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Abstract

We say that a functionF(τ) obeys WDVV equations, if for a given invertible symmetric matrixηαβ and
all τ ∈ T ⊂ R

n, the expressionscβ
α

γ (τ ) = ηαλcλβγ (τ ) = ηαλ∂λ∂β∂γ F can be considered as structu

constants of commutative associative algebra; the matrixηαβ inverse toηαβ determines an invariant scal

product on this algebra. A functionxα(z, τ ) obeying∂α∂βxγ (z, τ ) = z−1cα
ε
β∂εx

γ (z, τ ) is called a cali-
bration of a solution of WDVV equations. We show that there exists an infinite-dimensional group
on the space of calibrated solutions of WDVV equations (in different form such a group was constru
[A. Givental, math.AG/0305409]). We describe the action of Lie algebra of this group.
 2005 Elsevier B.V. All rights reserved.

1. Introduction

Two-dimensional topological quantum field theory can be identified with a solution of W
equations, or, in geometric terms, with a Frobenius manifold. In such a theory the alge
observablesH depends on parametersτ1, . . . , τn (on a point of a manifoldT ). Heren = dimH.
Two-point correlation functions

(1.1)ηαβ = 〈eαeβ〉
determine nondegenerate bilinear inner product( , ) onH. Three-point correlation functions

(1.2)cαβγ = 〈eαeβeγ 〉
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(1.3)cβ
α

γ (τ ) = ηαλcλβγ (τ )

of the algebraH(τ ), which is commutative and associative (in the above formulas(e1, . . . , en)

is a basis of vector spaceH of observables; we assume that the vector spaceH and the basis
(e1, . . . , en) do not depend onτ , but the correlation function〈eαeβ eγ 〉 depends onτ ).

One assumes thatηαβ does not depend onτ and the expression∂αcβγλ is symmetric with
respect to indicesα,β, γ,λ (we use the notation∂α for the derivative∂/∂τα). This means tha
there exists a functionF(τ1, . . . , τn), the free energy, obeying

(1.4)cαβγ (τ ) = ∂αβγ F (τ).

The functionF satisfies the WDVV equations

(1.5)
n∑

δ,γ=1

∂3F(τ)

∂τα∂τβ∂τ δ
ηδγ ∂3F(τ)

∂τγ ∂τω∂τρ
=

n∑
δ,γ=1

∂3F(τ)

∂τα∂τω∂τ δ
ηδγ ∂3F(τ)

∂τγ ∂τβ∂τρ
,

reflecting associativity of the algebra with structure constantscβ
α

γ (τ ) = ηαλcλβγ (τ ). Usually
one requires that the first elemente1 of the basis ofH is the unit element andηαβ = c1αβ , then

(1.6)
∂3F

∂τα∂τβ∂τ1
= ηαβ.

It would be convenient for us to impose the condition(1.6)only at the end of our consideration
In the above formulas we assumed that the vector spaceH of observables does not depe

on the parametersτ1, . . . , τn. This assumption is justified by a remark that starting with on
the points of the manifoldT one can obtain all other points of this manifold using perturba
theory (every observable can be considered as a perturbation). This construction can be
specify a natural identification of all tangent spaces to this manifold. These tangent spa
be considered as Frobenius algebras (associative commutative algebras with nondegene
product). The geometry arising onT was analyzed in[1]. Using the terminology of[1] one can
say thatT is equipped with a structure of Frobenius manifold.

Let us define operators∇α(z) on the space ofH-valued functions onT by the formula

(1.7)∇α = ∂α − z−1ĉα.

Here z is a complex parameter; ifϕ = ϕγ eγ , then ĉαϕ = cα
β

γ ϕγ eβ . It is easy to check tha
operators∇α corresponding tocαβγ , ηαβ obeying WDVV equations satisfy

(1.8a)
[∇α(z),∇β(z)

] = 0,

(1.8b)
(∇α(z)ϕ,ψ

) + (
ϕ,∇α(−z),ψ

) = ∂α(ϕ,ψ).

Conversely, if(1.8a) and (1.8b)are satisfied, thencαβγ and ηαβ correspond to a solution o
WDVV equations.

It follows from (1.8a)that there exists a functionS(τ, z) defined forz �= 0, which takes value
in invertiblen × n matrices (or, speaking in more invariant way, in the group AutH of automor-
phisms of vector spaceH) and obeys

(1.9)∇α(z)S(τ, z) = 0,
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(1.10)∂αSβ
γ = z−1cα

ε
γ Sβ

ε.

Using(1.8b)one verifies thatS(z) can be chosen (nonuniquely) in such a way that the nor
ization conditions

(1.11a)S(z = ∞) = 1,

(1.11b)S(τ, z)S∗(τ,−z) = 1

are satisfied. HereS∗ stands for an operator adjoint toS with respect to bilinear inner produ
( , ). The choice ofS(τ, z) is called calibration of Frobenius manifold (of solution of WDV
equations).

We assume thatS(z) is a holomorphic function ofz ∈ P
1\{0}. (HereP

1 = C∪{∞}.) It is clear
that two solutions of(1.10)obeying normalization conditions(1.11a) and (1.11b)are related by
the formula

(1.12)S̃(τ, z) = S(τ, z)M(z),

whereM is a holomorphic function onP1\{0} obeying

(1.13a)M(∞) = 1,

(1.13b)M(z)M∗(−z) = 1.

In other words, the choice of calibration is governed by the groupB+ consisting of holomorphic
matrix functions onP1\{0} satisfying(1.13a) and (1.13b). Notice that the functionsSα

β(τ, z)

obey

(1.14)∂λS
α

β = ∂βSα
λ,

which follows from symmetry of structure constants:cβ
ε
λ = cλ

ε
β . Using (1.14)one can con

struct a functionxα(τ, z) satisfying

(1.15)Sα
β(τ, z) = ∂βxα(τ, z);

this function is defined up to a holomorphic summand that does not depend onτ (i.e. we can
take xα(τ, z) + ρα(z) instead ofxα). For fixed z we can consider(x1(τ, z), . . . , xn(τ, z)) as
coordinates on manifoldT ; these coordinates are defined up to affine transformations (a c
of basis in the space of observables and a choice of calibration result in linear transforma
these coordinates, the freedom in a choice ofxα for givenS leads to a shift of them).

In what follows we will modify the notion of calibration, saying that a calibrated solutio
WDVV equations is a solution of these equations together with a solution of equations

(1.16)∂β∂γ xα = z−1cβ
ε
γ ∂εx

α, α = 1,2,

obeying normalization conditions

(1.17)xα(τ,∞) = τα,

(1.18)ηαβ∂λx
α(τ, z)∂µxβ(τ,−z) = ηλµ.

Let us consider holomorphic functions onC
× = C\{0}, which take values in the groupGL(H)

of invertible linear transformations ofH or, more generally, in the group Aff(H) of invertible
affine transformations ofH. Using bilinear inner product onH we define a groupB (twisted
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loop group) as a group ofGL(H)-valued holomorphic functionsB(z) on C
× obeying

(1.19)B(z)B∗(−z) = 1.

Similarly, we define a groupA as a group of Aff(H)-valued functions(B(z), d(z)), where the
linear partB(z) obeys(1.19). Here we write an affine transformation as a pair(B,d), whereB

is a linear transformation andd is a shift:

(1.20)x → Bx + d.

Lie algebras of groupsB andA are denoted byB andA correspondingly. Notice that in the mo
ified definition a choice of calibration is governed by the subgroupA+ of the groupA consisting
of transformations of the form(1.20)with B ∈ B+.

Let us take a calibrated solution(F (τ), xα(τ, z)) of WDVV equations and an eleme
(b(z), d(z)) ∈ A. We define

(1.21)δF (τ) = − 1

2πi

∫
Γ

[
bαβ(ζ )xα(τ, ζ )

2
+ dβ(ζ )

]
xβ(τ,−ζ ) dζ,

(1.22)δxα(τ, z) = 1

2πi

∫
Γ

ηρε[bλσ (ζ )xλ(τ, ζ ) + dσ (ζ )]∂εx
σ (τ,−ζ )

ζ − z
∂ρxα(τ, z) dζ.

HereΓ is a circle with the center atz = 0; in (1.22)we assume that the radius of this circle is le
than |z|. We will prove that (F + δF,x + δx) is a calibrated solution of WDVV equations. In
other words, the Lie algebraA (or, more precisely, its extension) acts on the space of calibr
solutions of WDVV equations.

We did not include the existence of unit element in our axioms of two-dimensional TQF
the existence of unit is required, we consider transformations given by elements(b(z), d(z)) ∈A,
whered(z) is related tob(z) in the following way

(1.23)dα(z) = zb1α(z).

It follows from (1.6) that we can impose a normalization condition forxα(τ, z)

(1.24)∂1x
α(τ, z) = z−1xα(τ, z) + δα

1.

Conversely, differentiating(1.24)and comparing with(1.6)we obtain that(1.24)impliese1 = 1.
The relation(1.23)is compatible with the normalization condition(1.24). More precisely, if we
define the variation ofxα by means of(1.22)whered(z) is related tob(z) as in(1.23)the newxα

again obeys the same normalization condition; hencee1 is the unit element also after variation
In this way we obtain an action of Lie algebraB on the space of calibrated Frobenius ma

folds with unit elements. This action corresponds to the action of twisted loop group const
by Givental in[2]. Notice that Givental’s construction provides an action of twisted loop g
on the space of genus 0 TQFT coupled to gravity. If the Frobenius manifold is construc
means of semi-infinite variation of Hodge structures the existence of the action of the t
loop group follows from results of Barannikov[3]. In semi-simple case a different constructi
of the action of the same group was given by van de Leur (see[4]). Givental presented stron
evidence that for all genera the same group acts on the space of TQFT’s coupled to gra
least at the level of perturbation theory. Recently one of us (M.K., in preparation) define
action of twisted loop group also for open–closed theory confirming a conjecture of anot
us (A. Schwarz).
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2. Geometry of Frobenius manifolds

We have seen that coordinatesxα(τ, z) are defined up to affine transformations. This me
that we obtained a family of affine structuresTz on manifoldT depending on parameterz ∈
P

1\{0}. We can consider the direct product ofP
1 ×T as a holomorphic bundle overP

1; all fibers
of this bundle except the fiber overz = 0 are affine spaces.

It is useful to give an invariant description of the above structure. To do this we notice th
construction of affine structuresTz can be regarded as a particular case of general constru
of affine structure by means of torsion-free flat connectionΓ

γ
αβ (the connection is torsion-fre

if Γ
γ
αβ = Γ

γ
βα ; it is flat if covariant derivatives constructed by means of Christoffel symbolsΓ

γ
αβ

commute). We can say thatz−1cα
β

γ determines a family of torsion-free flat connections onT
that has a pole of order 1 atz = 0. Conversely, let us consider a holomorphic bundleE overP

1

with the fiber over 0∈ P
1 identified withT . Let us assume that all fibers over pointsz ∈ P

1\{0}
are equipped with affine structure and that the affine structure is defined by means of torsi
flat connectionΓ γ

αβ(z) having a pole of order 1 atz = 0. If the bundle at hand is holomorphica

trivial we can identify its total space withP1 × T ; this identification gives a coordinate syste
on the total space whereΓ γ

αβ is linear with respect to 1/z (we use the fact that every holomorph

function ofz ∈ P
1\{0} having first-order pole atz = 0 is linear with respect to 1/z).

Due to(1.18)one can construct a nondegenerate bilinear pairing between tangent sp
affine spacesTz andT−z wherez ∈ P

1\{0} (notice that tangent spaces at different points of af
space are identified). More precisely, we can rewrite(1.18)as

ηαβδxα(τ, z)δxβ(τ,−z) = ηµνδτ
µδτν.

This equation shows that the metricηαβ induces covariantly constant pairing between tang
spaces to affine spacesTz andT−z; for fixed τ andz tending to zero this pairing has a limit (
our coordinate system it does not depend onz). The statement about existence of limit rema
correct ifτ is not fixed, but depends analytically onz in a neighborhood ofz = 0. To analyze the
case whenτ = τ(z) we should prove that the expression

(2.1)ηαβ

∂xα

∂τλ

∣∣∣∣
(τ=τ(z),z)

∂xβ

∂τµ

∣∣∣∣
(τ=τ(−z),−z)

has a finite limit asz tends to zero. To use the relation(1.18)we decompose

∂xα

∂τλ

∣∣∣∣
(τ,z)

into Taylor series at the point(τ0, z); we apply this decomposition to the caseτ = τ(z), τ0 =
τ(−z). One can check that forz tending to zero the leading term can be written in the form

(2.2)
∂xα

∂τλ

∣∣∣∣
(τ,z)

= ∂xα

∂τλ

∣∣∣∣
(τ0,z)

+
∑
n>0

1

n!z
−n

(
Ĉn

)σ

λ

∂xα

∂τσ
.

HereĈ stands for the matrix

Cν
ρ = (

τµ − τ
µ
0

)
cν
ρµ(τ0).

Applying (2.2) and (1.18)we obtain that(2.1)has a limit asz tends to zero; it converges to

(2.3)(expC̃)σλ ησµ
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C̃ν
ρ = 2

dτµ

dz

∣∣∣∣
z=0

cν
ρµ(τ0).

In the derivation of(2.2)one should use the formula

(2.4)
∂2xα

∂τβ∂τγ
= z−1cε

βγ

∂xα

∂τ ε

and similar formulas expressing higher partial derivatives ofxα in terms of the first derivatives
(One obtains such formulas differentiating(2.4).) We assume thatz tends to zero and keep on
the leading term; then there is no necessity to take derivatives ofcε

βγ differentiating(2.4). We
obtain that in our approximation

(2.5)
∂k+1xα

∂τβ∂τγ1 · · ·∂τγk
= z−kcρk

γkρk−1
c
ρk−1
γk−1ρk−2 · · · cρ1

γ1β

∂xα

∂τρ1
.

It is easy to check that(2.2) follows from(2.5).
Let us describe now geometric data that permit us to construct a calibrated solution of W

We start with holomorphic bundle overP
1 and a family of torsion-free flat connectionsΓ

γ
αβ(z, τ )

on the fibersTz of this bundle that depend holomorphically onz ∈ P1\{0} and have a pole o
order 1 atz = 0. We assume that the bundle is holomorphically trivial; trivialization permit
to represent the connections in the formΓ γ

αβ(z, τ ) = z−1cα
γ

β(τ ) in corresponding coordinat
system.

Let us suppose in addition that we have a covariantly constant nondegenerate bilinear
between tangent spaces to fibers overz and over−z for z �= 0 that depends holomorphically onz.
(As we noticed affine structure onTz permits us to identify tangent spaces at all points ofTz.)
This pairing gives a flat metric onT∞. We assume that the pairing between tangent spacesTz

andT−z has a limit if the points ofTz andT−z tend to a point ofT0 staying on a holomorphi
section of our bundle over a neighborhood ofz = 0. (It is sufficient to assume that the pairing
bounded, because a holomorphic function bounded in a neighborhood of a point has a rem
singularity at this point.)

Writing the bilinear pairing in the coordinate system coming from a trivialization of the bu
we obtain that the pairing can be described by means of matrixηαβ(τ ) that does not depen
on z. (Independence ofz follows from the fact that a bounded holomorphic function ofz is a
constant.) We conclude from our assumption about the fiberT∞ that the matrixηαβ(τ ) specifies
a nondegenerate flat metric on fibers.

It follows from above remarks thatcα
γ

β andηαβ obey(1.8a) and (1.8b), hence they specify
solution to WDVV equation; the choice of trivialization of affine bundle overP

1\{0} corresponds
to the choice of calibration.

3. Symmetries of WDVV equation

Let us consider a solution to WDVV equations and its calibrationxα(τ, z). As we have seen
the functionsxα(τ, z) determine an affine structure on fibers of the trivial bundle overP

1 except
the fiber overz = 0. One can obtainP1 pasting together two open disks|z| < ∞ and|z| > 0. We
can construct a new holomorphic bundle overP

1 twisting the direct productP1 × T over C
×,

which is the common region of these two disksD0 andD∞. The total space of the new bund
is obtained by means of identification ofC

× × T ⊂ D0 × T with C
× × T ⊂ D∞ × T by the
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formula (z, τ ) ∼ (z, fz(τ )). Herefz :Tz → Tz is an analytic automorphism ofTz (of the fiber
overz ∈ C

×) that depends analytically ofz ∈ C
×. The fiberTz is equipped with affine structure

We will assume thatfz :Tz → Tz is an affine transformation; then the fibers of the new bun
over all pointsz ∈ P

1\{0} also can be considered as affine spaces.
If fz is sufficiently close to identity the new holomorphic bundle is holomorphically tri

(this follows from the remark that holomorphically trivial vector bundles form an open sub
the space of holomorphic vector bundles overP

1). As we know, there exists a pairing betwe
tangent spaces to the fibersTz andT−z. To guarantee the existence of similar pairing for the n
bundle we should impose some conditions on affine mapsfz :Tz → Tz. Namely, if

(3.1)fz = (
B(z), d(z)

)
we should require

(3.2)B(z)B(−z)∗ = 1.

Notice that we did not change the pairing over the inner disk, therefore the behavior of the
asz tends to zero does not change. We imposed the condition the pairing is bounded o
holomorphic section over a neighborhood ofz = 0; this condition is fulfilled for the new bundle
Hence the new bundle also specifies a calibrated solution to WDVV equations.

The group of matrix functionsB(z) obeying(3.2) is a (version of) twisted loop group o
[2]. The group of affine transformations of the form(3.1)with the linear part obeying(3.2)was
denoted byA in Section1 and the corresponding Lie algebra was denoted byA. In what follows
it will be convenient to considerfz as an operator on the vector space of observablesH.

It follows from the above consideration that the Lie algebraA acts on the space of calibrat
solutions of WDVV equations. Our goal is to calculate this action more explicitly.

Elements ofA can be considered as pairs(b(z), d(z)), whereb(z) is a holomorphic function
onC

× with values in linear mapsH →H obeyingb(z)+ b(−z)∗ = 0 andd(z) is a holomorphic
H-valued function onC×. To calculate the action of(b(z), d(z)) we should trivialize the twiste
bundle. This means that for everyτ ∈ T = T∞, we should find a holomorphic section of t
twisted bundle taking the valueτ at z = ∞. We will write this holomorphic section as a pair
holomorphic sections of direct productD0 × T andD∞ × T with appropriate gluing condition
on C

×. Representing sections ofDi × T asT -valued functions we can write down the glui
condition in the form

(3.3)
(
δµ

λ + bλ
µ(z)

)
xλ

(
κ(z), z

) + dµ(z) = xµ
(
α(z), z

)
,

whereαρ(z) andκρ(z) close toτρ can be expressed as

αρ(z) = τρ + aρ(z), inner diskD0,

(3.4)κρ(z) = τρ + kρ(z), outer diskD∞.

Here we are working with infinitesimal group transformation, corresponding to Lie algebr
ment(b(ζ ), d(ζ )). We requirek(τ,∞) = 0 to get a section containingτ ∈ T = T∞.

From(3.3)we have

(3.5)ϕρ(ζ ) ≡ aρ(ζ ) − kρ(ζ ) = (
S−1(ζ )

)ρ
µ

[
bλ

µ(ζ )xλ(ζ ) + dµ(ζ )
]
.

Knowing (3.5), we can expressa andk in terms of Cauchy integral

(3.6)Φρ(z) = 1

2πi

∫
ϕρ(ζ )

ζ − z
dζ,
Γ
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holomorphic everywhere except forΓ , on which it has a jumpϕρ , and then tends to zero
infinity. Using these facts we obtain

(3.7)aρ(z) = Φρ(z)

insideΓ ,

(3.8)kρ(z) = Φρ(z)

outsideΓ and

(3.9)kρ(z) → 0 asz → ∞.

The expression(3.8) for kρ leads immediately to the expression(1.22)for δxα .
To calculate the variation of structure constantsc we notice that we do not change the conn

tion over the inner disk; the only change inc comes from the change of coordinates. Using
standard rules for the variation of connection one can obtain that the structure constants
like a tensor by the change of coordinates; this fact was used in[3]. (Recall, that structure con
stants describe the behavior of connection at the pointz = 0 where the connection has a pol
The change of coordinateτ at z = 0 is governed by the formula

(3.10)aρ(z = 0) = 1

2πi

∫
Γ

ϕρ(ζ )

ζ
dζ = 1

2πi

∫
Γ

ηρε[bλσ (ζ )xλ(ζ ) + dσ (ζ )]∂εx
σ (−ζ )

ζ
dζ.

Calculating the Jacobian matrix atz = 0

Lµ
ν = ∂τµ

∂αν

= δµ
ν − 1

2πi

∫
Γ

ηµεbλσ (ζ )

ζ

[
∂νx

λ(ζ )∂εx
σ (−ζ ) + xλ(ζ )∂ν∂εx

σ (−ζ )
]
dζ

(3.11)− 1

2πi

∫
Γ

ηµε dσ (ζ )

ζ
∂ν∂εx

σ (−ζ ) dζ,

we obtain the variation of structure constants

δcα
β

γ (τ ) = (
L−1)µ

αLβ
ν

(
L−1)ξ

γ cµ
ν
ξ (τ ) − cα

β
γ (τ ) − ∂ε

(
cα

β
γ

)
δτ ε

= 1

2πi

∫
Γ

ηµεdσ (ζ )

ζ

[
∂α

(
cε

β
γ

)
∂µxσ (−ζ ) + cµ

β
γ ∂α∂εx

σ (−ζ )
]
dζ

+ 1

2πi

∫
Γ

bσλ(ζ )

ζ

[
ηµεcµ

β
γ ∂εx

λ(−ζ )∂αxσ (ζ ) + ηβεcα
ν
γ ∂νx

λ(−ζ )∂εx
σ (ζ )

+ ηξεcα
β

ξ ∂εx
λ(−ζ )∂γ xσ (ζ ) + ηµε∂α

(
cε

β
γ

)
∂µxλ(−ζ )xσ (ζ )

(3.12)+ ηµεcµ
β

γ ∂α∂εx
λ(−ζ )xσ (ζ )

]
dζ.

Taking into account(1.4), we see that(3.12)leads to the expression(1.21)for δF .
Let us assume now that the first element of the basis ofH is the unit element andηαβ = c1αβ .

We would like to require that these assumptions are fulfilled also for the deformed solut
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WDVV equations. Then we should have

(3.13)δ
(
δβ

α

) = δcα
β

1(τ ) = 1

2πi

∫
Γ

ηβε[dσ (ζ ) − ζb1σ (ζ )]
ζ

∂αSσ
ε(−ζ ) dζ = 0.

This is true if we have the relation(1.23)between the functionsd(z) andb(z). We have seen in
the introduction how to change the expressions forδF andδxα if we require the existence of un
element. We came again to the same prescription.

The monomials

bαβ,mz−m

with coefficients obeying

(3.14)bαβ,m = (−1)m+1bβα,m,

can be considered as (topological) generators of the Lie algebraB. Let us write down corre
sponding variations ofF and of coefficientshn that appear in the decomposition ofxα(τ, z) in a
seriesxα(τ, z) = ∑∞

n=0 hα,nz−n. It follows from (1.21), (1.22) and (1.23)that

δF (τ) = bα1,2τ
α + bα1,1h

α,1 − 1

2
bαβ,1τ

ατβ + bα1,0h
α,2 + bαβ,0τ

αhβ,1

+
∑
m<0

{
bα1,mhα,−m+2 + bαβ,m

[
(−1)mταhβ,−m+1

(3.15)+ 1

2

−1∑
n=m

(−1)m+nhα,−nhβ,−m+n+1

]}
,

δxα(τ, z) = ηρε
∑
k�0

∂ρhα,kz−k
∑
i�0

i∑
l=0

∂εh
σ,l(−1)l

(
b1σ,−i+1 +

∑
m�−i

bλσ,mhλ,−m−i

)
zi−l

(3.16)−
∞∑

m=−∞
ηασ

[
zb1σ,m + bλσ,mxλ(τ, z)

]
z−m,

δhα,n = ηρε
∑

0�l�i�∞
∂ρhα,i+n−l∂εh

σ,l(−1)lb1σ,−i+1

+ ηρε
∑

0�l�i�−m�∞
∂ρhα,i+n−l∂εh

σ,l(−1)lbλσ,mhλ,−m−i

(3.17)− ηασ

[
b1σ,n+1 +

∑
m�n

bλσ,mhλ,n−m

]
.

In particular, form = 1 we obtain

δF (τ) = bα1,1h
α,1 − 1

2
bαβ,1τ

ατβ,

(3.18)δcαβγ (τ ) = ηλεbλ1,1∂αcεβγ ,
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δτα = δhα,0 = 0,

(3.19)δhα,n = ηρσ b1σ,1∂ρhα,n − ηασ bλσ,1h
λ,n−1, n � 1.

Form = 2

δF (τ) = bα1,2τ
α,

(3.20)δcαβγ (τ ) = 0,

δτα = δhα,0 = 0,

δhα,1 = −ηασ b1σ,2,

(3.21)δhα,n = −ηασ bλσ,2h
λ,n−2, n � 2.

Form > 2 we obtain

δF (τ) = 0,

(3.22)δcαβγ (τ ) = 0,

δhα,n = 0, 0� n � m,

δhα,m−1 = −ηασ b1σ,m,

(3.23)δhα,n = −ηασ bλσ,mhλ,n−m, n � m.

4. Comparison with Givental’s approach

Givental’s construction of twisted loop group acting on the space of Frobenius man
is based on another geometric interpretation of the notion of Frobenius structure. For
calibrated solution of WDVV equation one can construct a functionalF that depends on infi
nite number of parametersq0, . . . , qn, . . . , whereqk ∈ H. (The functionalF can be interpreted
as free energy depending on primary fields and descendants. The construction ofF in terms
of free energyF , defined on “small phase space”H, and calibration is given in[1,5].) More
precisely, one should considerF as a formal power series with respect to its arguments;
important to emphasize that parametersqk used by Givental are obtained from standard pa
metersτ0, . . . , τ n, . . . in the expression of free energy by means of a shift inτ1. Notice, that in
Givental’s paper it is assumed that there exists a unit element andηαβ = c1αβ . (This is a standard
assumption relaxed in present paper mostly to simplify the exposition.)

Let us introduce a space ofH-valued Laurent polynomialsa(z) equipped with symplectic
form

ω(a, b) = res
(
a(z), b(−z)

) = (2πi)−1
∫
Γ

(
a(z), b(−z)

)
dz

(4.1)= (2πi)−1
∫
Γ

aα(z)ηαβbβ(−z) dz.

This space can be identified withT ∗L whereL is a Lagrangian subspace consisting of po
nomialsq0 + q1z + q2z2 + · · · . The functionalF can be considered as a function onL; we
construct a Lagrangian submanifoldL corresponding toF by means of standard formula

(4.2)pi = ∂F/∂qi .



362 Y. Chen et al. / Nuclear Physics B 730 [PM] (2005) 352–363

gent
e

DVV
ing

trans-
ted
ation
er cone
lution.

of an
rgy in

u-
tions;
ntal

present

l

i-

opic

cone.
nt; it is
f

One can prove[2], thatL is a Lagrangian cone with the vertex at the origin and that every tan
spaceTxL to L is tangent toL exactly alongzTxL. (More precisely, ifK is a tangent spac
to L then its intersection withL consists of points of the formzk wherek ∈ K .) Conversely,
every Lagrangian cone obeying these conditions corresponds to calibrated solution of W
equations. Givental defines twisted loop group as a group of matrix Laurent series satisfy

(4.3)M(z)M∗(−z) = 1.

It is easy to check that elements of this group can be interpreted as linear symplectic
formations commuting with multiplication byz. Lagrangian cones corresponding to calibra
solutions of WDVV equations are defined in terms of symplectic geometry and multiplic
by z. This means that an element of twisted loop group transforms such a cone into anoth
of the same kind and a calibrated solution of WDVV equations into another calibrated so
(This is a rigorous statement if one works at the level of Lie algebras; to define the action
element of twisted loop group one should be more precise with the definition of free ene
terms of formal series.) Using the construction ofF in terms ofF and calibration one can calc
late the action of Lie algebra of twisted loop group on calibrated solutions of WDVV equa
one gets formulas that agree with(3.15), (3.16). One should emphasize, however, that Give
works with formal series instead of functions.

Let us discuss the relation between Givental’s geometric picture and the setup of the
paper. We will work with symplectic vector spaceC of H-valued holomorphic functions onC×
having a pole or a removable singularity at infinity; the symplectic form onC is defined by the
formula(4.1).

We start with a calibrated solution of WDVV equations and define a subsetL of C as a set of al
functions of the formzpλ ∂x(τ,z)

∂τλ , whereτ ∈ T , x(τ, z) = (x1(τ, z), . . . , xn(τ, z)) is a calibration

andpλ(z) is a polynomial. One can say thatL is a union of vector spacesLτ = {zpλ ∂x(τ,z)

∂τλ |
pλ ∈ C[z]} labeled byτ ∈ T . It is easy to check thatL is an isotropic submanifold ofC. Indeed,

the tangent spaceLf = TfL to L at the pointf = zpλ(z)
∂x(τ,z)

∂τλ �= 0 is spanned byLτ and

∂f/∂τ1, . . . , ∂f/∂τn. Using the relation

(4.4)
∂f

∂τσ
= zpλ(z)

∂2x(τ, z)

∂τλ∂τσ
= pλ(z)cλ

γ
σ

∂x(τ, z)

∂τγ

and(1.18)we find that the form(4.1)vanishes on all tangent spaces.
Let us suppose now thatηαβ = c1αβ and that the functionxα obeys the normalization cond

tion (2.4). Introducing the notationJµ,z = xµ(τ, z) + z, we conclude from(2.4) that the point

(4.5)J (τ, z) = z∂1J (τ, z)

belongs toLτ (it can be represented asf = zpλ(z)
∂x(τ,z)

∂τλ with p(z) = (1,0, . . . ,0)). Ap-
plying (4.4) we see that the tangent spaceLf = TfL at this point is spanned byLτ and
∂f/∂τσ = ∂x/∂τσ , in other words, it consists of vectors of the formpλ(z) ∂x

∂τλ , wherepλ is an
arbitrary polynomial. Using(2.4)we obtain that this tangent space is Lagrangian. The isotr
submanifoldL is a union of vector spaces, hence it is always a cone. The subset ofL consisting
of points where the matrixpλ(0)cλ

γ
σ is nondegenerate can be regarded as Lagrangian

Notice that this subset can be empty if we do not assume the existence of unit eleme
nonempty if for at least one element of the algebra with structure constantscλ

γ
σ the operator o

multiplication by this element is invertible. (We use the fact that an isotropic subspace ofT ∗L is
Lagrangian if its projection onL is surjective.)



Y. Chen et al. / Nuclear Physics B 730 [PM] (2005) 352–363 363

g the
der a

as free

ear

ents do
he

e

ly as

by
uments
cone

nstruc-
f the

was
art by
Let us describe the way to obtain calibrated solutions from Lagrangian cones followin
considerations applied in[2] to the case when there exists a unit element. Let us consi
Lagrangian coneL ⊂ T ∗L with the vertex at the origin assuming that every tangent spaceTxL
to L is tangent toL exactly alongzTxL. Let us assume that for everyτ the coneL contains a
point J (z, τ ) = cz + τ + r(z, τ ) wherer(∞, τ ) = 0. Then the derivatives∂J/∂τα form a basis
in Λ/zΛ whereΛ stands for one of these tangent spaces. They can be regarded also
generators ofΛ considered asC[z]-module. Using the fact thatz∂J/∂τ ∈ zΛ ⊂ L we obtain
that the second derivativesz∂2J/∂τατβ are in Λ and therefore can be represented as lin
combinations of∂J/∂τα with coefficients that are polynomials with respect toz. From the other
side these second derivatives have a removable singularity at infinity, hence the coeffici
not depend onz. These coefficientscα

γ
β specify a family of torsion-free flat connections by t

formula(1.7). (The connections are flat because Eq.(1.9)has a nondegenerate solutionS(z, τ ) =
∂J/∂τ .)

The connections we constructed together withJ (z, τ ) specify a calibrated solution to th
WDVV equations.To finish the proof of this statement we should check(2.1). However, one can
verify that(2.1)follows from(1.18). (Both of these conditions can be interpreted geometrical
compatibility of nondegenerate linear pairing between tangent spaces to affine spacesTz andT−z

with the connectionΓ γ
αβ(z) = z−1cα

γ
β .) We used(1.18) to prove that the cone constructed

means of a calibrated solution to WDVV equations is isotropic; one can use the same arg
in opposite direction: to show that the family of connections obtained from a Lagrangian
obeys(1.18).

The formulas of present paper can be obtained in Givental’s approach by means of reco
tion formula of[1,5]. Such a derivation is sketched in the appendix to the preprint version o
paper (hep-th/0508221).
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