Quadratic relations between Bessel moments
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Legendre’s relation

E: y? = 4x3 — ax — b elliptic curve

w= % (first kind) n = x% (second kind)

E(C)=C/Zs Zr

v1,72: [0,1] — E(C) images of paths v1(t) = t and 12(t) = t7

wi = [, w (periods), n; = [, n (quasiperiods)

Theorem (Legendre's relation)

‘W1772 —wom = 27i




qucl Jue sule ¢

Pour abréger la notation, désignons simplement par T, L, les quantités
T (e), E'(c), et par I, B/, les quantités F'(8), I (), et supposons

P=FE+FE—TIT,

P étant une fonction de ¢ encore inconnue.

Je différencie les deux membres par vapport & ¢ qui est la seule variable

= I .

quils contiennent. Or ayant E(¢) =/Adp, ¥(9) =f—£, AP==1—csin’p,
la différentiation donne

dE _f‘cdpsm"@ (E—-—l‘),

de
dF cdpsin®e gq_:_ 1 "d«p
= A 3 c_/ a
d 3
Mais par les formules de l'art. g, on a 2 5 L fAdp — c—“gﬁ’so et

dans le cas de @==1= dont il sagit, le second terme s'évahouit : ainsi on

aura

= ([:_b'F)

On aura semblahlementi,——b (E’-—F’), a'b ’b (L'~ ¢*T"), et parce
que bdb+4-cde=o0, on en dedmm

dE' "
B 2 (E—F),
L = (= F).

Substituant ces valeurs dans celle de 4P, on aura dP = o; donc P=const.
Mais on a trouvé dans un cas particulier P=2%; donc Péquation (d') a
lieu généralement, quel que soit c.



Cohomological interpretation

{[w], [n]} is a basis of algebraic de Rham cohomology
HR(E) = HY(E, O — QF).
{[m], 2]} is a basis of Betti homology

HP(E) = H1(E(C), Q).

With respect to these bases, the period pairing
Hig(E) ® HY(E) — C

is represented by the matrix (& /).



Intersection pairings

De Rham and Betti cohomology are endowed with intersection
pairings that fit into a commutative diagram

<'7'>
HYp (E) @ Hig (E) =

H3g(E) = C
l l2m
HY(E)c ® HY(E)e — 72+ HE(E)¢ = C.

This gives the relation

2mi - ([w], [)ar = (wily]® + w2yl ml* + m2lr2]*)8



The Betti pairing

The Betti pairing is given by topological intersection:

O 0Te= Y ip(1.7)

Peyny’

with ip(,7") =1 or —1 depending on the orientation of v and +'.

In our example:

(Il [l = ([l []")s =0,
(Il hel)s = = (el ]l )s = 1.



The de Rham pairing

The de Rham pairing can be computed in terms of residues.
Representing classes by differentials of the second kind, we get:

(Wl lar = Y Res( [

P poles

where fw is any local primitive of w around P.

In our example:

([l [n])ar = Resol / )P (z) = 1.



Bessel moments
In D = 2 quantum field theory, moments of the Bessel functions
arise as Feynman integrals of banana graphs
1 ¢ dX,'
~o(1 (1 C 1/ H X
x>0 (L+ > iy xi)(1+ 21 1/x) i=1 !

= 25/ lo(t)Ko(t) L dt,
0

where Ip(t) and Ko(t) are the modified Bessel functions

Io(t) = L o et 1y O
27 Ix|=1 X

1

R d
Kolt) =5 [ e H D (large] < m/2).
0 X



An interesting feature of this formula is that Ip(t) and Ky(t) are
solutions of the differential operator

(td;)? — t2,

which has an irregular singularity at infinity, and hence does not
come from geometry in the usual sense of encoding how periods
vary in families. However, the integral

/OO lo(t)Ko(t) 1tdt
0

turns out to be a (classical) period itself.



The program of Broadhurst and Roberts

Broadhurst and Roberts have put forward a program to understand
the motivic origin of Bessel moments

/Oo lo(t)?Ko(t)Ptedt
0

and relate them to special values of L-functions of Kloosterman
sums. As part of their program, they found a remarkable set of
quadratic relations satisfied by these numbers.



Motivic interpretation

For fixed t, the Bessel values 27ily(t) and Koy(t) are exponential
periods of the exponential motive

HY (Can, S(x+ 1))

As t varies, the exponential Picard-Fuchs differential equation they
satisfy is precisely the Bessel differential equation.
In terms of connections (set z = t2/4)

Kl, = (O(Gm Vo D OGm Vi, V),

0
zVy,(vo, v1) = (vo, v1) - (1 g) )



Motivic interpretation

To deal with Bessel moments, we consider symmetric powers of
the Bessel differential equation Sym*Kl, and their cohomology.

HcliR,mid(Gma Sykab)
= T (Wi o (G, Sym*Klz) = Hig (Gun, Sym*Kla))

This space is endowed with a (—1)k*1-symmetric pairing

HiR mia(Gm, Sym“Klz2) @ Hipg pia (G, Sym“Klz) — Q(—k — 1)

If 41k, it has basis wj = 2% (j=1,...,k = [(k—1)/2)).



Motivic interpretation

The Betti counterpart of these cohomology groups is
HP" (G, Sym*Klp)
= Im (Hﬁd(Gm, SymFKl) — (G, Syka12)> :
where ‘rd’ and ‘mod’ stand for rapid decay and moderate growth.

Elements are represented by twisted cycles ¢ ® e, where ¢ is a path
and e a horizontal section of Sym*“Kl, with rapid decay/moderate
growth along c.

If 41 k, basis given by a; = [0,00] @ ejef ™" (i=1,...,k')



Motivic interpretation

Intersection pairing:

HPY(Gyn, Sym*KD) ® HY'(G, Sym*Klp) — Q(—k — 1)

Period pairing:

HiR mid (G, Sym*Klz) ® H" (G, Sym*Klz) — C



Quadratic relations between Bessel moments

Theorem (with Claude Sabbah and Jeng-Daw Yu)

1. With respect to the bases {«;} and {wj}, the period matrix is
given by Bessel moments:

i

Prknid — <(_1)ki2k+12j(ﬂ_l-)i/ /O(t)iKO(t)kfitijl dt>
0

2. There are quadratic relations

Prlzlid . (Srl?id)—l . tPI,?id — (_27_”-)k+1 Brl?id

where B4 and S®id are the matrices of the Betti and de
Rham intersection pairings in the bases {a;} and {w;}.



Closed-form expression for the Betti matrix

mi _i (k=1i)l(k = j)! By—i_j
Byt = ((1)k ( )k(l J) G _k,-_j:_l 1)!>M,

where B, stands for the n-th Bernoulli number.

The de Rham matrix is lower-right triangular with anti-diagonal

(—2)¥ K if k is odd
kil ’

(—1)K+1 (k—1)n
(R 1_2) (K1) KIS even




Algorithm to compute the full matrix gives for example:

23 5
Smld 0 35 Smld 0 - 23
28 2413 | 5 0
35 3353 23

24
0 0 — 5=
4 5
Smld 0 Al _2°-863
57 3.53.73
_ 2% 25863 _ 2%.79-36919
57 3.53.73 32.55.75

[Broadhurst and Roberts conjectured relations of the form

PBR DBR tPBR BBR

Up to normalisation, (S{i4)~1 and DBR agree for k < 22.
Spoiler alert: talk by Y. Zhou in this seminar]



