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1. jac form and ADE

We first discuss Jacobi forms following 35, For every pair of integers & and m with m > 0, we
define the m-action of the group Z° and the (&, m)-action of the group SL,(Z) on the space of

holomorphic functions ¢ H x T — O as

(& el A 2))7) = e(m{ASr + 2h2)) &{r,2 = Ar + o) (3.8)
(8[xmy)r) = F-‘[-m;";",:-.;] inely,7)*oly(r,2)) (5.9)

where v € SLy(Z) and Ap € Z. We sav a holomorphic function ¢ : Ex T = C s an
(inrestricted) Jacobi form of weight & and index w for the Jacobi group SLa(Z) x 27 if it is
invariant under the above action, ¢ = & 4 v and é = ¢|,, (A k), for all 4 £ SL:(Z) and for all
(A k) € Z% In what follows we refer to the transformations (3.8) and (3.9) as the elfiptic and
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2. meromorphic mac form & (optimal) mock jacobi forms
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Ylr.2) = 6 Z g7} Bilr,2). (7.21)
LeZiImd

(Here = indicates an omitted constant.) The function ¢'(7, z) is holomorphic in 2, satisfies the
same clliptic transformation property (4.2) as ¢ does (because each ¥, ; satisfies this), satisfies
the heat equation (Smm = - -)v 0 {again, because each &, does), and, by virtue of the

(iz?

modular invariance property of #(7,2), also satisfies the transformation property

ab
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ar+b 2 _ oo deimed
iy I - ered O, {‘: \ 7_‘
v[cr+d’cr+d) ler +d (¢7 ~d)" “e e glrz) ¥ ( ) € SLIE) (1.22)
with respect to the action of the modular group. These propertics say precisely that v is a
skew-holomorphic Jacobi form of weight 3 - k and index m in the sense of Skoruppa [101, 102,
and the above discussion can be summarized by saving that we have an exact sequence
0 — Juk — Jue 2y plen (7.23)

kon

(and similarly with the word “weak” omitted], where [, (resp. Jin,) denotes the space of
weak (resp. strong) pure mock Jacobi forms and the “shadow map” § sends ¢ to .
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3. Niemeier lattices and the umbral moonshine conjecture FO cuS on PYD E g/ch\ dows
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4. Atheorem (and some conjectures) on optimal mock jacobi forms
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