpσφ´1
f q

“
σpGpεf qq
Gpσεf q

,

and so Gpφ´1
f q „QpφqQpεq Gpεf q. However, ε being quadratic forces Qpεq “ Qpt˘1uq “ Q, so we

finally conclude by Lemma 1.36 that Gpφ´1
f q „Qpφq Gpεf q „FGal 1 and hence Gpφ´1

f q P Epφq “

Qpφq ¨ FGal. �

3. Asai L-functions of Langlands transfers

In this section, we will calculate the Asai L-functions of conjugate self-dual Eisenstein represen-
tations and of a representation automorphically induced from suitable Hecke characters. Having
detailed knowledge about these Asai L-functions will turn out to be crucial for the proof of the
main theorems.

3.1. The Asai L-function of an isobaric sum. Let S` be the finite set of places of F`, containing
the restrictions of the places in S. Let Π1 “ Π1 ‘ ... ‘ Πk be an Eisenstein representation of
GLnpAF q as in 1.4.3 and assume that each Πi is conjugate self-dual. With these assumptions,
unitary conjugate self-dual, cohomological cuspidal automorphic representations Πalg

i have been
defined for all 1 ď i ď k in (2.12). We obtain

Lemma 3.1. LSps,Πalg
i ,Asp´1qni q is holomorphic and non-vanishing at s “ 1.
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Proof. As all Πalg
i are cohomological and conjugate self-dual unitary cuspidal automorphic repre-

sentation of GLnipAF q, LSps,Π
alg
i ,Asp´1qni q is holomorphic at s “ 1 by the argument given in

[Mok15], Cor. 2.5.9. (See also [Gro-MHar-Lap16], §6.1 for more details.) The non-vanishing follows
from [Sha81], Thm. 5.1. �

Remark 3.2. Observing that twisting by η just changes the sign of the Asai-representation, we
see that LSps,Πi,Asp´1qnq, being equal to LSps,Πalg

i ,Asp´1qni q, is holomorphic and non-vanishing
at s “ 1 for all 1 ď i ď k.

Lemma 3.3. Let Π1 “ Π1 ‘ ... ‘ Πk be an Eisenstein representation of GLnpAF q as in 1.4.3 and
assume the each Πi is conjugate self-dual. Then

LSps,Π1,Asp´1qnq “

k
ź

i“1

LSps,Πalg
i ,Asp´1qni q ¨

ź

1ďiăjďk

LSps,Πi ˆΠ_j q.

Proof. Recalling the previous remark, we will show that

LSps,Π1,Asp´1qnq “

k
ź

i“1

LSps,Πi,Asp´1qnq ¨
ź

1ďiăjďk

LSps,Πi ˆΠ_j q.

We argue locally, distinguishing the two possible types of unramified places v R S`. In particular,
we will drop the subscript for the local places for all global objects in what follows if this will not
cause any confusion. Moreover, let γ be the character from [Gro-MHar16], §2.1.2, i.e.,

γ “

"

1 if n ” 0 mod 2
η otherwise

Observe that γ|2F` “ 1 in any case. Let us first suppose that v is inert, extending to one place
w R S. For every 1 ď i ď k, denote by χpiq` , 1 ď ` ď ni, the unramified characters from which Πi is
fully induced. Then, by induction in stages and applying Lemma 1 of [Gel-Jac-Rog01],

Lps,Π1v,Asp´1qnq

“

¨

˝

ź

i,`

Lps, χ
piq
` γ|F`q

˛

‚¨

¨

˚

˚

˚

˝

ź

i,j,r,t

χ
piq
r coming before χpjqt

Lps, χpiqr γ ¨ χ
pjq
t γq

˛

‹

‹

‹

‚

“

k
ź

i“1

˜

ni
ź

`“1

Lps, χ
piq
` γ|F`q ¨

ź

1ďrătďni

Lps, χpiqr χ
piq
t q

¸

¨
ź

1ďiăjďk

ź

1ďrďni
1ďtďnj

Lps, χpiqr χ
pjq
t q

“

k
ź

i“1

Lps,Πi,v,Asp´1qnq ¨
ź

1ďiăjďk

Lps,Πi,w ˆΠj,wq.

As v is inert and all Πj are conjugate self-dual, the latter local Rankin-Selberg L-function is equal
to Lps,Πi,wˆΠ_j,wq and hence we obtain the desired relation at inert places v. If v is split, extending
to a product of two places w1, w2 R S, then γw1γw2 “ 1 and the residue fields are of equal cardinality
qv “ qw1 “ qw2 . So we get independently of n,

Lps,Π1v,Asp´1qnq

“ detpid´ pApΠ1w1
q bApΠ1w2

qqq´sv q
´1
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“
ź

1ďi,jďk

ź

1ďrďni
1ďtďnj

p1´ χpiqr,w1
χ
pjq
t,w2

q´sv q
´1

“

k
ź

i“1

¨

˚

˚

˝

ź

1ďrďni
1ďtďnj

p1´ χpiqr,w1
χ
piq
t,w2

q´sv q
´1

˛

‹

‹

‚

¨
ź

1ďi‰jďk
1ďrďni
1ďtďnj

p1´ χpiqr,w1
χ
pjq
t,w2

q´sv q
´1

“

k
ź

i“1

Lps,Πi,v,Asp´1qnq ¨
ź

1ďiăjďk
1ďrďni
1ďtďnj

p1´ χpiqr,w1
χ
pjq
t,w2

q´sv q
´1p1´ χpiqr,w2

χ
pjq
t,w1

q´sv q
´1

“

k
ź

i“1

Lps,Πi,v,Asp´1qnq ¨
ź

1ďiăjďk
1ďrďni
1ďtďnj

p1´ χpiqr,w1
χ
pjq
t,w1

q´sw1
q´1p1´ χpiqr,w2

χ
pjq
t,w2

q´sw2
q´1

“

k
ź

i“1

Lps,Πi,v,Asp´1qnq ¨
ź

1ďiăjďk

Lps,Πi,w1 ˆΠj,w1qLps,Πi,w2 ˆΠj,w2q.

Since all Πj are conjugate self-dual, this shows the claim at split places v. �

Corollary 3.4. Let Π1 “ Π1 ‘ ...‘ Πk be an Eisenstein representation of GLnpAF q as in 1.4.3 and
assume the each Πi is conjugate self-dual. Then LSps,Π1,Asp´1qnq is holomorphic and non-vanishing
at s “ 1.

Proof. Follows directly from Lem. 3.3 and 3.1, recalling that by definition all Πi are pairwise different
and unitary. �

3.2. The Asai L-function of an automorphically induced representation. Let L be a cyclic
extension of F of degree rL : F s “ n ě 1 which is still a CM field. We write L` for its maximal
totally real subfield.

Definition 3.5. Let χ be an algebraic Hecke character of L. We let Πpχq be the automorphic
induction of χ to GLnpAF q as established in [Art-Clo89], Chp. 3, Thm. 6.2. We write

Πχ :“

"

Πpχq if n “ rL : F s is odd,
Πpχq b η if n “ rL : F s is even.

Then Πχ is an isobaric automorphic representation of GLnpAF q, fully induced from cuspidal
automorphic representations, which is algebraic (in the sense of [Clo90], Def. 1.8). We remark that
the extremely careful reader might bear in mind that [Art-Clo89] contains an “egregious mistake”
(a quote of Clozel himself, taken from [Clo17]) if rL : F s “ n is not prime and which was found by
Lapid–Rogawski, see [Lap-Rog98], p. 176. This mistake, however, concerns Lem. 6.3 of [Art-Clo89]
on p. 217, a result, which is irrelevant for the present paper and hence our reference to [Art-Clo89],
Chp. 3, Thm. 6.2 is sufficient for our purposes. Moreover, the reader should note that this problem
of non-prime degree extensions L has meanwhile been fixed in total generality, see [Lab95], Thm.
VI.4.1 and by a different method in [Hen12], Thm. 3. .

Let ϑ be a generator of GalpL{F q. It induces an automorphism on AˆL , denoted by the same
letter, and we define χϑ, a Hecke character of L, as the composition χ ˝ ϑ.
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Now identify GalpL{F q with GalpL`{F`q. If n is even, we define L5 :“ Lϑ
n
2 c, an index 2 sub-

field of L. It is also a CM field with maximal totally real subfield pL`qϑ
n
2 . We write εL{L` and

εL{L5 for the quadratic Hecke character associated to L{L` and L{L5 respectively by the class field
theory.

Proposition 3.6. Assume that χ is conjugate self-dual.
If n is odd then

(3.7) LSps,Πχ,Asp´1qnq “
ź

1ďkďn´1
2

LSps, χb χϑ
k,cqLSps, εL{L`q.

If n is even then

(3.8) LSps,Πχ,Asp´1qnq “
ź

1ďkďn´2
2

LSps, χb χϑ
k,cqLSps, εL{L`qL

Sps, χ |A
L5
bεL{L5q.

Proof. Let v be a non-archimedean place of F` such that every representation at hand is unramified
at v. We now prove that the products of local L-factors at the places over v of both sides of (3.7)
and (3.8) are equal. In order to ease our assertions, we simply call these products the “v-parts”
of the left hand side, respectively, the right hand side. As a general reference, we refer again to
Lemma 1 of [Gel-Jac-Rog01] where the unramified local factors of the Asai L-function have been
calculated.

We write qv for the cardinality of the residue field of F`v . We will use similar notations for other
finite places of other fields. Let w be a place of F over v. Let w1, w2, ¨ ¨ ¨wm be the places of L over
w. We know m | n and we write l for n{m. We may assume that ϑpwi´1q “ wi for any 1 ď i ď m
where we apply the useful extension of notation defined by wi :“ wi mod m for all i P Z.

Let ζ be a primitive l-th root of unity. For each i let ti be the Hecke eigenvalue of χ at wi,
where, similar to above, we wrote ti :“ ti mod m for i P Z. Since χ is conjugate self-dual, its Hecke
eigenvalue at wci is t´1

i where wci is the complex conjugation of wi. If wi “ wci then ti “ ˘1.
Moreover, since χ is algebraic and conjugate self-dual, χ is trivial on Aˆ

L`
(cf. Rem. 1.46). Hence ti

is in fact 1 in this case. For each 1 ď i ď m, we fix a complex l-th root of ti and denote it by t1{li .
By equation (6.2) in Chapter 3 of [Art-Clo89], we know that the Hecke eigenvalues of Πχ at w are
t
1{l
i ζa with 1 ď i ď m, 1 ď a ď l, and those at wc are t´1{l

j ζb with 1 ď j ď m, 1 ď b ď l.

Case 1: n odd In this case, both l and m are odd numbers.

(1) When v is split in F , i.e. v “ wwc, the v-part of the left hand side of equation (3.7) is equal
to

ź

1ďi,jďm

ź

1ďaďl

ź

1ďbďl

p1´ t
1{l
i ζat

´1{l
j ζbq´sv q

´1 “
ź

1ďi,jďm

p1´ tit
´1
j q´lsv q´l.

The v-part of Lps, χbχϑk,cq is equal to
ś

1ďiďm
p1´ tit

´1
i`kq

´s
wi q

´1p1´ t´1
i ti`kq

´s
wi q

´1. We know

qwi “ qwci “ qlv. Hence the v-part of the right hand side of equation (3.7) is equal to:
»

–

ź

1ďkďn´1
2

ź

1ďiďm

p1´ tit
´1
i`kq

´ls
v q´1p1´ t´1

i ti`kq
´ls
v q´1

fi

fl ¨ p1´ q´lsv q´m
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“
ź

1ďiďm

»

–

¨

˝

ź

´n´1
2
ďkďn´1

2
,k‰0

p1´ tit
´1
i`kq

´ls
v q´1

˛

‚¨ p1´ tit
´1
i q´lsv q´1

fi

fl

“
ź

1ďiďm

ź

´n´1
2
ďkďn´1

2

p1´ tit
´1
i`kq

´ls
v q´1

“
ź

1ďiďm

ź

1ďjďm

p1´ tit
´1
j q´lsv q´l.

(2) Assume now that v is inert in F . Since GalpL{F q acts transitively on the set twi | 1 ď i ď mu
and commutes with complex conjugation, either wci “ wi for all i, or wci ‰ wi for all i. If the
latter is true, then for each 1 ď i ď m there exists j ‰ i such that wj “ wci . In particular,
the set twi | 1 ď i ď mu can be divided into disjoint pairs. But this is impossible since m
is odd. Therefore we have that wci “ wi and hence the Hecke eigenvalues ti “ 1 for all i.
Keeping this in mind, one can easily show that the v-parts of both sides of equation (3.7)
coincide and are in fact equal to p1` q´lsv q´mp1´ q´2ls

v q´pm
2l´mq{2.

Case 2: n even
(1) When v “ wwc is split, the v-part of the left hand side of equation (3.8) is again equal to

ś

1ďi,jďm
p1 ´ tit

´1
j q´lsv q´l. In order to evaluate the right hand side, observe that the finite

places of L5 “ Lϑ
n
2 c over v are wiwcn

2
`i, 1 ď i ď m. Therefor, the Hecke character χ |L5 has

Hecke eigenvalue tit´1
n
2
`i at wiw

c
n
2
`i. The v-part of the right hand side is hence equal to:

»

–

ź

1ďkďn´2
2

ź

1ďiďm

p1´ tit
´1
i`kq

´ls
v q´1p1´ t´1

i ti`kq
´ls
v q´1

fi

fl ¨ p1´ q´lsv q´m

¨

«

ź

1ďiďm

p1´ tit
´1
n
2
`iq

´lsq´1

ff

“
ź

1ďiďm

»

–

¨

˝

ź

´n´2
2
ďkďn

2
,k‰0

p1´ tit
´1
i`kq

´ls
v q´1

˛

‚¨ p1´ tit
´1
i q´lsv q´1

fi

fl

“
ź

1ďiďm

ź

´n´2
2
ďkďn

2

p1´ tit
´1
i`kq

´ls
v q´1

“
ź

1ďiďn

ź

1ďjďm

p1´ tit
´1
j q´lsv q´1

“
ź

1ďiďm

ź

1ďjďm

p1´ tit
´1
j q´lsv q´l.

(2) When v is inert and wi “ wci for all 1 ď i ď m, we know ti “ 1 for all i. So the representation
Πχ “ Πpχq b η has Hecke eigenvalues ´ζj for 1 ď j ď n.

If l is odd, then m is even. The v-part of the left hand side of equation (3.8) is

p1` q´lsv q´mp1´ q´2ls
v q´pm

2l´mq{2.

In this case, the finite places of L5 “ Lϑ
n
2 c over v are wiwm

2
`i, 1 ď i ď m

2 . The v-part of
the right hand side is then equal to:

p1´ q´2ls
v q´mpml´2q{2p1` q´lsv q´mp1´ q´2ls

v q´
m
2
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“ p1` q´lsv q´mp1´ q´2ls
v q´pm

2l´mq{2.

Similarly, if l is even then the v-parts of both sides of equation (3.8) are easily seen to be
equal to p1´ q´2ls

v q´m
2l{2.

(3) When v is inert and wi ‰ wci for all 1 ď i ď m, there exists t, an integer between 2 and
m ´ 1, such that wc1 “ wt`1. We apply ϑt to both sides and get wct`1 “ w2t`1. Hence
2t ` 1 ” 1 mod m. This implies that 2t “ m. In particular, we know then m is even and
wci “ wi`m

2
. The latter implies that ti`m

2
“ t´1

i for all 1 ď i ď m.

The representation Πχ has eigenvalues t´ζat1{li | 1 ď i ď m, 1 ď a ď lu at v. the v-part
of the left hand side of equation (3.8) is:

(3.9)
ź

1ďiďm

ź

1ďaďl

p1` ζat
1{l
i q´sv q

´1P pq´2s
v q´1

where P P CrXs is the unique polynomial such that P p0q “ 1 and

pP pXqq2 “
ź

1ďi,jďm

ź

1ďa,bďm,pi,aq‰pj,bq

p1´ ζat
1{l
i ζbt

1{l
j Xq

“

ś

1ďi,jďm

ś

1ďa,bďm

p1´ ζat
1{l
i ζbt

1{l
j Xq

ś

1ďiďm

ś

1ďaďl

p1´ ζ2at
2{l
i Xq

“

ś

1ďi,jďm
p1´ titjX

lql

ś

1ďiďm

ś

1ďaďl

p1´ ζ2at
2{l
i Xq

.

If l is odd, then

pP pXqq2 “
ź

1ďiďm

p1´ t2iX
lql´1

ź

1ďiăjďm

p1´ titjX
lq2l.

Hence, the v-part of the left hand side of equation (3.8) is:
ź

1ďiďm

p1´ t2i q
´2ls
v q´pl´1q{2 ¨

ź

1ďiăjďm

p1´ titjq
´2ls
v q´l ¨

ź

1ďiďm

p1` tiq
´ls
v q´1.

Moreover, it is easy to see that pϑ
n
2 cqwi “ wci`m

2
“ wi for all i. The intersections of wi,

1 ď i ď m with the ring of integers in L5 are different prime ideals and hence are inert with
respect to the extension L{L5. The v-part of the right hand side of equation (3.8) is then:

ź

1ďkďn´2
2

ź

1ďiďm

p1´ tit
´1
i`kq

´2sl
v q´1 ¨ p1´ q´2sl

v q´m{2 ¨
ź

1ďiďm

p1` tiq
´ls
v q´1.

Recall that ti`m
2
“ t´1

i for all i. We have:
ź

1ďkďn´2
2

ź

1ďiďm

p1´ tit
´1
i`kq

´2sl
v q´1 ¨ p1´ q´2sl

v q´m{2

“
ź

1ďkďn´2
2

ź

1ďiďm

p1´ titi`k`m
2
q´2sl
v q´1 ¨

ź

1ďiďm{2

p1´ titm
2
`iq

´2sl
v q´1

“
ź

1ďiďm

ź

m
2
`1ďkďm`n

2
´1

p1´ titi`kq
´2sl
v q´1 ¨

ź

1ďiďm{2

p1´ titm
2
`iq

´2sl
v q´1
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“
ź

1ďiďm

r
ź

m
2
`1ďkďm´1

p1´ titi`kq
´2sl
v q´pl`1q{2 ¨

ź

1ďkďm
2
´1

p1´ titi`kq
´2sl
v q´pl´1q{2s ¨

ź

1ďiďm

p1´ titi`m
2
q´2sl
v q´pl´1q{2

ź

1ďiďm

p1´ t2i q
´2sl
v q´pl´1q{2

ź

1ďiďm{2

p1´ titm
2
`iq

´2sl
v q´1

“
ź

1ďiăjďm,j´i‰m{2

p1´ titjq
´2sl
v q´l

ź

1ďiďm{2

p1´ titm
2
`iq

´2sl
v q´pl´1q ¨

ź

1ďiďm

p1´ t2i q
´2sl
v q´pl´1q{2

ź

1ďiďm{2

p1´ titm
2
`iq

´2sl
v q´1

“
ź

1ďiăjďm

p1´ titjq
´2sl
v q´l

ź

1ďiďm

p1´ t2i q
´2sl
v q´pl´1q{2.

We have deduced that the v-parts of the two sides of equation (3.8) coincide if l is odd.

If l is even, the left hand side of equation (3.8) is equal to
ź

1ďiăjďm

p1´ titjq
´2sl
v q´l

ź

1ďiďm

p1´ t2i q
´2sl
v q´l{2.

Moreover, we have pϑ
n
2 cqwi “ wci “ wi`m

2
. Hence wiwi`m

2
for 1 ď i ď m

2 are the places of
L5 over v. The corresponding right hand side is equal to

ź

1ďkďn´2
2

ź

1ďiďm

p1´ tit
´1
i`kq

´2sl
v q´1 ¨ p1´ q´2sl

v q´m{2 ¨
ź

1ďiďm{2

p1´ titm
2
`iq

´2ls
v q´1

“
ź

1ďiďm

r
ź

m
2
`1ďkďm´1

p1´ titi`kq
´2sl
v q´l{2 ¨

ź

1ďkďm
2
´1

p1´ titi`kq
´2sl
v q´l{2s ¨

ź

1ďiďm

p1´ titi`m
2
q´2sl
v q´pl{2´1q

ź

1ďiďm

p1´ t2i q
´2sl
v q´l{2 ¨

ź

1ďiďm{2

p1´ titm
2
`iq

´2ls
v q´2

“
ź

1ďiăjďm,j´i‰m{2

p1´ titjq
´2sl
v q´l

ź

1ďiďm{2

p1´ titm
2
`iq

´2ls
v q´pl´2q´2

ź

1ďiďm

p1´ t2i q
´2sl
v q´l{2

“
ź

1ďiăjďm

p1´ titjq
´2sl
v q´l

ź

1ďiďm

p1´ t2i q
´2sl
v q´l{2.

�

4. Period relations with explicit powers of p2πiq

4.1. Critical characters and CM-periods. Let χ be a Hecke character of F with infinity-type
zaι z̄aῑ at ι P Σ. We say that χ is critical if it is algebraic and moreover aι ‰ aῑ for all ι P JF . This is
equivalent to the motive associated to χ having critical points in the sense of Deligne (cf. [Del79]).
We remark that 0 and 1 are always critical points, if χ is conjugate selfdual.

In the critical case, we can define Φχ, a subset of JF , as follows: An embedding ι P JF is in
Φχ if and only if aι ă aῑ. Clearly, Φχ is a CM type of F . Given any CM-type Φ, we say that χ is
compatible with Φ if Φ “ Φχ.

Let χ be an algebraic Hecke character of F and let Ψ Ă JF be any subset such that Ψ X Ψ̄ “ H.
Attached to pχ,Ψq one may define a CM Shimura-datum as in section 1.1 of [MHar93], and a num-
ber field Epχ,Ψq which contains Qpχq and the reflex field of the CM Shimura datum defined by
Ψ. Moreover, one may associate a non zero complex number pF pχ,Ψq to this datum, which is well
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defined modulo Epχ,Ψqˆ, called a CM-period: As CM-periods pF pχ,Ψq will only be a technical
ingredient in our arguments, not showing up in the final formulas, we believe that it is justified
not to repeat their precise construction here, but refer for the sake if brevity to the appendix of
[MHar-Kud91]. We also write ppχ,Ψq instead of pF pχ,Ψq if there is no ambiguity concerning the
base field F . Slightly abusing our notation, we denote

Epχq :“
Ť

ΨEpχ,Ψq.

It contains Qpχq ¨ FGal (but may in general be bigger than that).
Remark 4.1. The group AutpCq acts on the CM Shimura datum. The CM-periods are defined
via certain rational structures of cohomological spaces. We may choose the rational structures
equivariantly under the action of AutpCq, and get a family of the CM-periods tppσχ,ΦσχquσPAutpCq
which only depends on the restriction of σ to Epχq.
4.2. Period relations for CM-periods.
Definition 4.2. Let ϑ be an element in AutpF q. For ι P JF , we define ιϑ P JF as ι ˝ ϑ.

Recall from §3.2 that we may interpret ϑ also as automorphism of AˆF and define χϑ “ χ ˝ ϑ .
Applying Def. 4.2, it has infinity-type zaιϑ z̄a ¯

ιϑ at ι. In particular, if χ is algebraic (resp. critical)
then so is χϑ. In particular, if χ is compatible with a CM type Ψχ then χϑ is compatible with the
CM type Ψϑ´1

χ .
Proposition 4.3. Let χ be a critical Hecke character of F . Let Ψ be a subset of JF such that
ΨX Ψ̄ “ H. Let ϑ be an element in AutpF q. Then we have:

ppχ,Ψq „Epχq ppχ
ϑ,Ψϑ´1

q

which is equivariant under AutpC{FGalq.
Proof. Let TF :“ ResF {QGm,F be a torus. We define a homomorphism hΨ : ResC{RGm,C Ñ TF,R
such that for each ι P JF , the Hodge structure induced by hΨ is of type p´1, 0q if ι P Ψ, of type
p0,´1q if ι P Ψ̄, and of type p0, 0q otherwise. The pair pTF , hΨq is then a Shimura datum. The
composition with ϑ induces a morphism of Shimura data h : pTF , hΨq Ñ pTF , hΨϑ´1 q. Now the
expected relation between CM-periods follows as in Lemma 1.6 in [MHar93]. We also refer to
Proposition 1.2 of [Lin15a] for more details. �

We recall some other properties of CM-periods. The proof is similar to the previous proposition
and can be found in Proposition 1.1 of [Lin15a].
Proposition 4.4. Let L be a CM field containing F , ι P JL and let χ, χ1 be critical Hecke characters
of F . Let Ψ a subset of JF such that ΨX Ψ̄ “ H and let Ψ “ Ψ1 \Ψ2 be a partition of Ψ. Then,

ppχχ1,Ψq „Epχ1qEpχ2q ppχ,Ψq ppχ1,Ψq

ppχ,Ψq “ ppχ,Ψ1 \Ψ2q „Epχq ppχ,Ψ1q ppχ,Ψ2q

ppχ,Ψq „Epχq ppχ̄, Ψ̄q

ppχ ˝NAL{AF , ιq „Epχq ppχ, ι|F q

The first three relations are equivariant under the action of AutpC{FGalq, the last one is equivariant
under the action of AutpC{LGalq.

We will also need the following lemma (cf. (1.10.9) in [MHar97])
Lemma 4.5. For any ι P JF , we have

(4.6) pp} ¨ }AF , ιq „Q p2πiq
´1

which is equivariant under the action of AutpCq.
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4.3. A result of Blasius. The special values of an L-function for a Hecke character over a CM
field can be interpreted in terms of CM-periods. The following theorem was proved by Blasius,
presented as in [MHar93], Prop. 1.8.1 (and the attached erratum [MHar97], p. 82).

Theorem 4.7. Let χ be a critical Hecke character of F and recall χ̌ “ χ´1,c “ χ̄_. For m a critical
value of Lps, χq, we have

LSpm,χq „Epχq p2πiq
mdppχ̌,Φχq

is equivariant under the action of AutpC{FGalq.

4.4. Special L-values of automorphically induced representations.

4.4.1. Cohomological representations Πχ and Πχ1. Blasius related critical values of Hecke L-functions
to CM-periods. We now prove two new results of the same form for critical values of Rankin–Selberg
and Asai L-functions of automorphically induced representations.

Let L (resp. L1) be a cyclic extension over F of degree n (resp. n ´ 1) which is still a CM
field. Let χ (resp. χ1) be a conjugate self-dual algebraic Hecke character of L (resp. L1). We
consider L and L1 as subfields of C and denote by LL1 Ă C the compositum of L and L1. We write
L` (resp. L1`) for the maximal totally real subfield of L (resp. L1). It is easy to see that L`L1` is
an index 2 subfield of LL1. Hence LL1 is also a CM field.

Let ι be an element inside the CM type Σ of F . We write ι1, ι2, ¨ ¨ ¨ , ιn (resp. ι11, ι
1
2, ¨ ¨ ¨ , ι

1
n´1)

for the embeddings of L (resp. L1) which extend ι. For each 1 ď i ď n and 1 ď j ď n´ 1, write ιi,j
for the unique embedding of LL1 which extends ιi and ι1j .

We write the infinity-type of χ (resp. χ1) at ιi (resp. ι1j) as zai z̄´ai (resp. zbj z̄´bj ) with ai P Z
(resp. bj P Zq. By permuting the embeddings we may suppose that the numbers ai (resp. bj) are in
decreasing order. Next recall the automorphically induced representations Πχ and Πχ1 , as defined
in §3.2, attached to χ and χ1. As χ and χ1 are assumed to be conjugate self-dual, so are Πχ and
Πχ1 .

Let us assume moreover that the numbers in taiu1ďiďn (resp. in tbju1ďjďn´1q are all different,
i.e., the infinity-types of χ and χ1 are regular. With this extra assumption [Clo90, Lem. 3.14] im-
plies that both representations Πχ and Πχ1 are in fact cohomological. Hence, recalling the general
description of the image of automorphic induction (see again §3.2, our explanations and the reference
[Art-Clo89], Chp. 3, Thm. 6.2, therein) Πχ and Πχ1 are indeed unitary conjugate self-dual, coho-
mological isobaric sums, fully induced from different cuspidal automorphic representations (here we
remark that the isobaric summands must be different for Πχ and Πχ1 , because they are cohomolog-
ical; cf. §1.4.1). In other words, Πχ and Πχ1 serve as Eisenstein representations as in §1.4.3.

4.4.2. Rationality for the Asai L-function of Πχ.

Proposition 4.8. Let χ be a conjugate self-dual algebraic Hecke character of L with regular infinity-
type. Then,

(4.9) LSp1,Πχ,Asp´1qnq „Epχq p2πiq
npn`1qd{2

ź

ιPΣ

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ῑiq

n´is

equivariant under AutpC{LGalq.

Proof. Recall that the left hand side is calculated in Proposition 3.6.
Let ϑ be a generator of AutpL{F q. For any 1 ď i ď n, there exists 1 ď spiq ď n such that

ϑιi “ ιspiq. Since ϑ is a generator of GalpL{F q, we know s is of order n in the permutation group Sn.
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For any 1 ď k ď n´1, the Hecke character χϑk has infinity-type zaskpiq z̄´askpiq at ιi for any 1 ď i ď n.
Hence the Hecke character χbχϑk,c “ χbχϑ

k,´1 has infinity-type zai´askpiq z̄´ai`askpiq at ιi for any
1 ď i ď n. Since skpiq ‰ i, ai´ askpiq ‰ 0, so we know that the Hecke character χbχϑk,c is critical.
For any 1 ď k ď n ´ 1, we define Ψι,k :“ tιi | 1 ď i ď n, ai ă askpiqu “ tιi | 1 ď i ď n, i ą skpiqu.
We define Ψῑ,k :“ tῑi | 1 ď i ď n, i ă skpiqu and Ψk :“

Ť

ιPΣ

Ψι,kYΨῑ,k is the CM type of L associated

to χb χϑk,´1. By Blasius’s result, Thm. 4.7, and Prop. 4.3 & 4.4, we have:

Lp1, χb χϑ
k,cq „Epχq p2πiqndppχ̌b χ̌ϑ

k,c,Ψkq

„Epχq p2πiqndppχ̌,Ψkqppχ̌,Ψk
ϑk
q.

It is easy to verify that

Ψk
ϑk

“
ď

ιPΣ

”

tῑskpiq | 1 ď i ď n, i ą skpiqu Y tιskpiq | 1 ď i ď n, i ă skpiqu
ı

“
ď

ιPΣ

”

tῑi | 1 ď i ď n, i ă s´kpiqu Y tιi | 1 ď i ď n, i ą s´kpiqu
ı

.

Hence we deduce that:

Lp1, χb χϑ
k,cq „Epχq(4.10)

p2πiqnd
ś

ιPΣ

r
ś

1ďiďn,iąskpiq

ppχ̌, ιiq
ś

1ďiďn,iăskpiq

ppχ̌, ῑiq
ś

1ďiďn,iăs´kpiq

ppχ̌, ῑiq
ś

1ďiďn,iąs´kpiq

ppχ̌, ιiqs.

We first prove the lemma when n is odd. In this case, we know by Proposition 3.6 that

(4.11) LSp1,Πχ,Asp´1qnq “
ź

1ďkďn´1
2

LSp1, χb χϑ
k,cqLSp1, εL{L`q.

Equation (4.10) implies that:

p2πiq´npn´1qd{2
ź

1ďkďn´1
2

Lp1, χb χϑ
k,cq

„Epχq

ź

1ďkďn´1
2

ź

ιPΣ

r
ź

1ďiďn,iąskpiq

ppχ̌, ιiq
ź

1ďiďn,iăskpiq

ppχ̌, ῑiq ¨

ź

1ďiďn,iăs´kpiq

ppχ̌, ῑiq
ź

1ďiďn,iąs´kpiq

ppχ̌, ιiqs

„Epχq

ź

ιPΣ

ź

1ďkďn´1

r
ź

1ďiďn,iąskpiq

ppχ̌, ιiq
ź

1ďiďn,iăskpiq

ppχ̌, ῑiqs

„Epχq

ź

ιPΣ

ź

1ďiďn

r
ź

1ďkďn´1,iąskpiq

ppχ̌, ιiq
ź

1ďkďn´1,iăskpiq

ppχ̌, ῑiqs

„Epχq

ź

ιPΣ

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ῑiq

n´is.

Recall that by equation (1.38) we have LSp1, εL{L`q „LGal p2πiqdn. We conclude that

(4.12) LSp1,Πχ,Asp´1qnq „Epχq p2πiq
npn`1qd{2

ź

ιPΣ

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ῑiq

n´is.
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Next, if n is even, again by Proposition 3.6, we have:

(4.13) LSp1,Πχ,Asp´1qnq “
ź

1ďkďn´2
2

LSp1, χb χϑ
k,cqLSp1, εL{L`qL

Sp1, χ |A
L5
bεL{L5q.

Similar to above, one may deduce from (4.10) by a simple calculation that
ś

1ďkďn´2
2

Lp1, χb χϑ
k,cq „Epχq

p2πiqdnpn´2q{2
ś

ιPΣ

ś

1ďiďn
r

ś

1ďkďn´1,k‰n
2
,iąskpiq

ppχ̌, ιiq
ś

1ďkďn´1,k‰n
2
,iăskpiq

ppχ̌, ῑiqs.

Recall that LSp1, εL{L`q „LGal p2πiqdn. It remains to calculate LSp1, χ |A
L5
bεL{L5q in (4.13). The

complex embeddings of the CM field L5 :“ Lϑ
n
2 c are ιi |L5 with ι P Σ, 1 ď i ď n. We remark that

pιi |L5q
c “ ιsn{2piq |L5 . The Hecke character χ |A

L5
has infinity-type zai´asn{2piq z̄´ai`asn{2piq at ιi, and

the Hecke character εL{L5 has trivial infinity-type.
We define Ψ5ι :“ tιi |L5 | ai ă asn{2piq, 1 ď i ď nu “ tιi |L5 | i ą sn{2piq, 1 ď i ď nu. Then the Hecke

character χ |A
L5
bεL{L5 is compatible with the CM type

Ť

ιPΣ

Ψ5ι.

Using Prop. 4.4 we deduce thereof

LSp1, χ |A
L5
bεL{L5q

„Epχq p2πiqdn{2ppχ̌ |A
L5
bη̌L{L5 ,

ď

ιPΣ

Φb
ιq

„Epχq p2πiqdn{2
ź

ιPΣ

ź

1ďiďn,iąsn{2piq

ppχ̌ |A
L5
bη̌L{L5 , ιi |L5q

„Epχq p2πiqdn{2
ź

ιPΣ

ź

1ďiďn,iąsn{2piq

pprχ̌ |A
L5
bη̌L{L5s ˝NAL{AL5

, ιiq

„Epχq p2πiqdn{2
ź

ιPΣ

ź

1ďiďn,iąsn{2piq

ppχ̌b χ̌ϑ
n
2 c, ιiq

„Epχq p2πiqdn{2
ź

ιPΣ

r
ź

1ďiďn,iąsn{2piq

ppχ̌, ιiq ¨
ź

1ďiďn,iąsn{2piq

ppχ̌, ῑsn{2piqs

„Epχq p2πiqdn{2
ź

ιPΣ

r
ź

1ďiďn,iąsn{2piq

ppχ̌, ιiq ¨
ź

1ďiďn,iăsn{2piq

ppχ̌, ῑiqs.

We conclude that when n is even we still have the following relation:

LSp1,Πχ,Asp´1qnq

„Epχq p2πiqdnpn`1q{2
ź

ιPΣ

ź

1ďiďn

r
ź

iąskpiq,1ďkďn´1

ppχ̌, ιiq
ź

iăskpiq,1ďkďn´1

ppχ̌, ῑiqs

„Epχq p2πiqdnpn`1q{2
ź

ιPΣ

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ῑiq

n´is.

Finally, we remark that all the relations above are equivariant under the action of AutpC{LGalq.
�

The previous lemma and Theorem 1.42 imply immediately the following period relation for cus-
pidal automorphically induced representations Πχ:



40 HARALD GROBNER & JIE LIN

Corollary 4.14. Let χ be a conjugate self-dual algebraic Hecke character of L with regular infinity-
type. If Πχ is moreover cuspidal, then

ppΠχq „EpΠχqEpχq apΠχ,8q
´1p2πiqdnpn`1q{2

ź

ιPΣ

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ῑiq

n´is

which is equivariant under the action of AutpC{LGalq.

4.4.3. Rationality for the Rankin–Selberg L-function of Πχ ˆΠχ1 . We obtain

Proposition 4.15. Let χ (resp. χ1) be a conjugate self-dual algebraic Hecke character of L (resp.
L1) with regular infinity-types. Assume the Πχ is cuspidal and that pΠχ,Πχ1q satisfies the piano-
condition, cf. Hypothesis 1.44. Let 1

2 `m P CritpΠχ ˆΠχ1q. Then,

LSp1
2 `m,Πχ ˆΠχ1q „EpχqEpχ1qEpφq

p2πiqp
1
2
`mqdnpn´1q ś

ιPΣ

˜

ś

1ďiďn
rppχ̌, ιiq

i´1ppχ̌, ιiq
n´is

ś

1ďjďn´1
rppχ̌1, ι1jq

j´1ppχ̌1, ι1jq
n´1´js

¸

equivariant under the action of AutpC{pLL1qGalq.

Proof. We know that:

(4.16) LSp
1

2
`m,Πχ ˆΠχ1q “ LSp

1

2
`m, pχ ˝NALL1{ALqpχ

1 ˝NALL1{AL1 qpη ˝NALL1{AF qq

“ LSpm, pχ ˝NALL1{ALqpχ
1 ˝NALL1{AL1 qpφ ˝NALL1{AF qq

Since φ has infinity-type z1z̄0 at each ι, the infinity-type of the Hecke character χ# :“ pχ ˝
NALL1{ALqpχ

1 ˝NALL1{AL1 qpφ ˝NALL1{AF q at ιi,j is z
ai`bj`1z´ai´bj . The piano-condition implies that:

a1 ą ´bn´1 ´
1
2 ą a2 ą ´bn´2 ´

1
2 ą ¨ ¨ ¨ ą ´b1 ´

1
2 ą an.

Define Φι :“ tιi,j | ai ` bj `
1
2 ă 0u “ tιi,j | i ` j ě n ` 1u and Φῑ :“ tιi,j | i ` j ď nu. Then the

Hecke character χ# is critical with respect to the CM type
Ť

ιPΣ

Φι Y Φῑ. An easy check shows that

1
2 `m is critical for Πχ ˆΠχ1 if and only if m is critical for χ#. By Blasius’s result, Thm. 4.7, one
has

LSpm,χ#q „Epχ#q p2πiq
mdnpn´1qppχ̌#,

ď

ιPΣ

Φι Y Φῑq.

Applying Prop. 4.4 to the CM-period on the right hand side implies that

ppχ#,
ď

ιPΣ

Φι Y Φῑq „Epχ#q

ź

ιPΣ

ppχ̌#,Φι Y Φιq

„Epχ#q

ź

ιPΣ

ź

i`jěn`1

ppχ̌#, ιi,jq
ź

i`jďn

ppχ̌#, ιi,jq.

Next observe that
ź

i`jěn`1

ppχ̌#, ιi,jq

„Epχ#q

ź

i`jěn`1

rpppχ̌ ˝NALL1{ALq, ιi,jqppχ̌
1 ˝NALL1{AL1 , ιi,jqpppφ̌ ˝NLL1{F q, ιi,jqs

„Epχ#q

ź

i`jěn`1

rppχ̌, ιiqppχ̌1, ι
1
jqppφ̌, ιqs

„Epχ#q

ź

1ďiďn

ppχ̌, ιiq
i´1 ¨

ź

1ďjďn´1

ppχ̌1, ι1jq
j ¨ ppφ̌, ιqnpn´1q{2
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Similarly, we have
ź

i`jďn

ppχ̌#, ιi,jq „Epχ#q

ź

1ďiďn

ppχ̌, ιiq
n´i ¨

ź

1ďjďn´1

ppχ̌1, ι1jq
n´j ¨ ppφ̌, ιqnpn´1q{2.

Again by Prop. 4.4 and Lem. 4.5, we know that

ppφ̌, ιqppφ̌, ιq „Epφq ppφ̌, ιqppφ̌
c, ιq „Epφq pp} ¨ }

´1, ιq „Epφq 2πi.

We finally deduce that

p2πiq´p
1
2
`mqdnpn´1qLSp

1

2
`m,Πχ ˆΠχ1q

„EpχqEpχ1qEpφq

ź

ιPΣ

˜

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ιiq

n´is
ź

1ďjďn´1

rppχ̌1, ι1jq
jppχ̌1, ι1jq

n´js

¸

„EpχqEpχ1qEpφq

ź

ιPΣ

˜

ź

1ďiďn

rppχ̌, ιiq
i´1ppχ̌, ιiq

n´is
ź

1ďjďn´1

rppχ̌1, ι1jq
j´1ppχ̌1, ι1jq

n´1´js

¸

where the last equality is due to the fact that χ1 is conjugate self-dual, and hence

ppχ̌1, ι1jqppχ̌
1, ῑ1jq „Epχ1q ppχ̌1 b χ̌1c, ι

1
jq „Epχ1q pp1, ι

1
jq „Epχ1q 1.

It is easy to see that all relations above are in fact equivariant under AutpC{pLL1qGalq. �

4.5. Explicit determination of the archimedean factors apΠ8q and ppm,Π8,Π18q. We recall
the archimedean factors apΠ8q and ppm,Π8,Π18q from Thm. 1.42 and Thm. 1.45, respectively. Due
to a profound theorem of B. Sun, we know that both factors are in fact non-zero (for any choice of
generators rΠs, rΠ1s and any critical value 1

2 `m). Here, we will determine them explicitly, reveal-
ing them as concrete powers of p2πiq. To this end, we recall once more our standing assumptions
concerning possible choices of generators rΠs, namely Conventions 1.24 and 1.29.

Our main idea of proof is to replace our original representations Π and Π1 with particularly simple
automorphic representations, with isomorphic archimedean components, hence giving rise to the
same archimedean factors apΠ8q and ppm,Π8,Π18q, cf. Rem. 1.18. In view of the previous sections,
these auxiliary automorphic representations shall be constructed by automorphic induction from
suitable Hecke characters, on the one hand, and as isobaric sums of Hecke characters, on the other
hand: This approach enables us to use all of our calculations of critical L-values of Ranking-Selberg-
and Asai-L-functions from the pervious sections. Here is our theorem

Theorem 4.17. Let Π by a conjugate self-dual cuspidal automorphic representation of GLnpAF q,
which is cohomological with respect to Eµ. Recall the abstract archimedean factor apΠ8q from Thm.
1.42, which is uniquely determined by rΠs. If µ is sufficiently regular, i.e., if µι,j ´ µι,j`1 ě 2 for
all ι P Σ and 1 ď j ď n´ 1, or if not, that Hypotheses 4.20 and 4.26, to be formulated in the proof
below, hold, then

apΠ8q „EpΠq p2πiq
dn

which is equivariant under AutpC{FGalq.

Proof. As pointed out above, we shall prove this theorem by constructing three auxiliary represen-
tations, Πχ, Πχ7 and Π5, with appropriate archimedean factors.

Construction of Πχ: Since we are only concerned with the infinity-type tzaι,i z̄´aι,iu1ďiďn at ι P Σ of
Π, we first replace Π by a simpler representation with the same infinity-type. We take a CM-field
L which is a cyclic extension over F of degree n. We write ι1, ¨ ¨ ¨ , ιn for the elements in JL which
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extend ι. If n is even, we let t “ 1
2 , otherwise we let t “ 0. In any case, aι,i P n´1

2 `Z, so aι,i´ t P Z.
By lemma 5.1 of [Lin15a], there exists an algebraic conjugate self-dual Hecke character χ of L, with
infinity-type zaι,i´tz̄´aι,i`t at ιi, such that pΠχq8 – Π8. We recall that if χ satisfies χθ ‰ χ for any
non-trivial θ P GalpL{F q, then Πχ is cuspidal (cf. Chp. 3, Lem. 6.4 of [Art-Clo89] and its completion
in [Hen12], Thm. 2). Hence, after twisting by an appropriate finite order Hecke character, we may
assume that Πχ is cuspidal.

Construction of Πχ7: For each ι, let cι,1, cι,2, ¨ ¨ ¨ , cι,n`1 P p
1
2 ´ tq ` Z “ n

2 ` Z such that

cι,1 ą ´aι,n ą cι,2 ą ¨ ¨ ¨ ą ´aι,1 ą cι,n`1.

Recalling that aι,i P n´1
2 `Z are all different, such a choice is always possible. We now take another

CM field L7 which is a cyclic extension over F of degree n`1. Let χ7 be a conjugate self-dual Hecke

character of L7 such that χ7ιipzq “ zcι,i´p
1
2´tqz̄´cι,i`p

1
2´tq. At the cost of twisting χ7 by a Hecke

character of finite order, our second auxiliary representation Πχ7 , automorphically induced from
χ7 to GLn`1pAF q, may again be assumed to be cuspidal. By construction, its infinity-type equals
tzcι,i z̄´cι,iu1ďiďn`1 at ι P Σ, hence the pair pΠχ7 ,Πχq satisfies the piano-condition, cf. Hypothesis
1.44.

We may hence apply Theorem 1.42 and Thm. 1.45 to Πχ7 and Πχ, and get that for any critical
point 1

2 `m PCritpΠχ7 ˆΠχq,

(4.18)
LSp1

2 `m,Πχ7 ˆΠχq

LSp1,Πχ7 ,Asp´1qn`1
qLSp1,Πχ,Asp´1qnq

„EpΠ
χ7
qEpΠχq

ppm,Πχ7,8,Πχ,8q

apΠχ7,8qapΠχ,8q

which is equivariant under the action of AutpC{FGalq. Here we could remove the Gauß sum GpωΠχ,f q

by Remark 1.46. On the other hand, Prop. 4.8 & 4.15 imply that the same quotient satisfies the
relation
(4.19)

LSp1
2 `m,Πχ7 ˆΠχq

LSp1,Πχ7 ,Asp´1qn`1
qLSp1,Πχ,Asp´1qnq

„Epχ7qEpχqEpφq p2πiq
p 1

2
`mqdnpn`1q´ 1

2
dpn`1qpn`2q´ 1

2
dnpn`1q

which is equivariant under the action of AutpC{pL7LqGalq.

If µ is sufficiently regular, i.e., if µι,j ´ µι,j`1 ě 2 for all ι P Σ and 1 ď j ď n ´ 1, we may
obviously adjust χ7 such that there exists critical point 1

2 `m P CritpΠχ7 ˆ Πχq with m ě 1. In
particular, the critical L-value LSp1

2 `m,Πχ7 ˆΠχq is non-zero. As a consequence, we can use the
transitivity of “„”, cf. Rem. 1.31, if µ is sufficiently regular, and compare (4.18) with (4.19).

If, at the contrary, µ fails to be sufficiently regular, we may always still take m “ 0, cf. §1.7.1.
In order to be able to use the transitivity of the relation “„” (so to compare (4.18) with (4.19)) we
have then to assume the validity of

Hypothesis 4.20. There exists χ7 and χ as above such that LSp1
2 ,Πχ7 ˆ Πχq ‰ 0. Equivalently,

LSp1
2 , pχ

7 ˝NA
L7L

{A
L7
qpχ ˝NA

L7L
{ALqpη ˝NA

L7L
{AF qq ‰ 0.

As a consequence of Cor. 1.47, the hypothesis actually implies that LSp1
2 ,
σΠχ7 ˆ

σΠχq ‰ 0 for
all σ P AutpCq. (Rephrased in terms of Hecke L-functions LSp1

2 , pχ
7 ˝NA

L7L
{A
L7
qpχ ˝NA

L7L
{ALqpη ˝

NA
L7L

{AF qq this is also a corollary of [Bla86], Thm. 9.3.1.)
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Merging (4.18) with (4.19) and applying our Minimizing-Lemma, cf. Lem. 1.34, we finally conclude
that

(4.21)
ppm,Πχ7,8,Πχ,8q

apΠχ7,8qapΠχ,8q
„EpΠ

χ7
qEpΠχq p2πiq

p 1
2
`mqdnpn`1q´ 1

2
dpn`1qpn`2q´ 1

2
dnpn`1q

which is equivariant under the action of AutpC{pL7LqGalq.

Construction of Π5: We now construct another auxiliary representation of GLnpAF q. For each
1 ď j ď n, let χj be a conjugate self-dual Hecke character of F with infinity-type zaι,j´tz̄´aι,j`t at
ι P Σ. We define

Π5 :“

"

χ1 ‘ ...‘ χn if n` 1 is even
pχ1ηq‘ ...‘ pχnηq if n` 1 is odd

The resulting automorphic GLnpAF q-representation Π5 is unitary, cohomological and conjugate self-
dual, hence comes under the purview of §1.4.3. Moreover, Π58 – Πχ,8 and so the pair pΠχ7 ,Π

5q

satisfies the piano-condition by construction.

Let m be specified as in our second construction-step above. Since CritpΠχ7ˆΠ5q “CritpΠχ7ˆΠχq,
Thm. 1.45 and Rem. 1.46, imply that

(4.22) LSp1
2 `m,Πχ7 ˆΠ5q „QpΠ

χ7
qQpΠ5q ppΠχ7qppΠ

5qppm,Πχ7,8,Π
5
8q

On the other hand, we know that

LSp1
2 `m,Πχ7 ˆΠ5q “

ź

1ďjďn

LSp1
2 `m,χ

7bpχjη ˝NA
L7
{AF qq “

ź

1ďjďn

LSpm,χ7bpχjφ˝NA
L7
{AF qq.

The Hecke character χ7 b pχjφ ˝NA
L7
{AF q has infinity-type z

aι,j`cι,i`
1
2 z̄´aι,j´cι,i`

1
2 at ιi. Hence it

is compatible, cf. §4.1, with the CM type
ď

ιPΣ

tιi | i ě n` 2´ ju Y tῑi | i ď n` 1´ ju.

By Blasius’s result, Thm. 4.7, we have:

LSpm,χ7 b pχjφ ˝NA
L7
{AF qq

„Epχ7qEpχjqEpφq p2πiqmdpn`1q
ź

ιPΣ

ź

iěn`2´j

ppχ̌7, ιiqppχ̌j , ιqppφ̌, ιq
ź

iďn`1´j

ppχ̌7, ῑiqppχ̌j , ῑqppφ̌, ῑq

Denote
ś

1ďjďn
Epχjq simply by E1. Then

LSp1
2 `m,Πχ7 ˆΠ5q(4.23)

“
ź

1ďjďn

LSpm,χ7 b pχjφ ˝NA
L7
{AF qq

„Epχ7qE1Epφq p2πiqmdnpn`1q
ź

ιPΣ

rp
ź

1ďiďn`1

ppχ̌7, ιiq
i´1ppχ̌7, ιiq

n`1´iqp
ź

1ďjďn

ppχ̌j , ιq
j´1ppχ̌j , ῑq

n`1´jq ˆ

pppφ̌, ιqnpn`1q{2ppφ̌, ῑqnpn`1q{2qs

„Epχ7qE1Epφq p2πiqp
1
2
`mqdnpn`1q

ź

ιPΣ

rp
ź

1ďiďn`1

ppχ̌7, ιiq
i´1ppχ̌7, ιiq

n`1´iqp
ź

1ďjďn

ppχ̌j , ιq
j´1ppχ̌j , ῑq

n`1´jqs
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where the last equation is due to the fact that ppφ̌, ιqppφ̌, ῑq „Epφq 2πi.

On the other hand, by Corollary 4.14 we know that

(4.24) ppΠχ7q „EpΠ
χ7
qEpχ7q apΠχ7,8q

´1p2πiqdpn`1qpn`2q{2
ź

ιPΣ

ź

1ďiďn`1

rppχ̌7, ιiq
i´1ppχ̌7, ῑiq

n`1´is.

Moreover, by Corollary 2.13, we know ppΠ5q „EpΠ5qEpφq
ś

1ďjăkďn

Lp1, χj b χ_k q: We point out that

here our assumptions Conv. 1.24 and 1.29 enter the proof.

The Hecke character χj b χ_k “ χj b χck has infinity-type zaι,j´aι,k z̄´aι,j`aι,k . Since j ă k, we
know aι,j ´ aι,k ą 0 and the character χj b χck is compatible with Σ̄. Therefore,

ź

1ďjăkďn

Lp1, χj b χ
_
k q „E1 p2πiqdnpn´1q{2

ź

1ďjăkďn

ź

ιPΣ

ppχ̌jχ̌k
c, ῑq

„E1 p2πiqdnpn´1q{2
ź

1ďjăkďn

ź

ιPΣ

rppχ̌j , ῑqppχ̌k, ιqs

„E1 p2πiqdnpn´1q{2
ź

ιPΣ

ź

1ďjďn

rppχ̌j , ιq
j´1ppχ̌j , ῑq

n`1´js

and hence

(4.25) ppΠ5q „EpΠ5qE1Epφq p2πiq
dnpn´1q{2

ź

ιPΣ

ź

1ďjďn

rppχ̌j , ιq
j´1ppχ̌j , ῑq

n`1´js.

As above, we assume that either µ is sufficiently regular or, if not, the validity of the following
hypothesis

Hypothesis 4.26. There exists χ7 and χj, 1 ď j ď n as above, such that LSp1
2 ,Πχ7 ˆ Π5q ‰ 0.

Equivalently, Lp1
2 , pχ

7 ˝NAL{AF qχjηq ‰ 0 for all j.

As before we notice that this hypothesis, as combined with Cor. 1.47, implies the non-vanishing of
LSp1

2 ,
σΠχ7ˆ

σΠ5q for all σ P AutpCq. We may now use again the transitivity of the relation “„”, see
Rem. 1.31. Hence, comparing (4.22), (4.23), (4.24) and (4.25), and invoking our Minimizing-Lemma,
Lem. 1.34, we deduce that:

(4.27)
ppm,Πχ7,8,Π

5
8q

apΠχ7,8q
„EpΠ

χ7
qEpΠ5q p2πiq

p 1
2
`mqdnpn`1q´ 1

2
dpn`1qpn`2q´ 1

2
dnpn´1q.

Conclusion: Comparing (4.21) with (4.27), invoking Rem. 1.18 and applying our Minimizing-Lemma
once more, we conclude that apΠχ,8q „EpΠχq p2πiq

dn. As Πχ,8 – Π8, Rem. 1.18 and applying our
Minimizing-Lemma finally imply the desired relation apΠ8q „EpΠq p2πiq

dn for our given cuspidal
representation Π.

For the last assertion, observe that the relation for apΠ8q is independent of the choice of field
extensions L7 and L. Hence, it is in fact equivariant under the union of all groups AutpC{pL7LqGalq,
taken over all L7 and L, which are cyclic CM-extensions of F of prescribed degree. By class field
theory, this union is AutpC{FGalq. �

Remark 4.28. Instead of the regularity-condition on µ, we could have equivalently assumed that
there is a conjugate self-dual cuspidal automorphic representation Π7 of GLn`1pAF q, satisfying the
piano-hypothesis when coupled with Π, and 1

2 `m PCritpΠ7 ˆ Πq with m ‰ 0. This assumption,
however, just reads far more elaborate than the simple obstruction on the highest weight µ.
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Let now Π and Π1 be automorphic representations as in Thm. 1.45 and assume that their
archimedean components Π8 and Π18 are conjugate self-dual. Choose conjugate self-dual Hecke
characters χ of L and χ1 of L1 as in §4.4.1 such that Πχ,8 – Π8 and Πχ1,8 – Π18. By re-adjusting
the characters, if necessary, we may impose that Πχ and likewise Πχ1 is cuspidal. For reference in
the theorem below we record our last

Hypothesis 4.29. There are characters χ and χ1 as above such that LSp1
2 ,Πχ ˆΠχ1q ‰ 0. Equiv-

alently, LSp1
2 , pχ ˝NALL1{ALqpχ

1 ˝NALL1{AL1 qpη ˝NALL1{AF qq ‰ 0.

We obtain

Corollary 4.30. Let Π and Π1 be cohomological automorphic representations as in Thm. 1.45
and assume that their archimedean components Π8 and Π18 are conjugate self-dual. Let 1

2 `m P

CritpΠ ˆ Π1q be a critical point. If m “ 0 we assume Hyp. 4.20 & 4.26 for Π and Π1, whenever µ
or µ1 are not sufficiently regular, and moreover Hyp. 4.29. Then,

ppm,Π8,Π
1
8q „EpΠqEpΠ1q p2πiq

mdnpn´1q´ 1
2
dpn´1qpn´2q

is equivariant under the action of AutpC{FGalq.

Proof. Choose some algebraic conjugate self-dual Hecke characters χ and χ1 as in §4.4.1, such that
Πχ and Πχ1 are cuspidal with Πχ,8 – Π8 and Πχ1,8 – Π18. As pointed out above, this is always
possible. Let 1

2 `m PCritpΠ ˆ Π1q “CritpΠχ ˆ Πχ1q. If m ‰ 0, then our description of the set of
critical points for Eisenstein representations, which satisfy the piano-condition, given in §1.7.1, tells
us that the highest weights µ and µ1 of the finite-dimensional coefficient modules Eµ and Eµ1 , with
respect to which Π8 and Π18 are cohomological, are sufficiently regular. Hence, Thm. 4.17 holds
for Πχ and Πχ1 , i.e., we have apΠχ,8q „EpΠχq p2πiq

dn and apΠχ1,8q „EpΠχ1 q
p2πiqdpn´1q. Moreover,

as 1
2 `m ‰ 1

2 , the critical L-value LSp1
2 `m, σΠχ ˆ

σΠχ1q is non-zero for all σ P AutpCq. Hence,
(4.21) is valid, which yields

ppm,Πχ,8,Πχ1,8q „EpΠχqEpΠχ1 q
p2πiqmdnpn´1q´ 1

2
dpn´1qpn´2q.

Invoking our Minimizing-Lemma, cf. Lem. 1.34, shows the claim for m ‰ 0. If m “ 0, then our
additional assumptions imply that one may in fact argue as form ‰ 0. This completes the proof. �

4.5.1. Some remarks on our hypotheses. The reader will have observed that we invoke our non-
vanishing hypotheses Hyp. 4.20 and 4.26 in the proof of Thm. 4.17 only, if we have no critical
point s “ 1

2 `m, with m ‰ 0 at our disposal. Similarly, we only invoked Hyp. 4.29 in the proof of
Cor. 4.30 only, when we wanted to determine ppm,Π8,Π18q at the center of symmetry, i.e., atm “ 0.

Indeed, whenever we (may) consider a non-central critical point s “ 1
2 ` m, m ‰ 0, our results,

Thm. 4.17 and its corollary, Cor. 4.30, hold unconditionally. Translated into a condition on the
highest weight under consideration – for simplicity let us denote it here uniformly by µ “ pµιqιPΣ –
the existence of a critical point s “ 1

2 `m with m ‰ 0 is equivalent to µι,j ´ µι,j`1 ě 2 for all ι P Σ
and 1 ď j ď n ´ 1, see §1.7.1. In other words, if the highest weight at hand is sufficiently regular,
then we do not need to assume any further hypotheses in Thm. 4.17 nor do we have to do so, when
we determine ppm,Π8,Π18q at m ‰ 0 in Cor. 4.30.

In the case when our hypotheses are in force, (i.e., if there is either no non-central critical point,
or, if we want to compute ppm,Π8,Π18q at m “ 0) we have already reformulated the expected
non-vanishing of the Rankin-Selberg L-function at hand in terms of the non-vanishing of a Hecke
L-function, see Hyp. 4.20, 4.26 and 4.29. The question of non-vanishing of Hecke L-series is largely
addressed by the literature, which in fact provides strong evidence that our hypotheses hold true in
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the required generality: As a first clue for this, we recall a result of Rohrlich. Let π be a unitary
cuspidal automorphic representation of GL2pAF q or GL1pAF q (i.e., a unitary Hecke character of F
in the latter case). Then the main result in [DRoh89] shows the non-vanishing of LSp1

2 , π b χq for
infinitely many twists by Hecke characters χ of F .

Unfortunately, Rohrlich’s result is not sufficient for us to actually prove the validity of our hy-
potheses, since it does not provide the additionally necessary, qualitative information on the twists
χ, required by our proof, like being conjugate self-dual, for instance.

However, Rohrlich’s result fits into an increasingly general series of explicit results and conjec-
tures about the non-vanishing of standard L-functions – over CM-fields we refer to [Eis17], Thm.
3.15 and Thm. 3.16, [Gin-Jia-Ral04], Thm. 5.1 and Thm. 6.3, and [Jia-Zha18], Conj. 1.1. From
these references we extract the following, very general conjecture

Conjecture 4.31. Let Hn “ UpVnq be a unitary group over F` of rank n, as in §1.2. Let π
be a cuspidal automorphic representation HnpAF`q. Then there exists an automorphic character
α : H1pAF`q Ñ C˚ of finite order, such that LSp1

2 , π b αq ‰ 0.

If we do not require α to be of finite order, then Conj. 4.31 is known to hold for quasi-split unitary
groups Hn of rank n ď 4 and generic, tempered representations π. See [Jia-Zha18], Thm. 1.4.

Returning to our hypotheses Hyp. 4.20, 4.26 and 4.29, we observe that Conj. 4.31 provides far
more than what we need:

Lemma 4.32. Conj. 4.31 for n “ 1 implies Hyp. 4.26. Conj. 4.31 for general n implies Hyp. 4.20
and Hyp. 4.29.

Proof. Clearly Conjecture 4.31 for n “ 1 implies Hyp. 4.26 since one can twist each χi in Hyp. 4.26
by any conjugate self-dual character finite order.
Hyp. 4.20 and Hyp. 4.29 are of the same form. We provide the argument for Hyp. 4.29: For
simplicity, we may also assume that n is even. We first take any conjugate self-dual Hecke characters
χ0 of L and χ1 of L1 as in §4.4.1 such that Πχ0,8 – Π8 and Πχ1,8 – Π18. Note that LL1 is a cyclic
extension of L of degree n´ 1. Let Π1L be the automorphic induction of χ1 ˝NALL1{AL1 to L. It is an
automorphic representation of GLn´1pALq. We can asssume that Π1L is cuspidal by twisting χ1 by
a suitable conjugate self-dual Hecke character finite order. Moreover, Π1L being conjugate self-dual
and cohomological ensures that it is in the image of quadratic base change from some unitary group
Hn{F

`, see [Gro-MHar-Lap16], §6.1. By Conj. 4.31, there hence exists a conjugate self-dual Hecke
character β of F of finite order, such that LSp1

2 , pΠ
1
L b χ0pη ˝NAL{AF qq b βq ‰ 0. (Explcitly, β is

simply defined by sending z P AˆF to αpzpzcq´1q for α as being provided by Conj. 4.31.) We note
that LSp1

2 , pΠ
1
L b χ0pη ˝ NAL{AF qq b βq “ LSp1

2 , pχ0β ˝ NALL1{ALqpχ
1 ˝ NALL1{AL1 qpφ ˝ NALL1{AF qq.

Therefore, letting χ :“ χ0β, we obtain the assertion of Hyp. 4.29. �

5. Our four main theorems for special L-values

5.1. Critical values of Asai L-functions. Our first main theorem for special values has two
assets: Firstly, it generalizes Thm. 1.42 to isobaric representations Π1 “ Π1 ‘ ... ‘ Πk, with an
arbitrary number of conjugate self-dual cuspidal summands Πi. Secondly, we are able to explicitly
determine the archimedean factor in the resulting relation due to our calculations in §4.4 as a
concrete power of p2πiq. In what follows, we write µalgi for the highest weight of the algebraic
representation with respect to which Πalg

i , cf. 2.12, is cohomological. We recall again that our two
conventions, Conventions 1.24 and 1.29, are in force.
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Theorem 5.1. Let Π1 “ Π1 ‘ ... ‘ Πk be a cohomological isobaric automorphic representation of
GLnpAF q as in 1.4.3, such that each cuspidal automorphic summand Πi is conjugate self-dual. If
µalgi is not sufficiently regular, we assume Hyp. 4.20 & 4.26 for Πalg

i . One has

LSp1,Π1,Asp´1qnq „EpΠ1q p2πiq
dnppΠ1q

which is equivariant under the action of AutpC{FGalq.

Proof. On the one hand, by Lem. 3.3 we know that

LSp1,Π1,Asp´1qnq “

k
ź

i“1

LSp1,Πalg
i ,Asp´1qni q ¨

ź

1ďiăjďk

LSp1,Πi ˆΠ_j q.

Since Πalg
i is unitary conjugate self-dual, cuspidal and cohomological, we may apply Thm. 1.42 and

by our extra assumptions on Πalg
i moreover Thm. 4.17 to get

LSp1,Πalg
i ,Asp´1qni q „

EpΠalg
i q

apΠalg
i,8qppΠ

alg
i q „EpΠalg

i q
p2πiqdnippΠalg

i q

which is equivariant under the action of AutpC{FGalq.

On the other hand, by Cor. 2.13, we have

ppΠ1q „EpΠ1qEpφq
ź

1ďiďk

ppΠalg
i q

ź

1ďiăjďk

LSp1,Πi ˆΠ_j q

which is also equivariant under the action of AutpC{FGalq. Hence,

LSp1,Π1,Asp´1qnq „ k
ś

i“1
EpΠalg

i qEpΠ
1qEpφq

k
ź

i“1

p2πiqdni ¨ ppΠ1q “ p2πiqdnppΠ1q.

We apply the Minimizing-Lemma, cf. Lem. 1.34, in order to shrink the base field of the relation to
EpΠ1q. This shows the claim.

�

5.2. Critical values of Rankin-Selberg L-functions. Our second main theorem for special val-
ues provides a explicit refinement of Thm. 1.45, revealing the archimedean factor ppm,Π8,Π18q –
extending Cor. 4.30 – also for non-cuspidal isobaric representations Π1 as an explicit power of p2πiq.

As before, we may choose some appropriate algebraic conjugate self-dual Hecke characters χ and χ1
as in §4.4.1, such that Πχ,8 – Π8 and Πχ1,8 – Π18. We write Πχ1 “ Πχ1,1 ‘ ...‘ Πχ1,k.

Theorem 5.2. Let Π and Π1 be cohomological automorphic representations as in Thm. 1.45 and
assume that their archimedean components Π8 and Π18 are conjugate self-dual. Let 1

2`m P CritpΠˆ
Π1q be a critical point. If m “ 0 we assume that there are algebraic conjugate self-dual Hecke
characters χ and χ1 as in §4.4.1, such that Πχ is cuspidal and such that pΠχ,Πχ1q satisfies Hyp.
4.29 and moreover, that whenever µ or µalgχ1,i is not sufficiently regular, Hyp. 4.20 & 4.26 hold for Π

resp. Πalg
χ1,i. Then,

LSp1
2 `m,ΠˆΠ1q „EpΠqEpΠ1q p2πiq

mdnpn´1q´ 1
2
dpn´1qpn´2qppΠq ppΠ1qGpωΠ1f

q

which is equivariant under AutpC{FGalq.
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Proof. Let χ and χ1 be appropriate algebraic conjugate self-dual Hecke characters as in §4.4.1,
such that Πχ,8 – Π8 and Πχ1,8 – Π18. We may arrange that Πχ is cuspidal and write Πχ1 “

Πχ1,1 ‘ ...‘ Πχ1,k. Let 1
2 `m PCritpΠˆΠ1q “CritpΠχ ˆΠχ1q. If m ‰ 0, then our description of the

set of critical points, cf. §1.7.1, implies that the highest weights µ or µalgχ1,i are all sufficiently regular.
In particular, the automorphic representations Πχ and Πχ1 then satisfy the assumptions of Thm.
1.45 and Thm. 5.1. Hence, we obtain

(5.3)
LSp1

2 `m,Πχ ˆΠχ1q

LSp1,Πχ,Asp´1qnqLSp1,Πχ1 ,Asp´1qn´1
q
„EpΠχqEpΠχ1 q

ppm,Πχ,8,Πχ1,8q

p2πiqdp2n´1q

which is equivariant under the action of AutpC{FGalq. On the other hand, applying Prop. 4.8 and
4.15 shows that the same quotient satisfies the relation

(5.4)
LSp1

2 `m,Πχ ˆΠχ1q

LSp1,Πχ,Asp´1qnqLSp1,Πχ1 ,Asp´1qn´1
q
„EpχqEpχ1qEpφq p2πiq

p 1
2
`mqdnpn´1q´dn2

which is equivariant under the action of AutpC{pLL1qGalq. As 1
2 `m ‰ 1

2 we have LSp1
2 `m,Πχ ˆ

Πχ1q ‰ 0, so we may combine (5.3) and (5.4) and obtain

ppm,Π8,Π
1
8q „EpΠqEpΠ1q p2πiq

mdnpn´1q´ 1
2
dpn´1qpn´2q

by the Minimizing-Lemma, cf. Lem. 1.34. Hence, the result follows for m ‰ 0 from applying Thm.
1.45 to Π and Π1. If finally m “ 0, then our assumptions on Π and Πalg

χ1,i imply that one may argue
as for the case m ‰ 0. This completes the proof. �

5.3. Quotients of critical L-values. As a consequence of Thm. 5.1 and Thm. 5.2, we obtain
another two rationality-results, both for quotients of critical L-values, see Thm. 5.5 and Thm. 5.6
below. It is one of their advantages that they avoid any reference to bottom-degree Whittaker
periods, but express the respective ratio of critical L-values purely in terms of powers of p2πiq.

Let us point out that the first of these theorems, Thm. 5.5, establishes the main result of [GHar-Rag20]
for general CM-fields F , and a general pair of automorphic representations pΠ,Π1q of GLnpAF q ˆ
GLn´1pAF q satisfying Thm. 5.6, as compared to the case of totally real fields F` and a pair of
cuspidal cohomological representations pσ, σ1q of GLnpAF`qˆGLn1pAF`q considered ibidem. While
the second theorem, Thm. 5.6, will allow us to prove a version of the refined Gan–Gross–Prasad
conjecture for unitary groups in §6 below. It is also closely connected to Deligne’s conjecture for
motivic L-functions, see Rem. 5.8.

Theorem 5.5. Let Π and Π1 be as in Thm. 5.2 and let 1
2 `m,

1
2 ` ` P CritpΠˆΠ1q be two critical

points. Whenever LSp1
2 ` `,ΠˆΠ1q is non-zero (e.g., if ` ‰ 0),

LSp1
2 `m,ΠˆΠ1q

LSp1
2 ` `,ΠˆΠ1q

„EpΠqEpΠ1q p2πiq
dpm´`qnpn´1q.

and this relation is equivariant under the action of AutpC{FGalq. In particular, if LSp3
2`m,ΠˆΠ1q

is non-zero (e.g., if m ‰ ´1), the quotient of consecutive critical L-values satisfies

p2πiqdnpn´1qL
Sp1

2 `m,ΠˆΠ1q

LSp3
2 `m,ΠˆΠ1q

P EpΠqEpΠ1q.

Proof. This follows directly from Thm. 5.2. �

This theorem also generalizes [Jan18], Thm. A, where an analogously explicit result has been
proved (under different assumptions) for pairs of cuspidal representations pπ, σq.
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Theorem 5.6. Let Π be a cohomological conjugate self-dual cuspidal automorphic representation of
GLnpAF q and let Π1 “ Π1 ‘ ... ‘ Πk be a cohomological isobaric automorphic sum on GLn´1pAF q,
fully induced from distinct conjugate self-dual cuspidal automorphic representations Πi. Assume
that the highest weight modules Eµ and Eµ1 of Π and Π1 satisfy the piano-hypothesis Hyp. 1.44. Let
1
2 ` m P CritpΠ ˆ Π1q be a critical point. If m “ 0 we assume that there are algebraic conjugate
self-dual Hecke characters χ and χ1 as in §4.4.1, such that Πχ is cuspidal, pΠχ,Πχ1q satisfies Hyp.
4.29 and moreover, that whenever µ or µalgχ1,i is not sufficiently regular, Hyp. 4.20 & 4.26 hold for Π

resp. Πalg
χ1,i. Then,

LSp1
2 `m,ΠˆΠ1q

LSp1,Π,Asp´1qnq LSp1,Π1,Asp´1qn´1
q
„EpΠqEpΠ1q p2πiq

mdnpn´1q´dnpn`1q{2.

and this relation is equivariant under the action of AutpC{FGalq.

Proof. Let Π and Π1 be as stated. By Thm. 5.2, see also Rem. 1.46,

LSp1
2 `m,ΠˆΠ1q „EpΠqEpΠ1q p2πiq

mdnpn´1q´ 1
2
dpn´1qpn´2qppΠq ppΠ1q.

By Thm. 5.1, we have LSp1,Π,Asp´1qnq „EpΠq p2πiqdnppΠq and LSp1,Π1,Asp´1qn´1
q „EpΠ1q

p2πiqdpn´1qppΠ1q. This shows the claim. �

Remark 5.7. From the proof we can see that the same strategy works as well for certain non-
cuspidal Π, for example, if Π is isobaric sum of Hecke characters.

Remark 5.8 (Relation to Deligne’s conjecture). Due to the absence of our Whittaker periods, it
is easiest to interpret Thm. 5.6 from the perspective of Deligne’s conjecture on critical values of
motivic L-functions. Indeed, in Thm. 5.6, s0 “

1
2 ` m is critical for Lps,Π ˆ Π1q and s0 “ 1 is

critical for Lps,Π,Asp´1qnq Lps,Π1,Asp´1qn´1
q in the sense coined by Deligne, cf. [Del79]. Invok-

ing the conjectural dictionary between automorphic representations Π and Π1 and motives, there
should hence be irreducible motives M and M1 over F whose attached Deligne periods capture the
transcendental part of the respective L-value. More precisely, we have:

LSp1
2 `m,ΠˆΠ1q “ LSpm` n´ 1,MˆM1q “ LSp0,MˆM1pm` n´ 1qq,

LSp1,Π,Asp´1qnq “ LSp1,Asp´1qnpMqq “ LSp0,Asp´1qnpMqp1qq,
LSp1,Π1,Asp´1qn´1

q “ LSp1,Asp´1qn´1
pM1qq “ LSp0,Asp´1qn´1

pM1qp1qq.

Moreover, one can show that if pΠ,Π1q satisfies the piano-hypothesis, then the Deligne periods are
related to each other by the formula

c`pMˆM1pm` n´ 1qq „ p2πiqmdnpn´1q´dnpn`1q{2c`pAsp´1qnpMqp1qqc`pAsp´1qn´1
pM1qp1qq

We refer to §1 of [MHar13], when F` “ Q, and to §2 of [MHar-Lin17] for general F`. As a
consequence, Thm. 5.6 is in perfect fit with Deligne’s conjecture, [Del79, Conj. 2.8].

One can also compare Thm. 5.1 and Thm. 5.2 with Deligne’s conjecture, though the actual
presence of Whittaker periods makes it trickier to interpret our formulas motivically. The difficulty
relies in the problem to find a motivic analogue of our Whittaker periods: At least when Π and Π1

descend to unitary groups of all signatures, one can define so-called arithmetic automorphic periods
for these representations (cf. [MHar97], [Lin15b]), which in fact have motivic analogues (cf. §4 of
[MHar-Lin17]). The final bridge between Whittaker periods and arithmetic automorphic periods
is then provided by [Gro-MHar16] and [Lin15b]. We remark that there is an archimedean factor
left undecided in the underlying relations. By a strategy, similar to the one presented here, one
can show however that this archimedean factor is also equivalent to a power of 2πi. One can then
compare the Whittaker periods with the Deligne periods.
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6. Our main theorem on the refined GGP-conjecture for unitary groups

6.1. The framework. Let E{F be a field extension of number fields of degree dimF E ď 2 and c
the unique automorphism of E which has F as fixed points Ec“1 “ F (e.g., E “ F and F “ F`

from §1.1). Let V be a finite dimensional vector space over E and let x¨, ¨y : V ˆ V Ñ E be a
non-degenerate, c-sesquilinear Hermitian pairing. The connected component of the identity of the
group of isometries with respect to pV, x¨, ¨yq is denoted G pVq and a reductive algebraic group over
F (e.g., V “ Vn and G pVq “ Hn from §1.2). Not to interfere with low-rank cases, we will have to
assume tacitly that dimEpVq ` rE : Fs ě 4 (e.g, that n ě 2 in the notation of §1.2).

Let W Ă V be a non-degenerate subspace of V of odd codimension dimEpWKq “ 2r ` 1, whose
orthogonal complement contains an isotropic subspace X of dimension r ě 0 (i.e., W is r-split).
(Here, for reasons of precision, we assume that G pWq is not split if dimEpWq “ 2.) We define
P “ PF to be the parabolic subgroup of G pVq, which stabilizes a fixed complete flag F of r ` 1
isotropic E-subspaces in X and let G pWq be defined as above, replacing V by W. Then there are
natural inclusions G pWq ãÑ PF ãÑ G pVq, where G pWq embeds into a Levi subgroup of P, whence
it acts naturally by conjugation on the unipotent radical N “ NF of P. We set H :“ G pWq¸N ,
which is again a natural subgroup of G pVq. For all the above we refer to [GGPW12], §2 and §12.

In what follows A “ AF. We chose a generic (and hence by definition unitary) character

ψF “ bvψF,v : NFpFqzNFpAq Ñ Cˆ,

which is invariant under conjugation by G pWqpAq and define the form

ΨψF
pϕqpgq :“

ż

NFpFqzNFpAq
ϕpnq ψFpngq

´1 dn,

for an automorphic form ϕ of G pVqpAq and the Tamagawa measure dn of NFpAq. Since the domain
of integration is compact, the integral converges absolutely. Now, let πV (resp. πW) be a cuspidal
automorphic representation of G pVqpAq (resp. G pWqpAq) and ϕ P πV (resp. ϕ1 P πW) be a cusp
form. Then the global period integral

(6.1) Ppϕ,ϕ1q :“

ż

G pWqpFqzG pWqpAq
ΨψF

pϕqpg1q ϕ1pg1q dg1

is absolutely convergent. Again, dg1 denotes the Tamagawa measure on G pWqpAq.

Suppose now in addition that πV and πW are tempered at all places and let S be any finite set of
places containing all archimedean places and the places where πV or πW ramify. Then the partial
L-function LSps, πV b πWq is defined with respect to the local Satake-parameters of πV and πW
outside S and the representation

R “

#

Stb St if E “ F
Ind

LpG pVqˆG pWqq
{G pVqˆG pWq

rStb Sts if rE : Fs “ 2

of the L-group LpG pVq ˆ G pWqq. Here, St denotes the standard representation of the respective
factor. We have to assume that this L-function allows a meromorphic continuation to whole s-plane.

Then, in the situation at hand, the GGP-conjecture asserts

Conjecture 6.2 ([GGPW12], Conj. 24.1). Let πV and πW be tempered cuspidal automorphic repre-
sentations of G pVqpAq resp. G pWqpAq, which appear with multiplicity one in the cuspidal spectrum.
Then the following statements are equivalent:
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(i) LSp1
2 , πV b πWq ‰ 0 and dimC HomH pAqrπV b πW , ψFs “ 1

(ii) Ppϕ,ϕ1q ‰ 0 for some cusp forms ϕ P πV and ϕ1 P πW .

We remark that, strictly speaking, this is an interpretation of the GGP-conjecture, because it
assumes the (expected) holomorphy and non-vanishing for s ą 0 of the (still partly mysterious)
local L-function at the ramified places. Moreover, in view of the focus of this paper, we restricted
our attention to sesquilinear forms of sign 1, while the original GGP-conjecture allows sign -1 as
well. On the other hand, however, [GGPW12] deals only with quasisplit groups, a restriction, which
we avoided.

6.2. Refinements of the GGP-conjecture. In the last couple of years the GGP-Conjecture has
undergone a series of increasingly general refinements, which shade a significant amount of new light
on the original conjecture of GGP. As it will be of great importance for our major application to
know them precisely, we have to recall them shortly. We define L-functions LSps, πV ,Adq (resp.
LSps, πW ,Adq) of πV (resp. πW) with respect to the Satake parameters and the adjoint representa-
tion R “ Ad of the L-group LG pVq (resp. LG pWq). Again, we shall suppose that these L-functions
are meromorphically continuable to all s P C and moreover, that they do not vanish at s “ 1 (Note
that in this generality these L-functions don’t come under the purview of [Sha81], Thm. 5.1).

Recall now that dg1 denotes the Tamagawa measure on G pWq. We choose, once and for all, lo-
cal Haar measures dg1v at all places v of F, such that the following holds

(1) dg1 “
ś

v dg
1
v

(2) voldg1vpOvq P Q for all open subsets Ov of G pWqpFvq, if v is non-archimedean
(3) voldg1vpKvq “ 1 for a hyperspecial maximal compact subgroup Kv of G pWqpFvq, for G pWq

unramified at v.
Next, pin down a factorization πV – b

1
vπV,v which is compatible with the factorization of global

and local inner products, i.e., for the usual L2-product

xϕ1, ϕ2y
V
A “

ż

G pVqpF qzG pVqpAq
ϕ1pgq ϕ2pgq dg,

dg denoting the Tamagawa measure, and the given inner products x¨, ¨yVv on the Hilbert spaces
underlying πV,v, we have

xϕ1, ϕ2y
V
A “

ź

v

xϕ1,v, ϕ2,vy
V
v

for decomposable data ϕi “ b1vϕi,v, i “ 1, 2. Likewise, we fix a factorization πW – b1vπW,v.

Let now v be any non-archimedean place of F. For any pair of (smooth) vectors ϕv, φv P πV,v,
the integral

ż

NFpFvq
xπV,vpnvqϕv, φvy

V
v ψF,vpnvq

´1 dnv,

with dnv being the self-dual measure, stabilizes at some compact open subgroup N0 Ď NFpFvq, i.e.,
for all compact open subgroups N1 Ě N0, integration of xπV,vpnvqϕv, φvyVv ψF,vpnvq

´1 over N1 and
N0 gives rise to the same value, denoted

ż st

NFpFvq
xπV,vpnvqϕv, φvy

V
v ψF,vpnvq

´1 dnv.

See [Lap-Mao15], §2.1, in particular Prop. 2.3. For our tempered cuspidal automorphic represen-
tations πV – b1vπV,v and πW – b1vπW,v and decomposable cuspidal automorphic forms ϕ “ b1vϕv
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and ϕ1 “ b1vϕ1v we may define
(6.3)

αvpϕv, ϕ
1
vq :“

ż

G pWqpFvq

˜

ż st

NFpFvq
xπV,vpg

1
vnvqϕv, ϕvy

V
v ψF,vpnvq

´1 dnv

¸

xπW,vpg1vqϕ
1
v, ϕ

1
vy

W
v dg1v.

By one of the main results in [Liu16], Thm. 2.1, αvpϕv, ϕ1vq is absolutely convergent and αvpϕv, ϕ1vq ě
0.

If v is archimedean, let Cv (resp. C 1v) be a maximal compact subgroup of G pVqpFvq (resp. G pWqpFvq)
and let ϕv (resp. ϕ1v) be a Cv-finite (resp. C 1v-finite) function in πV,v (resp. πW,v). For such functions
we define αvpϕv, ϕ1vq as the Fourier transform of the tempered distribution given by the absolutely
convergent integral (cf. [Liu16], Cor. 3.13 and [Sun09], Thm. 1.2)

aϕv ,ϕ1vpnvq :“

ż

NFpFvq´8ˆG pWqpFvq
xπV,vpnvn

1
vg
1
vqϕv, ϕvy

V
v xπW,vpg1vqϕ

1
v, ϕ

1
vy

W
v dn1vdg

1
v,

(where nv P NFpFvq and NFpFvq´8 denotes the subset of matrices in NFpFvq, which are 0 at those
off-diagonal matrix-entries, on which ψF,v is defined, cf. [Liu16], p. 155) evaluated at the generic
character ψF,v,

(6.4) αvpϕv, ϕ
1
vq :“ {aϕv ,ϕ1vpψF,vq.

By [Liu16], Thm. 2.1, αvpϕv, ϕ1vq ě 0. If πV,v is in the discrete series, then αvpϕv, ϕ1vq is known to
be absolutely convergent, see [Liu16], Prop. 3.15.

Set

∆G pVq :“

$

&

%

śn
i“1 ζFp2iq if E “ F and dimE V “ 2n` 1

śn´1
i“1 ζFp2iq ¨ Lpn, χV,f q if E “ F and dimE V “ 2n

śn
i“1 Lpi, ε

i
f q if rE : Fs “ 2 (and dimE V “ n)

where χV (resp. ε) denotes the quadratic Hecke character FˆzAˆ Ñ Cˆ associated with the dis-
criminant of x¨, ¨yV (resp. with the quadratic extension E : F by class field theory) in the second
(resp. in the last) line.

As a final ingredient, we invoke the theory of global Arthur packets for the square-integrable auto-
morphic spectrum of G pVqpAq and G pWqpAq. It is expected that πV should be associated with a
tempered elliptic Arthur parameter

ΨpπVq : LF Ñ
L G pVq,

uniquely determined by πV . We define SπV :“ Cent
{G pVqpImΨpπVqq to be the centralizer of the image

of ΨpπVq in the Langlands dual group zG pVq. Analogously, one obtains SπW :“ Cent
{G pWqpImΨpπWqq.

Both are a elementary 2-abelian groups.

Liu’s refinement of the GGP-conjecture now provides a comparison of two adelic pairings, the
key-ingredient of this comparison being that one of them is defined ad hoc globally (by (6.1)) while
the other is only defined ex post globally (by forming the product over all places v of the integrals
(6.3)). Here is Liu’s conjecture

Conjecture 6.5 ([Liu16], Conj. 2.5). Let πV – b1vπV,v (resp. πW – b1vπW,v) be a tempered cuspidal
automorphic representation of G pVqpAq (resp. G pWqpAq) coming together with a fixed tensor product
factorization, which is compatible with the factorization of global and local inner products, and
appearing with multiplicity one in the cuspidal spectrum. Let S be any finite set of places of F,
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containing the archimedean ones and such that πV , πW and ψF are unramified outside S. Then for
all decomposable C8-finite (resp. C 18-finite) smooth functions ϕ “ b1vϕv P πV resp. ϕ1 “ b1vϕ1v P πW ,

‚ the Fourier transform αvpϕv, ϕ
1
vq is absolutely convergent for all archimedean places v,

‚ αv ı 0 if and only if dimC HomH pFvqrπV,v b πW,v, ψF,vs “ 1 for all v
and one obtains the identity

|Ppϕ,ϕ1q|2 “ 1

|SπV | ¨ |SπW |
∆G pVq L

Sp1
2 , πV b πWq

LSp1, πV ,Adq LSp1, πW ,Adq

ź

vPS

αvpϕv, ϕ
1
vq.

Again, our Conj. 6.5 amounts to a “sanded” version of Liu’s original conjecture [Liu16], Conj.
2.5: On the one hand, we believe it is more convenient to simply assume that our cusp forms are
tempered and appear with multiplicity one. This emulates Liu’s assumption of being almost locally
generic, but also has the advantage that it is (conjecturally) even less restrictive than his original
genericity-supposition and avoids moreover all difficulties arising from questions of convergence of
αvpϕv, ϕ

1
vq at non-archimedean places. On the other hand, we have to assume the well-expected

local properties of our L-functions at v P S of being holomorphic and non-zero for s ą 0.
Specifying on the data entering Conj. 6.5, one retrieves the older conjectures of Ichino-Ikeda,

[Ich-Ike10], Conj. 2.1 and N. Harris, [NHar14], Conj. 1.3:

Conjecture 6.6 (Ichino-Ikeda). This is Conj. 6.5 with r “ 0 and E “ F.

Conjecture 6.7 (N. Harris). This is Conj. 6.5 with r “ 0 and rE : Fs “ 2.

6.3. An application of Thm. 5.6 - an algebraic version of the refined GGP-conjecture.
It is the goal of this section to prove an algebraic version of Liu’s refined GGP-conjecture. More
precisely, recall the c-hermitian spaces V “ Vn{F and attached unitary groups G pVq “ Hn “

UpVnq{F
` from §1.2. By an Epπq-rational function ϕ “ b1vϕv P π we mean a decomposable function

whose πf -component lies in the fixed Epπq-structure on πf , chosen in §1.4.2, while its attached
matrix coefficients at the archimedean places define an element of the affine algebra EpπqpHnq of
the algebraic group Hn. Likewise for π1. We may now prove

Theorem 6.8. Let π – b1vπv (resp. π1 – b1vπ1v) be a cohomological tempered cuspidal automorphic
representation of HnpAF`q “ UpVnqpAF`q (resp. Hn´1pAF`q “ UpVn´1qpAF`q), coming together
with a fixed tensor product factorization, which is compatible with the factorization of global and
local inner products. Let S be any finite set of places of F`, containing the archimedean ones and
such that π and π1 are unramified outside S. Assume moreover that the quadratic base change
BCpπq “ Π is a cohomological cuspidal automorphic representation Π of GLnpAF q as in §1.4.1 and
that the quadratic base change BCpπ1q “ Π1 is a cohomological isobaric automorphic representation
GLn´1pAF q as in §1.4.3.

(1) If Hn,8 and Hn´1,8 are compact and Π and Π1 satisfy the conditions of Thm. 5.6, then for all
smooth Epπq-rational (resp. Epπ1q-rational) functions ϕ “ b1vϕv P π (resp. ϕ1 “ b1vϕ1v P π1),

(6.9) |Ppϕ,ϕ1q|2 „EpπqEpπ1q
∆Hn L

Sp1
2 , π b π1q

LSp1, π,Adq LSp1, π1,Adq

ź

vPS

αvpϕv, ϕ
1
vq

where Epπq or Epπ1q are the number fields defined in §1.4.2.

(2) If Hn,8 or Hn´1,8 are non-compact, but Eµ and Eµ1 satisfy the piano-hypothesis, cf. Hy-
pothesis 1.44, then the same conclusion holds trivially for all smooth C8- (resp. C 18–)finite
decomposable functions in π (resp. π1).

Remark 6.10. The factor q P EpπqEpπ1q used in relating the left- and the right-hand-side of (6.9)
is independent of the cusp forms ϕ and ϕ1. However, as it is obvious by the definition of our relation
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“„EpπqEpπ1q”, see Def. 1.30, our theorem cannot detect whether or not one side in (6.9) is non-zero,
but rather compensates this defect: If one side of (6.9) vanishes, then the theorem holds by brute
force, multiplying the respective other side by 0 P EpπqEpπ1q. The non-trivial assertion of our
theorem is hence in fact about the case when both sides of the relation (6.9) do not vanish: Then
they are linked by a non-zero number q in the concrete number field EpπqEpπ1q, q being furthermore
independent of ϕ and ϕ1.

Before we prove Thm. 6.8 we state two further important remarks:

Remark 6.11 (Well-definedness). Before we put our main theorem into relation with the recent
literature on Conj. 6.5 (and Conj. 6.7), let us first remark on the various objects in Thm. 6.8, in
particular the quantities in (6.9), being well-defined. Firstly, the results in [Lab11], Cor. 5.3 and
[Mor10], Prop. 8.5.3, as jointly refined by Shin, [Shi14], Thm. 1.1, show that quadratic base change
BC is well-defined and exists for all unitary groups Hn and Hn´1 and representations π and π1 as
above (at least if F “ KF`, K an imaginary quadratic field; the general case being a consequence
of [KMSW14], Thm. 1.7.1 and their Rem. 1.7.2 right below). Moreover, by the description of its
image, it makes sense to specify the properties of the base change lifts BCpπq and BCpπ1q as we
did in the statement of Thm. 6.8, namely to assume that BCpπq is (cohomological) cuspidal (as in
§1.4.1) and that BCpπ1q is a (cohomological) isobaric sum of cuspidal automorphic representations
(as made precise in §1.4.3).
Secondly, this implies that LSps, πb π1q “

ś

1ďiďk L
Sps,ΠˆΠiq is holomorphic at s “ 1

2 as well as
that the product

LSps, π,Adq ¨ LSps, π1,Adq “ LSp1,Π,Asp´1qnq ¨ LSp1,Π1,Asp´1qn´1
q

is holomorphic and non-vanishing at s “ 1, see Cor. 3.4. In particular, the quotient of L-values in
our algebraic relation (6.9) makes sense without any assumptions.
Thirdly, we recall that the absolute convergence of αvpϕv, ϕ1vq at archimedean v – as demanded by
Conj. 6.5 – follows from the fact that a (by assumption) tempered and cohomological representation
of a unitary group must be in the discrete series, cf. §1.4.1.
This demonstrates that all objects and quantities in Thm. 6.8 exist and are well-defined. On a
final remark, let us point out that both π and π1 enjoy multiplicity one in the square-integrable
automorphic spectrum (combine [KMSW14], §0.3.3, Thm. 1.7.1, Rem. 1.7.2 and Thm. 5.0.5).

Remark 6.12 (A comparison of our theorem with results on the refined GGP-conjecture in the
literature). As our algebraicity-result is coarser in its very statement, than Conj. 6.5 resp. Conj. 6.7,
we feel that a remark is in order to put our result in relation with the results of recent literature.
Zhang ([Zha14b], Thm. 1.2.(2)) has established the equality

|Ppϕ,ϕ1q|2 “
cπ8,π18

4

∆Hn L
Sp1

2 ,ΠˆΠ1q

LSp1,Π,Asp´1qnq LSp1,Π1,Asp´1qn´1
q

ź

vPS

αvpϕv, ϕ
1
vq,

whenever G pVq ˆ G pWq is compact at every archimedean place v of F`. Here, cπ8,π18 is a certain
constant, only depending on the archimedean components of π and π1.

Zhang’s theorem is built on a list of conditions on πV “ π and πW “ π1 (called RH(I) and RH(II),
p. 544). In a series of preprints Beuzart-Plessis has been able to significantly relax Zhang’s condi-
tions and in fact sharpen his result, assuming that the cuspidal automorphic representations π and
π1 are supercuspidal at one non-archimedean place. See [Beu16b], Thm. 1.0.4 and [Beu18], Thm.
5. The analogous assumption of supercuspidality also appears in the work of Chaudouard-Zydor
[Cha-Zyd16, Thm. 1.1.6.2] and Xue [Xue17, Thm. 1.1]. If ΠbΠ is cuspidal, then the refined GGP-
conjecture has been shown very recently in [BPLZZ19], Thm. 1.9.
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It is important to notice that our result, Thm. 6.8, avoids any assumption of supercuspidality
of π b π1 at any place, nor do we have to assume that both lifts Π and Π1 are cuspidal. In this
regard, our result on the refined GGP-conjecture, Thm. 6.8, may be viewed as a complementary
theorem to the above mentioned results, applying to a different (broader) class of cuspidal repre-
sentations π and π1. As we have learned very recently, in [Beu-Cha-Zyd20], which quotes our Thm.
6.8 above, the cuspidality assumption on ΠbΠ will finally be removed.

6.4. Proof of Thm. 6.8. Recall Eµ and Eµ1 , the coefficient modules with respect to which Π, resp.
Π1 are of non-trivial cohomology. For simplicity, put for each v P S8, λv :“ pµιv ,1, ..., µιv ,nq (resp.
λ1v :“ pµ1ιv ,1, ..., µ

1
ιv ,n´1q ) and let Fλ (resp. Fλ1) be the irreducible algebraic representation of Hn,8

(resp. Hn´1,8) given by the highest weight λ :“ pλvqvPS8 (resp. λ1 :“ pλ1vqvPS8) as in §1.3. Then
Fλ (resp. Fλ1) is the highest weight module with respect to which π8 (resp. π18) is cohomological,
cf. [Lab11], Cor. 5.3.

We assume at first that Hn,8 and Hn´1,8 are compact.

Lemma 6.13. If Eµ and Eµ1 do not satisfy the piano-condition, Hyp. 1.44, then αvpϕv, ϕ1vq “ 0 for
all archimedean places v and functions ϕv P πv and ϕ1v P π1v.

Proof. This an easy consequence of the branching law to which the piano hypothesis is equivalent,
described, in [Goo-Wal09], Thm. 8.1.1: If Eµ and Eµ1 do not satisfy the piano-condition, then the
branching law says that HomHn´1pF

`
v q
rFλv b Fλ1v ,Cs “ 0 for all v P S8. Compactness of Hn,8 and

Hn´1,8 implies that πv – Fv
λv

and π1v – Fv
λ1v

, so by dualizing also HomHn´1pF
`
v q
rπv b π1v,Cs “ 0.

As αv P HomHn´1pF
`
v q
rπv b π

1
v,Cs, this shows the claim. �

Therefore, if Hn,8 and Hn´1,8 are compact, but Eµ and Eµ1 do not satisfy the piano-condition,
then our main theorem, Thm. 6.8, trivially follows by multiplying the left hand side of relation (6.9)
with q “ 0.

Hence, let us now consider the non-trivial case, when Eµ and Eµ1 do satisfy the piano-condition.
Let AcusppHn,Fλq be the space of automorphic (and hence, by compactness of Hn,8 automati-
cally) cuspidal functions, which transform by Fv

λ on the right. Again by compactness of Hn,8, the
restriction of functions φ ÞÑ φ|HnpAf q defines a natural isomorphism

Rn : AcusppHn,Fλq
„
ÝÑ H0pSHn ,Fλq,

the right hand side being defined in §1.3.2. Obviously, the analogous construction works for Hn´1,
defining an isomorphism Rn´1. Then, it is proved in [MHar13] that one obtains the following three
algebraicity results

Proposition 6.14 ([MHar13], Cor. 2.5.4). Let ϕ P π and ϕ1 P π1 be chosen such that they
map via Rn (resp. Rn´1) into the natural Epπq- (resp. Epπ1q-)structure of H0pSHn ,Fλq (resp.
H0pSHn´1 ,Fλ1q), defined in §1.3.2. Then

|Ppϕ,ϕ1q|2 P Epπq ¨ Epπ1q.

Proposition 6.15. If v P S{S8 and ϕv P πv and ϕ1v P π1v are chosen such that the lie in the natural
Epπq- (resp. Epπ1q-) structure of πv (resp. π1v), induced by the factorization πf

„
ÝÑ b1vRS8πv (resp.

π1f
„
ÝÑ b1vRS8π

1
v ), fixed in Thm. 6.8. Then

αvpϕv, ϕ
1
vq P Epπq ¨ Epπ

1q.
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Proof. This is [MHar13], Lem. 4.1.5.1 together with the fact that for all v P S{S8

Lp1
2 ,Πv ˆΠ1vq

Lp1,Πv,Asp´1qnq Lp1,Π1v,Asp´1qn´1
q
P QpΠqQpΠ1q Ď Qpπf qQpπ1f q Ă EpπqEpπ1q,

see [Rag10] Prop. 3.17 and [Gro-MHar-Lap16] §6.4. �

Proposition 6.16 ([MHar13], Cor. 4.1.4.3). For all ϕ8 “ bvPS8ϕv P π8 “ bvPS8πv and ϕ18 “
bvPS8ϕ

1
v P π

1
8 “ bvPS8π

1
v, whose attached matrix coefficients define an element of the affine algebra

EpπqpHnq of the algebraic group Hn (resp. Epπ1qpHn´1q of Hn´1),

α8pϕ8, ϕ
1
8q “

ź

vPS8

αvpϕv, ϕ
1
vq P Epπq ¨ Epπ

1q.

Consequence. Thm. 6.8 holds if Hn,8 and Hn´1,8 are compact.

Proof. Recall that ∆Hn “
śn
j“1 Lpi, ε

j
f q. By (1.37) and (1.38) we know that if j ě 1 is even

then Lpj, εjf q „FGal p2πiq
dj , and if j ě 1 is odd then Lpj, εjf q „FGal p2πiq

dj . Hence ∆Hn „FGal

p2πiqdnpn`1q{2.
Invoking the three propositions, Prop. 6.14, Prop. 6.15 and Prop. 6.16, Thm. 6.8 finally follows from
Thm. 5.6. See also Rem. 6.11. �

Now if Hn,8 or Hn´1,8 is non-compact, but Eµ and Eµ1 satisfy the piano-condition, then we
know by the branching law, [Goo-Wal09], Thm. 8.1.1, that the tempered representation π8 b π18
is distinguished for the pair of compact unitary groups. But by the results in [Beu16a], there is at
most one pair of unitary group such that π8bπ18 is distinguished. In particular, the representation
π8bπ

1
8 can not be distinguished for the pair pHn´1,8, Hn,8q. Hence, αvpϕv, ϕ1vq “ 0 for all v P S8

and all ϕv P πv, ϕ1v P π1v and Thm. 6.8 is trivially true.
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[Gro-Žun20] H. Grobner, S. Žunar, On the notion of smooth automorphic forms and smooth automorphic represen-
tations, preprint (2020) 10

[Gro-Pra92] B. H. Gross, D. Prasad, On the decomposition of a representation of SOn when restricted to SOn´1,
Canad. J. Math. 44 (1992) 974–1002 5

[Hen12] G. Henniart, Induction automorphe globale pour les corps des nombres, Bull. Soc. math. France 140 (2012)
1–17 32, 42

[GHar83] G. Harder, General aspects in the theory of modular symbols, in: Séminaire de Théorie des Nombres, Paris
1981-82, ed M.-J. Bertin, Progress in Mathematics 38 (Boston, Basel, Stuttgart 1983), pp. 73–88 3

[GHar-Rag20] G. Harder, A. Raghuram, Eisenstein cohomology for GLpNq and ratios of critical values of Rankin-
Selberg L-functions, to appear in Ann. Math. Studies 203 (2020) 6, 48

[MHar93] M. Harris, L-functions of 2ˆ2 unitary groups and factorization of periods of Hilbert modular forms, JAMS
6 (1993) 637–719 36, 37

[MHar13] M. Harris, L-functions and periods of adjoint motives, Alg. and Number Theory 7 (2013) 117–155 22, 49,
56

[MHar97] M. Harris, L-functions and periods of polarized regular motives, J. reine angew. Math. 483 (1997) 75–161
7, 22, 37, 50

[MHar-Kud91] M. Harris, S. S. Kudla, The central critical value of the triple product L-functions, Ann. Math. 133
(1991) 605–672 36

[MHar-Lin17] M. Harris, J. Lin, Period relations and Special values of Rankin–Selberg L-functions, in: Representation
Theory, Number Theory, and Invariant Theory, Progress Math. eds J. W. Cogdell, J.-L. Kim, C. B. Zhu,
(Birkhäuser, 2018) pp. 235–264 22, 49, 50

[NHar14] R. N. Harris, The refined Gross-Prasad conjecture for unitary groups, Int. Math. Res. Not. (2014) 303–389
5, 53

[Ich-Ike10] A. Ichino, T. Ikeda, On the periods of automorphic forms on special orthogonal groups and the Gross-
Prasad conjecture, Geom. Funct. Anal. 19 (2010) 1378–1425 53

[Jac-Lan70] H. Jacquet, R. P. Langlands, Automorphic Forms on GLp2q, Lecture Notes in Mathematics, 114
Springer–Verlag (1970) 15, 28

[Jac-PS-Sha81] H. Jacquet, I. Piatetski-Shapiro, J. Shalika, Conducteur des représentations du groupe linéaire, Math.
Ann. 256 (1981) 199–214 13, 25

[Jac-Sha81a] H. Jacquet, J. Shalika, On Euler Products and the Classification of Automorphic Representations I,
Amer. J. Math. 103 (1981) 499–558

[Jac-Sha81b] H. Jacquet, J. Shalika, On Euler Products and the Classification of Automorphic Representations II,
Amer. J. Math. 103 (1981) 777–815 13, 15, 28

[Jan18] F. Januszewski, On Period Relations for Automorphic L-functions I, Trans. AMS, online prepublication,
DOI: https://doi.org/10.1090/tran/7527 (2018) 7, 49

[Jia-Zha18] D. Jiang, L. Zhang, On the Non-vanishing of the Central Value of Certain L-functions: Unitary Groups,
arXiv:1806.04340 (2018) 3, 46

[KMSW14] T. Kaletha, A. Minguez, S. W. Shin, P.-J. White, Endoscopic classification of representations: inner
forms of unitary groups, preprint (2014) 5, 54

[Lab11] J.-P. Labesse, Changement de base CM et séries discrètes, in: On the Stabilization of the Trace Formula,
Vol. I, eds. L. Clozel, M. Harris, J.-P. Labesse, B.-C. Ngô, International Press, Boston, MA, 2011, pp. 429–470
54, 55

[Lab95] J.-P. Labesse, Noninvariant base change identities, Mém. Soc. Math. France (N.S.) 61 (1995) 32
[Lan79] R. P. Langlands, On the Notion of an Automorphic Representation. A supplement to the preceding paper, in:

Proc. Sympos. Pure Math., Vol. XXXIII, part I, AMS, Providence, R.I., (1979), pp. 203–207 11
[Lap-Mao15] E. Lapid, Z. Mao, A conjecture on Whittaker-Fourier coefficients of cusp forms, J. Number Th. 146

(2015) 448–505 52



SPECIAL L-VALUES AND THE REFINED GGP-CONJECTURE 59

[Lap-Rog98] E. Lapid, J. Rogawski, On twists of cuspidal representations of GL(2), Forum Math. 10 (1998) 175–197
31

[Lin15a] J. Lin, Period relations for automorphic induction and applications, Comptes Rendus Math.
353 (2015) 95–100, (reference to this source refers to the detailed version, available online at
https://arxiv.org/abs/1511.03517) 36, 42

[Lin15b] J. Lin, Special values of automorphic L-functions for GLnˆGLn1 over CM fields, factorization and functo-
riality of arithmetic automorphic periods, thèse de docotorat, (2015) 50

[Liu16] Y. Liu, Refined global Gan-Gross-Prasad conjecture for Bessel periods, J. reine angew. Math. 717 (2016)
133–194 5, 52, 53

[Mah05] J. Mahnkopf, Cohomology of arithmetic groups, parabolic subgroups and the special values of automorphic
L-Functions on GLpnq, J. Inst. Math. Jussieu 4 (2005) 553–637. 3, 18

[Mah98] J. Mahnkopf, Modular symbols and values of L-functions on GL3, J. reine angew. Math. 497 (1998) pp.
91–112

[Miy14] M. Miyauchi, Whittaker functions associated to newforms for GLpnq over p-adic fields, J. Math. Soc. Japan
66 (2014) 17–24 13, 27

[Mok15] Chung Pang Mok, Endoscopic Classification of Representations of Quasi-Split Unitary Groups, Memoirs of
the AMS, 235 (2015) 10, 30

[Mor10] S. Morel, On the cohomology of certain non-compact Shimura varieties, Ann. Math. Studies 173 (Princeton
Univ. Press, New Jersey, 2010) 54

[Mœ-Wal89] C. Mœglin, J.-L. Waldspurger, Le Spectre Résiduel de GLpnq, Ann. Sci. de l’ENS 22 (1989) 605–674
16

[Mœ-Wal95] C. Mœglin, J.-L. Waldspurger, Spectral decomposition and Eisenstein series, Cambridge Univ. Press
(1995) 11, 12, 24

[Paz14] F. Pazuki, Heights and regulators of number fields and elliptic curves, Publications mathématiques de Besac-
non 2 (2014) pp. 47–62 21

[Rag16] A. Raghuram, Critical values for Rankin-Selberg L-functions for GLpnqˆGLpn´1q and the symmetric cube
L-functions for GLp2q, Forum Math. 28 (2016) 457–489 3, 22

[Rag10] A. Raghuram, On the special values of certain Rankin-Selberg L-functions and applications to odd symmetric
power L-functions of modular forms, Int. Math. Res. Not. Vol. (2010) 334–372, doi:10.1093/imrn/rnp127 56

[Rag-Sha08] A. Raghuram, F. Shahidi, On certain period relations for cusp forms on GLn, Int. Math. Res. Not. Vol.
(2008), doi:10.1093/imrn/rnn077. 3, 7, 13, 14, 17, 29

[JRoh96] J. Rohlfs, Projective limits of locally symmetric spaces and cohomology, J. Reine Angew. Math. 479 (1996)
149–182 24

[DRoh89] D. E. Rohrlich, Nonvanishing of L-functions for GL(2), Invent. Math. 97 (1989) 381–403 3, 46
[Sch90] J. Schwermer, Cohomology of arithmetic groups, automorphic forms and L-functions, in: Cohomology of

Arithmetic Groups and Automorphic Forms, eds. J.-P. Labesse, J. Schwermer, Lecture Notes in Math. 1447
(Springer, 1990) pp. 1–29 10, 24

[Sch83] J. Schwermer, Kohomologie arithmetisch definierter Gruppen und Eisensteinreihen, Lecture Notes in Math-
ematics, 988 Springer-Verlag (1983) 17, 24

[Sha10] F. Shahidi, Eisenstein series and Automorphic L-functions, Colloquium publications 58, AMS, (2010) 12,
19, 20, 26, 27

[Sha81] F. Shahidi, On certain L-functions, Amer. J. Math. 103 (1981) 297–355 30, 51
[Shl74] J. A. Shalika, The multiplicity one theorem for GLn, Annals of Mathematics 100 (1974) 171–193 15, 16, 28
[Shi14] S. W. Shin, On the cohomological base change for unitary similitude groups, appendix to: W. Goldring,

Galois representations associated to holomorphic limits of discrete series I: Unitary Groups, Compos. Math. 150
(2014) 191–228 5, 54

[Sie69] C. L. Siegel, Berechnung von Zetafunktionen an ganzzahligen Stellen. (German) Nachr. Akad. Wiss. Göttingen
Math. Phys. Kl. II 10 (1969), 87-102. 21

[Spe82] B. Speh, Induced representations and the cohomology of discrete subgroups, Duke J. 49 (1982) 1115–1127
17

[Sun09] B.Sun, Bounding matrix coefficients for smooth vectors of tempered representations, Proc. Amer. Math. Soc.
137 (2009) 353–357. 52

[Vog-Zuc84] D. A. Vogan Jr., G. J. Zuckerman, Unitary representations with nonzero cohomology, Comp. Math. 53
(1984) 51–90 10

[Wal85a] J.-L. Waldspurger, Quelques propriétés arithmétiques de certaines formes automorphes sur GL(2), Comp.
Math. 54 (1985) 121–171 10, 11



60 HARALD GROBNER & JIE LIN

[Wal85b] J.-L. Waldspurger, Sur les valeurs de certaines fonctions L-automorphes en leur centre de symetrié, Compos.
Math. 54 (1985) 173–242

[Wei67] A. Weil, Basic number theory, Die Grundlehren der mathematischen Wissenschaften, 144, (Springer-Verlag,
New York, 1967) 7, 8

[Xue17] H. Xue, On the global Gan-Gross-Prasad conjecture for unitary groups: Approximating smooth transfer
of Jacquet-Rallis, J. reine angew. Math. online prepublication, DOI: https://doi.org/10.1515/crelle-2017-0016
(2017) 6, 55

[Zha14a] W. Zhang, Fourier transform and the global Gan-Gross-Prasad conjecture for unitary groups, Ann. of Math.
180 (2014) 971–1049

[Zha14b] W. Zhang, Automorphic period and the central value of Rankin-Selberg L-function, JAMS 27 (2014) 541–
612 6, 55


	Introduction
	1. Preliminaries
	2. Period relations for isobaric sums
	3. Asai L-functions of Langlands transfers
	4. Period relations with explicit powers of (2i)
	5. Our four main theorems for special L-values
	6. Our main theorem on the refined GGP-conjecture for unitary groups
	References

