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The statisti
al me
hani
s of a system at thermal equilibrium isen
oded in the Boltzmann-Gibbs 
anoni
al law :

Peq(C) =
e−E(C)/kT

Z
,the Partition Fun
tion Z being related to the Thermodynami
 FreeEnergy F :

F = −kTLog ZThis provides us with a well-de�ned pres
ription to analyze systemsat equilibrium :(i) Observables are mean values w.r.t. the 
anoni
al measure.(ii) Statisti
al Me
hani
s predi
ts �u
tuations (typi
ally Gaussian)that are out of rea
h of Classi
al Thermodynami
s.



For systems far from equilibrium : No fundamental theory is yetavailable.
• What are the relevant ma
ros
opi
 parameters ?

• Whi
h fun
tions des
ribe the state of a system ?

• Do Universal Laws exist ? Can one de�ne Universality Classes ?

• Can one postulate a general form for the mi
ros
opi
 measure ?

• What do the �u
tuations look like (`non-gaussianity') ?

Example : Stationary driven systems in 
onta
t with reservoirs.
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Asymmetri
 Ex
lusion Pro
ess. A paradigm for non-equilibriumStatisti
al Me
hani
s.

EXCLUSION : Hard 
ore-intera
tion ; at most 1 parti
le per site.

ASYMMETRIC : External driving ; breaks detailed-balan
e

PROCESS : Sto
hasti
 Markovian dynami
s ; no Hamiltonian



ORIGINS
• Intera
ting Brownian Pro
esses (Spitzer, Harris, Liggett).

• Driven di�usive systems (Katz, Lebowitz and Spohn).

• Transport of Ma
romole
ules through thin vessels.Motion of RNA templates.
• Hopping 
ondu
tivity in solid ele
trolytes.
• Dire
ted Polymers in random media. Reptation models.APPLICATIONS

• Tra�
 �ow.

• Sequen
e mat
hing. Brownian motors.



Markov Equation for the ASEP

L

N )(Ω =

N  PARTICLES

L SITES

x  asymmetry parameter

1

x

CONFIGURATIONS

Pt(x1, . . . , xN ) : Prob. of 
on�g. 1 ≤ x1 < . . . < xN ≤ L at time t.

dPt

dt
=

∑

i

[Pt(x1, . . . , xi − 1, . . . , xN ) − Pt(x1, . . . , xi, . . . xN )] = MPt

(x = 0) The sum is restri
ted to xi−1 < xi − 1 .



Complex Eigenvalues Mψ = Eψ with ℜ(E) ≤ 0 (Perron-Frobenius)

• Ground State E = 0 
orresponds to the stationary state.

• Ex
ited States → relaxation times.



ASEP is integrable by Bethe AnsatzEigenve
tor ψ of M written as a linear 
ombination of plane waves,with pseudo-momenta given by z1, . . . zN :

ψ(x1, . . . , xN ) =
∑

σ∈ΣN

Aσ

N
∏

i=1

zxi

σ(i)The Bethe Equations provide us with the quanti�
ation of the zi's :

zL
i = (−1)N−1

N
∏

j=1

xzizj − (1 + x)zi + 1

xzizj − (1 + x)zj + 1The 
orresponding eigenvalue is given by
E(z1, z2 . . . zN ) =

N
∑

i=1

1

zi
+ x

N
∑

i=1

zi −N(1 + x) .



Labelling the roots of the Bethe Equations

The lo
i of the roots (for x = 0) are remarquable 
urves : CassiniOvals
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Cal
ulation of the GAP

The �rst ex
ited state is solution of a trans
endental equation. For adensity ρ :

E1 = −2
√

ρ(1 − ρ)
6.509189337 . . .

L3/2
± 2iπ(2ρ− 1)

L
.

RELAXATION OSCILLATIONSNon-di�usive : Largest relaxation time T ∼ Lz with z = 3/2.Os
illations → Travelling waves probed by dynami
al 
orrelations.Classi�
ation of higher ex
itations.Natural symmetries (T, CR) → Doublets in the spe
trum.



Spe
tral degenera
ies and Invarian
e of the Bethe Equations

L N m(1) m(2) m(6) m(20) m(70)2 1 24 2 4 16 3 8 68 4 16 24 110 5 32 80 1012 6 64 240 60 114 7 128 672 280 1416 8 256 1792 1120 112 118 9 512 4608 4032 672 18Unexpe
ted multiplets with huge highest degenera
y order ∼ 2L/6.



Current statisti
s as an eigenvalue problem

Statisti
s of Yt : total distan
e 
overed by all the parti
les between 0and t.Deformation of the Markov Matrix M by adding a jump-
ountingfuga
ity γ : M(γ) = M0 + eγM+ + e−γM−In the long time limit, t→ ∞
〈

eγYt

〉

≃ eE(γ)t

E(γ) eigenvalue of M(γ) with maximal real part.Equivalently, F (j), the large-deviation fun
tion of the 
urrent
P

(

Yt

t
= j

)

∼e−tF (j)is the Legendre transform of E(γ).



Fun
tional Bethe Ansatz

There exist two polynomials Q(T ) and R(T ) su
h that

Q(T )R(T ) = eLγ(1 − T )LQ(xT ) + xN (1 − xT )LQ(T/x)where Q(T ) of degree N vanishes at the Bethe roots.Fun
tional Bethe Ansatz (Baxter's TQ equation) : Restatement ofthe Bethe Ansatz as a purely algebrai
 problem.From Q(T ), we dedu
e E(γ) → Full statisti
s of the 
urrent andlarge deviations (x = 0 
ase : B. Derrida and J. L. Lebowitz).Non-vanishing Skewness (Third 
umulant) E3 → Non Gaussian�u
tuations.



The weakly symmetri
 
ase x = 1 − ν

L

In the limit of large system sizes, L→ ∞,
E

( γ

L

)

≃ ρ(1 − ρ)(γ2 + γν)

L
− ρ(1 − ρ)γ2ν

2L2
+

1

L2
φ[ρ(1 − ρ)(γ2 + γν)]

with φ(z) =
∞
∑

k=1

B2k−2

k!(k − 1)!
zk

• Leading order (in 1/L) : Gaussian �u
tuations.
• Subleading (in 1/L2) : Non-Gaussian 
orre
tion.
• Phase transition when ν ≥ νc = 2π√

ρ(1−ρ)





Multispe
ies Ex
lusion Models.N 
lasses of parti
les and holes with hierar
hi
al priority rules.During an in�nitesimal time step dt, the following pro
esses takepla
e on ea
h bond with probability dt :
I 0 → 0 I for I 6= 0

I J → J I for 1 ≤ I < J ≤ NParti
les 
an always overtake holes (= 0-th 
lass parti
les).First-
lass parti
les have highest priority et
...There are PI parti
les of 
lass I. Total number of 
on�gurations :

Ω =
L!

P0!P1!P2! . . . PN !Stationary Measure ?



Matrix Ansatz for 2 Spe
iesAlgebrai
 des
ription of the Stationary Measure (DEHP, DJLS '93).Con�guration represented by a string e.g. 01220211.Stationary weight :
p(01220211) =

1

Z
Tr(EDAAEADD)0 → E, 1 → D and 2 → A, operators in a quadrati
 algebra

DE = D +E

DA = A

AE = Ae.g. p(01220211) ∝ Tr(D2EA3) = Tr((D2 +D +E)A3) ∝ 3Tr(A3)Stationary state properties (
urrents, 
orrelations, �u
tuations).



Tensor Produ
ts of Quadrati
 Algebra

Hierar
hi
al 
onstru
tion of representations of `nested algebras' usingthe D, A and E matri
es and the shift operators δ = D − 1 and

ǫ = E − 1.For the 3-spe
ies 
ase :
P̂0 = 1⊗ 1⊗E + 1 ⊗ ǫ⊗A+ ǫ⊗ 1⊗D .

P̂1 = 1⊗ 1⊗D + δ ⊗ ǫ⊗ A+ δ ⊗ 1⊗E

P̂2 = A⊗ 1⊗A+A⊗ δ ⊗E

P̂3 = A⊗ A⊗E



CONCLUSIONS

The asymmetri
 ex
lusion pro
ess 
an be analyzed through a varietyof te
hniques : Bethe Ansatz, Quadrati
 Algebras, Young tableaux
ombinatori
s, Orthogonal polynomials, Random Matri
es, sto
hasti
di�erential equations, hydrodynami
 limits.Exa
t solutions : paradigms for the behaviour of systems far fromequilibrium in low dimensions : Dynami
al phase transitions, Largedeviations, Non-Gibbsean measures, Flu
tuations Theorems...C. Arita, A. Ayyer, M. Evans, P. Ferrari, O. Golinelli, S.Prolha
 and M. Woelki.


