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SETUP:

Closed-string scattering amplitudes @ genus-one:
Worldsheet = £_=C/(Z + tZ) and 7 = 7, + it,




SETUP:

The n-pt genus-one scattering amplitude

L e

T7,2

Specifies the type of n-particles scattered and
The string theory considered



SETUP:

The n-pt genus-one scattering amplitude

/f / H szZ Vi(21) - Va(2n))

T7,2

We will NOT be interested 1in



SETUP:

The n-pt genus-one scattering amplitude

e TR

T7,2

Non-holomorphic modular invariant function under
SL(2,7). Main tocus of this talk.
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The n-pt genus-one scattering amplitude

/f / Hd%@ Vi(z1) -+ Vio(2n))
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Non-holomorphic modular invariant function under
SL(2,7). Main tocus of this talk.

Example: 4 -graviton scattering in [1B

d*z;
S L / H 4 exp{ Z Sl e

27 =2 1<1<y<4




SETUP:

The n-pt genus-one scattering amplitude

/f / Hd%@ Vi(z1) -+ Vio(2n))

Non-holomorphic modular invariant function under
SL(2,7). Main tocus of this talk.

Example: 4 -graviton scattering in [1B

d*z;
S L / H 4 exp{ Z Sl e

g 1<1<1<4

Mandelstam Variables

N O SR
s; = —a'k; -k

Torus Green’s function



Example: 4 -graviton scattering in 11B

dzzz
s ) / H exp { Z si;G(2i — 25|T)

21 =2 1<1<y<4

Not known exactly but can be computed ma — 0
aka low energy expansion:

Mandelstam Variables s; = — a’k; - k;

The coefficient of the a” term is a non-holmorphic modular
invariant function:

Diagrammatic graph expansion -> Modular Graph Functions

(Forms)

[ Green, Russo, Vanhove - D’'Hoker, Green, Vanhove]



MGFSs:

G(Z‘T) = Z 72 627Ti(nu—mv)

wnT + m|?

(m,n)7(0,0)
i s P A== Rl 1 T < Z,p >= nu — mu
Building Block:
2mi<lp,z;—2i>
(a,b) 5 J

) = A" =Z+7Z\{0}
l : , PP

peEA

eTPI 2T < D, 2 — 25.5)

Very easy z integrals:
momentum conservation at each graph vertex



EXAMPLES:
(1 1)

(1,1) \ (1,1)
=)

2k
R — \p\

k vertices

! (—)kEk(T, 7)

non-holo,

modular invariant Eisenstein Tar= i

Erx(1,7) = Qy* + Qlak—19" " + O(q, )

(1’0) e o o peA/

k vertices ,
holomorphic,

Fisenstein modular form

of weight k



EXAMPLES:

T 7.‘.a—|—b—|—c
E oy (o

p1|24|p2|2°|p1 + p2|*©

pl,po A’
p1+p2#£0

(L1)

(1,1) (1,1) (1,1)
Cl,l,l — /_\ ~ +é’3(71'/72)3 | Zagier]

Z 0(p1 + p2 + p3)(12/pi)° = Z (To/m)° S

\P1|2’p2\2’p3’2

P1,P2,P3 EA/



EXAMPLES:

a-+b-+c
Ca,b,c == Z (7-2/7‘-)

p1|24|p2|2°|p1 + p2|*©

pl,po A’
p1-+p2#£0

Various techniques to study these objects:
In particular generating series [Gerken Kleinschmidt,Schlotterer]
expressed 1n terms of certain objects:

5“[& e :;;;T} ey e it ey T

non-holomorphic, non SL invariant but with nice cocycles
and nice Cauchy-Riemann equations



SOME PROPERTIES:

Cauchy-Riemann’s eq:
B = (k2 — )Y [ ] el e

“Modular Weight”
- e | |
BSV il e —Zi ki—Z—QQiBSV {ﬁ : T} -+ (lower—depth)
IR T Tt

Invartant under T: 7 —» 7+ 1

sv Iterated Eisenstein Integrals:

B¥ ki) = <§§TQ§_J /:OO dr'(r = 7)* 2 (F = 7Y Gr(r) - c.c.

Similarly at higher depth. Possibly “single-valued” versions of

Brown's iterated Integrals



Key Point: in the Generating Series NOT all betasv
appear independently for MGFs. Conjectural matrix

representation of Tsunogai’s derivation algebral l.e.
there will be some holo cusp forms lurking behind!

Key Point: Study betasv depth by depth and weight
by weight, w = sumk..

Depth one: just derivatives of non-holo Eisenstein

series.

Depth two: Contain ALL C,, . but go beyond this

space.




DEPTH-TwWoO >

With Axel and Oli we used ditferential + c.c.
properties for depth two betasv to boill ALL of them

(modular invariant case here) down to:

(A — s(s—l))F—F(Z) = EEL, s € {k—m+2,k—m+4, ..., k+m—4, k+m—2} ,

7n, J J

—(s) _ (VEm)(ﬁEk) — (VEk)(ﬁEm)
m,k 2(Im 7)2

s € {k—m+1,k—m+3,..., k+m—3, k+m—1} ,

(A —s(s—1))F

A — 47'2287-87—-
=270

No= —2”&’7'2287—-

Odd/Even under:
Er—n



DEPTH-TwWoO >

With Axel and Oli we used ditferential + c.c.
properties for depth two betasv to boill ALL of them

(modular invariant case here) down to:

Focus on:

(A — 9(5—1))F7*n(;) = E.Ex, s € {k—m+2,k—m+4, ..., k+m—4, k+m—2} ,

J J

Appeared 1n other contexts!

For example with half-integer Eisenstein sources.
[ Green,Miller, Vanhove]

Spectral decomposition in terms of L* Eisensteins
[Klinger-Logan]

Strategy: Poincaré series to simplity depth two-source term
DD, Kleinschmidt]



POINCARE SERIES:

Write a modular invariant function as a sum over SL orbits
of an easier non-modular seed function:

S oy T)

veB(Z)\SL(2,7Z)

BZ)={(% 1), nez}

Write a modular invariant function as a sum over SL orbits
of an easier non-modular seed function.



POINCARE SERIES:

Write a modular invariant function as a sum over SL orbits
of an easier non-modular seed function:

S oy T)

~EB(Z)\SL(2,7)
E.g.
22k k
B a2k -
e ) > hmyo
~EB(Z)\SL(2,2)

We “fold” the Eisenstein E, — y*.



POINCARE SERIES:

We “fold” the Eisenstein E, — y*
(A —s(s — 1) ETY = E,.E,

m?
l Wlog we assume kK > m

(A —s(s— 1) fHO = 22k kg

Solve the easier Laplace equation for the seed function!



POINCARE SERIES:

: zc
(A —s(s - D))fEY = 220 B,

Key Point: ALL these f+(s) can be written as finite linear

combinations with rational coefficients of depth-one

iterated integrals seeds:

yERe Eo(2m, Ok+m_€_1; T)

Depth-one iterated integrals of holo Eisensteins:

Eo(2m, 0P; T / dr / dro - - / dr, Gox (1)

| Brown - Brédel, Schlotterer, Zerbini]
Cuspidal part only



POINCARE SERIES:

Standard Method:
L) T, () - 3 p(y-7)
neZ { yEB(Z)\SL(2,Z)
?

p(T) = ) _ €T by (o)

nez

an(TQ) —

- md4nd 1 —2mwinw—2Tim 52 T2
bn( 2) | 627TZ = / < c2(7'2+w2) bn< )
j - j e : : DN e 2]
c? (15 +w?)

meZ c>0 de(Z/cZ)*




POINCARE SERIES:

Standard Method:
L) T, () - 3 p(y-7)
neZ { yEB(Z)\SL(2,Z)
?

p(T) = ) _ €T by (o)

nez

an(TQ) —

- md4nd 1 —2mwinw—2Tim 52 T2
bn( 2) | 627TZ = / < c2(7'2+w2) bn< )
j - j e : : DN e 2]
c? (15 +w?)

meZ c>0 de(Z/cZ)*

)
Kloosterman’ sum



POINCARE SERIES:

Standard Method:
L) T, () - ¥ p(y-7)
nez { ~EB(Z)\SL(2,7)
?

p(T) = ) _ €T by (o)

nez

Un (7-2) —

.md4tnd 1 —2minw—2mTim 5 To
bn(Tz) —I— 627T'l c /dwe 02(72+w2)bn( 2 5 2 )
el CH Tyt )

meZ c>0 de(Z/cZ)*

Convergent 1n our case, 1n particular we found the
asymptotic expansion @ the cusp 7, > ©



LAURENT POLYNOMIALS

o) (—4)*™ By Bag pim __ 2(=1)"4m KBy D(2k—1)Cok-1  14moik
mk = (ktm—s)(k+m+s—1)2m)I(2k)!” T(k)T(k)(m—k+s)(m—k—s+1)(2m)!”
2(—1)k41tk=mBy, T (2m—1)om-1  14k-m
T(m)T(m)(k—m+s)(k—m—s+1)(2k)!?
43~k (2m—1)T'(2k—1)Com-1Cok-1 9 1_m
[C(m)(k)]?(k+m—s—1)(k+m+s—2)

+ CS?ka+m+s—1yl—s + O(q, Q)

_+_

See also [D’Hoker, buke]

Fnt(;) = Qu*t" 4+ Qlak—1¥" " F + QCom—1¥" " + Qloak—1Cm—1¥""""" + Qlitmts—1y" " + O(q, Q)

welght w = k+m = uniform transcendental weight of

Laurent polynomials, [y]=1, [¢]=k



LAURENT POLYNOMIALS

+(s) _ (—4)**™BamBak 2(—1)"4" " By D(2k—1)C2k—1  14m—k
mk = (k-+m—s)(k+m+s—1)(2m)!(2k) T(k)T(k)(m—Fk+s)(m—k—s+1)(2m)!”

2(—1)k41tk=mBy T (2m—1)om-1  14k-m
T(m)T(m)(k—m+s)(k—m—s+1)(2k)!”

43—m_k]_—‘(2m—1)F(2k—l)c2m_1C2k_1 2k )
i [F(m)r(k)]Q(k+m—s—1)(k—|—m+s—2)y O(q,q)

The only “new” (homogenous soln.) term

k+m
LA

g 4152 (*(s— 81 — 8o+ 1)(*(s + 81 — 82)(* (s — 81+ 82)(*(s + 81 + 859 — 1) |
(s1:92)  T(51)T(s2) (25 —1)¢*(2s) |

(D.12)
with ¢*(s) = ((s)['(s/2)/m5/2.

[ Green, Russo, Vanhove]



LAURENT POLYNOMIALS

pH(s) _ (—4) ™ By, Bak yRrm _ 2(—1)m4t+m=kBy,,, I'(2k—1){ok-1 iHmk
mk  (k+m—s)(k+m+s—1)(2m)!(2k)"" L'(k)L'(k)(m—k+s)(m—k—s+1)(2m)!

2(—1)k41*F=mBy, T(2m—1)oam-1  14k-m
T(m)T(m)(k—m+s)(k—m—s+1)(2k)!?

N 43—k (2m—1)T'(2k—1)Com—1Cor—1 2k
[C(m)(k)]?(k+m—s—1)(k+m+s—2)

+ C.ﬁ;i?ka+nz+s—1yl_s + ()(q q)

Only single-valued zeta but not SV-IMZV, we need to go to
depth >3 [Zerbini]

(qq)" can be reconstructed from deformed, asymptotic
expansion at the cusp via resurgent analysis.

non-zero Fourier modes difficult due to Kloosterman'sums



BACK TO [°"
AR SV2 1 SV[3 0
Fy 3 30( 8% |56l +8°72%] ) + lower depth

T * !

Modular Invariant

needed lower depth terms

From Poincaré sum

Not Modular invariant



BACK TO ('

F;;,ES) — ?)()(BSV[?l = el ol 2]) + lower depth

43 | C5)

(e
bR 355 T 50

1
=t e
4( 2



BACK TO 3"

F;fég) — ?)()(BSV[?l = el ol 2]) + lower depth

1
F2,3(3) 5 _Z (03,1,1

4
3E5 | C5)
35 60

However in general #F > # C

w

—1 : 25s=2 mod 12,

+ otherwise

dim Vp+ (w, s) — dim Vo (w, s) = dim S = { )

I
S e [

p—
L L

welght w = k+m = a+b+c = transcendental weight of
Laurent polynomials



BACK TO 3"

F;fég) — ?)()(BSV[?l = el ol 2]) + lower depth

| 43
Py :_Z(CS’“ 355 gg)

However in general #F > # C

o

—1 : 25s=2 mod 12,

+ otherwise

dim Vp+ (w, s) — dim Vo (w, s) = dim Sgs = { )

I
S e [

p—
L L

We expect holomorphic cusp forms to play some role!



BACK TO 3"

55"[%1 ﬁ} ~ / (7‘—Tg)kQ_j2_2(7_'—7'2>j2Gk2(7'2)/ dr(Ti= ) A e G (T

Under S transtformation 7 - — 1/r we produce multiple
modular values of the form:

100 _
m[“ = /0 dr 7 G(m1),

100 100
J1 J2 | _ J2 J1
m[lﬁ k'Z] - /0 dry 72 G’CQ(T?) / dm T le(Tl)a

. 7-'2



BACK TO 3"

o [ﬁ ﬁ} ~ / (T = 1) 79272%(F — )2 Gy, (T2) / dr(Ti= ) A e G (T

Under S transtformation 7 - — 1/r we produce multiple
modular values of the form:

m[{] :/0. d'rleGk('rl),

| . |
o,
- -
.
NN

| I

/‘ dy ’rgz G, (T2) / d7y Tfl G, (11) ,
Jo

. T2

Depth-one are easy:

2(2mi)k—7-15! | |
- o k) N S+1G+2—k for j >0,
m[}] = (k=1)

- 2miCk—1
k—1

for 3 =0



BACK TO ('

st[ﬁ H N/ (T_Tg)kz—jz—%—72>j2c;k2(72)/ dri (7 — 1) — )G (1) + -

Under S transtformation 7 - — 1/r we produce multiple
modular values of the form:

Higher depth appear only in “reduced” combinations

J1 J2 | _ J2 g1 | J2 3! J1 J2
2] =n[22]-n[z]o[E] +n[E 2

r A

but do contain Interesting new numbers:




BACK TO ('

200

o [ﬁ ﬁ} ~ / (T = 1) 79272%(F — )2 Gy, (T2) / dr(Ti= ) A e G (T

152

Under S transtformation 7 - — 1/r we produce multiple
modular values of the form:

Higher depth appear only in “reduced” combinations

J1 J2 | _ J2 J1 | J2 J1 J1 J2
i 2] =w[22]-n[2]w[2] +nli 2

r A

but do contain Interesting new numbers:
A3im!i(s N 11i73¢1 N 256im13A(A12,42)

111007 T 9R95085() 540) 1913625 " Ramanuj anmA-eS
w0 sy 1Tt i’ 16im A (A, 12) 12 12
TTTLL100 T 965228425 17010 299635 ’
mriog . SimtiG 2imG  1limGn  256imA(As, 12)

-1 10 2525985 243 135 1913625
MLz Aim' (s LG 16im°A(A1,12)

1410 10609137 5670 229635

Agl1l~ An L3 A [ )
-*M-l 140] - lem (3 n OA%r A(Ajg,lu) |
. 3788977H 1148175



BACK TO ('

ﬁsv[ﬁ iz} N/ (7__7_2)162—]'2—2(7—__7_2)j2Gk2(7_2)/ dTl(T—Tl)kl_jl_2(7_'—T1)j1Gk1(T1)—I—...

Under S transtformation 7 - — 1/r we produce multiple
modular values of the form:

Higher depth appear only in “reduced” combinations
Jr J2 | _ J2 J J2 J J1 J2
M[Ai k2:| = m|:k,2 kﬂ ~ m[kg] m[ki] +m[k11 k,;,}

but do contain Interesting new numbers:

[-values of holomorhic cusp forms OUTSIDE the

critical strip!

Al i Z a(n)q” € Sas

n>0

A(A ) = 2m) () Y “7(;3) — (—1)°A(A, 25 — )




[°¥ AND ITERATED INTEGRALS OF CUSP FORMS

In General:

+(s)  psv S e
> o H

/ AZS 6523 \

[terated Eisenstein integrals I[terated Cusp integrals

Neither of the two 1s modular invariant on its own.

Hiz (1) =(—1)° I(s) yl_‘g/’ dr (7—71)5 1 (F—11)° "t Ags(T1) £ c.c.,



[°" AND ITERATED INTEGRALS OF CUSP FORMS

In General:

+(s SV
Fm(k) _B 5 Z a’A 25,1, kH:Atgs

/ AQS 6523 \

[terated Eisenstein integrals I[terated Cusp integrals

Neither of the two 1s modular invariant on its own.

yl_S/ dr (7—711)°" 1(7’ ’r)g_ Ags(T1) £ C.C.,\

Yyl 7SA(Agg, 25 — 1)p£28 )

e =R
5SHA28_HA23(T) H ( IS {yl_SA(A23723_2)p£23(777)

Generalisation of period polynomials in 2 variables (use Manin)



[°" AND ITERATED INTEGRALS OF CUSP FORMS

In General:

+(s) _ psv E : == 3
Fmak 2%, 6 _I_ aAQSamakHAQS
A256‘923

858" = —8sHE

A(Aos, m+k+s—1)
A(AQS, 28 — lor — 2)

Si =
aAQSamak o QAQS A

1

Number field associated with cusp (e.g. Q[1/144169] for 2s=24)

| Brown - DD,AK,OS]




[°" AND ITERATED INTEGRALS OF CUSP FORMS

In General:

:|:(8) r- SV § :|: :|:
Fmak 2%, 6 _I_ aAZSamakHAZS
AZS 6523

555> = —dsHx,

For example:

17275 A(Aq, 11 412
10365 A(Aqp,11 412

Neither of the two 1s a MGFs but:

6 Sv |
F;é ) = B°"part A

6 SV |
FZLE ) = - pari

35F2J,r6§6) = GFLEG) = Z QCap,c + QFEs

a+b+c=8
a,b,c>1



[°" AND ITERATED INTEGRALS OF CUSP FORMS

For example:

2 A(A127 13) H—l-
DB A o2l G =12
10365 A(Aqq,11 212

F;,ré@ = [°"part -

6 Sv |
FLE ) = [B°"'part A

Neither of the two 1s a MGF's but:

35F, Y —6F Y = ) QCup.+ QFs

a+b+c=8
a,b,c>1

In MGFs generating series there 1s a conjectural
representation of Tsunogai’s derivation algebra.

Pollack’s algebraic relations selects only % combinations
where H, drops out!



CONCLUSIONS:

Al
K\

\

Study of all depth-two F*') non-holo, modular invariant

7\

functions via inhomogeneous Laplace equations.

¢ Asymptotic expansion @ cusp only in terms of mzv via Poincaré
series.

s« Broader class compared to C,, ., these functions Fi(]j) contain

iterated integrals of Eisenstein G @ depth-two and iterated
integrals of holomorphic cusp forms @ depth-one.

L

Iz
\

Al

N

K\

Higher depth generalisation? Appearance of sv-mzv?

5t Can we see the appearance of these completed [-values from
Kloosterman’sums?



THANKS!



BACK-UP SLIDES



